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ABSTRACT

USAGE MD LIMITATIONS OF 
CHARACTERISTIC VECTOR ANALYSIS OF REMOTE SENSING 

MULTISPECTRAL DATA FOR THE IDENTIFICATION 
AND QUANTIFICATION OF WATER QUALITY PARAMETERS

Theodore A. T a lay  
Old Dominion U n iv e r s i ty ,  1981 

D ir e c to r :  D r. Chin Y. Kuo

R ecent a p p l ic a t io n s  o f  th e  te c h n iq u e  o f  c h a r a c t e r i s t i c  v e c to r  

a n a ly s is  t o  re m o te -se n s in g  w a te r  c o lo r  d a ta  has met w ith  v a ry in g  

d eg rees  o f  s u c c e s s . I t  i s  a p p a re n t from th e s e  ex p erim en ts  t h a t  a  

more th o ro u g h  u n d e rs ta n d in g  o f  th e  in fo rm a tio n a l  c a p a b i l i t y  o f  

c h a r a c t e r i s t i c  v e c to r  a n a ly s is  i s  needed  b e fo re  th e  te c h n iq u e  i s  

a p p lie d  in  g e n e ra l .  The o b je c t iv e  o f  t h i s  in v e s t ig a t io n  i s  t o  examine 

how c h a r a c t e r i s t i c  v e c to r  a n a ly s is  r e s o lv e s  t o t a l  ra d ia n c e  s ig n a ls  

m easured by a  rem ote se n so r  in to  e ig e n v e c to r s  and a s s o c ia te d  s c a l a r  

c o e f f i c i e n t s ,  and t h e i r  r e l a t i o n s h ip s  to  th e  i d e n t i f i c a t i o n  and 

q u a n t i f ic a t io n  o f  th e  i n - s i t u  w a te r  c o n s t i tu e n t s .  To r e a l i z e  t h i s  

o b je c t iv e ,  te c h n iq u e  o p e ra t io n  i s  checked a g a in s t  a  p ro g re s s io n  o f  

h y p o th e t ic a l  t e s t  c a se s  and a  l im i te d  number o f la b o r a to r y  d a ta  s e t s .  

As a  r e s u l t  o f  t h i s  in v e s t ig a t io n ,  an improved u n d e rs ta n d in g  o f  

te c h n iq u e  usage and l im i t a t i o n s  has been o b ta in e d  in  th e  a re a s  o f  

o p t i c a l  p h y s ic s , in  te rm s o f  c o n s t i tu e n t -w a te r  i n t e r a c t i o n s , and 

e n v iro n m en ta l e f f e c t s ,  i n  te rm s o f  m easurem ent n o ise  and a tm o sp h e ric s .
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Under i d e a l  c o n d i t io n s , c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  has  th e  

p o t e n t i a l  o f  i d e n t i f y in g  and q u a n ti fy in g  in d iv id u a l  c o n s t i tu e n t s  in  

w a te r ,  even when in  m ix tu re s ,  w ith  a  minimum o f  s u r f a c e  t r u t h  d a ta . 

Exact c o n s t i tu e n t  i d e n t i f i c a t i o n ,  u s in g  c h a r a c t e r i s t i c  v e c to r s ,  and 

q u a n t i f i c a t i o n ,  by s c a l in g  o f  s c a l a r  c o e f f i c i e n t s ,  i s  p o s s ib le  when th e  

s tu d y  c o n s t i tu e n t s  have a  l i n e a r  r a d ia n c e - c o n c e n t r a t io n  r e l a t i o n s h ip ,  

superim pose  l i n e a r l y  in  m ix tu re s , and th e  m easured  r a d ia n c e  s p e c t r a  a re  

devo id  o f  m easurem ent n o is e  and a tm o sp h e ric  e f f e c t s .  As th e s e  co n d i

t io n s  a r e  r e l a x e d ,  te c h n iq u e  l im i t a t i o n s  and in e x a c t  s o lu t io n s  a re  

e n c o u n te re d .

From h y p o th e t ic a l  t e s t  c a se s  and la b o r a to r y  d a ta  s e t s ,  i t  i s  

concluded  t h a t  th e  te c h n iq u e  i s  a ls o  a p p l ic a b le  f o r  c o n s t i tu e n t s  which 

have a  r a d ia n c e - c o n c e n t r a t io n  r e l a t i o n s h ip  n o n l in e a r i ty  t h a t  i s  

in dependen t o f  w av e len g th . For a c c u ra te  r e l a t i v e  q u a n t i f i c a t i o n  in  th e  

absence o f  s u r f a c e  t r u t h  d a ta ,  p r io r  knowledge o f  th e  form  o f  th e  non- 

l i n e a r i t y  i s  r e q u i r e d .  Technique o p e ra t io n  on w av e leng th -dependen t 

n o n lin e a r  c o n s t i tu e n t s  i s  in e x a c t  and r e p r e s e n ts  a  l i m i t a t i o n  on i t s  

p ro p e r  u sa g e .

I t  i s  conc luded  t h a t  n o n l in e a r  s u p e rp o s i t io n  o f  c o n s t i tu e n t s  in  

m ix tu re s  im poses an a d d i t io n a l  l i m i t a t i o n  on th e  u se  o f  th e  te c h n iq u e  

in  q u a n ti fy in g  c o n s t i tu e n t s .  W ithout p r io r  knowledge o f  th e  form o f  

th e  n o n l in e a r  s u p e rp o s i t io n  p ro c e s s ,  o b se rv ed  convergence  o r  d iv e rg e n ce  

o f  c a lc u la te d  s c a l a r  c o e f f i c i e n t s  may r e s u l t  in  a  m is in te r p r e ta t io n  o f  

c o n s t i tu e n t  c o n c e n t ra t io n s .
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From h y p o th e t ic a l  t e s t  c a s e s , i t  i s  conc luded  t h a t  jbhe e f f e c t s  o f  

random n o is e  on te c h n iq u e  i d e n t i f i c a t i o n  and q u a n t i f i c a t i o n  depend on 

th e  deg ree  o f  random n o i s e ,  t h e  form  o f  r a d ia n c e -c o n c e n tra t io n  r e l a t i o n 

s h ip s  o f  c o n s t i tu e n t s  and t h e i r  i n t e r a c t i o n s ,  and th e  s p e c t r a l  

s i m i l a r i t y  o f  c o n s t i tu e n ts  i n  m ix tu re s . True random n o is e  does n o t 

a f f e c t  g e n e ra l  c o n s t i tu e n t  i d e n t i f i c a t i o n ,  h u t  s p e c i f i c  sample p o in t  

i d e n t i f i c a t i o n  and q u a n t i f i c a t i o n  a re  deg raded .

A tm ospheric in te r f e r e n c e  w i l l  a f f e c t  te c h n iq u e  o p e ra t io n  u n le s s  

p ro p e r  m iss io n  p la n n in g  i s  u se d  t o  f i x  i n f l u e n t i a l  v a r i a b le s  and 

m inim ize t h e i r  e f f e c t s  on m easured  s ig n a l  v a r i a b i l i t y .  Even under 

c o n t r o l le d  c o n d it io n s ,  a  h o rizo n ta lly -h o m o g en eo u s  a tm osphere w i l l  m odify 

c h a r a c t e r i s t i c  v e c to r s  o f  c o n s t i tu e n t s  b u t  n o t  a f f e c t  r e l a t i v e  q u a n t i f i 

c a t io n  p ro v id e d  a tm o sp h ere -m o d ified  com parison c h a r a c t e r i s t i c  v e c to r s  

a re  u sed  in  th e  a n a ly s i s .  H o r iz o n ta l ly - v a r ia b le  atm ospheres impose a  

s i g n i f i c a n t  l im i t a t i o n  on e x a c t  te c h n iq u e  o p e ra t io n .  C o n d itio n s  f a v o r 

in g  a  v a r i a b le  atm osphere such  as d a ta  c o l l e c t i o n  a t  h ig h  a l t i t u d e s  o r 

f o r  lo n g  f l i g h t  l i n e s  sh o u ld  be av o id ed .

T h is s tu d y  d em o n stra tes  t h e  u s e fu ln e s s  o f  th e  tec h n iq u e  o f  c h a ra c 

t e r i s t i c  v e c to r s  when p ro p e r ly  a p p lie d  t o  rem o te -se n s in g  m u l t i s p e c t r a l  

d a ta .  L a b o ra to ry  t e s t i n g  o f  c o n s t i tu e n t s  o f  fo rem ost i n t e r e s t  in  rem ote 

se n s in g  i s  r e q u i r e d ,  how ever, t o  d e te rm in e  ones l i k e l y  t o  be a n a ly zed  

s u c c e s s f u l ly  u s in g  th e  te c h n iq u e ,  and th o se  t h a t  p o s s e s s  l im i t in g  

f a c to r s  c o n cern in g  w a v e len g th -d e p e n d e n c ie s , i n t e r a c t i o n s ,  o r  s p e c t r a l  

s i m i l a r i t i e s  t o  o th e r  c o n s t i tu e n t s .
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CHAPTER I

INTRODUCTION

Man and n a tu r e  b o th  im pact th e  E a r th 's  w a te r  env ironm en t. Man 

u t i l i z e s  l a k e s ,  r i v e r s ,  e s t u a r i e s ,  and oceans as  so u rc e s  o f  w a te r ,  

fo o d , t r a n s p o r t a t i o n ,  and r e c r e a t io n .  O f te n , th e s e  same w a te rs  become 

a  s in k  f o r  m an 's w a s tes  as w e l l .  By n a tu r a l  p r o c e s s e s ,  a l s o ,  s i g n i f i 

c a n t sedim ent lo a d in g s  e n te r  th e s e  w a te rs .  The p o l lu t io n  and sed im ent 

lo a d s  can s e r io u s ly  a f f e c t  m arine p r o d u c t iv i ty  in  th e  c o a s ta l  w a te rs .  

C o n tro l o f  p o l lu t io n  and a  d e ta i le d  knowledge o f  m arine  p r o d u c t iv i ty  

r e q u i r e  an e x te n s iv e ,  e f f e c t i v e  m o n ito rin g  sy stem . C o nven tiona l 

i n - s i t u  m o n ito rin g  e f f o r t s  o f te n  a re  s low , s p a r s e ,  and c o s t ly .  Remote 

se n s in g  has s ig n i f i c a n t  advan tages  o v e r i n - s i t u  te c h n iq u e s  in  m o n ito rin g  

th e  q u a l i ty  and p r o d u c t iv i ty  o f  in la n d  and c o a s ta l  w a te rs .  Not on ly  

a re  th e  req u irem e n ts  o f  p e r s o n n e l ,  in s t r u m e n ta t io n ,  and b o a ts  reduced  

o r  e l im in a te d ,  b u t th e  b ro ad  s y n o p tic  coverage  o f  l a r g e  a re a s  p ro v id e s  

c o n s id e ra b ly  more d a ta  th a n  c o u ld  be c o l le c te d  o th e rw is e . W ith t h i s  

growth in  in fo rm a tio n  c a p a b i l i t y ,  how ever, go th e  problem s o f  i n t e r p r e t 

in g  th e  re m o te -se n s in g  d a ta  i n  te rm s o f  c o n s t i tu e n t s  in  th e  w a te r  and 

t h e i r  c o n c e n tra t io n s .

G e n e ra l ly , th e  u se  o f  w a te r  q u a l i ty  re m o te -se n s in g  d a ta  has f a l l e n  

i n to  two b ro ad  c a te g o r ie s :  (1 ) th e  i d e n t i f i c a t i o n  and c l a s s i f i c a t i o n

o f  w a te r  p o l lu t a n t s  and f e a t u r e s ,  and (2) th e  q u a n t i f i c a t i o n  o f  w a te r  

q u a l i ty  p a ra m e te rs . In  th e  f i r s t  in s ta n c e ,  a  u s u a l  approach  i s  to

1
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2

o b ta in  t r a i n in g  s e t s  o f  s p e c t r a l  s ig n a tu re s  b ased  on a  p r i o r i  knowledge 

o f  th e  g eog raph ic  a r e a ,  s u r fa c e  t r u t h ,  o r  u p w e llin g  s p e c t r a l  s ig n a tu re s  

from  la b o r a to r y  t e s t s .  The s ig n a tu re s  can th e n  be compared to  th e  

re m o te ly -se n se d  d a ta  t o  s p e c t r a l ly  i d e n t i f y  p o l lu t a n t s  and f e a tu r e s  f o r  

t h e  e n t i r e  d a ta  f i e l d .  For q u a n t i f ic a t i o n  o f  w a te r  q u a l i ty  p a ra m e te rs , 

s t a t i s t i c a l  te c h n iq u e s  such as r e g r e s s io n  a n a ly s is  ( in  one o f  many 

fo rm s) may be used  t o  c o r r e la t e  c o l l e c te d  i n - s i t u  s u rfa c e  t r u t h  

m easurem ents o f  s p e c i f ic  p a ra m ete rs  and th e  re m o te ly -se n se d  s p e c t r a l  

d a ta .  The developed  a lg o r ith m , i f  s t a t i s t i c a l l y  s i g n i f i c a n t ,  may th e n  

be  a p p lie d  t o  th e  e n t i r e  d a ta  f i e l d ,  mapping o u t th e  d e s ir e d  p a ram ete r 

c o n c e n tra t io n .

T his d i s s e r t a t i o n  i s  concerned  w ith  th e  use  o f  c h a r a c t e r i s t i c  

v e c to r  a n a ly s is  a p p lie d  t o  m u l t i s p e c t r a l  d a ta ,  a  te c h n iq u e  which 

b a s i c a l l y  can perform  bo th  th e  o b je c t iv e s  o f  i d e n t i f i c a t i o n  and q u a n ti 

f i c a t i o n ,  th e  l a t t e r  w ith  a  minimum o f  s u r f a c e  t r u t h  d a ta .  W hile 

c h a r a c t e r i s t i c  v e c to r  a n a ly s is  has  been u se d  b e fo re  in  th e  form o f  

p r in c i p a l  components a n a ly s is  in  w id e ly -v a ry in g  d i s c i p l i n e s ,  i t  has 

o n ly  r e c e n t ly  been a p p lie d  t o  th e  w a te r  c o lo r  problem . M uelle r (1973, 

1 9 7 6 ), Grew (1977a, 1977b ), P h i lp o t  and Klemas (1979)» have a p p lie d  th e  

te c h n iq u e  t o  ocean c o lo r  s p e c t r a  w ith  v a ry in g  d eg rees  o f  su c c e s s . 

However, i t  i s  ap p a ren t by th e s e  s tu d i e s ,  t h a t  a  more com plete u n d e r

s ta n d in g  o f  th e  in fo rm a tio n a l c a p a b i l i t y  o f  c h a r a c t e r i s t i c  v e c to r  

a n a ly s i s  i s  needed b e fo re  i t  i s  a p p lie d  in  g e n e ra l .  S p e c i f i c a l ly ,  t h i s  

s tu d y  fo c u se s  on th e  c h a r a c t e r i s t i c  v e c to r  a n a ly s is  te c h n iq u e  f o r  

r e s o lu t io n  o f  t o t a l  r a d ia t io n  s ig n a ls  i n to  e ig e n v e c to rs  and a s s o c ia te d
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s c a l a r  c o e f f i c i e n t s  and how th e s e  a r e  r e l a t e d  t o  known c o n s t i tu e n t  

s p e c t r a  and c o n s t i tu e n t  c o n c e n t r a t io n s ,  r e s p e c t iv e ly .  A m ajor 

o b je c t iv e  o f  t h i s  s tu d y  i s  t o  examine, th e  o p t i c a l  p h y s ic s  and 

en v iro n m en ta l c o n d it io n s  f o r  w hich th e  te c h n iq u e  i s  m ost a p p lic a b le  in  

th e  i d e n t i f i c a t i o n  and q u a n t i f ic a t i o n  o f  w a te r  c o n s t i tu e n t s .  T est 

c a s e s ,  in c lu d in g  h y p o th e t ic a l  and la b o r a to r y  experim en t d a ta  s e t s ,  a re  

u sed  t o  d e r iv e  and d em o n stra te  th e  l im i t a t i o n s  and c o n d it io n s  o f  

a p p l i c a b i l i t y .
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CHAPTER I I

RADIATIVE TRANSFER AND REMOTE SENSORS

Remote se n s in g  o f  w a te r  r e p r e s e n t s  t h e  a c q u is i t i o n  o f  in fo rm a tio n  

abou t w a te r  p r o p e r t ie s  from  m easurem ents made a t  a  d i s ta n c e .  The 

p h y s ic a l  b a s i s  o f  rem ote s e n s in g  l i e s  i n  th e  a b i l i t y  to  m easure th e  

e le c tro m a g n e tic  o r  l i g h t  v a r i a t i o n s  cau sed  by  th e  a b s o rp t io n  and 

s c a t t e r in g  o f  l i g h t  by  s u b s ta n c e s  d is s o lv e d  and suspended  in  w a te r .

For t h i s  d i s c u s s io n ,  a s o la r  en e rg y  spectrum  i s  c o n s id e re d  a s  in p u t  

a t  th e  to p  o f  th e  a tm o sp h ere . The spectrum  i s  m o d if ie d  by th e  

atm osphere b e fo re  i t s  e n tr y  i n to  th e  w a te r .

The a b s o rp t io n  and s c a t t e r in g  o f  l i g h t  i n  p u re  w a te r  i s  w ave leng th  

dependent w ith  b lu e  w aveleng ths o f  l i g h t  s c a t t e r e d  th e  m ost, w hereas 

a b s o rp t io n  i s  dom inant in  th e  r e d  and i n f r a r e d  re g io n s  o f  th e  sp ec tru m . 

D isso lv e d  s e a  s a l t s  a p p ear t o  have l i t t l e  e f f e c t  on th e s e  a b s o rp t io n  

and s c a t t e r in g  o p t i c a l  p ro c e s s e s  (J e r l o v  1 9 7 6 ). O th er d is s o lv e d  

s u b s ta n c e s , how ever, may cause  c o n s id e ra b le  changes in  w a te r  a b s o rp t io n  

p r o p e r t i e s .  F o r exam ple, g e lb s to f f e  (y e llo w  s u b s ta n c e s )  and humus 

compounds in  m arine  w a te rs  c o n s id e ra b ly  m odify  w a te r  c o lo r .  P a r t i c u l a t e s  

o r  suspended  m a te r ia ls  in  h ig h ly  v a r i a b le  c o n c e n tra t io n s  in  w a te r  cau se  

an in c r e a s e  i n  th e  m u l t ip l e - s c a t t e r i n g  p ro c e s s e s .  S c a t t e r in g  in  w a te r

k

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



5

i s  in f lu e n c e d  by th e  w aveleng th  o f  th e  in c id e n t  l i g h t ,  t h e  p a r t i c l e  

sh ap es  and p a r t i c l e  s iz e  d i s t r i b u t i o n s ,  and th e  r e f r a c t i v e  index  

o f  th e  p a r t i c u l a t e s  (Kuo and Cheng 1976).

The l i g h t  which i s  s c a t t e r e d  back  tow ards th e  w a te r  s u r f a c e ,  th e  

in h e re n t  u p w e llin g  s p e c t r a l  r a d ia n c e ,  i s  th e  in fo rm a tio n -b e a r in g  s ig n a l  

o f  i n t e r e s t ,  a  s ig n a l  m o d ified  by th e  p a r t i c u l a r  w a te r  c o n s t i tu e n ts  

p r e s e n t .  At th e  a tm o sp h e re -w a te r in te r f a c e  a  m o d if ic a tio n  o f  th e  upw elled  

s ig n a l  by th e  r e f l e c t i v i t y  and r e f r a c t i v e  index  o f  th e  i n te r f a c e  o ccu rs  

r e s u l t i n g  in  an upw elled  w a te r  ra d ia n c e  em ergent from  th e  w a te r  s u r fa c e  

as shown in  f ig u r e  1 . W hile t h i s  upw elled  ra d ia n c e  c o n ta in s  u s e fu l  

in fo rm a tio n  ab o u t th e  w a te r  colum n, o th e r  com ponents, shown in  f ig u r e  1 ,  

a c t  t o  o b scu re  th e  s ig n a l  in  i t s  p assag e  o r  t r a n s f e r  to  th e  a l t i t u d e  

o f  th e  rem ote s e n s o r . These in c lu d e  ( l )  r e f l e c t e d  s u n l ig h t  and s k y lig h t  

from o f f  th e  w a te r  s u r f a c e ,  (2) p a th  ra d ia n c e  due to  s u n lig h t  and sky

l i g h t  s c a t t e r e d  in to  t h e  p a th  o f  s ig h t  betw een th e  w a te r  s u r fa c e  and 

th e  rem ote s e n s o r ,  (3 ) bo ttom  r e f l e c t e d  r a d ia n c e ,  and (it) a  t ra n s m is s io n  

lo s s  th ro u g h  th e  atm osphere as th e  upw elled  ra d ia n c e  t r a n s f e r s  to  th e  

a l t i t u d e  o f  th e  rem ote s e n so r . These components and e f f e c t s  a r e ,  in  

g e n e r a l ,  a  fu n c t io n  o f  w a v e len g th , s o la r  and re m o te -se n so r  geom etry , 

a tm o sp h e ric  a e ro s o l  com position  and d i s t r i b u t i o n s ,  s u r fa c e  r e f l e c t a n c e s ,  

and s e a  s t a t e .

P a s s iv e  re m o te -se n s in g  sy s te m s , such as  cam eras , r a d io m e te rs , 

s p e c t r o m e te r s , and m u l t i s p e c t r a l  sc an n e rs  m easure th e s e  m o d if ie d  s o la r  

s p e c t r a  o v e r a  scene  o f  i n t e r e s t .  B road-band p h o to g ra p h ic  and 

ra d io m e te r  system s m easure th e  s p e c t r a  o v e r b ro ad  ran g e s  o f  w aveleng ths
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and th u s  te n d  to  i n te g r a t e  ou t s u b t l e  s p e c t r a l  changes t h a t  may r e l a t e  

to  changes in  w a te r  p r o p e r t ie s .  F i l t e r s  a re  added to  p h o to g rap h ic  

system s f o r  m u l t i s p e c t r a l  co v e rag e . S p e c tro m e te rs  add a  d is p e r s in g  

elem ent t o  th e  ra d io m e te r  system  so t h a t  th e  sen sed  r a d i a t i o n  i s  

m easured as a  fu n c t io n  o f  w av e len g th . In  la b o r a to r y  u s a g e , th e  s p e c tro 

m ete r can make v e ry  p r e c is e  s p e c t r a l  m easurem ents over p r e s e le c te d  

w aveleng th  ra n g e s . A irc ra f t-m o u n te d , th e  sp e c tro m e te r  se es  o n ly  th e  

t a r g e t  tow ards w hich i t  i s  p o in te d  w ith  th e  r e s u l t  t h a t  r a d ia n c e  s p e c t r a  

a re  o b ta in e d  a lo n g  a  l i n e  o f  f l i g h t .  To o b ta in  d a ta  over an a rea -w id e  

scene o f i n t e r e s t ,  th e  a i r c r a f t  m ust f l y  s ta g g e re d , r e p e t i t i v e  f l i g h t  

l i n e s  to  sam ple th e  e n t i r e  sc en e . To so lv e  t h i s  p rob lem , o p t i c a l -  

m ech an ica l sc an n e rs  image th e  e n t i r e  scene  by scan n in g  p e rp e n d ic u la r  

t o  th e  f l i g h t  p a th  o f  th e  a i r c r a f t .  A scene  i s  form ed by th e  l in e - b y -  

l i n e  b u i ld  up o f  d a ta  a s  th e  f l i g h t  l i n e  p ro g re s s e s ,  M u lt i s p e c tr a l  

sc a n n e rs  a re  o p tic a l-m e c h a n ic a l  sc a n n e rs  t h a t  m easure th e  u p w e llin g  

s p e c t r a  i n  d i s c r e te  bands o r  w aveleng th  ra n g e s . They a re  w id e ly -u se d  

re s e a rc h  and a p p l ic a t io n  in s tru m e n ts  p ro v id in g  th e  advan tages o f  b o th  

narrow  band s p e c t r a l  r e s o lu t io n  p lu s  w ide a re a  s p e c t r a l  coverage .

T ab le  1 l i s t s  s e v e r a l  m u l t i s p e c t r a l  sc a n n e r  system s now in  u se  o r 

developm ent f o r  b o th  a i r c r a f t  and s a t e l l i t e s  a lo n g  w ith  th e  w aveleng th  

bands u s e d , sw ath w id th  ( t o t a l  s u r f a c e  w id th  o f  scan  p e rp e n d ic u la r  to  

th e  f l i g h t  p a th ) ,  and minimum s u r f a c e  r e s o lu t io n  elem ent s i z e .  The 

a ir c ra f t-m o u n te d  scan n e rs  (NASA's Ocean C o lo r S c a n n e r, M u ltich an n e l 

Ocean C olor S e n so r, T e s t Bed A i r c r a f t  M u lt i s p e c tr a l  S can n e r, and th e  

B endix M odular M u lt i s p e c tr a l  S canner) have been  w id e ly  u sed  in  r e s e a rc h
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and developm ent work to  d e r iv e  a lg o r ith m s  to  e x t r a c t  w a te r  p ro p e r ty  

in fo rm a tio n  from th e  rem o te ly -se n se d  s ig n a ls  and a ls o  t o  p ro v id e  

r e f e re n c e  d a ta  t o  c o r r e la t e  w ith  s a t e l l i t e  d a ta  d u rin g  a n a ly s i s .  These 

a ir c ra f t-m o u n te d  sc a n n e rs  have good s u r fa c e  r e s o lu t io n s  because  o f  th e  

low a l t i t u d e s  a t  w hich th e y  a re  flow n. The numerous narrow  bands a llo w  

f o r  s tu d y  o f  s p e c t r a l  changes in  th e  v i s i b l e  and n e a r  i n f r a r e d ,  

c h a r a c t e r i s t i c  o f  v a r i a b le  c o n s t i tu e n t  c o n c e n tra t io n s .  The s u rfa c e  

sw ath w id th s  a re  ad eq u ate  f o r  l a k e s ,  r i v e r s ,  e s t u a r i e s ,  and n e a r  

c o a s ta l- z o n e  f e a tu r e  coverage . For g e n e ra l  c o a s ta l  zone and ocean 

co v e ra g e , how ever, s a te l l i te - m o u n te d  m u l t i s p e c t r a l  s c a n n e rs , a t  h ig h e r  

a l t i t u d e s  ( ta b le  1 ) ,  p ro v id e  a  much l a r g e r  sw ath w id th  o r  s p a t i a l  

co v e rag e .

A lthough th e  m u l t i s p e c t r a l  scan n e rs  on LANDSATS 1 , 2 ,  and 3 w ere 

no t in te n d e d  f o r  u se  in  w a te r  o b s e rv a tio n s  due t o  th e  low  in s tru m e n t 

s e n s i t i v i t i e s  and w ide bands s e le c te d  f o r  la n d  u s e ,  n o n e th e le s s ,  

v a r i a t io n s  in  se d im e n t, c h lo ro p h y l l ,  and ocean w aste  dumps a r e  e v id e n t 

in  th e  im agery . The proposed  LANDSAT D m u l t i s p e c t r a l  sc an n e r w i l l  have 

somewhat n arrow er bandw idths and b e t t e r  r e s o lu t io n  th a n  th e  e a r l i e r  

LANDSATS. The C o a s ta l Zone C olor Scanner on th e  Nimbus 7 s a t e l l i t e  

has a c o a r s e r  s u r fa c e  r e s o lu t io n  (800 m v s . 70 m f o r  LANDSAT) b u t 

b e n e f i t s  from a  h ig h e r  s p e c t r a l  r e s o lu t io n  (20 nm bandw id ths v s .  100 nm 

fo r  th e  e a r l y  LANDSATS), b ro a d e r  sw ath w id th , and s e n s i t i v i t i e s  s e t  

f o r  th e  lo w er r e f l e c ta n c e s  t y p ic a l  o f  w a te r  s c e n e s .
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CHAPTER I I I

DATA INTERPRETATION TECHNIQUES 

B efo re  th e  d a ta  a c q u ire d  by a  rem ote se n so r  can be u t i l i z e d  in  

f i n a l  form in  i t s  in te n d e d  manner by a  u s e r  agency , i t  must undergo  an 

a n a ly s is  p ro c e d u re . As in d ic a te d  in  f ig u r e  2 ,  th e  a n a ly s i s  p ro ced u re  

in v o lv e s  th e  p re p ro c e s s in g  and i n te r p r e t a t i o n  o f  d a ta  in  e i t h e r  a  photo  

image o r  d i g i t i z e d  form as a c q u ire d , f o r  ex a m p le ,.b y  a  cam era o r  m u lt i 

s p e c t r a l  sc an n e r system . The p re p ro c e ss in g  s te p  i s  u sed  t o  g e o m e tr ic a l ly  

c o r r e c t  th e  d a ta  and a ls o  f i l t e r  o u t n o ise  and a tm o sp h eric  e f f e c t s .

N ex t, d a ta  i n t e r p r e t a t i o n  te c h n iq u e s  a re  u sed  to  ta k e  th e  p re p ro c e sse d  

d a ta  and c o n v e rt t h i s  in to  a  d e s c r ib e d  image o r  d a ta  p ro d u c t .  For d a ta  

u t i l i z a t i o n ,  t h i s  may be in  th e  form o f  m aps, t a b l e s ,  h is to g ra m s , o r  

o th e r  s t a t i s t i c a l  r e p r e s e n ta t io n s  o f  th e  o r ig i n a l  s c e n e . I t  i s  n o t th e  

o b je c t iv e  o f  t h i s  d i s s e r t a t i o n  to  d e t a i l  th e  a v a i l a b le  p re p ro c e s s in g  

te c h n iq u e s  o r  th e  p a r t i c u l a r  fo rm ats  o f  image d e s c r ip t io n .  I n s te a d ,  

t h i s  s e c t io n  w i l l  b r i e f l y  rev iew  some o f  th e  more p o p u la r  d a ta  i n t e r 

p r e t a t i o n  te c h n iq u e s  used  to  c l a s s i f y  and q u a n ti fy  th e  re m o te ly -se n se d  

d a ta  in  te rm s o f  s u r fa c e  f e a tu r e s  o r  p r o p e r t ie s .  A lso , th e  c o r r e c t io n s  

fo r  n o is e  and a tm o sp h eric  e f f e c t s  w i l l  n o t be  c o n s id e re d , a t  t h i s  p o in t ,  

a  c r i t i c a l  p a r t  o f  th e  p re p ro c e s s in g , as th e s e  components w i l l  be 

s tu d ie d  in  l a t e r  c h a p te rs  in  a  s e n s i t i v i t y  a n a ly s i s  o f  th e  c h a r a c t e r i s t i c  

v e c to r  a n a ly s is  te c h n iq u e .

8
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A e r ia l  p h o to g rap h y  r e p r e s e n t s  th e  e a r l i e s t  form  o f  rem o te  s e n s in g . 

Used o r i g i n a l l y  f o r  mapmaking and  re c o n n a is sa n c e  p u rp o s e s , m ost i n t e r p r e 

t a t i o n  v a s  p e rfo rm ed  m an u a lly . T his r e q u i r e d  a  d e g ree  o f  s o p h i s t i c a t i o n  

i n  te rm s  o f  s k i l l s  o f  th e  p h o to in t e r p r e t e r  i n  c l a s s i f y i n g  f e a tu r e s  i n to  

s im i la r  g ro u p in g s  b a sed  on s i z e ,  sh ap e , t e x t u r e ,  shadow and o th e r  

d i s t in q u is h in g  key in fo r m a t io n . D uring  th e  1 9 6 0 's  newer p h o to g ra p h ic  

m ethods w ere u t i l i z e d  t o  d e te c t  and document w a te r  p o l lu t io n .

S tra n d b e rg  (19 6 6 ) showed f o r  v a r io u s  f i l m / f i l t e r  c o m b in a tio n s , i t  was 

p o s s ib le  to  r e c o rd  v a r io u s  p o l lu t a n t s  e n te r in g  v a r io u s  w a te r  m asses. Yost 

and W anderoth (1967 ) d e s c r ib e d  a  fo u r  band  m u l t i s p e c t r a l  cam era sy stem  

c o v e rin g  th e  w av e len g th  ran g e  360 t o  980 nm. R e p re se n tin g  a  f o u r - f o ld  

in c r e a s e  in  amounts o f  d a ta  t o  be a n a ly z e d , th e  p h o to in t e r p r e t a t i o n  

te c h n iq u e  u t i l i z e d  a  v iew er t o  produce f a l s e  c o lo r  enhancem ents o f  

s u b t l e  r e f l e c t a n c e  d i f f e r e n c e s  i n  w a te r by  c o lo r  a d d i t iv e  te c h n iq u e s .

T h is  r e p r e s e n te d  a  se m i-a u to m a tic  approach  t o  th e  i n t e r p r e t a t i o n  

p r o c e s s .  James and B urgess (1970) d em o n stra ted  th e  u se  o f  t h e  p h o to 

d e n s ito m e te r  t o  d i g i t i z e  a e r i a l  p h o to g rap h s and p roduced  a  com puter

g e n e ra te d  c o n to u r  map o f  ocean  o u t f a l l  w a s te  c o n c e n t r a t io n s .  K lo o s te r  

and S herz  (1973) a ls o  d i g i t i z e d  image b r ig h tn e s s  u s in g  a  d e n s ito m e te r  

and u s in g  a  c o r r e l a t i o n  cu rve  betw een t u r b i d i t y  and image b r ig h tn e s s  

cou ld  s p e c i f y  a  t u r b i d i t y  v a lu e  anywhere w i th in  t h e  sc e n e .

W ith th e  ad v en t o f  m u l t i s p e c t r a l  s c a n n e rs , such  as  th o s e  l i s t e d  in  

t a b l e  1 ,  a  trem endous grow th  i n  th e  amount o f  d i g i t i z e d  d a ta  a v a i l a b l e  

n e a r ly  p re c lu d e s  any m anual i n t e r p r e t a t i o n  o f  th e  d a ta  e x c e p t f o r  th e  

m ost ru d im e n ta ry  d e s c r ip t i o n s .  F o r exam ple, each  LANDSAT sc en e  c o n ta in s
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o v e r 7 m i l l io n  p ix e l s  o r  p i c t u r e  e lem en ts  i n  e a ch  o f  fo u r  hands w hich 

o b v io u s ly  can  o n ly  be h an d led  e f f i c i e n t l y  by com puter p ro c e s s in g .

Because o f  th e s e  v a s t  amounts o f  d a ta  t o  be a n a ly z e d  (w ith  s p e c t r a l ,  

s p a t i a l ,  and som etim es tem p o ra l d eg rees  o f  f re e d o m ), m ost m u l t i s p e c t r a l  

sc a n n e r  s tu d ie s  a re  approached  i n  a  s t a t i s t i c a l  m anner. A d d i t io n a l ly ,  

a  com puter a llo w s  th e  u se  o f  more com plex m odels and h ig h e r -o rd e r  

s t a t i s t i c a l  i n t e r p r e t a t i o n  o f  th e  d a ta .

M u l t i s p e c t r a l  C l a s s i f i c a t i o n  T echn iques

Much o f  th e  m u l t i s p e c t r a l  scan n e r d a ta  a c q u ire d  by  a i r c r a f t  and 

s a t e l l i t e s  have been u t i l i z e d  w ith  r e s p e c t  to  la n d  u se  and i t  i s  n a tu r a l  

t o  ex p ec t th e  developm ent o f  s t a t i s t i c a l  te c h n iq u e s  ad ap ted  to  t h i s  ty p e  

o f  a p p l i c a t io n .  The u s u a l  req u irem en t i s  t o  c l a s s i f y  m u l t i s p e c t r a l  

im agery d a ta  i n to  a  number o f  d i s t i n c t  c la s s e s  o r  c a te g o r ie s .  Q u a n tif ic a 

t i o n  th en  c o n s is t s  o f  d e te rm in in g  th e  a r e a  e x te n t  o f  th e  la n d  u se  ty p e  

( e . g . ,  w heat f i e l d s ,  c o n if e r  f o r e s t s ,  u rb a n  dev e lo p m en ts , e t c . )  by a  

p ro d u c t o f  th e  t o t a l  p i c tu r e  e lem en ts  ( p ix e l s )  p e r  c la s s  and th e  ground 

r e s o lu t io n  a re a  p e r  p i x e l .  T his ty p e  o f  " s p a t i a l  q u a n t i f ic a t io n "  i s  

d i s t i n c t  from  what i s  term ed  q u a n t i f i c a t i o n  in  t h i s  d i s s e r t a t i o n  -  th e  

c o n c e n tra t io n s  o f  w a te r  p a ra m e te rs  f o r  s in g le  o r  m u l t ip le  c o n s t i tu e n t  

w a te r s .

C la s s i f i c a t i o n  a lg o r ith m s  a re  perfo rm ed  in  th e  su p e rv is e d  o r  u n su p e r

v is e d  modes. In  th e  s u p e rv is e d  c l a s s i f i c a t i o n  mode, th e  u s e r  d e s ig n a te s  

c e r t a i n  c o l l e c t i o n s  o f  d a ta  p o in ts  as t r a i n i n g  sa m p le s , r e p r e s e n ta t iv e  

o f  th e  c la s s e s  o f  i n t e r e s t .  The com puter i s  th e n  programmed t o  c l a s s i f y
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unknown d a ta  p o in ts  in  th e  scene t o  c la s s e s  a c co rd in g  t o  how c lo s e ,  

s p e c t r a l l y ,  th e  p o in ts  come t o  th e  d e s ig n a te d  t r a i n in g  sam ple c la s s e s .  

One m ajo r problem  o f  t h i s  mode i s  t o  o b ta in  t r a i n in g  sam ples t r u l y  

r e p r e s e n ta t i v e ,  i n  a  s p e c t r a l  s e n se , o f  th e  c la s s e s  o f  i n t e r e s t .  In  

th e  u n su p e rv ise d  c l a s s i f i c a t i o n  mode, no t r a i n i n g  sam ple d a ta  a re  

u se d . I n s te a d ,  a  c lu s te r in g  a lg o r ith m  i s  u se d  t o  d iv id e  o r  ' 'c l u s t e r ” 

th e  image e lem en ts  b ased  on in h e re n t  s p e c t r a l  d i f f e r e n c e s ,  th u s  fo rm ing  

in d iv id u a l ,  b u t  unknown, c la s s e s .  A c l u s t e r  may e x h ib i t  sm a ll s p e c t r a l  

d i f f e r e n c e s  from p o in t  t o  p o in t ,  b u t  s e p a r a te  c la s s  c lu s t e r s  sh o u ld  be 

w e ll  s e p a ra te d .  I t  i s  up t o  th e  u s e r ,  in  th e  u n su p e rv ise d  mode, t o  

d ec id e  w he ther th e s e  c la s s  c lu s t e r s  c o rre sp o n d  t o  any f e a tu r e s  o f  

i n t e r e s t  ( e . g . ,  w heat f i e l d s , f o r e s t s ,  c le a n  w a te r ,  e t c . ) .  O ften , 

su p e rf lu o u s  c la s s e s  a re  g e n e ra te d  w hich may have no i n t e r e s t  t o  th e  u s e r .

Numerous m ethods have been developed  t o  c l a s s i f y  unknown d a ta  

p o in ts  a c co rd in g  t o  th e  t r a i n in g  sam ples o r  c lu s t e r s  g e n e ra te d  by th e  

above p ro c e d u re s . In  f ig u r e  3 , f o r  exam ple, c la s s  d a ta  p o in ts  c o r 

re sp o n d in g  t o  f o r e s t ,  b a re  s o i l ,  and w a te r  a re a s  a re  p l o t t e d  b a se d  on th e  

m easured m u l t i s p e c t r a l  scan n e r ra d ia n c e  r e tu r n s  f o r  th e  two w aveleng ths 

o r  bands and X^. I t  i s  ex p ec ted  t h a t  t h e r e  a re  some m inor i n -

c la s s  s p e c t r a l  d i f f e re n c e s  r e s u l t i n g  i n  th e  s c a t t e r  o f  d a ta  p o in ts  

w ith in  c l a s s e s ,  b u t a  s e p a r a t io n ,  due t o  m ajo r s p e c t r a l  d i f f e r e n c e s ,  

betw een c l a s s e s .  An unknown d a ta  e le m e n t, U(X^,Xg) can be c l a s s i f i e d  

by ( l )  a  " n e a r e s t  n e ig h b o r"  a lg o r ith m  -  f in d in g  th e  minimum d is ta n c e  from 

U t o  th e  n e a r e s t  c la s s  sam ple p o in t ,  (2 ) th e  n e a re s t  mean v e c to r  

a lg o r ith m  -  f in d in g  th e  mean v a lu e  o f  each  c la s s  and th e n  c la s s i f y in g
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U(X^,Xg) a c c o rd in g  t o  a  minimum d is ta n c e  t o  th e  n e a re s t  m ean, and 

(3 ) a  G aussian  m axim um -likelihood c l a s s i f i e r  w hich a s s ig n s  p r o b a b i l i t y  

d e n s i ty  f u n c t io n s  t o  each  t r a i n i n g  s e t  o r  c l u s t e r  and a s s ig n s  unknown 

e lem en ts  t o  th e  h ig h e s t  p r o b a b i l i t y  c l a s s e s .  The m axim um -likelihood 

c la s s i f y i n g  a lg o r ith m  has  been  w id e ly  u se d  in  E a r th  re s o u rc e s  su rv e y s .

A r e c e n t  s tu d y  (S cho lz  e t  a l  1979) i n d ic a te s  t h a t  t h e r e  was l i t t l e  

d i f f e r e n c e  in  c l a s s i f i c a t i o n s  f o r  s e v e r a l  d a ta  s e t s  among th e s e  c l a s s i 

f i c a t i o n  a lg o r ith m s  (and o th e r s  examined in  th e  s tu d y )  i f  th e  same 

t r a i n i n g  sam ple s t a t i s t i c s  were u sed .

In  t h i s  s im p le  exam ple, and o th e r s  t o  fo llo w , o n ly  two w aveleng th s 

have been u sed  to  p l o t  th e  image e le m e n ts . As t a b l e  1 in d ic a te s  most 

m u l t i s p e c t r a l  sc an n e rs  have n >_ 1+ bands o r  w a v e len g th s . In  g e n e ra l ,  

t h e n ,  th e  c lu s t e r s  w i l l  e x i s t  i n  an n -d im e n s io n a l "hyperspace"  w hich 

canno t be d isp la y e d  e f f i c i e n t l y  b u t may be i n te r p r e te d  by a  com puter.

More r e c e n t  i n t e r p r e t a t i o n  te c h n iq u e s  f o r  c l a s s i f i c a t i o n  in c lu d e  

th e  u se  o f  c a n o n ic a l  a n a ly s is  and p r in c i p a l  components a n a ly s is  (Jenson  

and W altz 1979)* The o b je c t iv e  o f  c a n o n ic a l  a n a ly s i s  i s  to  make th e  

c la s s e s  o r  c a te g o r ie s  as s e p a ra te  a s  p o s s ib le  w h ile  making each  

in d iv id u a l  c la s s  o r  c a te g o ry  as homogeneous as  p o s s ib l e .  M a th e m a tic a lly , 

t h i s  in v o lv e s  m axim izing th e  am ong-eategory  c o v a ria n c e  m a tr ix  and 

m in im iz ing  th e  w ith in -c a te g o ry  c o v a rian c e  m a tr ix .  G e o m e tr ic a lly , 

c a n o n ic a l  a n a ly s i s  r e p r e s e n ts  a  r o t a t i o n ,  t r a n s l a t i o n ,  and s c a l in g  o f  

th e  o r ig i n a l  w ave leng th s  axes t o  p roduce  new ax es  t o  s a t i s f y  th e  above 

m a th em a tica l s ta te m e n t. F ig u re  U(a) ( a f t e r  Podwysocki e t  a l  1977) 

shows th e  mean v a lu e s  (a s  c e n te r p o in t s ) and  d e n s i ty  d i s t r i b u t io n s
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(d e p ic te d  by  e l l i p s e s )  o f  th e  c la s s e s  shown in  f ig u r e  3 . A long a x is  

X^ c la s s e s  A+C and B+C a re  s e p a ra b le  w hereas A+B a r e  n o t ,  and 

a lo n g  a x is  Xg A+B and B+C a r e  s e p a ra b le  b u t A+C a re  n o t .

F ig u re  M b) shows th e  same c lu s t e r s  a f t e r  c a n o n ic a l  r o t a t i o n ,  t r a n s 

l a t i o n ,  and s c a l in g  o f  th e  a x e s . The p re v io u s  e l l i p t i c a l  d e n s i ty  d i s 

t r i b u t i o n s  a r e  now s p h e r ic a l  b ecau se  o f  th e  axes s c a l in g .  The o r ig i n a l  

X^,Xg axes a r e  shown o n ly  f o r  r e f e r e n c e  p u rp o se s . In  th e  new axes 

system  (Y^,Yg) a l l  c la s s e s  a re  s e p a ra b le  a long  e a ch  a x is  and one has 

a  maximum s e p a r a b i l i t y  betw een th e  c l a s s e s .  Podwysocki e t  a l  (1977) 

a p p lie d  t h i s  te c h n iq u e  t o  LAHDSAT d a ta  t o  d is c r im in a te  betw een 

ig n e o u s , m etam orph ic , and se d im en ta ry  ro c k  ty p e s .  C an o n ica l a n a ly s is  

p roduced  b la c k  and w h ite  and c o lo r  p i c t u r e s  w ith  g r e a t e r  s p e c t r a l  

s e p a r a t io n  f o r  some ro ck  ty p e s  th a n  r e s u l t e d  from  u s in g  o th e r  c l a s s i f i 

c a t io n  te c h n iq u e s .  A lthough p ro d u c in g  enhanced p i c t u r e s ,  th e  a u th o rs  

conc luded  t h i s  te c h n iq u e  in v o lv e d  much more work.

P r in c ip a l  components a n a ly s is  h a s  been more w id e ly  u se d  th a n  

c a n o n ic a l  a n a ly s i s  and more exam ples a re  a v a i l a b le  in  th e  l i t e r a t u r e .  

P r in c ip a l  components a n a ly s is  i s  a  un iq u e  t r a n s fo rm a t io n  b e lo n g in g  to  

th e  g e n e ra l  c la s s  o f  f a c t o r  a n a ly s i s  te c h n iq u e s  t h a t  a n a ly z e  c o r r e la t io n s  

w ith in  a  s e t  o f  v a r i a b le s .  T h is w i l l  be e x p la in e d  in  more d e t a i l  

l a t e r  in  t h i s  c h a p te r .  F ig u re  5 show s, in  sim ple  geo m etric  

te rm s , th e  u se  o f  th e  te c h n iq u e  i n  a  two v a r i a b le  system  ( ra d ia n c e s  a t  

two w aveleng ths o r  bands as  th e  axes v a r i a b l e s ) .

R ad iance v a lu e s  from  d i f f e r e n t  s p e c t r a l  bands on m u l t i s p e c t r a l  

sc an n e rs  t y p i c a l l y  e x h ib i t  a  s ig n i f i c a n t  amount o f  red u n d an cy , t h a t  i s ,
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in te rb a n d  c o r r e l a t i o n s .  O fte n , th e  h ig h e s t  i n t e r c o r r e l a t i o n s  o ccu r 

w ith  a d ja c e n t  b an d s . When p l o t t e d  in  f ig u r e  5 , a  sam p ling  o f  d a ta  

p o in ts  from  a  m u l t i s p e c t r a l  sc an n e r image shows a  r a t h e r  e l l i p t i c a l  

d i s t r i b u t i o n .  I f  t h e  w aveleng th  bands were t o t a l l y  c o r r e la t e d ,  th e  

d a ta  p o in ts  w ould l i e  a lo n g  a  l i n e  b u t i f  th e  bands w ere 

t o t a l l y  u n c o r r e la te d  th e  d a ta  s e t  would form a  c i r c u l a r  homogeneous 

p a t t e r n .  P r in c ip a l  components a n a ly s is  in v o lv e s  a  t r a n s l a t i o n  and r o t a 

t i o n  o f  th e  axes (X-^Xg) t o  new axes p o s i t io n s  (Y ^Y g) such  t h a t  th e  f i r s t  

a x i s ,  Y^, th e  f i r s t  p r in c ip a l  component (o r  f i r s t  e ig e n v e c to r  d i r e c 

t i o n ) ,  l i e s  a lo n g  th e  d i r e c t io n  o f  maximum d a ta  v a r ia n c e  ( th e  m ajor a x is  

o f  th e  e l l i p s e ) .  The rem ain ing  v a r ia n c e  in  t h i s  tw o -d im en sio n a l c a se  i s  

e x p la in e d  by th e  second  a x i s ,  Y^, o r  p r in c i p a l  component (second 

e ig e n v e c to r  d i r e c t i o n )  o r th o g o n a l t o  th e  f i r s t  a x i s ,  and a lo n g  th e  m inor 

a x is  o f  th e  e l l i p s e .  The p r in c ip a l  components a r e  sim ply  l i n e a r  

compounds o f  th e  o r ig i n a l  w aveleng ths o r  b an d s , b u t  o p tim iz e d  in  term s 

o f  e x p la in in g  th e  o b se rv ed  v a r ia n c e .  F o r an n -band  c a se  w ith  th e  

d a ta  p lo t t e d  i n  " h y p e rsp a c e ,"  su cceed in g  p r i n c i p a l  axes e x p la in ,  in  a  

h i e r a r c h i a l  f a s h io n ,  maximum amounts o f  rem ain in g  v a r ia n c e  u n t i l  a l l  o f  

th e  o r ig i n a l  v a r ia n c e  i s  e x p la in e d . T his r e q u i r e s  n p r in c ip a l  

components o r  e ig e n v e c to rs  f o r  n  b an d s. However, b ecau se  o f  

redundancy ( in t e r c o r r e l a t i o n s )  betw een b an d s , i t  i s  u s u a l ly  o b se rv ed  

t h a t  much l e s s  th a n  n p r in c ip a l  components o r  e ig e n v e c to r s  a re  needed  

t o  e x p la in  m ost o f  th e  t o t a l  d a ta  v a r ia n c e .  T ru n c a tin g  th e  h ig h e r - o rd e r  

p r in c i p a l  com ponents, one e f f e c t i v e l y  h as  com pressed n e a r ly  a l l  o f  th e  

d a ta  s e t  v a r ia n c e  i n to  a  few p r in c ip a l  com ponents. I t  i s  t h i s
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p ro p e r ty  t h a t  makes p r in c ip a l  components a n a ly s is  a t t r a c t i v e  to  

com puter c l a s s i f i c a t i o n  s tu d ie s .

Ready and W intz (1973) a p p lie d  th e  p r in c i p a l  component tra n s fo rm a tio n  

( a ls o  known a s  th e  Karhunen-Loeve t ra n s fo rm a t io n )  t o  s ix -b a n d  a i r c r a f t  

and th re e -b a n d  s a t e l l i t e  m u l t i s p e c t r a l  d a ta  o v e r  a g r i c u l t u r a l  la n d .

R e s u lts  show t h a t  f o r  th e  s ix -b a n d  m u l t i s p e c t r a l  d a ta ,  t h r e e  p r in c ip a l  

components c o n ta in e d  97$ o f  th e  o r ig i n a l  d a ta  v a r ia n c e  w h ile  f o r  th e  

th re e -b a n d  d a ta  c a s e ,  two p r in c ip a l  components c o n ta in e d  93$ o f  th e  

t o t a l  d a ta  v a r ia n c e .  A d d i t io n a l ly ,  com puter c l a s s i f i c a t i o n  o f  th e  

d a ta  i n to  c la s s e s  u s in g  a  m axim um -likelihood a lg o r ith m  o p e ra t in g  on th e  

f i r s t  few p r in c i p a l  components p roduced  b e t t e r  c l a s s i f i c a t i o n  a c c u ra c ie s  

th a n  u s in g  th e  same number o f  o r ig i n a l  s p e c t r a l  b an d s . R e s u lts  in d ic a te d  

a  h ig h e r  s ig n a l - t o - n o is e  (S/N) r a t i o  f o r  th e  p r in c ip a l  components th a n  

f o r  th e  o r ig i n a l  s p e c t r a l  bands. As a  r e s u l t ,  images d e r iv e d  from 

th e  p r in c i p a l  components ap peared  enhanced w ith  l e s s  n o ise  e v id e n t .

A lg az i (1973) u sed  p r in c ip a l  components a n a ly s is  to  red u ce  th e  

d im e n s io n a l ity  o f  LANDSAT-1 (ERTS-l) m u l t i s p e c t r a l  d a ta  from  fo u r  bands 

to  th r e e  p r in c i p a l  com ponents. The o b je c t iv e  was to  produce optimum 

c o lo r  im ages by  a s s ig n in g  th e  th r e e  p r in c i p a l  components to  th e  th r e e  

p rim ary  c o lo r s  -  r e d ,  b lu e ,  and g re e n , and p ro d u cin g  a  com posite image 

by ju x ta p o s i t io n  o f  th e  th r e e  subim ages. F o r t h r e e  d i f f e r e n t  d a ta  

s e t s  t e s t e d ,  t h r e e  p r in c ip a l  components acco u n ted  f o r  more th a n  99$ 

o f  th e  t o t a l  v a r ia n c e  in  each o f  th e  d a ta  s e t s .  The p r in c ip a l  components 

com posite  image form ed showed s i g n i f i c a n t l y  more d e t a i l  th a n  a  com posite  

image form ed by  u s in g  th r e e  o f  th e  o r ig i n a l  s p e c t r a l  b an d s. An
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i n t e r e s t i n g  re f in e m e n t was t o  a p p ly  p r in c i p a l  com ponents a n a ly s is  

s e p a r a te ly  t o  la n d  and w a te r  w i th in  one im age. S i g n i f i c a n t ly  d i f f e r e n t  

p r in c i p a l  components were o b ta in e d  f o r  th e  two s p e c t r a l  c l a s s e s .

T ay lo r (1973) u sed  a  p r in c i p a l  components a n a ly s i s  f o r  LAMDSAT-1 

im ages ta k e n  o v e r  s o u th e rn  Canada. The f i n a l  o b je c t iv e  w as, l i k e  

A lg az i (1 9 7 3 ), t o  map th e  f i r s t  th r e e  p r in c ip a l  components o n to  a 

c o lo r  space  f o r  image enhancem ent. However, T a y lo r  u se d  as c o lo r  

d im ensions " b r ig h tn e s s ,"  " re d n e s s -g re e n n e s s ,"  and " b lu e n e s s -y e llo w n e s s ."  

A s ig n i f i c a n t  developm ent was T a y lo r 's  s u g g e s tio n  t h a t  one need  n o t 

n e c e s s a r i ly  l i m i t  o n e s e lf  t o  th e  e ig e n v e c to r  d i r e c t i o n s  from  a  

p r in c ip a l  components a n a ly s is  ( d i r e c t io n s  f o r  m axim izing  e x p la in e d  

v a r ia n c e ) ,  b u t  one can f u r th e r  " r o t a te  th e  sp ace  in  any a r b i t r a r y  way, 

t o  s u i t  p a r t i c u l a r  n e e d s ."  In  p a r t i c u l a r ,  one r o t a t i o n  o f  th e  axes 

m ight o p t im a lly  d is p la y  f o r e s t s ,  a n o th e r  r o t a t i o n  p ro v id e  th e  b e s t  

d is c r im in a t io n  o f  a g r i c u l t u r a l  l a n d s ,  e t c .  T h is  r e p r e s e n ts  an 

e a r ly  r e f e re n c e  in  re m o te -se n s in g  l i t e r a t u r e  t o  a  " c h a r a c t e r i s t i c  

v e c to r "  app roach  t h a t  s e a rc h e s  f o r  an  u n d e r ly in g  s t r u c tu r e  p ro d u cin g  

th e  v a r ia n c e  in  m u l t i s p e c t r a l  d a ta .

F o n ta n e l e t  a l  (1975) a p p lie d  a  p r in c i p a l  components a n a ly s is  t o  a 

LANDSAT image o f  s o u th e rn  F ra n ce . The te c h n iq u e  was a p p lie d  f i r s t  t o  

a l l  t h e  fo u r-b a n d  d a ta  d i r e c t l y  and seco n d , s e p a r a te ly  t o  s ix  c la s s e s  

o f  d a ta  a s  g e n e ra te d  by  a  G aussian  m axim um -likelihood c l a s s i f i e r .  The 

f i r s t  two p r in c i p a l  com ponents, in  each  c a s e ,  w ere u se d  to  g e n e ra te  a  

tw o -c o lo r  com posite  im age. R e s u lts  showed t h a t  u s in g  p r in c ip a l

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



17

components a n a ly s i s  a f t e r  a  m u l t i s p e c t r a l  c l a s s i f i c a t i o n  a lg o r ith m  

produced  enhanced  d e t a i l s  o f  f e a tu r e s  n o t  r e v e a le d  i n  a  c o n v e n tio n a l 

a p p l i c a t io n  o f  p r in c i p a l  components a n a ly s i s  o f  t h e  u n c l a s s i f i e d  

data*

M urai (1976) perfo rm ed  a  p r in c i p a l  component a n a ly s i s  o f  LANDSAT 

im agery from  two d i f f e r e n t  d a te s  o v e r th e  in la n d  s e a  o f  Ja p a n . The 

a n a ly s is  showed t h a t  th e  f i r s t  p r in c i p a l  component was a s s o c ia te d  w ith  

tu r b i d  w a te r ,  w hereas th e  second  p r in c i p a l  component was a s s o c ia te d  

w ith  o rg a n ic  m a t te r  in  th e  w a te r .  Each p r i n c i p a l  component was d iv id e d  

in to  f iv e  ran k s  a c c o rd in g  to  th e  " s c o re s "  o f  th e  p r in c i p a l  com ponents. 

