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It is a thoroughly studied subject within the discipline of formal languages and automata theory,
that under which conditions will a set of numbers in m-ary notation be regular for a given m > 1.
Cobham has solved the bases of this problem in [1]. His results were extended and generalized by
many authors in many ways for example in the papers [2], [3], [4], [5], [6], [7]. Luca and Restivo
suggested in their paper ([3]) to study the open problem of the context—free case. In this work, we
examine the context—free, the context sensitive and the recursively enumerable classes in addition
to the regular languages, hence the examination of the Chomsky-hierarchy in this regard becomes
complete.

Let A/ denote the set of nonnegative integers, REG, CF, CS, RE the classes of regular, context—
free, context sensitive and recursively enumerable languages, respectively. For a set A C A/, and for
an integer a > 1 let us denote by L,(A) the language that represents the set A in the base a number
system.

One of the main results of our paper is the next theorem:

Theorem 1 The following tableisfilled in correctly.

a,b>2, a,b>2,
a=1,0>2|a>2b=1|3Inm>1:| An,m > 1:
REG REG CS REG CS”
CF REG CcS CF CS”
CS RE™ CS CS CS
RE RE RE RE RE

Each element of the table determines the Chomsky—class, that for every set A C A the language
Ly(A) belongs to, provided that « and b have the property written in the heading of the column of
the element, and L, (A) belongs to the class shown in the heading of the row of the element. Wth
the exception of the elements marked with a x, the presented classes are the smallest ones in the
Chomsky-hierarchy with this property.

The other main part of this paper is to study, that when do the arithmetical operations alter the
Chomsky—class of the sets represented in a number system. First define some operation over sets of
numbers:

Definition 1 Let A, B C N\ betwo sets of numbers, and let ¢ > 0 be an integer. Let us define

A+B={a+b|lac A,be B}, A-B={ab|a€ A,be B},
AP ={a"|a€ A be B},

ct+A=A+c={c}+ A4, c-A=A-c={c} A,
= {c}, A¢ = Ale},

Theorem 2 For every basea > 1, thefollowing table isfilled in correctly.

| [c+A]c-A[A+B[A-B| A" ]
REG || REG | REG | REG | CS™ | CS™
CF CF | CF | CS” CS* | CS*

CS CS CS CS CS | CS
RE RE | RE RE RE | RE

Each element of the table determines the Chomsky—class, that the language L ,(C') belongs to
for everyc > 0, A, B C A/, provided that C' is the result of the operation written in the heading of
the column of the element, and L, (A) (and L, (B), if appropriate) belongsto the class shown in the
heading of the row of the element. With the exception of the elements marked with a x, the presented
classes are the smallest onesin the Chomsky—hierarchy with this property.
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As a corollary of theorem 2, we get results, which in some sense extend the theorem of Horvath
about the ranges of polinomials published in [8]:

Theorem 3 Leta > 1 bethe base of our number system, Ay, A; C N befinitesets, X C A/ bea set
for which L, (X) € F, where F isoneof theclassesRE,CS,CF,REG. Then L, (A;- X+ Ap) € F.

Theorem 4 Leta > 1 bethebase of our number system, Ag, A1,... A, C N befinitesets, X C N/
be a set for which L, (X) € F, where F isoneof theclasses RE,CS. Then L, (A, X" + -+ + Ay -
X + A()) e F.
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