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Abstract Complete (k, 3)-arcs in projective planes over finite fields are the geometric coun-
terpart of linear non-extendible Near MDS codes of length k and dimension 3. A class of
infinite families of complete (k, 3)-arcs in PG(2, ¢) is constructed, for g a power of an odd
prime p = 2(mod 3). The order of magnitude of k is smaller than ¢. This property signifi-
cantly distinguishes the complete (k, 3)-arcs of this paper from the previously known infinite
families, whose size differs from ¢ by at most 2,/q.
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1 Introduction

A (k, r)-arc in PG(2, q), the projective Galois plane over the finite field with g elements [,
is a set of k points no (r 4 1) of which are collinear and such that there exist r collinear points.
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A general introduction to (k, r)-arcs can be found in the monograph [13, Chapt. 12], as well
as in the survey paper [16, Sect. 5]. A natural problem in this context is the construction
of infinite families of complete (k, r)-arcs, that is, arcs that are maximal with respect to set
theoretical inclusion. From the standpoint of Coding Theory, complete (k, r)-arcs correspond
to linear [k, 3, k — r];-codes which cannot be extended to a code with a larger minimum
distance. If » = 3 the associated code is a Near MDS code, that is, a code C such that the
Singleton defects of C and its dual C L is equal to 1 (see [6,7]).

In the case r = 2, the theory is well developed and quite rich of constructions; see e.g.
[1-3,14-16,22,23] and the references therein, as well as [13, Chapt. 8-10]. On the other
hand, for most r > 2, the only known infinite families either consist of the set of I, -rational
points of some irreducible curve of degree r (see [10,17,24] for r = 3, as well as [11] for
r > 3), or arise from the theory of 2-character sets in PG(2, ¢) (see Sects. 12.2 and 12.3 in
[13], as well as the more recent work [12]). In particular, no general description of a complete
(k, 3)-arc other than the set of I, -rational points of an irreducible cubic seems to be known.
Computational results about the smallest size of a complete (k, 3)-arc in PG(2, ¢) have been
obtained for ¢ < 16; see [4,5,19].

The aim of this paper is to provide a new class of infinite families of complete (k, 3)-arcs
in PG(2, ¢). Our main result is the following.

Theorem 1 Let o be a non-square power of a prime p > 2, with p = 2 (mod 3). Define

as if o =p=>29,

2 /op+p—4if o > pi.

Then, for each power q of o with g > 3600 6, there exists a complete (k, 3)-arc in PG(2, q)
of size

(o) =

k < Tf)q—i—ﬁ

The order of magnitude of the (k, 3)-arcs constructed in Theorem 1 is significantly smaller
than that of the previously known families. In fact, complete (k, 3)-arcs arising from cubic
curves have at least g + 1 — 2, /g points; on the other hand, the size of the arcs of Theorem
1 is asymptotically smaller than ¢. For example, if o = p? with p > 13, then ¢ = o/ can
be chosen and the bound on & is roughly ¢2%/2!.

The points of the (k, 3)-arcs constructed in this paper belong, with at most 6 exceptions,
to the set of F,-rational points of the quartic curve Q with equation ¥ = X 4. It should
be remarked that for this reason they share at most 18 points with an irreducible cubic.
The proof of their completeness is based on a classical idea going back to Segre [20] and
Lombardo-Radice [18]. In order to show that the 3-secants of the (k, 3)-arc cover a point
P off the quartic curve Q, we construct an algebraic curve H p defined over IF; describing
the collinearity of three points of the arc and P, and then prove that Hp has an absolutely
irreducible component defined over [F,;; the Hasse—Weil bound guarantees the existence of a
suitable [F,-rational point in H p; finally we deduce that P is collinear with three points in
the arc. The main difficulty here is that H p is not a plane curve, but a curve embedded in the
3-dimensional space; see Eq. (3). This is why the theory and the language of Function Fields
have been used in order to show that Hp possesses an absolutely irreducible component
defined over F,.

The paper is organized as follows. In Sect. 2 we summarize the notions and the results
from the theory of Function Fields that will be used in the paper. In Sect. 3, we construct
a (q/o, 3)-arc K; lying on the quartic curve Q; it is associated to an additive subgroup M
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Complete (k, 3)-arcs from quartic curves 489

with index o in ;. We show in Sect. 4 that under the conditions on p, o, and g of Theorem
1, the 3-secants of KC; covers almost all points of PG(2, ¢) \ Q. To this end, we thoroughly
investigate the curve H p and its function field. A 4-independent subset in the factor group
I, /M is constructed in Sect. 5. This allows us to show in Sect. 6 how to cover the points of
Q, for ¢ large enough, by joining more copies of ;.

2 Preliminaries from function field theory

We recall that a function field over a perfect field IL is an extension F of L such that I is a finite
algebraic extension of L(«), with « transcendental over L. For basic definitions on function
fields we refer to [21]. In particular, the (full) constant field of F is the set of elements of
that are algebraic over L.

If F’ is a finite extension of F, then a place P’ of F’ is said to be lying over a place P
of Fif P C P’. This holds precisely when P = P’ NF. In this paper, e(P’| P) will denote
the ramification index of P’ over P. A finite extension F” of a function field F is said to be
unramified if e(P’|P) = 1 for every P’ place of F’ and every P place of F with P’ lying
over P. Throughout the paper, we will refer to the following results.