These s c o re s  may be c o n s id e re d  m u l t ip l i e r s  o f  th e  e ig e n v e c to r s  n e c e s s a ry  

t o  r e c o n s t i t u t e  th e  o r ig i n a l  d a ta  m a tr ix .  A f te r  fo rm ing  a  tw e n ty - f iv e  

e lem en t m a tr ix  o f  th e  ran k s  from  th e  p r in c i p a l  com ponents, th e  a u th o r  

a s s ig n e d  each  m a tr ix  e lem ent t o  one o f  f iv e  c la s s e s  o f  w a te r  ra n g in g  

from  v e ry  c le a r  t o  h ig h ly  p o l lu te d .  A c o m p u te r-g e n e ra te d  d o t map, 

b a sed  on t h i s  c l a s s i f i c a t i o n  a lg o r i th m , was drawn t o  d is p la y  th e  f iv e  

w a te r  c la s s e s  f o r  th e  in la n d  s e a .

W illiam s and Borden (1977) s u b je c te d  m u lt id a te  LANDSAT im agery  o f  

th e  W ashington , DC, a re a  t o  a  p r in c i p a l  com ponents a n a ly s i s .  F o u r- 

band LANDSAT d a ta  from  two d a te s  (one s p r in g ,  one f a l l )  were m erged and 

c o n s id e re d  a s  an e ig h t-b a n d  d a ta  s e t .  F iv e  p r in c i p a l  components 

e x p la in e d  99% o f  th e  t o t a l  d a ta  v a r ia n c e .  C l a s s i f i c a t i o n  a c c u ra c ie s  

u s in g  th e  tra n s fo rm e d  d a ta  w ere s i g n i f i c a n t l y  in c re a s e d .

Lodwick (1979) a ls o  a p p lie d  a  p r in c i p a l  components a n a ly s i s  t o  

m u lt id a te  LANDSAT im agery  f o r  a  s tu d y  a re a  in  A u s t r a l i a .  P erfo rm ed
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separately for each date, the analysis showed two principal components 

sufficient to explain most of the data variance. Variations of the 

first principal component, from date to date, were related to variations 

in solar/land geometries, whereas second principal component variations 

were related to seasonal-climatic or man-induced effects.

Other varied applications of principal components analysis may he 

found in the literature. Boland (1976) developed a trophic classification 

parameter for lakes using principal components; Podwysocki et al (1977) 

applied the technique for discrimination of rock and soil types using 

LANDSAT imagery; Santistehan and Munoz (1977) applied the technique in 

a conventional manner for LANDSAT imagery from central Spain for 

geological discriminations; and Abotteen (1978) used the technique on 

multiple LANDSAT imagery to improve agricultural crop classification.

Multispectral Quantification Techniques

The preceding discussion demonstrated a variety of classification 

techniques developed for multispectral radiance data, mainly for land use 

situations. In water quality studies, however, the concern is not just 

in identifying or classifying water quality parameters, hut also in 
estimating their concentrations. Particularly difficult is the 

problem of two or more constituents coexisting or mixed in water.

The resulting observed spectral radiance is some composite signal 

derived from the individual constituent signals. Many of the 

classification techniques discussed assign mixture image elements to a 

class of highest probability or to a catch-all unclassified category.
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In  t h e  l a t t e r  e a s e ,  th e  c o n c e n tra t io n s  o f  th e  i n d iv id u a l  c o n s t i tu e n t s  

i n  t h e  image e lem en t a r e  u n d e te rm in ed . F o r tu n a te ly ,  o th e r  s t a t i s t i c a l  

m ethods e x i s t  f o r  h a n d lin g  th e  m ix tu re  p rob lem . One la r g e  c la s s  o f  

such  m ethods i s  known a s  r e g r e s s io n  a n a ly s i s .  .

R e g re ss io n  A n a ly s is  

The o b je c t iv e  o f  r e g r e s s io n  a n a ly s i s  i s  t o  o p tim iz e  sim p le  

p re d e te rm in e d  r e l a t i o n s  betw een p a ra m e te r  c o n c e n tra t io n s  and o b se rv ed  

re m o te -se n s in g  ra d ia n c e  s p e c t r a .  The u s u a l  approach  i s  t o  c o r r e l a t e ,  

i n  a  l e a s t - s q u a r e s  m anner, th e  ra d ia n c e  v a lu e s  from  one o r  more wave

le n g th s  (o r  bands) w ith  th e  c o n c e n tra t io n s  o f  a  p a r t i c u l a r  w a te r  q u a l i ty  

p a ra m e te r  m easured i n - s i t u  ( i . e . ,  s u r fa c e  t r u t h  m easu rem en ts). I f  

th e  r e g r e s s io n  e q u a tio n  d e r iv e d  i s  a  "good" f i t  (h ig h  c o r r e l a t i o n ,  

low s ta n d a rd  e r r o r ) ,  th e  assum ption  i s  i t  can  be a p p lie d  to  o th e r  

p o in ts  i n  th e  re m o te -se n s in g  image where no s u rfa c e  t r u t h  e x i s t s  to  

e s t im a te  th e  p a r t i c u l a r  w a te r  p a ram ete r c o n c e n tra t io n s .  By u s in g  

c o lo r  coding o r  c o n to u r in g , a  com puter can  be  u sed  t o  map o u t th e  

c o n c e n tra t io n  l e v e l s  o f  th e  p a ra m e te r  f o r  th e  e n t i r e  sc en e .

W hitlock  (1977a) and W hitlock  and Kuo (1979) p ro v id e  a  d e ta i l e d  

d is c u s s io n  o f  th e  u se  o f  l i n e a r  m u lt ip le  r e g r e s s io n  a n a ly s is  f o r  

re m o te -se n s in g  w a te r  p a ra m e te r  q u a n t i f i c a t i o n .  The fo llo w in g  d is c u s s io n  

sum m arizes t h i s ,  and o th e r  form s o f  r e g r e s s io n  a n a ly s i s .

The u s u a l  form  o f  th e  r e g r e s s io n  a n a ly s is  approach  i s  a  l i n e a r  

e q u a tio n  o f  th e  form :
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w here :

C = w a te r  c o n s t i tu e n t  c o n c e n tra t io n

L = ra d ia n c e  a t  w aveleng th  (o r  hand) j

01 = i n te r c e p t  c o e f f ic i e n t

3 = r e g r e s s io n  c o e f f i c i e n t  a t  w aveleng th  j  

£ = e r r o r  in  th e  e s t im a t io n  o f  C

n = maximum number o f  bands u sed  in  th e  r e g r e s s io n

The c o e f f i c i e n t s  a ,  3j a re  d e te rm ined  by  a  l e a s t - s q u a r e s  r e g r e s s io n  

a n a ly s is  a s  th e  b e s t  s t r a i g h t - l i n e  f i t  t o  th e  m easured d a ta .  I f  o n ly  

one band (h = l )  i s  u sed  in  th e  a n a ly s i s ,  th e  r e g r e s s io n  i s  term ed  

l i n e a r  r e g r e s s io n ,  w h ile  f o r  m u lt ip le  bands (n > l )  th e  r e g r e s s io n  

i s  term ed  l i n e a r  m u lt ip le  r e g r e s s io n .  Sometimes a  b i v a r i a t e  r e l a t i o n s h ip  

i s  more a p t ly  d e s c r ib e d  by a  c u rv e . R e g re ss io n  m ethods f o r  f i t t i n g  a  

cu rve  a re  c a l l e d  c u r v i l in e a r  o r  po ly n o m ia l r e g r e s s io n  (N ie e t  a l  1975) 

and have th e  form :

C = a  + S-jL-l; + S2L^ + . . .  + P-L* + e (3 -2 )
J ij j

w here :

d = th e  deg ree  o f  th e  po lynom ial

j  = w aveleng th  o r  band j
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The a d d i t io n  o f  more te rm s in  th e  po lynom ial e q u a tio n  w i l l  s e rv e  to  

in c r e a s e  th e  c o r r e l a t i o n  o b ta in e d ;  i t  i s  up t o  th e  r e s e a rc h e r  to  d e c id e  

i f  th e  added te rm s a r e  m ean ing fu l i n  a  p h y s ic a l  se n se  o r  j u s t  s e rv e  

w e l l  i n  a  p a r t i c u l a r  d a ta  s e t .

In  some in s t a n c e s ,  i t  i s  o b se rv ed  t h a t  t h e  u n d e r ly in g  m u l t iv a r ia t e  

r e l a t i o n s h ip  ta k e s  on form s w hich a r e  e a s i l y  r e s t a t e d  o r  tra n s fo rm e d  

i n to  a  l i n e a r  form . F or exam ple:

C = a + ̂ (K j /L g )  + e (3 -3 )

C = a + f r j e 1! )  + e ( 3-U)

C a a  + g ^ l / I ^ )  + e (3 -5 )

a re  a l l  am enable t o  l i n e a r  r e g r e s s io n  a n a ly s is  i f  th e  independen t 

v a r i a b le  i s  c a lc u la te d  f i r s t  a s  s t a t e d  by  th e  f u n c t io n s  i n  p a re n th e s e s .

The q u a n t i f i c a t i o n  o f  w a te r  q u a l i ty  c o n s t i tu e n t s  by r e g r e s s io n  

a n a ly s i s  o f  th e  form s j u s t  d isc u s s e d  h as  been  somewhat in c o n s i s te n t  

and u n r e l i a b le  from  a  su rvey  o f  th e  l i t e r a t u r e  (W hitlock  19 7 7 a).

V ario u s re a so n s  e x i s t  f o r  t h i s  in c o n s is te n c y  in c lu d in g  ( l )  th e  c h o ice  o f  

an i n c o r r e c t  form o f  th e  m u l t iv a r ia te  r e l a t i o n s h ip  r e l a t i n g  th e  w a te r  

p a ra m e te r  c o n c e n tra t io n s  and r a d ia n c e s ,  (2 ) s u r fa c e  t r u t h  c o l l e c te d  a t  

w id e ly -v a r ia n t  tim e s  w ith  r e s p e c t  t o  th e  re m o te -se n s in g  o v e rp ass  

( h y d r a u l ic a l ly  in a p p r o p r ia te  s a m p lin g ); s u r fa c e  t r u t h  m easurem ents n o t 

u n ifo rm ly  d is p e r s e d  o v e r  th e  range  o f  c o n c e n tra t io n s  i n  t h e  scene  n o r  

sam pled in  a l l  w a te r  mass ty p e s  w ith in  th e  sc e n e ; in c o n s i s te n t  h a n d lin g  

and a n a ly s i s  o f  w a te r  sam p les, (3) re m o te -se n s in g  d a ta  c o l l e c te d  a t
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v a ry in g  s o la r - r e m o te  s e n s o r  g e o m e tr ie s , a tm o sp h e ric  c o n d i t io n s ,  w a te r  

s u r f a c e  c o n d it io n s  (w aves, w h i te c a p s ) ,  ( h)  t h e  p re se n c e  o f  unknown w a te r  

c o n s t i tu e n t s  and s u r f a c e  co n tam in an ts  ( o i l  f i l m s ,  fo am s), (5 ) bo ttom  

r e f l e c t i o n s  w i th in  t h e  sc e n e , (6 ) unknown v e r t i c a l  c o n c e n tra t io n  

g r a d ie n ts  i n  th e  w a te r  column f o r  th e  p a ra m e te rs  o f  i n t e r e s t ,  and 

(T) v a ry in g  d e g re e s  o f  n o is e  and  o p e ra t in g  c h a r a c t e r i s t i c s  o f  d i f f e r e n t  

rem o te  s e n s o r s .

A cknow ledging th e s e  i n c o n s i s te n c ie s  and a s su m p tio n s , r e s e a rc h e r s  

s t i l l  have been  a b le ,  i n  some in s t a n c e s ,  t o  a c h ie v e  re a s o n a b le  i n t r a 

scen e  r e s u l t s .  F o r exam ple, Johnson  and Bahn (1977) i n  a  s tu d y  o f  th e  

James R iv e r , u s in g  l i n e a r  m u l t ip le  r e g r e s s io n  a n a ly s i s ,  d eve loped  

e x p re s s io n s  f o r  se d im e n t, c h lo r o p h y l l - a ,  S ecch i d e p th , in o rg a n ic  NO^, 

in o rg a n ic  NOg, a c i d i t y ,  and s a l i n i t y  w ith  c o r r e la t io n  c o e f f i c i e n t s  

r a n g in g  from  O.87  t o  0 .9 9  (w here 1 .0 0  i s  t o t a l  c o r r e l a t i o n ) .  Maps 

o f  c o n s t i tu e n t  c o n c e n tra t io n  l e v e l s  f o r  th e  s tu d y  ap p e are d  re a s o n a b le .

On th e  o th e r  h an d , r e s u l t s  t o  d a te  have d e m o n s tra ted  t h a t  r e g r e s s io n  

e q u a tio n s  d e r iv e d  f o r  one scene  a re  in a p p r o p r ia te  when a p p l ie d  f o r  

p r e d i c t i v e  p u rp o se s  to  in te r s c e n e  im ages ( s p a t i a l l y  and te m p o ra lly  

in d e p e n d e n t) .  T hus, one o f  t h e  p rim a ry  re q u ire m e n ts  o f  r e g r e s s io n  

a n a ly s i s  i s  a  so u rc e  o f  good s u r f a c e  t r u t h  m easurem ents from  scene  t o  

scen e  f o r  r e s e a rc h .a n d  developm ent o f  e x p re s s io n s  f o r  an a u to m a tic  

d a ta  p ro c e s s in g  sy s tem . F or a p p l i c a t i o n  p u rp o se s , how ever, where t h e  

tim e  and expense  o f  c o l l e c t i n g  such  s u r f a c e  t r u t h  may b e  a t  a  premium, 

t h e  d e s i r a b le  s i t u a t i o n  would be  th e  in s ta n c e  w here l i t t l e  o r  no 

s u r f a c e  t r u t h  i s  r e q u i r e d  and w a te r  q u a l i t y  c o n s t i t u t e n t  c o n c e n tra t io n s
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a re  in f e r r e d  by o p e ra t io n  on th e  re m o te -s e n s in g  d a ta .  T h is  ty p e  o f  

a n a ly s i s  h a s  been  u se d  i n  c l a s s i f i c a t i o n  s tu d ie s  o u t l in e d  e a r l i e r  as 

p r in c i p a l  components a n a ly s i s .  R e c e n tly , t h i s  f a c t o r  a n a ly s i s  te c h n iq u e  

h a s  been  a p p l ie d  d i r e c t l y  t o  th e  s tu d y  o f  w a te r  c o lo r  (M u e lle r  1973, 1976; 

Grew 1977a, 1977b; KLemas e t  a l  1978a, 1978b; P h i lp o t a n d  KLemas, 1979) 

f o r  c l a s s i f i c a t i o n  an d , t o  some d e g re e , q u a n t i f ic a t i o n  s tu d i e s .

C h a r a c t e r i s t i c  V e c to r  A n a ly s is  

F a c to r  a n a ly s i s  i s  a  g e n e ra l  te rm  f o r  a  v a r i e t y  o f  p ro ce d u re s  

deve loped  f o r  th e  p u rp o se  o f  a n a ly z in g  th e  i n t e r c o r r e l a t i o n s  w ith in  

a  s e t  o f  v a r i a b le s  (C ooley 1 9 6 2 ). I f  th e  o b je c t iv e  o f  th e  a n a ly s i s  i s  

t o  e x t r a c t  th e  maximum v a r ia n c e  from  a  s e t  o f  re sp o n se s  and p e rfo rm  a  

d a ta  co m p ressio n , th e  te c h n iq u e  i s  g e n e r a l ly  r e f e r r e d  t o  a s  p r in c i p a l  

components a n a ly s i s .  In  th e  l i t e r a t u r e ,  how ever, th e  t ra n s fo rm a t io n  i s  

v a r io u s ly  r e f e r r e d  t o  as  th e  p r in c ip a l-c o m p o n e n t t r a n s fo r m a t io n ,  

Karhunen-Loeve t r a n s fo r m a t io n ,  e ig e n v e c to r  t r a n s fo r m a t io n ,  th e  

H o te l l in g  t r a n s fo rm a t io n  (Ready and W intz 1973) and c h a r a c t e r i s t i c  

v e c to r  a n a ly s i s  (Simonds 1 9 6 2 ). I f  th e  o b je c t iv e  o f  th e  a n a ly s is  

i s  t o  s e a rc h  f o r  some u n d e r ly in g  s t r u c tu r e  o r  v a r i a b le s  presum ed t o  

have caused  th e  o b se rv ed  v a r ia n c e  i n  t h e  o r ig i n a l  d a ta  s e t ,  t h e  

te c h n iq u e  i s  r e f e r r e d  t o  by Harman ( 1967 ) a s  m u l t ip l e - f a c to r  a n a ly s i s .

In  p r i n c i p l e ,  t h i s  s e a rc h  f o r  s t r u c tu r e  may in v o lv e  a  r o t a t i o n  o f  th e  

axes d e f in e d  by  a  p r in c ip a l-c o m p o n e n ts  a n a ly s i s .  M u e lle r  (1973 , 1976) 

and Grew (1977a, 1977b) b o th  a d d re s s  t h i s  " se a rc h  f o r  s t r u c tu r e "  

o b je c t iv e  and r e f e r  t o  i t  a s  a  " c h a r a c t e r i s t i c  v e c to r  a n a ly s i s . "  In
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o rd e r  t o  m a in ta in  a  c o n s is te n c y  in  te rm in o lo g y  f o r  w a te r - c o lo r  w ork, 

t h i s  d i s s e r t a t i o n  u se s  " c h a r a c t e r i s t i c  v e c to r  a n a ly s i s "  w h ether o r  n o t 

a  r o t a t i o n  o f  th e  p r in c ip a l  axes i s  perfo rm ed . E ig e n v e c to rs  d e f in e d  

by a  p r in c i p a l  components t r a n s fo rm a t io n , i f  d i r e c t l y  a s s o c ia te d  w ith  

p a r t i c u l a r  in h e re n t  s t r u c tu r e ,  a re  term ed  c h a r a c t e r i s t i c  v e c to r s .  As 

M u elle r (1976) n o te s ,  t h i s  u se  o f  c h a r a c t e r i s t i c  v e c to r  nom encla tu re  

" b e t t e r  c o n n o te s  th e  r o le  t h a t  th e s e  v e c to r s  p la y  in  c h a ra c te r iz in g  

th e  v a r i a t i o n a l  s t r u c tu r e  o f  a  sam ple o f  s p e c t r a l  o b s e rv a t io n s ."

C h a r a c te r i s t i c  v e c to r  a n a ly s is  has  been u sed  f r e q u e n t ly  in  

s t a t i s t i c a l  a n a ly s is  o f  m u l t iv a r ia t e  re sp o n se  d a ta .  The u n d e r ly in g  

te c h n iq u e , a s  p r in c ip a l  components a n a ly s i s ,  was f i r s t  developed  by 

H o te l l in g  in  1933 (Harman, 1967) and u sed  in  such d iv e r s e  f i e l d s  as th e  

o p t i c a l  and p h o to g rap h ic  s c ie n c e s  (M orris and M o rrissey  1 9 5 ^ j Simonds 

1962; F r ie d e r ic h s  and Scarpace 1 9 7 7 ), m eteo ro logy  (Hardy and W alton 

1 9 7 8 )j s o i l s  a n a ly s is  (C ond it 1970, 1 9 7 2 ), n e a rsh o re  b a th y m etry  (Hayden 

e t  a l  1 9 7 5 ), d a y lig h t  s p e c t r a l  energy  (C ondit and Grum 196k)  in  a d d i

t io n  to  th e  r e f e re n c e s  c i t e d  e a r l i e r  in  t h i s  c h a p te r  on p r in c ip a l  com

ponen ts  a n a ly s is  f o r  c l a s s i f i c a t i o n  pu rp o ses  and w a te r - c o lo r  s tu d ie s .

Simonds (1962 ) ,  c i t e d  by many r e f e r e n c e s ,  p r e s e n ts  a  p a r t i c u l a r l y  

good p r e s e n ta t io n  o f  th e  c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  m ethod as 

a p p lie d  t o  p h o to g ra p h ic  and o p t i c a l  cu rve  re sp o n se  d a ta .  The d is c u s s io n  

in c lu d e s  a  f u l l y  worked o u t s te p - b y - s te p  n u m erica l exam ple, Sim onds' 

approach  i s  t o  show t h a t  a  s e t  o f  re sp o n se  cu rves  may be r e p re s e n te d  

by a  mean c u rv e  p lu s  v a ry in g  p ro p o r t io n s  o f  s e v e r a l  e ig e n v e c to rs  o r
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c h a r a c t e r i s t i c  c u rv e s . T h is  means any p a r t i c u l a r  re s p o n s e  c u rv e , L . ,
J

may he e x p re sse d  a s :

w here :

* 2  V*J <3-6>
k = l

= j t h  component o f  th e  re sp o n se  v e c to r

= j t h  component o f  th e  mean v e c to r  o f  t h e  re sp o n se  cu rv es  

v ^ j  = j t h  component o f  th e  k th  e ig e n v e c to r

= s c a l a r  c o e f f i c i e n t  c o rre sp o n d in g  t o  th e  k th  e ig e n v e c to r

j  = 1 , 2 , . . . ,  n i s  index  o f  n v a r i a b le s  d e f in in g  th e

re sp o n se  cu rves  

k = 1 , 2 , . . . ,  p  i s  in d ex  o f  r e t a in e d  e ig e n v e c to rs

p £  n i s  th e  number o f  e ig e n v e c to rs  r e t a in e d  in  th e  a n a ly s i s .

D epending upon th e  p a r t i c u l a r  method used  t o  n o rm a liz e  th e  e ig e n v e c to r s , 

th e  s c a l a r  c o e f f i c i e n t s  a re  v a r io u s ly  r e f e r r e d  t o  a s  th e  p r in c ip a l  

component v a lu e s ,  s c a l a r  m u lt ip le s  o r  m u l t i p l i e r s ,  w e ig h tin g s  o r  

w e ig h tin g  c o e f f i c i e n t s .  C hapter IV c o n s id e rs  th e  n o rm a liz a tio n  methods 

i n  more d e t a i l .

M u e lle r  (1973 , 1976) a p p a re n tly  was th e  f i r s t  t o  ap p ly  a  c h a r a c te r 

i s t i c  v e c to r  a n a ly s i s  d i r e c t l y  to  th e  s tu d y  o f  o c e an -w a te r  c o lo r .  Ocean 

c o lo r  s p e c t r a  w ere m easured o f f  th e  c o a s t  o f  Oregon u s in g  a  55-band 

s p e c tro m e te r  a t  w aveleng th s e v e ry  f iv e  nanom eters a p a r t  betw een 

U22 and 692 nm. A t o t a l  o f  31 o f  th e  c o l l e c te d  s p e c t r a  w ere s u b je c te d
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t o  a  c h a r a c t e r i s t i c  v e c to r  a n a ly s i s .  M a th e m a tic a lly , 55 e ig e n v e c to r s  

would b e  n e c e s s a ry  t o  e x p la in  a l l  t h e  o b se rv ed  d a ta  v a r ia n c e  i f  t h e  

d a ta  i n  a l l  b a n d s .(o r  w a v e len g th s) w ere u n c o r r e la te d .  B u t, a s  i n  th e  

la n d  u se  a p p l i c a t io n s  d is c u s s e d  e a r l i e r ,  in te rb a n d  c o r r e l a t i o n s  o f  th e  

d a ta  r e s u l t  i n  much few er e ig e n v e c to r s  e x p la in in g  m ost o f  th e  o b se rv e d  

d a ta  v a r ia n c e .  M u e lle r  found t h a t  fo u r  e ig e n v e c to rs  w ere s u f f i c i e n t  

to  e x p la in  o v e r  99% o f  t h e  t o t a l  d a ta  v a r ia n c e  and , i n  f a c t ,  o n ly  

two w ere needed  t o  e x p la in  o v e r  95% o f  th e  t o t a l  sam ple v a r ia n c e .

M u e lle r  f e l t  t h a t  th e  t r a n s p a re n c y  o f  s e a  w a te r  may be r e l a t e d  to  

th e  p r in c i p a l  component v a lu e s ,  (k  = 1 ,2 ,3 ,1 0 ,  c a lc u la te d .

L in e a r  m u l t ip le  r e g r e s s io n  was u se d  t o  r e l a t e  S ecch i d e p th  and 

p h y to p la n k to n  pigm ent c o n c e n t ra t io n s  t o  th e  p r in c i p a l  com ponents.

R e s u lts  show S ecch i d e p th  r e l a t e d  t o  th e  f i r s t  two p r in c i p a l  com ponents, 

w hereas p h y to p la n k to n  p igm ent c o n c e n tra t io n  was r e l a t e d  t o  th e  f i r s t  

th r e e  p r in c i p a l  com ponents. The S e c c h i-d e p th  r e g r e s s io n  e q u a tio n  was 

c o n s id e re d  s a t i s f a c t o r y ,  b u t th e  p h y to p la n k to n  r e g r e s s io n  e q u a tio n  was 

c o n s id e re d  p o o r . M u e lle r  a t t r i b u t e d  t h i s  t o  a  n o n l in e a r i ty  t h a t  e x i s t s  

betw een th e  p h y to p la n k to n  c o n c e n tra t io n s  and p r in c ip a l  com ponents and 

n e g le c t  o f  c e r t a i n  o th e r  o p t i c a l l y  im p o rta n t su b s ta n c e s  i n  t h e  w a te r .  

M u e lle r  a ls o  c a u tio n e d  ab o u t a p p ly in g  th e s e  lo w - a l t i tu d e  f l i g h t  r e s u l t s  

to  a  h ig h e r  a l t i t u d e  w here a tm o sp h e ric  e f f e c t s  a re  n o t n e g l i g ib l e .

O ther a u th o rs  a ls o  considered^ th e  p o s s i b i l i t y  t h a t  th e  s c a l a r  

c o e f f i c i e n t s ,  Y^, may be  r e l a t e d  d i r e c t l y  t o  in h e re n t  v a r i a b le s  o r  a  

b a s ic  u n d e r ly in g  s t r u c tu r e  c a u s in g  th e  o b se rv ed  d a ta  s e t  v a r ia n c e .
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Hayden e t  a l  (1975) s tu d ie d  n e a rs h o re  b a th y m etry  a lo n g  th e  A t la n t ic  and 

G u lf C oasts  o f  t h e  U n ite d  S t a t e s .  B a th y m etric  p r o f i l e s  ( ru n n in g  in  an 

o f f s h o re  d i r e c t i o n )  from  50U s i t e s  w ere s u b je c te d  t o  a  c h a r a c t e r i s t i c  

v e c to r  a n a ly s i s .  T hree e ig e n v e c to r s  acco u n ted  f o r  o v e r 95$ o f  th e  

t o t a l  v a r ia n c e .  The s c a l a r  c o e f f i c i e n t s  o r  " w e ig h tin g s"  ( c a l l e d  s c a l a r  

m u l t ip le s  by Simonds (1962) and r e l a t e d  t o  th e  p r in c i p a l  component 

v a lu e s  o f  M u e lle r  (1973 )) from  th e  second and t h i r d  e ig e n v e c to r s  w ere 

p l o t t e d  v e rs u s  one a n o th e r .  Four g e n e ra l  c la s s e s  o f  in s h o re  b a r - t ro u g h  

m orphology were th e n  d e f in e d  c o rre sp o n d in g  t o  th e  fo u r  q u a d ra n ts  o f  th e  

w e ig h tin g s  p l o t  o r  " s c a t t e r "  d iag ram . R egions o f  t h e  A t la n t ic  and 

G u lf C oasts  w ere c l a s s i f i e d  a c c o rd in g  to  where in d iv id u a l  p r o f i l e  

w e ig h tin g  p o in ts  f e l l  on t h i s  d iagram . The im p o rta n t co n cep t developed  

h e re  was th e  u se  o f  w e ig h tin g s  t o  d e s c r ib e  th e  m orphology v a r i a t i o n s  

w h ich , a f t e r  a l l ,  r e p r e s e n t  th e  cause  o f  th e  d a ta  v a r ia n c e .

K itchen  (1977) a p p lie d  c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  t o  p a r t i c l e -  

s iz e  d i s t r i b u t i o n s  from  w a te r  sam ples o b ta in e d  o f f  th e  Oregon c o a s t .  

P a r t i c l e - s i z e  d i s t r i b u t i o n s  w ere g iv en  as  p a r t i c l e  c o u n ts  f o r  each  o f  

12 s iz e  c la s s e s  o r  i n t e r v a l s .  F o r 263 sample d i s t r i b u t i o n s ,  

c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  in d ic a te d  two e ig e n v e c to r s  s u f f i c i e n t  to  

e x p la in  92$ o f  th e  d a ta  s e t  v a r ia n c e .  The "w e ig h tin g  f a c to r s "

( c a l le d  s c a l a r  m u l t ip le s  by  Simonds (1962)) a s s o c ia te d  w ith  th e  f i r s t  

two e ig e n v e c to r s ,  w ere r e l a t e d  to  p a r t i c u l a t e  ca rb o n  and c h lo r o p h y l l- a  

c o n c e n tra t io n s  by  l i n e a r  m u lt ip le  r e g r e s s io n .  Good r e g r e s s io n  e q u a tio n s  

r e s u l t e d  le a d in g  t o  th e  c o n c lu s io n  t h a t  l a r g e  volum es o f  suspended  

p a r t i c u l a t e s  w ere due to  p h y to p la n k to n . T h is  s tu d y  was s ig n i f i c a n t
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i n  i t s  a tte m p t t o  d i r e c t l y  r e l a t e  e ig e n v e c to r  w e ig h tin g  f a c to r s  

(o b ta in e d  from  p a r t i c l e  s iz e  d i s t r i b u t io n s )  t o  c o n s t i tu e n t s  o f  th e  w a te r 

sam ples.

Grew (1977a, 1977b) has d em o n stra ted  th e  m ost d e ta i l e d  u s e ,  t o  

d a te ,  o f  th e  c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  te c h n iq u e  a s  a p p lie d  to  

ocean c o lo r  s p e c t r a  o b ta in e d  from re m o te -se n s in g  a i r c r a f t  f l i g h t s .  He 

a ls o  a p p e a rs  t o  be  th e  o n ly  a u th o r ,  in  t h i s  f i e l d ,  t o  p o in t  o u t th e  

ad v an tag es  o f  an axes  r o t a t i o n  t o  i d e n t i f y  w a te r  c o n s t i tu e n t s  and th e  

p o s s i b i l i t y  t h a t  s c a l a r  m u lt ip le  v a lu e s  a r e  r e l a t e d  t o  th e  w a te r 

c o n s t i tu e n t  c o n c e n t ra t io n s .  D ata s e t s  in v e s t ig a te d  in c lu d e d  s p e c tr a  

from a lg a e ,  se d im e n t, a c id  w a s te , sewage s lu d g e , and o i l  in  w a te r .

The d a ta  s e t s  w ere c o l le c te d  u s in g  a  20-band m u l t i s p e c t r a l  scanner 

(MOCS -  see  t a b l e  l )  a t  an a l t i t u d e  o f  5 .33  km.

Grew, u s in g  an  in d ependen t " s ig n a tu re  e x t r a c t io n "  te c h n iq u e , had 

o b ta in e d  s p e c t r a l  s ig n a tu re s  ( ra d ia n c e  s p e c t r a )  f o r  sed im e n t, a lg a e  and 

a c id .  The o b je c t iv e  o f  h i s  a n a ly s i s  was t o  u se  c h a r a c t e r i s t i c  v e c to r  

a n a ly s i s  on f l i g h t  d a ta  o b ta in e d  o f f  th e  c o a s t  o f  New J e r s e y  ( in  th e  

New York B ig h t a re a )  to  m atch th e s e  s p e c t r a l  s ig n a tu re s  e i t h e r  d i r e c t l y  

w i th ,  o r  by  a  t r a n s fo rm a t io n  (by axes r o ta t i o n )  o f  th e  c a lc u la te d  

e ig e n v e c to rs  th e re b y  c o n firm in g  th e  c o n s t i t u e n t s '  p re se n c e  i n  th e  o v e r

flow n w a te r .

A f i r s t  f l i g h t  d a ta  s e t  o f  s p e c t r a  s u b je c te d  t o  a  c h a r a c t e r i s t i c  vec

t o r  a n a ly s i s ,  was c o l le c te d  in  a  re g io n  o f  known v a r i a b i l i t y  in  c h lo ro p h y ll-  

a  (found  in  a lg a e )  and t u r b i d i t y .  Two e ig e n v e c to rs  accoun ted  f o r  97$ o f  

th e  t o t a l  d a ta  s e t  v a r ia n c e .  The second e ig e n v e c to r  appeared  s im i la r ,
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s p e c t r a l l y ,  t o  th e  a lg a e  s p e c t r a l  s ig n a tu re  u sed  f o r  com p ariso n , h u t th e  

f i r s t  e ig e n v e c to r  ap p eared  more l i k e  a  "co m p o site11 v e c to r  o f  b o th  a lg a e  

and sed im en t. Grew p l o t t e d  th e  s c a l a r  m u l t ip le s  o f  th e s e  two v e c to r s  

v e rs u s  one a n o th e r  (each  p o in t  on th e  p l o t  r e p r e s e n t in g  a  m easured 

s p e c t r a )  and co n n ec ted  th e  p o in ts  to g e th e r  i n  th e  o rd e r  th e y  w ere 

c o l l e c te d  a lo n g  th e  f l i g h t  l i n e .  A p a t t e r n  emerged w hich su g g e s te d  an 

axes r o t a t i o n  to  l i n e  up  th e  p a t t e r n  w ith  th e  a x e s . T h is  a x is  r o t a t i o n  

tra n s fo rm s  b o th  th e  s c a l a r  m u l t ip le s  and th e  e ig e n v e c to r s .  A f te r  

r o t a t i o n ,  th e  f i r s t  tra n s fo rm e d  e ig e n v e c to r ,  o r  c h a r a c t e r i s t i c  v e c to r ,  

m atched c lo s e ly  th e  "sed im en t"  s ig n a tu re  d e r iv e d  in d e p e n d e n tly  w h ile  

th e  second tra n s fo rm e d  e ig e n v e c to r  ap p eared  a s  a  "com posite"  s ig n a tu re .

Grew d em o n stra ted  i t  was p o s s ib le  t o  g e t b o th  th e  " a lg a e "  and "sed im en t"  

s ig n a tu re s  to  ap p ear a s  tra n s fo rm e d  v e c to r s  i f  th e  axes r o t a t i o n  i s  

o b liq u e  (axes do n o t rem ain  o r th o g o n a l) .  A lthough l i t t l e  s u r fa c e  

t r u t h  was a v a i l a b l e ,  Grew p re s e n te d  g ra p h ic a l  e v id en ce  t o  su g g e s t th e  

a s s o c ia te d  s c a l a r  m u l t ip le s ,  o b ta in e d  a f t e r  t h i s  o b liq u e  r o t a t i o n ,  may 

be d i r e c t l y  r e l a t e d  t o  a lg a e  r e l a t e d  c h lo ro p h y l l- a  and sedim ent concen

t r a t i o n s .  However, t h i s  c o n c lu s io n  i s  co m p lica ted  by a  p lo t  showing " a lg a e "  

c h a r a c t e r i s t i c  v e c to r s  changing shape over th r e e  ran g e s  o f  c h lo ro p h y l l- a  

c o n c e n tra t io n s .  T h e re fo re , i t  rem ained  a  q u e s tio n  w hether th e  s c a l a r  

m u lt ip le s  a lo n e , o r  in  c o n ju n c tio n  w ith  v a ry in g  c h a r a c t e r i s t i c  v e c to r s  f o r  

a  c o n s t i tu e n t ,  a re  r e l a t e d  to  th e  c o n s t i tu e n t  c o n c e n tra t io n s .

A cid  w aste  dumps w ere overflow n on s e v e r a l  o c c a s io n s . For one 

d a ta  c a s e ,  c o n fin e d  t o  one s p e c i f ic  dump r e g io n ,  one e ig e n v e c to r  

acco u n ted  fo r  99% o f  th e  t o t a l  d a ta  v a r ia n c e  su g g e s tin g  t h a t  th e
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a s s o c ia te d  s c a l a r  m u l t ip le s  may "be r e l a t e d  t o  a c id  w a ste  c o n c e n t r a t io n s .  

A nother d a ta  c a se  in v o lv e d  s e v e r a l  dump r e g io n s ,  p resum ab ly  a c id  dumps 

o f  d i f f e r i n g  "ag e s"  ( tim e  from  dump i n to  th e  w a te r ) .  A c h a r a c t e r i s t i c  

v e c to r  a n a ly s i s  showed two v e c to r s  a c c o u n tin g  f o r  over 99% o f  th e  d a ta  

v a r ia n c e .  I n t e r e s t i n g l y ,  when th e  a s s o c ia te d  s c a l a r  m u l t ip le s  f o r  th e  

two v e c to r s  w ere p l o t t e d  v e rs u s  one a n o th e r ,  s e v e r a l  l i n e a r  f e a tu r e s  o r 

" l i n e a r  c l u s t e r s "  emerged each  o f  w hich co rre sp o n d ed  t o  s e p a r a te  dump 

r e g io n s .  T h is  l e d  to  a  s e p a r a te  c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  f o r  

each  dump r e g io n  in d e p e n d e n tly . The r e s u l t s  showed e ig e n v e c to r s  

d i f f e r i n g  f o r  each  dump r e g io n  s t r o n g ly  s u g g e s tin g  th e  a c id  w aste  

dumps change s p e c t r a l l y  w ith  age o f  dump. Grew su g g e s te d  t h a t  " c a re  

m ust be ta k e n  in  s e le c t in g  a lg o r ith m s  f o r  q u a n tify in g  th e  dump" w here 

th e  dump v a r i e s  s i g n i f i c a n t l y  w ith  ag e .

A s e p a r a te  c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  o f  an a c id  dump flow n 

two y e a rs  e a r l i e r  th a n  th e  p re v io u s  d a ta  p roduced  a  f i r s t  e ig e n v e c to r ,  

o r  c h a r a c t e r i s t i c  v e c to r ,  s im i la r  t o  one found i n  a n o th e r  o f  th e  d a ta  

s e t s .  T h is  was ev id en ce  t h a t ,  f o r  dumps o f  abou t th e  same a g e , 

c h a r a c t e r i s t i c  v e c to r s  a r e  a p p re c ia b ly  th e  same. I t  i s  su g g e s te d  

t h a t  th e  s c a l a r  m u l t ip le s  f o r  dump r e g io n s  o f  a  f ix e d  age may q u a n ti f y  

th e  c o n c e n tra t io n s  o f  th e  a c id  w a s te , b u t  s u r f a c e  t r u t h  w ould be 

needed  f o r  v e r i f i c a t i o n .

O ther p o l lu t a n t s  w ere a ls o  s tu d ie d .  C h a r a c t e r i s t i c  v e c to r  a n a ly s i s  

o f  a  sewage s lu d g e  dump showed a  v e c to r  ( a f t e r  axes  r o t a t i o n )  s im i la r  

t o  sed im en t. T h is  su g g e s ts  t h a t  sewage s lu d g e  and sed im en t may be 

d i f f i c u l t  to  d i s t i n g u i s h .  A f i n a l  d a ta  s e t  c o n s id e re d  was o i l  on
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w ate r*  b u t  t h i s  s e t  was c o m p lic a te d  by c lo u d  shadow s. N e v e r th e le s s , 

a  c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  was conducted  w ith  th e  f i r s t  e ig e n v e c to r  

a s s o c ia te d  w ith  th e  su n lig h t-sh a d o w  v a r i a t i o n s  (99% o f  th e  v a r ia n c e  o f  

t h e  d a ta  s e t  e x p la in e d )  w hereas th e .s e c o n d  e ig e n v e c to r  was a s s o c ia te d  

w ith  o i l  s p e c t r a  v a r i a t i o n s  ( 0 .05% v a r ia n c e  e x p la in e d ) .  The f a c t  t h a t  

th e  o i l  was d i s t i n g u is h a b le  was c o n s id e re d  p ro m is in g . .

Grew con c lu d ed  from  h i s  a n a ly s e s  t h a t  ( l )  l i k e  M u e lle r  (1973, 1 9 7 6 ), 

ocean  c o lo r  d a ta  can  be  r e c o n s t ru c te d  from  a  few  e ig e n v e c to r s ,  (2 ) in  

some c a s e s  th e  e ig e n v e c to r s ,  b e fo re  o r  a f t e r  an  axes  r o t a t i o n ,  w ere 

s im i la r  t o  th o s e  s p e c t r a l  s ig n a tu re s ,  e x t r a c te d  by  a n o th e r  te c h n iq u e  

( a lg a e ,  se d im e n t, a c id  w a s te )  and r e p r e s e n te d  " c h a r a c t e r i s t i c  v e c to r s "  

o f  th e  c o n s t i t u e n t s ,  (3 ) " l i n e a r  c l u s t e r s "  a p p e a r in g  on s c a l a r  m u lt ip le  

p l o t s  may be  a s s o c ia te d  w ith  a  p a r t i c u l a r  c o n s t i tu e n t  o r ,  a s  in  th e  

c a se  o f  a c id  w a s te ,  d i f f e r i n g  ages o f  th e  a c id  w aste  dump, (U) th e  

c h a r a c t e r i s t i c  v e c to r s  d i f f e r e d  f o r  a c id  w a s te  i f  th e  ages o f  th e  dumps 

w ere d i f f e r e n t  (b u t e s s e n t i a l l y  th e  same i f  th e  ages  w ere th e  sam e),

(5 ) th e  c h a r a c t e r i s t i c  v e c to r s  f o r  " a lg a e "  w ere d i f f e r e n t  o v er s e v e r a l  

ra n g e s  o f  c o n c e n t ra t io n  o f  th e  a lg a e ,  and (6 ) q u a n t i f i c a t i o n  o f  con

s t i t u e n t s  may be  p o s s ib le  u s in g  a s s o c ia te d  s c a l a r  m u l t ip le s  a n d /o r  th e  

sh ap es  o f  th e  c h a r a c t e r i s t i c  v e c to r s  f o r  p a r t i c u l a r  c o n c e n tra t io n  

ra n g e s .

R ecen t s tu d ie s  by Klemas e t  a l  (1978a, 1978b) and P h i lp o t  and 

KLemas (1979) a p p l ie d  an  " e ig e n v e c to r"  a n a ly s i s  t o  LANDSAT m u l t i s p e c t r a l  

sc a n n e r  d a ta .  The f i r s t  s tu d ie s  (Klemas e t  a l  1978a, 1978b) a p p lie d  th e  

a n a ly s i s  to  LANDSAT s c e n e s , from o f f  th e  D elaw are c o a s t ,  w hich c o n ta in e d
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i r o n - a c id  w a s te , se d im e n t, c lo u d s  and. c l e a r  w a te r  t a r g e t s .  E ig e n v e c to rs  

f o r  each  o f  t h e  f e a tu r e s  were o b ta in e d  from  t r a i n in g  sample a re a s  i n  

th e  im ages. These e ig e n v e c to r s  th e n .w e re  th e  c h a r a c t e r i s t i c  v e c to r s  o f  

th e s e  c la s s e s  (b u t c o n ta in in g  a tm o sp h e ric  e f f e c t s  and in s tru m e n t n o i s e ) .  

C l a s s i f i c a t i o n  o f  a l l  p ix e l s  w i th in  th e  LANDSAT. sc en e s  waB accom plished  

by a  scheme w hich d e te rm in ed  how c lo se  in d iv id u a l  d a ta  p o in ts  approached  

each  c la s s  a x is  (e ig e n v e c to r  d i r e c t i o n )  and a s s ig n in g  th e  p ix e l s  to  th e  

c la s s  o f  c lo s e s t  app roach . D ata  p o in ts  w ere u n c la s s i f i e d  i f  th e y  f a i l e d  

t o  approach  any c h a r a c t e r i s t i c  v e c to r  c la s s  a x is  w i th in  a p r e s e t  two o r  

t h r e e  s ta n d a rd  d e v ia t io n s  l i m i t  abou t any a x is .  R e s u lts  w ere good in  

d i s t in g u is h in g  betw een c lo u d s , a c id  w a s te , and background  w a te r  (few 

p ix e l s  w ere c l a s s i f i e d  as s e d im e n t) .

Some c o n s id e r a t io n  was g iv en  t o  q u a n t i f ic a t i o n  o f  in d iv id u a l  

p a ra m e te rs  by  d e f in in g  d isp la c e m e n ts  o f  p o in ts  a lo n g  th e  c h a r a c t e r i s t i c  

v e c to r  d i r e c t i o n s  from  a  c le a r  w a te r  o r ig i n ,  in  u n i t s  o f  s ta n d a rd  

d e v ia t io n  a lo n g  th e  a x i s .  T h is  p r in c ip le  i s  ana lo g o u s t o  d e f in in g  th e  

s c a l a r  m u l t ip le  v a lu e s  u sed  by Simonds (1962 ) and Grew (1977a, 1977b). 

However no a p p lie d  r e s u l t s  a re  g iv e n .

T h is  s tu d y  a ls o  r a i s e d  some o f  th e  more p r e s s in g  problem s 

a s s o c ia te d  w ith  an e ig e n v e c to r  a n a ly s i s  in c lu d in g  ( l )  r e c o g n iz in g  in  

th e  s tu d y  t h a t  th e  a tm osphere  had  changed from  d a y -to -d a y  w hich would 

r e q u i r e  a tm o sp h eric  c o r r e c t io n s  t o  th e  ra d ia n c e  s p e c t r a  t o  acco u n t f o r  

c h a r a c t e r i s t i c  v e c to r  tem p o ra l v a r i a t i o n s ,  (2) re c o g n iz in g  t h a t  th e  

c o n s t i tu e n t s  i n  w a te r may n o t have l i n e a r  r a d ia n c e -c o n c e n tra t io n
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r e l a t i o n s h ip s  and (3 ) r e c o g n iz in g  th e  u n c e r t a in ty  o f  th e  c l a s s i f i c a t i o n  

scheme deve loped  when two o r  more c o n s t i tu e n t s  a r e  m ixed i n  th e  w a te r  

column.

P h i lp o t  and Klemas (1979) r e f in e d  th e  e a r l i e r  a n a ly s e s  o f  Klemas 

e t  a l  (1978a, 1978b) and a p p lie d  th e  e ig e n v e c to r  c l a s s i f i c a t i o n  m ethod 

to  a c id  w aste  and sewage s lu d g e  plum es in  th e  New York B ig h t r e g io n . 

C louds w ere a ls o  p r e s e n t .  R e s u lts  showed c h a r a c t e r i s t i c  v e c to r s  

a s s o c ia te d  w ith  c lo u d s  were c l e a r l y  d i f f e r e n t  th a n  th o s e  f o r  sewage 

s lu d g e  and a c id  w a s te , b u t  t h a t  th e  sewage s lu d g e  and a c id  w aste  

c h a r a c t e r i s t i c  v e c to r s  were so  s im i la r  a s  t o  be in d is t in g u i s h a b le  -  

e s p e c i a l l y  f o r  low c o n c e n tra t io n s  o f  t h e  c o n s t i tu e n t s  in  w a te r .  A lso , 

t h e r e  was enough d a y - to -d a y  v a r i a b i l i t y  i n  th e  v e c to r s  i n  a d d i t io n  

t o  th e  s p e c t r a l  s i m i l a r i t i e s  a s  t o  make a  sem iau tom atic  c l a s s i f i c a t i o n  

system  u n l ik e ly  a t  p r e s e n t .

Q u a n t if ic a t io n  o f  a c id  w aste  b ased  on th e  LANDSAT im agery  was 

c o n s id e re d  i n  t h i s  s tu d y  by  r e l a t i o n s h ip  t o  d is ta n c e s  a lo n g  th e  a c id  

w aste  c h a r a c t e r i s t i c  v e c to r  d i r e c t i o n  r e fe re n c e d  t o  a  c l e a r  w a te r  

o r ig in .  Such d is ta n c e s  w ere m easured i n  u n i t s  o f  s ta n d a rd  d e v ia t io n s  

a lo n g  th e  v e c to r .  Up t o  two s ta n d a rd  d e v ia t io n s  from  th e  c l e a r  w a te r  

o r ig i n ,  low  c o n c e n tra t io n s  w ere presum ed to  e x i s t ,  and beyond two 

s ta n d a rd  d e v ia t io n s ,  d a ta  f o r  th e  a c id  w a s te s  would co rre sp o n d  t o  

h ig h  c o n c e n tra t io n s .  Mapping r e s u l t s  showed a  g ro s s  c h a r a c te r iz a t i o n  

o f  th e  a c id  w aste  plume in to  th e s e  two le v e ls ,  o f  q u a n t i f i c a t i o n ,  b u t 

no s u r fa c e  t r u t h  was a v a i la b le  f o r  v e r i f i c a t i o n .
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A cid -w aste  dump age was c o n s id e re d  ( a l r e a d y  p o in te d  o u t by Grew, 

197713) a s  a cau se  o f  c h a r a c t e r i s t i c  v e c to r  v a r i a b i l i t y .  The age was 

r e l a t e d  to . th e  s e t t l i n g  of. t h e  dump p a r t i c u l a t e s  i n to  t h e  w a te r  c o l u m n , 

e x p re sse d  as a  "mean d e p th ."  I t  was h y p o th e s iz e d  t h a t  w h ile  con

c e n t r a t io n s  o f  a  c o n s t i tu e n t  a r e  im p lie d  by th e  d isp la c em e n t d is ta n c e  

a lo n g  a  v e c to r  d i r e c t i o n ,  th e  v e c to r  d i r e c t i o n  i t s e l f  may s h i f t  due to  

a  change i n  t h e  "mean d ep th "  o f  th e  c o n s t i tu e n t  ( f o r  exam ple, a c id  

w aste  s e t t l i n g  w ith  t im e ) .  T h is  tem p o ra l change would f u r t h e r  com p lica te  

th e  c l a s s i f i c a t i o n  schemes deve loped  in . th e s e  s tu d i e s .  T h is  l a t e s t  

s tu d y  f u r t h e r  co n c lu d es  t h a t  t h e r e  a r e  l i m i t s  t o  th e  s p e c t r a l  s e p a r a b i l i t y  

o f  s u b s ta n c e s  in  w a te r  and t h a t  random n o is e  may deg rade  th e  c l a s s 

i f i c a t i o n  a c c u ra c ie s  f u r t h e r .

C o n sid e rin g  th e  c i t e d  c h a r a c t e r i s t i c  v e c to r  in v e s t ig a t io n s ,  

i t  may be  conc luded  t h a t  w h ile  i d e n t i f i c a t i o n  and c l a s s i f i c a t i o n  o f  

c o n s t i tu e n t s  u s in g  c h a r a c t e r i s t i c  v e c to r s  has been  d e m o n s tra ted , th e  

q u a n t i f ic a t i o n  o f  th e s e  c o n s t i tu e n t s  has o n ly  been  in f e r r e d  in  most 

c a s e s . T h is i s  due t o  ( l )  th e  la c k  o f  ad eq u ate  s u r fa c e  t r u t h  m easurem ents 

o f  c o n s t i tu e n t  c o n c e n tra t io n s  t o  v e r i f y  th e  r e l a t i o n s  betw een " s c a la r  

m u l t ip le s "  o r " p r in c ip a l  components d is ta n c e s "  and c o n s t i tu e n t  con

c e n t r a t i o n s ,  and (2 ) u n e x p la in ed  v a r i a b i l i t i e s  i n  th e  f l i g h t  d a ta  

s p e c t r a ,  n o t acco u n ted  f o r  by c o n s t i tu e n t  c o n c e n tra t io n  v a r i a t i o n s ,  

b u t more l i k e l y  a s s o c ia te d  w ith  a tm o sp h eric  v a r i a b i l i t y  and in s tru m e n t 

n o is e  i n  th e  rem ote s e n so r . These in v e s t ig a t io n s  have a ls o  rec o g n ize d  

th e  added problem s in  i n t e r p r e t a t i o n  caused  by  n o n l in e a r i ty  o f  th e  

c o n s t i tu e n t  r a d ia n c e - c o n c e n tra t io n  r e l a t i o n s h i p ,  m ix tu re s  o f
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c o n s t i tu e n t s  i n  w a te r ,  s i m i l a r i t y  o f  s p e c t r a  from  d i f f e r e n t  c o n s t i t u e n t s ,  

and te m p o ra l v a r i a t i o n s  i n  t h e  s p e c t r a  o f  in d iv id u a l  c o n s t i t u e n t s .

One m igh t e x p e c t t h a t  t h e s e  f a c t o r s ,  w orking  s in g ly  o r  in  com

b in a t io n ,  may make i t  d i f f i c u l t  t o  u n d e rs ta n d  th e  g e n e ra l  r e l a t i o n s h ip s  

t h a t  e x i s t  be tw een  c h a r a c t e r i s t i c  v e c to r s  and a s s o c ia te d  s c a l a r  c o e f 

f i c i e n t s  d e r iv e d  from  re m o te -s e n s in g  d a ta  and p a r t i c u l a r  c o n s t i tu e n t s  

and t h e i r  c o n c e n t r a t io n s  t h a t  e x i s t  i n  th e  w a te r .  T h is  w eakness l e d  

th e  a u th o r  t o  ap p ro ach  th e  p rob lem  from  a  more fu n d am en ta l a n a ly s i s  

v iew p o in t o f  d e te rm in in g  r e l a t i o n s h ip s  b a sed  on s e t s  o f  h y p o th e t ic a l  

d a ta .

C h a r a c t e r i s t i c  v e c to r  a n a ly s i s  i s  a llo w ed  t o  o p e ra te  on id e a l  

d a ta  s e t s  ( n o i s e l e s s ,  no a tm o sp h e ric  e f f e c t s )  o f  d i s s i m i la r  and s im i la r  

h y p o th e t ic a l  c o n s t i t u e n t s .  The o b je c t iv e  i s  t o  d e te rm in e  how th e  s c a la r  

c o e f f i c i e n t s  a s s o c ia te d  w ith  th e  c h a r a c t e r i s t i c  v e c to r s  f o r  th e  con

s t i t u e n t s  a r e  r e l a t e d  to  c o n s t i tu e n t  c o n c e n tra t io n s  f o r  s in g le  and 

m u lt ip le  c o n s t i tu e n t s  in  w a te r .  The a n a ly s i s  th e n  p ro c e e d s  to  r e l a x  

th e  assu m p tio n s o f  l i n e a r i t y  o f  c o n s t i tu e n t s  and l i n e a r  s u p e rp o s i t io n  

o f  m ix tu re s  o f  c o n s t i tu e n t s  t o  exam ine th e  s e n s i t i v i t y  o f  th e  s c a l a r  

c o e f f i c i e n t  -  c o n c e n t r a t io n  r e l a t i o n s  t o  th e s e  chan g es. A l im i te d  

number o f  l a b o r a to r y  ta n k  t e s t  r e s u l t s  a re  in c o rp o ra te d  i n  t h i s  a n a ly s i s  

t o  h e lp  v e r i f y  th e  c o n c lu s io n s  draw n. In s tru m e n t n o ise  and a tm o sp h eric  

e f f e c t s ,  a s  m igh t b e  found i n  r e a l  d a ta  c a s e s ,  a r e  added i n  t o  th e  

h y p o th e t ic a l  d a ta  s e t s  a s  a  f u r t h e r  s e n s i t i v i t y  a n a ly s i s  o f  th e  s c a l a r  

c o e f f i c i e n t  -  c o n s t i tu e n t  c o n c e n t r a t io n  r e l a t i o n s h ip s .  The u l t im a te  

o b je c t iv e  i s  to  exam ine o p t i c a l  p h y s ic s  ( c o n s t i tu e n t - w a te r  i n t e r a c t io n s )
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and  environm ent c o n d it io n s  (n o is e  and a tm o sp h e ric s )  f o r  w hich th e  

c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  te c h n iq u e  i s  m ost a p p l ic a b le  f o r  u s e .
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CHAPTER IV

THEORY OF CHARACTERISTIC VECTOR ANALYSIS 

A G eom etric I n te r p r e t a t i o n  

In  C hap ter I I I  i t  was d em o n stra ted  how ra d ia n c e  d a ta  m easured hy a 

tw o-band m u l t i s p e c t r a l  s c a n n e r , L ^ . X g ) ,  m igh t he i n te r p r e te d  hy a 

p r in c ip a l  components a n a ly s i s .  F ig u re  5 d e p ic te d ,  f o r  d a ta  w ith  a  degree 

o f  in te rb a n d  c o r r e l a t i o n ,  a new axes sy stem , (Y ^jY g), lo c a te d  hy a  

t r a n s l a t i o n  and r o ta t io n  o f  th e  o r ig in a l  axes (X ^jX ^). The e ig e n v e c to r  

d i r e c t i o n s ,  s p e c ify in g  th e  p r in c ip a l  axes (o r  com ponen ts), have th e  

un ique  p r o p e r t ie s  t h a t  a long  th e  f i r s t  a x is  d i r e c t i o n ,  a  maximum p e rc e n 

ta g e  o f  th e  o r ig in a l  t o t a l  d a ta  v a r ia n c e  i s  e x p la in e d , w h ile  th e  second 

a x i s ,  o r th o g o n a l t o  th e  f i r s t ,  e x p la in s  any rem ain in g  v a r ia n c e .

