Finite Fields and Their Applications 41 (2016) 132-158

Contents lists available at ScienceDirect

FINITE FIELDS
AND THEIK APPLICRTION

Finite Fields and Their Applications

www.elsevier.com/locate/ffa

. . : PA¢
On monomial complete permutation polynomials @CmssMark

a,*

Daniele Bartoli®, Massimo Giulietti**, Giovanni Zini "

? Dipartimento di Matematica e Informatica, Universita degli Studi di Perugia,
Via Vanvitelli, 1, 06123 Perugia, Italy

Y Dipartimento di Matematica e Informatica “Ulisse Dini”, Universita degli Studi
di Firenze, Viale Morgagni, 67/A, 50134 Firenze, Italy

ARTICLE INFO ABSTRACT

Article history:

Received 11 February 2016
Received in revised form 26 April
2016

Accepted 13 June 2016
Communicated by Xiang-dong Hou

MSC:
11T06

Keywords:

Permutation polynomials
Complete permutation polynomials
Bent—negabent boolean functions

We investigate monomials ax? over the finite field with ¢

elements [y, in the case where the degree d is equal to ;,__11 +1

with ¢ = (¢’)™ for some n. For n = 6 we explicitly list all a’s
for which az? is a complete permutation polynomial (CPP)
over F;. Some previous characterization results by Wu et al.
for n = 4 are also made more explicit by providing a complete
list of a’s such that az? is a CPP. For odd n, we show that
if ¢ is large enough with respect to n then az? cannot be a
CPP over Fg, unless ¢ is even, n = 3 (mod 4), and the trace
Trg, /, (a7') is equal to 0.

© 2016 Elsevier Inc. All rights reserved.

* The research of D. Bartoli, M. Giulietti, and G. Zini was supported in part by Ministry for Education,
University and Research of Italy (MIUR) (Project PRIN 2012 “Geometrie di Galois e strutture di incidenza”
— Prot. N. 2012XZE22K_005) and by the Italian National Group for Algebraic and Geometric Structures
and their Applications (GNSAGA — INdAM).

* Corresponding author.

E-mail addresses: daniele.bartoliQunipg.it (D. Bartoli), massimo.giuliettiQunipg.it (M. Giulietti),
gzini@math.unifi.it (G. Zini).

http://dx.doi.org/10.1016/j.ffa.2016.06.005
1071-5797/© 2016 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.ffa.2016.06.005
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/ffa
mailto:daniele.bartoli@unipg.it
mailto:massimo.giulietti@unipg.it
mailto:gzini@math.unifi.it
http://dx.doi.org/10.1016/j.ffa.2016.06.005
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ffa.2016.06.005&domain=pdf

D. Bartoli et al. / Finite Fields and Their Applications 41 (2016) 132—-158 133

1. Introduction

Let Fy, £ = p", p prime, denote the finite field of order £. A permutation polynomial (or
PP) f(z) € Fy[z] is a bijection of Fy onto itself. A polynomial f(x) € Fy[x] is a complete
permutation polynomial (or CPP), if both f(z) and f(x)+2 are permutation polynomials
of Fy. Both permutation polynomials and complete permutation polynomials have been
extensively studied also because of their applications to cryptography and combinatorics;
see for instance [6,9,11,12,16,18] and the references therein. In particular, CPPs over fields
of characteristic 2 give rise to bent—negabent boolean functions, which are a useful tool
in cryptography; see [14].

Some families of CPPs are obtained in [6,9,11,13,17,18]. Nevertheless, CPPs seem to
be very rare objects, even if we restrict to the monomial case. It is easily seen that a
monomial az? is a CPP if and only if (d,¢/ — 1) =1 and 2% + £ is a PP. This motivates
the investigation of permutation binomials of type 2 4 bx for d = (£ —1)/m + 1 with m
a divisor of £ — 1. B

In [3-5,18,19] PPs of type fp(z) = =T + bz over Fyn are thoroughly investigated
forn =2, n =3, and n = 4. For n = 6, sufficient conditions for f; to be a PP of s are
provided in [18,19] in the special cases of characteristic p € {2,3,5}. The case p=n+1
is dealt with in [10].

In this paper, we provide a complete classification of permutation polynomials f; in
the case n = 6, for arbitrary ¢q. Theorems 1.1 and 1.2 list explicitly for ¢ > 421 all
elements b € Fgo \ IF, such that f; is a PP. For smaller values of ¢, Theorems 1.1 and 1.2
provide families of PPs of type f,. We also determine the number of PPs of type f; for
q > 421; see Corollary 4.3. It should be noted that for p = 7, the sufficient condition
in [10] for f;, to be a PP is that b9~ = —1; our results show that this is not a necessary
condition.

Our methods also work for n = 4. This allows us to list PPs of type f, for n = 4;
see Remark 4.4. In this way, a more explicit description of the necessary and sufficient
conditions of [19, Theorem 4.1] is given.

In the paper the case n odd is dealt with as well. Note that for n odd f; being a PP
implies that b_lgcq:fill+1 is a CPP only for p = 2. We show that if p does not divide
(n+1)/2 or Trr, /v, (b) # 0, then for ¢ large enough with respect to n the polynomial

n_y
fp is never a PP; see Theorem 5.2. This shows that for n odd the monomial b—lp T

is never a CPP unless n = 3 (mod 4). For n = 3 Theorem 5.2 provides a shorter proof
of the results of [5, Section 3.

A key tool in our investigation is the following criterion from [13], which relates the
existence of a suitable [F -rational point of some algebraic curve to f; being a PP of [Fy»
or not.

Niederreiter—Robinson Criterion. The polynomial

fola) = T 1 b (1)
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is a PP of Fgn if and only if b € Fgn \ Fy and the following inequality
2o +0)T £ yly+b)T
holds for all z,y € Fy such that x # 0, y # 0, and x # y.

The well-known Hasse—Weil bound, see Section 2, will be applied to an algebraic curve
related to Condition (2).
Our results for n = 6 are Theorems 1.1 and 1.2 below.

Theorem 1.1. Let ¢ = p" with p # 7, and let € be a primitive T-th root of unity in Fgs;
define o = €4 — €3, Let € be a primitive element of Fy. If ¢ > 421, then f, is a PP of Fys
if and only if one of the following cases occurs.

e ¢=3,5 (mod 7),

be{@‘izl,...,&telﬂj}. (3)

e g odd, ¢ =3 (mod 7),

be —02u+as —a*u+als —atu+als
14 ’ 14 ’ 14

‘u,squ,u;«éis}. (4)

e qodd, ¢g=5 (mod 7),

2 2
be { —a?Tu+as —a*u+ads —a?lu+al s

i , 11 , 14 ‘u,seﬂ"q,u;«éis}. (5)

e qodd, g=2 (mod 7),

—02Cu + as\e —aPu+ alsye —alu+ al sy/e
be{ hasye ot alo/e Sau ATV ) e B2\ (0,0 b (6)

e qodd, g=4 (mod 7),

be —02u+ asye —a2Cu+als\e —alu+ al sye
14 ’ 14 ’ 14

(u,s) € F3\ {(070)}}- (7)

e g even, ¢ =2,4 (mod 7).

be {(€+ 1)t (E+ 1) (E+ 1) |teF}. (8)
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e ¢q=2" g=2,4 (mod 7). Assume without loss of generality that & satisfies &3 = §+1,
and fix an element k such that Trg /v, (k) = 1. Define 6;(u,v) = 35 + (£ + 1?2,
i=0,1,2, and y; = yi(u,v) = k62 (u,v) + (k + k2)d}H (u,v) + -+ (b + k2 + -+ +
k2762 (u,0) ; then

be{ue+1" " u i+ 1E+ )" "u|ueF;, vek,
U p—
Tre, v, (3) = (b — 1) (mod 2)}
for some i =0,1,2.