Theorem 2 [21, Prop. 3.7.3 and Cor. 3.7.4] Consider an algebraic function field F with
constant field L containing a primitive n-th root of the unity (n > 1 and n relatively prime to
the characteristic of ). Let u € T such that there is a place Q of F with ged(vg (1), n) = 1.
Let F' = F(y) with y" = u. Then

1. ®(T) = T" — u is the minimal polynomial of y over F. The extension ¥’ : F is Galois of
degree n and the Galois group of F' : F is cyclic;
2.

e(P'|P) = 2 here rp = GCD(n,vp(u)) >0;
rp

3. L is the constant field of F';
4. let g’ (resp. g) be the genus of B’ (resp. F), then
1
g =1+n(g— 1)—1—5 Z (n—rp)deg P.
PEP(F)

Theorem 3 [21, Th. 3.7.10] Consider an algebraic function field F with constant field L of
characteristic p > 0, and an additive separable polynomial a(T) € L[T] of degree p" with
all its roots in L. Let u € F. Suppose that for each place P of F there is an element z € F
(depending on P) such that either

vp(u—a(z) =0
or
vp(u —a(z)) = —mwithm > 0and p fm.

Define mp = —1 in the former case and m, := m in the latter case. Let F' = F(y) be the
extension with a(y) = u. If there exists at least one place Q such that mg > 0, then

1. the extension ¥ : F is Galois of degree p" and the Galois group of F' : F is isomorphic
to the additive group {« € L : a(a) = 0};
2. L is the constant field of F';
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490 D. Bartoli et al.

3. each place P in F with mp = —1 is unramified in F' : F;
4. each place P in F withmp > 0 is totally ramified in ' : F;
5. let g’ (resp. g) be the genus of ' (resp. F), then

n

pr—

g =r"g+ —24+ > (mp+1)degP

PeP(F)

An extension such as [’ in Theorem 2 or 3 is said to be a Kummer extension or a generalized
Artin—Schreier extension of F, respectively.

Denote by I, the finite field with g elements. Let K denote the algebraic closure of F,.
A curve C in some affine or projective space over K is said to be defined over I, if the ideal
of C is generated by polynomials with coefficients in F,. Let K(C) denote the function field
of C. The subfield FF,(C) of K(C) consists of the rational functions on C defined over [F,.
The extension K(C) : F,(C) is a constant field extension (see [21, Sect. 3.6]). In particular,
[F,-rational places of IF, (C) can be viewed as the restrictions to F, (C) of places of K(C) that
are fixed by the Frobenius map on K(C). The center of an IF;-rational place is an [F,-rational
point of C; conversely, if P is a simple [F,-rational point of C, then the only place centered at
P is [F;-rational.

We now recall the well-known Hasse—Weil bound.

Theorem 4 (Hasse—Weil bound, [21, Theorem 5.2.3]) The number N, of F4-rational places
of a function field T with constant field F,; and genus g satisfies

IN, — (g + 1| <28q.
In order to apply the Hasse—Weil bound, the following lemma will be useful.

Lemma 1 Let Fy(By, ..., Bu) be a function field with constant field ¥y. Suppose that f &
Fy(B1, ..., B)IT] is a polynomial which is irreducible over K(B1, ..., By)[T]. Then, for a
root z of f, the field F is the constant field of Fy(B1, . .., Bn)(2).

Proof Let F, be the constant field of Fy (81, ..., Bn)(z). Then

FgBr, .o Bn) SFyBrsos ) SFg(Brs .o, f) (@) =Fg(Br, ..., Bu)(2).

Clearly f isirreducible over Fy/ (81, ..., Bu);then [Fy (B1, ..., Bu)(2) : Fyr(B1, ..., Bu)] =

deg(f) = [Fy(B1, ..., Bu)(@) : Fy(B1, ..., Bu)], and hence [Fy (Bi, ..., Ba) : Fg(Bi, - -,
Bn)1 = 1. This implies F,, = F,. N

3 (k, 3)-arcs from quartic curves

Throughout the paper, p is an gdd prime with p =2 (mod 3), 0 = ph/ with 2’ odd, g = ph
withh > h',h' | h,and K = I, is the algebraic closure of IF, .
Let

Q={(x,x" | x eF,}

be the set of F;-rational affine points of the plane quartic curve with Equation ¥ = X 4 The
following propositions show the collinearity condition of three and four points on the quartic

Q.
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Complete (k, 3)-arcs from quartic curves 491

Proposition 1 Let A = (u, u*), B = (v, v*), C = (w, w?) three distinct points of Q. They
are collinear if and only if

u? + 02 4+ w? + uv + uw + vw = 0.

Proof A, B, C are collinear if and only if

u u? 1

det{ v—u v*—u* 0 :(v—u)(w—u)(w—v)[u2+v2+w2+uv+uw+vw]:0.
w—u wrt—u* 0

As A, B, C are distinct, the assertion follows. m]

Proposition 2 Let A = (u, u®), B = (v,v"), C = (w, wh), D = (, t4)f0ur distinct points
of Q. They are collinear if and only if

W4+ w4 uvtuw+ow=0
u+v+w+t=0 ’

Proof By Proposition 1, the points A, B, C, D are collinear if and only if

W4+ w4t uv+uw+ow=0
W+ P+uv+tur+vt=0

Since w # t, this is equivalent to

W4kt w4t uv+uw+ow=0
u+v+w+r=0 '

m}

Next we construct an (n, 3)-arc contained in Q from a coset of an additive subgroup of
F,. Let
M :={(@® —a)|a € Fy}, M

and
K= {(v, v |veM+1), )

witht ¢ M.