How i s  t h i s  m easured ra d ia n c e  d i s t r i b u t i o n  to  he in te r p r e te d  

p h y s ic a l ly ?  Such a d i s t r i b u t io n  may be a s s o c ia te d  w ith  th e  p re se n c e  

o f  a  s in g le  c o n s t i tu e n t  (o r  w a te r  q u a l i ty  p a ra m e te r)  in  w a te r w ith  

s p a t i a l l y  v a r ia b le  c o n c e n tra t io n s .  The d i s t r i b u t i o n  o f  th e  c o n s t i tu e n t  

c o n c e n tra t io n s  i s ,  in  some m anner, r e l a t e d  to  th e  d i s t r i b u t io n  o f  th e  

d a ta  a long  th e  f i r s t  p r in c ip a l  a x is  w h ich , in  t u r n ,  i s  r e l a t e d  to  th e  

s c a la r  c o e f f i c i e n t s  a s s o c ia te d  w ith  th e  f i r s t  e ig e n v e c to r  as g iv en  in  

e q u a tio n  ( 3 -6 ) .  A m ajor o b je c t iv e  o f  t h i s  d i s s e r t a t i o n  i s  to  e x p lo re  

th e s e  r e l a t i o n s h ip s  such t h a t  th e  s c a la r  c o e f f i c i e n t s  may be u sed  

t o  d e te rm in e  c o n s t i tu e n t  c o n c e n tra t io n s .  D ata  d is p e r s io n  a long  th e  

second p r in c ip a l  a x is  assum ing a l i n e a r  r a d ia n c e -c o n c e n tra t io n
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r e l a t i o n s h ip  may h e  a t t r i b u t e d  to  " n o is e "  from  th e  scan n e r system  or 

random a tm o sp h e ric  e f f e c t s  over th e  re m o te -se n s in g  sc en e . I f  th e s e  

n o is e  and a tm o sp h eric  e f f e c t s  a r e  i n i t i a l l y  removed from  th e  d a ta  b e fo re  

a  p r in c ip a l  components a n a ly s i s ,  th e n  a l l  th e  r a d ia n c e  d a ta  p o in ts  would 

i d e a l ly  l i e  a lo n g  th e  f i r s t  p r in c ip a l  a x i s ,  and th e  f i r s t  e ig e n v e c to r  

would r e p r e s e n t  a  d e f in in g  " c h a r a c t e r i s t i c  v e c to r "  f o r  t h a t  c o n s t i tu e n t .  

A ll  d a ta  v a r ia n c e  (100%) i s  e x p la in e d  i d e a l l y  by th e  f i r s t  e ig e n v e c to r ,  

and no v a r ia n c e  rem ains t o  be e x p la in e d  by  th e  second e ig e n v e c to r .

C onsider a  ca se  o f  two s p a t ia l ly - in d e p e n d e n t  and s p e c t r a l l y  d i s 

s im i la r  c o n s t i tu e n t s  in  w a te r . W ith no n o is e  o r  a tm o sp h eric  e f f e c t s  

p r e s e n t ,  a  tw o-band p l o t  o f  th e  ra d ia n c e  d a ta  may a p p ear a s  shown in  

f ig u r e  6 ( a ) .  L in es  drawn th ro u g h  th e  d a ta  d i s t r i b u t i o n s  merge a t  a 

p o in t  r e p r e s e n t in g  th e  spectrum  o f  th e  background w a te r  where b o th  

c o n s t i tu e n t  c o n c e n tra t io n s  a re  z e ro . P r in c ip a l  components a n a ly s is  

a p p lie d  to  th e  e n t i r e  d a ta ,  c o l l e c t i v e l y ,  y i e ld s  th e  p r in c ip a l  axes 

shown i n  f ig u r e  6 ( b ) .  The f i r s t  e ig e n v e c to r  d i r e c t i o n  e x p la in s  a 

maximum amount o f  d a ta  v a r ia n c e  w h ich , f o r  t h i s  c a s e ,  l i e s  somewhere 

betw een th e  " d i r e c t io n s "  su g g ested  by th e  in d iv id u a l  c o n s t i tu e n t  d a ta  

d i s t r i b u t i o n s .  The second e ig e n v e c to r  d i r e c t i o n ,  o r th o g o n a l to  th e  

f i r s t ,  e x p la in s  th e  rem ain in g  d a ta  v a r ia n c e .  N e ith e r  e ig e n v e c to r  cou ld  

be c o n s id e re d  " c h a r a c t e r i s t i c "  o f  e i t h e r  c o n s t i tu e n t .

One a l t e r n a t i v e  i s  t o  ap p ly  a  p r in c i p a l  components a n a ly s is  t o  th e  

s p e c t r a  o f  th e  in d iv id u a l  d a ta  s e t s ,  as su g g e s te d  by  ex am in a tio n  o f  

f ig u r e  6 ( a ) .  F o r th e  s i t u a t i o n  o f  two s p a t ia l ly - in d e p e n d e n t  c o n s t i tu e n t s ,  

s e p a ra te  p r in c ip a l  components a n a ly s is  p roduces  th e  two " c h a r a c t e r i s t i c

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



39

v e c to r s "  a s  shown i n  f ig u r e  6 ( c ) .  Each v e c to r  e x p la in s  100$ o f  th e  d a ta  

v a r ia n c e  o b se rv ed  f o r  each  c o n s t i tu e n t  and th e s e  v e c to r s  a re  s p e c t r a l ly  

d i s s i m i l a r .  F o n ta n e l e t  a l  (1975) d isc o v e re d  t h a t  d e ta i l - e n h a n c e d  c o lo r  

im ages r e s u l t e d  f o r  LANDSAT fo u r-b a n d  s p e c t r a l  d a ta  when p r in c i p a l  

components a n a ly s e s  w ere a p p lie d  t o  s e p a r a te  c l a s s  f e a tu r e s  a f t e r  a  

c l a s s i f i c a t i o n  a lg o r ith m  r a t h e r  th a n  a p p ly in g  th e  p r in c i p a l  components 

a n a ly s i s  on th e  c o l l e c t i v e  u n c la s s i f i e d  d a ta .  By o b ta in in g  c h a r a c te r 

i s t i c  v e c to r s  f o r  each  c la s s  s e p a r a te ly ,  one m axim izes th e  d a ta  

v a r ia n c e  e x p la in e d  f o r  t h a t  f e a tu r e  c la s s  and enhances th e  c l a s s  d e t a i l  

when d is p la y e d  in  image form .

An a l t e r n a t i v e  e x i s t s  fo r  o b ta in in g  th e  c o n s t i tu e n t  c h a r a c t e r i s t i c  

v e c to r s  from  th e  o r ig i n a l  p r i n c i p a l  axes o f  th e  c o l l e c t i v e  d a ta  s e t  

( f ig u r e  6 ( b ) ) .  T h is in v o lv e s  a r o t a t i o n  o f  th e  p r in c i p a l  axes such  th a t  

one o r  th e  o th e r  a x is  " a l ig n s "  in  th e  d i r e c t i o n s  a s  su g g e s te d  by  th e  

o r ig i n a l  d a ta  d i s t r i b u t i o n s .  A xis Y^ would l i n e  up w ith  one 

c o n s t i t u e n t 's  d a ta  d i s t r i b u t i o n  i f  r o ta t e d  th ro u g h  an a n g le  0 , and 

a x is  Yg l i n e  up w ith  th e  o th e r  c o n s t i t u e n t 's  d i s t r i b u t i o n  i f  r o ta t e d  

th ro u g h  an a n g le  0g. C e r ta in  c r i t e r i a ,  how ever, rem ain  to  be 

developed  t o  d e te rm in e  how th e s e  r o t a t i o n s  a r e  e x e c u te d .

C h a r a c te r i s t i c  v e c to r  d e s c r ip t io n s  o f  s in g le  c o n s t i tu e n t  and 

s p a t ia l ly - in d e p e n d e n t  m u l t ip le  c o n s t i tu e n t  d a ta  s e t s  have been d i s 

c u sse d . A more s o p h is t ic a te d  problem  c a se  i s  t h a t  o f  m u lt ip le  con

s t i t u e n t s  t h a t  a re  " s p a t i a l ly - c o in c id e n t "  o r a r e  m ixed i n  w a te r .

F ig u re  7 (a). r e p r e s e n ts  how such ra d ia n c e  d a ta  (m easured s p e c t r a  from  

background w a te r s ,  r e g io n s  o f  two in d iv id u a l  c o n s t i t u e n t s ,  and re g io n s
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o f  two c o n s t i tu e n t s  m ixed to g e th e r  i n  w a te r )  m igh t a p p ear on a  tw o-hand 

p l o t .  F ig u re  7 (h )  shows th e  p r i n c i p a l  axes  f o r  th e  e n t i r e  d a ta  s e t .

The v a r ia n c e  e x p la in e d  i s  p a r t i t i o n e d  among th e  two axes  d i r e c t i o n s ,  

w ith  th e  maximum amount e x p la in e d , a s  u s u a l ,  hy th e  f i r s t  e ig e n v e c to r  

d i r e c t i o n .  In  such  a  s i t u a t i o n ,  th e  d a ta  d i s t r i b u t i o n  does n o t d i r e c t l y  

su g g e s t a  "sim p le  s t r u c tu r e "  such  a s  was o b ta in e d  in  f ig u r e  6 ( c ) .

Thus i t  i s  u n c e r ta in  what th e  o r i e n t a t i o n  o f  th e  p r in c i p a l  axes  means in  

r e l a t i o n  t o  th e  c o n s t i tu e n t s .  As w i l l  he seen  in  t h i s  c h a p te r ,  

how ever, a  s e a rc h  f o r  s im p le  s t r u c tu r e  may he i n i t i a t e d  w ith  a  f r e e -  

r o t a t i o n  o f  th e  p r in c i p a l  a x e s .

The c o n c ep ts  developed  fo r  a  tw o-hand c a se  can  he  ex ten d ed  t o  a  

th re e -h a n d  m u l t i s p e c t r a l  s c a n n e r . F ig u re  8 (a )  d e p ic t s  how th re e -h a n d  

s p e c t r a l  d a ta  m igh t a p p e a r , each  p o in t  r e p r e s e n t in g  one m easured 

sp ec tru m , L tX ^ jX ^X ^), when p l o t t e d  in  w aveleng th  sp a ce . When a  

d e g re e  o f  i n t e r c o r r e l a t i o n  betw een th e  hands e x i s t s ,  th e  p l o t t e d  d a ta  

a p p e a rs  a s  an e l l i p s o i d a l  d i s t r i b u t i o n ,  w ith  th e  e l l i p s o i d a l  axes o f  

d i f f e r i n g  le n g th s .  A p r in c i p a l  com ponents a n a ly s i s  d e f in e s  th r e e  

e ig e n v e c to r  d i r e c t i o n s  p la c in g  th e  p r in c i p a l  axes i n  an  o rd e re d  sequence 

o f  d e c re a s in g  amounts o f  t o t a l  v a r ia n c e  e x p la in e d  a s  shown in  

f ig u r e  8 ( a ) .

I f ,  a s  has  a lr e a d y  been  d e m o n s tra ted  f o r  th e  tw o-band c a s e ,  th e  

e l l i p s o i d a l  d i s t r i b u t i o n  o f  d a ta  p o in t s  r e p r e s e n ts  a  s in g le  c o n s t i t u e n t ,  

th e n , f o r  a  l i n e a r  r a d ia n c e - c o n c e n t ra t io n  r e l a t i o n s h i p ,  th e  second and 

t h i r d  e ig e n v e c to r  d i r e c t i o n s  may he  r e l a t e d  t o  system  n o is e  and 

a tm o sp h e ric  v a r i a t i o n s .  In  such an  id e a l  s i t u a t i o n ,  t h e  d a ta  a p p ears
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d i s t r i b u t e d  a lo n g  a  s in g le  c h a r a c t e r i s t i c  v e c to r  d i r e c t i o n  a s  shown 

i n  f ig u r e  8 ( b ) .

I n t e r p r e t a t i o n  o f  cases , o f  s p a t ia l ly - in d e p e n d e n t  and mixed con

s t i t u e n t s  i n  w a te r  f o r  th e  th re e -b a n d  c a se  a re  ana logous t o  th e  tw o-band 

sc an n e r c a s e s  a lth o u g h  one works in  a  w aveleng th  sp a c e . I d e a l  ra d ia n c e  

d a ta  f o r  s p a t ia l ly - in d e p e n d e n t  c o n s t i tu e n t s  a n d .m ix tu re s  o f  two con

s t i t u e n t s  in  th re e -b a n d  space a re  shown r e s p e c t iv e ly  a s  f ig u r e s  9 (a )  and 

9 (b ) .  A p r in c i p a l  components a n a ly s is  p roduces  an o r th o g o n a l s e t  o f  

th r e e  axes o r  e ig e n v e c to rs  a s  shown. S in ce  a l l  ra d ia n c e  d a ta  f o r  th e  

two c a se s  l i e  in  a  p la n e  d e f in e d  by th e  c h a r a c t e r i s t i c  v e c to r s  v^ 

and Vg ( l i n e a r ,  a d d i t iv e  m ix tu re s ) ,  th e  f i r s t  two p r in c i p a l  axes 

l i e  a ls o  i n  t h i s  p la n e  and e x p la in  100% o f  th e  o b se rv ed  d a ta  v a r ia n c e .

In  such c a s e s ,  th e  t h i r d  p r in c ip a l  axes i s  s u p e rf lu o u s . In  n-band 

sp a c e , in  f a c t ,  th e  t h i r d  th ro u g h  n th  p r in c ip a l  axes become su p e rf lu o u s  

s in c e  no v a r ia n c e  rem ains t o  be e x p la in e d . I t  i s  no tew orthy  t h a t ,  in  

g e n e ra l ,  th e  p lan e  form ed by th e  two c o n s t i tu e n t s  and m ix tu re  p o in ts  

w i l l  l i e  o u t -o f -p la n e  o f  any two o f  th e  o r ig in a l  w aveleng th  axes 

(X^jXg, . . .  , Xq ) . R o ta tio n  a n g le s  0^ and 0g a s  o r ig i n a l l y  d e fin e d  

in  f ig u r e  6 (b )  s t i l l  a p p ly  t o  th e  p lan e  o f  th e  ra d ia n c e  d a ta ,  w hether 

i t  e x i s t s  in  th re e -b a n d  o r  n -band  sp ace .

E x tend ing  th e  a n a lo g ie s  t o  n-band scan n e r d a ta ,  when n > 3 , i t  

becomes d i f f i c u l t  t o  d is p la y  e f f i c i e n t l y  " h y p e r e l l ip s o id "  d a ta  d i s 

t r i b u t i o n s  and p r in c ip a l  axes in  "h y p e rsp a c e ."  I t  becomes a  n e c e s s i ty  

t o  u t i l i z e  h ig h  speed  com puters t o  c a lc u la t e  and s to r e  th e  r e q u ire d  

v e c to r - c o e f f i c i e n t  in fo rm a tio n  when n becomes l a r g e .
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C h a r a c te r i s t i c  V ec to r A n a ly s is  o f  n -b an d  D ata

C h a r a c t e r i s t i c  v e c to r  a n a ly s i s  o f  n -band  m u l t i s p e c t r a l  scan n e r 

ra d ia n c e  d a ta  may be c o n s id e re d  t o  p ro ce e d  in  t h r e e  s ta g e s .  I n  s ta g e  

o n e , th e  v a r ia n c e -c o v a r ia n c e  m a tr ix  (h e n c e fo r th  " c o v a r ia n c e  m a tr ix " )  f o r  

th e  n-band  m easured s p e c t r a  i s  c a lc u la t e d .  I n  s ta g e  tw o , a  p r in c ip a l  

components a n a ly s i s  o p e ra te s  on t h i s  c o v a r ia n c e  m a tr ix  t o  c a lc u la t e  up 

t o  n e ig e n v a lu e s  (o r  r o o ts )  and e ig e n v e c to r s .  A s s o c ia te d  w ith  each  

e ig e n v e c to r  (o r  p r in c i p a l  a x is  d i r e c t i o n )  a re  s e t s  o f  c a lc u la te d  

s c a l a r  c o e f f i c i e n t s  n e c e s s a ry  t o  r e c o n s t i t u t e  the. o r i g i n a l  d a ta  m a tr ix .  

I n  th e  t h i r d  s ta g e ,  a  f r e e - r o t a t i o n  o f  th e  p r in c i p a l  ax es  i s  ex ecu ted  

tra n s fo rm in g  b o th  th e  e ig e n v e c to rs  and s e t s  o f  a s s o c ia te d  s c a l a r  

c o e f f i c i e n t s  in  a  s e a rc h  f o r  s im p le  s t r u c t u r e ,  i . e . ,  th e  c h a r a c t e r i s t i c  

v e c to r s  o f  p a r t i c u l a r  c o n s t i tu e n t s .

C onsider an a i r c r a f t  o v e r f ly in g  a  w a te r  scene  and m easuring  u p w e llin g  

ra d ia n c e  s p e c t r a  u s in g  an n -band  (w aveleng th ) m u l t i s p e c t r a l  sc an n e r.

W ith in  a  s p e c i f i c  s p a t i a l  dom ain, m s p e c t r a  o f  th e  form  L(Xl 5 X2 , . . .Xn ) 

a r e  c o l l e c te d  f o r  a n a ly s i s .  The m a tr ix  o f  s p e c t r a l  d a ta  i s  g iv en  by:

S tage  1 . -  The C ovariance  M a trix

L.11 L. L.I n

L Li l L (H-l)

Lml Lmn
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where

i  = l , 2 , . . . m  m = t o t a l  number o f  s p e c t r a

j  = 1 , 2 , . . . n  n  = t o t a l  number o f  bands

A mean spectrum  f o r  th e  d a ta  s e t  i s  form ed from  colum nwise a v e ra g e s

o f  L:

C onsider th e  d i s t r i b u t i o n  o f  s p e c t r a l  d a ta  p o in t s  f o r  a  th re e -b a n d  

scan n e r a s  g iven  in  f ig u r e  8 ( a ) .  A f i r s t  s te p  i n  o b ta in in g  th e  p r in c ip a l  

axes^w as th e  t r a n s l a t i o n  o f  th e  o r ig i n a l  w av e len g th  axes  t o  th e  mean 

spectrum  p o in t .  T h is  i s  accom plished  by  s u b t r a c t in g  th e  mean spectrum  

(eq . ( it-2 a ) )  from th e  o r ig i n a l  s p e c t r a l  d a ta  m a tr ix  g iv e n  by 

e q u a tio n  ( H - l) .  The r e s u l t i n g  m a tr ix  i s  r e f e r r e d  t o  a s  th e  m ean- 

c o r r e c te d  s p e c t r a  d a ta  m a tr ix ,  P , g iv en  by:

L — LLi ,Ln «... iik L I1 2  j  n (lf-2a)

where

m

(U-2b)
i = l

P (l*-3a)

Lmn Ln
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w ith  i n d iv id u a l  e lem en ts  g iv en  by:

The v a r ia n c e -c o v a r ia n c e  m a tr ix ,  Sx » i s  form ed by  p re m u ltip ly in g  P 

by  i t s  t r a n s p o s e ,  P 1, and d iv id in g  by  (m -l)  a s :

%  -  T i b r  ( p ,p ) x ( M , )

w here th e  s u b s c r ip t  X r e f e r s  t o  th e  o r ig i n a l  w av e len g th  ax es  system .

P erfo rm in g  th e  in d ic a te d  o p e ra t io n s  u s in g  e q u a tio n  ( ^ - 3 a ) ,  an n x n 

m a tr ix  i s  form ed:

Sx =

S11  S12 

S21 S22

In

2n

S  i  S  f— • • •  s  n l  n2 nn

(U-5)

whose e lem en ts  a re  g iv e n  by:

m

sjk = T S T  (p'f  >jk “ 1S T  S  <Lij  -  Lj > <Lik '  V  t1*-6)
i= l

w here ( p ' p ) ^  a re  e lem en ts o f  th e  (P ’P )X m a tr ix .
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Along th e  d ia g o n a l ,  j  » k ,  and th e  v a r ia n c e s  o f  th e  o r ig in a l  axes

v a r i a b le s  (X -,X „, X ) a r e :1 2 ’ ’ n

m

aj3 - <=b (p’p),y ■ tArr S (1« - r/  (k-7>
i = l

The (P 'P ) Y and c o v a ria n c e  m a tr ic e s  a re  sym m etric o r :

( p 'p ) j k= (p ' p ) ^

and

• j * = sw  (1- 9>

The t o t a l  d a ta  s e t  v a r ia n c e  i s  sim p ly  th e  sum o f  th e  d ia g o n a l e lem en ts  

o f  a ls o  r e f e r r e d  to  as  th e  t r a c e  ( t r )  o f  s x :

n n

tr sx - -5STtr (p,?)x - 23 s3j ■ tsy  2  lF'p)jj <u-10>
J= l j = l

I t  i s  u s e f u l  a ls o  t o  c a lc u la te  th e  c o r r e la t io n  m a tr ix ,  R, whose 

e lem en ts  a r e  r e l a t e d  t o  th e  e lem en ts o f  th e  c o v a ria n c e  m a tr ix ,  S-p by:

V i i  JJ
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The r e s u l t i n g  n  x n c o r r e la t io n  m a tr ix  i s  sym m etric ( r ^  = r ^ )  

and has th e  form :

1 .0 0

'21

12

1 .0 0

I n

. r,2n

R = ( b- 1 2 )

n l n2 •  •  •  1 •00

S tage  2 . -  P r in c ip a l  Components A n a ly s is  

As su g g e s te d  in  f ig u r e  8 ( a ) ,  once an o r ig i n a l  s e t  o f  axes

(X^,Xg Xn ) has  been t r a n s l a t e d  to . th e  mean spectrum  p o in t ,  a

r o t a t i o n  o f  th e s e  axes i s  perfo rm ed  in  h y p e rsp a c e . The o b je c t iv e  

i s  a  new s e t  o f  axes  (Y -^Y g,. . . .  ,Yn ) , known a s  th e  p r in c i p a l  a x e s , 

which seek  to  e x p la in ,  i n  an o rd e re d  seq u en ce , maximum amounts o f  

t o t a l  d a ta  s e t  v a r ia n c e  (e q u a tio n  ( U—1 0 ) ) .  M a th e m a tic a lly , t o  f in d  th e  

p r in c i p a l  axes d i r e c t i o n s ,  th e  e ig e n v a lu e s  and e ig e n v e c to rs  o f  th e  

c o v a ria n c e  m a tr ix ,  Sx , would a t  t h i s  p o in t  be c a lc u la te d .  However, 

s in c e  t h e  ( p 'P ) ^  m a tr ix  d i f f e r s  from  o n ly  by  a  c o n s ta n t  f a c t o r ,

( m - l) , one can o p e ra te  d i r e c t l y  on t h i s  m a tr ix  in s te a d .  As d isc u s s e d  

l a t e r ,  t h i s  a ls o  lias a d d i t io n a l  b e n e f i t s  in  p l o t t i n g  th e  s c a la r  

c o e f f i c i e n t s .  For t h i s  d i s s e r t a t i o n ,  th e  e ig e n v a lu e s  and e ig e n v e c to rs  

o f  ( P 'P ) jj. a r e  c a lc u la te d  d i r e c t l y  from :

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



1*7

vk <p,p>x " \  \ ( W 3 )

w h ere :

v^ = k th  e ig e n v e c to r

A^ = e ig e n v a lu e  o f  th e  k th  e ig e n v e c to r  

k  = 1 , 2 , . , . ,p  

p < n

The e ig e n v a lu e s , A^, o b ta in e d  sh o u ld  z e ro  th e  d e te rm in a n t g iv e n  by:

(p,p)x - Ak I = 0 ( k - l k )

where I  = th e  i d e n t i t y  m a tr ix .

Appendix C d e s c r ib e s  an i t e r a t i v e  m ethod, u sed  by Simonds (1 9 6 2 ), to  

converge on a  sequence o f  e ig e n v e c to rs  and e ig e n v a lu e s . As a  r e s u l t  o f  

t h i s  a n a ly s i s  th e  (P 'P )^  m a tr ix  o f  th e  o r ig i n a l  d a ta  s e t  i s  tra n s fo rm e d  

in to  a  (P 'P )^  m a tr ix  o f  th e  p r in c i p a l  com ponents g iv en  by:

(P 'P ) , (fc-15)
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w here th e  e ig e n v a lu e s  o f  (P 'P ) ^  a re  o rd e re d  such  t h a t

> Xn ( 16)

I t  i s  n o tew o rth y  t h a t  i n  t h i s  p r in c i p a l  axes sy stem , th e  in te rh a n d

d a ta  v a r ia n c e  i s  unchanged i n  th e  new ax es  system  and i s  r e l a t e d  t o  th e  

t r a c e  o f  th e  new ( P 'P ) Y m a tr ix  a s :

The p e rc e n ta g e  o f  th e  t o t a l  system  v a r ia n c e  e x p la in e d  hy  th e  k th  

e ig e n v e c to r  i s  g iv en  h y  l fc:

The e ig e n v e c to r s  c a lc u la t e d  f o r  th e  m a tr ix  (P 'P ) ^  a r e  o f  th e  form :

T hus, an  n -h an d  sc a n n e r  w i l l  y i e l d  e ig e n v e c to rs  w hich have n -com ponents. 

I n  p r i n c i p l e ,  one can alw ays c a lc u la t e  up t o  k  = n s e p a r a te  e ig e n 

v e c to r s ,  h u t  b e c au se  t h e i r  c o n t r ib u t io n s  t o  th e  t o t a l  d a ta  s e t  a re  

o rd e re d  hy th e  v a lu e s  o f  th e  e ig e n v a lu e s  i t  i s  u s u a l ly  found  t h a t  

few er th a n  n v e c to r s  a r e  needed  to  e x p la in  m ost o f  th e  d a ta  v a r ia n c e

c o r r e l a t i o n s ,  r .  ( i  ^  j ) ,  e q u a l z e ro . F u rth e rm o re , t h e  t o t a l  system1J

1.‘k     •  100
t r  ( P 'P ) X

(U-18)

•  •  •  9 (4 -19 )
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o b se rv ed . As d e s c r ib e d  e a r l i e r ,  f o r  exam ple, M u e lle r  (1973, 1976) 

found fo u r  e ig e n v e c to r s  (k  = 1 ,2 ,3 ,1 0  s u f f i c i e n t  t o  d e s c r ib e  o v e r 

99% o f  th e  t o t a l  d a ta  v a r ia n c e  i n  ocean  c o lo r  s p e c t r a  u s in g  a  55-band 

sp e c tro m e te r  (n=5 5 ) .

The e ig e n v e c to r s  c a lc u la te d  by a  p r in c i p a l  components a n a ly s i s  

can be n o rm a liz e d  i n  two w ays. As p re s e n te d  i n  Appendix C, Simonds 

(1962) and Grew (1977a, 1977b) n o rm a liz e  th e  e ig e n v e c to r s  t o  th e  c o r 

re sp o n d in g  e ig e n v a lu e s  a s :

n

S  Vk j  = *k ^ ~ (U-20)
j = l

In  t h i s  system  (System  I ) ,  th e  v e c to r  m agnitude i s  p r o p o r t io n a l  t o  th e

d a ta  s ta n d a rd  d e v ia t io n f vs)
M u elle r (1973 , 1 9 7 6 ), KLemas e t  a l  (1978a, 1978b) and  P h i lp o t  and 

Klemas (1979) n o rm a liz e  th e  e ig e n v e c to rs  to  u n i ty  (System  I I ) ,  o r :

= 1 j = l , 2 , . . . , n  (^ -21 )

The e ig e n v e c to r  com ponents in  th e  two system s a r e  r e l a t e d  by

(TW>i = ^  (Tkj>n (u-22)
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The o r ig i n a l  d a ta  m a tr ix ,  L , g iv e n  "by e q u a tio n  (U - l)  may h e  

r e c o n s t i t u te d  from :

Li 3 ■ Ls + 2  Tu
k = l

w here :

v .^  = j t h  component o f  k th  e ig e n v e c to r

= i t h  s p e c t r a  s c a la r  c o e f f i c i e n t  f o r  k th  e ig e n v e c to r  

i  1 )2 )•* ■ ,m 

j  “■ . i . , 2 , . . . , n  

k  = 1 , 2 , . . . ,p  p  < n

T here  a r e  s e t s  o f  m s c a la r  c o e f f i c i e n t s  f o r  each  o f  th e  p 

e ig e n v e c to rs  r e t a in e d  in  th e  a n a ly s i s .  In  System I  (Simonds (1962 ))  th e y  

a r e  c a lc u la te d  from :

■ S
j = l  k

and have th e  p ro p e r ty  ( fo r  o p e ra t io n s  perfo rm ed  on th e  (P 'P )^ . 

m a t r ix ) ,

m

2  ( ^ > 1  = 1 
i = l
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w hereas in  System  I I  (M uelle r (1973, 1 9 76 )) th e y  a r e :

n

< \ i > n  * S  lTw > n  pu  ( 1 , - 2 5 a )

J=1

w hich have th e  p r o p e r ty ,  

m

2  <Yk i > i i = \  (1,- 25l’)
i= l

The s c a l a r  c o e f f i c i e n t s  in  th e .tw o  system s a r e  r e l a t e d  by:

‘V i  ■ < \ i > n  /  ^  f - 2 6 ’

(Y ^ )^ .j  a r e  r e f e r r e d  t o  a s  v a lu e s  o f  th e  p r in c i p a l  components 

(M u e lle r  (1973 , 1 9 7 6 )). S ca led  by th e  sq u a re  ro o t  o f  th e  e ig e n v a lu e s  

a lo n g  th e  p r in c i p a l  a x e s , th e s e  p r in c i p a l  component v a lu e s  became 

(Y ^ i) j  and a r e  r e f e r r e d  to  a s  s c a l a r  m u l t ip le s  by Simonds (1962) 

and Grew (1977a, 1977b). The s c a l a r  m u l t ip le  system  i s  u sed  in  t h i s  

d i s s e r t a t i o n  b e c au se  o f  i t s  c l e a r e r  d i s p la y  i n  p l o t t i n g  in  c a se s  o f  

c o n s t i tu e n t s  w ith  s im i la r  s p e c t r a l  c h a r a c t e r i s t i c s .  On th e  o th e r  hand , 

th e  e ig e n v e c to r s  s c a le d  t o  u n i ty  (System  I I )  a r e  a ls o  u sed  w ith in  th e  

a n a ly s i s  t o  f a c i l i t a t e  v e c to r  com parisons from  d a ta  s e t  to  d a ta  s e t .  

W hatever system  o f  s c a la r  c o e f f i c i e n t s  and e ig e n v e c to rs  i s  u s e d , th e y  

y i e l d  th e  same p ro d u c t summation g iv en  i n  e q u a tio n  (U -23 )•
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I n  summary, a  p r i n c i p a l  com ponents a n a ly s i s  has y ie ld e d  a  s e t  o f

k p r in c i p a l  ax es  whose d i r e c t i o n s  i n  n -sp a c e  a r e  s p e c i f ie d  by  th e

e ig e n v e c to r s ,  v  . The d a ta  v a r ia n c e  a lo n g  th e  k th  e ig e n v e c to r  i s  £

r e l a t e d  t o  th e  e ig e n v a lu e  b y  ^ / ( m  -  l ) .  S c a la r  c o e f f i c i e n t s  

( p r i n c ip a l  component v a lu e s  o r  s c a l a r  m u l t i p l e s ) s p e c i f y  th e  p a r t i c u l a r  

p o s i t i o n s  o f  t h e  m s p e c t r a  d a ta  p o in ts  a lo n g  th e s e  a x e s . The p r in c i p a l  

axes  a r e  h i e r a r c h i c a l ly  o rd e re d  in  te rm s  o f  t o t a l  d a ta  v a r ia n c e  

e x p la in e d .

S tag e  3 . -  R o ta tio n  o f  P r in c ip a l  Axes 

The e ig e n v e c to r s  r e p r e s e n t in g  th e  p r in c i p a l  axes p ro v id e  th e  m ost 

e f f i c i e n t  r e p r e s e n ta t io n  o f  th e  o r i g i n a l  d a ta  ( in  te rm s o f  v a r ia n c e  

d i s t r i b u t i o n ) ,  b u t  a s  Simonds (1962) n o te s ., t h e r e  i s  "no c e r t a i n t y  

t h a t  t h e r e  w i l l  be  a  s im p le  r e l a t i o n s h i p , betw een th e  v e c to r  d a ta  and th e  

u n d e r ly in g  c a u s a l  v a r i a b le s  o f  th e  s i t u a t i o n . " I n i t i a l l y ,  one m ust 

assume t h a t ,  a s  f ig u r e  6 s u g g e s ts ,  t h e r e  i s  a  c h a r a c t e r i s t i c  v e c to r  f o r  

each  o f  th e  w a te r  c o n s t i tu e n t s  p ro d u c in g  v a r ia n c e  in  th e  d a ta  s e t .

These v e c to r s ,  u n iq u e ly  o r ie n te d  in  n - s p a c e ,  a r e  n o t , i n  g e n e r a l ,  eq u a l 

t o  th e  p r in c i p a l  axes e ig e n v e c to r s .  The su g g e s tio n  i s  t h a t  th e  p r in c i p a l  

axes be r o t a t e d ,  in  some m anner, t o  s e a rc h  f o r  th e s e  c h a r a c t e r i s t i c  

v e c to r s .  Once th e  v a ria n c e -m a x im iz a tio n  c r i t e r i a  o f  p r in c i p a l  com ponents 

a n a ly s i s  a r e  abandoned, an  i n f i n i t e  number o f  a l t e r n a t i v e  s e t s  o f  new 

axes ( l i n e a r  com b ina tions  o f  th e  o r i g i n a l  a x e s )  a re  a v a i l a b le  f o r  u se  

by r o t a t i o n a l  t r a n s fo r m a t io n s .
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C onsider a  s i t u a t i o n  w here two c o n s t i tu e n t s  d e te rm in e  an  o bserved  

d i s t r i b u t i o n .  Under i d e a l ,  n o is e f r e e  c o n d i t io n s ,  two e ig e n v e c to rs  

c o rre sp o n d in g  to  two p r in c i p a l  axes  e x p la in  100$ o f  th e  t o t a l  v a r ia n c e .  

In  such a  C ase , e q u a tio n  (U-23) becomes (w ith  p = 2) f o r  w aveleng th  j  

o f  a  spectrum :

1± + 100$

I f  th e . p r in c i p a l  axes  a re  r o ta t e d  r i g i d l y  th ro u g h  an a n g le  0 , th e n  

e q u a tio n  (1+-2 7 ) becomes:

i n  th e  new axes  system  a re  r e l a t e d  t o  th o s e  v a lu e s  i n  th e  o ld  system  

by  (Harman (1967 ) ) :

(fc-27)

and

(U-2 8 )

w here th e  v e c to r  com ponents, v ^ , and  s c a l a r  c o e f f i c i e n t s ,  Y^,

(H-29)
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and s im ila r ly ,

Y± = Y^ cos 0 + Yg s in  0

(lf-30)

Yg = -Y± s in  0 + Yg cos 0

One may e a s i l y  v e r i f y  t h a t  th e  p ro d u c ts  o f  th e  v e c to r s  and c o e f f i c i e n t s  

a re  eq u a l i n  each  system ,

Yi  T(  + \  VS -  Y1 T1 + h  v 2

hy s u b s t i t u t i n g  e q u a tio n s  ( b - 2 9 ) ,  (^ -3 0 ) i n to  e q u a tio n  (h—31) and

2 2 u s in g  th e  i d e n t i t y  cos 0 + s in  0 = 1 .

F ig u re  9 showed how th e  p r in c i p a l  axes  m ight ap p ear f o r  an id e a l

tw o - c o n s t i tu e n t  d a ta  c a s e . I t  i s  e v id e n t  t h a t  th e  c h a r a c t e r i s t i c

v e c to r s  f o r  th e s e  c o n s t i tu e n t s  a re  n o t o r th o g o n a l. In  f a c t ,  th e  more

s im i la r  th e  s p e c t r a  o f  th e s e  c o n s t i tu e n t s  become, th e  more c lo s e ly

th e s e  c h a r a c t e r i s t i c  v e c to r s  approach  each  o t h e r 's  d i r e c t io n  in  sp a ce .

In  g e n e ra l ,  no s in g le  r o ta t io n  o f  o rth o g o n a l axes th ro u g h  a  s in g le  an g le

0 w i l l  a l ig n  tra n sfo rm ed  p r in c ip a l  axes (Y^, Yg) a lo n g  b o th  d a ta

d i s t r i b u t io n  d i r e c t i o n s .  An o b liq u e  tra n s fo rm a t io n  ( in c lu d e d  an g le

betw een a x e s , <J>) o f  th e  p r in c i p a l  axes  t o  accom plish  such an  a lignm en t

i s  su g g e s te d . I t  i s  n o t e v id e n t ,  how ever, t h a t  th e  o b liq u e  a n g le , <j>,

betw een ax e s  w i l l  be known b e fo re h a n d .

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



55

An a l t e r n a t i v e  t o  th e  o b liq u e  axes  t ra n s fo r m a t io n  i s  th e  s u c c e s s iv e  

u se  o f  o r th o g o n a l axes t r a n s fo r m a t io n s .  For th e  g e n e ra l  c a se  o f  two 

c o n s t i tu e n t s  w ith  n o n o rthogona l c h a r a c t e r i s t i c  v e c to r s ,  two r i g i d  

r o ta t i o n s  o f  th e  p r in c i p a l  axes a r e  e x e cu te d . Axes (Y^,Yg) a re  

r o t a t e d  th ro u g h  a n g le  6^ t o  p roduce  tra n s fo rm e d  ax es  (Y^,Yg)
• i

w here th e  tra n s fo rm e d  e ig e n v e c to r ,  v ^ , f o r  a x is  Y^ i s  a l ig n e d  a lo n g

th e  c h a r a c t e r i s t i c  v e c to r  d i r e c t i o n  o f  th e  f i r s t  c o n s t i tu e n t ,  vA-
» M

A second r o t a t i o n  th ro u g h  an g le  0g p roduces  tra n s fo rm e d  axes  (Y^,Yg)
II II

where th e  tra n s fo rm e d  e ig e n v e c to r ,  Vg, f o r  a x is  Yg i s  a l ig n e d  a lo n g

th e  c h a r a c t e r i s t i c  v e c to r  d i r e c t i o n  o f  th e  second c o n s t i tu e n t ,  v-g, 

Sim ple geom etry  shows th e  o b liq u e  a x is  a n g le ,  (j), r e l a t e d  t o  th e s e  

r o ta t io n s ,  g iv en  by:

4 = 90° + (6g -  ©1 ) (U-32)

Once th e  c h a r a c t e r i s t i c  v e c to r  d i r e c t io n s  have been  i s o l a t e d ,  th e  

r o t a t i o n  a n g le s  0^ and 0g a re  known. A d i r e c t  t r a n s fo rm a t io n  o f  th e  

s c a l a r  c o e f f i c i e n t s  from  th e  p r in c i p a l  axes sy stem , Y^ and Y^,
t "

i n to  t h e  o b liq u e  axes system  o f  th e  c h a r a c t e r i s t i c  v e c to r s ,  Y^,Yg, 

i s  p o s s ib le  u s in g  th e  t ra n s fo rm a t io n  e q u a tio n s :

1
Y = ----------------------  [Y cos 0 + Y0 s in  0 ] (H-33)

1 cos (0 -  0 ) 1 2 2  2

a n d ,
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T his m ethod o f  t r a n s fo rm a t io n  i s  u se d  in  t h i s  d i s s e r t a t i o n .  The 

e x a c t c r i t e r i a ,  w ith  exam ples, f o r  r o t a t i n g  th ro u g h  a n g le s  0^ and 02 

a r e  c o n s id e re d  in  C hap ter V.

One may p ro ce e d  t o  examine a  c a se  where th r e e  c o n s t i tu e n t s  ( c a u s a l  

v a r i a b le s )  d e te rm in e  th e  r a d ia n c e  d i s t r i b u t i o n  i n  a  d a ta  s e t .  F o r 

l i n e a r ,  a d d i t iv e  c o n s t i tu e n t s  w ith  a  n o i s e f r e e  en v iro n m en t, th e  o r i g i n a l  

d a ta  s p e c t r a  may b e  r e c o n s t i t u te d  e x a c t ly  from :

-  Lj  + Y1 V1J + Y2 + Y3 "3J (1- 35)

In  n -band  s p a c e , a l l  p r in c i p a l  axes  beyond th e  f i r s t  t h r e e  a re  su p e r

f lu o u s  as  a l l  d a ta  v a r ia n c e  i s  e x p la in e d  by th e  f i r s t  t h r e e  a x e s . 

C onsider th re e -b a n d  sp a ce . One can r o t a t e  th e  th r e e  p r in c i p a l  axes 

r i g i d l y  th ro u g h  space  t o  a  new o r ie n t a t io n  t h a t  a tte m p ts  t o  e x p la in  

an in h e re n t  s t r u c tu r e  r a t h e r  th a n  m ax im iza tio n  o f  v a r ia n c e .  For th e  

f i n a l  o r i e n t a t io n :

LJ = L3 + Yi  TU * Y2 V2J + Y3 y33 i k - 3 6 )
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The r o t a t i o n s  n e c e s s a ry  to  t ra n s fo rm  th e  e ig e n v e c to r s  and s c a l a r  

c o e f f i c i e n t s  a s

v 0 .)  ■+ (v

and (U-37)

(Y1S Y2 , Y3 ) (Y^, Yg, Y3 )

a re  more com plex th a n  th e  p la n a r  c a se  j u s t  p r e s e n te d . Harman (1967 ) 

d is c u s s e s  th e  problem  and shows t h a t  f o r  t h r e e  o r  more d im en sio n s , 

one can  r o t a t e  any p a i r  o f  axes w h ile  h o ld in g  th e  o th e r  ax es  f ix e d .

To re a c h  a  f i n a l  o r i e n t a t io n  in  th re e -d im e n s io n a l  space  r e q u i r e s  th r e e  

su c c e s s iv e  p la n a r  t ra n s fo rm a t io n s  an d , in  p r i n c i p l e ,  th e  t o t a l  t r a n s 

fo rm a tio n  i s  a  p ro d u c t o f  th e  th r e e  p la n a r  t ra n s fo r m a t io n s .  In  m a tr ix  

fo rm , one may e x p re ss  t h i s  t r a n s fo rm a t io n  a s :

where each  o r th o g o n a l m a tr ix  on th e  r i g h t  i s  an n x n i d e n t i t y  m a tr ix

e x c e p t  f o r  t h e  m a t r i x  c o m p o n e n t s  g i v e n  b y :

(U-38)
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w here 0 ^  i s  th e  a n g le  th ro u g h  w hich ax es  i  and j  a r e  r o ta t e d .

The o rd e r  o f  r o t a t i o n  i s  im p o r ta n t . Thus one sh o u ld  r o t a t e  axes p a i r
i »

(Y^,Yg) th ro u g h  a n g le  01 2 , tra n s fo rm e d  ax e s  (Y ^Y ^) th ro u g h
I I  I I

a n g le  0 ^ »  and tra n s fo rm e d  axes (Y ^ ,Y ^ )  th ro u g h  a n g le  Q ^ y  1116
m m m

r e s u l t  i s  a  new o r ie n t a t io n  in  space w ith  tra n s fo rm e d  axes  (Y^jYgjY^).

As w ith  th e  tw o -c o n s t i tu e n t  c a s e ,  how ever, th e  r e a l  d a ta  d i s 

t r i b u t i o n s  may su g g e s t t h a t  th e  t h r e e  c a u s a l  v a r i a b le s  c o n s t i tu t in g  

th e  d a ta  v a r ia n c e  o b se rv ed  a s  r e p r e s e n te d  i n  th re e -b a n d  space  by th r e e  

n o n o rth o g o n a l c h a r a c t e r i s t i c  v e c to r s .  No f i n a l  o r i e n t a t i o n  o f  t r a n s 

form ed o r th o g o n a l axes  w i l l  d e te rm in e  th e s e  v e c to r s  s im u lta n e o u s ly . 

Computers a llo w  f o r  a  h ig h -sp e e d  " se a rc h "  f o r  th e  p ro p e r  o r i e n t a t io n  o f  

each  o f  th e s e  n o n o rth o g o n a l v e c to r s ,  o r  a x e s ,  u s in g  th e  p r in c ip a l  

axes  a s  a  s t a r t i n g  p o in t .  T hree o r i e n t a t i o n  a n g le s  a re  n e c e s s a ry  to  

d e f in e  each  o f  th e  tra n s fo rm e d  a x e s . In  p r i n c i p l e ,  th e s e  a n g le s  can 

be u sed  t o  d i r e c t l y  tra n s fo rm  th e  s c a l a r  c o e f f i c i e n t s  from  th e  p r in c ip a l

axes  system  d i r e c t l y  i n to  th e  n o n o rth o g o n a l sy stem , s im i la r  to  th e  tw o- 

d im e n s io n a l t r a n s fo rm a t io n s  developed  in  e q u a tio n s  (lt-33 ) and (U—3 ^ ).
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The p re c e e d in g  argum ents may be  ex ten d ed  t o  n -band  hyperspace  

fo r  ra d ia n c e  d i s t r i b u t i o n s  caused  by  up t o  n  c o n s t i tu e n t s .  However, 

th e  t ra n s fo rm a t io n s  i n to  o rth o g o n a l o r  n o n o rth o g o n a l c h a r a c t e r i s t i c  

v e c to r  h y p e rsp a c e s  become com plex. In  th e  i n t e r e s t  o f  b r e v i t y ,  t h i s  

d i s s e r t a t i o n  i s  c o n fin e d  t o  s i t u a t i o n s  o f  one and two c o n s t i tu e n t s  in  

w a te r . D em o n stra tiv e  th r e e  c o n s t i tu e n t  c a se s  a re  p r e s e n te d ,  how ever, 

where a p p l ic a b le .

T h is  c h a p te r  has p re s e n te d  th e  t h r e e - s t a g e  c a lc u la t io n s  n e c e s s a ry  

t o  i s o l a t e  c o n s t i tu e n t  c h a r a c t e r i s t i c  v e c to r s  and th e  c o o rd in a te  

system s t h a t  th e  v e c to r s  d e f in e  b ased  on th e  r o t a t i o n a l  t r a n s fo rm a t io n  

o f  p r in c i p a l  a x e s . The n e x t c h a p te r  in tro d u c e s  s e v e r a l  h y p o th e t ic a l  

c o n s t i tu e n t s  u sed  th ro u g h o u t th e  rem ain d er o f  t h i s  s tu d y . C h a r a c te r i s t i c  

v e c to r  a n a ly s i s  w i l l  be a p p lie d  t o  th e s e  c o n s t i tu e n t s  u n d er c e r t a i n  

assum ptions o f  c o n s t i tu e n t  l i n e a r i t y  and n o is e f r e e  en v iro n m en t. The 

r e l a t i o n s h ip  betw een th e  c o n s t i tu e n t  c o n c e n tra t io n s  and tra n s fo rm e d  

s c a la r  c o e f f i c i e n t s  a r e  a  p rim ary  o b je c t iv e  o f  t h i s  a n a ly s i s .
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CHAPTER V

ADDITIVE, LINEAR IDEAL CONSTITUENTS 

To u n d e rs ta n d  th e  consequences o f  a p p ly in g  c h a r a c t e r i s t i c  v e c to r  

a n a ly s is  to  a c tu a l  rem o te -se n s in g  ra d ia n c e  d a ta ,  an i s o l a t i o n - s e n s i t i v i t y  

p ro ced u re  i s  fo llo w e d . C h a r a c te r i s t i c  v e c to r  a n a ly s i s  i s  a p p lie d  to  

id e a l  model c o n s t i tu e n ts  c o n s id e re d  to  he  f r e e  (o r  i s o l a te d )  from  a l l  

a tm o sp h eric  and se n so r  system  n o ise  e f f e c t s .  The model c o n s t i tu e n ts  

have an upw ell r a d ia n c e -c o n c e n tra t io n  r e l a t i o n s h ip  w hich v a r i e s  in  a 

l i n e a r  m anner. Upwell ra d ia n c e  from  in d iv id u a l  c o n s t i tu e n ts  mixed in  

w a te r  a re  a d d i t iv e ,  i . e . ,  superim pose l i n e a r l y  w ith  w a te r  and w ith  each 

o th e r  in  m ix tu re s . L a te r  c h a p te rs  i n v e s t ig a t e  th e  s e n s i t i v i t i e s  o f  th e  

c h a r a c t e r i s t i c  v e c to r  a n a ly s is  r e s u l t s  as th e  a d d i t iv e ,  l i n e a r ,  id e a l  

assum ptions a re  r e la x e d .

H y p o t h e t i c a l  C o n s t i t u e n t s  

T h e  m o d e l  u s e d  f o r  l i n e a r  c o n s t i t u e n t s  h a s  t h e  f o r m :

L. . = B. + M. C. (5 -1 )
i j  J J i

w h e r e :

L _  = upw ell ra d ia n c e  f o r  j t h  w aveleng th  (hand) o f  i t h  s p e c t r a l

curve

B .  =  h a s e  w a t e r  r a d i a n c e  f o r  j t h  w a v e l e n g t h  
J
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Mj = p r o p o r t i o n a l i t y  c o n s ta n t  f o r  j t h  w av e len g th  (hand)

Ci  = c o n s t i tu e n t  c o n c e n tra t io n  i n  w a te r  c o rre sp o n d in g  t o  

i t h  s p e c t r a l  curve 

The h a s e  w a te r  sp ec tru m , B^, i s ,  i n  g e n e r a l ,  v a r i a b le  w ith  w av e len g th .

I t  may b e  a  spectrum  f o r  pu re  w a te r ,  o r  r e p r e s e n t  w a te r  w ith  s e v e r a l  

c o n s t i tu e n t s  w hich do n o t v a ry  o v er th e  scen e  o f  i n t e r e s t .  As lo n g  

as B(A) superim poses l i n e a r l y  w ith  v a r i a b le  c o n s t i tu e n t  s p e c t r a ,  i t  

may be  s u b tr a c te d  o u t t o  y ie ld  b a s e -w a te r  c o r r e c te d  s p e c t r a .  In  g e n e r a l ,  

M a l s o  i s  a  f u n c t io n  o f  w av e len g th . A lthough  th e  c h o ic e  o f  M(A) i s  

a r b i t r a r y ,  s im p le  fu n c t io n s  red u ce  c o m p u ta tio n a l c o m p le x it ie s  and a id  

i n  com puter program  debugging . The c h o ic e s  f o r  M(A) in c lu d e d  a  h a l f 

s in e  and f u l l - s i n e  wave w ith  a  w av e len g th  ran g e  o f  1*00 to  1000 nanom eters 

(nm) t o  encom pass m ost o f  th e  ra n g e s  o f  th e  sc a n n e rs  p re s e n te d  in  

t a b l e  1 . W hile a  n o rm a lized  o r  no n d im en sio n a l w aveleng th  s c a le  co u ld  

have been  u se d , i t  was d ec id ed  t o  r e l a t e  a s  such as  p o s s ib le  to  

r e a l  w o rld  o p e ra t io n s .  The "shape f a c t o r s "  u sed  w ere :

= - 2 s in  f e (x -  V ]  (5- 2)
s in e

and

Mf u l l ^  = •2 S ln  [600  ^  “ \ ^ ]  ^5” 3 ^
s in e
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where

X = w av e len g th  (nm)

XQ = p h ase  d i f f e r e n c e  (nm)

When X = 1+00 nm, "both form s s t a r t  a t  z e ro  a t  X = 1+00 nm. Con- o *

s t i t u e n t  A was d e f in e d  a s  th e  h a l f  s in e  wave when X = 1+00 nm, ando 3

c o n s t i tu e n t  B, th e  f u l l  s in e  wave when X = 1+00 nm. B ase-w ater * o

c o r r e c te d  s p e c t r a l  c u rv e s  f o r  b o th  c o n s t i tu e n t s  a r e  g iv en  hy:

La .(X )  = .2  s in  (X -  1+00)J CA. (5-1+)

and

L ^ U )  = .2  s in  (X -  1.00)] CBi (5-5)

C onsider th e  c o n c e n tra t io n s  g iv en  by  CA = = (0 , 1 0 , 20, 30 , 1+0)

wnere this u n i t s  a r e  a r b i t r a r y .  F ig u re  10 shows th e  r e s u l t a n t  b a s e -  

w a te r  c o r r e c te d  ra d ia n c e  s p e c t r a  f o r  th e s e  two c o n s t i tu e n t s .  

C o n s t i tu e n t  A i s  n o t u n l ik e  th e  r a d ia n c e  s p e c t r a  f o r  some sedim ent 

ty p e s  t e s t e d  in  a  s e r i e s  o f  w a te r  ta n k  e x p e rim en ts  by  W hitlock  e t  a l  

(1 9 7 7 a). Such sed im ent s p e c t r a  show peak r a d ia n c e  v a lu e s  in  m idrange 

w aveleng th s w hereas th e  ra d ia n c e s  f a l l  o f f  a t  th e  low  and h ig h  ends o f  

th e  i n v e s t ig a t e d  w av e len g th  ra n g e . C o n s t i tu e n t  B h a s  c h a r a c t e r i s t i c s  

o f  an a lg a e  o r  p h y to p la n k to n  sp ec tru m , in c lu d in g  r e f l e c t i v e  and 

a b s o rb t iv e  ra n g e s  o f  w av e len g th s , and a  h in g e  p o in t  ( n u l l  p o in t)  

(D un tley  e t  a l  (197^+)) w hich i s  i n s e n s i t i v e  t o  c o n c e n tra t io n  changes. 

C o n s t itu e n t  C i s  r e s e rv e d  f o r  any v a r i a t i o n s  in  c o n s t i tu e n t s  A and B
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t h a t  in c o rp o ra te  a  phase d i f f e r e n c e  (Aq > IrOO nm). When (Aq = ^50 nm ), 

t h e  h a l f - s i n e  wave i s  d is p la c e d  hy  50 nm t o  th e  r i g h t  a s  shown in  

f ig u r e  11 r e p r e s e n t in g  a  l i n e a r  c o n s t i tu e n t  w i th  r a d ia n c e  d i s t r i b u t io n s  

i n  w a te r  v e ry  s im i la r  t o  c o n s t i tu e n t  A.

I n d iv id u a l  C o n s t i tu e n ts

A c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  com puter program  was a p p lie d  

t o  th e  b a se -w a te r  c o r r e c te d  c o n s t i tu e n t s  A, B , and C, c o n s id e r in g  each  

f iv e - s p e c t r a  fa m ily  (m=5), shown i n  f ig u r e s  10 and 11 in d iv id u a l ly .  

R adiance d a ta  w ere in p u t  a t  n in e  w ave leng th s  (n=9) ev e ry  50 nm fo r  

500 nm _< X £  900 nm. A lthough many more w av e len g th s  co u ld  have been 

u se d , i t  was f e l t  n in e  w ere s u f f i c i e n t  to  d e f in e  g e n e ra l  cu rv e  shapes 

and keep th e  m a tr ix  o p e ra t io n s  s im p le . T ab le  2 p r e s e n ts  s p e c t r a  f o r  a  

number o f  c a se s  p re s e n te d  in  t h i s  c h a p te r .  For th e  in d iv id u a l  con

s t i t u e n t  c a s e s ,  s p e c t r a  s e t s  ( l ,  6 , 7 , 8> 9 ) ,  ( l ,  2 , 3 , b,  5 ) ,  and 

(2 6 , 2 7 , 28 , 2 9 , 30) w ere u se d  f o r  c o n s t i tu e n t s  A, B, and C, r e s 

p e c t iv e ly .  T ab le  3 a re  th e  c o r r e la t io n  m a tr ic e s  (e y s . ( H - l l )  and 

( h~1 2 ))  f o r  th e  th r e e  c o n s t i tu e n t s .  For t h i s  l i n e a r  m odel, th e r e  a re  

t o t a l  in te rb a n d  c o r r e la t io n s  f o r  a l l  bands ( r . .  = ± 1 .0 0 0 ).