If ¢ < 421, then the above conditions are sufficient for f, to be a PP of Fys.

Theorem 1.2. Let ¢ = T". Let €, ¢ € Fsy3 be such that £ =1 and € = €. Let z be a 6-th
root of a fized primitive element of Fy. If ¢ > 421, then the polynomial fy, is a PP of Fge
if and only if one of the following cases occurs.

bG{tz,tzﬂtG]FZ}. (10)

e h is odd and
be {2§t+ e% ’ t€lFys, t3 e Fy, 3t3 is not a cube in Fy, s€ Fq} . (11)
e h is even and

be {2§t+63t8 ‘ t€Fys, 3 ey, 3t3 is not a cube in Fq, s € Fg2 \ Fy, 52€Fq}.

(12)
be {—Et|teFps, t* €Fy, 3t is not a cube in Fy}. (13)
be {3t|teFpa\F,, t*€F;}. (14)

82 * *
be{:—;zt+33+7 ‘tquz\]P‘q, s €Fp \Fy, t* €F}, s3equ}. (15)

If ¢ < 421, then the above conditions are sufficient for f, to be a PP of Fgs.
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The paper is organized as follows. Section 2 contains some basic facts on algebraic
curves that will be used in the paper. In Section 3 we provide necessary and sufficient
conditions for f; to be a PP of Fje when ¢ > 421; to this aim, we study the reducibility
of an algebraic curve associated to f, and discuss the existence of some I -rational
points. In Section 4 we present the proofs of Theorems 1.1 and 1.2; as a consequence,
Corollary 4.3 gives the exact number of PPs of type f;, for ¢ > 421, and a lower bound for
q < 421. Remark 4.4 shows that the techniques used in Section 4 can be applied also to

4 _
other types of permutation polynomials; in particular, PPs of Fg4 of type g+l + bx
are listed. In this way, the characterization given in [19, Theorem 4.1] is made more
explicit. Finally, in Section 5 we deal with the odd n case.

2. Plane algebraic curves

In this section we summarize some basic notions on plane algebraic curves defined
over a finite field. For a detailed treatment we refer the reader to [8].

Given a field K we denote by K its algebraic closure. An algebraic curve C defined
over K is a class of homogeneous polynomials {\F(X,Y,T) | A € K \ {0}}, where
F(X,Y,T) € K[X,Y,T]. The order (or the degree) of the curve C is the degree of
the polynomial F(X,Y,T); curves of degree two, three, four, or six are usually called
conics, cubics, quartics, or sextics, respectively. The curve C is irreducible over K if the
polynomial F(X,Y,T) € K[X,Y,T]is irreducible in K[X,Y,T]. If in addition F(X,Y,T)
is irreducible over K, then C is said to be absolutely irreducible.

We say that a point (z,y,2) € PG(2,K), the projective plane over K, belongs to
the curve C if F(z,y,z) = 0. The points (z,y,0) € C are called ideal points of the
curve C and the line ¢, with equation T' = 0 is the ideal line of the plane. A point
P = (z,y,2) € Cis K-rational if it belongs to PG(2, K). For a line ¢ not contained in C,
let P =(z,y,2) eCN{and Q = (T,7,z) € £ with Q # P. The intersection multiplicity
Z(¢,C, P) between £ and C at the point P is the maximum integer m such that u™ divides
the polynomial Fpg(A, 1) = F(Ax + uZ, Ay + pg, Ay + pg). When a line ¢ through P
is contained in C we set Z(¢,C, P) = oo. The multiplicity of the point P € C is defined
as

minZ(¢,C, P).

3P
A simple point is a point with multiplicity one; when the multiplicity is larger than one
the point is said to be singular. A tangent line at a point P € C of multiplicity m is
a line such that Z(¢,C, P) > m; P is ordinary if there exist m distinct tangent lines
at P.

Let ¢ be a line not contained in C; then the number n of points of C lying on ¢ is
at most the order of C. More generally, the Bézout Theorem states that the number
of common points of two curves of order d and d’ with no common components is at
most dd’.
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Let F, be the finite field with g elements and assume that C is defined over F,. In this
paper we will use the following corollary to the famous Hasse—Weil Theorem.

Hasse-Weil Bound. [8, Theorem 9.57(iii)] Let C be an absolutely irreducible curve of
order n defined over F,. The number R, of F,-rational points of C satisfies

Ry — (¢ + 1) < (n—1)(n—2)V/g.
3. Some auxiliary curves associated to f; for n = 6

Our results on polynomials fp, for b € Fyo \ F,, involve elementary symmetric poly-
nomials in b7, for j = 0,...,5. Throughout the paper, let

A= Z bqj’ B = Z bqil +qi2’ O = Z bqjl +q72 +q13,

0<5<5 0<j1<j2<5 0<j1<j2<43<5 (16)
J1 J2 J3 Ja J1 J2 J3 Ja Js
D = E pT et te’ P+ , E = E p et et e ,
0<51<...<ja<5 0<71<...<js<5

and

F = b1+q+q2+q3+q4+q5 .

Note that A, B,C, D, E, F' € F,. The aim of this section is to prove the following theorems
which characterize PPs of type fp.

Theorem 3.1. Let p # 7, b € Fys \ IFy. Suppose that one of the following conditions holds.
1. ¢#1 (mod 7) and

3 5
B =24 = = = A, = s = 5
7 72 73 74 75

2. q#1 (mod 7), 7B — 3A2 #0, and

C —10A% + 354B), D= %(1432 — A*—2A%B),

:ﬁ(

1 [ 1 ,
E= ﬁ(27A5 — 182A3B + 294AB?), F= %(13/16 — 28A%B — 147A?B? + 343B3).

Then fy is a PP of Fge. Viceversa, if ¢ > 421 and f, is a PP of Fgs, then either
Condition 1 or Condition 2 holds.
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Theorem 3.2. Let p =7, b € Fyo \ Fy. Suppose that one of the following conditions holds.

L.
b e {(0,,0,0,0,0),(0,0,0,0,0,\) | A € F}};
2.
3D? 204 +4D3

A=B=0, C#0, E=—"r, F="—— 17
) #7 C) 02 ) ( )

3.
5B +6C? C(3B3® +4C?) 6(B3 + 6C?)?
A=0, VB¢F, D=—p—" E=—"pm — I'=—7—pF —
(18)

Then fy is a PP of Fys. Viceversa, if ¢ > 421 and fy, is a PP of Fgs, then Condition 1,
Condition 2 or Condition 3 holds.

It is easily seen that for z,y € F, Condition (2) in Niederreiter-Robinson criterion
reads as follows:

(z = y) [#° + 2%y + 2% + 2% + 22yt + 2P + o
4 A + 2ty + 2P + 22 + 2yt +0°) + B(at + 2%y + 229 + 2 + o)
+C(2* + 2’y + 29> + v*) + D(2® + 2y + y°) + E(z +y) + F] #0.

Let Sy, be the sextic plane curve defined over F, with affine equation F},(X,Y) = 0, where

F(X,Y) =X+ X°Y + X'Y?2 + X373 + X2V 4+ XY +Y©
+ AXS + XY + X3Y? 4+ X2Y3 4 XY +YP)
+BX*+ XY + XY+ XY? 4+ Y + O(XP + XY + XY2 +Y?)
+D(X?+ XY + YY)+ E(X +Y)+ F.