Proposition 3 No four points of KC; are collinear.

Proof By Proposition 2, if four distinct points (a; + ¢, (a; + Y, 0, eM,i=1,...,4,are
collinear then

ay+t+a+t+az+t+as+t=0, hence —4t=aj+ar+a3+ase M.

Since p # 2 and M is closed under multiplication by elements of F,, we have t € M, a
contradiction. O

4 Points off Q are covered by /C;

Consider a point P = (a,b) € AG(2, g) \ Q. Arguing as in Proposition 2, the following
result is obtained.
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492 D. Bartoli et al.

Proposition 4 Three distinct points A = (u,u*), B = (v,v*), C = (w, w*) of Q and
P = (a,b) € AG(2, q) \ Q are collinear if and only if

W+t w4t uv+uw+ow=0
a?+vHu+v) —uv@ +uv+0v3)—b=0"

Proof Note that the first equation gives the collinearity condition for A, B, C, whereas the
second is the collinearity condition for A, B, P, since

4
4

(SRS

1
det 1| = @—v)[a@? + v} +v) — uv@?® +uv +v?) — b].
1

Q< T

S

[m}

In particular, if the points of Q have the form A = (u+1¢, (u + t)4), B=w+t, (v+ 1)4),
C = (w—+1, (w+ %), the conditions in Proposition 4 read

w+wu+v+4)+4rw+v)+ 6022 +uv+ut+12=0
a(u? 4+ v? + 262 + 2tu + 2tv)(u + v + 21)
—w+DW+ DU+ v +uv+32+3tw+v)—b=0

Then the following result holds.

Corollary 1 A point P = (a,b) € AG(2, q) \ Q is collinear with three distinct points of K,
if and only if there exists an Fy-rational affine point (x, y, z), with x7 — x, y7 —y,2% —z
pairwise distinct, lying on the space curve H p with equations

(29 —2)2 +(Z° — Z)((X® — X) + (YO —Y) +41) +41(X° — X + Y% —Y)

+612 4+ (X7 = X)(Y — V) 4+ (X7 = X)2 4+ (¥° —¥)2 =0

Hp: §a(X? —X)2+ X% =12+ 202 +20(X7 = X) +20(Y° —Y)(X® =X+ Y% — Y +21)
S (XC —X4+1)(Y° —Y +1)
(X=X P+ (YT =Y+ (X —X)(Y° — V) +32 431X —X+Y  —Y)—b=0
3)

Consider the following sequence of function field extensions:
Fs=Fy(2): 20 —z=w

a

w? +w((x” — )+ (Y7 —y) +4t) +4t(z —x 4y —y)

Fe=Blo)s g 62w —2) (7 — ) 4 (27— 2)? + (7 — )P = 0

2
Fs=F(y): y" —y=v
o
FE=F((): 2 —x=u

a

F7F(uv)_a(u2—|—v2—|—2t2—|—2tu+2tv)(u+v+2t)
7R (w4 t) (v + 1) (u? + 0 +uv + 3t2 + 3t(u+v)) —b=0
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Complete (k, 3)-arcs from quartic curves 493

We are going to show that each extension F; : F;_; is well-defined and that the field of
constants of each function field F; is F,. We will also estimate the genus g; of F;. Finally, by
using the Hasse—Weil bound, we will show that if ¢ is large enough with respect to o, then
Fs has a large number of [F,-rational places. By the equations defining F3, this implies that

the curve H p possesses a large number I, -rational points.
We will first show that Fj is a function field with genus 3 whose field of constants is F;
see Proposition 5 below. Equivalently, the plane quartic curve with equation

HiaU +VE422 421U+ 2 VYU +V +20) — U+ (V+) U+ VUV 43243t U+ V) —b =0
4)

is non-singular. We start by investigating an auxiliary cubic curve.
Lemma2 Leta,b € F, withb #0, b # a*. The plane curve with equation

a(C*+ 21> 421C —=2D)(C +21) — (D +1C +1)(C?> =D+ 32+ 3:C)—b =0 (5)
is absolutely irreducible and has genus gy = 1.

Proof After the affine transformation £ = D + tC + 12, ¢ = C + 2t Eq. 5 becomes
ho(§,¢) = 0 with

ho(€,¢) = ag® — £¢* — 2aé¢ + &% — b.

Since dgho(&, ¢) = —¢% —2a¢ +2& and d:ho (&, ¢) = 3ag? — 26¢ — 2a&, we have that the
only three possibilities for an affine singular point are (a*(v/=2 F 1), £4/=2a) and (0, 0),
which satisfy ho (£, ¢) = 0 if and only if b = a®* or b = 0. It is straightforward to check that
the ideal points (1, 0, 0), (a, 1, 0) are non-singular. Then the assertion follows. ]

Proposition 5 Let a,b € Fy withb # 0, b # a*. Let Fy(c, d) be the function field of the
non-singular cubic curve with Eq. 5. Then the equations

u—+v=c, uv =d
define a function field F, (u, v) of genus 3, with equation
a(u® +v* 4202 + 2tu + 200) (u + v + 21)
— W+ D+ + 0+ uv+3t2+3tw+v) —b=0

whose constant field is F.
Proof Let u = < d € Fy(c, d). We are going to show that u is a non-square in K(c, d).
By substituting D = C?/4 in (5) we obtain

—3/16 C*+(1/2a—3/21)C3+(Bat—9/21>)C>+ (6at* —61>)C+4at> —b—3t* = 0. (6)

Derivation with respect to C gives

3
—Z(C +20%(C — 2a + 21).