The mean s p e c t r a ,  L , d e f in e d  by  e q u a tio n s  (H -2 ) , f o r  th e  th re e  

c o n s t i tu e n ts  a r e  p re s e n te d  in  t a b l e  H and a s  f ig u r e  1 2 ( a ) . T h e  f i g u r e  

cu rv es  r e p r e s e n t  e x tr a p o la t io n s  and in te r p o la t i o n s  o f  th e  n ine-w ave

le n g th  c a lc u la t io n s .  The mean s p e c t r a  a r e  shapew ise s im i la r  t o  th e  

fa m ily  o f  c u rv es  from w hich th e y  w ere d e r iv e d . As d isc u s s e d  e a r l i e r  a 

base o r  background w a te r s p e c t r a  h as  been  s u b tr a c te d  o u t o f  a l l  s p e c t r a .
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I f  p r e s e n t ,  t h i s  spectrum  would ap p ear a s  added t o  a l l  th e s e  mean 

s p e c t r a  c u rv e s .  Only one e ig e n v e c to r  (k  = l )  i s  r e q u i r e d  t o  e x p la in  

100$ o f  th e  t o t a l  d a ta  v a r ia n c e  f o r  each  c o n s t i tu e n t .  T h is  i s  because  

th e r e  a re  no n o ise  o r  a tm ospheric  e f f e c t s  p r e s e n t  to  s c a t t e r  th e  d a ta  

(a  g eo m etric  i n t e r p r e t a t i o n  i s  f i g .  8 ex ten d ed  to  a  n in e -h a n d  hyper

s p a c e ) . The n in e -h a n d  f i r s t  e ig e n v e c to rs  f o r  each  c o n s t i tu e n t  a r e  

l i s t e d  in  t a h l e  1+ f o r  th e  v e c to r s  n o rm a lized  t o  th e  e ig e n v a lu e s  

(System  I ) ,  and n o rm a lized  t o  u n i ty  (System  I I ) .  F ig u re  1 2 (h ) 

p r e s e n ts  th e  v e c to r s  n o rm a liz e d  t o  u n i ty .  I t  comes a s  no s u r p r i s e  t h a t  

th e  v e c to r s  f o r  A and C lo o k  l i k e  h a l f - s i n e  w aves, and th e  v e c to r  f o r  

B lo o k s  l i k e  a f u l l - s i n e  wave. The h a se -w a te r  c o r r e c te d  s p e c t r a l  

f a m i l ie s  a r e  c h a r a c te r iz e d  hy  th e s e  v e c to r s .  The v e c to r s  e x p la in  a l l  

th e  o bserved  d a ta  v a r i a t i o n  and a re  in  th e  d i r e c t i o n  o f  th e  l i n e  o f  th e  

d a ta  d i s t r i b u t io n s  in  n in e -h a n d  sp ace . H e n c e fo r th , th e y  a r e  r e f e r r e d  

to  a s  th e  c h a r a c t e r i s t i c  v e c to r s  f o r  th e  c o n s t i t u e n t s ,  v ^ ,  v ^ , v ^ .

C onsider th e  s c a l a r  c o e f f i c i e n t s  d e f in e d  hy e q u a tio n s  (1+—2U) o r  

( U~2 5 ) . As su g g e s te d  hy e q u a tio n  ( lt-2 3 ) , when added t o  th e  mean s p e c t r a ,  

th e  p ro d u c t o f  th e  s c a l a r  c o e f f i c i e n t s  and c h a r a c t e r i s t i c  v e c to r s  w i l l  

r e c o n s t i t u t e  th e  c o n s t i tu e n t  s p e c t r a l  f a m i l i e s .  Combining e q u a tio n s  (5—1) 

and (^ -2 3 ) f o r  a  s in g le  c o n s t i tu e n t  ( e . g . ,  c o n s t i tu e n t  A) one o b ta in s :

LAld ■ Bj  + MJ °A i ■ EAJ + YA i \ S <5- 6)
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Rearranging, one obtains:

(5-7)

w here :

For i d e a l ,  l i n e a r ,  a d d i t iv e  c o n s t i t u e n t s ,  a .  and b .  a re  in d ep en d en t

o f  w av e len g th . T hus, th e  s c a l a r  c o e f f i c i e n t s  a re  in d ee d  l i n e a r l y  

r e l a t e d  t o  th e  c o n s t i tu e n t  c o n c e n t r a t io n s .  T h is  i s  a  fundam en ta l 

argum ent -  t h a t  th e  s c a l a r  c o e f f i c i e n t s  may be  u sed  t o  d e te rm in e  th e

be unknowns. T h is  would r e q u i r e  a  minimum o f  two s u r f a c e  t r u t h  sam ples 

t o  e s t a b l i s h  th e  a b s o lu te  q u a n t i f i c a t i o n  r e l a t i o n s h ip  betw een s c a la r  

c o e f f i c i e n t s  and c o n s t i tu e n t  c o n c e n t r a t io n s .  R e la t iv e  q u a n t i f i c a t i o n ,  

how ever, may be accom plished  f o r  l i n e a r  c o n s t i tu e n t s  w ith o u t s u r f a c e  

t r u t h .  From e q u a tio n  (5 -7 )  i t  i s  e v id e n t  t h a t  a  c o n c e n tra t io n  

in c rem en t AC = and a  s c a l a r  c o e f f i c i e n t  in crem en t

AY = Y2 -  Y^ a re  d i r e c t l y  r e l a t e d  by

o r ig i n a l  c o n c e n t r a t io n s .  I n  a c tu a l  p r a c t i c e ,  a .  and b .  would
J J

AY = b AC (5 -8 )
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T ab le  5 p r e s e n ts  th e  s c a l a r  c o e f f i c i e n t s  ( s c a l a r  m u l t ip le s  -  System  I ,  

p r in c i p a l  component v a lu e s  -  System  I I )  w hich , com bined w ith  th e  v e c to r s  

p re s e n te d  in  t a b l e  r e c o n s t i t u t e  th e  h a l f - s i n e  and f u l l - s i n e  wave

c o n s t i tu e n t  f a m i l i e s .  The l i n e a r  r e l a t i o n s h ip  betw een th e  c o n s t i tu e n t  

c o n c e n tra t io n s  and s c a l a r  c o e f f i c i e n t s  i s  obv ious a s  a r e  th e  p r o p o r t io n a l  

in c re m e n ts .

A re g io n  o f  w a te r  where s p e c t r a  f o r  a  v a r i a b le  c o n s t i tu e n t  have 

b een  c o l l e c t e d  can  be tra n s fo rm e d  in to  a  s c a la r  c o e f f i c i e n t  map. W ithout 

u s in g  s u rfa c e  t r u t h ,  from  e q u a tio n s  ( 5- 7 ) and ( 5- 8 )> a  map o f  such  

s c a l a r  c o e f f i c i e n t s ,  c o n to u red  a t  f ix e d  AY in c re m e n ts , r e v e a ls  (a )  th e  

r e g io n s  o f  r e l a t i v e  h ig h  and low c o n s t i tu e n t  c o n c e n t r a t io n s ,  (b) t h a t  

th e  d is ta n c e  g r a d ie n ts  o f  th e  s c a l a r  c o e f f i c i e n t s ,  AY/AX where 

AX = d is ta n c e  betw een c o n to u r l e v e l s ,  i n d ic a te s  r e g io n s  o f  l a r g e  o r  

sm a ll c o n c e n tra t io n  g r a d i e n ts ,  and  (c )  t h a t  th e  sh ap es  form ed by th e  

c o n to u r  l i n e s  o f  th e  s c a l a r  c o e f f i c i e n t s  a re  d i r e c t l y  r e l a t e d  to  th e  

p a t t e r n  o f  c o n s t i tu e n t  c o n c e n tra t io n s  in  th e  w a te r .

I t  i s  u s e f u l ,  when a  b a se  w a te r  e x i s t s  in  th e  scene  o f  d a ta ,  to  

s c a le  th e  s c a l a r  c o e f f i c i e n t s  f o r  r e l a t i v e  q u a n t i f i c a t i o n .  F o r th e  base  

w a te r  s p e c t r a ,  where th e  c o n s t i tu e n t  c o n c e n t ra t io n  i s  z e ro  (C^ = o ) ,  

u s in g  e q u a tio n  ( 5- 7 )

Ya (Ca = 0) = a  (5 -9 )

w here a  i s  c o n s ta n t  f o r  l i n e a r  c o n s t i tu e n t s .  T h is  s c a la r  c o e f f i c i e n t  

v a lu e ,  c o rre sp o n d in g  to  a  z e ro  c o n c e n tra t io n  o f  th e  c o n s t i tu e n t ,  i s
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s u b tr a c te d  from  th e  s e t  o f  c a lc u la te d  v a lu e s  and th e  r e s u l t  d iv id e d  by 

th e  ran g e  o f  th e  s c a l a r  c o e f f i c i e n t s

YAi -  YA(CA = 0)
h . = — -----------   ( 5- 1 0 )1 range  YAi w  '

T h is  w i l l  h e n c e fo r th  be r e f e r r e d  t o  a s  ’’l i n e a r  s c a l in g "  o f  th e  s c a la r  

c o e f f i c i e n t s .  U sing th e  s c a la r  m u lt ip le  v a lu e s ,  (Y ) , from t a b l e  5AX X
as an exam ple:

C o n c e n tra tio n  A 
( a r b i t r a r y  u n i t s ) (YA i}I h.l

0 - 0.632 0 .00

10 - 0.316 0 .25

20 0.000 0 .50

30 0.316 0 .75

itO 0.632 1 .0 0

w here:

(Ya (Ca  = o ))  = -0 .6 3 2  

ran g e  = 1 . 26k

The u se  o f  s c a le d ,  s c a l a r  c o e f f i c i e n t s  f o r  r e l a t i v e  q u a n t i f ic a t io n  i s  

e s p e c ia l ly  u s e f u l  in  c o n to u r p l o t t i n g  q u a n t i f i c a t i o n  l e v e l s  in  a  

scene  o f  d a ta .  As n o te d  by  e q u a tio n s  (4-2Vb) and (4 -2 5 b ) , in  System I  

th e  sum o f  th e  sq u a res  o f  th e  s c a la r  m u l t ip le s  i s  u n i ty ,  w hereas i n  

System  I I ,  th e  sum o f  th e  sq u a re s  o f  th e  p r in c i p a l  component v a lu e s  i s
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th e  e ig e n v a lu e . The e ig e n v a lu e s  c a lc u la te d  f o r  th e s e  exam ples were 

(X-l)a  = 23^ . 61*1 , ( ^ ) B = 220 . 000 , (X^)^ = 227 . 321 , which may be used  w ith  

th e  c o e f f i c i e n t s  in  t a b l e  5 t o  confirm  th e s e  p r o p e r t ie s .

In  summary, f o r  an i d e a l ,  l i n e a r  c o n s t i tu e n t  s p e c t r a l  fa m ily , a 

c h a r a c t e r i s t i c  v e c to r  a n a ly s is  co n firm s t h a t  one e ig e n v e c to r  i s  s u f 

f i c i e n t  t o  e x p la in  a l l  o b se rv ed  d a ta  v a r ia n c e  i n  th e  s p e c t r a .  T his 

e ig e n v e c to r  ( f i r s t  p r in c i p a l  a x is  d i r e c t i o n ) ,  o r  c h a r a c t e r i s t i c  v e c to r ,  

i s  shapew ise  s im i la r  t o  th e  b a se -w a te r  c o r r e c te d  c o n s t i tu e n t  s p e c t r a l  

s ig n a tu r e .  The s c a l a r  c o e f f i c i e n t s  a s s o c ia te d  w ith  th e  v e c to r  a re  

d i r e c t l y  p r o p o r t io n a l  t o  th e  o r ig i n a l  c o n s t i tu e n t  c o n c e n tra t io n s .  Any 

b a s e -w a te r  spectrum  added in f lu e n c e s  o n ly  th e  mean s p e c t r a  c a lc u la t io n s .

S p a t ia l ly - In d e p e n d e n t  Con s t  i t u e n t  s 

C o n sid e r a  s i t u a t i o n  where c o n s t i tu e n t s  A, B, and C have been 

dumped in  an ocean w aste  d is p o s a l  a re a  by  s e v e r a l  s h ip s  in  th e  form  o f  

th r e e  l i n e  dumps a s  shown in  f ig u r e  13. An a irc ra f t-m o u n te d  rem ote 

se n so r  i s  flow n over th e  scene  c o l l e c t i n g  r a d ia n c e  s p e c t r a  w h ich , f o r  

t h i s  d i s c u s s io n ,  a re  n o is e f r e e  w ith  no a tm o sp h e ric  e f f e c t s .  Over th e  

background ocean  w a te rs  a l l  s p e c t r a  a re  c o n s ta n t ,  r e p r e s e n t in g  a  b ase  

w a te r  t h a t  may be s u b tr a c te d  from  a l l  c o l l e c t e d  s p e c t r a ,  t o  y i e l d  zero  

ra d ia n c e  s p e c t r a  over th e  background w a te r s ,  and b a se -w a te r  c o r r e c te d  

s p e c t r a  o v e r th e  l i n e  dumps.

Two f l i g h t  l i n e s  a re  shown, D - D '  and E -  E ' , c ro s s in g  p a i r s  o f  

l i n e  dumps A and B, A and C. G e n e ra lly , a s  a  l i n e  dump i s  o v e rflo w n , 

one o b se rv e s  s p e c t r a  c o rre sp o n d in g  t o  in c r e a s in g  c o n c e n tra t io n s  o f  th e

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



69

l i n e  dump c o n s t i tu e n t  a p p ro ach in g  th e  c e n te r  o f  th e  p lum e, and  s p e c t r a  

c o rre sp o n d in g  t o  d e c re a s in g  c o n c e n t ra t io n s  a s  th e  s e n so r  p a s s e s  th e  

c e n te r  (O h lh o rs t 1979)- The s p e c t r a l  sh ap es  m easured  f o r  th e  th r e e  

plum es a r e  a l l  d i f f e r e n t .  C onsider u s in g  o n ly  th e  c o l l e c te d  s p e c t r a  

r e p r e s e n te d  by  th e  fo llo w in g  c o n c e n t r a t io n  d a ta  m a tr ic e s :

0  ' 1 0 2 0 3 0 1+0

0 X X X X X

1 0 X

2 0 X

3 0 X

1+0 X

w h e re :

x i n d ic a te s  a  m easured spectrum

C C g ,  Cc = c o n c e n tra t io n s  f o r  c o n s t i tu e n t s  A, B, C 

( a r b i t r a r y  u n i t s )

R epea ted  s p e c t r a ,  m is s in g  s p e c t r a ,  o r  s p e c t r a  f o r  in te rm e d ia te  con

c e n t r a t io n s  a r e  n o t c o n s id e re d  p r e s e n t ly .  F o r f l i g h t  l i n e  D - D *  th e r e  

a r e  n in e  c o l l e c t e d  s p e c t r a  numbers ( 1 - 9 )  from  t a b l e  2 . F o r f l i g h t  

l i n e  E -  E*, th e  n in e  c o l l e c te d  s p e c t r a  f o r  c o n s t i tu e n t s  A and C 

c o rre sp o n d  t o  s p e c t r a  numbers (6  -  9 , 26 -  30) from  t a b l e  2 . These 

two c a s e s ,  o f  n in e  s p e c t r a l  c u rv es  e a c h , w ere in p u t  t o  th e  c h a r a c t e r i s t i c
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v e c to r  a n a ly s i s  program . T able 6 shows th e  in te rb a n d  c o r r e la t io n s  f o r  

each  co m b in a tio n  o f  s p e c t r a .  C o n s t i tu e n ts  A and B w ere chosen  to  he 

d i s s im i la r  in  s p e c t r a l  c h a r a c t e r i s t i c s ,  w hereas c o n s t i tu e n t s  A and  C 

w ere c o n s id e re d  s im i la r .  T his i s  co n firm ed  by th e  s i g n i f i c a n t l y  h ig h e r  

in te rb a n d  c o r r e la t io n s  obse rved  f o r  A and C compared to  th o se  fo r  A and B.

R e s u l ts  o f  th e  a n a ly s e s  conducted  a r e  p re s e n te d  a s  f ig u r e s  ill- 

th ro u g h  17. F ig u re  lH (a )  shows th e  mean v e c to r  f o r  th e  s p e c t r a  s e t  o f  

c o n s t i tu e n t s  A and B. I t  r e p r e s e n t s  a  w e ig h ted  av erag e  o f  th e  mean 

v e c to r s  f o r  c o n s t i tu e n t s  A and B p re s e n te d  in  f ig u r e  1 2 ( a ) .  The two 

u n i t  e ig e n v e c to r s ,  v1 and Vg, shown in  f ig u r e  l M b ) , d e s c r ib e  th e  

d i r e c t i o n s  in  n in e -b a n d  space f o r  th e  f i r s t  two p r in c i p a l  a x e s . These 

v e c to r s  accoun t f o r  100% o f  th e  t o t a l  d a ta  s e t  v a r ia n c e .  The two 

e ig e n v a lu e s  and p e rc e n ta g e  o f  t o t a l  v a r ia n c e  d e s c r ib e d  by  each  e ig e n 

v e c to r  (eq . (Il-l8 ))  a r e :

C o n s t i tu e n ts  A and B 

= 682.209 i x = 19.hkl%

X2 = 176.558 12 = 20.559%

N e ith e r  e ig e n v e c to r ,  v^ o r  Vg, c o rre sp o n d  t o  th e  c h a r a c t e r i s t i c

v e c to r s ,  v . o r  v_ , g iv en  a s  f ig u r e  1 2 (b ) .  F ig u re  15 p r e s e n ts  th e  A £

s c a la r  c o e f f i c i e n t s  ( th e  s c a la r  m u l t ip le s  i n  (a )  and th e  p r in c i p a l  

component v a lu e s  in  ( b ) ) .  Two l i n e a r  f e a tu r e s  a r e  p r e s e n t ,  converged  

a t  th e  z e ro  b a s e -w a te r  spectrum , and  d i r e c t l y  p r o p o r t io n a l  t o  th e  

c o n c e n tra t io n  o f  each  c o n s t i tu e n t  n o te d  on th e  f ig u r e s .
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F ig u re s  16 and 17 p r e s e n t ,  r e s p e c t i v e ly ,  th e  mean v e c to r ,  two 

e ig e n v e c to r s ,  and a s s o c ia te d  s c a la r  c o e f f i c i e n t s  f o r  c o n s t i tu e n t s  A and C. 

In  t h i s  c a s e ,  th e  two e ig e n v a lu e s  and p e rc e n ta g e  o f  v a r ia n c e  e x p la in e d  

by each  e ig e n v e c to r  a re :

C o n s t i tu e n ts  A and C 

X1 = 356.023 1± = 96.500$

X2 = 12 .91^  12 = 3.500$

C o n s t i tu e n ts  A and C a re  s p e c t r a l ly  more s im i la r  th a n  c o n s t i tu e n ts  A and B. 

The mean v e c to r ,  f o r  exam ple, a s  a  w e igh ted  average  o f  th e  mean v e c to r s

and Lp, in  f ig u r e  1 2 ( a ) ,  a ls o  a p p e a rs  a s  a  h a l f - s i n e  wave, peak ing

a t  725 nm, midway betw een th e  mean v e c to r  maximums o f  th e  in d iv id u a l  

c o n s t i tu e n t s .  The c h a r a c t e r i s t i c  v e c to r s  f o r  c o n s t i tu e n t s  A and C, 

v^ and v c , a r e  o r ie n te d  v e ry  n e a r ly  in  th e  same d i r e c t i o n  in  hyper

space w ith  d a ta  v a r ia n c e  a long  th e s e  d i r e c t i o n s .  The f i r s t  p r in c ip a l  

a x is  e ig e n v e c to r ,  v ^ , a l ig n s  in  much t h i s  same d i r e c t i o n  and e x p la in s  

96 . 5$ o f  th e  t o t a l  d a ta  v a r ia n c e . I t s  sh a p e , g iv en  a s  f ig u r e  1 6 (b ) , 

i s  s im i la r ,  b u t  n o t i d e n t i c a l  t o  e i t h e r  v^ o r  v ^ . By c h a r a c t e r i s t i c  

v e c to r  a n a ly s i s ,  v£ i s  d e fin e d  a s  o r th o g o n a l to  v ^ . T h is second 

p r in c i p a l  a x is  e ig e n v e c to r  p o in ts  in  a  hypersp ace  d i r e c t i o n  much 

d i f f e r e n t  th a n  v ^  o r  v^ e x p la in in g  why i t s  shape in  f ig u r e  1 6 (b) 

i s  v e ry  much u n l ik e  v^  and v^ and acco u n ts  f o r  o n ly  th e  3 .5$  o f 

rem ain in g  d a ta  s e t  v a r ia n c e .

The s c a la r  m u l t ip le s  ( f i g .  1 7 (a ) )  f o r  c o n s t i tu e n t s  A and C p lo t  

v e ry  much l i k e  th o s e  f o r  A and B. P re se n te d  as  p r in c i p a l  component
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v a lu e s ,  how ever, i n  f ig u r e  1 7 ( h ) ,  t h e  s p e c t r a  s i m i l a r i t y  r e s u l t s  i n  a 

narrow  "V" p lo t  w ith  sm a ll in c lu d e d  a n g le ,  c o n s i s t e n t  w ith  th e  c h a r a c te r 

i s t i c  v e c to r  d i r e c t i o n s  in  sp a c e . I n  m ix tu re  s i t u a t i o n s ,  d isc u s s e d  

l a t e r ,  one has many s p e c t r a  p o in ts  p l o t t e d  w i th in  t h i s  narrow  f i e l d  

making g ra p h ic a l  i n t e r p r e t a t i o n  d i f f i c u l t .  A ls o , th e  a x e s  s c a le s  v a ry  

w id e ly  from  case  t o  c a s e . A lthough  e i t h e r  s c a l a r  c o e f f i c i e n t  system  i s  

v a l i d  f o r  u s e ,  f o r  v i s u a l  c l a r i t y  i n  p l o t s ,  t h e  s c a l a r  m u l t ip le  system  

i s  p r im a r i ly  u sed  in  su cce e d in g  d i s c u s s io n s .  T ra n sfo rm a tio n  t o  th e  p r in 

c ip a l  component v a lu e  system  i s  alw ays p o s s ib le  u s in g  e q u a tio n  { k - 2 6 ) .

In  n e i th e r  o f  th e  c a se s  j u s t  p r e s e n te d  d id  t h e  p r in c i p a l  axes 

e ig e n v e c to rs  c a lc u la te d  c o rre sp o n d  e x a c t ly  t o  th e  in d iv id u a l  c o n s t i tu e n t  

c h a r a c t e r i s t i c  v e c to r s .  The se a rc h  f o r  s t r u c tu r e  i s  accom plished  by th e  

m u lt ip le  u se  o f  o r th o g o n a l ax es  t ra n s fo rm a t io n s  su g g e s te d  i n  C hap ter IV 

and u t i l i z i n g  e q u a tio n s  ( ^ - 2 9 ) ,  ( ^ -3 0 ) ,  ( lt-3 3 ) and ( lt-3 ^ ) . C onsider th e  

c a se  o f  two s p a t ia l ly - in d e p e n d e n t  c o n s t i tu e n t s ,  sa y  A and B. S in ce  v^ 

and v  a r e  n o t ,  i n  g e n e ra l ,  o r th o g o n a l w hereas v . and v 0 m ust b e ,D ± d

two r o ta t i o n s  th ro u g h  a n g le s  0^ and 0 ^ a r e  n e c e s s a ry . The g e n e ra l  

p ro ce d u re  i s  t o :

(1 ) r o t a t e  th ro u g h  a n g le  0^ such  t h a t  t h e  t ra n s fo rm e d  f i r s t  

p r in c ip a l  a x is  e ig e n v e c to r  i s  th e  same a s  th e  c h a r a c t e r i s t i c  v e c to r  f o r
i t

one o f  th e  c o n s t i tu e n t s ,  i . e . ,  v . = v . o r  v , = v _ ;L A I d

(2 ) perfo rm  a  r o t a t i o n  th ro u g h  a n g le  0g (b ased  on th e  o r ig i n a l

axes  p o s i t io n )  such  t h a t  th e  second p r in c i p a l  a x is  e ig e n v e c to r  i s  th e  

same a s  th e  c h a r a c t e r i s t i c  v e c to r  f o r  th e  rem a in in g  c o n s t i tu e n t ,

i . e . ,  Vg = Vg o r  v^ = vA;
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(3 ) u se  e q u a tio n s  (^ -3 3 ) and (U—3^-) t o  d i r e c t l y  t ra n s fo rm  th e

' "
s c a la r  c o e f f i c i e n t s  (Y1 :i»Y2 i^  ■̂n"to  "^ e  o b liq u e  sy stem  (Y ^ jY g ^ ) .

For id e a l  h y p o th e t ic a l  c o n s t i tu e n t s  th e  v e c to r  com parisons w i l l  be 

e x a c t ,  b u t under l e s s - th a n - id e a l  c o n d it io n s  th e  com parisons a r e  on ly  

app rox im ate . The c r i t e r i a  u sed  t o  d e c id e  when v^ ->■ v^ (o r  v.g)
VI

and Vg -*■ Vg (o r  v^ ) o p t im a lly  i s  a  l e a s t  sq u a re s  f o r  th e  n -w av e len g th s  

u se d . For exam ple,

n

min 2  -  vA j)2 i n f e r s  \  (5 -11 )

j = l

n

min 2  (v2j  “ VB j ^  i n f e r s  02 (5 -12)
J=1

These minimums a r e  ze ro  under i d e a l  c o n d it io n s .  These c r i t e r i a  a re  u sed  

i n  a l l  su cceed in g  a n a ly se s  in  t h i s  d i s s e r t a t i o n .  The fo llo w in g  p o in t  

sho u ld  be made a t  t h i s  t im e . A s tro n g  c a se  i s  b e in g  p re s e n te d  f o r  th e  

n e c e s s i ty  o f  a c q u ir in g  c h a r a c t e r i s t i c  v e c to r s  f o r  u se  a s  com parison 

v e c to r s . W hereas i n  r e g r e s s io n  a n a ly s i s  s u r fa c e  t r u t h  i s  compared to  

c o l le c te d  s p e c t r a ,  in  c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  a  p r i o r i  com

p a r is o n  ( c h a r a c t e r i s t i c )  v e c to r s  a re  u se d  t o  i d e n t i f y  w a te r c o n s t i tu e n t s .  

T h is  su g g e s ts  an e x te n s iv e  l a b o r a to r y  o r  f i e l d  t e s t  program  to  b u i ld  up 

a  c a ta lo g ,  c r  l i b r a r y  so t o  sp e ak , o f  such  com parison  v e c to r s .
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However, once t h i s  i s  d o n e , r e l a t i v e  q u a n t i f i c a t i o n s  can  he a tte m p te d  

w ith o u t th e  need  o f  e x te n s iv e  s u r f a c e  t r u t h .

The p ro c e d u re s  j u s t  d ev e lo p ed  a r e  a p p lie d  t o  th e  c a se  o f  s p a t i a l l y -  

in d ep e n d e n t c o n s t i tu e n t s  A and C c o n s id e re d  p r e v io u s ly .  U sing 

e q u a tio n s  (H-2 9 ) and (H- 3 0 ) s f ig u r e  18 (a )  shows th e  p r in c i p a l  axes  

e ig e n v e c to r s  o f  f ig u r e  1 6 (h ) a f t e r  a  r o t a t i o n  o f  0^ = - 2 7 . 9° .

As seen  i n  f ig u r e  1 7 ( a ) ,  t h i s  b r in g s  th e  s c a l a r  m u l t ip le  a x i s ,  Y^, 

i n to  a lig n m en t w ith  th e  d a ta  d i s t r i b u t i o n  o f  c o n s t i tu e n t  C. T h is  i s  

in d ic a te d  by th e  e q u a l i ty  o f  th e  v n ( tra n sfo rm e d )  e ig e n v e c to r  w ith  th e  

c h a r a c t e r i s t i c  v e c to r  v ^ . I t  sh o u ld  be n o te d  t h a t  Vg ( tra n sfo rm e d )  

e ig e n v e c to r  i s  n o t eq u a l t o  c h a r a c t e r i s t i c  v e c to r  v ^ . I f  now, th e  

o r ig i n a l  p r in c i p a l  axes a r e  r o t a t e d  th ro u g h  0g = - 6 3 . 9° ,  f ig u r e  1 8 (b)
tr

shows v2 conform s e x a c t ly  t o  vA, and in  f ig u r e  1 7 ( a ) ,  th e  s c a l a r  

m u l t ip le s  a x i s ,  Yg, a l i g n s  in  th e  d i r e c t i o n  o f  th e  d a ta  d i s t r i b u t i o n  o f  

c o n s t i tu e n t  A. W ith 0^ and 0g known, th e  s c a la r  m u l t ip le s  may be
i »

tra n s fo rm e d  in to  th e  o b liq u e  axes system  (Y-^Yg) by  e q u a tio n s  (h—3 3 ) 

and (H-3U). F ig u re  19 shows th e  o b liq u e  axes space  a s  d e f in e d  r e l a t i v e  

t o  o r i g i n a l  s c a l a r  m u lt ip le  space and a f t e r  t ra n s fo rm a t io n  i n to  th e  

o b l iq u e  ax es  sy stem . I t .  i s  e v id e n t  t h a t  one has l i n e s  o f  c o n s ta n t  

tra n s fo rm e d  s c a l a r  m u l t ip le s .  E q u a tio n  ( ^ -2 7 ) ,  w hich may be w r i t t e n  as

L . .  = L . + Y . v . . + Y0 . v 0 . i j  j  l i  l j  2 i  2j (5 -13 )
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i s  tra n s fo rm e d  in to :

Li j  = Lj  + Yl i  VCj + Y2 i vAj (5-1*0

E q u a tio n  (5 -1 )  can  be  w r i t t e n  a s ,  f o r  c o n s t i tu e n t  A,

Li J  = BJ + MAJ °A i (5- 1 5 >

For th e  s p e c t r a  o f  c o n s t i tu e n t  A a lo n e  (C^ = 0 ) ,  i s  a  c o n s ta n t

v a lu e  from  f ig u r e  1 9 ( h ) . Combining e q u a tio n s  (5-1*+) and (5 -1 5 ) and 

re a r ra n g in g :

0 = (LJ -  EJ -  Y11 V  + ; aj 5 a .  (5 . l 6 )

\ |

w hich has th e  form  o f :

CAi “  a J + *21 (5 -1 7 )

T r i a l  c a se  c a lc u la t io n s  in v o lv in g  l i n e a r  c o n s t i tu e n t s  show th e  fu n c t io n s  

a . , b . t o  be c o n s ta n ts  in d ic a t in g  c o n s t i tu e n t  A c o n c e n tra t io n s  a re
U J

If
d i r e c t l y  p r o p o r t io n a l  t o  th e  tra n s fo rm e d  s c a l a r  m u l t ip l e s ,  Yg^. A 

s im i la r  l i n e  o f  d e r iv a t io n  r e s u l t s  i n  a  l i n e a r  e x p re s s io n  r e l a t i n g

°C i t o  Yu -
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For s p a t ia l ly - in d e p e n d e n t  c o n s t i tu e n t s  A and B, a  r o t a t i o n  o f  

0^ = 6l . 7° p roduced  v^ = v^  and a lig n e d  th e  Y^ a x is  a lo n g  th e  l i n e  

o f  d a ta  f o r  c o n s t i tu e n t  A ( f i g .  1 5 ( a ) ) .  A second r o t a t i o n  o f  0g = 2 5 .7 °
I I

showed Vg = v.g w ith  th e  Yg a x is  a l ig n e d  a lo n g  th e  c o n s t i tu e n t  B 

l i n e  o f  d a ta  ( f i g .  15 ( a ) ) .

A c a se  was c o n s id e re d  where a l l  t h r e e  l i n e  dumps in  f ig u r e  13 w ere 

c o n s id e re d  overflow n in  one f l i g h t  l i n e .  T h ir te e n  s p e c t r a  ( 1 -9 ,

27-30) f o r  c o n s t i tu e n t s  A, B, and C w ere in p u t  t o  th e  c h a r a c t e r i s t i c  

v e c to r  a n a ly s i s  program . As e x p e c te d , t h r e e  e ig e n v e c to rs  w ere found 

t o  e x p la in  100% o f  th e  o bserved  d a ta  v a r ia n c e .  The e ig e n v a lu e s  and 

p e rc e n ta g e  o f  v a r ia n c e  e x p la in e d  by  each  e ig e n v e c to r  w ere:

C o n s t i tu e n ts  A, B and C

X1 = 102k.ZkU 1^ = 8 2 . 80W

Xg = 212.035 lg  = 17.1^2%

X3 = 0 .666 1 = 0 .05W

From a  p r in c ip a l  axes v ie w p o in t, th e  t h i r d  e ig e n v e c to r  c o n tr ib u te s  

l i t t l e  t o  e x p la in in g  th e  d a ta  v a r ia n c e  (99.9k6% e x p la in e d  by th e  f i r s t  

two e ig e n v e c to r s ) .  However, th e r e  i s  a  danger h e re  i n  co n c lu d in g  t h a t  

two s ig n i f i c a n t  e ig e n v e c to rs  im p lie s  o n ly  two c o n s t i tu e n t s  o r ig i n a l l y  

form ed th e  d a ta  s e t .  In  f a c t ,  t h r e e  c o n s t i tu e n t s  axe p r e s e n t ,  as 

ev id en ced  by th e  s m a ll, b u t  f i n i t e ,  t h i r d  e ig e n v a lu e  which m ust a ls o  be 

c o n s id e re d  s ig n i f i c a n t .  I f  th e  s c a la r  m u l t ip le s  c o rre sp o n d in g  t o  th e  

th r e e  e ig e n v e c to rs  fo r  t h i s  c a se  a re  p l o t t e d  in  (Y^,Yg,Y3 ) sp a c e ,
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t h e  d a ta  d i s t r i b u t i o n s  shown i n  f ig u r e  2 0 (a )  a r e  o b ta in e d . Three l i n e s  

o f  d a ta ,  converged  a t  th e  b a se  w a te r  spectrum  a re  o b ta in e d . C le a r ly ,  

t h i s  i s  e v id en ce  o f  th e  th r e e  c o n s t i tu e n t s  co m prising  th e  d a ta  s e t .  

E quation  (U-35) d e s c r ib e s  th e  r e c o n s t i t u t i o n  o f  th e  o r ig i n a l  s p e c t r a  

from  th e s e  m u l t ip le s ,  t h r e e  e ig e n v e c to r s ,  and a  mean spectrum . As 

f o r  th e  tw o - c o n s t i tu e n t  exam ples, t h i s  t h r e e - c o n s t i t u e n t  s c a l a r  m u l t ip le  

p lo t  s u g g e s ts  an o b liq u e  axes  sy stem , whose ax es  a r e  p a r a l l e l  t o  th e  

l i n e s  o f  d a ta  shown. Under th e s e  c o n d it io n s  th e  c a lc u la te d  e ig e n v e c to rs  

a re  tra n s fo rm e d  e q u a l to  th e  c h a r a c t e r i s t i c  v e c to r s  f o r  c o n s t i tu e n t s  A, 

B, and C. C hap ter IV d isc u s s e d  th e  p ro ced u re  o f  m u l t ip le ,  s u c c e s s iv e  

o rth o g o n a l t ra n s fo rm a t io n s  t o  d e te rm in e  th e  o r ie n t a t io n s  a n g le s

f o r  each  a x is .  The t r a n s fo rm a t io n s  a re  n o t c o n s id e re d

h e re .

I t  i s  i n t e r e s t i n g  to  p l o t  th e  s c a l a r  m u l t ip le s  p r o je c te d  on th e  

v a r io u s  ax es  p la n e s  a s  shown i n  f ig u r e s  2 0 (b ) , 2 0 (c ) and 2 0 (d ) . The 

th r e e  l i n e s  o f  m u l t ip le s  c o rre sp o n d in g  t o  th e  th r e e  c o n s t i tu e n t s  a r e  

e v id e n t ,  b u t  a r e  more c l e a r l y  s e p a ra te d  in  some p lo t s  th a n  

o th e r s .  Grew (1977b) u sed  a  c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  on f l i g h t  

d a ta  ta k e n  o v e r  fo u r  d i s t i n c t  a c id -w a s te  dump a r e a s .  W hile two 

e ig e n v e c to rs  acco u n ted  f o r  99-1% o f  th e  t o t a l  d a ta  v a r ia n c e ,  a  p l o t  o f  

s c a la r  m u l t ip le s  f o r  th e s e  f i r s t  two " s i g n i f i c a n t "  e ig e n v e c to rs  showed 

fo u r  " l i n e a r  c lu s t e r "  f e a t u r e s .  The c o n c lu s io n  was to  pe rfo rm  a  

c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  o f  each  dump re g io n  s e p a r a te ly  t o  

produce a  d i f f e r e n t  c h a r a c t e r i s t i c  v e c to r  f o r  each  r e g io n .  The a n a ly s i s  

developed  in  t h i s  d i s s e r t a t i o n  shows t h a t  th e  p e rc e n ta g e  o f  v a r ia n c e
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e x p la in e d  "by th e  f i r s t  few  s ig n i f i c a n t  e ig e n v e c to r s  i s  n o t n e c e s s a r i ly  

an  i n d ic a t io n  o f  th e  number o f  i n d iv id u a l  c o n s t i tu e n t s  d e te rm in in g  th e  

d a ta  s e t  v a r i a t i o n  a n d , in d e e d , a  f u l l -d im e n s io n a l  p l o t  o f  s c a la r  

m u l t ip le s  (o r  a  f u l l  s e r i e s  o f  p l o t s  in  tw o o r  t h r e e  d im ensions i f  

w orking  in  h y p e rsp a c e ) may be n e c e s s a ry  t o  i s o l a t e  a l l  o f  th e  l i n e a r  

d a ta  f e a tu r e s .

O ther c a s e s  o f  s p a t ia l ly - in d e p e n d e n t  c o n s t i tu e n t s  were c o n s id e re d  

i n  th e  a n a ly s i s .  New c o n s t i tu e n t s  w ere form ed by  v a ry in g  th e  phase  

d i f f e r e n c e  Xq i n  e q u a tio n s  (5 -2 )  and (5 -3 )  over a  ran g e  o f  v a lu e s  

and a l s o  chang ing  th e  ran g e  o f  c o n c e n t ra t io n s  used  t o  c a lc u la t e  th e  

s p e c t r a  ( e . g . ,  e q u a tio n s  (5-*0 and ( 5 - 5 ) ) .  S p e c tra  f o r  p a i r s  o f  con

s t i t u e n t s  ( c o n s t i tu e n t  A and a  new c o n s t i tu e n t )  were s u b je c te d  t o  a  

c h a r a c t e r i s t i c  v e c to r  a n a ly s i s .  Space does n o t p e rm it a  p r e s e n ta t io n  

o f  th e  in d iv id u a l  r e s u l t s .  A lthough  in d iv id u a l  c a se  r e s u l t s  v a r ie d  

in  te rm s  o f  c h a r a c t e r i s t i c  v e c to r s  ( f o r  new c o n s t i t u e n t s ) ,  p r in c ip a l  

axes e ig e n v e c to r s ,  and s c a l a r  c o e f f i c i e n t s ,  th e  p ro c e d u re s  and 

o b s e rv a t io n s  d eve loped  in  C hap ter IV and t h i s  s e c t io n  w ere c o n s is te n t  

and a p p l ic a b le  in  a l l  c a s e s .

In  summary, f o r  s p a t ia l ly - in d e p e n d e n t  i d e a l  c o n s t i t u e n t s ,  a  

c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  c a l c u l a t e s  p r in c i p a l  ax es  e ig e n v e c to r s  

eq u a l i n  number t o  a l l  s p e c t r a l l y  d i f f e r e n t  c o n s t i tu e n t  f a m i l ie s  

p r e s e n t .  The h ig h  p e rc e n ta g e  o f  v a r ia n c e  e x p la in e d  by  th e  f i r s t  few 

e ig e n v e c to rs  may g iv e  a  f a l s e  im p re ss io n  o f  th e  number o f  a c tu a l  

c o n s t i tu e n t s  p ro d u c in g  th e  d a ta  s e t  v a r i a t i o n ,  e s p e c ia l ly  i f  some o f
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th e s e  c o n s t i tu e n t s  a re  s p e c t r a l l y  s im i l a r .  M u ltip le  o r th o g o n a l axes 

r o ta t i o n s  can  h e  u sed  t o  i s o l a t e  th e  c h a r a c t e r i s t i c  v e c to r s  o f  th e  

c o n s t i tu e n t s  w ith  th e  r o t a t i o n  a n g le s  o b ta in e d  u se d  t o  p erfo rm  an 

o b liq u e  t ra n s fo r m a t io n  o f  s c a l a r  m u l t ip l e s ,  p ro d u c in g  a  p a ra m e tr ic  

s e t  o f  c u rv e s  r e l a t i n g  c o n s t i tu e n t  c o n c e n t ra t io n s  t o  tra n sfo rm ed  

s c a la r  m u l t ip le  v a lu e s .

M ix tu res  o f  C o n s t i tu e n ts

A m ix tu re  o c c u rs  when two o r  more c o n s t i tu e n t s  c o e x is t  in  th e  

same w a te r  m ass. In  t h i s  s e c t io n ,  c o n s t i tu e n t  m ix tu re s  a re  fo rm u la ted  

from  e x a c t ,  h y p o th e t ic a l ,  s in g l e - c o n s t i t u e n t  d a ta  s e t s  assum ing ( l )  a  

l i n e a r  v a r i a t i o n  o f  r a d ia n c e  w ith  c o n c e n tra t io n  f o r  any c o n s t i tu e n t  and

(2 ) l i n e a r  s u p e rp o s i t io n  o f  ra d ia n c e s  ( i . e . ,  a d d i t iv e  c o n s t i tu e n t s )  fo r  

m ix tu re s  o f  th e s e  c o n s t i tu e n t s .  The l a t t e r  i s  based  on th e  assum ption  

t h a t  th e r e  a r e  no p h y s ic a l ,  c h e m ica l, e l e c t r i c a l ,  o r  o th e r  ty p e s  o f  

i n t e r a c t io n s  o r  shadowing e f f e c t s  t h a t  p re c lu d e  such  s u p e rp o s i t io n s .

The o b je c t iv e  o f  a  c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  i s  t o  i s o l a t e  th e  

in d iv id u a l  c o n s t i tu e n t s  in  th e  m ix tu re  and q u a n ti fy  t h e i r  c o n c e n tra t io n s  

on a  r e l a t i v e  b a s i s .

T ab le  2 p re s e n te d  s p e c t r a  f o r  in d iv id u a l  c o n s t i tu e n t s  A, B, and C 

an a ly z e d  f o r  in d iv id u a l  and s p a t ia l ly - in d e p e n d e n t  c a s e s .  A lso  in  

t a b l e  2 a r e  s p e c t r a  f o r  m ix tu re s  o f  c o n s t i tu e n t s  A + B ( s p e c t r a  10 -25) 

f o r  th e  in d ic a te d  c o n c e n t r a t io n s .  T a b les  7 and 8 p r e s e n t  m ix tu re  

s p e c t r a  f o r  c o n s t i tu e n t s  A + C and A + B + C, r e s p e c t iv e ly .  Any 

o f  th e  s p e c t r a  from  th e s e  t a b l e s  can  be o b ta in e d  from
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L±(X) = 0 .2  s i n  j ^ L  (x _ 1,00)] CM

+ ° - 2 s in  [ m  u  -  ' H  S i

+ 0 .2  s in  (X .  U50 )] Cc . ( 5- 1 8 )

by  choosing  a  s e t  o f  in p u t c o n c e n tra t io n s  (CA,CB,CC) and th e  d e f in in g

w aveleng th s ( in  th e s e  c a se s  n in e  w aveleng ths betw een 500 and 900 nm).

For c o n s t i tu e n t s  A + B in  m ix tu re s , a  c h a r a c t e r i s t i c  v e c to r  

a n a ly s i s  was perfo rm ed  on s e t s  o f  1 3 , IT , 21 and 25 s p e c t r a  ( s p e c t ra  

numbers 1 th ro u g h  13 , 1 th ro u g h  IT , 1 th ro u g h  2 1 , 1 th ro u g h  25, 

r e s p e c t iv e ly  i n  t a b l e  2 ) .  The in p u t m a tr ic e s  o f  co rre sp o n d in g  m ix tu re  

c o n c e n tra t io n s  where 0^ = 0 w ere:

CO
-p•H

o

( a r b i t r a r y  u n i t s )

0

1
0 1 x  

I f
10 1 x  1
20 1 X 1
30 1 x  1

1*0
1 1 
L-X_l

10 20 30 Uo

n in e  s p e c t r a  ca se  
( s p a t ia l ly - in d e p e n d e n t  
c o n s t i tu e n t s )

L *
L x

X X xD— add f o r 13 s p e c tr a case

X X xH— add f o r IT s p e c tra case

:_____ x_ X x ] ---- add fo r 21 s p e c tr a case

: x ~ X . C F ’- add f o r 25 s p e c tr a case
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The added s p e c t r a  f o r  each  su cceed in g  c a se  r e p r e s e n t s  v a r i a b le  C^ 

w ith  Cg h e ld  c o n s ta n t .  A "com plete" d a ta  m a tr ix  e x i s t s  w ith  25 s p e c t r a  

w ith  no " h o le s "  (o r  m is s in g  s p e c t r a )  i n  t h e  m a tr ix .  F o r th e  1 3 - s p e c tra  

c a s e ,  two e ig e n v e c to rs  acco u n ted  f o r  100$ o f  th e  t o t a l  d a ta  v a r ia n c e  

w ith  a  breakdown o f  e ig e n v a lu e s  and p e rc e n ta g e s  o f  v a r ia n c e  e x p la in e d  

by each  e ig e n v e c to r  a s :

C o n s t i tu e n ts  A + B 

(1 3 -s p e c tra )

= 81*5.866 l  = 76.71*5$

x2 = 256.315  i 2 = 23 . 255$

T able  9 p r e s e n ts  th e  mean v e c to r  and n o rm a lized  p r in c i p a l  axes  e ig e n 

v e c to r s .  C h a r a c t e r i s t i c  v e c to r s  f o r  c o n s t i tu e n t s  A and B a re  l i s t e d  fo r  

com parison . As f o r  th e  s p a t ia l ly - in d e p e n d e n t  c a s e s ,  f o r  th e  m ix tu re  

n e i th e r  p r in c i p a l  a x is  e ig e n v e c to r  e q u a ls  e i t h e r  c h a r a c t e r i s t i c  v e c to r .  

S e p a ra te  r o t a t i o n a l  t ra n s fo rm a t io n s  y i e ld  th e  r e s u l t s  in  t a b l e  9 where

r o ta t io n s  th ro u g h  0^ = 1*8 . 0° g iv e s  v.^ = v^  and  0g = 18 . 6° g iv e s  
11

Vg = Vg. T h is  d e m o n s tra te s  t h a t  th e  two c o n s t i tu e n t s  u sed  to  d e r iv e  

th e  d a ta  s e t  s p e c t r a  have been i s o l a t e d .  F ig u re  2 1 (a )  shows th e  s c a la r  

m u lt ip le s  b e fo re  t r a n s fo rm a t io n  w ith  th e  r o t a t i o n  a n g le s  0g and 0g 

la b e le d .  Com parison o f  t h i s  f ig u r e  w ith  t h a t  f o r  th e  9 - s p e c t r a  s e t  

( f i g .  1 5 ( a ) )  i n d ic a te s  th e  a d d i t io n  o f  a  l i n e  o f  p o in ts  co rre sp o n d in g  

to  Cg = 10 u n i t s ,  C^ = 1 0 , 20 , 30, and 1*0 u n i t s .  T ran sfo rm a tio n  o f  

th e  s c a la r  m u l t ip le s  u s in g  e q u a tio n s  ( U-—33 ) and (l*-3l*) i n to  th e  

o b liq u e  a x is  system  i s  shown a s  f ig u r e  2 1 (b ) . The c o n c e n tra t io n s  f o r
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any m ix tu re  p o in t  (C ^G g) can  be  found  from  th e  i n t e r s e c t i o n  o f  

s c a l a r  m u l t ip le  l i n e s  r e p r e s e n t in g  l i n e s  o f  c o n s ta n t  c o n c e n t r a t io n s .

S im ila r  r e s u l t s  a r e  o b ta in e d  f o r  th e  1 7 , 21 , and 25 s p e c t r a  c a s e s .  

Two e ig e n v e c to r s  e x p la in  100# o f  th e  d a ta  v a r ia n c e  i n  each  c a s e . For 

b r e v i t y ,  f ig u r e  22  p r e s e n ts  o n ly  th e  u n tra n sfo rm ed  s c a l a r  m u l t ip le s  f o r  

th e s e  c a s e s .  I t  i s  e v id e n t t h a t  l i n e a r  p a t t e r n s  o f  s c a l a r  m u l t ip le s  

a r e  added ana logous t o  th e  m anner by w hich th e  in p u t  c o n c e n tra t io n s  

m a tr ic e s  w ere form ed. R o ta tio n  o f  t h e  p r i n c i p a l  axes  th ro u g h  th e  a n g le s  

®1 * S iv en  in  f ig u r e  22 i s o l a t e d  th e  c h a r a c t e r i s t i c  v e c to r s  v^

and Vg i n  each  in s ta n c e .

For a n a ly s i s  o f  s im i la r  c o n s t i tu e n t s  A + C in  m ix tu re s ,  th e  same 

s te p s  as  f o r  c o n s t i tu e n t s  A + B w ere fo llo w e d  w ith  c a se s  o f  1 3 , 1 7 ,

2 1 , and 25 s p e c t r a  a n a ly z e d  a s  g iv en  by t a b l e  7 . F ig u re  23 p r e s e n ts  

th e  u n tra n sfo rm ed  s c a la r  m u l t ip le s  f o r  th e s e  c a s e s .  Once a g a in  t h e r e  i s  

a  l in e - b y - l i n e  b u ild u p  o f  s c a l a r  m u l t ip le s  a s  th e  c o n c e n tra t io n  m a tr ix  

i s  com pleted . The s c a l a r  m u l t ip le  p o in ts  a r e  u n ifo rm ly  spaced  ana lo g o u s 

t o  th e  u n ifo rm  sp a c in g  o f  th e  c o n c e n t r a t io n s .  R o ta tio n  o f  th e  p r in c i p a l  

axes th ro u g h  a n g le s  0^ and 0g g iv e n  in  f ig u r e  23 i s o l a t e d  c h a r a c te r 

i s t i c  v e c to r s  v ^  and v^ i n  a l l  c a s e s .

O ther c a se s  w ere c o n s id e re d  a s  f o r  th e  s p a t ia l ly - in d e p e n d e n t  

c o n s t i tu e n t s  w here c o n s t i tu e n t  A was combined w ith  new c o n s t i tu e n t s  

form ed by u t i l i z i n g  phase  d i f f e r e n c e s  in  th e  h a l f - s i n e  and f u l l - s i n e  

w aves. Changes i n  th e  ra n g e s  o f  c o n s t i tu e n t s  w ere a l s o  c o n s id e re d . 

A lthough in d iv id u a l  c a se s  v a r ie d  in  p a r t i c u l a r  v a lu e s  o f  e ig e n v a lu e s , 

e ig e n v e c to rs  and s c a l a r  m u l t ip l e s ,  th e  m ethod o f  a n a ly s i s  rem ained
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unchanged and  two e ig e n v e c to r s  acco u n ted  f o r  100$ o f  d a ta  v a r ia n c e  f o r  

tw o - c o n s t i tu e n t  m ix tu re s . R o ta tio n  th ro u g h  two a n g le s  0^ , 0g 

i s o l a t e d  t h e  c h a r a c t e r i s t i c  v e c to r s  f o r  th e  c o n s t i tu e n t s  o f  th e  m ix tu re s .

A s in g l e  c a se  o f  t h r e e  c o n s t i tu e n t s  in  a  m ix tu re  was a n a ly z e d  by 

c h a r a c t e r i s t i c  v e c to r s .  T ab le  8 l i s t s  th e  in p u t  s p e c t r a  u sed  c o rre sp o n d 

in g  t o  th r e e  c o n c e n tra t io n s  and ^  un*/fcs *n a^1

p o s s ib le  c o m b in a tio n s . The l a r g e r  c o n c e n t ra t io n  in crem en t was s e le c te d  

t o  l i m i t  th e  number o f in p u t  s p e c t r a  (27  s p e c t r a )  fo r  c o n c ise n e ss  in  

r e p o r t in g  and  c l a r i t y  i n  d i s p la y .  F ig u re  2h shows th e  u n tra n sfo rm ed  

s c a l a r  m u l t ip l i e s  f o r  t h i s  d a ta  s e t  i n  (Y ^ Y ^ Y ^ ) sp a c e . The p a t t e r n  

c r e a te d  i s  c o n s i s t e n t  w ith  th e  p a t t e r n  o f  c o n s t i tu e n t  c o n c e n tra t io n s  

u sed  t o  c r e a te  th e  s p e c t r a .

A f i n a l  t e s t  o f  th e  v e c to r  a n a ly s i s  p ro ce d u re s  was to  o p e ra te  on a 

d a ta  s e t  w here th e  ran g e s  o f  th e  tw o - c o n s t i tu e n t  c o n c e n tra t io n s  were 

d i f f e r e n t ,  t h e  in c rem en ts  in  c o n c e n t ra t io n s  v a r i e d ,  t h e r e  were 

r e p e a te d  s p e c t r a  (caused  by  re p e a te d  c o n c e n t ra t io n  p a i r s )  and m iss in g  

s p e c t r a  (ca u se d  by  h o le s  in  th e  in p u t c o n c e n tra t io n s  m a t r ix ) .  A 

r e a l i s t i c  example i s  d e p ic te d  i n  f ig u r e  25 showing two l i n e  dumps, o f  

c o n s t i tu e n t s  A and B c ro s s in g  each  o th e r .  The l i n e  dump f o r  c o n s t i tu e n t  B 

i s  sym m etric abou t th e  m id p o in t b u t th e  l in e  dump f o r  c o n s t i tu e n t  A i s  

asym m etric ab o u t i t s  h ig h e s t  c o n c e n tra t io n  (a s  m igh t be cau sed  by  w ind 

s h e a r ) .  An a i r c r a f t  makes two p a s se s  o v e r th e  plum es u s in g  a  l i n e  

s p e c tro m e te r  c o l l e c t i n g  s p e c t r a  a t  th e  p o in ts  in d ic a te d  betw een  th e  

o n - o f f  p o in ts  f o r  th e  s p e c tro m e te r . A t o t a l  o f  30 s p e c t r a  a r e  c o l l e c t e d ,  

w ith  th e  c o n c e n tra t io n s  in p u t m a tr ix  g iv e n  by:
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CA ( a r b i t r a r y  u n i t s )

0 5 10 15 20 25

0
1 ,2 ,3 ,1 3 ,  
l i t , 1 5 ,1 6 , 
1 7 ,2 8 ,2 9 ,3 0

k 5 ,18 19 20

10 12 ,27 6 21

20 11 ,26 22 7

30 25 10 ,2 3 8

ko 2k 9

CO
•P

&aju•p•H,Q
3

o

The numbers r e f e r  t o  th e  s p e c t r a  p o s i t io n s  a lo n g  th e  f l i g h t  l i n e s .  I t  

i s  e v id e n t t h a t  many b a s e  w a te r s p e c t r a  were c o l l e c te d  (z e ro  con

c e n t r a t io n s  o f  A and B ) , w ith  s e v e r a l  o th e r  r e p e a te d  c o n c e n tra t io n  p a i r s  

and many m iss in g  p a i r s  i n  th e  m a tr ix .  T ab le  10 l i s t s  th e  in p u t  s p e c t r a  

f o r  t h i s  d a ta  s e t  in  th e  o rd e r  o f  h y p o th e t ic a l  c o l l e c t i o n .  A c h a r a c te r 

i s t i c  v e c to r  a n a ly s i s  produced  th e  s c a la r  m u lt ip le  p l o t  o f  f ig u r e  26 ( a ) .  

The m u lt ip le s  have a  much more random ap p earan ce . R epeated  s p e c t r a  

ap p ear a s  re p e a te d  s c a l a r  m u lt ip le  p o in ts  on th e  p l o t .  The s p e c t r a  

numbers c o rre sp o n d in g  t o  p o in ts  a lo n g  th e  f l i g h t  l i n e  a r e  l a b e le d .