Remark 3.3. By Niederreiter-Robinson Criterion, f; is a PP of Fe if and only if b €
Fgo \ Fq and Sy has no Fy-rational affine points off the lines X =Y, X =0, and Y = 0.

Remark 3.4. Throughout the paper, we denote by ¢, the Frobenius map (z,y,z) —
(z%,y?,29) of PG(2,F,). The map ¢, is a collineation of the projective plane, that is a
bijection of the points of the plane mapping a line to a line and preserving incidences
between lines and points. Clearly, ¢, fixes S, because Sy is defined over Fy; hence,
@4 acts on the absolutely irreducible components of &, of the same degree. The orbit
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of an absolutely irreducible component C of S, under the action of ¢, has length £ if
and only if C is defined over F x but not over any proper subfield of Fyx; in particular,
g fixes C if and only if C is defined over IF,. Note that if an Fy-rational point P belongs
to a component C of S, not defined over Fy, then ¢,(C) # C contains P. By Bézout
Theorem, this implies that the number of F,-rational points of a curve of order d not
defined over F, is at most d?.

Since no confusion arises, we denote by (¢, also the Frobenius automorphism a +— a? of
F, and the automorphism Y, a; X* — >, a? X? of F,[X]. Clearly, ¢, fixes any polynomial
f € F,[X] and acts on its irreducible factors over F, of the same degree.

Also, we denote by v both the collineation (z,y, 2) — (y,r,2) of PG(2,F,) and the
bijection F(X,Y,T) — F(Y,X,T) of F,[X,Y,T]. Note that ¢ acts on the absolutely
irreducible components of S of the same degree since ¥ preserves Sp.

Lemma 3.5. If S, has no F,-rational affine points off the lines X =Y, X = 0, and
Y =0, then one of the following cases occurs.

i) The prime power q is at most 421.
it) The curve Sy has a linear component not defined over F,.
iit) The curve Sy splits into three absolutely irreducible conics not defined over F, but
over [Fys.
iv) The curve Sy, splits into two absolutely irreducible cubics not defined over F, but
over 2.

Proof. Assume that S, is absolutely irreducible. Note that S, has at most 6 points
on the ideal line £, at most 6 points on the line X = Y, and no Fy-rational affine
points (x,y) with = 0 or y = 0; this is easily seen by (2). By the Hasse-Weil Bound,
q+1—20,/q <12, that is, ¢ < 421. If S is reducible but has an absolutely irreducible
component defined over F,, then the same argument yields ¢ < 13.

We can now assume that Sy splits into absolutely irreducible components not defined
over IFy. Let C be an absolutely irreducible component of S,. By Remark 3.4, the degree
of C is smaller than 4. If S has no linear components, then either C is a conic, whose
orbit under ¢, has length 3; or C is a cubic, whose orbit under ¢, has length 2. In the
former case C is defined over Fgs, otherwise over Fp2. O

3.1. The case p # 7

Theorem 3.1 is implied by the following result.
Proposition 3.6. Let p # 7.

1. If Sy has a linear component not defined over Fy, then Sy splits into six linear com-
ponents not defined over F,. This happens if and only if ¢ #1 (mod 7) and
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TB—3A% = 49C —5A® = 343D —5A" = 2401 FE —3A° = 16807F — A% = 0. (19)

In this case, Sy has no F,-rational affine points off the line X =Y.
2. The curve Sy, splits into three absolutely irreducible conics not defined over Fy if and
only if g 1 (mod 7), 7B — 342 # 0, and

A* 4+ 2A°B — 14B? + 49D = 27A° — 182A43B + 294AB? — 2401F

=104 — 35AB + 49C = 13A% — 284*B — 147A%2B? + 343B3 — 16807F = 0.
(20)

In this case, Sy has no F;-rational affine points.
3. The curve Sy does not split into two absolutely irreducible cubics not defined over IF,.

Proof. Let £ denote a primitive 7-th root of unity; the curve S has 6 non-singular ideal
points P; = (1,£4,0), 4 = 1,...,6. We denote by ¢; the tangent line to S, at P;, which
has affine equation L;(X,Y) = 0, where

B AfGi
BED + BEY 4 4€31 4 3¢ + 281 417

Li(X,Y)=Y - £X —w;, with  w;

Let ®7(X) = ))((7:11 € F,[X] be the 7-th cyclotomic polynomial. For a polynomial
F(X) € F,[X] we denote by R(F) € F, the resultant of ®; and F with respect to X.
Therefore, R(F') # 0 implies F'(§) # 0.

1. A linear component s; of S, must have affine equation ¥ = ¢'X + a4, for some
ief{l,...,6}, a; € Fq since it must contain one of the ideal points P;.
The line s; is contained in Sy if and only if the polynomial G(X) = F,(X, ' X + o)
is the zero polynomial. By straightforward computations, this happens if and only if

(5E4 + 483 + 362 + 26" + 1) Aoy + (€Y + 3 + ¥ + ¢+ 1)B
+ (156% +10€3% + 6£2 + 3¢ +1)a2 =0
AT+ M+ & €2 4 €0 4 1) + (667 + 568 + 4% + 367 + 26" + 1)a; = 0
(1063 4 662 + 3AL' + 1) Aa? + (463 + 3¢% 4+ 2¢° + 1) By
+ (¥ 4+ 2+ +1)0 + (2063 +106% + 46 +1)ad =0
(1067 4+ 4€" + 1) Aa + (662 + 36" + 1)Ba? + (36% + 2¢° + 1)Cay
+ (6% + &+ 1)D + 150/€% 4 5o/ + o} =0
(5¢" + 1) Aat + (4¢° + 1)Ba? + (3¢* + 1)Ca? + (26' + 1) Day;
+ (" +1)E+6a3+0af =0
Aa? + Ba} + Ca + Da? + Ea; + F+a% =0
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From the first two equations we obtain
(3A% —TB)(&% +4&% 4+ 963 4962 + 46" +1) = 0.
For each i € {1,...,6} we have R(X® +4X% +9X3 + 9X2% 4 4X" + 1) = 7%, and

hence €% +4£4 4 9€37 4 9¢%0 446 41 +#£ 0. Combining 342 — 7B = 0 with the second
and the third equation in (21), we get

(5A3 — 49C)(26%" + 76 + 1263 + 1462 +10¢° + 4) = 0.

For each i € {1,...,6}, we have R(2X% + 7X% + 12X3 + 14X% + 10X" +4) = 73,
and hence 542 — 49C = 0. Similarly, from the other equations in (21), we obtain

343D — 5A% = 2401F — 3A° = 16807F — A% = 0.
Also,

B A§6i
©6EY 4 BN 483 4 3% 4281 + 1

a; (22)
Therefore s; : Y = £ X +a; is not defined over F, if and only if ¢! ¢ F,,. Equivalently,
g # 1 (mod 7); in fact, ®7 factorizes over Fy into 6/d irreducible polynomials, where
d is the multiplicative order of ¢ modulo 7.

On the other hand, direct calculations show that, if Conditions (19) hold and «; is
defined by (22) for i = 1,...,6, then S} splits into the six lines ¢4, ..., .

As already mentioned in Remark 3.4, if S, has a component C not defined over F,
containing an F,-rational point, then this point lies on at least another component
of Sy, namely ,(C). As&1N...N¥L = {(_—7‘4, %)} and (_—7‘4, %) belongs to the line
X =Y, the thesis follows.