Then, the only possible multiple solutions of (6) are C = —2¢ and C = 2a — 2t. By
straightforward computation, this actually happens only if b = 0 or b = a*, which is excluded
by our hypothesis. Therefore, there exist four distinct simple zeros of u in K(c, d). Let P
and Q be the places centered at the ideal points (0, 1, 0) and (1, a — ¢, 0), respectively. It
is easily seen that

vp (? —4d) = =2 and vg, (? —4d) = —2.
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494 D. Bartoli et al.

By Theorem 2, the extension K(c, d)(n) : K(c, d), with n?> = w is a Kummer extension of
degree 2 and genus

1+2( 1)+1 >« ) deg P 14243

— i — — c! = - = J.

81 80 2 n —rp)deg 5
PeP(K(c,d))

Also, by Lemma 1, I, is the constant field of Fy (u, v).

To complete the proof, we only need to show that actually K(c, d)(n) coincides with
K(u, v). This immediately follows from

+C +C
u = -, V= — —.
T3 T3
O

Proposition 6 Let a,b € F; withb # 0, b # a*, and a # t. The equation x° — x = u
defines an extension I, = F(x) with genus go = 50 — 2 whose field of constants is F.

Proof Let H; be as in (4). By Proposition 5, H; is a non-singular curve such that F; =
I, (H1). Then places of K(u, v) can be identified with points of ;. The ideal points of H
are P; = (1,0,0), 0; = (0,1,0), Ry = (1,,0), and S} = (@, 1, 0), witha? + o +1 = 0.
The tangent lines at such points are

Lp :V=(a—1), lo, : U= (a—1),
(@+2)(@+31) _ (@—D@+3n _
3 N 3 N

Here, the assumption a # t assures that U = 0 and V = 0 are not tangent lines at the ideal
points of H;; hence,

Cry: U+ (@+ DV + 0, &5:U—aV—

vp (1) = vg, () = vs, () = =1, vo, () =0,

v, (V) = vg,(v) = v5, (v) = —1, vp (v) =0. )

Consider the function field K(u, v)(x) = K(v, x) defined by u = x? — x. For each place
centered at an affine point and for Q there exists p € K(u, v) such that the valuation of
u — (p° — p) at that place is non-negative; in fact, it is sufficient to consider p = 0. Hence,
we can apply Theorem 3, so that K(x, v) : K(u, v) is a Galois extension and [K(x, v) :
K(u, v)] = o. Moreover P1, R, and S are the only totally ramified places; all other places
are unramified. By Lemma 1, I is the constant field of > = 4 (x, v). The genus is given
by

—1
8220814-02 -2+ 2 (mp + 1)deg P
PeP(K(H1))

—1
=30+GT(—2+3(1+1))=50—2.
O

From now on, denote by P>, R;, S> the places of K(x, y) lying over Py, Ry, S1,respectively.
Also, let Q%, ..., OF the places lying over Q.

Proposition 7 Let a,b € Fy withb # 0, b # a* and a # t. The equation y° —y = v
defines an extension F3 = F»(y) with genus g3 = 60% — 20 — 1 whose field of constants is
F,.
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Complete (k, 3)-arcs from quartic curves 495

Proof In K(x, v) we have
vp () =0, vei (W) = =1, vg, (V) = v5,(v) = —0. ®)

The element v — au € K(u, v) satisfies vg, (v — au) = 0. Let A € K be such that A° = «
and consider p = Ax; then,

v— (7 —p)=v—ax’ + Ax = v —ax’ +ax —ax + Ax = v —au — ax + Ax.

Since @2 + o + 1 = 0, we have that A = « if and only if 3 | (0 — 1). Then A # « by our
assumptions on o; in fact, ¢ = p” with 4’ odd and p = 2(mod 3) imply that 3 does not
divide 0 — 1. Thus, vg,((A — @)x) = —1, and hence

VR, (v — (p7 — p)) = —1.

By taking p = A~ !x, the same argument yields vs, (v — (0 — p)) = —1. For the places
centered at affine points and at Q’z, it is sufficient to choose p = 0. Then, by Theorem 3,
K(x, y) : K(x, v) is a Galois extension with [K(x, y) : K(x, v)] = o and

—opt+ Pt 2+ S mp+Ddegp
83 =042 ) mp cg
PeP(K(x,v))

o—1 2
=0(50—2)+T(—2(0—2)(1+1))=60 —20 — 1.

Finally, by Lemma 1, I, is the constant field of F3 =F,(x, y). O

In the extension K(x, y) : K(x, v) the unique totally ramified places are Q%, . 09,
R, and S; let Qé, L Q‘3’, R3, and S3 be the places lying over them. All other places are
unramified; denote by P3’ the places lying over P>,i = 1,...,0.

Proposition 8 Leta,b € F, withb #0, b # a*, and a # t. The equation

wz—i-w(()c‘7 -0+ 0% =y +4)+4(x° —x+y° —y) + 612
+(7 =00 =N+ @7 =)+ 07—y =0 )

defines an extension Fy = F3(w) with genus g4 < 1602 — 40 — 3 whose field of constants
is Fy.