As w ith  a l l  p re v io u s  c a se s  d is c u s s e d , th e  u s e r  has a  c h o ic e  o f  w hether
i it

t o  o b ta in  v^ eq u a l t o  v^  o r  Vg, and Vg eq u a l t o  Vg o r  v^ 

th ro u g h  t r a n s fo rm a t io n . Two s e t s  o f  a p p lic a b le  r o t a t i o n  a n g le s
i ii

(01 jQg) a re  p o s s ib le .  For t h i s  a n a ly s i s ,  v^ -* v^  and Vg -*• Vg
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a re  d e s i r e d .  A r o t a t i o n  o f  0^ = J 8 .2 °  p roduced  a  tra n s fo rm e d  f i r s t
i

p r in c ip a l a x is  e ig e n v e c to r , v^ , equal t o  th e  c h a r a c te r is t ic  v e c to r  

fo r  c o n s titu e n t  A. A second r o ta t io n  o f  0g = 2 3 8 .9 °  produced a
II

tra n s fo rm e d  second p r in c ip a l  a x is  e ig e n v e c to r ,  Vg, e q u a l to  th e  

c h a r a c t e r i s t i c  v e c to r  f o r  c o n s t i tu e n t  B. T ransfo rm ing  t h e  o r ig in a l
I  I t

s c a la r  m u l t ip le s  from  (Y1 :i>Y2i^  ^ i i ,Y2 i^  u s in £ e q u a tio n s  (U—33)

and (^ -3 * 0 , r e s u l t s  in  f ig u r e  2 6 (h ) . In  t h i s  sy stem , l i n e s  o f  equa l

c o n c e n tra t io n s  a r e  p a r a l l e l  t o  e i t h e r  a x i s .  F o r r e f e re n c e  p u rp o se s ,

th e s e  l i n e s  o f  c o n s ta n t  c o n c e n tra t io n s  o f  C. o r  CL have beenA .is
la b e le d  on th e  f ig u r e  a lth o u g h  w ith o u t s u r fa c e  t r u t h  th e y  would n o t be  

known b e fo re h a n d . C o n c e n tra tio n s  f o r  any m ix tu re  p o in t  a r e  th e  v a lu e s  

o f  th e  i n t e r s e c t i n g  c o n s ta n t  c o n c e n tra t io n  l i n e s .  F ig u re  2 7 (a )  

shows th e  a c tu a l  v a r i a t i o n  a lo n g  th e  two f l i g h t  l i n e s  o f  th e  c o n c e n tra t io n s  

o f  A and B w ith  th e  s p e c t r a  number a  m easure o f  d is ta n c e  a lo n g  th e  

f l i g h t  p a th .  W ith a  b a se  w a te r p r e s e n t ,  th e  tra n s fo rm e d  s c a la r
t n

m u lt ip le s  (Y ^ jY ^ i)  w ere s c a le d  by s u b t r a c t in g  th e  s c a l a r  m u lt ip le s

co rre sp o n d in g  to  C. = 0 o r  C = 0 and d iv id in g  by  th e  ra n g e  o f  each  
A  C

tra n s fo rm e d  s c a l a r  m u lt ip le  s e t ,  a  m ethod d is c u s s e d  e a r l i e r  in  t h i s  

c h a p te r  f o r  p ro d u cin g  s c a le d ,  s c a la r  c o e f f i c i e n t s ,  ( e q u a tio n  ( 5- 1 0 ) ) .

The r e s u l t s  a re  p lo t t e d  a s  f ig u r e  2 7 (b ) . In  a  r e l a t i v e  sen se  th e
i it

v a r i a t i o n s  o f  tu  (Y^) and h^(Yg) re p ro d u c e  th e  v a r i a t i o n s  i n  and 

e x a c t ly .  T h is  f a c t  i s  a  c r i t i c a l  d e m o n s tra tio n  o f  th e  u t i l i t y  o f  

c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  in  n o t j u s t  i s o l a t i n g  th e  c o n s t i tu e n t s ,  

b u t d e s c r ib in g  t h e i r  c o n c e n tra t io n s  and g r a d ie n ts  a lo n g  th e  f l i g h t  p a th  

in  a  r e l a t i v e  m anner. In  g e n e ra l ,  s u r fa c e  t r u t h  m easurem ents a re
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i <i
needed  to  a d ju s t  th e  s c a le s  o f  k^(Y ^) and ^ ( ^ 2  ̂ r e a d  coneen t r a -  

t i o n  u n i t s .  S ince  a  b a se  w a te r  i s  p r e s e n t  i n  t h i s  exam ple, th e n  o n ly  one more 

s u rfa c e  t r u t h  m easurem ent o f  f i n i t e  C. and CL i s  n e c e s s a ry  t o  s c a le
A ±5

t h e  c o e f f i c i e n t s  t o  d e p ic t  c o n c e n t r a t io n s .

In  summary, f o r  m ix tu re s  o f  i d e a l  c o n s t i tu e n t s  w here l i n e a r  

s u p e rp o s i t io n  i s  assum ed, a  c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  c a lc u la t e s  

p r in c i p a l  axes e ig e n v e c to rs  eq u a l i n  number to  th e  number o f  c o n s t i tu e n t s  

c o m p risin g  th e  m ix tu re s . M u lt ip le ,  o r th o g o n a l axes  r o ta t i o n s  a r e  u sed  

to  i s o l a t e  t h e  c h a r a c t e r i s t i c  v e c to r s  o f  th e  c o n s t i tu e n t s  and  th e  

r o t a t i o n  a n g le s  u sed  t o  perfo rm  an o b liq u e  t r a n s fo rm a t io n  o f  th e  s c a l a r  

m u l t ip le s ,  p ro d u cin g  tra n s fo rm e d  v a lu e s  d i r e c t l y  r e l a t e d  t o  th e  con

s t i t u e n t  c o n c e n tra t io n s .

T h is c h a p te r  has  d em o n stra ted  how a  v e c to r  a n a ly s i s  may be 

e x p ec ted  t o  o p e ra te  under i d e a l  c o n d it io n s  f o r  h y p o th e t ic a l  c o n s t i tu e n t s .

The su cceed in g  c h a p te rs  r e l a x  th e s e  i d e a l  a ssu m p tio n s  one-by-one t o  

examine th e  s e n s i t i v i t i e s  o f  th e  a n a ly s i s  t o  l e s s - th a n - id e a l  c o n d it io n s  

e n c o u n te red  in  r e a l  w orld  o p e ra t io n s .
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CHAPTER VI

NONLINEAR CONSTITUENTS 

Up to  t h i s  p o in t  i t  has been  assumed t h a t  th e  ra d ia n c e -c o n c e n -  

t r a t i o n  r e l a t i o n s h ip  f o r  c o n s t i tu e n t s  in  w a te r i s  l i n e a r ,  i . e . ,

w here th e  b a s e -w a te r  sp ec tru m , B (A ), co u ld  b e ,  and has been s u b tr a c te d  

o u t o f  th e  r e l a t i o n s h ip  f o r  h y p o th e t ic a l  c o n s t i tu e n t  s tu d i e s .  The 

f u n c t io n  M(A), as p re s e n te d  in  p re v io u s  h y p o th e t ic a l  c a s e s ,  c l e a r l y  

need  n o t be a  c o n s ta n t and may be any fu n c t io n  o f  w av e len g th , A. A 

f i r s t  ap p ro x im atio n  to  n o n l in e a r  b e h a v io r  o f  th e  r a d ia n c e -c o n c e n tra t io n  

r e l a t i o n s h ip  can be g iv en  a s ,

w here p i s  any c o n s ta n t pow er, in d ependen t o f  w av e len g th . For such 

b e h a v io r ,  th e  te rm in o lo g y  "sim p le  n o n l in e a r"  w i l l  be a p p lie d  t o  th e  

c o n s t i tu e n t s .  N o n lin ea r  b e h a v io r  o f  a  c o n s t i tu e n t  i s  d e p ic te d  in  

f ig u r e  2 8 (a )  w hich shows n o rm a lized  r a d ia n c e  f o r  Rhodamine WT dye 

m ixed in  v a ry in g  c o n c e n tra t io n s  in  w a te r  a t  X = 660 nm (W hitlock  1 977a). 

Large ra d ia n c e  g r a d ie n ts  a t  low c o n c e n tra t io n s  and sm all ra d ia n c e  

g r a d ie n ts  a t  h ig h  c o n c e n tra t io n s  a re  i n d ic a t iv e  o f  pow ers, p < 1 . 

W h itlock  (1977a) e s tim a te d  p = 0 .2  f o r  Rhodamine WT dye a t  t h i s  

w av e len g th . A r e v e r s e  b e h a v io r ,  shown by f ig u r e  2 8 ( b ) ,  o c c u rs  when

Lj(A ) = B(X) + M(A) Cj (6-1)

L ± ( A )  =  B ( A )  +  M ( A )  c j (6-2)

87
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p > 1 . F ig u re  2 9 ( a )  shows c o n s t i tu e n t  A s p e c t r a  f o r  th e  l i n e a r  c a se  

(p = 1 . 0 ) and f o r  s im p le  n o n l in e a r  b e h a v io r  p = 0 .5  and p = 1 .5  

in  f ig u r e s  29 (h ) and 2 9 ( c ) ,  r e s p e c t iv e ly .  E q u a tio n  (5 -4 )  was s u i t a b ly  

m o d if ie d  by  in c lu s io n  o f  a  power te rm  p t o  c a l c u l a t e  th e s e  s p e c t r a .

A m ore s o p h is t ic a te d  and g e n e ra l  r e l a t i o n  can  b e  w r i t t e n  a s ,

L .(X ) = B(X) + M(X) C |(X) (6 -3 )

where th e  pow er, p ,  i s  w aveleng th  dep en d en t. F ig u re  2 9 (d ) , f o r  

exam ple, shows s p e c t r a  f o r  c o n s t i tu e n t  A w here p ( X) v a r i e s  l i n e a r l y  

from  0 .5  t o  1 .0  a s  X in c r e a s e s  from  500 t o  900 nm. The s p e c t r a  

shape a r e  chang ing  a s  ev id en ced  by  th e  peak  ra d ia n c e  s h i f t i n g  tow ards 

h ig h e r  w av e len g th s  f o r  h ig h e r  c o n c e n t r a t io n s .  C o n s t i tu e n ts  whose 

r a d ia n c e - c o n c e n t ra t io n  r e l a t i o n s h ip  fo llo w  e q u a tio n  (6 -3 )  a re  r e f e r r e d  

t o  a s  "w av e len g th -d ep en d en t n o n lin e a r  c o n s t i t u e n t s . "  In  th e  m odels 

p re s e n te d  th e  b a se  w a te r  superim poses l i n e a r l y  f o r  a l l  c o n c e n tra t io n s  

o f  th e  c o n s t i tu e n t .  T his need n o t be th e  c a s e ,  and n o n lin e a r  su p e r

p o s i t i o n  w ith  a  b a se  w a te r  c e r t a i n l y  can  e x p la in  a  c o n s t i t u e n t ’ s 

a p p a re n t n o n l in e a r  b e h a v io r . The p roposed  m o d els , how ever, lump a l l  

such  n o n l in e a r  s u p e rp o s i t io n  b e h a v io r  w ith  b a se  w a te r  i n to  th e  

c o n c e n tra t io n  f u n c t io n .  The te rm  " n o n lin e a r  s u p e rp o s i t io n "  i s  

r e s e rv e d  f o r  in s ta n c e s  in v o lv in g  m ix tu re s  o f  two o r  more v a r ia b le  

c o n s t i tu e n t s .

A s tu d y  was conducted  t o  examine how w e l l  t h e  m odel fu n c t io n s  

(e q s . (6- l ) ,  ( 6 - 2 ) ,  (6 -3 ) )  app rox im ated  r e a l  c o n s t i tu e n t  s p e c t r a l
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f a m i l i e s ,  and i n  th e  p ro c e s s  d e te rm in e  th e  w av e len g th  dependency , i f  an y , 

o f  th e  pow er, p . S e r ie s  o f  s p e c t r a  f o r  v a r io u s  c o n s t i tu e n t s  were 

o b ta in e d  from p re v io u s  t e s t s  conducted  in  th e  M arine U pw elled S p e c tr a l  

S ig n a tu re s  L ab o ra to ry  a t  th e  NASA L angley  R esearch  C e n te r . In  t h i s  

l a b o r a to r y  f a c i l i t y ,  c o n s t i tu e n ts  a re  m ixed in  a  3 0 0 0 -g a llo n  w a te r  ta n k  

and i l lu m in a te d  by  a  Xenon lamp s o la r  s im u la t io n  l i g h t  s o u rc e . A 

sp e c tro m e te r  mounted above th e  w a te r s u r fa c e  m easures u p w e ll ra d ia n c e  

s p e c t r a  in  th e  380 t o  980 nm ra n g e . A f i l t e r i n g - d e i o n i z a t i o n  system  

a s s u re s  a  c o n s is te n t  base  w a te r f o r  a l l  t e s t s  and a  c i r c u l a t i o n  system  

m a in ta in s  c o n s t i tu e n t  m a te r ia ls  in  su sp e n s io n . Some o f  th e  c o n s t i tu e n t s  

t e s t e d  i n  t h i s  f a c i l i t y  a lo n g  w ith  th e  c o n c e n tra t io n s  f o r  w hich s p e c t r a  

were m easured and th e  r e f e re n c e  i n  w hich th e  d a ta  has been  r e p o r te d  

in c lu d e :

C o n s titu e n t 

P rim ary  sewage s lu d g e  

Secondary sewage s ludge  

C a lv e rt s o i l  

B a l l  s o i l  

Jo rd a n  s o i l

C o n c e n tra tio n s  T e s te d  (ppm) R eference  

(0 ,U ,1 7 ,3 U ,6 9 ,8 0 ) U sry  e t  a l  1977

(0 ,1 0 ,3 9 ,7 8 ,1 5 5 ,1 8 0 )  W itte  e t  a l  1977

( 0 , k , 1 7 ,3 k ,6 9 ,8 6 ,129 ,173 )

(U ,1 7 ,3 ^ ,6 9 ,8 6 ,1 2 9 ,1 7 3 )  

( 0 ,U,1 7 ,31j , 6 9 ,8 6 ,1 2 9 ,1 7 3 )  

(0 ,U ,1 7 ,3 U ,6 9 ,8 6 ,1 2 9 )F e ld sp a r  s o i l  

Bermuda Hundred sed im en ts  (0 ,1 + ,1 7 ,2 5 ,5 2 ,8 6 ,1 7 3 ) 

B a ile y  Bay sed im en ts

W hitlock  e t  a l  1977b

W hitlock  e t  a l  1978

S h e ll  Co. I n d u s t r i a l  
B io s o lid  sludge

( if ,8 6 ,173) 

(0 ,7 ,1 8 ,2 8 ,3 9 ,6 2 ,8 5 ,1 1 7 )  U sry  e t  a l  1979

Am erican Cyanamid w aste  ( 0 ,7 ,1 0 ,1 7 ,2 3 ,2 6 ,2 8 )  W itte  e t  a l  1979
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A d d it io n a l  d e t a i l s  o f  th e  t e s t  f a c i l i t y ,  in d iv id u a l  ex p e rim en ts  and 

th e  a c tu a l  s p e c t r a  d a ta  may he found i n  th e  r e f e re n c e s  c i t e d .  The 

s p e c t r a  w ere r e p o r te d  b o th  in  te rm s o f  r a d ia n c e s  and n o rm alized  a s  

r e f l e c t a n c e s .  R e f le c ta n c e  v a lu e s  a re  u se d  in  t h i s  s tu d y . A lthough 

r e p e t i t i v e  t e s t s  would i d e a l ly  he  needed  t o  co n firm  t h e  t e s t e d  s p e c t r a ,  

t h e  fo llo w in g  a n a ly s i s  conveys th e  g e n e ra l  u t i l i t y  o f  th e  m odels

p ro p o sed  and  e s t im a te s  ra n g e s  o f  th e  pow ers p(A) f o r  a  v a r i e t y  o f

c o n s t i t u e n t s .

A r e g r e s s io n  a n a ly s i s  was c o n d u c te d , f i t t i n g  th e  s p e c t r a l  d a ta  

f o r  each  c o n s t i tu e n t  t o  th e  g e n e ra l  m odel

p t t )  = P0 (A) + M (\) Cp(X) (6-Ua)

where r e f l e c t a n c e s  a r e  used  and th e  h a se  w a te r  r e f l e c t a n c e ,  PQ(A ), 

a p p ears  in  a l l  th e  s p e c t r a .  The m ethod in v o lv e s  choosing  an  i n i t i a l  

v a lu e  o f  p  and r e d e f in in g  th e  c o n c e n tra t io n s  by

C = Cp (6-lfb)

At a  f ix e d  w av e len g th , l i n e a r  r e g r e s s io n  was perfo rm ed  betw een th e
A

r e f l e c t a n c e  v a lu e s ,  p, and re d e f in e d  c o n c e n tra t io n s  C. The v a lu e  o f

p was th e n  in c rem en ted  and th e  p ro c e s s  r e p e a te d . The b e s t  r e g r e s s io n

f i t ,  and b e s t  c h o ice  o f  power p ,  was th e  one w hich c o r r e c t l y  m atched

th e  p r e d ic te d  base  w a te r  r e f l e c t a n c e ,  p , t o  th e  a c tu a l  v a lu e .  Ino

th e  absence  o f  an  a c tu a l  base  w a te r cu rv e  f o r  com parison (B a ll  s o i l  and
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B a ile y  Bay c o n s t i t u e n t s ) ,  t h e  power p  w hich gave  th e  h ig h e s t  c o r r e la t io n  

c o e f f i c i e n t  r  was a c c e p te d . T h is  a n a ly s i s  was a p p lie d  t o  a l l  th e  

s p e c t r a l  f a m i l ie s  p r e v io u s ly  l i s t e d  on a  w av e len g th -b y -w av e len g th  b a s i s  

e v e ry  i+0 nm f o r  ^20 t o  980 nm. The c o r r e l a t i o n  c o e f f i c i e n t s  (a  m easure  

o f  f i t ) o b ta in e d  f o r  t h e  l i n e a r  r e g r e s s io n  f o r  a l l  w ave leng th s  and 

c o n s t i tu e n t s  ran g ed  from  0 . 9*+7 t o  1 .0 0 0  a lth o u g h  m ost w ere 0 .980  and 

h ig h e r .  The low er c o r r e l a t i o n  c o e f f i c i e n t s  g e n e r a l ly  w ere in  th e  

w av e len g th  ra n g e  780  t o  980 nm w here th e  Xenon lam p so u rc e  c h a r a c te r 

i s t i c s  l e d  t o  d i f f i c u l t i e s  i n  p r e c i s e l y  o b ta in in g  r e f l e c t a n c e s .

However, th e  o v e r a l l  h ig h  c o r r e l a t i o n  c o e f f i c i e n t s  su g g e s t t h a t  th e  

p ro p o sed  m odel ( in  t h e  g e n e ra l  w av e len g th -d ep en d en t form ) rep ro d u c e s  

r e a l  w orld  c o n s t i tu e n t  s p e c t r a l  b e h a v io r  w e l l .

F ig u re  30 shows th e  powers p(A) o b ta in e d  in  t h i s  a n a ly s i s  f o r  th e  

v a r io u s  c o n s t i t u e n t s .  No c o n s t i tu e n t s  e x h ib i t  a  s t r i c t l y  l i n e a r  (p = 1 .0 )  

o r  sim ple  n o n l in e a r  (p  = c o n s ta n t  n o t  e q u a l t o  1 . 0 ) b e h a v io r  b u t some 

c o n s t i tu e n t s  ap p ro x im ate  t h i s  b e h a v io r  b e t t e r  th a n  o th e r s .  For 

exam ple, th e  p rim a ry  and seco n d ary  sewage s lu d g e , Jo rd a n  s o i l  and 

S h e l l  Company b i o s o l i d  w aste  have o n ly  a  weak w av e len g th  dependency 

w h ile  o th e r  c o n s t i tu e n t s  such a s  C a lv e r t  s o i l ,  Bermuda Hundred and 

B a ile y  Bay se d im e n ts , and th e  A m erican Cyanamid w aste  a r e  n o ta b ly  

w av e len g th -d ep en d en t i n  te rm s  o f  th e  r a d ia n c e - c o n c e n t r a t io n  r e l a t i o n s h ip .  

The powers o f  m ost c o n s t i t u e n t s ,  p ,  f a l l  betw een O.lj and 1 .0 ,  w ith  th e  

n o ta b le  e x c e p tio n  o f  th e  Am erican Cyanamid w aste  (p  > 1 .0 ) .  The 

b e h a v io r  o f  F e ld s p a r  betw een 7^0 t o  860 nm i s  s u s p e c t  and may be 

r e l a t e d  t o  th e  Xenon lam p c h a r a c t e r i s t i c s .
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In  summary, th e  s tu d y  in d ic a te s  t h a t  th e  m odels o f  n o n lin e a r  

ra d ia n c e  (o r  r e f le c ta n c e ) - c o n c e n t r a t io n  "behavior p ro p o sed  a r e  a  r e a l i s t i c  

approach  t o  a c tu a l  c o n s t i tu e n t s  and may "be u sed  t o  fo rm u la te  h y p o th e t ic a l  

c o n s t i tu e n t s  f o r  s tu d y  by  c h a r a c t e r i s t i c  v e c to r  a n a ly s i s .

Sim ple N o n lin ea r C o n s t i tu e n ts  and M ix tu res  

The h a l f - s i n e  and f u l l - s i n e  wave t e s t  c o n s t i tu e n t s  A, B, C a re  

m o d ified  t o  ap p e ar a s  sim ple  n o n lin e a r  c o n s t i tu e n t s  b y ,

Lm U)  = °-2 [sSo U -  1,00>] °M («-5)

I ^ t X )  = 0 .2  s i n  (X -  1.00)1 0| ± (6- 6 )

° ? i  (6-T)

M ix tu res  a re  form ed by a  l i n e a r  s u p e rp o s i t io n  o f  th e s e  sim ple  n o n lin e a r  

c o n s t i tu e n t s .  C h a r a c te r i s t i c  v e c to r  a n a l y s e s  o f  in d iv id u a l  c o n s t i tu e n t s ,  

s p a t ia l ly - in d e p e n d e n t  c o n s t i tu e n t s  and m ix tu re s  o f  c o n s t i tu e n t s  were 

perfo rm ed  a s  i n  C hap ter V e x cep t n o n lin e a r  pow ers p  = 0 .5  and 1 .5  were 

used  t o  fo rm u la te  c o n s t i tu e n t  s p e c t r a  from  e q u a tio n s  (6- 5 ) th ro u g h  (6- 7 ) .  

These pow ers w ere chosen  a s  r e p r e s e n ta t iv e  o f  th o s e  o b se rv ed  i n  th e  

s tu d y  on r e a l  c o n s t i tu e n t s  p re s e n te d  in  f ig u r e  30.

For in d iv id u a l  s im p le  n o n l in e a r  c o n s t i t u e n t s ,  t a b l e  11 p r e s e n ts  th e  

s p e c t r a  f o r  c o n s t i tu e n t s  A, B, and C u s in g  a  power o f  p  = 0 .5  f o r  

c o n c e n tra t io n s  0 , 10 , 20 , 30 , 1*0 a r b i t r a r y  u n i t s .  F ig u re  29 (b )
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d e p ic te d  such s p e c t r a  f o r  c o n s t i tu e n t  A a s  an exam ple. C h a r a c te r i s t i c  

v e c to r  a n a ly s i s  g iv e s  th e  mean v e c to r s  and n o rm alized  c h a r a c t e r i s t i c  

v e c to r s  p re s e n te d  i n  th e  t a b l e .  A s im i la r  a n a ly s i s  u s in g  a  power 

p  = 1 .5  i s  p re s e n te d  in  t a b l e  1 2 , w ith  f ig u r e  29( c )  a s  an example o f  

c o n s t i tu e n t  A. In  a l l  c a s e s ,  a  s in g le  e ig e n v e c to r  (h en ce , c h a r a c t e r i s t i c  

v e c to r )  c o n tin u e s  t o  e x p la in  100$ o f  th e  t o t a l  o bserved  v a r ia n c e  even 

though  th e  c o n s t i tu e n t s  a r e  sim ple  n o n l in e a r .  Comparison w ith  t a b l e  U, 

th e  l i n e a r  ca se  w here p = 1 . 0 , in d ic a te s  a  m agnitude change in  th e  

mean v e c to r s  f o r  th e  s p e c t r a l  f a m i l ie s  b u t , th e  no rm alized  

c h a r a c t e r i s t i c  v e c to r s  f o r  th e  c o n s t i tu e n t s  a r e  unchanged. T his 

i n d i c a t e s ,  g e o m e tr ic a l ly ,  th e s e  u n i t  v e c to r s  c o n tin u e  to  p o in t  in  th e  

same c h a r a c t e r i s t i c  d i r e c t io n s  in  n -band  space even when th e  

c o n s t i tu e n t s  have become sim ple n o n l in e a r .  T ab le  13 shows th e  v a r i a t i o n  

o f  th e  c a lc u la te d  s c a l a r  m u lt ip le s  (Y^YgjYg) v e rsu s  th e  o r ig in a l  in p u t 

c o n c e n tra t io n s  f o r  th e  in d iv id u a l  c o n s t i tu e n t s .  F ig u re  31

shows th e s e  to  be n o n lin e a r  r e l a t i o n s .  For argum ents s im i la r  to  th o se  

u sed  t o  d e r iv e  e q u a tio n  ( 5- 7 )> b u t u s in g  th e  sim ple  n o n lin e a r  con

s t i t u e n t  r e l a t i o n  (6- 2 ) s u b s t i tu te d  in  p la c e  o f  th e  l i n e a r  r e l a t i o n  

( 5 -1 ) ,  one o b ta in s  f o r  c o n s t i tu e n t  A a s  an  exam ple,

YM  = a - b Cj, (6-8 )

where a  and b rem ain  d e f in e d  by e q u a tio n s  ( 5- 7 ) and a re  independen t 

o f  w aveleng th . C onsider a  p a i r  o f  s c a l a r  m u lt ip le  v a lu e s  (Y ^ jY ^g)
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and c o rre sp o n d in g  c o n c e n tra t io n s  ( C ^ ,C ^ g ) . From e q u a tio n  (6- 8 ) 

d i f f e r e n c in g  y ie ld s

AIA * <YA2 -  V °  *  <°A2 -  ° L >  (« -» )

The s c a la r  m u l t ip le  in crem en t ( a s  may he u sed  in  a  c o n to u r  m apping 

p ro c e s s )  i s  no lo n g e r  p r o p o r t io n a l  t o  a  c o n c e n tra t io n  in crem en t as fo r  

th e  l i n e a r  c a se  (eq . ( 5- 8 )) and r e l a t i v e  q u a n t i f i c a t i o n  and i n t e r p r e t a t i o n  

i s  c o n fu se d . However, e q u a tio n  (6- 8 ) may he  r e w r i t t e n  as

f(YAi) = (yAi - a)1/P = bl/P CAi5 b > 0 (6"10)
and

f(Y M ) = (a  -  Y ^ ,)1 /P  = ( - h ) 1 /p  Ca, ;  h  < 0 

and a  d i f f e r e n c in g  y ie ld s

( IA2 -  “ >1/P  -  ( IA1 -  a )1 /P  ■ b l /P  <0A2 '  CA1>! b > 0 

and (6- 1 1 )

<a -  I A2>1 ''P -  (a  -  YA1)1 /P  ‘  ( - b )1 /P  <CA2 -  CA l)s  b < 0

These two e q u a tio n s  su g g e st t h a t  th e  c o n c e n tra t io n s  and c o n c e n tra t io n  

in c rem en ts  a r e  p r o p o r t io n a l  t o  s c a l a r  m u l t ip le  f u n c t io n s .  However, th e  

v a lu e  o f  a  i s  unknown ( th e  v a lu e  o f  h i s  n o t r e q u i r e d  t o  p rove
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p r o p o r t io n a l i t y  and  p  i s  presum ed known from  ta n k  t e s t s  -when th e  

c o n s t i tu e n t  i s  i d e n t i f i e d ) .  A s o lu t io n  i s  t o  p ro v id e  a  s u r f a c e  t r u t h  

p o in t  i n  th e  form  o f  a  h a se  w a te r  w here th e  c o n s t i tu e n t  c o n c e n tra t io n  

i s ,  by d e f i n i t i o n ,  z e ro . Prom e q u a tio n  (6- 8 ) t h i s  y i e ld s  f o r  = 0 ,

V CA = ° )  = a  ( 6- 1 2 )

w hich s p e c i f i e s  t h e  r e q u i r e d  v a lu e  o f  a  i n  e q u a tio n s  ( 6- 1 0 ) and 

(6 -1 1 ) . The t ra n s fo r m a t io n  g iv en  by  e q u a tio n s  (6 -1 0 ) and (6 -1 2 ) was 

a p p lie d  t o  th e  v a lu e s  in  t a b l e  13 and th e n  n o rm a liz e d  by th e  ra n g e  o f  

th e  v a lu e s  a s  su g g e s te d  i n  C hap ter V. T h is i s  d e f in e d  to  be "s im p le  

n o n lin e a r  s c a l i n g ."  The t ra n s fo r m a t io n  p ro d u ces  s c a la r  m u lt ip le  

fu n c t io n s  and in c re m e n ts  p r o p o r t io n a l  t o  th e  o r i g i n a l  c o n c e n tra t io n s  a s  

d e s i r e d .  For r e l a t i v e  q u a n t i f i c a t i o n  c o n to u r  m apping o f  s im p le  n o n l in e a r  

c o n s t i tu e n t s  th e  t r a n s fo rm a t io n s  u s in g  e q u a tio n s  ( 6- 1 0 ) th ro u g h  (6- 1 2 ) 

a re  r e q u i r e d .  When a  b a se  w a te r  spectrum  i s  n o t p ro v id e d  in  th e  d a ta  

s e t ,  no s o lu t io n  e x i s t s  f o r  s in g le  c o n s t i tu e n t  r e l a t i v e  q u a n t i f i c a t i o n  

o th e r  th a n  to  p ro v id e  two s u r fa c e  t r u t h  m easurem ents t o  d e te rm in e  

c o n s ta n ts  a  and b  i n  e q u a tio n s  (6 -1 0 ) and (6 -1 1 ) . T h is ,  how ever, 

i s  s u f f i c i e n t  f o r  a b s o lu te  q u a n t i f ic a t i o n  p ro v id e d  th e  pow er, p ,  i s  

known. In  t h i s  r e g a r d ,  r e l a t i v e  q u a n t i f i c a t i o n  i s  more r e s t r i c t i v e  

f o r  s im p le  n o n l in e a r  c o n s t i tu e n ts  th a n  in  th e  l i n e a r  c a se .

C h a r a c te r i s t i c  v e c to r  a n a ly s i s  o f  s p a t ia l ly - in d e p e n d e n t  con

s t i t u e n t s  A and B was c o n s id e re d  n e x t ( s p e c t r a  form ed u s in g  e q u a tio n  (6 -5 )  

w ith  C^ = 0 , 1 0 , 2 0 , 30 , 1*0 p lu s  s p e c t r a  form ed u s in g  e q u a tio n  (6- 6 )

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



96

w ith  CB = 1 0 , 20 , 30, 4 0 ) . Powers o f  p s  0 .5  and 1 .5  w ere s tu d ie d .

I n  b o th  in s ta n c e s ,  th e  c a lc u la te d  mean v e c to r s  and p r in c i p a l  axes 

e ig e n v e c to r s  w ere d i f f e r e n t  th a n  th o s e  c a lc u la te d  f o r  th e  l i n e a r  c a se  

( f i g .  l 4 ) .  However, 100$ o f  th e  d a ta  v a r ia n c e  c o n tin u e d  t o  be e x p la in e d  

by  two e ig e n v e c to r s .  F ig u re  3 2 (a )  and (b ) show th e  s c a l a r  m u l t ip l e s ,

Yg v e rs u s  Y^, c o rre sp o n d in g  t o  t h e  s im p le  n o n lin e a r  in p u t  s p e c t r a .

The p a t t e r n s  form ed by th e  s c a la r  m u l t ip le s  a re  l i n e a r  (and converged  a t  

th e  b a se  w a te r  p o in t)  j u s t  a s  f o r  th e  l i n e a r  c a se  in  f ig u r e  1 5 ( a ) ,  

even th o u g h  th e  c o n c e n tra t io n  v a r i a t i o n s  a r e  n o t .  The n o n l in e a r i ty ,  

in s t e a d ,  shows up i n  th e  d isp la c e m e n ts  o f  p o in ts  a lo n g  th e s e  s c a l a r  

m u l t ip le  l i n e s  w ith  c lo s e r  sp a c in g  tow ards th e  h ig h e r  c o n c e n tra t io n s  

when p = 0 .5  and th e  r e v e r s e  t r u e  f o r  p  = 1 .5 .  F o r p = 0 .5 ,  

r o t a t i o n  a n g le s  0^ = 6 7 .3 °  and 0g = 21 . 0° p roduce  v^ = v ^  and
H

Vg = vB, w hereas f o r  p = 1 .5  th e s e  a n g le s  a r e  0^ = 57 . 5° and 

0g = 2 9 .1 ° .  These a n g le s  a re  d i f f e r e n t  th a n  f o r  th e  l i n e a r  c a se  s in c e  

th e  p r in c i p a l  axes  e ig e n v e c to rs  w ere d i f f e r e n t  in  each  c a s e ,  b u t th e  

c h ie f  i n t e r e s t  h e re  i s  th e  f a c t  t h a t  th e  c o n s t i tu e n t s  w ere i d e n t i f i e d  

by  th e  p ro p e r  r o t a t i o n s  0 ^ ,0 g . The u s u a l  t ra n s fo rm a t io n s  i n to  an 

o b liq u e  ax es  system  (e q s . (4 -33 ) and (4 -3 4 ))  y i e ld  th e  tra n sfo rm ed  

s c a l a r  m u l t ip le s  i n  f ig u r e s  3 2 (c ) ( f o r  p = 0 .5 )  and 32(d) ( f o r  p = 1 .5 ) .  

F i n a l l y ,  e q u a tio n s  (6 -10) and (6 -1 2 ) were u sed  t o  t ra n s fo rm  th e  s c a l a r  

m u l t ip le s  i n to  fu n c t io n s  w hich a r e  p r o p o r t io n a l  to  th e  o r ig in a l  

c o n c e n t r a t io n s .  The r e s u l t s  a r e  shown as  f ig u r e s  3 2 (e )  and 3 2 ( f ) .

C h a r a c t e r i s t i c  v e c to r  a n a ly s i s  o f  m ix tu re s  o f  c o n s t i tu e n t s  A + B 

was a p p ra is e d . S p e c tra  w ere fo rm u la te d  by l i n e a r  s u p e rp o s i t io n  o f
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e q u a tio n s  (6 -5 )  and ( 6- 6 ) .  The 1 3 , 1 1 ,  and 21 s p e c t r a  c a se s  o r ig i n a l l y  

c o n s id e re d  in  C hap ter V a re  n o t d isc u s s e d  in  th e  i n t e r e s t  o f  b r e v i ty .  

C o n s t itu e n t  c o n c e n tra t io n s  f o r  b o th  A and B w ere 0 , 1 0 , 2 0 , 3 0 , Uo 

a r b i t r a r y  u n i t s  w hich in  a l l  p o s s ib le  com b ina tions  l e d  t o  25 c a lc u la te d  

s p e c t r a  ( ta b le  2 , s p e c t r a  numbers 1 th ro u g h  2 5 , shows th e  c o n s t i tu e n t  

c o n c e n tra t io n  p a i r  p o s s i b i l i t i e s ) .  Sim ple n o n lin e a r  pow ers p = 0 .5  

and p = 1 .5  w ere a g a in  c o n s id e re d . As f o r  th e  l i n e a r  c o n s t i tu e n t s  

exam ple, a l l  o f  th e  d a ta  s e t  v a r ia n c e  i s  e x p la in e d  by  two e ig e n v e c to r s .  

The r o t a t i o n  a n g le s  n e c e s s a ry  to  i s o l a t e  th e  c h a r a c t e r i s t i c  v e c to r s  

f o r  c o n s t i tu e n t s  A and B a r e  0^ = 0° and 0g = l8 0 °  y ie ld in g
I H

V1 = VA v 2 = VB :for c a s e ® o f  p = 0 .5  and p = 1 .5 ,  th e

same a s  f o r  th e  l i n e a r  c a s e .  The p a t t e r n s  o f  th e  s c a l a r  m u l t ip le s  a r e

th e  m ain i n t e r e s t  and g iv en  a s  f ig u r e  33 f o r  th e  two pow ers c o n s id e re d . 

R e p re s e n ta t iv e  c o n c e n tra t io n  p a i r s  (C^»Cg) a r e  la b e le d .  W hile th e  

s c a la r  m u l t ip le s  form  s t r a i g h t  l i n e s ,  a s  in  th e  l i n e a r  ca se  p re s e n te d  as 

f ig u r e  22 ( e ) ,  b a s ic  changes in  th e  p a t t e r n s  a re  e v id e n t f o r  l i n e s  

o f  c o n s ta n t  c o n c e n tra t io n s  due t o  th e  v a r i a b le  d isp la c e m e n ts  o f 

in d iv id u a l  p o in ts  a lo n g  th e  p lo t  l i n e s .  A lthough th e  c o n c e n tra t io n  

in c rem en ts  were chosen  e q u a l ,  w ith  a  power o f  p = 0 .5  th e  s c a la r  

m u lt ip le  in c re m e n ts  a r e  l a r g e r  a t  th e  low c o n c e n tra t io n s  o f  A and B 

th a n  a t  th e  h ig h  c o n c e n t ra t io n s .  For f ix e d  amounts o f  n o ise  f o r  a l l  

s p e c t r a ,  th e  in c re a s e d  s e p a ra t io n  would su g g e st l e s s  i n t e r p r e t a t i o n  e r r o r  

c o rre sp o n d in g  t o  th e s e  low c o n c e n tra t io n  s p e c t r a .  The s i t u a t i o n  i s  

r e v e r s e d  in  f ig u r e  33 (b ) f o r  p = 1 .5  where l a r g e r  in c re m e n ts  e x i s t  

f o r  th e  h ig h e r  c o n c e n t r a t io n s .  No b ia s in g  i s  e x p ec ted  as  p  1 .0 ,
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t h e  l i n e a r  c a s e .  T h is  s u b je c t  i s  in v e s t ig a te d  f u r t h e r  in  th e  n o ise  

a n a ly s is  o f  C hap ter V I I I .

C le a r ly ,  i t  i s  p o s s ib le  t o  tra n s fo rm  th e  s c a l a r  m u l t ip le s  u s in g  

e q u a tio n s  (U—33) and (4-3*0 w here 01 = 0° and 02 = 180° and th e n  

c a lc u la t e  n o rm alized  f u n c t io n a l  form s u s in g  e q u a tio n s  (6- 1 0 ) and (6- 1 2 ) 

a s  shown p re v io u s ly  f o r  th e  s p a t ia l ly - in d e p e n d e n t  c o n s t i tu e n t s .

F u r th e r  c a se  s tu d ie s  in v o lv in g  c o n s t i tu e n t s  A + C and A + B show 

th e  same g e n e ra l  f e a tu r e s  and a r e ,  f o r  b r e v i t y ,  n o t p re s e n te d  h e re .  

However, t o  t e s t  th e  c o n c ep ts  d eve loped  f o r  s im p le  n o n lin e a r  c o n s t i tu e n t s ,  

th e  f l i g h t  "ex p erim en t"  developed  i n  C hapter V ( f i g .  25) was u t i l i z e d .

The same c o n s t i tu e n t  c o n c e n tra t io n s  were u s e d , how ever, th e  c o n s t i tu e n t s  

w ere changed t o  sim ple  n o n l in e a r .  Mixed pow ers w ere u se d  in  t h i s  

example where p = 0 .2  f o r  c o n s t i tu e n t  A and p = 2 .0  f o r  c o n s t i tu e n t  B. 

M ix tu re  s p e c t r a  were form ed from

W x) -  ° - 2 s in [§5o a  '  1,00)]  ° a ' 2

+ 0 .0002  s in  (X -  400)1 02 -°  (6 -13)

The c o n s ta n t ,  0 .0 0 0 2 , f o r  c o n s t i tu e n t  B was n e c e s s a ry  t o  have s p e c t r a  

ra d ia n c e s  f o r  B o f  th e  same o rd e r  o f  m agnitude a s  f o r  c o n s t i tu e n t  A.

T able l h  p r e s e n ts  th e  r e s u l t i n g  3 0 - s p e c tra  s e t .  A c h a r a c t e r i s t i c  

v e c to r  a n a ly s i s  o f  t h i s  s p e c t r a  s e t  in d ic a te d  two e ig e n v e c to rs  s u f f i c i e n t  

t o  e x p la in  a l l  o f  th e  t o t a l  d a ta  v a r ia n c e  w ith  8 2 . 298% and 1 7 -702% 

v a r ia n c e s  e x p la in e d  p a r t i t i o n e d  among th e  two p r in c i p a l  axes e ig e n v e c to r s .
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N e ith e r  e ig e n v e c to r  e q u a lle d  th e  c h a r a c t e r i s t i c  v e c to r  o f  c o n s t i tu e n t  A 

o r  B used  t o  fo rm u la te  t h i s  d a ta  s e t .  R o ta tio n s  o f  th e  p r in c i p a l  a x e s ,
i »

how ever, p roduced  v . = v . f o r  0- = 2 9 . k°  and v„ = v_ f o r
X A X d o

0g = 1 8 6 .9 ° . The s c a l a r  m u l t ip le s  f o r  th e  p r in c i p a l  ax e s  system  a re  

d e p ic te d  in  f ig u r e  3 ^ ( a ) .  S p e c tra  numbers r e f e r  each  s c a l a r  m u lt ip le  

p o in t  to  o r ig i n a l  s p e c t r a  in p u t o f  t a b l e  lM  Com parison w ith  f ig u r e  2 6 ( a ) ,  

th e  l i n e a r  c a s e ,  shows s ig n i f i c a n t  d i f f e r e n c e s  i n  th e  r e l a t i v e  p o s i t io n s  

o f  th e  p l o t t e d  m u l t ip le s .  A s i g n i f i c a n t  c lu s t e r in g  o c c u rs  in  th e  f i r s t  

q u a d ra n t. U sing e q u a tio n s  (U—33) and (M-3M w ith  th e  v a lu e s  o f  

d e te rm in ed  above , th e  s c a l a r  m u l t ip le s  tra n s fo rm e d  in to  an  o b liq u e  

axes  system  a re  d e p ic te d  in  f ig u r e  3 M b ). L in es  o f  c o n s ta n t  c o n s t i tu e n t  

c o n c e n tra t io n s  have been added f o r  r e f e r e n c e  p u rp o se s  a lth o u g h  th e y  a re  

n o t known b e fo re h a n d  in  an  a c tu a l  s i t u a t i o n .  The c lu s t e r i n g  observed  

in  th e  f i r s t  q u a d ra n t o f  th e  p re v io u s  f ig u r e  now a p p e a rs  in  th e  f o u r th  

q u ad ran t o f  th e  tra n s fo rm e d  s c a l a r  m u l t ip le s .  I t  i s  c l e a r  t h a t  th e  

cau se  o f  t h i s  c lu s t e r i n g  b e h a v io r  i s  th e  n o n l in e a r i ty  o f  th e  two 

c o n s t i tu e n t s  b o th  c a u s in g  reduced  r e l a t i v e  sp a c in g  betw een s c a la r  

m u lt ip le s  in  t h i s  q u a d ra n t.

W ith a  b a se  w a te r  p re s e n t  in  t h i s  d a ta  s e t  (b o th  c o n s t i tu e n t  

c o n c e n tra t io n s  z e r o ) ,  s c a la r  m u l t ip le  fu n c t io n s  can  be c a lc u la te d  

a c co rd in g  t o  th e  p ro c e d u re s  developed  in  t h i s  c h a p te r  u s in g  e q u a tio n s  ( 6- 1 0 ) 

and (6 -1 2 ) , S in ce  th e  p a r t i c u l a r  c o n s t i tu e n t s  have been  " id e n t i f i e d "  

by r o t a t i o n s  o f  th e  p r in c ip a l  a x e s , th e  p a r t i c u l a r  s im p le  n o n lin e a r  

powers a s s o c ia te d  w ith  th e s e  c o n s t i tu e n t s  (p = 0 .2  f o r  A and p = 2 .0  

f o r  B) a re  presum ed known. Com putation o f  th e  fu n c t io n s  f(Y ^) and
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f(Y g) n o rm a liz e d  "by th e  ran g e  y ie ld s  e x a c t ly  th e  same v a lu e s  a s  f o r  th e

l i n e a r  case  o f  f ig u r e  27 (h ) a n d , f o r  t h i s  r e a s o n , th e  f ig u r e  i s  n o t 

r e p e a te d .

In  summary, a  s im p le  n o n l in e a r  c o n s t i tu e n t  model r e p r e s e n t s  a  

n e x t s te p  i n  re p ro d u c in g  r a d ia n c e - c o n c e n t ra t io n  c o n s t i tu e n t  b e h a v io r .

The e f f e c t  on a  c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  i s  m a n ife s te d  a s  

n o n l in e a r  d i s t r i b u t i o n s  among th e  s c a la r  m u lt ip le s  c a lc u la te d .  The 

f e a s i b i l i t y  o f  r e l a t i v e  q u a n t i f ic a t io n  i s  more r e s t r i c t i v e ,  r e q u i r in g  n o t 

o n ly  th e  p re se n c e  o f  b a se  w a te r  in  th e  s p e c t r a l  d a ta  b u t a l s o ,  a f t e r  

c o n s t i tu e n t  i d e n t i f i c a t i o n ,  s im p le  n o n l in e a r  powers p  a v a i l a b le  t o  form 

s c a l a r  m u lt ip le  f u n c t io n s .  P r io r  l a b o r a to r y  ex p e rim en ts  w ith  in d iv id u a l  

c o n s t i tu e n t s  a re  u s e f u l  f o r  t h i s  p u rp o se .

W avelength-D ependent N o n lin ea r C o n s t i tu e n ts  and M ix tu res  

The m ost s o p h is t ic a te d  r e l a t i o n  betw een u p w e ll r a d ia n c e  and 

c o n s t i tu e n t  c o n c e n t r a t io n s  c o n s id e re d  a llo w s  f o r  th e  p o s s i b i l i t y  o f  a 

w aveleng th  dependency i n  th e  c o n c e n tra t io n  v a r i a b l e .  As d em o n stra ted  

in  f ig u r e  29 ( d ) ,  t h i s  c a u se s  th e  a c tu a l  s p e c t r a l  shape t o  v a ry  w ith  

c o n c e n t r a t io n .  T h is r a i s e s  th e  q u e s tio n  a s  t o  w hether t h i s  s t i l l  

r e p r e s e n ts  an  a n a l y t i c a l l y  d e te rm in a te  s i t u a t i o n  f o r  c h a r a c t e r i s t i c  

v e c to r s .  The model i s  p re s e n te d  a s  e q u a tio n  ( 6 - 3 ) .  The w aveleng th  

dependency o f  power p f o r  t e s t  c a se s  was tak e n  to  be th e  l i n e a r  fu n c t io n s

P(X) = -  0.125  (6 -1  It)
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and

P(X) = -  + 2 .125  (6 -15)

w here X i s  in  nm. B a s ic a l ly ,  th e  f i r s t  r e l a t i o n  i s  d e s ig n e d  t o  g iv e  

p (500 nm) = 0 . 5  and p (900 nm) = 1 .0  a t  th e  lo w e s t and h ig h e s t  in p u t  

w a v e len g th s . T h is v a r i a t i o n  i s  s im i la r  to  th e  obse rved  power v a r i a t i o n s  

shown i n  f ig u r e  30. The second r e l a t i o n  e x p lo re s  w aveleng th -dependen t 

powers g r e a t e r  th a n  1 .0  w ith  p (500 nm) = 1 .5  and p (900 nm) = 1 . 0 . 

I n d iv id u a l  h y p o th e t ic a l  c o n s t i tu e n t s  w ere fo rm u la ted  by u s in g  e q u a tio n s  

( 6- 5 ) -»■ ( 6- 7 ) (b ase  w a te r s u b tr a c te d  o u t )  and th e  w av e leng th -dependen t 

powers p(A) in  p la c e  o f  th e  sim ple  n o n lin e a r  powers p r e v io u s ly  

c o n s id e re d . These new c o n s t i tu e n t s  were term ed A, B, and C. Con

c e n t r a t i o n s ,  in  a r b i t r a r y  u n i t s  o f  0 , 1 0 , 2 0 , 3 0 , and U0 w ere used  w ith  

w av e len g th s  ta k e n  e v e ry  50 nm from 500 t o  900 nm a s  b e fo r e .  F ig u re  29(d) 

p re s e n te d  c o n s t i tu e n t  A and f ig u r e  35 c o n s t i tu e n t s  B and C f o r  w av eleng th - 

dependent pow ers l e s s  th a n  1 .0  (eq . ( 6- l U ) ) .  The lo c u s  o f  maximums 

in d eed  shows a  s h i f t  i n  th e  s p e c t r a l  shape f o r  th e s e  c o n s t i tu e n t s .  I t  

i s  e v id e n t A and B a r e  s p e c t r a l l y  s i g n i f i c a n t l y  d i f f e r e n t  w h ile  A and C 

a re  v e ry  s im i la r .  T ab les  15 and l 6 p r e s e n t  th e  in p u t  s p e c t r a  and mean 

v e c to r s  f o r  th e s e  c o n s t i tu e n t s  and a ls o  f o r  th e  c a se s  w here th e  

w av e len g th -d ep en d en t powers a re  g r e a t e r  th a n  1 .0  (eq . (6 -1 5 ) ) .

C h a r a c te r i s t i c  v e c to r  a n a ly s i s  o f  th e s e  in d iv id u a l  c o n s t i tu e n t  

s p e c t r a  r e v e a l  th e  i n a b i l i t y  o f  th e  te c h n iq u e  to  e x p la in  th e  t o t a l  d a ta  

v a r ia n c e  u s in g  a  s in g le  e ig e n v e c to r ,  a s  was th e  c a se  f o r  l i n e a r  and
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sim ple  n o n lin e a r  id e a l  c o n s t i tu e n t s .  In d ee d , more th a n  two p r in c ip a l  

axes e ig e n v e c to rs  a re  n e c e s s a ry , a lth o u g h  two a r e  s u f f i c i e n t  t o  

e x p la in  most o f  th e  d a ta  v a r ia n c e  a s  th e  fo llo w in g  t a b l e  shows:

0 .5  1  p (M  1  1 .0

C o n s titu e n t  A C o n s t i tu e n t  B C o n s t i tu e n t  C

= 99 .650# 1-l = 99.681# 1± = 99.736#

12 = 0 . 3 W  12 = 0 .318# 12 = 0 .

+ 12 = 99 .999# 1^ + l g  = 99.999# 1-ĵ  + l g  = 100 .

C o n s t itu e n t  A 

1± = 99 .875# 

12 = 0 .125# 

^  + 12 = 100.000#

1 .0  < p(X) < 1 . 5  

C o n s t itu e n t  B 

\  = 99.887#

lg  = 0 .112#

11 + X2 = 99 ‘ 999^

C o n s t i tu e n t  C 

= 99.852# 

l g  = O .lW #

^  + l g  = 100.000#

The n o n l in e a r i ty  fo r  th e  c o n s t i tu e n t s  i s  r e v e a le d  a ls o  by th e  c o r r e la t io n  

m a tr ic e s  f o r  th e  w aveleng th  ban d s. As n o ted  in  t a b l e  3 f o r  id e a l  l i n e a r  

c o n s t i tu e n ts  (and  a ls o  t r u e  fo r  s im ple  n o n lin e a r  c o n s t i t u e n t s ) ,  th e r e  

a re  p e r f e c t  in te rb a n d  c o r r e la t io n s  f o r  a l l  bands ( r . .  = ± 1 . 000 ) ,  b u t 

in  t a b l e  17 th e  w aveleng th -dependen t n o n lin e a r  c o n s t i tu e n t s  e x h ib i t  

l e s s  th a n  p e r f e c t  c o r r e la t io n s .  A d jacen t bands e x h ib i t  n e a r  p e r f e c t  

c o r r e la t io n s ,  w hereas w id e ly - s e p a ra te d  bands have p o o re r  c o r r e la t io n s  

i n d ic a t iv e  o f  th e  n o n l in e a r i ty .  F ig u re  8 (b ) su g g e s ts  t h a t  id e a l  l i n e a r  

(and sim ple  n o n l in e a r )  c o n s t i tu e n t s  have a  d a ta  d i s t r i b u t i o n  in  a
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s in g le  d i r e c t i o n  i n  n -band  space  r e q u i r in g  o n ly  one e ig e n v e c to r  to  

" c h a r a c te r iz e "  t h i s  d i r e c t i o n .  The v a v e le n g th -d e p e n d e n t n o n lin e a r  

c u rv e  o f  d a ta  d i s t r i b u t i o n  in  n -band space  r e q u i r e s  more th a n  one 

e ig e n v e c to r  t o  t o t a l l y  c h a r a c te r iz e  th e  f i n i t e  c u rv a tu re  from  p o in t  t o  

p o in t .  However, f o r  th e  h y p o th e t ic a l  c o n s t i tu e n t s  t e s t e d ,  one v e c to r  

does g iv e  a  p r e f e r r e d  o r  av e rag e  d i r e c t i o n  f o r  th e  d a ta  d i s t r i b u t i o n  

e x p la in in g  th e  d a ta  v a r ia n c e  to  a  h ig h  d e g re e . F ig u re  36 d e p ic ts  th e  

f i r s t  p r in c i p a l  ax e s  e ig e n v e c to rs  f o r  each  o f  th e  h y p o th e t ic a l  con

s t i t u e n t s  which a re  ta k e n  to  he th e  average  c h a r a c t e r i s t i c  v e c to r s  f o r  

th e s e  c o n s t i tu e n t s .

To a s c e r t a i n  how in p u t  c o n c e n tra t io n s  o f  th e s e  c o n s t i tu e n t s  a re  

r e l a t e d  t o  th e  s c a l a r  c o e f f ic i e n t s  com puted, e q u a tio n  (6 -3 )  f o r  th e  

g e n e ra l  w av e len g th -d ep en d en t n o n lin e a r  s p e c t r a  model m ust eq u a l 

e q u a tio n  (U -23), th e  s p e c t r a  r e c o n s t i t u te d  from  th e  e ig e n v e c to r s :

P
L. (A) = B(X) + M(X) c £ (X) = L(A) + 2  Yk . vk (X) ( 6 - l6 )

k= l

w hich i s  e x a c t .  I t  i s  assum ed, how ever, t h a t  a  s in g le  c h a r a c t e r i s t i c  

v e c to r  and a s s o c ia te d  s c a l a r  c o e f f ic i e n t s  sh o u ld  c o n tin u e  to  i d e n t i f y  and 

q u a n ti fy  th e  c o n s t i tu e n t  a s :

B(X) + M(X) C | (X) = L(A) + Yu  v1 (X) + e i (X) (6 -17)
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w here e^(X) a r e  th e  e r r o r s  i n  t r u n c a t in g  th e  rem a in in g  e ig e n v e c to r s  and 

s c a l a r  c o e f f i c i e n t s .  S o lv in g  f o r  ,

Yx i  = [a(X)  + b(X) C. + e . ( X ) ] l / p ( X)  ( 6 - l8 )

w h ere : _
B(X) -  L(X)

a(X) = -------------------
v1 (X)

b(X) = M ^ / v ^ X )

e(X) = - e i (X) /v1 (X)

F or th e  l i n e a r  and s im p le  n o n l in e a r  c o n s t i tu e n t  m o d els , a  and b were 

in d ep en d en t o f  w a v e len g th , b u t  f o r  th e  w av e len g th -d ep en d en t s i t u a t i o n s ,  

th e  power p(X) c o u p le s  th e  system  such  t h a t  th e s e  c o e f f i c i e n t s  

a ( X ) , b(X) a r e  w a v e len g th -d ep en d en t. I n  a d d i t io n ,  an e r r o r  te rm  

e x i s t s  w hich i s  b o th  w aveleng th  and c o n c e n tra t io n  d ep e n d en t. T hus, th e  

s c a l a r  c o e f f i c i e n t s  a re  r e l a t e d  to  th e  c o n c e n tra t io n s  in  a  com plex, 

w av e len g th -d ep en d en t m anner.

H a r r is  (1975) d is c u s s e s  th e  p rob lem s o f  n o n l in e a r  r e l a t i o n s h ip s  in  

m u l t iv a r ia t e  s t a t i s t i c s .  P o s s ib le  s o lu t io n s  t o  n o n l in e a r i ty  in c lu d e  

( a )  choosing  ra n g e s  (o f  s p e c t r a )  over w hich l i n e a r i t y  i s  known to  

a p p ly  (may be  im p o s s ib le  t o  d e f in e  in  c a se s  o f  m ix tu re s  o f  c o n s t i tu e n t s )  

o r  (b ) u s in g  a p p r o p r ia te  t ra n s fo rm a t io n s  o f  n o n lin e a r  r e l a t i o n s h ip s
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i n to  l i n e a r  m odels (a s  was done f o r  th e  sim ple  n o n l in e a r  c o n s t i t u e n t s ) .

The above p o s s ib le  s o lu t i o n s ,  how ever, w ere "n o t m eant t o  im ply  t h a t  

a l l  s i t u a t i o n s  in v o lv in g  n o n l in e a r i ty  where th e  p r e c i s e  n a tu re  o f  th e  

r e le v a n t  f u n c t io n s  c an  be s p e l le d  o u t on a  p r i o r i  g rounds ( e . g . ,  

eq.. ( 6 - 3 ) )  can  be red u c e d  by  a p p ro p r ia te  t r a n s fo rm a t io n s  t o  l i n e a r  

fo rm ."  I n  such c a se s  " l i t t l e  can  be done beyond ta k in g  th e  l i n e a r  

fo rm u las  a s  ap p ro x im atio n s  . . .  on g rounds e i t h e r  o f  conven ience  o r  o f  

th e  e a se  o f  i n t e r p r e t i n g  l i n e a r  com b ina tions re c o g n iz in g  t h a t  m easures 

o f  r e l i a b i l i t y  (p e rc e n t  v a r i a t i o n  acco u n ted  f o r  by p r in c i p a l  com ponents) 

may be low er"  (H a rr is  1975).