. If S splits into three absolutely irreducible conics not defined over Fy, then S;, has
equation S(X,Y) = 0, where

S(X»Y) = (L'Ll (X’Y)le (Xv Y) + ﬁl) : (Ll2(X7 Y)sz(Xa Y) + BQ)
(Liy(X,Y) L, (X,Y) + B3)

for some f1, (2,83 € FZ, with {i1, 71,192, 72,13,753} = {1,...,6}. In fact, each conic
must contain two distinct ideal points P; and P; of S, and L;(X,Y), L;(X,Y)
must be tangent lines to the conic at P;, P;. There are (g) (g) /6 = 15 possi-
ble distinct choices for the three pairs {i1,j1}, {42,752}, {is,J3}. For instance, let
(i1,71,1%2, J2,13,73) = (1,2,3,4,5,6). Using the fact that the three conics are in the
same orbit under ¢4, and comparing the coefficients of S(X,Y") with the coefficients
of Fy(X,Y), we get
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(O +38 + 2+ )01+ (—26° — 26" —26% - 282 + 1)y + (26" =€~ 1)3s
=21A% — 49B

(=267 =26 -2 — - 1)1+ (=€ =3+ 2) B+ (€1 - 3 -2+ €) 3
=21A% —49B

(24283 + 24204+ 1)B1 + (542614283 + €2 +1)By — €5 — €3 — 262 — 26 — 1)35
= 21A4% — 49B '

(- -+ + (' =+ 2B+ (26" + 8+ +£42)63
=21A% — 49B

(E+E -1+ (+26"+28 + 2+ 1o+ (5 + 26" + 2 + 282+ £) B3
=21A% — 49B

(23)
System (23) has a solution (81, 82, 83) if and only if
6A2E5 — 15A4%¢% — 45A%63 — 664262 — 60A4%¢ — 3042
— 14B&% + 35B&* + 105B¢3 + 154 B¢2 4+ 140B€ + 70B = 0
6A2E5 — 6A2¢ — 24A%¢3 — 36A%¢2 — 30A%¢ — 15A2
— 14BE5 4+ 14BE* 4 56 BE3 + 84BE? + T0BE + 358 = 0

)

that is
(3A2 — 7TB)(265 — 564 — 15€3 — 2262 — 20 — 10) =0
(3A2 —7B)(265 — 264 — 8¢3 — 1262 — 106 —5) =0

Since R(2X° — 2X?* — 8X3 — 12X? — 10X —5) = 73, we have 342 — 7B = 0. Then,
by (23),

(—28° — 28— - 1)1+ (—€* — € +2)B
+ (- -24p=0
(428 + 2+ 26+ 1B+ (8 + 26" + 28 + 2 + 1),
— -2 -2~ 1)B5=0 '
(+E —€—1)B1+ (8 + 26" + 263 + £+ 1)z
+ (P +261+ 63 +282 +€)B3 =0

(24)

System (24) is linear and homogeneous in the 3;’s, and its determinant is &> + 3¢* +
3E3 + 562 4+ 6£ + 3. Since R(X® +3X* +3X%+5X2 +6X + 3) = 73, the system has
a unique solution 81 = B5 = B3 = 0, a contradiction.

When {{i1, 1}, {i2,j2}, {is,53}} # {{1,6},{2,5},{3,4}}, an analogous argument
yields a contradiction. Now assume (i1, 1,2, jo, 43,73) = (1,6,2,5,3,4). By direct
calculations,
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Br=(+ &+ +¢62-1)(34%2 - 7B),

25
Br =P = (=€ — € —2)(34% —7B). )

Recall that B1, B2, 33 are non-zero, otherwise the conics are reducible. Hence 342 —
7B # 0, because R(X® + X* + X3+ X2 —1) = R(-X% — X? — 2) = 1. Using (25)
and comparing the coefficients of S(X,Y) and F,(X,Y"), we get that Conditions (20)
hold. Since the conic components of S, are not defined over F, it is easily seen that
E¢F, ie g#1 (modT).

On the other hand, if 342 — 7B # 0 and Conditions (20) hold, then by direct
computations Sp has equation

(LI(X’ Y)LG(Xa Y) + 61) ’ (LZ(X7Y)L5(X7Y) + /62) ' (L3(X’ Y)L4(X7 Y) + 63) =0,

where the (;’s are non-zero and defined as in (25).
In this case, it is easy to check that two conic components of S, intersect in an
F,-rational point if and only if ¢ = 1 (mod 7) or 34% — 7B = 0, which is not
possible. Hence, S, has no Fg-rational points; see Remark 3.4.

. If & splits into two absolutely irreducible cubics C; and C not defined over [y, then
C1, Co have affine equation C1(X,Y) =0, C5(X,Y) = 0, where

CiX,Y) = (Y =" X)(Y = €2X)(Y = €2 X) + (0, £2E° + w, £ 4+ w;,£167)X?
+ (w3, (€2 4+ €) w3, (67 4+ €5) + wi, (6" +£2))XY
— (wy, + Wi, + wi,)Y? + aX + BY +7,
Co(X,Y) = (Y =€ X)(Y =€ X)(Y = €0 X) + (wi, £5E" 4+ w;, £4E7° + w; £4€7) X?
+ (Wi, (67 +E°) + wig (€ + €°) + wi (£ + €)XY
— (Wi, +wiy +wi) Y2+ /X + Y +4.
(26)

In fact, each cubic contains three distinct ideal points P;, Pj, P, of Sy and L;(X,Y),
L;j(X,)Y), Ly(X,Y) are the tangent lines to the cubic at P;, P;, P;. By Remark 3.4,
Ci and Cy are switched by ¢4, hence there exists A € FZ such that C{(X,Y) =
AC2(X,Y). Let w € {1,...,6} be such that ¢ = u (mod 7); then (£")? = &“. By
comparing the coefficients of C1(X,Y) - C2(X,Y) with the coefficients of Fy(X,Y),
we have for {{i1,142,i3}, {44, 15,06}, u} the following possibilities:

{{1,2,3},{4,5,6},6}, {{1,2,4},{3,5,6},3}, {{1,2,4},{3,5,6},5},

{{1,2,4},{3,5,6},6}, {{1,3,5},{2,4,6},6}, {{1,4,5},{2,3,6},6}. 27

In all these cases we have A = 1. Hence o = a4, 5/ = 89, and v = 1.
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By Remark 3.4, 1 either fixes or switches the irreducible components C; and Cs.
It is easy to check that the former case cannot occur, for any case in (27); thus
¥(Cy) = Cy. Together with C;Co = Sp, this yields

Y =py, a’=pB, BY=pa, 7 =16807F,
avy? 4+ aly = p~9 4 Bl = 16807E,

for some p1 € F,. Consider for instance the case (i1, 2, 13,14, i5, is, u)=(1,2,4,3,5,6,3);
by direct computation u = 1, and C;C3 = S is equivalent to

ay + By = 16807F
Ala—B)(E*+ €2 +€—2) —BAB—343C — Ty =0

72 = 16807F

A(B— )€+ €2 +€) — Aa — 3430 =0

98A2 —343B+ (a — B)(* + €24+ ¢6-3) - 73=0
—196 A~y — 16807D + o2 + 5% =0

—49A~ —16807D 4 aff = 0

98A2 —343B + (B — ) (26 +2¢2 + 26 +1) =0

49A% — 343B + (o — B)(26* + 262 426 —6) — 148 =0

By eliminating «, 3, and , the system yields

(342 —7B)(26* +2¢2 +264+1) =0

(243 + TAB —49C) (26" + 262 + 26 +1) =0

—15A% + 56 A%2B — 49AC — 49B? + 343D = 0

(—33A° 4+ 25943 B — 147A2C — 490AB? 4 686BC — 2401E)(26* + 262 +26 +1) =0
—121A% + 770A%B — 1078 A3C — 1225A2 B2 + 3430ABC — 2401C? + 16807F = 0
—45A% 4 182A%B — 196 AC — 98B% + 343D = 0

Since R(2X?* +2X2 +2X + 1) = 73, we obtain
7B —3A% = 49C — 543 = 343D — 5A* = 2401F — 34° = 16807F — A% = 0.