Proof By the substitution
1
9:w—}—§(x"—x+y‘7 —y+40

we have F4 = F3(0). By straightforward computations,

3 3
07 = —2 () +uv =21 (w+v) -2 = —Z(u—ﬂlv—f—(l —/31)1) (u—ﬂzv—l—(l—ﬁz)t),
(10)
where B, B are the two distinct solutions of 372 4+ 27 +3 = 0. Let 41 (U, V) = 0 be the
affine equation defining ;. By straightforward computations
hi(B1V + (81 — Dt, V) =0 ifandonlyif r(V)
=B+28DV +0)*+2aB - BV +1)> —b=0.
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The coefficients of r (V') are non-zero by the assumptions on a, b and the characteristic p; as
r(V)y=2(V+0* 23+ 260DV +3a(3 — D] ,

(u— B1v+ (1 —B1)t) provides at most one double zero of 02 inK(u, v), so at least two simple
zeros; the same holds for the second factor (u — v+ (1 — B2)t). The two factors have at most
one common zero; then, there exists a zero P of 62 in K (u, v) with multiplicity 1, and hence 02
isnot a square in K(u, v). Let P’ be aplace of K(x, y) lying over P; then vps 0% € {1, o, 02}
is odd, hence 62 is not a square in K(x, y). Therefore, K(x, y,0) : K(x, y) is a Kummer
extension. By (10), 62 has valuation —2 at Py, Q1, Ry, and S7; hence,

vpi(07) = vy (07) = =20, g, (%) = v5,(0*) = =207 (i=1.....0). (D)

The number of zeros of 62 in K(x, y,0)is o2 times the number of its zeros in K(u, v), so at
most 8o 2. By Theorem 3,

=142(g—D+ ! > @—rp)degP
84 = 83 ) rp)decg
PeP(K(x,y))

2 1 2 2
<1+ 2(60 —20—2)—1—580 = 160“ — 40 — 3.

Finally, by Lemma 1, ¥, is the constant field of IF, (x, y, 0) = Fy. O

Let Pi’j, Qi"j, Ri, and Sé{ (j =1, 2) be the places of K(x, y, #) lying over the unramified
places P;, Q5, R3, and S3, respectively.

Proposition 9 Let a,b € F; withb # 0, b #* a* and a # t. The equation z° — 7 = w
defines an extension Fs = Fy(z) with genus g5 < 300> — 120% — 40 + 1 whose field of

constants is .

Proof Arguing as in the proof of Proposition 8, we have that K(u, v, 8) : K(u, v) isa Kummer
extension of degree 2. The unique ramified places are the zeros of #2 with odd multiplicity,
and

e(K(u, v,0)) < 1 +2(a(K(u, v) — 1) + % §=09.

Let 13{, Qj, ﬁ{, and S’f (j = 1, 2) be the places of K(u, v, 8) lying over Py, Q1, R, and
S1. As vﬁj(ez) = —2, we have V5 @) =—-1= V5 (1) and we can write
1 1 1

0 =ku+ o,
for some k € K, ® € K(u, v, 6) with vi,j(db) > 0. Thus,
1
2 2.2 2
V5 (07 — k*u”) = v/ (2ku® + @°) = —1.

On the other hand, from (10) we have

3 3 1

and v Bl (uz) = —2, whereas, by (7), the other terms have valuation greater than or equal
1

to —1 at ﬁlj . Therefore the coefficient (—3 /4 — k2) must vanish. By our assumptions on o,

@ Springer
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—3 is not a square in F, (see Lemma 4.5 in [9]). Then k ¢ F,, and there exists a o -th root
es € Kof k with e, # k. Let p = e x; then

0—(p? —p)=k(x* —x)+ P —elx" +esx
=k —e)x° + (eq —k)x + O = (e —k)x + .

K(x, y, ) is the compositum of K(u, v, 6) and K(x, y); hence, at the places Pj’j over Pj
we have

0 (@) = e(By | P)) v (@) 20, ) = e(PyT | P - vpy(x) = — 1.
Therefore,
Vpii (0 = (p7 = p)) = —1. (12)
4
Now we prove that
uwo £V —& forall & eK(x,y,0),uclF,.
On the contrary, assume p 0 = §7 — & with § € K(x, y, 0), u € F,. From (12),
=1 =0, (10 — (up” — pp)) = vpij (10 — (W7 — w)),
4 4
with w = up € K(x, y, 6). Since
w’ —w = (w”/”—i—w”/”2 +...+w)p— (w”/p+w”/p2+...+w),
we have

Vi (7 =& — (WP — 1) = —1,
4

where A = w/P + w"/"2 +...4+ w € K(u, v, 6). But this is clearly impossible, since the
valuation of (§7 — & — (A — X)) must be either non-negative or a multiple of p. Then we
can apply Lemma 1.3 in [8] to conclude that 7 — T — @ is irreducible over K(x, y, ),
and K(x, y, z) : K(x, y, 8) is a Galois extension of degree o. Also, by Lemma 1, F is the
constant field of Fy(x, y, z). Finally we give a bound on gs. By Castelnuovo’s Inequality
(see Theorem 3.11.3 in [21]),
gs < [K(x, y,2) : K(x, »)] - g(K(x, y)) + [K(x, y, 2) : K(u, v, 2)] - g(K(u, v, 2))
+ ([K(x, y,2) : K(x, )] =1 - ([Kx, y,2) : K(u, v, 2)] = 1).