The a n a ly s i s  f o r  w av e leng th -dependen t n o n l in e a r i ty  may be  ta k e n

as

Yn «  [ a (X) + b(X) C . ] 1/p(A)  (6 -19 )

and c o n s id e r in g  th e  n a tu r e  o f  th e  n o n l in e a r i ty ,  one can p ro ce e d  to

assume a ( X) ,  b(X) and p(X) a re  c o n s ta n ts  a s  a p p ro x im a tio n s . A

l in e a r  a p p ro x im atio n  would l e t  p(X) = 1 . 0  w hereas a  s im p le  n o n lin e a r

ap p ro x im atio n  can  l e t  p(X) = p w here p i s  an a v e ra g e  powerQ*vg avg

over th e  w aveleng th  i n t e r v a l  c o n s id e re d .

These ap p ro x im atio n s  w ere a p p lie d  t o  th e  s c a l a r  m u l t ip le s  o f  

h y p o th e t ic a l  c o n s t i tu e n t s .  T ab le  18 shows th e  c o n s t i tu e n t  c o n c e n tra t io n s  

used  a s  in p u t  and th e  v a lu e s  when n o rm alized  by th e  ra n g e . L is te d  in  

o rd e r  a re  th e  s c a l a r  m u l t ip l ie s  f o r  th e  c o n s t i tu e n ts  a s s o c ia te d  w ith  each 

o f  th e  c h a r a c t e r i s t i c  v e c to r s  o f  f ig u r e  3 6 , th e  same m u l t ip l ie s  a f t e r  a  l i n e a r
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s c a l in g  a p p ro x im atio n  (p(A) = 1 . 0  and e q u a tio n  (5 -1 0 )). and a f t e r  a 

s im p le  n o n lin e a r  s c a l in g  ap p ro x im atio n  (e q s . (6 -1 0 ) and (6 -1 2 ))  u s in g  

av erag e  powers (po,.„  = 0 .75  f o r  0 .5  < p(A) , < 1 . 0  and p = 1 .2 5
a V g  " *  " "  a V g

f o r  1 . 0  < p ( \ )  < 1 . 5 ) .  In  fo u r  o f  th e  s ix  c a s e s ,  s im p le  n o n lin e a r  

s c a l in g  o f  th e  s c a l a r  m u l t ip le s  p roduced  r e s u l t s  c lo s e r  t o  th e  a c tu a l  

s c a le d  c o n c e n tra t io n s  th a n  by u s in g  a  l i n e a r  s c a l in g .  The d a ta  in  

t a b l e  18 i s  d e p ic te d  a s  f ig u r e  37 where th e  k$° l i n e s  in d ic a te  p e r f e c t  

agreem ent betw een th e  s c a le d  s c a la r  m u l t ip le s  fu n c t io n s  and th e  s c a le d  

c o n c e n tra t io n s .  I t  i s  e v id e n t t h a t  f o r  0 .5  <, p(A) < 1 .0 ,  th e  sim ple  

n o n lin e a r  s c a l in g  ap p ro x im atio n  te n d s  t o  o v e rc o r re c t  th e  l i n e a r  s c a l in g  

a p p ro x im atio n , w hereas f o r  1 .0  £ p ( A )  £ 1 . 5 ,  i t  p roduces  c o n s id e ra b ly  

b e t t e r  r e s u l t s .

I t  was d e c id ed  t o  examine how w e ll  a  c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  

o p e ra te d  on th e  c o n s t i tu e n t s  t e s t e d  i n  L angley  R esearch  C e n te r 's  S p e c tr a l  

S ig n a tu re s  L a b o ra to ry . F ig u re  30 d e p ic te d  th e  power fu n c t io n s  p(X) 

d e r iv e d  f o r  th e s e  c o n s t i tu e n t  t e s t s  by a n o th e r  a n a ly s i s .  The s p e c t r a  

f o r  th e s e  t e s t s  (c o n c e n tra tio n s  c i t e d  e a r l i e r  in  t h i s  c h a p te r )  were 

in p u t  to  a  c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  program  e v e ry  hO nm f o r  

t2 0  t o  980 nm. I t  was found t h a t ,  in  a l l  c a s e s ,  a  s in g le  e ig e n v e c to r  

was s u f f i c i e n t  t o  e x p la in  a  v e ry  h ig h  p e rc e n ta g e  o f  th e  d a ta  v a r ia n c e  

even f o r  c o n s t i tu e n t s ,  which by f ig u r e  30, were s i g n i f i c a n t l y  w a v e len g th - 

dependent n o n lin e a r  and had e x p e rim e n ta l e r r o r  p r e s e n t .  Two e ig e n v e c to rs  

e x p la in e d  n e a r ly  a l l  th e  d a ta  v a r ia n c e  a s :
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P e rc e n ta g e  v a r ia n c e  e x p la in e d

C o n s t i tu e n t X1 X2

P rim ary  sewage s lu d g e 99.839# . 069# 99.908#

Secondary  sewage s lu d g e 99.859# .091# 99.950#

C a lv e r t  s o i l 9 8 . 898# .897# 99.795#

B a ll  s o i l 99 .562# . 360# 99.922#

Jo rd a n  s o i l 99.38it# .312# 99.696#

F e ld sp a r  s o i l 99.109# .596# 99.705#

Bermuda Hundred 
sed im en ts

99.635# . 278# 99.913#

B a ile y  Bay sed im en ts 99.789# .211# 100.000#

S h e l l  Company I n d u s t r i a l  
B io s o lid  s lu d g e

99 . 602# .255# 9 9 . 857#

Am erican Cyanamid w aste 99-757# . 097# 9 9 . 85U#

I t  i s  s ig n i f i c a n t  t h a t  c o n s t i tu e n ts  such  a s  th e  p rim a ry  and secondary  

sewage s lu d g e , w hich d em o n stra te  a  r a t h e r  weak power w av e len g th - 

dependency e x h ib i te d  th e  h ig h e s t  p e rc e n ta g e  v a r ia n c e  e x p la in e d  by a  

s in g le  e ig e n v e c to r  w hereas C a lv e rt s o i l  and F e ld sp a r  s o i l ,  w ith  

s tro n g e r  w av e leng th -dependen t powers p(A) e x h ib i te d  th e  s m a lle s t  

such v a lu e s .  F ig u re  38 d e p ic ts  th e  f i r s t  p r in c i p a l  axes  e ig e n v e c to r s , 

ta k e n  to  be th e  c h a r a c t e r i s t i c  v e c to r s  f o r  th e s e  c o n s t i tu e n t s .  The 

s c a la r  m u l t ip le s  a s s o c ia te d  w ith  th e s e  w av e len g th -d ep en d en t c o n s t i tu e n t s  

were s c a le d  a p p ro x im a te ly  u s in g  l i n e a r  s c a l in g ,  e q u a tio n  (5 -10) and 

sim ple  n o n lin e a r  s c a l in g ,  e q u a tio n s  (6 -1 0 ) and (6 -1 2 ) . F o r th e  sim ple
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n o n l in e a r  s c a l in g  an a v e ra g e  power f o r  ea ch  c o n s t i tu e n t  was c a lc u la te d  

from  f ig u r e  30 t o  b e :

C o n s t i tu e n t  d e v ia t io n
-------------------  (420 -  980 nm) _________O__________  avg

P rim ary  s lu d g e .66 .07 .11

S econdary  s lu d g e .77 .03 .04

C a lv e r t  s o i l .69 .14 .20

* B a ll s o i l .81 .12 .15

J o rd a n  s o i l .82 .06 .07

F e ld sp a r  s o i l .91 .22 .24

Bermuda Hundred sed im en ts .61 .14 .23

* B a ile y  Bay sed im en ts .80 .12 .15

S h e l l  Company I n d u s t r i a l  
B io s o l id  w aste

.58 .09 .1 6

Am erican Cyanamid w aste 1 .4 0 .18 .13

* B a ll s o i l  and B a ile y  Bay sed im en ts  d ropped  from  th e  f i n a l  a n a ly s i s  
b ecau se  o f  a  l a c k  o f  s u i t a b le  b a se  w a te r  s p e c t r a .

The r a t i o  o f  th e  s ta n d a rd  d e v ia t io n  to  th e  av e rag e  power v a lu e  i s  

i n d ic a t iv e  o f  how s tr o n g ly  w av e len g th  dep en d en t each  c o n s t i tu e n t  

a p p e a rs .

F ig u re  39 p r e s e n ts  th e  l i n e a r  ( c r o s s e s )  and sim p le  n o n lin e a r  

( c i r c l e s )  s c a l in g  a p p ro x im atio n s  f o r  th e  c a lc u la t e d  s c a l a r  m u l t ip le s  

v e rs u s  th e  a c tu a l  s c a le d  c o n c e n t r a t io n s .  I n  a l l  c a se s  th e r e  i s  a  

s ig n i f i c a n t  improvement by  u s in g  th e  s im p le  n o n l in e a r  s c a l in g  

ap p ro x im atio n  (w ith  th e  av e rag e  pow ers p r e v io u s ly  l i s t e d ) .  A ls o , th e
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agreem ent betw een th e  s im p le  n o n l in e a r  s c a le d  s c a l a r  m u l t ip le s  and th e  

s c a le d  a c tu a l  c o n c e n tra t io n s  i s ,  i n  m ost c a s e s ,  e x c e l le n t  m eaning 

e x c e l le n t  r e l a t i v e  q u a n t i f i c a t i o n  in fo rm a tio n . T h is  a n a ly s i s  s u g g e s ts ,  

t h a t  w here c o n s t i tu e n t  model power in fo rm a tio n  i s  a v a i l a b le  from  

p re v io u s  t e s t i n g  (such  a s  f i g .  3 0 ) ,  a  s im p le  n o n l in e a r  s c a l in g  o f  th e  

s c a la r  m u l t ip le s  i s  p r e f e r r e d  f o r  w av e len g th -d ep en d en t n o n lin e a r  

c o n s t i tu e n t s .  Where no such  in fo rm a tio n  e x i s t s ,  a  l i n e a r  s c a l in g  

ap p ro x im atio n  can  be u s e d , b u t  w i th  deg raded  r e s u l t s  in  th e  r e l a t i v e  

q u a n t i f ic a t i o n .

The n e x t s ta g e  o f  th e  a n a ly s i s  in v o lv e d  s p a t ia l ly - in d e p e n d e n t  

c o n s t i tu e n t s .  The s p e c t r a  f o r  th e  h y p o th e t ic a l  w av e leng th -dependen t 

n o n lin e a r  c o n s t i tu e n t s  ( t a b le s  15 and 1 6 ) w ere combined as  f o r  th e  

l i n e a r  and sim p le  n o n lin e a r  c a se s  a s  9 - s p e c t r a  s e t s  o f  c o n s t i tu e n t s  A + B 

and A + C f o r  b o th  l i n e a r  power v a r i a t i o n s ,  p ( \ ) .  A c h a r a c t e r i s t i c  

v e c to r  a n a ly s i s  o f  th e  s e t s  showed th e  i n a b i l i t y  o f  th e  te c h n iq u e  t o  

e x p la in  th e  t o t a l  d a ta  v a r ia n c e s  u s in g  j u s t  two p r in c i p a l  axes  e ig e n 

v e c to r s ,  a s  was th e  c a se  f o r  l i n e a r  and sim p le  n o n l in e a r  s p a t i a l l y -  

in d ep en d en t c o n s t i tu e n t s .  Two e ig e n v e c to r s  d id ,  how ever, e x p la in  

m ost o f  th e  v a r ia n c e :
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S p a tia l ly - in d e p e n d e n t  C o n B titu en ts

C o n s t i tu e n ts  A + B

1± = 96. 366# 

12 = 3 .575# 

l x + 12 = 99 .9^1# 

01  = 66 . 0°  

e2 = 207 . 20

C o n s t i t u e n t s  A + B 

1± = 67.3335S 

12 = 32.609#

h  + 12 = 99-9U2^

01 = 4 it. 6°

02 = 256 . 5°

(9- s p e c t r a )

0 .5  < p(X) < 1 .0

C o n s t i tu e n ts  A + C 

= 97.361# 

12 = 2 .623#

11 + X2 = 99*981^

0 = 36 . 6°

02 = 258. 0°

1 .0  < p (A )  < 1 .5

C o n s t i tu e n ts  A + C 

\  = 96 .775$ 

12 = 3 .209# 

l x + 12 = 99.775$ 

01 = 3 ^2 .3 °

0g = 311 .6°

R o ta tio n s  o f  th e  p r in c ip a l  axes th ro u g h  a n g le s  0^ ,0g  w ere u sed  

t o  ach ie v e  a  b e s t  f i t  betw een tra n sfo rm ed  p r in c ip a l  axes  e ig e n v e c to rs

and th e  c h a r a c t e r i s t i c  v e c to r s  shown in  f ig u r e  36 i n  th e  s e a rc h  f o r  th e
• »»

u n d e r ly in g  s t r u c tu r e .  For 0 ^  ^  •* vA and f o r  02> Vg -> vB or

vc< The tra n s fo rm e d  e ig e n v e c to rs  d e p ic t  av e rag e  n -band  sp ace  d i r e c t io n s  

a lo n g  w hich th e  d i s t r i b u t i o n  o f  c o n s t i tu e n t  d a ta  a r e  b e s t  d e s c r ib e d .
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U ntransform ed  s c a l a r  m u l t ip l ie s  a s s o c ia te d  w ith  th e  p r in c ip a l  axes 

e ig e n v e c to rs  f o r  th e  fo u r  exam ples a re  shown in  f ig u r e  1+0. S e v e ra l 

im p o rtan t t r e n d s  a r e  e v id e n t — ( l )  th e  l in e s  o f  s c a l a r  m u l t ip l ie s  f o r  

th e  c o n s t i tu e n t s  a re  c u rv e d , i n d ic a t iv e  o f  t h e i r  c u rv a tu re  in  n -band  

space  caused  by th e  w aveleng th -dependency . T h is i s  opposed t o  th e  

alw ays s t r a i g h t  l i n e s  found f o r  th e  l i n e a r  and s im p le  n o n lin e a r  

c o n s t i tu e n t s ,  and ( 2 ) th e  deg ree  o f  c u rv a tu re  in  th e  s c a l a r  m u lt ip le  

l i n e s  i s  more pronounced f o r  s p e c t r a l l y  s im i la r  c o n s t i tu e n t s  A + C th a n  

f o r  th e  d i s s im i la r  c o n s t i tu e n ts  A + B due to  th e  s c a l in g  e f f e c t  o f  

th e  e ig e n v a lu e s  in  c a lc u la t in g  s c a l a r  m u l t ip le s .

The s c a l a r  m u lt ip le s  were tra n sfo rm ed  in to  o b liq u e  axes system s

u s in g  a n g le s  e q u a tio n s  ( U—33 ) and ( 1+-310 t o  y i e ld  f ig u r e  1+1 .

D is s im ila r  c o n s t i tu e n t s  A + B c o n tin u e  to  g iv e  r e s u l t s  s im i la r  to  

th e  l i n e a r  and sim p le  n o n l in e a r  c o n s t i tu e n t s ,  w ith  r e l a t i v e l y  sm a ll 

c u rv a tu re s  p r e s e n t .  On th e  o th e r  hand , th e  c u rv a tu re s  a re  a m p lif ie d  

in  th e  tra n s fo rm e d  m u lt ip le s  f o r  c o n s t i tu e n ts  A + C. R e la tiv e  

q u a n t i f ic a t i o n s  o f  s c a l a r  m u lt ip le s  a long  th e  tra n s fo rm e d  axes 

d i r e c t io n s  a re  degraded  as a  r e s u l t .

C onsidered  n e x t w ere f u l l  m ix tu re s  o f  c o n s t i tu e n t s  A + B and

A + C ( 2 5 - s p e c t r a ) .  L in e a r  s u p e rp o s i t io n  o f  e q u a tio n s  (6 -5 )  and

( 6- 6 ) o r  (6 -5 )  and (6 -7 )  p lu s  th e  power v a r ia b le s  g iv en  by 

e q u a tio n s  ( 6-ll+) and (6 -1 5 ) were used  in  th e  fo rm u la t io n . C o n s titu e n t 

c o n c e n tra t io n s  o f  th e  m ix tu re s  fo llo w  th e  same p a t t e r n  g iven  in  t a b l e  2 

f o r  A + B and t a b l e  7 f o r  A + C. With a  c h a r a c t e r i s t i c  v e c to r  

a n a ly s i s ,  i t  was d e te rm in ed  t h a t  more th a n  two p r in c ip a l  axes
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e ig e n v e c to rs  w ere needed  t o  e x p la in  th e  t o t a l  d a ta  s e t  v a r ia n c e s ,  

a lth o u g h  two w ere s u f f i c i e n t  t o  e x p la in  m ost o f  i t :

C o n s t i tu e n ts  A + B

M ix tu res  -  25 s p e c t r a

0 .5  < p(X) < 1 .0

C o n s t i tu e n ts  A + C

= 86.085# 

12 = 13 .770#

l x + 12 = 99.

0X = 50.1*°

02 = 230 . 8 °

1± = 99.10W

12 = 0,

11 + 12 = 99.

0X = 1*3.2°

02 = 2 3 ^ .5 °

C o n s t i tu e n ts  A + B

1 .0  < p(X) < 1 .5

C o n s t i tu e n ts  A + C

1± = 8 6 . 226# 

12 = 13.722#

h  + X2 = 9 9 *

0X = 50 .5 °

l x = 98.723# 

12 = 1 .259#  

^  + 1 2 = 99 .982# 

0^̂  = 3 2 2 .2 °

02 =  2 3 0 . 6 ° 02 = 319.

F ig u re  b2 d e p ic ts  th e  s c a l a r  m u lt ip le  p a t t e r n s  f o r  th e s e  2 5 -s p e c tra  

m ix tu re s  and a s s o c ia te d  w ith  th e  f i r s t  two p r in c i p a l  axes e ig e n v e c to r s .  

LineB o f  c o n s ta n t  c o n c e n t ra t io n s  o r "mesh l in e s "  f o r  th e  c o n s t i tu e n t s  

a re  cu rved  f o r  a l l  c a s e s .  The c a lc u la te d  p a t t e r n s  f o r  m ix tu re s  A + B 

a re  n o t g r e a t ly  d i f f e r e n t  th a n  th o s e  g iv en  f o r  th e  sim p le  n o n lin e a r  

c o n s t i tu e n t  m ix tu re s  in  f ig u r e  33. For m ix tu re s  o f  s im i la r  w av e len g th -
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dependen t n o n l in e a r  c o n s t i tu e n t s  A + C, how ever, s i g n i f i c a n t  mesh 

l i n e  c u rv a tu re s  a re  e v id e n t .  For 0 .5  £  p ( l )  £ 1 . 0  e s p e c i a l l y ,  th e  

c u rv a tu re s  l e a d  to  a  r e g io n  o f  o v e r la p .  By b r in g in g  th e  s c a l a r  

m u l t ip le s  f o r  a  t h i r d  p r in c i p a l  a x i s  e ig e n v e c to r ,  Y^, i n to  th e  a n a ly s i s ,  

a  th re e -d im e n s io n a l  cu rv e d  s u r fa c e  can  be d e f in e d  by th e  mesh l i n e s .

The o r i e n t a t i o n  o f  th e  s u r fa c e  i s  such  t h a t  p r o je c t io n  o n to  th e  

Y^ -  Yg p la n e  r e s u l t s  i n  th e  o v e r la p . To m a in ta in  a  g e n e r a l i t y  in  th e  

a n a ly s i s ,  i t  h a s  been  assum ed t h a t  one c o n s t i tu e n t  i s  d e p ic te d  i n  n-band  

space by  one c h a r a c t e r i s t i c  v e c to r ,  m ix tu re s  o f  two c o n s t i tu e n t s  

e x p la in e d  e n t i r e l y  by th e  p la n e  p a s s in g  th ro u g h  two c h a r a c t e r i s t i c s  

v e c to r s  and so  on. I t  i s  shown t h a t  w avelen g th -d ep en d en t n o n lin e a r  

c o n s t i tu e n t s  do n o t e x a c t ly  conform  t o  t h i s  assum p tion  and a s  such 

p re s e n t  a  l i m i t a t i o n  i n  th e  c h a r a c t e r i s t i c  v e c to r  a n a ly s i s .  In  th e s e  

in s ta n c e s ,  how ever, th e  p la n e s  form ed by th e  f i r s t  two p r in c i p a l  axes 

e ig e n v e c to rs  (o r  r o ta t e d  e ig e n v e c to r s )  a r e  th e  b e s t  approx im ate  

e x p la n a tio n  o f  m ix tu re  v a r ia n c e  f o r  two c o n s t i tu e n t s .  F ig u re  U3 

shows th e  s c a la r  m u l t ip le s  tra n s fo rm e d  in to  o b liq u e  axes sy stem s.

A t e s t  o f  th e  c o n c e p ts  deve loped  fo r  w av e len g th -d ep en d en t n o n lin e a r  

c o n s t i tu e n t s  in v o lv e d  th e  f l i g h t  "ex p erim en t"  c o n s id e re d  in  p re v io u s  

a n a ly s e s  ( f i g .  2 5 ) . M ix tu re  s p e c t r a  were form ed from :

(0 .5 1  -  0 .125 ) 
r  n T o o

W X) -  ° ' 2 S i”  [O T  <X -  ‘‘H  °A

( -0 .5 1  + 2 .1 2 5 ) I 6 -2 0 )
f  27T 1

+ ° - 02 s i "  L o t  a  -  1,00)J  CB
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The c o n s ta n t ,  0 .0 2 , f o r  c o n s t i tu e n t  B was n e c e s s a ry  t o  keep c o n s t i tu e n t  

s p e c t r a  f o r  A and B o f  th e  same o rd e r  o f  m ag n itu d e . O th e rw ise , th e  

t o t a l  v a r ia n c e  would he dom inated hy a  s in g le  c o n s t i tu e n t  w hich i s  n o t 

t h e  o b je c t iv e  o f  t h i s  d e m o n s tra tio n . T ab le  19 p r e s e n ts  th e  r e s u l t i n g  

3 0 - s p e c tra  s e t .  W ith a  c h a r a c t e r i s t i c  v e c to r  a n a ly s i s ,  68.1*98$ and 

31.1*20# o f  th e  t o t a l  v a r ia n c e  w ere e x p la in e d  by th e  f i r s t  two p r in c ip a l  

axes  e ig e n v e c to r s  f o r  a  t o t a l  o f  9 9 -918# le a v in g  0 . 082# u n e x p la in ed .

A s e a rc h  f o r  th e  c h a r a c t e r i s t i c  v e c to r s  o f  th e  in d iv id u a l  c o n s t i tu e n ts  

u sed  to  fo rm u la te  th e  s p e c t r a  s e t  was i n i t i a t e d .  Mixed power v a r i a b le s  

w ere u se d  i n  t h i s  s p e c t r a  s e t .  T hus, v ^  i s  g iv e n  in  f ig u r e  3 6 (a ) ,
f

w h ereas , Vg i s  g iv en  in  f ig u r e  3 6 (b ) . For 0^ = 5 ^ .0 ° , v^ -* v^
It

and f o r  0g = 2 1 2 ,2 ° , Vg Vg. The s c a l a r  m u l t ip le s  a s s o c ia te d  w ith  

th e  f i r s t  two p r in c i p a l  axes e ig e n v e c to rs  a r e  d e p ic te d  in  f ig u r e  1*1*(a) 

w ith  s p e c t r a  numbers l a b e le d ,  w hereas th e  s c a la r  m u l t ip le s  tra n s fo rm e d  

in to  an o b liq u e  axes system  (based  on a r e  S iv en  in  f ig u r e  1*1*( b ) .

L in e s  o f  c o n s ta n t  c o n c e n tra t io n s  a re  p ro v id e d  f o r  r e f e re n c e  p u rp o se s .

The c u rv a tu re  i s  i n d ic a t iv e  o f  th e  w av e len g th -d ep en d en t n a tu re  o f  th e  

c o n s t i t u e n t s .

W ith a  b a s e  w a te r  p re s e n t  in  th e  d a ta  s e t ,  one may p ro ceed  to  

a tte m p t a  r e l a t i v e  q u a n t i f ic a t io n  u s in g  th e  tra n s fo rm e d  s c a l a r  m u l t ip le s .  

The c o n s t i tu e n t s  A and B have been  " id e n t i f i e d "  by  c o o rd in a te  

r o t a t i o n s .  Presum ing p re v io u s  la b o r a to r y  t e s t i n g  o f  th e  in d iv id u a l  

c o n s t i tu e n t s  r e v e a ls  a v e ra g e  power v a lu e s  (PaVg = 0 .75  f o r  A and 

Po-.ro. = 1*25 f o r  B ), s im p le  n o n lin e a r  s c a l in g  ap p ro x im atio n s  w ere u sed
c l v g

I It
t o  c a lc u la t e  f(Y ^) and  f(Y g) n o rm a liz e d  by th e  ra n g e . F ig u re  l*5(a)
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shows th e s e  v a lu e s  f o r  each c o n s t i tu e n t  a lo n g  th e  f l i g h t  l i n e s  and 

f ig u r e  1+5 ( t)) as compared to  th e  c o n s t i tu e n t  c o n c e n tra t io n s  s c a le d  hy th e  

ran g e . A r e a s o n a b le ,  b u t in e x a c t  r e l a t i v e  q u a n t i f i c a t i o n  i s  ach iev ed  in  

th e  p re se n c e  o f  m ixed w aveleng th -dependen t n o n l in e a r  c o n s t i tu e n t s .

In  summary, w av e leng th -dependen t n o n lin e a r  c o n s t i tu e n t  s p e c t r a  can  

no lo n g e r  be  d e s c r ib e d  e x a c t ly  by  s in g le  c h a r a c t e r i s t i c  v e c to r s  and 

a s s o c ia te d  s c a l a r  m u l t ip le s .  F o r two s p a t ia l ly - in d e p e n d e n t  c o n s t i tu e n t s  

and tw o - c o n s t i tu e n t  m ix tu re s ,  s c a l a r  m u lt ip le  l i n e s  d i s p la y  v a ry in g  

d eg re e s  o f  c u rv a tu re  dependen t on th e  s p e c t r a l  s i m i l a r i t y  o f  th e  t e s t e d  

c o n s t i tu e n t s .  R e la t iv e  q u a n t i f ic a t i o n s  a re  s t i l l  p o s s ib le  u s in g  l i n e a r  

o r  s im ple  n o n lin e a r  s c a l in g  ap p ro x im atio n s  o f  th e  s c a l a r  m u l t ip l e s ,  

w ith  d e g ra d a tio n  o f  r e s u l t s  dependen t on c o n s t i tu e n t  s p e c t r a l  s i m i l a r i t y .  

These r e s u l t s  d em o n stra te  l im i t a t i o n s  t o  th e  u se  o f  c h a r a c t e r i s t i c  

v e c to r s  f o r  th e s e  c la s s e s  o f  c o n s t i tu e n t s .
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CHAPTER V I I

NONLINEAR SU PE R PO SIT IO N  

U p t o  t h i s  p o i n t ,  i n  t h e  h y p o t h e t i c a l  d a t a  s e t s ,  t h e  p r i n c i p l e  

o f  a d d i t i v e  c o n s t i t u e n t s  o r  l i n e a r  s u p e r p o s i t i o n  h a s  b e e n  a s s u m e d ,

i . e . ,  t h a t  t h e  su m  o f  t h e  u p w e l l  r a d i a n c e s  ( o r  r e f l e c t a n c e s )  o f  t h e  

i n d i v i d u a l  c o n s t i t u e n t s  e q u a l s  t h e  o b s e r v e d  r a d i a n c e  ( o r  r e f l e c t a n c e )  

o f  t h e  m i x t u r e  o f  c o n s t i t u e n t s  f o r  t h e  s a m e  c o n c e n t r a t i o n s .  F o r  a n  

^ c o n s t i t u e n t  m i x t u r e ,

Lsw( A) = L ^ A ) + L2 (A) + . . .  + 1 ^ (1 ) ( 7- 1 )

o r  f o r  a  t w o - c o n s t i t u e n t  m i x t u r e  o f  A a n d  B ,

La+ b(A) = La (A) + Lb (A) ( 7- 2 )

I n  r e a l  c o n s t i t u e n t s ,  h o w e v e r ,  t h e r e  i s  n o  g u a r a n t e e  t h i s  w i l l  o c c u r ,  

d u e  t o  p o s s i b l e  v a r i o u s  p h y s i c a l ,  c h e m i c a l ,  a n d  e l e c t r o m a g n e t i c  

i n t e r a c t i o n s  w h en  t h e  c o n s t i t u e n t s  a r e  c o m b i n e d .  T h e s e  e f f e c t s  i n c l u d e  

f l o c c u l a t i o n  a n d  f o r m a t i o n  o f  p r e c i p i t a t e s ,  a b s o r p t i o n  o f  d y e s  o n t o  

p a r t i c u l a t e s  a n d  p a r t i c u l a t e s  i n t o  w a t e r ,  s h a d o w i n g  e f f e c t s ,  e l e c t r o s t a t i c  

a d h e s i o n s ,  a n d  s o  f o r t h .  A l s o ,  t h e s e  e f f e c t s  m a y  h a v e  a  t i m e - d e p e n d e n t  

n a t u r e , s u c h  a s  w h e n  p r e c i p i t a t e s  a r e  f o r m e d  w h e n  i r o n - a c i d  w a s t e  i s  

d u m p e d  i n t o  o c e a n  w a t e r  ( L e w i s  a n d  C o l l i n s  1977)- T h e  s c a t t e r i n g  a n d  

a b s o r p t i o n  o f  l i g h t  i n  a  m i x t u r e  m a y  b e h a v e  d i f f e r e n t l y  t h a n  o b s e r v e d

i n  i n d i v i d u a l  t e s t s ,  e s p e c i a l l y  w h e n  t h e  c o n s t i t u e n t s  t h e m s e l v e s  h a v e  a
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n o n l in e a r  r e l a t i o n  betw een r a d ia n c e  and c o n c e n t r a t io n .  I n  any  such 

c a s e ,  e q u a tio n  ( 7- 2 ) ,  f o r  a  tw o - c o n s t i tu e n t  m ix tu re , can  be m o d if ie d  

t o  r e a d ,

LA+B(X) = LA(X) + LB(X) + g(X) (7_3)

where g(X) r e p r e s e n t s  th e  m easure o f  th e  d e v ia t io n  from  l i n e a r  

s u p e rp o s i t io n .  The fu n c t io n  g(X) may be  p o s i t i v e  o r  n e g a tiv e  

(m ix tu re  r a d ia n c e s  g r e a t e r  th a n  o r  l e s s  th a n  th e  sum o f  th e  com ponents, 

r e s p e c t iv e ly )  o r  z e ro  -  t h e  in s ta n c e  o f  l i n e a r  s u p e rp o s i t io n .  For 

any s e t  o f  e x p e rim e n ta l m ix tu re  d a ta ,  th e s e  fu n c t io n  v a lu e s  can  be 

c a lc u la te d  p ro v id e d  in d iv id u a l  c o n s t i tu e n t  t e s t  s p e c t r a  a re  a l s o  

a v a i l a b le  f o r  th e  same c o n c e n t ra t io n s  o f  c o n s t i tu e n t s  in  th e  m ix tu re .

I t  i s  u s e f u l  t o  employ a  model f o r  g(X) w hich w ould d e s c r ib e ,  

a t  l e a s t  in  an  ap p ro x im ate  m anner, th e  v a lu e s  o b se rv ed  in  p a r t i c u l a r  

t e s t s  and a ls o  be  u sed  t o  p r e d i c t  s p e c t r a  f o r  superim posed  c o n s t i tu e n t s  

a t  c o n c e n t ra t io n s  n o t t e s t e d  i n  m ix tu re s . I t  i s  f e l t  t h a t  th e  t r u e  

r e l a t i o n s h ip  may be  v e ry  com plex and in v o lv e  n o t o n ly  p h y s ic a l ,  b u t 

chem ica l and e l e c t r i c a l  p r o p e r t i e s  o f  th e  c o n s t i tu e n t s  a s  v a r i a b le s .

The r e l a t i o n  may a ls o  v a ry  w ith  th e  ty p e  and number o f  c o n s t i tu e n t s  

t e s t e d .  I t  i s  beyond th e  scope o f  t h i s  p r e s e n ta t io n  t o  i n v e s t ig a t e  

th e  e x a c t  form  o f  such a  r e l a t i o n s h ip .  To in v e s t ig a t e  th e  e f f e c t s  o f  

n o n l in e a r  s u p e rp o s i t io n  on c h a r a c t e r i s t i c  v e c to r  a n a ly s i s ,  a  s im p le  

i n t u i t i v e  model o f  i n t e r a c t io n  i s  p roposed  w hich w i l l  be seen  t o  f i t  

some e x p e r im e n ta l  d a ta  f a i r l y  w e l l .  For two c o n s t i tu e n t s  one h a s
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La+b U )  = La (X) + Lb U )  + K(X) La (X) Lg(X) (7-U)

where th e  e q u a tio n  i s  s t i l l  " a d d i t iv e "  in  form  e x c e p t f o r  th e  m u l t ip l ic a 

t i v e  te rm  r e p r e s e n t in g  th e  j o i n t  e f f e c t  o r  " in t e r a c t io n "  o f  u n d e rly in g  

p r o p e r t ie s  d e te rm in in g  LA(X) and ( X) .  For th r e e  c o n s t i tu e n t s ,  

f o u r  m u l t i p l i c a t i v e  te rm s  a re  needed  t o  r e p r e s e n t  a l l  i n t e r a c t io n  

e f f e c t s ,

l a +b+c (x ) -  l a (x ) + + Lc(x) + * i  l a (x ) l b (x)

+ Kg La (X) Lc(X) + K3 Lg(X) LC(X) (7-5)

+ Ku La (X) Lg(X) LC(X)

For fo u r  c o n s t i t u e n t s ,  11 i n t e r a c t io n  te rm s would "be n e c e s s a ry . To 

l i m i t  th e  scope o f  th e  i n v e s t ig a t io n ,  o n ly  tw o - c o n s t i tu e n t  m ix tu re s  a re  

c o n s id e re d . From e q u a tio n  (7-*0 one has

g(X) = K(X) La(A) Lg(X) (7-6)

a s  t h e  i n t e r a c t i o n  t e r m .  I n  C h a p t e r  V I ,  m o d e l s  o f  r a d i a n c e - c o n c e n t r a t i o n  

r e l a t i o n s  were p roposed  w hich may he u sed  to  r e p la c e  LA(A) and Lg(A). 

U sing th e  g e n e ra l  r e l a t i o n  g iv en  hy  e q u a tio n  ( 6 - 3 ) ,  e q u a tio n  (7 -6 )  m ay  

be w r i t t e n  a s
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g(X) = k(X) CA<l(X) CBr(X ) (7—T )

where k(X) now i s  some g e n e ra l  w aveleng th  te rm . The s ig n  o f  k(X) 

would in d ic a te  w hether th e  i n te r a c t io n  in c re a s e d  o r  d e c re a se d  th e  

m ix tu re  upw ell r a d ia n c e ,  w h ile  th e  powers q.(X) and r(X ) r e p r e s e n t  

th e  n o n l in e a r i ty  o f  e f f e c t  o f  c o n s t i tu e n t  A o r  B on g (X ). The model 

fu n c t io n  has th e  d e s i r e d  p ro p e r ty  t h a t  a s  e i t h e r  c o n s t i tu e n t  p re se n c e  

d isa p p e a rs  (C^ o r  Cg 0) th e  fu n c t io n  a ls o  goes t o  z e ro . The 

o th e r  p ro p e r ty  th e  model fu n c t io n  i s  presum ed to  model i s  t h a t  th e  

n o n lin e a r  s u p e rp o s i t io n  e i t h e r  in c re a s e s  o r  d e c re a se s  th e  m ix tu re  

r a d ia n c e s  i n  a  pow er-law  r e l a t i o n .  The c a se s  where in c r e a s in g  ra d ia n c e  

o f  e i t h e r  o r  b o th  c o n s t i tu e n t s  cau se  th e  fu n c t io n  t o  f i r s t  in c re a s e  

th e n  d e c re a se  i n  some co m p lica ted  fa s h io n  r e p r e s e n ts  a  more s o p h is t ic a te d  

e f f e c t  n o t a d d re sse d  h e re .  Thus, th e  model fu n c tio n , w i l l  re a c h  maximum 

o r  minimum v a lu e s  a t  th e  l a r g e s t  v a lu e s  o f  r a d ia n c e s  o f  each  o f  th e  

c o n s t i tu e n ts .

To s tu d y  th e  e f f e c t s  th e  fu n c t io n  g (X ), i . e . ,  n o n lin e a r  su p e r

p o s i t i o n ,  has on c h a r a c t e r i s t i c  v e c to r  a n a ly s i s ,  th e  h y p o th e t ic a l  

c o n s t i tu e n ts  o f  h a l f - s i n e  and f u l l - s i n e  waves were em ployed. R e c a ll  

from C hapter VI th a t  th e  c o n s t i tu e n ts  them selves may have a  l i n e a r ,  

sim ple  n o n l in e a r ,  o r  w aveleng th -dependen t n o n l in e a r i ty  i n  th e  r a d ia n c e -  

c o n c e n tra t io n  r e l a t i o n s h ip .  The same may h o ld  t r u e  f o r  th e  i n te r a c t io n  

fu n c tio n  g(X) where q.(X), r(X ) a r e  o n e , some o th e r  c o n s ta n ts ,  

o r  w avelen g th -d ep en d en t. There a r e  e v id e n t ly  many d i f f e r e n t  com bina tions
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o f  model r e l a t i o n s h ip s  t h a t  c o u ld  he  t e s t e d .  A ls o , i t  i s  u s e f u l  t o  

examine in s ta n c e s  w here g(A) i s  l a r g e  o r  sm a ll w ith  r e s p e c t  t o  th e  

l i n e a r  com bina tion  and f o r  p o s i t i v e  and n e g a tiv e  v a lu e s .  However, i t  i s  

n o t n e c e s s a ry  t o  examine a l l  such  com bina tions  t o  o b ta in  a  g e n e ra l  

in f e r e n c e  o f  th e  e f f e c t  o f  n o n lin e a r  s u p e rp o s i t io n  on c h a r a c t e r i s t i c  

v e c to r  a n a ly s i s .

T here i s  one ty p e  o f  n o n lin e a r  s u p e rp o s i t io n  t h a t  may be  h and led  

in  th e  assumed m anner by  c h a r a c t e r i s t i c  v e c to r  a n a ly s i s ,  i . e . ,  f o r  a  

tw o - c o n s t i tu e n t  m ix tu re , o n ly  two e ig e n v e c to rs  a r e  n e c e s s a ry  t o  p e r f e c t l y  

d e s c r ib e  th e  t o t a l  d a ta  s e t  v a r ia n c e .  I n  t h i s  ty p e  o f  n o n lin e a r  su p e r

p o s i t i o n ,  m ix tu re  s p e c t r a  a r e  in c re a s e d  o r  d e c re a se d  in  a  p r o p o r t io n a l  

manner from th e  l i n e a r  s u p e rp o s i t io n  m ix tu re  s p e c t r a .  H e n c e fo rth , 

t h i s  i s  r e f e r r e d  to  a s  " p ro p o r t io n a l  n o n lin e a r  s u p e r p o s i t io n ."

For c o n s t i tu e n t s  A and B, f o r  exam ple, u s in g  e q u a tio n  (7 -7 )  t h i s  may be 

m odeled by l e t t i n g

k(A) = kp [MA(X) + M gU )] (7 -8 )

where M ^A) and Mg(X) a r e  th e  shap ing  fu n c t io n s  a s s o c ia te d  w ith  th e  

g e n e ra l  pow er-law  e q u a tio n  (6- 3 ) and kp i s  some c o n s ta n t  d e f in in g  a  

maximum change i n  th e  n o n l in e a r  s u p e rp o s i t io n  p r o c e s s .  The e q u a tio n  fo r  

p r o p o r t io n a l  n o n lin e a r  s u p e rp o s i t io n  becom es, f o r  c o n s t i tu e n t s  A and B, 

by  com bining e q u a tio n s  ( 6 -3 ) ,  (7 -3 )  and (7 -8 )
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P - . U )  pP(x)
la+b (X) = B(X) + Ma (X) Oa + MglX) 0B

q(X) r  (X)
+ kp [MA(X) ♦ M b(X)] Oa Ob

(7-9)

The form  o f  such  an e q u a tio n  a p p l ie s  t o  any two c o n s t i tu e n t s  w here th e  

shap ing  f u n c t io n s  a r e  added in  th e  i n t e r a c t io n  te rm . S p e c i f i c a l ly ,  

th e  sh ap in g  fu n c t io n s  f o r  h y p o th e t ic a l  c o n s t i tu e n t s  A and B a r e  g iv e n  

hy  e q u a tio n s  (5 -2 )  and (5 -3 ) .

I n  t h i s  c h a p te r ,  t h e  e f f e c t s  o f n o n l in e a r  s u p e rp o s i t io n  on 

c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  a r e  s tu d ie d  by  u t i l i z i n g  th e  f u l l -  

m ix tu re  m a tr ix  o f  25- s p e c t r a  form ed from  two h y p o th e t ic a l  c o n s t i tu e n t s  

c o n s id e re d  in  p re v io u s  c h a p te r s ,  where c o n s t i tu e n t  c o n c e n tra t io n s  in  

w a te r  a re  chosen  a s  (0 , 1 0 , 20 , 30 , ko)  a r b i t r a r y  u n i t s .  In  e q u a tio n  ( 7 - 9 ) ,  

th e  b a s e -w a te r  spectrum  B(X) i s  assumed to  be s u b tr a c te d  o u t o f  a l l  

s p e c t r a  under th e  m odel a ssu m p tio n s  t h a t  i t  a f f e c t s  o n ly  th e  mean 

sp ec tru m , b u t  n o t  c a lc u la t e d  e ig e n v e c to r s  o r  s c a l a r  m u l t ip le s .  T hus,

La+b ( X) c a lc u la te d  a r e  b a s e -w a te r  c o r r e c te d  s p e c t r a .  W ith th e  shap ing  

fu n c t io n s  and c o n c e n t ra t io n s  d e f in e d , t h i s  le a v e s  th e  c h o ic e  o f  powers 

p^(X) and p£(X) f o r  th e  c o n s t i t u e n t s ,  and th e  pow ers q (X ), r(X ) 

p lu s  th e  c o n s ta n t  in  th e  i n t e r a c t io n  te rm . In  th e  fo rthcom ing

s e n s i t i v i t y  a n a ly s i s ,  th e s e  v a lu e s  a r e  v a r ie d  o v e r a  ran g e  o f  p o s s ib le  

c o n d i t io n s .  The m ain i n t e r e s t  i s  to  examine changes in  s c a l a r  m u lt ip le
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p a t t e r n s ,  t o  see  i f  some g e n e ra l  c o n c lu s io n s  ab o u t n o n lin e a r  s u p e rp o s i t io n

e f f e c t s  a r e  p o s s ib le .

F or th e  f i r s t  c a se s  exam ined, a l l  powers i n  e q u a tio n  (7 -9 )  a re

c o n s id e re d  c o n s ta n t  and e q u a l t o  on e , i . e . ,  p^(X ) = Pg(A) = q(A) =

r(A ) = 1 .0 ,  w ith  th e  c o n s ta n t  k  a d ju s te d  t o  y i e l d  a  +10$, +25$
P

and T50% maximum in c r e a s e  o r  d e c re a se  i n  s p e c t r a  r a d ia n c e  v a lu e s

o b se rv e d  i n  a  l i n e a r  s u p e rp o s i t io n  c a se  (se e  t a b l e  2 ) .  R e c a l l ,  b a sed

on th e  model a s su m p tio n s , t h a t  t h i s  maximum e f f e c t  o f  th e  i n t e r a c t io n

te rm  o c c u rs  f o r  th e  maximum spectrum  w here C. = C_ = ifO a r b i t r a r y
A B

u n i t s  and d e c re a s e s  t o  z e ro  ( in  a  pow er-law  v a r i a t i o n — in  t h i s  c a se

l i n e a r l y )  as e i t h e r  c o n s t i tu e n t  p re se n c e  d is a p p e a rs .  S ix

2 5 - s p e c tra  s e t s  w ere fo rm u la ted  f o r  c o n s t i tu e n t s  A + B. T ab les 20 and 21

a re  th e  s e t s  f o r  a  +25$ maximum i n t e r a c t io n  te rm  e f f e c t ,  f o r  exam ple,

w hich may b e  e a s i l y  v e r i f i e d  by com parison  w ith  t a b l e  2 . A c h a r a c t e r i s t i c

v e c to r  a n a ly s i s  o f  a l l  th e  s p e c t r a  s e t s  was c o n d u c ted . S in ce  th e

c o n s t i tu e n t s  A and B a re  assumed l i n e a r  i n  th e  r a d ia n c e - c o n c e n t r a t io n

r e l a t i o n s h i p ,  th e  c h a r a c t e r i s t i c  v e c to r s  g iv en  i n  f ig u r e  12 (b ) were

u sed  a s  com parison  v e c to r s  d u r in g  r o t a t i o n a l  t r a n s fo rm a t io n s  o f  th e

p r in c ip a l - a x e s  e ig e n v e c to r s .

I n  g e n e ra l ,  two p r in c ip a l - a x e s  e ig e n v e c to r s  w ere s u f f i c i e n t  to

e x p la in  100$ o f  th e  t o t a l  d a ta  s e t  v a r ia n c e  f o r  a l l  s p e c t r a  s e t s .

R o ta tio n s  o f  th e  p r in c i p a l  ax es  th ro u g h  a n g le s  0^ and 0g , m atch ing

tra n s fo rm e d  e ig e n v e c to r s  t o  c h a r a c t e r i s t i c  v e c to r s  v . and v _ ,
A B

d e f in e d  an  o b liq u e  ax e s  system . E q u a tio n s  (lt-33) and (U -3 t) ,  a s  

u s u a l ,  tra n s fo rm e d  th e  p r in c ip a l  axes s c a l a r  m u l t ip le s  i n to  th e  o b liq u e
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sy stem s. F ig u re  k6  p r e s e n ts  th e  tra n s fo rm e d  s c a l a r  m u l t ip le s  f o r  th e  

s ix  c a se s  c o n s id e re d  (+10$, +25$ and +50$ maximum in t e r a c t io n  term  

e f f e c t ) .  Each p l o t  has  r e p r e s e n ta t iv e  nc o rn e r  p o in t"  c o n c e n tra t io n s  

l a b e le d ,  and th e  r o t a t i o n  a n g le s  n e c e s s a ry  t o  t ra n s fo rm  th e

p r in c ip a l - a x e s  system  in to  th e  o b liq u e -a x e s  system  a re  n o te d . As 

p r e v io u s ly ,  th e  mesh l i n e s  r e p r e s e n t  l i n e s  o f  c o n s ta n t  c o n c e n tra t io n s .

The m ain e f f e c t s  o f  th e  i n t e r a c t io n  te rm  f o r  th e  l i n e a r  powers 

c a se  i s  a  convergence o f  th e  mesh l i n e s  f o r  h ig h e r  c o n c e n tra t io n s  fo r  a  

n e g a tiv e  i n t e r a c t i o n  te rm  ( ra d ia n c e s  o f  m ix tu re  s p e c t r a  reduced  from 

th e  l i n e a r  s u p e rp o s i t io n  c a se )  and a d iv e rg e n ce  o f  th e  mesh l i n e s  f o r  

h ig h e r  c o n c e n tra t io n s  f o r  a  •p o s itiv e  i n t e r a c t io n  term  ( ra d ia n c e s  o f  

m ix tu re  s p e c t r a  in c re a s e d  from th e  l i n e a r  s u p e rp o s i t io n  c a s e ) .

F ig u re  2 2 (c )  can be u sed  as  a  com parison as  th e  c a se  where th e  i n t e r 

a c t io n  te rm  i s  z e ro  ( l i n e a r  s u p e rp o s i t io n ) .  The mesh l i n e s  f o r  a l l  

c a se s  rem ain  l i n e a r .  For d iv e rg e n t l i n e  c a se s  ( p o s i t iv e  i n te r a c t io n  

te r m ) ,  th e  s c a la r  m u lt ip le s  a re  more e a s i l y  i n te r p r e te d  th a n  fo r  

c o n v e rg en t l i n e  c a s e s ,  e . g . ,  th e  -50$  c a se  o f  f ig u r e  ^ 6 (e )  where th e  

s c a l a r  m u l t ip le s  f o r  h ig h  c o n c e n tra t io n s  a re  c lo s e  to g e th e r .

I n  th e  n e x t s ta g e  o f  th e  a n a ly s i s ,  th e  c o n s t i tu e n t  and in te r a c t io n  

te rm  pow ers , P-]_(^)» P2 (^)»  <l(M> and r(A.) were f u r t h e r  v a r ie d .

The c o n s ta n t  k  was chosen in  a l l  c a se s  to  g iv e  a  +25$ maximum
sr

i n t e r a c t io n  te rm  e f f e c t .  Cases in c lu d e d :
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Case
Number

Maximum
I n te r a c t io n PX(X)

7 ,8 +25# 0 .5

9 ,1 0 +25# 1 .5

1 1 ,1 2 +25% 0 .5

13 ,14 +25# 1 .0

15 ,16 +25# 1 .0

17 ,18 +25% eq . ( 6 - l4 )

P2 (X) q(X) r(X )

0 .5 0 .5 0 .5

1 .5 1 .5 1 .5

1 .5 0 .5 1 .5

1 .0 0 .5 0 .5

1 .0 1 .5 1 .5

eq . (6- 1 5 ) eq . ( 6 - l4 ) eq . ( 6- 1 5 )

For c a se s  7 th ro u g h  1 2 , th e  pow ers in  th e  i n t e r a c t io n  te rm s a r e  th e  

same a s  f o r  th e  in d iv id u a l  c o n s t i tu e n t s ,  h u t f o r  c a se s  13 th ro u g h  16 

th e  i n te r a c t io n  te rm  powers d i f f e r  from  th o s e  o f  th e  c o n s t i tu e n t s .

For c a se s  17 th ro u g h  1 8 , w avelen g th -d ep en d en t powers a r e  u se d .

I n  g e n e ra l ,  ex cep t f o r  th e  w av e leng th -dependen t pow ers c a s e s ,  two 

e ig e n v e c to rs  a r e  s u f f i c i e n t  t o  e x p la in  100% o f  th e  t o t a l  d a ta  s e t  

v a r ia n c e .  C h a r a c te r i s t i c  v e c to r s  f o r  c o n s t i tu e n t s  A and B, u sed  in  

com parisons f o r  r o t a t i o n a l  t r a n s fo r m a t io n s ,  depend on th e  c o n s t i tu e n t  

powers p1 (X ), p2 (A) u se d  and may he found in  t a b l e s  11 and 12 and

f ig u r e  36 . F ig u re  47 p r e s e n ts  th e  tra n s fo rm e d  s c a la r  m u l t ip le s  ( i n  th e  

o b liq u e  axes system  b ased  on a n g le s  f o r  c a se s  7 th ro u g h  10

where th e  i n t e r a c t io n  te rm  and c o n s t i tu e n t  powers a r e  a l l  one v a lu e  

( a l l  eq u a l 0 .5  o r  1 .5  r e s p e c t i v e ly ) .  These p l o t s  may be compared to  

f ig u r e  33 where th e  i n t e r a c t i o n  te rm s  a r e  z e ro . The p a t t e r n s  o f  

convergence and d iv e rg e n c e  o f  th e  mesh ( c o n s ta n t  c o n c e n tra t io n )  l in e s  

i s  a s  observed  in  f ig u r e  b6 , b u t th e  d isp la c e m e n ts  o f  s c a l a r  m u lt ip le s
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a lo n g  th e  mesh l i n e s  a re  n o n lin e a r  and c o n s i s t e n t  w ith  th e  powers u sed . 

Note e s p e c i a l l y ,  in  f ig u r e  U 7 (a ), t h a t  th e  co m b in a tio n  o f  sim ple 

n o n lin e a r  pow ers 0 .5  and a  n e g a tiv e  i n t e r a c t i o n  te rm  b o th  c o n t r ib u te  

t o  a  c lu s t e r in g  o f  s c a la r  m u l t ip le s  i n  th e  f i r s t  q u a d ra n t ,  w h ile  i n  

f ig u r e  ^ 7 (d ) ,  th e  s im p le  n o n l in e a r  pow ers 1 .5  and p o s i t i v e  i n t e r a c t i o n  

te rm  c a u se s  s i g n i f i c a n t  sp re a d in g  o f  th e  s c a l a r  m u l t ip le s  in  th e  f i r s t  

q u a d ra n t. A ll  mesh l i n e s  rem ain  l i n e a r .

F ig u re  MS shows th e  tra n s fo rm e d  s c a l a r  m u l t ip le s  f o r  th e  m ixed 

powers c a se s  11 and 1 2 , b u t w here th e  same pow ers a r e  u se d  f o r  th e  

i n t e r a c t io n  te rm  c o n c e n tra t io n s  a s  f o r  th e  i n d iv id u a l  c o n s t i tu e n t s  

( i . e . ,  P j(X ) = q(X) and p2 (x) = r ( \ ) ) .  The e f f e c t  i s  t o  change th e  

q u ad ran t where c lu s t e r i n g  o r  sp a c in g  o f  th e  tra n s fo rm e d  s c a l a r  m u l t ip le s  

o c c u r.

F ig u re  b9 p r e s e n ts  th e  tra n s fo rm e d  s c a l a r  m u l t ip le s  f o r  c a s e s  13 

th ro u g h  1 6 , where th e  i n t e r a c t io n  te rm  pow ers a r e  d e f i n i t e l y  d i f f e r e n t  

th a n  th o s e  o f  th e  in d iv id u a l  c o n s t i tu e n t s .  The mesh l i n e s  a re  no lo n g e r  

l i n e a r ,  b u t  have a  cu rv ed  ap p earan ce  e x c e p t f o r  th e  p u re  c o n s t i tu e n t  

l i n e s  w here th e  i n t e r a c t i o n  te rm  i s  z e ro .  The b a s ic  p a t t e r n  e s ta b l i s h e d  

o f  a  convergence o f  mesh l i n e s  fo r  a  n e g a tiv e  i n t e r a c t i o n  te rm  and 

d iv e rg e n ce  f o r  a  p o s i t i v e  i n t e r a c t io n  te rm  c o n tin u e s  a s  f o r  a l l  

p re v io u s  c a s e s .

For c a se s  17 and 18 u s in g  w av e len g th -d ep en d en t pow ers, a  c h a r a c te r 

i s t i c  v e c to r  a n a ly s i s  r e q u i r e s  more th a n  two e ig e n v e c to r s  t o  c o m p le te ly  

d e s c r ib e  th e  d a ta  s e t  v a r ia n c e  fo r  m ix tu re s  o f  two c o n s t i tu e n t s .  T h is  

i s  s im i la r  to  th e  r e s u l t s  o bserved  when w av e len g th -d ep en d en t powers
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were in tro d u c e d  i n  th e  c h a p te r  on n o n l in e a r  c o n s t i tu e n t s .  As th e n ,  

two e ig e n v e c to r s  a r e  s u f f i c i e n t  t o  e x p la in  m ost o f  th e  v a r ia n c e  

(98 .935$  f o r  th e  - 25$ i n t e r a c t io n  te rm  and 99*799$ f o r  th e  +25$ 

i n t e r a c t io n  te r m ) .  F ig u re  50 shows th e  tra n s fo rm e d  s c a la r  m u l t ip le s  

f o r  th e s e  c a s e s .  Convergence and d iv e rg e n c e  o f  th e  mesh l i n e s  as 

caused  by th e  i n t e r a c t io n  te rm  i s  e v id e n t ,  a s  i s  th e  c u rv a tu re s  cau sed  

by u s in g  w av e len g th -d ep en d en t pow ers (n o te  t h a t  th e  pu re  c o n s t i tu e n t  

mesh l i n e s  a r e  cu rved  a s  w e l l ) .

The a n a ly s i s  d is c u s s e d  in  f ig u r e s  b6 th ro u g h  50 (c a se s  1 th ro u g h  18) 

was r e p e a te d  f o r  c o n s t i tu e n t s  A and C ( s l i g h t l y  d is p la c e d  h a l f - s i n e  

w av es). E q u a tio n  (7 -9 )  was s u i t a b ly  m o d if ie d  u s in g  c o n s t i tu e n t  C in  

p la c e  o f  c o n s t i tu e n t  B. A c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  d e m o n stra ted  

th e  tra n s fo rm e d  s c a l a r  m u l t ip le  p l o t s  w ere b a s i c a l l y  th e  same a s  f o r  

c o n s t i tu e n t s  A and B e x c ep t f o r  t h e  w av e leng th -dependen t powers c a se  

(co rre sp o n d in g  t o  c a se s  17 and 18  f o r  c o n s t i tu e n t s  A + B ). F ig u re  51 

shows th e  tra n s fo rm e d  s c a la r  m u l t ip le s  f o r  th e s e  m ixed w a v e len g th - 

dependen t pow ers. The c u rv a tu re s  a r e  d i f f e r e n t  th a n  th o s e  fo r  

f ig u r e  50 , c o n s i s t e n t  w ith  th e  v a r i a b le  c u rv a tu re  r e s u l t s  o bserved  

in  th e  c h a p te r  on n o n l in e a r  c o n s t i tu e n t s .  Less th a n  100$ o f  th e  t o t a l  

d a ta  v a r ia n c e  was e x p la in e d  by two e ig e n v e c to rs  (99*936$ f o r  th e  

n e g a tiv e  i n t e r a c t io n  te rm  and 99*978$ f o r  th e  p o s i t i v e  i n t e r a c t io n  te rm ) .