Then S splits into lines as shown above, contradiction.

If ({i1,12,13}, {i4,15,96},u) € {({1,2,4},{3,5,6},6),({1,2,4},{3,5,6},6)}, then
u =1 and analogous arguments yield a contradiction.

Now consider the case ({i1,i2,i3},{i4,15,%6},u) = ({1,2,3},{4,5,6},6). We get
pw=¢€2 and C,Cy = S, implies
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A2(226% — 5E* — 4€3 + 1162 4266 +27) —49B(26° + €2 426 +2) +al® —BE=0
A2(2265 — 5E* — 4€3 4 1162 + 266 +27) —49B(28° + €2 + 26 +2) +af? — Bt =0
—AZ(T06* + 14€ +14) + 343BE* + (8€° + 66 + 963 +4€2 — € +2) =0

—AZ(T06* + 14€ + 14) + 343B¢* — a(66° + 8¢ + 563 + 36246 —-2) =0

343CET +v(28° + &3 - 262 -2 +1) =0

343CE4 + (€ + 383 + 24 €64+3) =0

whence

(' =&+ 8)=0
(14€° + 14&* + 1483 + 7)) a =0 .
(3% —26° =362 -3¢ —2)y =0

Since 3¢° — 263 — 3¢2 — 3¢ — 2 # 0, this yields v = 0 and F = 42/16807 = 0,
a contradiction.

Finally, for ({41, 12,13}, {4, 15,96}, u) € {({1,3,5},{2,4,6},6),({1,4,5},{2,3,6},6)},
analogous arguments yield a contradiction. O

3.2. The casep=7T7
Theorem 3.2 is implied by the following result.

Proposition 3.7. Let p = 7.

1. If Sy has a linear component not defined over Fy, then Sy splits into siz linear com-
ponents not defined over Fy. This happens if and only if

b {(0,1,0,0,0,0),(0,0,0,0,0,A) | A\ e F}. (28)

In this case, Sp has no Fy-rational affine points.
2. The curve Sy splits into three absolutely irreducible conics not defined over Fy if and

only if

D? 9C 4+ 4DP
A=B=0 C+0 E=32" F:%.

= (29)

In this case, Sy has no F,-rational affine points off the line X =Y.

3. The curve Sy splits into two absolutely irreducible cubics not defined over Fy if and
only if
5B3 + 6C? C(3B3 4+ 4C?) 6(B% + 6C?)?
14:07 \/§¢]Fq, D:T, E:T, F:T
(30)

In this case Sy has no Fy-rational affine points off the line X =Y.
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Proof. The unique ideal point of Sy is P, = (1,1,0). The point P, is singular if and
only if A = 0. Suppose A # 0. The tangent line to Sy at P, is the ideal line £.,. A line
through Py either is £, or has equation Y = X 4+« with a € F,; by direct computation,
none of them is a component of S;. Hence, Sy is absolutely irreducible by a criterion due
to Segre; see [15] and (2, Lemma 8].

Therefore, a necessary condition for S, to be reducible is A = 0.

1. Let s; be a linear component of Sy, then it has affine equation ¥ = X + « with
a € F,, and the system

A=0
Aa+5B =0

6Aa®+3Ba+4C =0

Ao’ +3Ba? +6Ca+3D=0

6Aa* 4+ 5Ba® +4Ca? +3Da +2E =0
AP+ Ba*+Ca® +Da? +Ea+F+a%=0

holds. This happens if and only if A=B=C =D =FE =0 and a® = —F. On the
other hand, these conditions imply that Sy splits into the six lines s; : Y = X +iq,
1=1,...,6.

Let k be such that ¢ = 6k + 1. Recall that ¢ is a primitive element of F, and z is a

root of the polynomial T — ¢. In particular 2604~ =1 and {1, 2, 2%, 2%, 2%, 2°} is a

basis of Fye over IFy.
Let b,c € Fys, and (bo, b1, b2, b3, ba, bs), (o, ¢1, 2, €3, €4, ¢5) be their components with
respect to the basis {1, 2,22, 23, 24, 25}. Then

b7 = (bo, b1C", b2C" — ba, —bs, —baC*, —b7CF + bs),
BT = (bo, b1C*F — by, —baC¥, ba, baC — by, —b7CH),
b9° = (bo, —b1, bo, —b3, ba, —bs),
b7 = (bo, —b1C*, byC* — by, by, —baC* B°CF — bs),
BT = (=bo, =biC* + by, —byC*, by, bact — by, b7CH),
be = (boco + biesC + bacal + byesC + bacal + b,
boci + bico + bacsC + bscaC + bacsC + bseaC,
bocz + bicy + baco + b3esC + baca( + bsesd,
bocs + bica + bacy + bzco + bacs( + bsead,
boca + bicg + baca + bacy + baco + bses(,
bocs + bicy + bacs + byca + bacy + bsco),
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hence

A= —by, B =03+ bibsC + babsC + 4b3¢,

C = 6b7 + 4bob1bsC + 4bobabsl + 2bob2¢ + 6b2b4C
+ 5b1babs( + 2b3¢ + 6b2b3(* + 5bsbsbs (> + 2b3¢,

D = bg 4 6b2b1bsC + 6b2babsC + 3b22C + 4bob2bsC 4 bobibabs( + 6bob3C
+ 4bobabZ(? + bobzbabsC? + 6bob3C* + b3b3C + 5bIbAC + 2b7b2 (3
+ 3b1b3b2C? + 3b3bsbsC? + 262b2¢% + 3b2C2 + bgbS 3 4 H5b2b2C3,

= 6b) + 4b3b1bsC + 4b3bobsC + 2b3b3¢ + 4b2bIbaC + bAb1bobsC + 6bab3C

+ 4b2bob2(? + bRbababsC? + 6bADIC 4 2bobibsC + 3bobIbaC + 4bobTb2 (>
+ 6bgb1b3b3C? + 6bobabsbs(? + 4bbabi(C? 4 6bob3C? + 2bobsb3 (3 + 3bobibZ(3
+ 6b1baC 4 2b3b4bsC? + 4b2b2b4C% + 5byb3bsC? 4 2b1bab3C? + 201 bybE (3
+ 5b1b3bsC? + babaC? + 6b3LICE 4 dbab3b2CP + bob (P + 2b3b4b5CP
+ 6b3b3¢% + 6bsb3C*.

It is easy to check that A = B =C = D = E = 0 is equivalent to Condition (28).

Since b = Az or b = A\z°, with X € F}, the condition o = R T

a® = —F, implies a € Fo \ F,. Therefore, the six lines s;, i = 1,...,6, have no

F,-rational affine points.
. Suppose that S, splits into three absolutely irreducible conics C1, C3, and C3 not
defined over F,. By Remark 3.4, either ¢ fixes each C;, or (up to reordering the
indexes) ¢ fixes C; and switches Cy and Cs.
In the latter case, the conics C;’s have affine equation

Ci: (X-Y) +aX+aY+B3=0,

Co: (X—-Y)+1X+Y +e=0,

Cs: (X—-Y)P+6X+9Y +(=0,

for some «, 3,7, 4,¢,C € Fq. The conditions C1C2C3 = S and A = 0 yield
A=B=C=D=FE=0.