We have

[K(x,y,2) : K(x, y)] = [K(x, y,2) : K(x, y, )] - [K(x, y,0) : K(x, y)] = 20,
g(K(x, y)) =602 — 20 — 1.

Since {x, x2, ..., x%} is a basis of K(x, v, z) over K(u, v, z) and {y, y*, ..., y° } is a basis
of K(x, y, z) over K(x, v, z), we have that {xiy/ li,j=1,..., a} is a basis of K(x, y, 2)
over K(u, v, z) and

(K(x, y,z) : K(u, v,2)] = 0>

Since Py, Q1, Ry, and S1 do not ramify in K(u, v, 0) : K(u, v), we have that 62 has valuation
—2 at the places lying over them; hence,

vﬁi/(Q) = vQ_I/(G) = UR{(G) = US{(Q) =—-1, for j=1,2,
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whereas 6 has non-negative valuation at any other place of K(u, v, 0). Hence K(u, v, z) :
K(u, v, 8), with 6 = z° — z, is a generalized Artin—Schreier extension of degree o and

o—1
g, v, 2)) =0 g(KGw,v,0) + —— =2+ > (mp+DdegP
PeP(K(u,v,0))

-1
<9 + ”T(—z+8(1 +1) =160 —7.
Therefore,
g5 < 20(6062 =20 — 1) +06%(160 —7) + 20 — 1)(6> — 1) = 300> — 1262 — 4o + 1.

m}

Theorem 5 Let K, as in (2). If ¢ > 36000 then K, is a 3-arc which covers all points of
AG(2, q) \ Q except possibly those lying on the line Y = 0.

Proof Let P = (a,b) € AG(2,q) \ Q and assume that @ # t and b # 0. We start by
counting the number Z; of poles of x —x, y° —y, and z° — z in Fs. The poles of x® — x are
the places lying over Pj, Ry, and S; in Fs : Fy, and hence over P;’”/, R}, and Sj in Fs : F4
(i=1,...,0,j=1,2). The extension Fs : F4 has degree o; then, by Theorem 3.1.11 in
[21], x° — x has at most o (20 + 4) poles in Fs5. By similar arguments it can be shown
that the number of poles in Fs is at most o (20 + 4) for y° — y and at most o (40 + 4) for
z% — z. Summing up,

Z1<0Ro+4)+0QRo+4)+0c@o+4) = 802 + 120.

Now count the number Z; of zeros of (x® — x) — (y° — y) in Fs. Clearly a place Ps is a
zeroof (x? —x) — (y? —y)=(x —y)° —(x —y)ifand only if itisa zeroof x —y — A
for some A € Fy; then,

Zy< > deglx —y—2o= . deg(x —y — Moo
)LE]F(; )LEFU

The poles of x — y — A are the places lying over P;, Q1, R, and S;. Then, by Theorem
3.1.11in [21],

deg(x —y —A)oo =4 - [Fs: F{] = 80> forall A eF,;

hence, Z» < 80*.
Therefore, if the number N, of F,-rational places of Fs is greater than

80% + 802 + 120,

then there exists an [F,-rational place P of F5 such that (x(P), y(P), z(P)) is a well-defined
affine point of Hp with x(P)? — x(P), y(P)? — y(P), z(P)° — z(P) pairwise distinct. By
Theorem 4 we have

Ny > g+1-2g5J9 > g+ 1-2300° — 120% —do + 1)/q.
From g > 3600 ° it follows that
q+1-20300% —120% —40 + 1)/ > 80* + 802 + 120 + 1,

and hence, by Corollary 1, the point P is collinear with three distinct points in ;.
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Assume now that P = (¢, b) with b # 0. Lett' € M + t with ¢’ # ¢, and consider the
curve H'p obtained by replacing ¢ with #" in Eq. 9. Arguing as above, Ky covers the point P.
But clearly K, = K¢, and the assertion follows. O

5 Constructions of 4-independent subsets

We now want to construct complete (k, 3)-arcs from union of cosets K;; to this end, we will
use the notion of a 4-independent subset of an elementary abelian p-group.

Definition 1 Let G be a finite abelian group and let 7 be a subset of G. If

yi+y4+y3+ya#0 forall yi,y,y3, €7,

then 7 is said to be a 4-independent subset of G. An element g € G is covered by T if either
geTor

there exist yi1, y2, ¥3 € 7 such that y; +y» +y3 +g =0.

In the remaining part of the section we construct 4-independent subsets of the abelian
group Z’;, , for A’ an odd integer and p > 5. We distinguish the cases 4’ = 1 and &’ > 3. For
a subset A of a group G, let s”*A denote the s-fold sumset of A, that is,

sSPA={yi+...+ys I yi,....y € A}

In the following, let [a, b] denote the set of elements in Z, represented by integers x with
a<x <b.

Proposition 10 Let p > 29 be a prime, with p = 1 mod 4. Then
-1
T ={-1,2)U [4, L}
4
is a 4-independent subset of Z, covering Z, \ {1}.