The fo re g o in g  d is c u s s io n  exam ined n o n lin e a r  s u p e rp o s i t io n  in  a  

p r o p o r t io n a l  mode— a ty p e  w hich r e q u i r e d ,  in  m ost c a s e s ,  o n ly  two 

e ig e n v e c to r s  f o r  a  tw o - c o n s t i tu e n t  m ix tu re . R e lax in g  t h i s  a ssu m p tio n , 

th e  f u n c t io n  k(A) i n  e q u a tio n  (7- 7 ) i s  f r e e  t o  ta k e  on an  i n f i n i t e
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v a r i e ty  o f  fo rm s. T h is  d i s s e r t a t i o n  can n o t a tte m p t t o  e x p lo re  a l l  th e  

p o s s i b i l i t i e s  where k(A) assum es a  n o n p ro p o rtio n a l  form , and as  

s t a t e d  p re v io u s ly  th e  p a r t i c u l a r  c o n s t i tu e n t s  u n d er s tu d y  w i l l  d i c t a t e  

th e  u l t im a te  form  t h i s  model e x p re s s io n  assum es. The fu n c t io n  may be 

dependent o r  ind ep en d en t o f  th e  shap ing  fu n c t io n s  o f  th e  in d iv id u a l  

c o n s t i t u e n t s .

One case  o f  t h i s  n o n p ro p o rtio n a l  ty p e  o f  n o n lin e a r  s u p e rp o s i t io n  

was c o n s id e re d , how ever, t o  i l l u s t r a t e  an  im p o rta n t concep t a p p lic a b le  

t o  such  n o n p ro p o rtio n a l  n o n lin e a r  s u p e rp o s i t io n  c a s e s .  C onsider th e  

ca se  o f  c o n s t i tu e n t s  A and C (two s im i la r  b u t d is p la c e d  h a l f - s i n e  

w av es). The fu n c t io n  k(A) m ight e x i s t  a s  a  p ro d u c t o f  th e  shap ing  

f u n c t io n s :

k = kp ma (A) mc (A) (7 -10)

U n it powers a re  used  f o r  th e  in d iv id u a l  c o n s t i tu e n t s  and i n te r a c t io n  

te rm . E q u a tio n  (7 -9 ) may be r e w r i t t e n  ( s u b s t i t u t in g  eq . (7 -10 ) in  

p la c e  o f  eq . (7 -8 )  and c a lc u la t in g  b a se -w a te r  c o r r e c te d  s p e c t r a  on ly ) 

a s ,

LA+C(X) = V X) CA + MC(X) CC + kp V X) MC(X) CA °C ( 7 - l l )

The c o n s ta n t  k  was a d ju s te d  t o  g iv e  an  average  maximum i n te r a c t io n  

te rm  e f f e c t  o f  +25%. The u s u a l  2 5 - s p e c tra  s e t s  w ere c a lc u la te d  from 

e q u a tio n  (7 -1 1 ) . In  m odel form , th e s e  new c a se s  ap p ear v e ry  s im i la r
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t o  th o s e  t h a t  r e s u l t e d  in  f ig u r e s  4 6 (c )  and 4 6 (d ) ,  e x c ep t f o r  th e  

d i f f e r e n c e s  i n  th e  i n t e r a c t io n  f u n c t io n .  k (X ), A c h a r a c t e r i s t i c  v e c to r  

a n a ly s i s ,  how ever, shows th r e e  e ig e n v e c to r s  needed t o  e x p la in  100% 

o f  th e  t o t a l  d a ta  s e t  v a r ia n c e .  Two e ig e n v e c to r s  e x p la in  99*805% and 

99*979% o f  th e  d a ta  s e t  v a r ia n c e  f o r  th e  n e g a tiv e  and p o s i t i v e  i n te r a c t io n  

te rm s , r e s p e c t iv e ly .  F ig u re s  5 2 (a ) and 52(h ) show th e  tra n sfo rm ed  

s c a l a r  m u l t ip le s  f o r  th e s e  c a se s  and may be compared t o  f ig u r e s  46 ( c ) 

and 4 6 (d ) f o r  th e  c a s e s  c a lc u la te d  in  a  p r o p o r t io n a l  mode o f  n o n lin e a r  

s u p e rp o s i t io n .  In d ee d , th e y  lo o k  q u i te  s im i l a r ,  w ith  convergence and 

d iv e rg e n ce  o f  l i n e a r  mesh l i n e s .  What i s  n o t shown, how ever, i s  th e  

f a c t  t h a t  w h ile  a l l  s c a la r - m u l t ip le  p o in ts  in  f ig u r e  4 6 (c ) and 46(d) 

f a l l  w i th in  th e  p r in c i p a l  axes (o r  tra n s fo rm e d  o b liq u e  a x e s)  p la n e ,  in  

f ig u r e s  5 2 (a ) and 52(b) th e r e  i s  a  f i n i t e  d isp la c em e n t o u t o f  th e s e  

p la n e s  f o r  th e  m ix tu re  p o in ts  (a s  con firm ed  by th e  f i n i t e  s c a l a r  

m u l t ip le s  r e q u i r e d  by  th e  t h i r d  p r in c ip a l - a x e s  e ig e n v e c to r ) .  A 

geom etric  i n t e r p r e t a t i o n  o f  th e s e  r e s u l t s  i s  u s e f u l .

A Geom etric I n t e r p r e t a t i o n  

In  C hap ter IV , a  geo m etric  i n t e r p r e t a t i o n  o f  p r in c i p a l  components 

a n a ly s i s  o p e ra t in g  on a  l i n e a r ,  a d d i t iv e  m ix tu re  o f  two c o n s t i tu e n t s  

was p re s e n te d . F ig u re  9 (b ) d em o n stra ted  t h a t  a l l  r a d ia n c e  d a ta  p l o t t e d  

in  th re e -b a n d  space  ( f o r  exam ple) f o r  th e  p u re  c o n s t i tu e n t s  and 

m ix tu re  p o i n t s ,  l i e  in  a  p lan e  d e f in e d  by th e  c h a r a c t e r i s t i c  v e c to r s .

These v e c to r s  assum ed th e  d i r e c t i o n s  o f  th e  p u re  c o n s t i t u e n t 's  l i n e  

o f  d a ta .  The f i r s t  two p r in c ip a l  axes  (Y^,Yg) a ls o  l i e  in  t h i s  p la n e
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and th e  c o rre sp o n d in g  e ig e n v e c to r s  and s c a la r  m u l t ip le s  e x p la in e d  

100$ o f  th e  o b se rv ed  d a ta  v a r ia n c e .  For such  c a s e s ,  th e  t h i r d  p r in c i p a l  

a x is  (and  i n  n -b an d  s p a c e , th e  t h i r d  th ro u g h  n th  p r in c i p a l  a x e s)  w ere 

s u p e r f lu o u s . F ig u re  5 3 (a )  shows how a  2 5 - s p e c t r a  ca se  f o r  two 

c o n s t i tu e n t s  would ap p ear under s im i la r  c o n d it io n s  w here new th e  mesh 

l i n e s  i n d ic a te  c o n s ta n t  c o n c e n t ra t io n s .

Based on th e  r e s u l t s  o b ta in e d  in  t h i s  c h a p te r ,  f ig u r e  53(b) shows 

th e  ap p earan ce  o f  a  tw o - c o n s t i tu e n t  m ix tu re  w ith  p r o p o r t io n a l  n o n lin e a r  

s u p e rp o s i t io n  and a  n e g a tiv e  i n t e r a c t io n  te rm . W hile th e  mesh l i n e s  

c o l la p s e  inw ard  tow ards th e  o r ig in  (convergence  a t  h ig h e r  c o n c e n tra t io n s )  

and p o in t  D moves t o  E , a l l  m ix tu re  p o in ts  c o n tin u e  t o  l i e  in  th e  p la n e  

form ed by th e  c h a r a c t e r i s t i c  v e c to r s .  The p la n e  form ed by  th e  f i r s t  

two p r in c ip a l  axes  c o in c id e s  w ith  t h i s  p la n e  w ith  th e  r e s u l t  t h a t  two 

p r in c i p a l  axes e ig e n v e c to r s  and a s s o c ia te d  s c a la r  m u l t ip le s  c o n tin u e  

t o  c o m p le te ly  d e s c r ib e  th e  o b se rv ed  d a ta  v a r ia n c e .  H ig h e r-o rd e r  p r in c i p a l  

ax es  a r e  s u p e r f lu o u s .

F ig u re  5 3 ( c ) ,  how ever, p r e s e n ts  th e  c a se  o f  n o n p ro p o r t io n a l ,  non

l i n e a r  s u p e r p o s i t io n ,  a s  c o n s id e re d , f o r  exam ple, f o r  th e  c a se  shown in  

f ig u r e  52 . When p l o t t e d  in  w aveleng th  s p a c e , th e  m ix tu re  s p e c t r a  p o in ts  

f a l l  ou t o f  th e  p la n e  d e f in e d  by  th e  c h a r a c t e r i s t i c  v e c to r s  ( ly in g  

a lo n g  th e  p u re  c o n s t i tu e n t  d i r e c t i o n s ) .  The v e r te x  p o in t  E moves o u t 

o f  th e  p la n e  d e f in e d  by  ABC t o  p o in t  F . A ll  m ix tu re  p o in ts  now l i e  

o u t o f  p la n e  ABC. Because o f  t h i s ,  th e  mesh l i n e s  d e f in e  a  warped 

s u r f a c e .  The p la n e  form ed by  th e  f i r s t  two p r in c i p a l  axes  w i l l  o r i e n t a t e  

such as  t o  p ro v id e  a  b e s t  d e s c r ip t io n  o f  t h i s  s u r f a c e ,  b u t a d d i t io n a l
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p r in c i p a l  ax e s  e ig e n v e c to r s  a r e  r e q u i r e d  t o  com p le te  th e  d e s c r ip t i o n .  

For more g e n e ra l  n o n l in e a r  s u p e rp o s i t io n  c a s e s ,  th e  s u r f a c e  may warp in  

a  complex m anner. When th e  c o n s t i tu e n t s  a r e  w av e len g th -d ep en d en t a s  

w e l l ,  th e  l i n e s  o f  d a ta  r e p r e s e n t in g  th e  p u re  c o n s t i tu e n t s  a r e  cu rved  

and added c u rv a tu re s  a r e  p r e s e n t  in  th e  warped s u r f a c e  o f  th e  m ix tu re  

p o in t s .  These argum en ts may be ex ten d ed  in to  n -b an d  h y p e rsp a c e . In  

such  c a s e s ,  a  p r in c i p a l  com ponents a n a ly s i s ,  i n  c a lc u l a t i n g  th e  f i r s t  

two p r in c i p a l  a x e s , p ro v id e s  th e  b e s t  app rox im ate  d e s c r ip t io n  o f  th e  

hy p e rsp ace  s u r f a c e .

Sum marizing n o n l in e a r  s u p e rp o s i t io n ,  and th e  o b s e rv a t io n s  from  th e  

p re v io u s  t e s t  c a s e s ,  th e  t o t a l  r a d ia n c e  u p w elled  from  a  m ix tu re  o f  

two c o n s t i tu e n t s  in  w a te r  may be l e s s  t h a n ,  e q u a l t o ,  o r  g r e a t e r  th a n  

th e  sum o f  th e  u p w e ll r a d ia n c e s  from  th e  in d iv id u a l  c o n s t i tu e n t s  t e s t e d  

a lo n e  in  w a te r  (w ith  p ro p e r  c o r r e c t io n s  f o r  th e  b a se  w a te r s ) .  When 

th e y  a re  e q u a l ,  one has  th e  u s u a l  assumed case  o f  l i n e a r  s u p e rp o s i t io n .  

When th e y  a r e  n o t ,  one h a s  n o n l in e a r  s u p e rp o s i t io n .  The a c tu a l  r e l a t i o n  

to  e x p la in  such  n o n l in e a r  s u p e rp o s i t io n  b e h a v io r  may be a  c o m p lic a ted  

fu n c t io n  o f  p h y s ic a l ,  c h e m ic a l, and e l e c t r i c a l  p r o p e r t i e s  o f  th e  

p a r t i c u l a r  i n d iv id u a l  c o n s t i t u e n t s .  However, a  s im p le  model o f  

i n t e r a c t io n  i s  p ro p o sed  w hich may r e l a t e  t o  some c a s e s  o f  n o n l in e a r  

s u p e rp o s i t io n .  The i n t e r a c t i o n  f u n c t io n  i s  f u r t h e r  m odeled by a  pow er- 

law  e q u a tio n . P r o p o r t io n a l  and  n o n p ro p o rtio n a l  modes o f  n o n lin e a r  

s u p e rp o s i t io n  a r e  c o n s id e re d .

A s e n s i t i v i t y  a n a ly s i s ,  v a ry in g  c o n s t i tu e n t  and i n t e r a c t io n  te rm  

pow ers p lu s  th e  d eg ree  o f  th e  i n t e r a c t io n  te rm  e f f e c t ,  d e m o n stra ted  t h a t

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



131

n o n lin e a r  s u p e rp o s i t io n  r e s u l t s  i n  e i t h e r  a  convergence  ( f o r  m ix tu re  

ra d ia n c e  d ec rem en ts)  o r  a  d iv e rg e n c e  ( f o r  m ix tu re  r a d ia n c e  in c re m e n ts)  

o f  th e  tra n s fo rm e d  s c a l a r  m u l t ip le  mesh l i n e s  f o r  th e  sam ple caseB .

F or a  p r o p o r t io n a l  mode o f  n o n lin e a r  s u p e rp o s i t io n  two e ig e n v e c to rs  

e x p la in  th e  t o t a l  d a ta  s e t  v a r ia n c e  f o r  a  tw o - c o n s t i tu e n t  m ix tu re  

ex cep t f o r  c a se s  o f  w av e len g th -d ep en d en t c o n s t i tu e n t s  and in t e r a c t io n  

te rm . Mesh l i n e s  f o r  m ix tu re s  c o u ld  he l i n e a r  o r  c u rv e d . For w av e len g th - 

dependent c o n s t i tu e n t s  one has  c u rv a tu re  in  th e  mesh l i n e s  f o r  th e  

p u re  c o n s t i tu e n t s  a s  w e l l .  In  a  n o n p ro p o rtio n a l  mode o f  n o n lin e a r  

s u p e rp o s i t io n ,  th e  mesh l i n e s  may warp i n  a  complex m anner, r e q u i r in g  

more th a n  two e ig e n v e c to r s  ( f o r  a  tw o -c o n s t i tu e n t  m ix tu re )  to  com plete 

th e  d a ta  v a r ia n c e  d e s c r ip t i o n .  The f i r s t  two p r in c i p a l  a x e s , how ever, 

p ro v id e  th e  h e s t  approx im ate  d e s c r ip t io n  t o  th e s e  tw o -c o n s t i tu e n t  

c a s e s .  The n e x t s e c t io n  exam ines a  r e a l  w orld  experim en t c a se  in v o lv in g  

two w av e len g th -d ep en d en t n o n l in e a r  c o n s t i tu e n t s  t h a t  e x h ib i t  a  n o n lin e a r  

s u p e rp o s i t io n  i n  m ix tu re  fo rm a tio n s .

A p p lic a t io n  t o  M ix tu re  Experim ent 

To exam ine th e  c o n c e p ts  d eve loped  in  t h i s  and p re v io u s  c h a p te rs  

f o r  a  r e a l  d a ta  c a s e ,  c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  o f  a  s e t  o f 

m ix tu re  d a ta  o b ta in e d  i n  th e  L angley  R esearch  C e n te r 's  M arine Upwelled 

S p e c tr a l  S ig n a tu re s  L a b o ra to ry  was u n d e rta k e n . The d a ta  s e t  in c lu d e d  

m easured r e f l e c t a n c e  s p e c t r a  f o r  ( l )  bo ttom  sed im en ts  from  th e  B a ile y  Bay

and Bermuda Hundred a r e a s  on th e  James R iv e r n e a r  H opew ell, V i r g in ia ,  m ixed 

i n  f i l t e r e d ,  d e io n iz e d  w a te r fo r  v a ry in g  c o n c e n t r a t io n s ,  and (2) a
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m ix tu re  o f  Bermuda Hundred bo ttom  sed im en ts  ( a t  25 ppm) w ith  v a ry in g  

c o n c e n tra t io n s  o f  B a ile y  Bay bottom  sed im en ts  m ixed i n  f i l t e r e d ,  

d e io n iz e d  w a te r . W hitlock  e t  a l  (1978) d e s c r ib e  th e  p a r t i c u l a r  

experim en t i n  d e t a i l .  The c o n c e n tra t io n s  m a tr ix  o f  a v a i l a b le  s p e c t r a l  

r e f le c ta n c e  d a ta  in c lu d e s :

Bermuda Hundred bo ttom  sedim ent 
c o n c e n tra t io n s  i n  w a te r ,  ppm

+2 2* fl ft
§
$  * icl a)
<u -P ca nj

I s
■pO CD
P  13 

s -p
CD S3 
H  ID
•rl O
aj (3 m o o

0 It 17 25 52 86 173

0 X X X X X X X

k X X

17 X

3*t X

86 X X

129 X

173 X X

F ig u re s  5^ , 55, and 56 ( a f t e r  W hitlock  e t  a l  1978) show, r e s p e c t iv e ly ,  

th e  m easured r e f l e c t a n c e  s p e c t r a  f o r  th e  sed im ent sam ples in d iv id u a l ly ,  

and in  a  m ix tu re . Noted on th e  f ig u r e s  i s  th e  ran g e  o f  w aveleng ths used  

in  t h i s  a n a ly s i s .  The Xenon lamp u sed  a s  a  ra d ia n c e  so u rce  f o r  th e s e  

experim en ts  d em o n stra ted  o p e ra t in g  c h a r a c t e r i s t i c s  in  th e  c o l le c te d  

s p e c tr a  above 750 nm. T his r e q u ir e d  d a ta  f a i r i n g  and i t  was d e c id e d  to  

av o id  p o s s ib le  d a ta  problem s a t  th e s e  h ig h e r  w av e len g th s . T able  22 

p re s e n ts  th e  a c tu a l  r e f l e c ta n c e  d a ta  from  f ig u r e s  5^ th ro u g h  56 f o r  th e
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w aveleng ths c o n s id e re d  (ev e ry  Uo nm f o r  th e  ran g e  k6o t o  J80  nm).

A p re v io u s  a n a ly s i s  o f  in d iv id u a l  c o n s t i tu e n t s  in  C hap ter VI c l a s s i f i e d  

Bermuda Hundred and B a ile y  Bay sed im en ts a s  a  w avelen g th -d ep en d en t 

n o n lin e a r  in  te rm s o f  th e  r a d ia n c e -c o n c e n tra t io n  r e l a t i o n s h ip  (see  

f i g .  3 0 ) . To d e te rm in e  th e  form o f  s u p e rp o s i t io n  f o r  th e s e  c o n s t i tu e n t s ,  

r e f l e c ta n c e  s p e c t r a  f o r  a  l i n e a r  s u p e rp o s i t io n  w ere c a lc u la te d  by 

add ing  th e  r e f l e c t a n c e  s p e c t r a  fo r  25 ppm o f  Bermuda Hundred sed im en ts  

t o  th e  r e f l e c t a n c e  s p e c t r a  o f  It, 8 6 , and 173 ppm o f  B a ile y  Bay se d im e n ts . 

A b a s e -w a te r  sp ec tru m , g iv en  by s p e c t r a  number 1 in  t a b l e  22 was 

s u b tr a c te d  o u t— o th e rw is e , th e  b a se  w a te r  would be f ig u re d  in  tw ic e ,  

once f o r  each  c o n s t i tu e n t .  T his assum es t h a t  th e  b a se  w a te r  was th e  

same f o r  b o th  in d iv id u a l  c o n s t i tu e n t  e x p e rim en ts . The r e s u l t s  a r e  

p re s e n te d  in  T ab le  23. N ext, th e  d i f f e r e n c e s  betw een th e  a c tu a l  m ix tu re  

r e f l e c ta n c e  s p e c t r a  (se e  t a b l e  22) and th e  l i n e a r  s u p e rp o s i t io n  

r e f l e c ta n c e s  w ere form ed. These d i f f e r e n c e s  a r e  th e  i n t e r a c t io n  te rm s , 

g (X ), d e f in e d  in  e q u a tio n  ( 7 - 3 ) ,  and a re  p re s e n te d  i n  t a b l e  23. The 

f a c t  t h a t  g(A) i s  nonzero  in d ic a te s  t h a t  th e  m ixing  o f  Bermuda Hundred 

and B a ile y  Bay sed im en ts  in v o lv e s  a  n o n lin e a r  s u p e rp o s i t io n  p ro c e s s .

In  g e n e ra l ,  e x c e p t f o r  one v a lu e  a t  th e  h ig h e s t  w av e len g th , th e  

i n te r a c t io n  te rm s  a r e  n e g a t iv e .  F o r some o f  th e  w a v e len g th s , a  pow er-law  

model f o r  g(A) g iv en  by  e q u a tio n  (7 -7 )  would work w e l l ,  b u t  f o r  th e  

w av e len g th , ra n g e  500 t o  620 nm, th e  i n t e r a c t io n  te rm  f i r s t  in c r e a s e s ,  

th e n  d e c re a s e s  a t  th e  h ig h e s t  c o n c e n tra t io n . A more s o p h is t ic a te d  model 

f o r  th e  i n t e r a c t io n  term  i s  su g g e s te d , b u t i s  n o t e x p lo re d  f u r t h e r  h e re . 

The m ain argum ents have been  dem o n stra ted —t h a t  th e  c o n s t i tu e n t s  a re
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w av e len g th -d ep en d en t n o n l in e a r ,  and th e y  superim pose  n o n l in e a r ly  

r e s u l t i n g  i n  n e g a t iv e  i n t e r a c t i o n  te rm s , g (X ),

C h a r a c t e r i s t i c  v e c to r s  w ere f i r s t  c a lc u la te d  f o r  each  c l a s s  o f  

sed im en ts  u s in g  th e  in d iv id u a l  c o n s t i t u e n t 's  r e f l e c t a n c e  d a ta  from  

t a h l e  22 in p u t  t o  a  c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  p rogram . The f i r s t  

p r in c ip a l  axes e ig e n v e c to r s  in  each  c a s e ,  ta k e n  to  be c h a r a c t e r i s t i c  

v e c to r s ,  e x p la in e d  99-399% and 99-763% o f  th e  d a ta  v a r ia n c e  f o r  th e  

Bermuda Hundred and B a ile y  Bay se d im e n ts , r e s p e c t iv e ly .  These v a lu e s  

a re  somewhat d i f f e r e n t  th a n  th o s e  g iv e n  in  C hap ter VI b ecau se  o f  th e  

reduced  w ave leng th  ran g e  u se d  in  th e  p re s e n t  a n a ly s i s .  F ig u re  5 7 (a ) 

shows th e  c a lc u la te d  c h a r a c t e r i s t i c  v e c to r s .  They a p p e a r  much th e  

same a s  g iv en  o r i g i n a l l y  in  f ig u r e  38 ex cep t f o r  an  in c re a s e d  m ag n itu d e . 

T his a ls o  i s  a  consequence  o f  u s in g  a  reduced  w aveleng th  ra n g e .

Appendix D d e m o n s tra te s  how c h a r a c t e r i s t i c  v e c to r s  c a lc u la te d  f o r  

n -band  s p e c t r a l  d a ta  can  be u se d  t o  d e r iv e  th o s e  fo r  m -band d a ta  

d i r e c t l y .  T his co n c ep t i s  im p o rta n t i f  c h a r a c t e r i s t i c  v e c to r s  (and 

s c a la r  m u l t ip le s )  d e r iv e d  from  one s p e c tro m e te r  s y s te m 's  d a ta  a r e  

compared t o  a n o th e r  sp e c tro m e te r  s y s te m 's  d a ta  w here th e  system s d i f f e r  

in  th e  number and v a lu e s  o f  w ave leng th s  u sed . In  g e n e r a l ,  t h e r e  i s  a 

s ig n i f i c a n t  d i f f e r e n c e  i n  th e  c h a r a c t e r i s t i c  v e c to r s  f o r  th e  two 

c la s s e s  o f  bo ttom  se d im e n ts , w ith  th e  v e c to r  f o r  B a ile y  Bay sed im en ts  

hav ing  a  much f l a t t e r  re s p o n s e .

N ex t, th e  e n t i r e  s e t  o f  s p e c t r a l  c u rv es  g iv e n  by t a b l e  22 was 

in p u t to  th e  c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  program . I t  was found  t h a t  

9 9 -^7k% o f  th e  t o t a l  d a ta  v a r ia n c e  was e x p la in e d  by  th e  f i r s t  two
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p r in c i p a l  ax es  e ig e n v e c to r s .  These e ig e n v e c to r s  a r e  p re s e n te d  in  

f ig u r e  5 7 (b ) . Com parison w ith  th e  c h a r a c t e r i s t i c  v e c to r s  i n  f ig u r e  5 7 (a) 

d em o n s tra te  obv ious m ajor d i f f e r e n c e s .  F ig u re  58 shows th e  a s s o c ia te d  

s c a la r  m u l t ip le  p a t t e r n  f o r  th e  f i r s t  two p r in c i p a l  ax e s  e ig e n v e c to r s .

The p o in ts  c o rre sp o n d in g  t o  th e  d i f f e r e n t  c o n s t i tu e n t s  and m ix tu re  

f a l l  a lo n g  d i f f e r e n t  l i n e s .  To i n t e r p r e t  th e s e  r e s u l t s  p r o p e r ly ,  a  

s e a rc h  f o r  sim ple  s t r u c tu r e  was i n i t i a t e d ,  u s in g  r o t a t i o n a l  t r a n s fo r m a t io n s ,  

t o  tra n s fo rm  th e s e  m u lt ip le s  i n to  an o b liq u e  ax e s  system .

A c o o rd in a te  r o t a t i o n  th ro u g h  a n g le  0^ = 319 .1° r e v e a le d
1

v^ i * e *» "the r o t a t e d  f i r s t  p r in c i p a l  a x i s  e ig e n v e c to r  approx im ated

th e  c h a r a c t e r i s t i c  v e c to r  f o r  Bermuda Hundred se d im e n ts . F ig u re  5 9 (a ) 

shows th e s e  r e s u l t s .  A f te r  a  c o o rd in a te  r o t a t i o n  o f  0g = 2 9 2 .1 ° , 

th e  second p r in c i p a l  a x is  e ig e n v e c to r  approx im ated  ( in  o p tim a l f a s h io n )
ft

the characteristic vector for Bailey Bay sediments, i.e., Vg -+■ Vgg.

T his com parison  i s  shown in  f ig u r e  5 9 (b ) . U sing th e  a n g le s  0-^02

th e  s c a l a r  m u l t ip le s  from  f ig u r e  58 w ere tra n s fo rm e d  i n to  an  o b liq u e  

1 "axes sy stem , ^ ,Y g ,  u s in g  e q u a tio n s  (h -33) and ( lr -3 ^ ) . The r e s u l t s  

a r e  p re s e n te d  in  f ig u r e  60 .
f

In  g e n e r a l ,  th e  a x is  a l ig n s  a lo n g  th e  d i r e c t i o n  o f  in c re a s in g

tra n s fo rm e d  s c a la r  m u lt ip le  v a lu e s  o f  Bermuda Hundred se d im e n ts ,
11

w hereas th e  Yg a x is  i s  a lo n g  an  av e ra g e  d i r e c t i o n  o f  in c r e a s in g  

tra n s fo rm e d  s c a la r  m u l t ip le  v a lu e s  f o r  B a ile y  Bay se d im e n ts . Note t h a t  

th e  s c a l a r  m u l t ip le  mesh l i n e s  f o r  th e  in d iv id u a l  c o n s t i tu e n t s  a r e  n o t 

s t r a i g h t .  As seen  in  th e  t e s t  c a se s  in  t h i s  c h a p te r  and C hap ter V I,
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t h i s  o c cu rs  when th e  c o n s t i tu e n t s  th em se lv es  a re  w aveleng th -dependen t 

n o n l in e a r ,  a  f a c t  shown f o r  th e s e  c o n s t i tu e n t s  i n  C hap ter V I.

N ext, n o te  t h a t  th e  m ix tu re  mesh l i n e  ( r e s u l t i n g  from  a d d i t io n  o f  

v a ry in g  c o n c e n tra t io n s  o f  B a ile y  Bay sed im en ts  t o  a  f ix e d  25 ppm o f  

Bermuda Hundred sed im en ts) and th e  B a ile y  Bay p u re  c o n s t i tu e n t  mesh 

l i n e  converge tow ards th e  h ig h e r  c o n c e n tra t io n s .  As seen  i n  e a r l i e r  

t e s t  c a s e s ,  t h i s  r e q u i r e s  th e  e x is te n c e  o f  n o n lin e a r  s u p e rp o s i t io n  w ith  

a  n e g a tiv e  i n te r a c t io n  te rm , a  f a c t  con firm ed  "by th e  com pu ta tions g iv e n  

i n  t a b l e  23.

There i s  some ev id en ce  o f  n o ise  i n  t h i s  d a ta  s e t .  The Bermuda 

Hundred s c a la r  m u lt ip le  mesh l i n e  i s  n o t sm ooth, fo r  exam ple. A lso , 

s p e c t r a  p o in ts  ^ and 11 r e p r e s e n t  th e  same supposed c o n d it io n  o f  

25 ppm o f  Bermuda Hundred sed im en ts i n  f i l t e r e d ,  d e io n iz e d  w a te r . These 

p o in ts  were d e riv e d  from d i f f e r e n t  experim ent ru n s .  H y p o th e tic a l ly , 

th e y  shou ld  m atch , b u t a s  seen  in  f ig u r e  60 and t a b l e  22, th e r e  i s  a 

s l i g h t  s p e c t r a l  m ism atch. P o s s ib le  e r r o r  so u rces  in c lu d e  a  sm all 

change in  th e  f i l t e r e d ,  d e io n iz ed  b ase  w a te r  f o r  th e  d i f f e r e n t  experim ent 

r u n s ,  a  d i f f e r e n c e  in  th e  a c tu a l  sed im ent amounts m ixed in to  th e  base  

w a te r ,  and sp e c tro m e te r  system  n o is e .  A l l  argum ents c o n s id e re d , th e  

r e s u l t s  s t i l l  appear q u i te  good, and th e  g e n e ra l  o b s e rv a tio n s  o f  th e s e  

p a s t  two c h a p te rs  ap p ear confirm ed  by t h i s  d a ta  exam ple.

The q u e s tio n  a r i s e s :  how w e ll  do th e  tra n s fo rm e d  s c a la r  m u l t ip le s  

d e s c r ib e  th e  c o n s t i tu e n t  and m ix tu re  c o n c e n tra t io n s ?  As d e s c r ib e d  in  

C hap ter V I, w aveleng th -dependen t n o n lin e a r  c o n s t i tu e n t s  impose a  

l im i t a t i o n  in  th e  use  o f  c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  and a  d e g ra d a tio n
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o f  r e l a t i v e  q u a n t i f i c a t i o n  r e s u l t s  i s  e x p e c te d . In  a d d i t io n  t o  t h i s  i s  

th e  d e g ra d a tio n  caused  "by n o n l in e a r .s u p e r p o s i t io n  o f  th e  m ix tu re .

S t i l l ,  t h e  tra n s fo rm e d  s c a la r  m u l t ip le s  were s u b je c te d  t o  a  l i n e a r  and 

sim ple  n o n lin e a r  s c a l in g  t o  examine th e  te c h n iq u e  perfo rm ance under 

ad v e rse  c o n d it io n s .

The tra n s fo rm e d  s c a l a r  m u l t ip le s  f o r  th e  in d iv id u a l  sed im ent 

c la s s e s  and m ix tu re  were p l o t t e d  s e p a r a te ly  a s  a  fu n c t io n  o f  th e  known 

in p u t c o n c e n t ra t io n s .  These r e s u l t s  a re  g iv en  a s  f ig u r e  6l .  A smooth 

t r e n d  l i n e  was p a sse d  th ro u g h  each  d a ta  d i s t r i b u t i o n .  N o n l in e a r i t ie s  

a re  e v id e n t .  R e c a l l ,  t h a t  a  n o n l in e a r i ty  i t s e l f  i s  n o t a  l i m i t a t i o n  

to  c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  i f  i t  i s  a  s im p le  n o n l in e a r i ty .  T his 

o n ly  c a u se s  s h i f t s  in  th e  r e l a t i v e  d isp la c e m e n ts  o f  s c a l a r  m u lt ip le  

v a lu e s  a long  a  mesh l i n e .  I t  i s  th e  w avelen g th -d ep en d en t n o n l in e a r i ty ,  

as seen  in  f ig u r e  6 0 , t h a t  u l t im a te ly  d eg rades  th e  q u a n t i f ic a t i o n  

r e s u l t s .

T ransform ed s c a l a r  m u lt ip le s  f o r  t h i s  d a ta  s e t  were s u b je c te d  to

l i n e a r  and -s im p le -n o n lin e a r  s c a l in g ,  and th e  r e s u l t s  p l o t t e d  a s  a

fu n c t io n  o f  s c a le d  c o n c e n tra t io n s  (se e  p re v io u s  exam ples in  C hap ter V I).

For th e  sim p le  n o n l in e a r  s c a l in g ,  av e rag e  pow ers, PaVg = 0.61+ and

B100

p  = 0 .7 6  w ere u se d  b a se d  on th e  w av e len g th  ran g e  c o n s id e re d  (se eavg
BB

f i g .  3 0 ) . The av e rag e  power f o r  B a ile y  Bay was a ls o  a p p lie d  t o  th e  

m ix tu re  tra n s fo rm e d  s c a l a r  m u l t ip le s ,  r e g a r d le s s  o f  th e  acknowledged 

n o n lin e a r  s u p e rp o s i t io n .  F ig u re  62 p r e s e n ts  th e  f i n a l  r e l a t i v e
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q u a n t i f ic a t i o n  r e s u l t s .  For th e  Bermuda Hundred sed im en t c l a s s ,  th e  

r e s u l t s  a re  v e ry  good, p a r t i c u l a r l y  a f t e r  s im p le  n o n l in e a r  s c a l in g .

For th e  B a ile y  Bay sed im ent c l a s s ,  t h e  r e s u l t s  a r e  in c o n c lu s iv e .

A d d itio n a l  s p e c t r a l  c u rv e  d a ta  a t  o th e r  c o n c e n tra t io n s  may have t e t t e r  

d e f in e d  th e s e  r e s u l t s .  T here i s  l i t t l e  q u e s t io n , how ever, t h a t  s im p le  

n o n lin e a r  s c a l in g  w orsens th e  r e l a t i v e  q u a n t i f ic a t i o n  r e s u l t s  f o r  m ix tu re  

s p e c t r a  o v e r th o s e  o b ta in e d  by l i n e a r  s c a l in g .  The com bination  o f  wave- 

len g th -d ep en d en cy  and n o n l in e a r  s u p e rp o s i t io n  may w e ll  c o n tr ib u te  to  th e s e  

r e s u l t s .  A ll  i n  a l l ,  how ever, th e  r e l a t i v e  q u a n t i f i c a t i o n  r e s u l t s  

may be c o n s id e re d  f a i r  t o  good under a d v e rse  c o n d i t io n s .

The d is c u s s io n  o f  t h i s  and p re v io u s  c h a p te rs  has d e m o n stra ted  th e  

u se  o f  c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  f o r  e x a c t ,  h y p o th e t ic a l  d a ta  

s e t s .  As t h i s  l a s t  example has  su g g e s te d , how ever, r e a l  w orld  d a ta  

may be s u b je c t  t o  v a ry in g  d e g re e s  o f  e r r o r  and n o is e .  The f a c t  t h a t  

in p u t r a d ia n c e  o r  r e f l e c t a n c e  d a ta  may be in e x a c t  to  b e g in  w ith  i s  

examined in  th e  n e x t c h a p te r .
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CHAPTER V I I I

NOISE

In  a c tu a l  l a b o r a to r y  o r  rem o te -se n s in g  o p e r a t io n s ,  s p e c t r a l  ra d ia n c e  

d a ta  w i l l  c o n ta in  c e r t a i n  d eg re e s  o f  e r r o r  and n o is e .  Most o p e ra t io n a l  

in s tru m e n ts  c o n ta in  onboard  c a l ib r a t io n  system s t o  m inim ize ra d ia n c e  

e r r o r .  N o ise , how ever, i s  more d i f f i c u l t  t o  e v a lu a te  because  o f  th e  many 

c o n tr ib u t io n s  from  b o th  th e  r e a l  w orld  and from  in s tru m e n t system  e le m e n ts . 

S y s tem a tic  n o is e  may be h ig h ly  s t r u c tu r e d  in  fo rm , such as  th e  r e p e a t -  

ab le  u n d u la t io n s  o b se rv ed  in  some m u l t i s p e c t r a l  sc a n n e r  d a ta  (LeCroy 

1979)- Knowledge o f  such s t r u c tu r e  can be  u sed  to  d e v is e  s p a t i a l  f i l t e r 

in g  te c h n iq u e s  t o  c o r r e c t  th e  f i n a l  d a ta .  Many o th e r  ty p e s  o f  n o is e ,  

how ever, a re  random in  n a tu r e .  For exam ple, a t  th e  w a te r  s u r f a c e ,  s u r 

fa c e  waves w ith in  a  r e s o lu t io n  elem ent in tro d u c e  a  random r e f l e c t i v i t y  

and h e n c e , so u rce  n o is e .  W ith in  th e  a tm o sp h ere , h ig h  freq u en cy  v a r i a t i o n s  

in  p a r t i c u l a t e  d e n s i t i e s  and d i s t r i b u t io n s  in tro d u c e  a  p ro p a g a tio n  n o is e ,  

and a t  th e  re m o te -s e n s o r , th e rm al n o ise  i s  added by th e  se n so r  and 

am p lify in g  equ ipm ent.

S ince  random n o is e  i s  common to  a l l  re m o te -se n s in g  sy s te m s, t h i s  

c h a p te r  w i l l  e v a lu a te  th e  e f f e c t s  o f  t h i s  ty p e  o f  n o is e  on th e  u s e fu ln e s s  

o f  c h a r a c t e r i s t i c  v e c to r  a n a ly s is  as an i d e n t i f i c a t i o n  and q u a n t i f ic a t i o n  

te c h n iq u e . S p e c i f i c a l l y ,  th e  s tu d y  a d d re s se s  th e  q u e s tio n s  o f  how 

c h a r a c t e r i s t i c  v e c to r s  f o r  c o n s t i tu e n ts  change w ith  th e  a d d it io n  o f  

v a ry in g  d eg re e s  o f  n o i s e , a t  what n o ise  l e v e l s  does one en co u n te r 

u n a c c e p ta b le  l e v e l s  o f  q u a n t i f ic a t i o n  m is i n te r p r e ta t io n ,  and how do
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t h e  n a tu re  o f  c o n s t i tu e n t s ,  i n  te rm s o f  th e  r a d ia n c e - c o n c e n t ra t io n  

r e l a t i o n s h i p s ,  a f f e c t  th e  q u a n t i f ic a t io n  i n t e r p r e t a t i o n s .

T h e o re t ic a l  Random N oise E f f e c ts  

The n o is e  added t o  i d e a l  s p e c t r a l  r a d ia n c e  d a ta  i s  assum ed t o  he 

random , u n c o r r e la te d  w ith  a  ze ro  mean. The n o is e  c o v a ria n c e  m a tr ix ,

S^, i s  th e n  g iv e n  b y :

a 2 0 . . .  0

0 0 . . . o 2n

(8- 1 ) 
w here:

n = t o t a l  number o f  w aveleng ths o r  bands

In  r e a l i t y ,  th e  random n o ise  observed  in  a  system  i s  d e v ice -d ep en d en t and 
2

a n , th e  n o is e  v a r ia n c e ,  may v a ry  from w aveleng th  t o  w aveleng th .

W hitlock  e t  a l  (1979) p re s e n t  d a ta  f o r  th e  s ta n d a rd  d e v ia t io n  o f  d a ta  

n o is e ,  an s a s  a  fu n c t io n  o f  w aveleng th  f o r  s e v e r a l  re m o te -se n s in g  

in s tru m e n ts  and f i e l d  experim en t s i t u a t i o n s  w hich d em o n stra te  a 

v a r i a b i l i t y  in  an (X) among th e  in s tru m e n ts  and f i e l d  ex p e rim e n ts .

Even w ith  th e  same in s tru m e n t, On (X) may v a ry  from  d a y -to -d a y  

(Jobson  1980 ) . C o n sid e rin g  th e  s p e c i f ic  n a tu re  o f  crn (X ), a  g e n e ra l  

model was assum ed w hereby an was c o n s ta n t  a t  a l l  w aveleng ths.
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Under such  c o n d it io n s  o f  i d e n t i c a l l y  d i s t r i b u t e d  u n c o r r e la te d  random 

n o is e ,  e q u a tio n  (8—1 ) i s  w r i t t e n  as

(8- 2 )

w here I  i s  th e  n x n i d e n t i t y  m a tr ix .  R e c a ll  from  C h ap te r IV t h a t  

a  p r in c i p a l  com ponents a n a ly s i s  in v o lv e s  c a lc u la t in g  th e  e ig e n v a lu e s  

and e ig e n v e c to rs  o f  th e  v a r ia n c e -c o v a r ia n c e  m a t r ix ,  (a lth o u g h  in

p r a c t i c e  th e  (P 'P )^  m a tr ix  i s  u sed  i n  p la c e  o f  S ^ ) . F o r th e  

n o i s e le s s  c a se

W ith random n o is e  added , how ever, th e  t o t a l  c o v a ria n c e  m a tr ix  i s

Tk sx * \  \ (8 -3 )

w here :

v- = k th  e ig e n v e c to r

A. = e ig e n v a lu e  o f  th e  k th  e ig e n v e c to r

k = 1 , 2 ..........   p  £  n

(8-U)

and one i s  in s te a d  so lv in g

(8 -5 )
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where th e  t i l d e  (~) i n d ic a te s  e ig e n v e c to r s  and  e ig e n v a lu e s  under th e  

in f lu e n c e  o f  n o is e .

S u b s t i tu t io n  os e q u a tio n s  (8 -2 )  and (8—U) in to  e q u a tio n  (8 -5 )  

y ie ld s

\  ( S X +  % \  ^ k  ( 8 - 6 )

W ith rea rra n g e m e n t one o b ta in s

\  SX “  (\  -  Cn2) \  (8- 7 >

Com parison o f  e q u a tio n s  (8 -3 )  and (8 -7 )  le a d s  to  th e  c o n c lu s io n  t h a t  

(Ready and W intz 1973)

vk = vk

and

Ak “  Xk + °n

(8- 8 )

(8 -9 )

These r e s u l t s  a re  m ost im p o rta n t b e c a u se , in  th e o r y ,  e q u a tio n  (8 -8 )

d e s c r ib e s  th e  i n s e n s i t i v i t y  o f  c a lc u la te d  e ig e n v e c to r s  to  a d d i t i v e ,

random n o is e ,  w h ile  e q u a tio n  (8 -9 )  in d ic a te s  th e  e ig e n v a lu e s  a re
2

u n ifo rm ly  in c re a s e d  by th e  n o ise  v a r ia n c e ,  .
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The f a c t  t h a t  c h a r a c t e r i s t i c  v e c to r s  f o r  a  c o n s t i tu e n t  d e r iv e d  

from  n o isy  m u l t i s p e c t r a l  r a d ia n c e  d a ta  sh o u ld  he  th e  same a s  f o r  th e  

n o is e f r e e  d a ta  s u g g e s ts  t h a t  i d e n t i f i c a t i o n  o f  c o n s t i tu e n t s  t y  a  

c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  rem a in s  u n a f fe c te d  hy  random  n o is e .  The 

t o t a l  system  v a r ia n c e  f o r  n o is y  l i n e a r  (o r  s im ple  n o n l in e a r )  con

s t i t u e n t s  i s  g iv e n  hy

where A  ̂ i s  th e  l a r g e s t  e ig e n v a lu e  d e riv e d  from  th e  n o i s e l e s s  c a s e .

under n o is e f r e e  c o n d i t io n s .  The v a r ia n c e  e x p la in e d  hy th e  f i r s t  

p r in c i p a l  a x is  e ig e n v e c to r  i n  a  n o is y  environm ent i s  t h e r e f o r e  g iv en

w h ile  f o r  th e  second  t o  n th  e ig e n v e c to r s  (nonzero  now b e c au se  o f  th e  

p re se n c e  o f  n o i s e ) ,

Under l e s s - t h a n - i d e a l  c o n s t i tu e n t  c o n d it io n s  (w av e len g th -d ep en d en t 

n o n lin e a r  c o n s t i t u e n t s ,  n o is e  so u rc e s  t h a t  a r e  n o t random , l im i te d  in p u t

2 (8- 1 0 )

R e a l l  t h a t  Ag, A3 A  ̂ w ould i d e a l l y  he zero  f o r  s in g le  c o n s t i tu e n t s

hy :

1.
(Ax + a / )

(8-11)’1

= 1 (8- 12 )

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



aM

s p e c t r a l  d a t a ) ,  t h i s  d e s c r ib e d  d i s t r i b u t i o n  o f  v a r ia n c e s  e x p la in e d  w i l l  

n o t  be a s  p r e c i s e .  For c o r r e la t e d  m u l t i s p e c t r a l  d a ta ,  a s  many 

r e s e a r c h e r s  have  shown (se e  C hap ter IV ) , th e  f i r s t  few  e ig e n v e c to rs  

w i l l  a cco u n t f o r  m ost o f  th e  d a ta  v a r ia n c e .  An e s t im a te  o f  n o is e ,  th e n , 

can  be made by ex am in a tio n  o f  th e  n th  e ig e n v a lu e ,

*1 '  o /  (8 -13)

The s c a l a r  c o e f f i c i e n t s ,  w hich th e  p re s e n t  s tu d y  h as  shown can  be 

r e l a t e d  t o  c o n s t i tu e n t  c o n c e n t r a t io n s ,  a re  a l s o  a f f e c te d  by a d d i t iv e ,  

random n o is e .  R e c a l l  from  e q u a tio n  (*J~25a) t h a t  th e  s c a l a r  c o e f f i c i e n t s  

i n  t h e  a b s o lu te  system  ( c a l l e d  System  I I )  a r e  g iv e n  by

n

^Yk i ^ I I  = 2  ^ k j ^ I I  Pi j  (8-1*0
j = l

W ith th e  e ig e n v e c to r s  u n a f f e c te d ,  in  th e o r y ,  by  random

n o is e ,

n

^ k i ^ I I  = 2  ^Vk j ^ I I Pi j  (8-15)

f o r  th e  n o is y  s i t u a t i o n .  The m e a n -c o rre c te d  d a ta  a r e  g iv e n  by

p i3  * Ly  -  ' 8- l 6 >
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w here th e  mean sp ec tru m , L j ,  rem ains unchanged by random n o is e  assumed 

t o  have a  z e ro  mean. E quation  (8—l 6 ) may be r e w r i t t e n  a s

w here r | ^  a re  th e  n o ise  e lem en ts f o r  th e  d a ta  s e t .  T h e re fo re

o r

n

^ k i ^ I I  = iE] W pi J  + n i ^  (8 -19)

w hich re d u c e s  to

n

*Yk i * I I  = ^Yk i ^ I I  + 2  ^ k j ^ I I  ni j  (8 -20 )
j = l

w hich say s  t h a t  th e  n o isy  s c a la r  c o e f f i c i e n t s  a r e  th e  n o is e f r e e  s c a la r  

c o e f f i c i e n t s  p lu s  a  w eigh ted  increm en t due t o  random n o is e .  For id e a l  

l i n e a r  o r  s im p le  n o n lin e a r  c o n s t i tu e n t s ,  ( Y ^ ) ^  a re  ze ro  fo r
A/

k > 1 such  t h a t  ( Y ^ )^  fo r  k > 1 a re  n o i s e - r e l a t e d .  The s c a la r  

c o e f f i c i e n t s  i n  th e  r e l a t i v e  system  (System  I ) ,  th e  s c a la r  m u l t ip le s ,  

a re  r e l a t e d  t o  th e  c o e f f i c i e n t s  in  System  I I  by e q u a tio n  (h -2 6 ) .  U sing 

t h i s  r e l a t i o n  in  e q u a tio n  (8 -2 0 ) r e s u l t s  in
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<\i>i - J ?  <^>1+ s  ”i3 <e-2i>
i  Tt j=i yv

T his e x p re s s io n  shows t h a t  th e  s c a la r  m u l t ip le s  in  a  n o isy  s i t u a t i o n  

a re  r e l a t e d  to  th o s e  u n d er a  n o is e f r e e  environm ent p lu s  th e  w eigh ted  

n o ise  in c re m e n t. I t  i s  im p o rta n t to  n o te  t h a t  th e  n o is e  i s  s c a le d  

hy th e  sq u a re  r o o t  o f  th e  c o rre sp o n d in g  e ig e n v a lu e . One can  e x p e c t ,  

t h e r e f o r e ,  t h a t  c i r c u l a r  e r r o r  d i s t r i b u t i o n s  in  th e  a b s o lu te  s c a la r

c o e f f i c i e n t  system  w i l l  ap p ear a s  e l l i p t i c a l  in  th e  s c a l a r  m u lt ip le

system  depend ing  on th e  v a lu e s  o f  f o r  k  _> 1 . The n e x t s e c t io n  

p ro v id e s  a  p r a c t i c a l  d e m o n s tra tio n  o f  random n o ise  e f f e c t s  f o r  hypo

t h e t i c a l  c o n s t i tu e n t s .

Model Random N oise 

In  th e  en su in g  s e n s i t i v i t y  a n a ly s i s ,  random n o is e  a t  s e v e r a l  

p red e te rm in e d  l e v e l s  i s  p a ra m e tr ic a l ly  added t o  o r ig in a l  e x a c t  s p e c t r a  

o f  p re v io u s ly - in tro d u c e d  h y p o th e t ic a l  c o n s t i tu e n t s  t o  p roduce  n o isy  

s p e c t r a l  d a ta .  These d a ta  a re  th e n  u sed  a s  in p u t  f o r  c h a r a c t e r i s t i c  

v e c to r  a n a ly s i s  s tu d i e s .  C onsider th e  ra n g e s  o f  s p e c t r a l  ra d ia n c e  

v a lu e s  ( in  a r b i t r a r y  u n i t s )  fo r  l i n e a r  c o n s t i tu e n t s  A, B, and C g iv en  

in  t a b l e  2 . In  a l l  c a se s  th e  maximum ra n g e  f o r  th e  in d iv id u a l  con

s t i t u e n t s  i s  e ig h t  u n i t s .  N oise was a r b i t r a r i l y  chosen  such  t h a t  

cr was 1%, 2.5%, 5%, 10%, and 25% o f  th e  r a n g e , i . e . ,
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Noise 
(* of range)

0

( a r b i t r a r y  u n i t s )  

0

1* 0.08

0.20

0 .1*0

10* 0.80

25* 2.00

These v a lu e s  o f  oq a p p ly  e q u a l ly  w e ll  t o  c o n s t i tu e n t s  A, B, o r  C.

For s im p le -n o n lin e a r  c o n s t i tu e n t s  (p = 0 .5»  1 .5 )  o r  w a v e len g th -  

dependent n o n l in e a r  c o n s t i tu e n t s  (p(X) < 1 ,  p(X) > l )  c o n s id e re d  in  

p re v io u s  c h a p te r s ,  t h e  n o is e  s ta n d a rd  d e v ia t io n s  were s c a le d  a c c o rd in g ly  

t o  g iv e  th e  same r e l a t i v e  p e rc e n ta g e  o f  random n o ise  w ith  r e s p e c t  

t o  th e  c o n s t i t u e n t 's  ra n g e  o f  s p e c t r a l  r a d ia n c e s .  T hese n o is e  l e v e l s ,  

d e te rm in ed  f o r  th e  in d iv id u a l  c o n s t i tu e n t s ,  w ere su b se q u e n tly  u se d  in  

a l l  s tu d ie s  in v o lv in g  s in g le  c o n s t i tu e n t s ,  s p a t ia l ly - in d e p e n d e n t  

c o n s t i t u e n t s ,  o r  m ix tu re s  o f  c o n s t i tu e n t s .  F o r c o n v e n ie n c e , th e  n o ise  

l e v e l s  a r e  r e f e r r e d  t o  by th e  p e rc e n ta g e s , e . g . ,  a  10* n o is e  r e p r e s e n t s  

a  n o ise  s ta n d a rd  d e v ia t io n  o f  10* o f  a  c o n s t i t u e n t 's  maximum ra n g e  o f  

ra d ia n c e  v a lu e s .

To g e n e ra te  n o is y  s p e c t r a ,  a  random number g e n e ra to r  was u se d  

such  t h a t  th e  n o is y  ra d ia n c e s  a re  g iv en  by

( 8- 22)
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w here a r e  c o m p u te r-g e n e ra te d  random numbers w ith  a  norm al 

(G au ssian ) d i s t r i b u t i o n  w ith  z e ro  mean and u n i t  v a r ia n c e .  F ig u re  63 

shows th e  e f f e c t s  o f  random n o is e  so g e n e ra te d  on l i n e a r  (p = 1 .0 )  

c o n s t i tu e n t  A o r i g i n a l l y  p re s e n te d  in  f ig u r e  10 . A p r o g re s s iv e  

d e t e r io r a t i o n  o f  th e  e x a c t  s p e c t r a  i s  e v id e n t .  W ith th e  10$ n o ise  

l e v e l ,  s p e c t r a l  o v e r la p  o ccu rs  a t  some w a v e le n g th s , and by th e  25$ n o ise  

l e v e l ,  th e  s p e c t r a  a r e  p o o r ly  d e f in e d  w ith  r e s p e c t  t o  th e  e x a c t  s ig n a l s .

LeCroy (1979) e v a lu a te d  th e  q u a l i ty  o f  re m o te -se n s in g  d a ta  by  th e  

u s e  o f  th e  s ig n a l - t o - n o is e  (S/N) r a t i o  g iv e n  by

a
S/N = ^  (8 -2 3 )

n

where a  i s  th e  s ta n d a rd  d e v ia t io n  o f  a  s p e c t r a l  d a ta  s e t  a t  any 

w av e len g th . W hile c?n has  been  assum ed in d ep en d en t o f  w a v e len g th , 

and S/N a r e  w av e len g th -d ep en d en t. One hundred  s e t s  o f  th e  f iv e  

s p e c t r a  f o r  l i n e a r  c o n s t i tu e n t  A (se e  t a b l e  2 ) ,  f o r  a  t o t a l  o f  f iv e  

hundred  s p e c t r a ,  a t  f iv e  d i f f e r e n t  n o ise  l e v e l s  w ere u sed  t o  e s t im a te  

th e  s ig n a l - to - n o is e  r a t i o s  f o r  th e  c o n s t i tu e n t  i n  a  n o is y  env ironm en t. 

The r e s u l t s  a s  a  f u n c t io n  o f  w aveleng th  w ere:
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0 /(J a t  n o is e  l e v e l s  x  n
(nm) 1$ 2 .5 $ 5$ 10^ 25$

500 19 .75 7 .9 5 U.08 2 .25 1.3fc

550 28 .00 1 1 .3 0 5 .75 3 .08 1 .6 k

600 3^.25 13 .75 6 .95 3 .63 1 .7 9

650 38.13 15 .30 7 .7 0 3 .96 1 .87

700 39 .50 15 .85 8 .0 0 It.11 1.9*t

750 38.25 15 .35 7 .75 It. 08 1 . 9k

800 3^ .13 13.65 6.88 3.5*t 1 .7 3

850 27.88 11 .20 5.68 2.98 1 .5 7

900 19 .88 8 .0 0 It.13 2 .28 1 .37

W hitlock  and Kuo (1979) c i t e  a  ru le -o f- th u m b , c a l l e d  th e  D a n ie l 's  

c r i t e r i o n ,

a
S/N = — ■ > 3 .1 6  (8-210

n

t h a t  sh o u ld  be s a t i s f i e d  f o r  a l l  w aveleng th s i f  a  m u l t ip le - r e g r e s s io n  

a n a ly s i s  o f  a  d a ta  s e t  i s  t o  be  m e a n in g fu l. For th e  p re v io u s ly  l i s t e d  

s ig n a l - to - n o is e  r a t i o s ,  th e  c r i t e r i a  i s  s a t i s f i e d  a t  n o ise  l e v e l s  1 $ , 

2.5%, and 5$» i s  s a t i s f i e d  o n ly  a t  some w aveleng ths f o r  th e  10$ n o ise  

l e v e l ,  and i s  o b v io u sly  n o t s a t i s f i e d  f o r  th e  25$ n o ise  l e v e l .  The 

c r i t e r i a  a p p e a rs  t o  be a  re a s o n a b le  s ta te m e n t o f  th e  o b s e rv a t io n s  from 

f ig u r e  63 r e g a rd in g  s ig n a l  i n t e r p r e t a b i l i t y .  The 1 $ , 2 .5 $ , and 5$ 

n o ise  l e v e l s  may be r e f e r r e d  to  as  " lo w ,” th e  10$ n o is e  l e v e l  a s
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"m arg in a l"  and th e  25$ n o is e  l e v e l  a s  " h ig h ."  I n  t h i s  c o n te x t ,  th e  

rem o te -se n s in g  d a ta  may he  q u a l i t a t i v e l y  r e f e r r e d  t o  a s  "good ,"  

" m a rg in a l,"  and  " p o o r ,"  r e s p e c t iv e ly .  S im ila r  s ig n a l - t o - n o i s e  r a t i o s  

a re  o b ta in e d  f o r  c o n s t i tu e n t s  B and C and f o r  o th e r  pow ers, p , u se d . 