Hence, as above, S, splits into six lines, a contradiction.
In the former case, the conics C;’s have affine equation

Ci: (X=-Y)Y+aX+aY +5=0,
Co: (X =Y 44X +9Y +6=0, (31)
C3: (X-Y)P+eX+eV+(=0,
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for some «, 3,7,9d,€,( € Fq. Since the three conics C;’s are not defined over F, they
form a single orbit under ¢, the coefficients lie in Fgs and v = a9, € = aqz, 6= g9,
(= BQQ. By direct computation, C1C2C3 = S, and A = 0 imply

B=0, CE+4D?>=0, C?D+3DF+E*=0, C®+3CF+3DE =0.

Hence Conditions (29) follow, because C' = 0 would imply that S, splits into lines,
a contradiction. Conversely, if Conditions (29) hold, then S, splits into irreducible
conics defined by (31), where the C;’s form a single orbit under ¢,, and «, 3 are
defined by

Ca+2D
a2

=40, p=

The conics C;’s are not defined over F,. Assume by contradiction that one of them is
defined over F,. Then S, = (C1)?, and the polynomial ((X —Y)? + a(X +Y) + 5)3
has no terms of degree either 5 or 4. Hence, by direct checking, o = 8 = 0, which is
impossible since F' # 0.

Conditions (29), together with the condition (z,y) € C; N Ce N Cs, yield x = y. This
means that S, has no F,-rational affine points off the line X =Y.

Suppose that S, splits into two absolutely irreducible cubics C; and Cs. By Re-
mark 3.4, v either fixes or switches C; and Cs.

In the former case, the cubics C;’s have affine equation

Ci: (X=Y)P+a(X?+Y))+BXY +~4(X+Y)+6=0,
Co: (X-Y)P+d(X2+YH+FXY++(X+Y)+d =0.

The conditions C1Co = S, and A = 0 yield B = C = D = E = 0; hence, as above,
Sy, splits into lines, a contradiction.
In the latter case, the conditions C1Cy = Sp, A = 0, and 1(C1) = Cs yield in particular

CF?+ DEF +2FE3 =0

BC? +5BF +4CE +3D%* =0
B?E+CF +5DE =0

B2C +3BE +5CD =0

B3 +4BD +4C%? =0

Hence B # 0, otherwise S; splits into lines; also,

_BBP6C? . CBBY+AC?) . 6(B®+60°)

A=0, D ez )
0 B B2 ’ B3

(32)

If Conditions (32) are satisfied, then C; and Cy have equation
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Ci: a[(X-Y)=B(X -Y)] +4B(X +Y)? +3C(X +Y) 4 3E43BC2+C% _
Co: —a[(X—Y)—B(X —Y)] +4B(X +Y)? +30(X +Y) + 3BH5BCHC2 _

where o? = 4B; therefore, Sy is not defined over F, if and only if VB ¢ TF,.
Viceversa, if Conditions (30) are satisfied, then S, = C1Ca, with C1,Cy defined as
in (33).

If VB ¢ F,, then C; and Cy in (33) have no F,-rational affine points off the line
X =Y. In fact, if an F,-rational point (x,y) lies on Cy, then the coefficient (X —
Y)3 — B(X —Y) of a must vanish at (z,y); this implies either B = (z — y)?, which
is impossible, or z =y. 0O

4. Proof of Theorems 1.1 and 1.2

Using the characterization results contained in Theorems 3.1 and 3.2 we are now in a
position to prove our main Theorems.

Assume first that p # 7 and let £ € Fys denote a primitive 7-th root of unity.

Consider the following family of polynomials over F,.

]::{F _Xﬁ—uX5+vX4—MX3+(14@2—U4—2u2v)X2
w2 — = 5
u® — 182u3v + 294uv Wb — 98uty — 14Tu2v? + 3430
27 5 182 3 294 2 13 6 28 4 147 9 9 343 3
_ 74 X+ 75 |U,U€Fq}_

Since by definition of A, B,C, D, E, and F', the elements b, b%,. .., b?" are the zeros of
the following polynomial over F,

X6 — AX5 4+ BX* - CX®*+DX? - EX+F,

we have that f is a PP of Fs if and only if 0,09, .. ., b?" are the only zeros of F,, ., € F,
for some wp, v, depending on b. More precisely, Condition 1 in Theorem 3.1 holds if
and only if b,b9,. .., b7 are the zeros of F A8 42, whereas Condition 2 in Theorem 3.1 is

equivalent to 7B — 342 # 0 and b, b9, ..., b’ being the zeros of F p.
We consider Condition 1 first. By direct computation,

6 .
1—¢
Fu’guz—H(X—u - )
=1

Since the trace map is surjective, for each u € F, there exists b € Fye \ Fy such that

u = A. Moreover, for each i = 1,...,6, the minimal polynomial of £ over F, has degree
congruent to ¢ modulo 7. Hence, F, 842 is irreducible over F, if and only if ¢ = 3,5
(mod 7); in this case, the roots b of F%%uz provide 6 permutation polynomials fp. If
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F,, 3,2 18 reducible over I, then the zeros of F,, 3,2 do not form a single orbit under ¢,
since they are all distinct; in this case, if b is a root of F), 5,2, then f; is not a PP of Fe.
As to Condition 2 in Theorem 3.1, it is satisfied by b if and only if b is a root of
some Iy, ,, where u,v € [F, are such that 7Tv — 3u? # 0 and either F, ., is irreducible
over F,, or F, , is the square of an irreducible polynomial over F,, or F}, , is the cube
of an irreducible polynomial over IF,.
By direct computation, F, , = 7% . GS}Z, . Gq(fz, . GSfl, with

GI(X) =49X% + 7(6* + € — 2)uX — (36" +4€* +4€° + 367 + T)u?

+ T+ M+ 42+ 3),
GO(X) =49X% —T(E + €4+ € + € + 3)uX + (4€° + ¢4 + € + 462 - 3)u?
—7(€° + €% — 20,

GOL(X) =49X2 +7(6° + & —2)uX — (€° = 3¢" =38 + & +4)u® - 7(&* + 6 - 2)v.
Also, the Ggf,)v’s are defined over Fys and form a single orbit under ¢,. The discriminant
of Fy»(X) is A = 13u® —28uv — 147u?v? 434303 and it vanishes if and only if u? = §-v,
with 1363 — 2862 — 1475 + 343 = 0. For p # 13, § is in

{2155 + 3564 4+ 3563 4+ 2162 428 14€° — 216% — 2163 + 1462 4+ 7
13 ’ 13 ’

—356° — 14€* — 1463 — 3562 — 7
13 }

and it is easily seen that § ¢ IF;; hence A # 0, since u,v € Fy. For p =13, 0 € {8,11}.
In this case, a direct computation shows that F,, is not a power of an irreducible
polynomial over Fg, for any (u,v) € F2 \ {(0,0)}; hence, f; is not a PP of Fge for any
root b of Fy, ,.

Therefore, we can assume that GE}L and G&J 2, have no roots in common for 7 # j.

If g=1,6 (mod 7), then the Ggf,)v’s are defined over [F,. Hence, fj, is not a PP of Fge,
for any root b of Fy, ,.