Proof The sum of four elements of 7% = {2} U [4, %4] is contained in [8, p — 1] and

therefore is different from 0. An easy check shows that if one or more of the four elements
is —1, then it is not possible to obtain 0.
Note that p > 29 guarantees that the element 4 is in (—2 4+ 7*). Then

N = (BJU(24+T5HU (=1 4+2"THH U3 NT*
-9 -3 —1
—(uoul2 22 lupiuls, 22 lueuls 3l
4 2 4
p—1
={-3,00U|2,3—|.
300 (2325
Hence, the set of covered elements contains
-1
—3A’T={O,3}U|:pT+1,p—2i|.

Note that the non-covered element 1 cannot be added to 7 since 1 +1—1—1=0. ]
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Proposition 11 Let p > 29 be a prime, with p = 3 mod 4. Then
-3
T:{—LMU[&BZ—]

is a 4-independent subset of Z, covering Z, \ {l, pTH, pTﬁ }

Proof The sum of four elements of 7* = {2} U [4, pT_3] is contained in [8, p — 3], and

therefore is different from 0. An easy check shows that if one or more of the four elements
is —1, then it is not possible to obtain 0. From p > 29 it follows that the element 4 is in
(=2 4+ 7). Arguing as in Proposition 10,

M =i+ v+ vy el ={-3U(2+THU(=1+2"T*HU3T*
11 _5 _3
:gsuumu[1p4 ]Luﬁu[igz—]U%HJFﬁBz—]

-3
={—3,0}u[2,35447}.
4
Then the the set of covered elements contains
+9
—3Nr={Q3}u[ﬁz—,p—2].
Also, note that the non-covered elements 1, pT'H, pTH cannot be added to 7 since

+1 +1 +1 -3
ptl_ »p ptl p=3 _

l+1—1-1=0, —

+ 4 4 4 4 P
p+5 p+5 p—=3 p-T
a Ty a T T

[m}

‘We now consider the case G = ZZ/ forh’ > 3.Clearly, G canbe writtenas G = Ax B x C,
-1

with A=7%,,B=C=2," .Let

T=T1UDHUT, (13)

where 71 = {(a, 1, 1) |lae€ A}, L ={(1,b,1) |be B\ {-3}}, Tz ={(1,1,¢) |c € C\

{—3}}. Here, 1 and —3 are viewed as elements of the additive group of the finite field F ,_,,
2

P
which is isomorphic to B and C.

Proposition 12 Let i’ > 3 and let T be as in (13). Then T is a 4-independent subset of Zﬁ',/

W+l

of size 2phTf1 + p — 4 not covering at most 2(p 2T — pol) elements ong/.

Proof Consider four elements #, 12, 13,14 € 7. If 1, 12, 13, t4 belong either to the same 7;
or to exactly two distinct 7;’s, then they all share 1 in one of the coordinates, and therefore
1+t +13+14 # (0,0, 0) holds. Assume then that #1, 7, 13, t4 belong to all the three 7;’s. If
three of them belong to 7; U 75, then the remaining element has the third coordinate different
from —3; therefore, t| + t2 + 13 + 14 # (0, 0, 0) holds. Otherwise, three of them belong to
71 U 73, the remaining element has the second coordinate different from —3, and their sum
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cannot be equal to (0, 0, 0). This proves that 7 is a 4-independent subset of Z’;,’. Now, let
t=(x.y,2) € ZI/ \ T with y # land z # 1. Then

(xvy’z)—'—(_z_xvla1)+(17_2_y71)+(1517_2_Z):(05070)a

and hence ¢ is covered by 7. O

6 Construction of (k, 3)-arcs from union of cosets of M

We first fix two (not necessarily distinct) subsets K;; and K;,, defined as in (2), and a point
P=(w,w"inQ \ IC;y U KCy,. Clearly P belongs to some subset K;, for some tp € F,.

Let Py = (x® —x+11, (x° —x+11)*) € Ky and Py = (7 —y+12, (7 —y+0)*) € Kyy.
By Proposition 1, the three points P, P;, and P5 are collinear if and only if

(% =x+11) (7 =y +0) 2+ (7 —x+11) (7 —y+0)Fwx® —x+11+y° —y+n)+w? = 0.
(14)

Proposition 13 Equation 14, defines a function field L = F,(x, y) with genus g = o2 -1
whose field of constants is F.

Proof Consider first the plane curve I with equation
WU VY=U+t)*+(V+0)? +U+)(V+n)+wlU+6+V+n)+w? =0.

The ideal points of Iy are the simple points Ry = (1,®,0) and S| = («, 1,0), where
o + a 4 1 = 0; all affine points are non-singular since w # 0. Then Iy is an irreducible
conic. Let Ly = F,(u, v) be the function field of Iy, where fo(u,v) = 0. Since I is
non-singular, places of K(u, v) can be identified with points of Iy. The rational function
u € K(u, v) has valuation —1 at Ry and Sy, and non-negative valuation at the places centered
at affine points of 7. Then, by Theorem 3, K(x, v) : K(u, v) withu = x? —x is a generalized
Artin—Schreier extension, and

o—1
gK(x,v)) =0 g(K(u, v)) + — -2+ Z (mp + 1)deg P
PeP(K(u,v))
o—1

=5 (24 =01

R7 and S are the unique totally ramified places; let R and S be the places lying over them.
The other places are unramified. By Lemma 1, I, is the constant field of I, (x, v).

Now, consider the element v € K(x, v); we have VR, (v —au) = 0. For A € K such that
A° = a,let p = Ax; then

v—(p° —p)=v—ax’ +Ax =v—ax’ +ax —ax +Ax =v — au — ax + Ax.