Suppose now g odd and ¢ =r € {2,3,4,5} (mod 7). For i = 1,2, 3, the roots of Gq(f)v
are

2l) = (up;) /14, with p? = 5;(28v — 11u?), (34)

where

=B =" - az=0o=(C++E+E+20+1)° a1 =p5=(& - &)
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Note that £* — &3, &5 + &1+ €3 + €2 + 26 + 1, and &5 — €2 belong to Fys if and only if
r € {2,4}. Therefore, for any ¢ = 1,2, 3, st = B3; when r € {2,4}, and ﬁfg = —f3; when
r € {3,5}, whereas ags = q;.
Suppose 28v — 11u? = 0. Then mgi) = :Eg:), and F, , is the square of an irreducible
polynomial over F,. Hence, the three distinct roots b of F,, , provide PPs f; of Fge.
Suppose 28v — 11u? # 0, hence p; # 0 for any i = 1,2, 3. Then

3 3-1

pl = (=1)"-(28v — 11u?) = - p;.

-1

Note that (28v —11u?) 2 = 1if 28v — 11u? is a square in F, (and hence in F3), while

s_
(28v — 11u?) = " = —1if 28v — 11u? is a non-square in F,.

If r € {2,4} and 28v — 11u? is a non-zero square in Fg, then ,0‘13 = p; the same holds
if 7 € {3,5} and 28v — 11u? is a non-square in F,. Therefore, (azgi))q3 = xgi), and Fy, ,
factors over I, into two distinct irreducible polynomials. Hence, for any root b of F, ,,
fv is not a PP of Fs.

If r € {2,4} and 28v — 11u? is a non-square in F,, then p?’ = —p; the same holds if
r € {3,5} and 28v — 11u? is a non-zero square in F,. Therefore, (:c?))q‘”’ = :Eéi), and F, ,
is irreducible over F,. Hence, the roots b of F), , provide PPs f;, of Fs.

Let s,e € F, with ¢ a primitive element of F,, such that 28v — 11u? = s? when
28v — 11u? is a square in F,, and 28v — 11u? = s%¢ when 28v — 11u? is a non-square
in F,. Then the condition 7v — 3u? # 0 reads u # +s in the former case, while it is
satisfied for all (u,s) # (0,0) in the latter case.

Suppose now ¢ = 2". Then, ¢ = 2,4 (mod 7). The minimal polynomial of ¢ is either
X3+ X +1or X3+ X% +1; assume without loss of generality that £ = & + 1. The
factors of F),, over Fys in this case are

X2+ (E+D)Xu+ (E+1)%0 + (6% + v,
X2+ (E4+1)°Xu+ (E+ 1) + &,
X2+ (E+D)* Xu+ (€4 v + 2.

There exist roots of F,, , of multiplicity larger than one if and only if u5(u?+&v)*(u?+
E20) (u? + (€2 + €)v)* = 0. Since € ¢ Fy, the only possibility is « = 0. In this case

Fuyw = [(X + €+ 1)v0) - (X + (€ 4+ DVo) - (X + (2 + €+ 1)vo)]°.

Hence, F, , has three distinct zeros with multiplicity 2 and defined over Fs, for any
v € Fy, namely

€+ DV, (€ + DV, (€ + &+ 1)V,

which form a unique orbit under the Frobenius map.
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Suppose now u # 0, that is F,, , has six distinct zeros belonging to Fss. They belong
to Fgs if and only if ’IYFqs/[FQ (u—”z + (6 + 1)2") =0,7=0,1,2, that is

TrFq3/F2 (% +(E+ 1)2i> = TI'H:q3/[F2 (%) + TrIFqS/IF2 ((5 + 1)21') —0,

where TrquS /F, denotes the trace function from F;s to Fa. It is not hard to see that

Trg , /v, ((f + 1)2i) = 1 if and only if h is odd. Therefore the zeros of F,, ,(X) correspond
to PPs fp if and only if one of the following cases occurs:

e his odd and Trg _ /r, (;) = T, /p, (;7) = 0;

« his even and Trg , /r, (%) = Trp,/p, (%) = 1.

In these cases, let 6; = 2z + (§ + 1)21‘7 1 = 0,1,2, and let k be an element with
Trz o p, (k) = 1. Define y; = k62 + (k + k261 + - + (k + k2 + - + k2" )62,
i = 0,1, 2. The six roots are

be {ule+ 1> e+ DE+ DT u]i=0,1,2, T, () =0}

u?

if h is odd,

be {yl(g—’_ 1)2 +1U, (y1 + 1)(5"‘ 1)2 Jr1U ‘ 1= 0,1,2, ’I‘]f']Fq/]F2 ( ) = ]_}

u?
otherwise.
Therefore we have proved Theorem 1.1.

For the case p = 7, Propositions 4.1 and 4.2 imply Theorem 1.2.

Proposition 4.1. Let ¢ = 7" > 421. Let &,¢ € Fys be such that €18 =1 and €2 = £. The
polynomial fy, is a PP of Fys of type (17) if and only if one of the following cases occurs.

e h is odd and
— 3D |~ —3 =3 . ) —
be *2£C+€?‘C€Fq3, C" eFy, 3C isnotacubeinFy, DelF,,.
e h is even and
_ D | _ _
be {2§C+6% ’ CeFgp, c’ e Fy, 3C° is not a cube in F,,

DeF,.\F, D € ]Fq}.
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be {—56 | C € Fp, A= Fy, 3C° is not a cube in Fq}.

Proof. By Theorem 3.2, we have that f; is a PP of Fge if and only if b,59,.. ., b7 are
the unique zeros of some polynomial Feo p(x), with C, D € F,, C # 0, where

Fep(z) = C*2® — C32® 4+ C?Da? — 3D*Cx + (2C* + 4D?).
A polynomial of this type factorizes over F s as

(C%2® +£C7x + €T + ¢'D)(4C"2* + €Tz + 26°C" + £1°D)
% (20722 + €80 ¢ + 4690 + £15D),

where C,2C,4C € F,s are the cubic roots of C'. It is easily seen that the three factors
above are defined over F, if and only if £C belongs to F,, that is if and only if 3C is
a cube in F,. Also, the polynomial F¢ p(x) has roots of multiplicity greater than 1 if
and only if C®D'(C* + 2D?%)* = 0. Since C # 0, the only possibilities are D = 0 and
C*+2D3 =0.

e D = 0. In this case Fo p(z) = C?*(2® + 3C)?, which has three roots not defined
over I if and only if 3C is not a cube in F,.

e C*+2D3 = 0. This is equivalent to D3/C?® = 3C, which is not possible since 3C is
not a cube in IFy.

Suppose now that Fe p(x) has no roots of multiplicity greater than 1. Then, the six
roots are

2 J —2 ) —2

—¢C° + C&DE —¢7C° + C¢3/DE —£B3C° + C¢3/DE
2C C AC ’

These six solutions belong to a unique orbit under ¢, if and only if £D is a non-square
in Fys. This happens if and only if & is even and D is a non-square in Fy, or h is odd
and D is a non-zero square in F,. O

Proposition 4.2. Let ¢ = 7". The polynomial f, is a PP of Fye of type (18) if and only if
one of the following cases occurs:

be{3§|§ewq2\1€q, EQEF;};
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be {35+3U+— DcFp\F, CcFp\F, D’ cF;, 53615‘;‘}.

S Q

Proof. By Theorem 3.2, we need to determine if the roots in Fye of the polynomials

Fp.co(r) = B35 + B*2* — B*C2® + (5B® + 6C?)B%*s* — BC(3B* +4C%)x
+6(B* + 6C?)?,
with B,C € F,, B # 0, are contained in a unique orbit under ¢,. Such roots are
{4§ +6C + 30 /B,4B +5C +5C /B,4B + 3C + 6C" /B,
3B +6C +4C /B,3B +5C +2C° /B, 3B + 36+62/§} ,
where B € F,2 \F, and Ce F,s are such that B’ =B and 63 = C, respectively. There
are roots of multiplicity larger than one if and only if C4B' (B3 + 6C?)% = 0.
If C*BY(B?+6C?)® = 0, then C' = 0, because B # 0 and B? +6C? = 0 would imply
C = +BB ¢ F,, which is impossible. Also, C' = 0 implies that the two distinct roots of
Fpo(z) are £3B ¢ Fy, and the corresponding f, are PPs of Fo.
If C*BY(B3 + 6C?)8 # 0, then the roots of F () are all distinct. If C' € F,, then
they form three orbits under ¢4, namely
{@ +6C +3C°/B,3B + 6C + 4C" /F} :
{@ +5C +50°/B,3B + 50 + 2C° /E} :
{4§+ 3C +6C° /B, 3B + 3U+62/§} ,
and the corresponding f, are not PPs of Fe. If C ¢ F,, then the roots of Fg c(z)

are contained in a unique orbit under ¢, and therefore the corresponding f;, are PPs
of an. O

Note that if ¢ is even, then ¢ = 2,4,8,16 (mod 28), whereas 7 | ¢ implies ¢ = 7,14
(mod 28).

Corollary 4.3. Let ¢ > 421 and let ng be the number of PPs of Fye of type f.
e Ifg=0,1,6,8,13,14,15,27 (mod 28), then n, = 0.

o Ifq=2,3,4,5,9,11,16,17,18,19, 23,25 (mod 28), then n, = 3(¢*> — 1).
o Ifq=7,21 (mod 28), then n, = 4¢> — 3¢ — 1.
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Proof. Note first that the values of b listed in Theorems 1.1 and 1.2 are all distinct for
a fixed gq.

1. The solutions of type (4)—(7) are

3(g—1)qg+3(g—1)=3(¢* - 1), ¢g=9,11,23,25 (mod 28),

If g =3,5,17,19 (mod 28) the number of solutions of type (3) is 6(g — 1).

2. If ¢ is even and ¢ = 2,4 (mod 7), that is ¢ = 2,4,16,18 (mod 28), there are ¢/2
elements with trace 1 and ¢/2 elements with trace 0. For a fixed element ¢t € Fy
there are ¢ — 1 pairs (u,v), u # 0, such that v/u? = t. For each of them there exist
6 corresponding b’s. If u = 0, there are 3 values of b for each choice of v € Fy. The
solutions of type (9) are 6(q — 1), whereas the number of solutions of type (8) is
3(g—1).

3. If 7| q, that is ¢ = 7,21 (mod 28), then the solutions of types (10), (11), (12), (13),
(14), (15) are respectively 2(q — 1), 2(¢ — 1)%, 2(¢ — 1)?, 2(¢ — 1), (¢ — 1), 2(q — 1)2.
Therefore the total number of solutions is

2q-1)+2(q—1)°+2(¢—1)+ (¢ — 1) +2(¢— 1)
=4(qg—1)2+5(g—1)=4¢*>-3¢—1. O

Remark 4.4. By using the same methods, it is possible to obtain similar descriptions
of the values b € Fg4 \ F; which provide permutation polynomials of Fgs of the type
29’ T +a+2 4 py By straightforward computations, if ¢ = 2,3 (mod 5), then the values b
satisfying the first condition in [19, Theorem 4.1] are as follows. Let a € F2 \ F, be such
that a® +a + 1/5 = 0; for each pair (4, B) € Fg distinct from (0,0), if 7A2 — 20B # 0,
then

) { —(2a+1)aA £5\/(a + 1)(7A% — 20B) (2a +1)(a + 1)A + 5\/—a(7A% — 20B) }

2(2a+1) ’ 2(2a+1)

otherwise

As to the second condition in [19, Theorem 4.1], no b € Fga \ F can satisfy it when ¢ = 4
(mod 5). If ¢ = 2,3 (mod 5), then for each A € IF; we have

2(2a+1) 2(2a+1)

) { —(2a+1)aA+ 54/ —(a+1) (2a+1)(a+1)A+ 5A\/E}

where a € F2 \ Fy is such that a® + a +1/5 = 0.
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m_1
5. Necessary conditions for PPs of type za 11 + bx, n odd

The Niederreiter-Robinson Criterion can be applied to any binomial of type f; 4., =

-1
P + bz for some n € N. The algebraic curve Cg ,, associated to fg 5 is given by

1 i+1

ZAnf+ —VT o,

r—=y
where Ag =1 and A4; = 20§j1<j2<~-~<j,;§(n—1) pa’ +a’2++d’ Note that
Al = Tr]Fqn /Fq (b)

When n is odd, it is easily seen that the point (1, —1,0) belongs to Cq s, for every ¢ and
beFe \Fy.

Proposition 5.1. Let C be an algebraic curve defined over F, having a simple Fq-rational
point P. Then there exists an absolutely irreducible Fq-rational component passing
through P.

Proof. Let C’ be an absolutely irreducible F,-rational component of C containing P. The
image C” of C’ under ¢4 contains P, since ¢4(P) = P. Also, P being a simple point of C
implies the existence of a unique component of C through it. Therefore C" = ¢4(C") = C’,
that is C’ is defined over Fy. O

The above criterion is useful to deduce necessary conditions for a polynomial f; 5, to
be a PP of Fy». Let p be the characteristic of IF,.

((n—1)(n— 2)+\/ 24+13n—

Theorem 5.2. Let n be odd. Suppose q >
then p | 25+ and Trg , /v, (b) = 0.

IffqbnzsaPPofIFq ,

Proof. We already observed that the point P = (1,—1,0) always belongs to the curve
Cybn- We now show that if f;4, is a PP of Fgn, then the point P is a singular
point of Cyp,. Assume on the contrary that P is simple. Then by Proposition 5.1

the curve Cy 5 contains an absolutely irreducible component defined over F,. Since
(nfl)(n72)+\/n2+13n72)2
1

q > ( , this component contains an affine F,-rational point not
lying on X =0, Y = 0, or X = Y. Therefore by the Niederreiter—Robinson Criterion
fq.b,n cannot be a PP of Fyn, a contradiction.

i+1_yritl

— n X"
Let F(X,Y,T) = >, o An—i=—<—5
defining Cy 3 n. As P is singular, we have

T™~* the homogenization of the polynomial

OF(X,Y,T)
X

OF(X,Y,T)
oYy

OF(X,Y,T)

(17_130) = 6T

(1,—1,0) = (1,-1,0) = 0.
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This is equivalent to

n+1

D | and A; =0. O

A consequence of Theorem 5.2 is that for a given n odd there are just a finite number
of characteristics p for which there exists a PP of Fy» of type fqu.n-

For n = 3, Theorem 5.2 implies that for ¢ > 23 odd there cannot be a PP of Fys of
type 29 t9t2 4 bz, This is the main result in [5, Section 3.

For n = 7, p = 2, it has been shown in [7] that for ¢ large enough the values b for
which fon 7 is a PP of Fyr are exactly the roots of irreducible polynomials of type

7_
27 + ax® + bz + ¢ for some a,b,c € F,. Note that for such b’s, the monomial lflacgfr_llJrl

is a CPP of Fy7. In particular, for ¢ = 2 the values of b are (¥ :i=0...6}U {(nn)y :
i =0...6}, where 7 is a primitive element of Fyr.
Other values of n are currently under investigation in [1].
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