Since o> + o 4+ 1 = 0, we have that A = « if and only if 3 | (¢ — 1). Then A # « by our
assumptions on o, SO VR, ((A —a)x) = —1, and hence

vg, (0 — (07 —p)) = -1

By taking p = A~ !'x, the same argument yields vs, (v — (p7 — p)) = —1. At the places
centered at affine points it is sufficient to take p = 0. Then, by Theorem 3, K(x, y) : K(x, v)
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is a Galois extensi(ll witth(x, y) : K(x, v)] = o} in this extension the unique totally
ramified places are R and S while the others are unramified. Then,

o—1
g=0g®x, )+ —— -2+ > (mp+1)degP
PeP(K(x,v))

o—1 2
:a(a—1)+T(—2+4):a — 1.
By Lemma 1, F is the constant field of L. ]

Proposition 14 Assume that g > 50, Then P is collinear with two distinct points Py € Kn
and P, € Kyy.

Proof We are going to show that there exist xq, yo in IF, such that (14) holds for x = xo and
y = Yo, and x§ — xo # y§ — yo. We start by counting the number of poles of x° — x = u
and y° — y = v in L. They are the places lying over the totally ramified places R; and S;
in L : Lo; hence, the number of such poles is 2. Next we count the number Z of zeros of
(x?—=x)— (7 —y)inL.Aplace Pisazeroof (x° —x)— (3 —y) = (x—y)? —(x —y)
if and only if it is a zero of x — y — A for some A € Fy; then

Z <) degx —y—i)o= D deg(x —y = Moo
LeF, LeF,

The poles of x — y — A are the places lying over Ry and S; in L : Lo; then, by Theorem
3.1.11in [21],

deg()c—y—)\)oo=2~[L:L()]=2<72 forall X eFy,;

hence, Z < 203 holds.

Therefore, if the number N, of F,-rational places of I" is greater than 203 + 2, then there
exists an [F;-rational place P of L such that the point (xo, yo) = (x(P), y(P)) is well defined
and x§ — xo # ¥§ — yo. By the Hasse—Weil bound,

Ny >q+1-2gq =q+1-20c*-1)y/q.
Our hypothesis ¢ > 50* implies
g+1—2gq > 203 +2+1.
This completes the proof. O

Proposition 15 Assume that ¢ > 116*. Then P is collinear with three distinct points Py €
IC[I, P2 (S ’CIZ’ and P3 S Q

Proof By Proposition 14, P is collinear with two distinct points P € Ky, P, € Kt,. The
line through P;, P>, and P can be a tangent line to the curve Q. Note that there are at most
four tangent lines through P to the curve Q; in fact, imposing that P lies on the tangent to
Q at the point (X, X*) gives an equation in X of degree 4. Since each tangent line can be
obtained from two pairs, we need at least nine distinct pairs of points Pli , Pzi such that Pli
and p2i are collinear with P (i = 1,...,9). Arguing as in the proof of Proposition 14, it is
sufficient to require that the number of I, -rational places of L is greater than

9.20° +2=180" +2.
This is implied by the Hasse—Weil bound, together with ¢ > 110%. O
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Henceforth, 7" denotes a 4-independent subset of F, /M, for M as in (1). Let
kr= J K. (15)
M+teT

Proposition 16 The set K7 is a (k, 3)-arc.

Proof By Proposition 2, the sum of the first coordinate of 4 collinear points on Q is equal to
0. This is clearly impossible if the points belong to K7, since 7 is a 4-indipendent subset of
Fy/M. O

Proposition 17 Assume that g > 11c*. Let Cov(T) be the set of all the elements of Fy/M
covered by T as 4-independent subset. Then the points in

U =«
M+teCov(T)

are covered by K.

Proof Let P € K;, with M +1tp € Cov(T). Then thereexist M +t;, M +tr, M +1t3 € T
such that

tp+t1+H+13e M.

Also, by Proposition 15, there exist three distinct points Py € K, P> € Ky, and P; € Q
which are collinear with P.
Let 75 be such that P3 € K;. By Proposition 2,
tp+t+h+13€M.

Then M +t3 =M +t§, thatis, Ky = ICté; hence, P;, P>, P3 all belong to 7 and the assertion
is proved. O

Theorem 6 Let T be a 4-independent subset of Fy/M of size n, not covering at most m
elements of ¥y /M. Let K1 be as in (15). Assume g > 3600 0. Then there exists a complete
(k, 3)-arc Kwith KT C K C Q of size at most

(n—I—m)z + 6.
o

Proof Fix a coset M + t in 7. By Theorem 5, all the points of PG(2, ¢) \ Q are covered
by a K; plus at most six points covering the lines ¥ = 0 and 7 = 0. By Proposition 17,
there are at most m% affine points of Q not covered by KC7. This shows that there exists a
complete (k, 3)-arc K containing K7 of size at most
KT +mg +6= (n+m)g + 6.
(o2 o
]

We are finally in a position to prove Theorem 1. Identify the additive groups Z’[’,/ and
F, /M. From Propositions 10, 11, and 12 the following values of n and m occur in Theorem
6:

—foro=p,p=1mod4, p>29,
-5
n=7p and m=1;
4
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— foro=p,p=3 mod4, p > 29,

-7
n=7p and m =3;

— for o > p3,then

-1 W+l W1
2

).
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