The r a t i o s ,  how ever, s h i f t  w ith  w aveleng th  depending  on th e  c o n s t i tu e n t  

chosen .

Because o f  th e  n a tu re  o f  random number g e n e ra t io n ,  th e  sm a lle r  

t h e  number o f  s p e c t r a  u se d , th e  l e s s  l i k e l y  a  t r u e  random n o ise  (norm al 

d i s t r i b u t i o n ,  z e ro  m ean, u n i t  v a r ia n c e )  i s  a c h ie v e d  f o r  th e  d a ta  s e t .  

E q u a tio n  (8 -8 )  s t a t e s  t h a t  e ig e n v e c to rs  shou ld  be u n a f f e c te d  by th e  

p re se n c e  o f  random n o is e  assum ing la r g e  enough numbers o f  in p u t s p e c t r a  

a r e  u sed . A s tu d y  was conducted  to  examine how many s e t s  o f  th e  

o r ig in a l  f iv e  s p e c t r a  f o r  l i n e a r  c o n s t i tu e n t  A, s u b je c t  t o  a  10$ 

independen t random n o is e  f o r  each  s e t ,  a re  needed a s  in p u t t o  a 

c h a r a c t e r i s t i c  v e c to r  a n a ly s i s ,  such t h a t  e q u a tio n  (8 -8 )  i s  s a t i s f i e d .  

The number o f  s p e c t r a  s e t s  u sed  were 1 ,  5 , 10 , 25 , 50, and 100 c o r 

re sp o n d in g  t o  5S 25 , 50, 12 5 , 250, and 500 t o t a l  in p u t s p e c t r a ,  

r e s p e c t iv e ly .  C h a r a c te r i s t i c  v e c to r  a n a ly s i s  c a lc u la te d  i n  each  c a se  

a  f i r s t  p r in c ip a l  a x is  e ig e n v e c to r ,  assum ed t o  be th e  c h a r a c t e r i s t i c  

.v e c to r  f o r  th e  c o n s t i tu e n t .  These v e c to r s  were compared w ith  th e  e x a c t 

c h a r a c t e r i s t i c  v e c to r  fo r  l i n e a r  c o n s t i tu e n t  A (se e  t a b l e  U) by a  

sum o f  th e  sq u a re s  d i f f e r e n c e  betw een th e  e x a c t and n o is e - in f lu e n c e d  

v e c to r s :
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vA w ith  10% random  n o is e  
W avelength N o is e f re e  f o r  s p e c i f i c  numbers o f  s p e c t r a  s e t s

(nm) vA 1 5 10 25 50 100

500 0 .206 0 .218 0 .210 0.206 0.201* 0.205 0.205

550 .292 .297 .288 .281* .297 .297 .298

600 .358 .337 .351* • 35U .357 .362 .360

650 .399 .391* . 1*08 . 1*01* .1*03 . 1*01 .396

700 .1*13 .1*13 .1*18 . 1*18 .1*19 . 1*16 .1*13

750 .399 .1*27 .1*03 .1*01* .398 .1*00 .1*03

800 .358 .375 .358 .358 .351* .31*9 • 351

850 .292 .276 .289 .287 .285 .283 .288

900 .206 .158 .182 .203 .198 .207 .207

ns / ~ \2 
Aj -  TAj > - .001*3 .0008 .0002 .0002 .0002 .000:

J=1

C le a r ly ,  even w ith  one f iv e - s p e c t r a  s e t  in p u t  w ith  random n o is e ,  

th e  v e c to r  c a lc u la te d  i s  n o t g r e a t ly  d i f f e r e n t  from  th e  n o is e f r e e  

v e c to r ,  b u t  m arked improvement i s  p o s s ib le  by  u t i l i z i n g  g r e a te r  numbers 

o f  s p e c t r a  s e t s  (up to  10 s e t s ) .  Beyond 10 s e t s  o f  s p e c t r a ,  th e  n o ise  

app roaches a  t r u e  random c h a ra c te r  and sm a ll improvement in  th e  

c h a r a c t e r i s t i c  v e c to r  com parisons (sum o f  sq u a re s  o f  d i f f e r e n c e s )  i s  

n o ted . T his s tu d y  has  two im p l ic a t io n s ;  f i r s t ,  t o  re d u c e  random n o ise  

e f f e c t s  i n  re m o te -se n s in g  d a ta ,  l a r g e r  numbers o f  in p u t  s p e c t r a  f o r  a  

c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  a re  p r e f e r r e d ,  and seco n d , in  l a b o r a to r y
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t e s t i n g  o f  c o n s t i tu e n t s  t o  d e r iv e  com parison  c h a r a c t e r i s t i c  v e c to r s ,  

r e p e a t  t e s t i n g  a t  f ix e d  c o n s t i tu e n t  l e v e l s  o r  in c re a s e d  s p e c t r a  

m easurem ents a t  s m a lle r  c o n c e n tra t io n  in c re m e n ts  h e lp  red u ce  random 

n o is e  e f f e c t s .

E q u a tio n s  (8 -1 1 ) and (8 -1 2 ) d e s c r ib e  th e  d i s t r i b u t i o n  o f  v a r ia n c e  

e x p la in e d  among th e  o rd e re d  e ig e n v e c to r s  and e ig e n v a lu e s . C onsider 

a g a in  100 s e t s  o f  l i n e a r  c o n s t i tu e n t  A s p e c t r a  s u b je c t  to  n o ise  l e v e l s  

Oje, 1/5, 2.3%, 5%, 10%, and 23%. F o r th e  u s u a l  n in e  w aveleng th s u sed  

t o  d e f in e  th e  s p e c t r a ,  up t o  n in e  e ig e n v a lu e s  and e ig e n v e c to rs  can be 

c a lc u la te d  from  a  c h a r a c t e r i s t i c  v e c to r  a n a ly s i s .  The fo llo w in g  

d i s t r i b u t i o n s  o f  v a r ia n c e s  e x p la in e d  w ere found:

E ig en v alu e
number 1 ^ ,  p e rc e n ta g e  v a r ia n c e  e x p la in e d  f o r  n o ise  l e v e l s

k 0% 1 % 2.3% 5% 10$ 25$

1 100% 9 9 . 890% 99.313% 91.321% 90.166$ 6 1 . 001$

2 0 .016 .102 .398 1 .4 6 l 5 .792

3 0 .013 .092 .358 1 .316 5 .220

4 0

H0
• .090 .352 1 .293 5.129

5 0 .014 .087 .340 1 .246 4 .942

6 0 .o iu .084 .328 1 .205 4 .778

7 0 .013 .080 .313 1 .150 4.557

8 0 .012 • 077 .301 1 .104 4.378

9 0 .012 .071+ .289 1 .060 4 .202
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U sing e q u a tio n s  ( 8 - l l )  and (8 -1 2 ) , th e  n o i s e f r e e  f i r s t  e ig e n v a lu e  

= 1+6.93, and  th e  n o is e  s ta n d a rd  d e v ia t io n s  a -  . 0 8 , .2 ,  .4 ,  .8 ,II

2 .0 ,  one o b ta in s  f o r  t r u e  random n o i s e ,  by com p ariso n ,

E igenvalue
number 1 , p e rc e n ta g e  v a r ia n c e  e x p la in e d  f o r  n o ise  l e v e l s

k 0$. 1# 2 .5 #  5% 10# 25#

1 100# 99-891# 99.323# 97 .35W  90.283# 6 l . 413#

2 •* 9 (each ) 0# .Olfc .085  .331 1 .215  It.823

For th e  id e a l  s p e c t r a l  c a s e ,  a l l  th e  v a r ia n c e  i s  e x p la in e d  w ith  th e  use 

o f  one e ig e n v e c to r ,  w h ereas , f o r  th e  n o ise  s p e c t r a  c a s e s ,  m ost o f  th e  

v a r ia n c e  i s  e x p la in e d  by th e  f i r s t  e ig e n v e c to r  w ith  rem a in in g  v a r ia n c e  

d i s t r i b u t e d  more o r l e s s  e q u a lly  among th e  rem a in in g  e ig e n v a lu e s  which 

a re  n o i s e - r e l a t e d .

The p re c e d in g  a n a ly s e s  have dem o n stra ted  t h a t  100 s p e c tr a  s e t s  

w i l l  p roduce  n o is e  v e ry  n e a r ly  random and u n c o r r e la te d .  In  th e  f o r th 

coming a n a ly s e s  t h i s  f a c t  i s  u sed  t o  a llo w  th e  c a lc u la t io n  o f  s t a t i s t i 

c a l  d i s t r i b u t i o n s  o f  s c a l a r  c o e f f i c i e n t  v a lu e s  abou t a  mean to  demon

s t r a t e  a t  what n o ise  l e v e l s  and f o r  what ty p e s  o f  c o n s t i tu e n t s  i s  one 

l i k e l y  t o  e n c o u n te r  q u a n t i f ic a t i o n  m is in te r p r e ta t io n .

S in g le  C o n s t i tu e n ts  

C onsidered  in  t h i s  n o is e  a n a ly s i s  were h y p o th e t ic a l  c o n s t i tu e n t s  A, 

B, and C fo rm u la te d  u s in g  l i n e a r  (p = 1 .0 ) ,  s im p le  n o n lin e a r  (p = 0 .5 ,  

1 .5 )  and w av e leng th -dependen t powers (p(X) > l ) .  F ig u re  63 e x e m p lif ie d
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th e  appearance  o f  a  s e t  f iv e  s p e c t r a  o f  l i n e a r  c o n s t i tu e n t  A f o r  s e v e r a l  

l e v e l s  o f  random n o is e .  One hundred  s e t s  o f  th e s e  s p e c t r a  were s u b je c te d  

t o  a  c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  a t  each  n o is e  l e v e l .  F ig u re  6 4 (a ) 

i s  a  p l o t  o f  th e  c a lc u la te d  s c a l a r  m u l t ip le s  v e rs u s  c o n s t i tu e n t  

c o n c e n tra t io n s  f o r  z e ro  random n o is e  (based  on 500 s p e c t r a ) . When 

random n o is e  was added, th e  c a lc u la te d  s c a la r  m u l t ip le s  s c a t t e r e d  

abou t th e  t r u e  v a lu e s  i n  a  G aussian  m anner. The s c a t t e r  in c re a s e d  in  

m agnitude as  th e  n o ise  l e v e l  in c re a s e d . A s t a t i s t i c a l  m easure o f  t h i s  

s c a t t e r  i s  th e  s ta n d a rd  d e v ia t io n  o f  th e  s c a l a r  m u l t ip l e s ,  0^ , 

abou t t h e i r  mean. The s ta n d a rd  d e v ia t io n s ,  cr^, were c a lc u la te d  a t  

f iv e  c o n c e n tra t io n  l e v e l s  (0 , 1 0 , 20 , 30 , 40 u n i t s )  and f o r  a l l  n o is e  

l e v e l s  ( l$ ,  2.5%, 5%, 10%, 25% random n o i s e ) .

The v a lu e  30y was chosen t o  r e p r e s e n t  th e  n o is e  bounds s in c e  

99.783$ o f  a l l  c a lc u la te d  s c a l a r  m u l t ip le s  sh o u ld  f a l l  w i th in  th e  

range  ±30^. N oted on f ig u r e  6 4 (a ) a r e  t y p i c a l  v a lu e s  o f  ±30^. f o r  th e  

h ig h e r  n o is e  l e v e l s  s tu d ie d  (5 $ s 10$ , 25$ ). They a r e  a l l  n o ted  on t h i s  

one f ig u r e  o n ly  f o r  co n v en ien ce . In  r e a l i t y ,  th e  ±3Oy bounds a t

random n o is e  a p p l ie s  e q u a lly  a t  a l l  c o n c e n t r a t io n s ,  f o r  exam ple.

S in ce  th e  r e l a t i o n s h ip  betw een th e  s c a la r  m u l t ip le s  and con

c e n t r a t io n s  i s  g iv en  by th e  cu rv e  ( l i n e a r  in  t h i s  c a s e ) ,  c o n c e n tra t io n  

in crem en ts  o r  " e r r o r s "  a s s o c ia te d  w ith  th e  s c a t t e r  bounds ±3a.y can 

be found such t h a t

(C) = (C), ±(AC) (8 -25)max t r u e  max v
min
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For th e  l i n e a r  c o n s t i tu e n t  c a s e s ,  ±(AC) a r e  in d ep en d en t o f  con -
2U£LX

c e n t r a t io n  h u t depend on th e  l e v e l  o f  random n o is e  chosen  a s  demon

s t r a t e d  in  f ig u r e  6U (b). N ote t h a t  f o r  -(AC) , a  c u to f f  i s  in d ic a te dmax

beyond w hich n e g a tiv e  c o n c e n tra t io n s  a r e  p r e d ic te d .

C onsider one w ishes to  group c a lc u la te d  s c a l a r  m u l t ip le s  f o r  

c o n s t i tu e n t  A a c c o rd in g  t o  s e v e r a l  c o n c e n tra t io n  i n t e r v a l s ,  say  

(0 + 5 ), (10 j i5 ) s (20 +5) a (30 + 5 ) , (^0 +5) a r b i t r a r y  u n i t s .  F ig u re  6h-(To) 

c l e a r l y  shows t h a t ,  w ith  random n o is e  n o t much above 10$ , (AC)max

b e g in s  to  exceed  ±5 u n i t s .  T h is says t h a t  s c a l a r  m u l t ip le s  w i l l  b e g in  

t o  m ix betw een a d jo in in g  i n t e r v a l s ,  r e s u l t i n g  in  a  m is in te r p r e ta t io n .  

Reducing th e  i n t e r v a l  sp a c in g  t o  ±2.5  u n i t s  r e q u i r e s  a  r e d u c t io n  in  th e  

le v e l  o f  a c c e p ta b le  n o ise  t o  j u s t  above 5$, and so  on.

C onsider n e x t s im p le  n o n lin e a r  c o n s t i tu e n t s  A f o r  two pow ers, 

p = 0 .5  and 1 .5 .  F ig u re  65 (a )  shows th e  c a lc u la te d  s c a l a r  m u l t ip le s  

v e rs u s  c o n s t i tu e n t  c o n c e n tra t io n s  (no n o is e ,  500 s p e c t r a ) ,  The 

n o n lin e a r  e f f e c t s ,  o r ig i n a l l y  shown i n  f ig u r e  31 , a r e  c l e a r l y  e v id e n t .  

D ep ic ted  on th e s e  f ig u r e s  a r e  th e  ±3cr bounds c o rre sp o n d in g  t o  10$y
random n o is e .  For b r e v i ty ,  bounds f o r  o th e r  n o is e  l e v e l s  a r e  no t

p re s e n te d . W hereas, in  th e  l i n e a r  c a se  e q u a l v a lu e s  o f  c o n c e n tra t io n

in c rem en ts  (+(AC) = -(AC) ) in d ep en d en t o f  c o n c e n tra t io nmax max

r e s u l t e d ,  th e  n o n l in e a r i ty  in  s c a l a r  m u l t ip le s  p ro d u ces  a  v a s t l y  

d i f f e r e n t  p i c t u r e .  F ig u re s  6 5 (b ) and 6 5 (c )  d e p ic t  th e s e  r e s u l t s  f o r  

a l l  th e  n o ise  l e v e l s  c o n s id e re d .

For n o n l in e a r  power p = 0 .5  th e  c o n c e n tra t io n  e r r o r s  in c r e a s e  

w ith  in c r e a s in g  c o n c e n tra t io n  in  a  n o n lin e a r  m anner. For exam ple, i f
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one s e t s  c o n c e n t r a t io n  e r r o r  l i m i t s  o f  ±(AC) = 5 u n i t s ,  a t  lowmax

c o n c e n t ra t io n s  a c c e p ta b le  n o ise  l e v e l s  ran g e  up t o  25$ , w hereas a t  th e  

h ig h e s t  c o n c e n tra t io n s  5% random n o is e  i s  ap p ro a c h in g  an  u n a c c e p ta b le  

l e v e l .  F ig u re  2 9 (b ) d em o n s tra te s  why t h i s  o c c u rs . A t low con

c e n t r a t i o n s  th e  s p e c t r a  a r e  w id e ly  s e p a ra te d  in  te rm s  o f  r a d ia n c e  

b u t become more c lo s e ly  spaced  a s  c o n c e n tra t io n s  in c r e a s e .  The 

c lo s e ly - s p a c e d  s p e c t r a  a t  h ig h  c o n c e n tra t io n s  w i l l  in te rm in g le  and 

become c o n fu sed  a t  low er random n o is e  l e v e l s  th a n  f o r  th e  low er con

c e n t r a t i o n s .  These f a c t s  a r e  r e f l e c t e d  in  th e  s c a l a r  m u l t ip le  v a lu e s  

i n  a  c h a r a c t e r i s t i c  v e c to r  a n a ly s i s ,  hence in  th e  p r e d ic te d  c o n c e n tra t io n  

e r r o r s .

F or c o n s t i tu e n t  powers p = 1 .5 ,  th e  r e s u l t s  a r e  r e v e r s e d  a s

f ig u r e  6 5 (c )  shows. For low  c o n c e n t ra t io n s ,  random n o is e  m ust be k e p t

sm all i f  th e  c o n c e n tra t io n  e r r o r s  a re  t o  be a c c e p ta b le .  Thus, i f

(AC) = ±5 u n i t s ,  l e s s  th a n  5% random n o ise  i s  a llo w a b le  a t  th e  low er max

c o n c e n t r a t io n s .  F o r th e  h ig h e r  c o n c e n t r a t io n s ,  th e  re q u ire m e n ts  a re

re d u c e d , a s  somewhat more th a n  10% random n o ise  i s  a c c e p ta b le .  Note

t h a t  th e  " c u to f f s "  f o r  -(AC) r e f l e c t  b o th  n e g a tiv e  c o n c e n tra t io nmax

p r e d ic t io n s  and th e  f a c t  t h a t  th e  h y p o th e t ic a l  c o n s t i tu e n t s  a r e  n o t 

d e f in e d  f o r  c o n c e n tra t io n s  l e s s  th a n  z e ro . F ig u re  2 9 (c )  d e m o n s tra te s , 

f o r  p  = 1 .5 ,  th e  c lo s e  sp a c in g  o f  th e  s p e c t r a  a t  low c o n c e n t ra t io n s .

For a d d i t iv e  random n o is e ,  th e s e  s p e c t r a  w i l l  become co n fu sed  b e fo re  

th o s e  a t  h ig h e r  c o n s t i tu e n t  c o n c e n t r a t io n s .  T h is  e x p la in s  th e  r e s u l t s  

i n  f ig u r e  6 5 ( c ) .
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W aveleng th-dependen t pow ers w ere a ls o  c o n s id e re d  in  t h i s  a n a ly s i s

w ith  p(A) < 1 g iv e n  hy e q u a tio n s  (6 -llf )  and  (6 -1 5 ) . F ig u re s  6 6 (a ) ,

6 6 (h ) ,  and 6 6 (c )  p re s e n t  th e  r e s u l t s .  C o n s id e rin g  th e  av erag e  powers

f o r  th e s e  two c a se s  f a l l  betw een 0 .5  < P < 1 . 0  and 1 .0  < p < 1 . 5 ,— *avg — — avg — ’

r e s p e c t iv e ly ,  i t  i s  n o t s u r p r i s in g  t o  f in d  s c a la r  m u lt ip le  and con

c e n t r a t i o n  e r r o r  p lo t s  in te rm e d ia te  betw een th o s e  p re s e n te d  in  f ig u r e s  6k 

and 65 .

For c o n s t i tu e n t s  B and C, th e  a n a ly s i s  r e s u l t s  were b a s i c a l l y  th e  

same a s  f o r  c o n s t i tu e n t  A. W hile th e  c o n c e n tra t io n  e r r o r s  found  fo r  

c o n s t i tu e n t s  B and C w ere s l i g h t l y  l a r g e r  th a n  f o r  c o n s t i tu e n t  A, 

th e  g e n e ra l  c u rv e  shapes fo llo w ed  th o se  p re s e n te d  i n  f ig u r e s  6 k , 65 , and 

66. B ecause o f  th e s e  g r e a t  s i m i l a r i t i e s  in  r e s u l t s ,  f o r  b r e v i t y ,  

th e y  a r e  no t r e p o r te d  h e re .

S p a t ia l ly - in d e p e n d e n t  and M ix tu res  o f  C o n s t i tu e n ts  

Many o f  th e  exam ples in v o lv in g  s p a t ia l ly - in d e p e n d e n t  and m ix tu re s  

o f  c o n s t i tu e n t s  A, B, and C o r i g i n a l l y  s tu d ie d  in  a  n o is e f r e e  e n v iro n 

ment in  C h ap te rs  V, V I, and V II w ere s u b je c te d  t o  a  random n o ise  

a n a ly s i s .  One hundred  s e t s  o f  s p e c t r a  f o r  each  example w ere an a ly zed  

u s in g  th e  te c h n iq u e  o f  c h a r a c t e r i s t i c  v e c to r s  a t  each  o f  f iv e  le v e l s  

o f  random n o ise  (1 $ , 2 .5 $ )  5%, 10$ , 25$). For exam ple, f o r  2 5 -s p e c tra  

m ix tu re  c a s e s ,  2500 n o isy  s p e c t r a  were g e n e ra te d  a s  in p u t  f o r  th e  

a n a ly s i s .  From th e  exam ples s tu d ie d ,  a  few r e p r e s e n ta t iv e  c a se s  

were chosen  f o r  p r e s e n ta t io n  o f  b a s ic  r e s u l t s .  These r e s u l t s  a re  

f i g u r a t i v e  in  n a tu re  to  d e m o n stra te  n o ise  l e v e l s  and c o n s t i tu e n t  ty p e s
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w herein  a  m is in te r p r e ta t io n  o f  s c a la r  c o e f f i c i e n t s ,  h e n c e , c o n s t i tu e n t  

c o n c e n t r a t io n s ,  o c c u rs .

In  C hap ter IV i t  was d em o n stra ted  how th e  s c a la r  c o e f f i c i e n t s  

a s s o c ia te d  w ith  p r in c i p a l  ax es  e ig e n v e c to r s ,  and r e l a t e d  t o  th e  con

s t i t u e n t  c o n c e n t r a t io n s ,  c o u ld  be p re s e n te d  i n  an  a b s o lu te  p r in c ip a l  

components system  ( I I )  o r  a  r e l a t i v e  s c a l a r  m u l t ip le s  sy stem  ( I ) .

A lso , i t  was shown how, by r o t a t i o n a l  t r a n s fo r m a t io n s ,  th e  s c a la r  

m u l t ip le s  co u ld  be tra n s fo rm e d  in to  an  o b liq u e  a x is  system  whereby 

each  a x is  d i r e c t i o n  c o rre sp o n d s , p resu m ab ly , t o  v a r i a t i o n s  o f  p a r t i c u l a r  

c o n s t i tu e n t  c o n c e n tra t io n s .  In  th e  fo llo w in g  exam ples, i t  i s  shown 

how th e  e r r o r  d i s t r i b u t io n s  due t o  random n o ise  a r e  tra n s fo rm e d  in  th e  

p ro c e s s ,  a id in g  in  th e  i n t e r p r e t a t i o n  o f  th e s e  d iag ram s.

C onsider a  s im p le  ca se  o f  s p a t ia l ly - in d e p e n d e n t  l i n e a r  c o n s t i tu e n t s  

A + B. S c a la r  c o e f f i c i e n t s  f o r  9 - s p e c t r a  in p u t c a se s  w ere p re s e n te d  in  

th e  p r in c ip a l  components and s c a la r  m u l t ip le s  system s in  f ig u r e  15(b) 

and 1 5 ( a ) ,  r e s p e c t iv e ly .  Note th e  a n g le  betw een th e  v e c to r s  f o r  

c o n s t i tu e n t s  A and B i s  90° in  f ig u r e  1 5 (b ) in d ic a t in g  g r e a t ly  d i s 

s im i la r  c o n s t i tu e n t s .  F ig u re  67 shows th e  s c a la r  c o e f f i c i e n t s  in  t h i s  

system  ( I I )  a s  random n o ise  l e v e l s  a r e  in c re a s e d  (l% n o is e  l e v e l s  n o t 

show n). The s c a t t e r  i n  s c a la r  c o e f f i c i e n t s  i s  G aussian  and a p p e a rs  a s  

c i r c u l a r  d i s t r i b u t i o n s  o f  r a d iu s  30 ^ .  The c i r c u l a r  d i s t r i b u t i o n s  a re  

un ifo rm  a lo n g  th e  l i n e s  o f  c o n s t i tu e n t s  s in c e  l i n e a r  c o n s t i tu e n t s  were 

assum ed. For th e  10% n o ise  l e v e l ,  t h e  d i s t r i b u t i o n s  b e g in  t o  o v e rla p  

in d ic a t in g  q u a n t i f ic a t i o n  e r r o r s  o f  ±5 u n i t s  a s  th e  o r ig i n a l  s p e c t r a
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were a s s o c ia te d  w ith  c o n c e n tra t io n  in c re m e n ts  o f  10 u n i t s  ( 0 ,  1 0 , 20 ,

30 , Uo a r b i t r a r y  u n i t s ) .  For 25$ random n o i s e ,  t h e r e  i s  obv ious 

l a r g e  s c a t t e r  i n  th e  s c a la r  c o e f f i c i e n t s  ab o u t t h e i r  t r u e  v a lu e s .  At 

low  c o n c e n tra t io n s  th e r e  i s  a ls o  a  p rob lem  i n  i d e n t i f y in g  t o  w hich 

c o n s t i tu e n t  a  s c a l a r  c o e f f ic i e n t  p o in t  b e lo n g s  a s  o v e r la p  o c c u rs  betw een 

c o n s t i tu e n t s .  B ecause th e  two c o n s t i tu e n t s  a r e  s p e c t r a l l y  d i f f e r e n t ,  

how ever, a t  h ig h e r  c o n c e n tra t io n s  one can  a s s ig n  a  s c a la r  c o e f f i c i e n t  

p o in t  (hence s p e c t r a )  t o  a  p a r t i c u l a r  c o n s t i tu e n t  even i f  th e  q u a n t i f i 

c a t io n  o f  t h a t  p o in t  i s  s u b je c t  to  l a r g e  e r r o r .

F ig u re  68 d is p la y s  th e  same c a se  s c a l a r  c o e f f i c i e n t s  i n  th e  s c a la r  

m u l t ip le s  system  ( i ) .  Because o f  s c a l in g  by th e  sq u a re  r o o t  o f  th e  

c o rre sp o n d in g  e ig e n v a lu e s , th e  n o ise  d i s t r i b u t i o n s  a r e  a ls o  s c a le d  

(se e  eq . (8 -2 1 ))  and  th e y  ap p ear a s  e l l i p s e s  r a t h e r  th a n  c i r c l e s .  

However, th e  same t r e n d s  and comments a p p ly  a s  f o r  f ig u r e  67.

F ig u re  69 shows th e  s c a la r  m u l t ip le s  o f  f ig u r e  68 t r a n s f e r r e d  

i n to  an o b liq u e  axes system  by r o t a t i o n a l  t r a n s fo r m a t io n s .  The n o ise  

d i s t r i b u t io n s  a re  a g a in  c i r c u l a r  s in c e  th e  v e c to r  l i n e s  o f  con

s t i t u e n t s  A and B a r e  a g a in  p e rp e n d ic u la r  a s  th e y  were in  f ig u r e  67 .

For t h i s  o b liq u e  ax es  sy stem , d isp la c e m e n ts  a lo n g  e i t h e r  a x is  a re  

p r o p o r t io n a l  to  th e  c o n s t i tu e n t  c o n c e n t ra t io n s .  The same o b s e rv a t io n s  

c o n c ern in g  th e  n o ise  in  f ig u r e s  67 and 68 p r e v a i l  h e re  as  w e l l .

The l a s t  example has shown random n o ise  e f f e c t s  on c o n s t i tu e n t s  

s p e c t r a l l y  v e ry  d i s s im i la r .  S c a la r  c o e f f i c i e n t s  c o u ld  be  re p re s e n te d  

in  s e v e r a l  sy stem s. C onsider n ex t th e  c a se  o f  two l i n e a r  c o n s t i tu e n t s ,

A + C, w hich a re  s p e c t r a l l y  v e ry  s im i la r .  F ig u re s  1 7 (b ) and 1 7 (a )
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showed, r e s p e c t i v e ly ,  th e  n o is e f r e e  s c a l a r  c o e f f i c i e n t s  ( p r in c ip a l  

components and s c a l a r  m u l t ip le s  sy stem s) from  a  c h a r a c t e r i s t i c  v e c to r  

a n a ly s i s  o f  9 s p e c t r a  f o r  s p a t ia l ly - in d e p e n d e n t  c o n s t i tu e n t s .  A 

v e ry  sm a ll a n g le  (1 1 . 08° )  e x is t e d  betw een th e  f i r s t  c h a r a c t e r i s t i c  

v e c to r s  o f  th e  two c o n s t i tu e n t s  r e p r e s e n ta t iv e  o f  t h e i r  s p e c t r a l  s im i la r 

i t y .  In  f ig u r e  TO, th e  e f f e c t s  o f  random n o ise  on th e s e  s c a la r  

c o e f f i c i e n t s  (System  I I )  a r e  p re s e n te d . Even a t  2 - 1 /2 $ random n o i s e ,  

t h e r e  i s  a  q u e s tio n  a s  t o  c o n s t i tu e n t  s e p a r a b i l i t y  f o r  c o e f f i c i e n t s  

co rre sp o n d in g  t o  10 u n i t s  c o n c e n t r a t io n  a s  th e  c i r c u l a r  s c a t t e r  d i s 

t r i b u t i o n s  ( r a d iu s  3o^)  o v e r la p .  The s e p a r a b i l i t y  w orsens fo r  h ig h e r  

n o ise  l e v e l s .  For 10$ random n o is e ,  th e  c i r c u l a r  d i s t r i b u t i o n s  b e g in  

t o  o v e rla p  a lo n g  in d iv id u a l  c o n s t i tu e n t  d i r e c t i o n s  c o rre sp o n d in g  t o  

maximum c o n c e n t r a t io n  e r r o r s  o f  ±5 u n i t s .  However, th e  problem  o f  

d e te rm in in g  t o  w hich c o n s t i tu e n t  t o  a s s ig n  a  p a r t i c u l a r  s c a la r  c o e f 

f i c i e n t  p o in t  ( r e p r e s e n t in g  a  s p e c t r a )  i s  a  more s i g n i f i c a n t  p rob lem .

At 25$ random  n o i s e ,  t h e r e  i s  m arked c o n fu s io n . T here i s  a  h ig h  

p r o b a b i l i t y  o f  m is in te r p r e t i n g  c o n s t i tu e n t s  even a t  th e  h ig h e s t  con

c e n t r a t i o n s ,  i n  m arked c o n t r a s t  to  th e  same n o is e  l e v e l  f o r  th e  d i s 

s im i la r  c o n s t i tu e n t s  i n  f ig u r e  6 j .

F ig u re  71 d e p ic t s  th e  s c a l a r  m u l t ip l ie s  system  f o r  th e  s c a l a r  

c o e f f i c i e n t s .  The same b a s ic  comments about c o n s t i tu e n t  s e p a r a b i l i t y  

app ly  h e re  as w e l l .  N o te , how ever, th e  s c a l in g  e f f e c t  o f  th e  e ig e n v a lu e s  

i s  to  p roduce  p ronounced  e lo n g a te d  s c a t t e r  d i s t r i b u t i o n s . T h is i s  due 

t o  th e  sm a ll v a lu e  o f  th e  e ig e n v a lu e  o f  th e  second p r in c ip a l  axes e ig e n 

v e c to r  r e l a t i v e  to  th e  f i r s t  e ig e n v a lu e . The 25$ n o ise  c a se  i s  n o t 

p r e s e n te d .
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In  f ig u r e  72 , th e  s c a l a r  m u l t ip le s  have t e e n  t r a n s f e r r e d  in to  

an  o b liq u e  ax e s  system . In  c o n t r a s t  t o  th e  s p e c t r a l l y  d i s s im i la r  

c o n s t i tu e n t s  w hich r e tu r n e d  t o  c i r c u l a r  n o ise  d i s t r i b t u i o n s  in  th e  

o b liq u e  axes  sy s tem , th e  n o ise  d i s t r i b u t i o n s  h e re  a r e  g r e a t ly  

e lo n g a te d . I t  i s  e v id e n t  t h a t  c a re  m ust be  e x e rc is e d  in  i n te r p r e t i n g  

s c a la r  c o e f f i c i e n t  d i s t r i b u t i o n s  fo r  s p e c t r a l l y  s im i la r  c o n s t i tu e n t s  in  

t h i s  system . A dvantages o b ta in e d  in  v i s u a l  d is c r im in a t io n  by sp re a d in g  

th e  axes  d i r e c t io n s  a r e  tem pered  by th e  l a r g e r  deg ree  o f  s c a t t e r  from  

random n o is e .  However, th e  same b a s ic  comments c o n c e rn in g  c o n s t i tu e n t  

s e p a r a b i l i t y  a r e  unchanged.

The e f f e c t s  o f  chang ing  c o n s t i tu e n t s  from l in e a r  to  s im p le-n o n 

l i n e a r  a re  examined in  f ig u r e s  73 and 7^. For s p a t ia l ly - in d e p e n d e n t  

s im ple  n o n lin e a r  c o n s t i tu e n t s  A + B, o b liq u e  axes s c a l a r  m u l t ip l i e s  f o r  

random n o ise  o f  10$ a r e  d e p ic te d  in  f ig u r e  73. For power p = 0 .5 ,  

th e  c o n s t i tu e n t s  a r e  s e p a ra b le  in  te rm s o f  c o n c e n tra t io n s  and con

s t i t u e n t s  f o r  low c o n c e n t r a t io n s ,  w hereas f o r  h ig h  c o n c e n tra t io n s  th e  

n o is e  d i s t r i b u t i o n s  o v e r la p  s i g n i f i c a n t l y  in d ic a t in g  l a r g e  c o n c e n tra t io n  

e r r o r s ,  an e f f e c t  a lr e a d y  d is c u s s e d  in  th e  s in g le  c o n s t i tu e n t  ca se  

(s e e  f i g .  65 ( b ) ) .  F o r power p = 1 .5 ,  th e  o v e r la p  o c c u rs  a t  low 

c o n c e n t r a t io n s .  The a d d i t io n a l  problem  o f  c o n s t i tu e n t  s e p a r a b i l i t y  

o c c u rs  a s  w e ll .

In  f ig u r e  7 ^ , th e  same s im p le  n o n lin e a r  powers were u se d  b u t th e  

c o n s t i tu e n t s ,  A + C, a r e  s p e c t r a l l y  v e ry  s im i la r .  T h is r e s u l t s  in  

o b liq u e  axes s c a l a r  m u lt ip le  n o ise  d i s t r i b u t io n s  (2 .5 $  n o is e )  very  

e lo n g a te d  in  a p p e a ra n ce . O th e rw ise , th e  same b a s ic  comments a s  f o r
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c o n s t i tu e n ts  A + B a p p ly . C o n s t itu e n t  s e p a r a b i l i t y  i s  a  g r e a te r  

problem  even a t  th e s e  low n o is e  l e v e l s .

True m ix tu re s  w ere c o n s id e re d  f o r  b a s ic  2 5 - s p e c tra  c a se s  o f  l i n e a r  

and s im p le -n o n lin e a r  c o n s t i tu e n t s  A + B and A + C s u b je c t  t o  s p e c t r a l  

random n o is e .  F ig u re  7 5 (a ) r e p r e s e n ts  10$ random n o is e  superim posed  on 

th e  e x a c t c a se  o f  l i n e a r  c o n s t i tu e n t s  A + B d e p ic te d  in  f ig u r e  2 2 (c ) .  

The o b iiq u e -a x e s  s c a la r  m u l t ip le s  a r e  s c a t t e r e d  sy m m e tric a lly  abou t 

th e  un ifo rm  p a t t e r n  o f  th e  t r u e  v a lu e s  and a t  10$ n o is e  j u s t  b e g in  

to  o v e r la p . For l i n e a r  c o n s t i tu e n t s  A + C, f ig u r e  75 (b ) d e p ic ts  th e  

s c a t t e r  o f  o b liq u e  axes  s c a la r  m u lt ip le s  f o r  2 .5$  n o is e .  C o n s t i tu e n t  

s e p a r a b i l i t y  a g a in  i s  a  m ajor problem  a s  th e  s c a t t e r  i s  e lo n g a te d .

For exam ple, one may have a  p o in t  in  an a r e a  o f  o v e r la p  w hich c o r

resp o n d s to  c o n c e n tra t io n s  (1 0 ,0 )  o r  (0 ,1 0 ) ,  i . e . ,  t h e r e  i s  a  q u e s tio n  

o f  w hether th e  s p e c t r a  p o in t  co rre sp o n d s  t o  c o n s t i tu e n t  A o r  

c o n s t i tu e n t  C.

Sim ple n o n lin e a r  c o n s t i tu e n t s  in  m ix tu re s  a re  d e p ic te d  in  

f ig u r e s  j 6  and 77* In  f ig u r e  J 6 , th e  o b liq u e  axes s c a l a r  m u l t ip le s  

a re  fo r  power p = 0 .5  f o r  c o n s t i tu e n t s  A + B and A + C a t  10$ and 

2 .5$  n o ise  l e v e l s ,  r e s p e c t iv e ly .  The c lu s t e r in g  e f f e c t  o f  s c a l a r  

m u lt ip le s  in  th e  f i r s t  q u ad ran t p r e s e n ts  a  s ig n i f i c a n t  problem  in  

c o n s t i tu e n t  q u a n t i f i c a t i o n  ( la r g e  c o n c e n tra t io n  e r r o r s  in d ic a te d )  in  

b o th  c a s e s .  However, c o n s t i tu e n t  s e p a r a b i l i t y  i s  deg raded  f o r  

c o n s t i tu e n ts  A + C even f o r  th e  low er n o ise  l e v e l .  F ig u re  77 shows 

s im i la r  c a se s  b u t  w ith  sim ple  n o n lin e a r  power p = 1 .5  u se d .

C lu s te r in g  and o v e r la p  o f  o b liq u e  axes c o e f f i c i e n t s  i s  g r e a t e s t  a t
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low c o n c e n tra t io n s  w ith  c o n c e n tra t io n  e r r o r s  and c o n s t i tu e n t  s e p a r a b i l i t y  

problem s g r e a t e s t  i n  th e  t h i r d  q u ad ran t o f  th e  d iag ram s.

Random n o is e  im poses a  s c a t t e r  d i s t r i b u t i o n  in dependen t o f  th e  

o r ig i n a l  t r u e  p a t t e r n s  o f  s c a l a r  c o e f f i c i e n t s .  For a re a s  o f  c lu s t e r in g  

o f  th e s e  s c a l a r  c o e f f i c i e n t s ,  one o b se rv e s  g r e a t e r  problem s in  con

s t i t u e n t  i d e n t i f i c a t i o n  and q u a n t i f i c a t i o n .  Some in s ta n c e s  o f  n o n lin e a r  

s u p e rp o s i t io n  enhance th e s e  p ro b lem s. C onsider a  c a se  o f  n o n lin e a r  

s u p e rp o s i t io n  p re s e n te d  o r i g i n a l l y  under n o is e f r e e  c o n d it io n s  as 

f ig u r e  4 7 (a )  f o r  s im p le  n o n lin e a r  (p = 0 .5 )  c o n s t i tu e n t s .  C lu s te r in g  

i s  g r e a t e s t  a t  th e  l a r g e r  c o n c e n t r a t io n s .  A 10% random n o ise  a n a ly s i s  

produced  th e  o b liq u e  axes s c a l a r  m u l t ip le  d i s t r i b u t io n s  d e p ic te d  in  

f ig u r e  78. S ig n i f ic a n t  problem s e x i s t  i n  a tte m p ts  t o  q u a n ti fy  th e  

tra n s fo rm e d  s c a la r  m u l t ip le s  in  th e  f i r s t  q u a d ra n t. For exam ple, a  

s c a la r  m u l t ip le s  p o in t  w i th in  th e  e r r o r  bounds o f  th e  t r u e  (3 0 ,3 0 )  

c o n c e n tra t io n  p o i n t ,  m ight a l s o  be a s s ig n a b le  to  c o n c e n t ra t io n  l e v e l s  

(30,1*0), (40,1*0) o r  (4 0 ,3 0 ).

I t  i s  c l e a r  from  th e  p re c e d in g  d is c u s s io n  t h a t  th e  n a tu re  o f  

in d iv id u a l  c o n s t i tu e n t s ,  in  te rm s o f  th e  r a d ia n c e -c o n c e n tra t io n  

r e l a t i o n ,  and s i m i l a r i t y  o f  c o n s t i tu e n t s ,  in  a  s p e c t r a l  s e n s e , a r e  

s ig n i f i c a n t  p a ra m e te rs  t h a t  e f f e c t  a c c u ra te  q u a n t i f ic a t i o n  and i d e n t i f i 

c a t io n  in  th e  p re se n c e  o f  random n o is e .  These c o n c ep ts  a r e  f u r th e r  

exam ined i n  a  r e a l -w o r ld  t e s t  o f  m ix tu re s  o f  sed im en ts  in  w a te r .
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A p p lic a t io n  t o  L a b o ra to ry  T e s t Case 

W hitlock  (1977a) d e s c r ib e d  e a r ly  tw o - c o n s t i tu e n t  t e s t s  perfo rm ed  

in  L angley  R e sea rch  C e n te r 's  M arine Upw ell S p e c tr a l  S ig n a tu re s  

L a b o ra to ry . T e s t c o n s t i tu e n t s  in c lu d e d  B a ll  C lay  and f e ld s p a r  sed im en ts  

mixed in d iv id u a l ly  and  to g e th e r  i n  w a te r  f o r  v a r io u s  c o n c e n t r a t io n s .  

F ig u re s  7 9 (a )  and 79 (b ) d e p ic t  th e  m easured  n o rm a lized  u p w e ll r a d ia n c e  

s p e c t r a  f o r  th e  in d iv id u a l  sed im en ts  in  w a te r .  S p e c tra  c o rre sp o n d in g  

t o  a  number o f  m ix tu re  c a s e s  were a ls o  c o l l e c t e d  (n o t p r e s e n te d  h e r e ) .  

The a v a i l a b le  c o n c e n tra t io n s  m a tr ix  o f  c o l l e c te d  s p e c t r a  in c lu d e d :

F e ld sp a r  c o n c e n t r a t io n ,  ppm

B a ll  C lay 

C o n c e n tra tio n  

ppm

0 b 9 17 35 52 69 86 ! 129 173

0 10 11 12 13 ih 15 16 17 18

b '  1

9 2 19 20 21

17 3 22 23 2h

35 b

52 5 25 26 27 28

69 6

186 7

129 8 29 30

173 9 31 32 33 3b
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S p e c tra  numbers a r e  f o r  i d e n t i f i c a t i o n  p u rp o se s . W hile n o t a  com plete 

m a tr ix ,  a  good sam pling  ra n g e  was o b ta in e d . A t o t a l  o f  3^ s p e c t r a  

were c o l l e c te d .  In  th e  p r e s e n t  i n v e s t ig a t io n s ,  s p e c t r a  were d e f in e d  

u s in g  t e n  w a v e len g th s , ev e ry  ^0 nm betw een b20 t o  J80  nm (se e  

f i g .  79) .

To t e s t  f o r  l i n e a r i t y  o f  c o n s t i tu e n t s ,  th e  s p e c t r a  o f  in d iv id u a l  

c o n s t i tu e n t s  were r e g r e s s i o n - f i t t e d ,  w a v e len g th -b y -w av e len g th , w ith  th e  

pow er-law  model o f  e q u a tio n  ( 6 -3 ) .  F ig u re  8 0 (a )  shows th e  s p e c t r a l  

powers o b ta in e d . The c o n s t i tu e n t s ,  b a sed  on th e s e  t e s t s  and pow er-law  

m odel, a r e  c o n s id e re d  to  be w av e len g th -d ep en d en t n o n l in e a r ,  a lth o u g h  

B a l l  C lay shows a  w eaker w aveleng th-dependency  th a n  does f e ld s p a r .

Note t h a t  th e  pow ers f o r  B a l l  C lay a r e  le s s - th a n - o n e  w hereas f o r  f e ld s p a r  

th e y  a r e  g e n e ra l ly  g r e a te r - th a n - o n e .  R e s u lts  f o r  B a ll  C lay in  t h i s  

t e s t  a r e  c o n s is te n t  w ith  th o s e  o f  a l a t e r  t e s t  p re s e n te d  in  f ig u r e  30, 

b u t f o r  f e ld s p a r ,  th e s e  e a r ly  t e s t  r e s u l t s  d i f f e r  from  th o s e  p re s e n te d  

f o r  a n o th e r  t e s t  in v o lv in g  f e ld s p a r  i n  f ig u r e  30. T h is d em o n s tra te s  

th e  a d v i s a b i l i t y  o f  r e p e t i t i v e  t e s t i n g  t o  c o n firm  s p e c i f ic  o p t i c a l  

p h y s ic s  r e l a t i o n s h ip s  f o r  c o n s t i tu e n t s .

A c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  o f  th e  in d iv id u a l  s p e c t r a  s e t s  

was conducted . F ig u re  80 (b ) p r e s e n ts  th e  no rm a lized  f i r s t  p r in c ip a l  

a x is  e ig e n v e c to rs  f o r  B a ll  C lay  and f e ld s p a r .  The e ig e n v e c to r s  appear 

q u i te  c o n s is te n t  w ith  th o se  p re s e n te d  in  f ig u r e  38 f o r  l a t e r  l a b o r a to r y  

t e s t s .  F ig u re  8 l  shows th e  a s s o c ia te d  s c a la r  m u l t ip le s  f o r  th e s e  

in d iv id u a l  e ig e n v e c to r s  a s  a  fu n c t io n  o f  c o n c e n t ra t io n .  The c u rv e s
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d e fin e d  a r e  c o n s is t e n t  w ith  th e  pow ers l e s s  th a n  o r g r e a t e r  th a n  one 

from  f ig u r e  80( a )  ( s e e  a ls o  f i g .  6 6 ).

The n e x t s ta g e  o f  th e  a n a ly s i s  was to  compute e ig e n v e c to rs  and

s c a la r  m u lt ip le s  f o r  a l l  3^ no rm alized  ra d ia n c e  s p e c t r a  co rre sp o n d in g

t o  th e  l i s t e d  c o n c e n tra t io n s  m a tr ix .  V a rian ces  e x p la in e d  hy  th e  f i r s t

two e ig e n v e c to rs  were 99-159% and 0 .1 9 0 $ , r e s p e c t iv e ly .  The f a c t  t h a t

so  much v a r ia n c e  co u ld  he e x p la in e d  hy th e  f i r s t  p r in c ip a l  a x is

d i r e c t i o n  su g g e s ts  c o n s t i tu e n t s  w hich a r e  s p e c t r a l ly  v e ry  s im i la r .

In d ee d , th e  s m a lle s t  in te rh a n d  c o r r e la t io n  r . . f o r  t h i s  d a ta  s e t
i j

was 0 . 990 .

F ig u re  82 shows th e  a s s o c ia te d  s c a l a r  m u l t ip le s  p a i r s  c o rre sp o n d in g  

t o  a l l  3^ s p e c t r a .  For c l a r i t y ,  th e  in d iv id u a l  c o n s t i tu e n t  and m ix tu re  

p o in ts  have heen  symbol coded , numbered ac co rd in g  to  th e  r e f e re n c e  

numbers o f  th e  l i s t e d  c o n c e n tra t io n s  m a tr ix ,  and in d iv id u a l  c o n s t i tu e n t  

p o in ts  con n ected  i n  o rd e r  o f  in c re a s in g  c o n c e n tra t io n s .  Some g e n e ra l  

t r e n d s  a r e  p r e s e n t .  For exam ple, low er c o n c e n tra t io n s  o f  c o n s t i tu e n ts  

a r e  in  th e  second q u a d ra n t w hereas h ig h e s t  c o n c e n tra t io n s  f a l l  m ain ly  

i n  th e  f i r s t  and f o u r th  q u a d ra n ts . However, i t  i s  n o t p o s s ib le  to  

dem o n stra te  a  more q u a n t i t a t iv e  p a t t e r n .

There a r e  s e v e r a l  p roblem s a s s o c ia te d  w ith  t h i s  d a ta  s e t .  F i r s t ,  

in d iv id u a l  c o n s t i tu e n t  and m ix tu re  t e s t s  re q u ire d  th e  la b o r a to r y  w ater 

ta n k  be em ptied  and r e f i l l e d  f o r  each  t e s t  s e r i e s .  A lthough f i l t e r i n g -  

d e io n iz a t io n  equipm ent were u sed  to  p roduce  a  c o n s is te n t  b ase  w a te r ,  

sm a ll base  w a te r d i f f e r e n c e s  n e v e r th e le s s  e x is te d .  A lso , in  th e s e  e a r ly
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t e s t s ,  s p e c t r a l  f lu c tu a t io n s  w ere p r e s e n t ,  w hich may be n o ted  by th e  

cu rv e  i r r e g u l a r i t i e s  o b se rv ed  in  f ig u r e  79* In d ee d , W hitlock  (1977a) 

e s t im a te s  th e  s ta n d a rd  e r r o r  o f  th e  l a b o r a to r y  d a ta  t o  be 5-7$ o f  

th e  ran g e  o f  m easurem ent v a lu e s .

For a  b e t t e r  u n d e rs ta n d in g  o f  t h i s  d a ta  s e t ,  th e  s p e c t r a  were 

p ro c e s se d  in  th e  fo llo w in g  m anner. The pow er-law  r e g r e s s io n  s o lu t io n s  

t h a t  r e s u l t e d  in  th e  pow ers p re s e n te d  in  f ig u r e  80 w ere u sed  t o  

c a lc u la t e  p o w e r - f i t t e d  s p e c t r a l  c u rv e s  c o rre sp o n d in g  t o  th e  in d iv id u a l  

c o n s t i tu e n t  s p e c t r a  in  f ig u r e  79- The e f f e c t  was to  remove random 

f lu c tu a t io n s  o b se rv ed  in  f ig u r e  79 . Base w a te r  s p e c t r a  ( p re d ic te d  

n o rm a lized  ra d ia n c e  f o r  ze ro  c o n c e n tra t io n  o f  c o n s t i tu e n t s )  were 

s u b tr a c te d  from  th e  s p e c t r a  in  each  c o n s t i tu e n t  c a se  t o  a l l e v i a t e  th e  

p roblem  o f  unequal b a se  w a te rs  f o r  th e  c o n s t i tu e n t s .  For m ix tu re  

s p e c t r a  c o rre sp o n d in g  t o  th e  m ix tu re s  o f  c o n s t i tu e n t  c o n c e n tra t io n s  

in d ic a te d  in  th e  in p u t m a tr ix ,  l i n e a r  s u p e rp o s i t io n  o f  th e  b a se  w a te r -  

c o r r e c te d  p o w e r - f i t t e d  s p e c t r a  was perfo rm ed .

The 3^ p ro c e sse d  s p e c t r a  w ere an a ly z e d  by th e  c h a r a c t e r i s t i c  

v e c to r s  te c h n iq u e . V a rian ces  e x p la in e d  by th e  f i r s t  two e ig e n v e c to rs  

w ere found to  be 99.760$ and 0 .2 1 5 $ , r e s p e c t iv e ly .  The s c a la r  

m u l t ip le s  a s s o c ia te d  w ith  th e s e  e ig e n v e c to r s  a r e  g iv e n  in  f ig u r e  83 and 

may be compared w ith  th o se  o f  th e  d a ta  s e t  p re s e n te d  in  f ig u r e  82.

C onsider th e  s c a la r  m u lt ip le  p a t t e r n  f o r  th e  in d iv id u a l  B a ll  C lay 

c o n s t i tu e n t .  The sw eeping cu rve  o f  th e  p o w e r - f i t  c a se  has r e p la c e d  

some o f  th e  i r r e g u la r  p a t t e r n s  o b se rv ed  i n  f ig u r e  82 e s p e c ia l ly  w ith  

r e g a rd s  t o  s p e c t r a  numbers U and 5 . The w av e leng th -dependen t n o n l in e a r i ty
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o f  th e  c o n s t i tu e n t  i s  a m p lif ie d  i n  th e  Yg d i r e c t i o n  by  th e  s c a l in g  

e f f e c t  from th e  sm a ll second p r in c i p a l  a x is  e ig e n v a lu e . T h is  same 

e f f e c t  was o b se rv ed  i n  f ig u r e  IrO f o r  s p e c t r a l l y  s im i la r  c o n s t i t u e n t s .

F or f e ld s p a r ,  a  cu rv ed  p lo t  i s  a l s o  i n  e v id e n c e . The m arked c lu s t e r in g  

o f  s c a la r  m u l t ip le s  a t  low er c o n c e n tra t io n s  has  been  d e m o n s tra ted  by 

p re v io u s  t e s t  c a se s  t o  be r e l a t e d  to  powers p(X) o f  th e  r a d ia n c e -  

c o n c e n tra t io n  r e l a t i o n  g r e a t e r  th a n  one. Some o f  th e  random ness, 

e s p e c ia l ly  in  th e  Yg d i r e c t i o n ,  has been  removed f o r  th e  p o w e r - f i t t e d  

s p e c t r a .  Note a t  th e  h ig h e r  c o n c e n t r a t io n s ,  j u s t  a s  f o r  th e  B a ll  

C lay c u rv e , a  more c o n s is t e n t  c h a r a c t e r i s t i c  d i r e c t i o n  i s  assum ed by 

th e  p a t t e r n s  o f  s c a l a r  m u l t ip le s .

Some o f  th e  s c a la r  m u lt ip le s  o f  th e  m ix tu re  s p e c t r a  s im u la te d  by a 

l i n e a r  s u p e rp o s i t io n  a re  r a th e r  c o n s is te n t  w ith  th o s e  f o r  th e  o r ig in a l  

d a ta ,  b u t some a re  n o t .  C onsider p o in t  3h c o rre sp o n d in g  to  c o n s t i tu e n t  

c o n c e n tra t io n s  (1 7 3 ,1 7 3 ). The d i f f e r e n c e s  i n  s c a la r  m u l t ip le s  a re  n o t 

l a r g e  in  th e  Y^ d i r e c t i o n  a s  compared to  th e  Yg d i r e c t i o n .  In  many 

c a s e s ,  much l a r g e r  s c a t t e r s  i n  th e  Yg d i r e c t i o n  a re  o b se rv e d . W hile 

some o f  th e  d i f f e r e n c e s  may be  a t t r i b u t e d  t o  p o s s ib le  n o n l in e a r  su p e r

p o s i t io n  p ro c e s s e s ,  i t  i s  a ls o  su sp e c te d  t h a t  random n o is e  in  th e  raw  

d a ta  a l s o  p la y s  a  m ajor r o l e .  To t e s t  t h i s  h y p o th e s is ,  a  random n o ise  

a n a ly s i s  o f  th e  p ro c e sse d  p o w e r - f i t te d  s p e c t r a  was co n d u c ted . F i f t y  

s e t s  o f  3^ n o isy  s p e c t r a  w ere g e n e ra te d  (1700 t o t a l  s p e c t r a )  and 

s u b je c te d  t o  a  c h a r a c t e r i s t i c  v e c to r  a n a ly s i s .  N oise l e v e l s  o f  an = 1$ , 

2.3%, and 3% o f  th e  maximum ran g e  o f  B a ll  C lay n o rm alized  ra d ia n c e s  

w ere i n v e s t ig a te d .  From t h i s  a n a ly s i s ,  ±3ay and ±3ayg v a lu e s  o f
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s c a la r  m u l t ip le  s c a t t e r  w ere c a lc u la te d .  F ig u re  83 d e p ic t s  th e  t y p ic a l  

o b se rv ed  s c a t t e r  bounds f o r  th e  1% and  2.5% n o ise  c a s e s .  C le a r ly ,  

th e  s c a t t e r  f o r  t h e  Yg axes  d i r e c t i o n  i s  much l a r g e r  th a n  t h a t  o f  

th e  Y d i r e c t i o n  and may e x p la in  some o f  th e  d i f f e r e n c e s  betw een 

f ig u r e s  82 and 8 3 .

I t  i s  co nc luded  t h a t  g r e a t  c a re  m ust be e x e rc is e d  in  i n t e r p r e t i n g  

s c a la r  m u l t ip le  p a t t e r n s  f o r  s p e c t r a l ly - s im i la r  c o n s t i tu e n t s  a s  random 

n o is e  p la y s  a  s ig n i f i c a n t  r o l e  f o r  th e s e  c a s e s .  The s c a t t e r  d i s 

t r i b u t i o n s  o f  s c a l a r  m u l t ip le s  f o r  f e ld s p a r  and B a l l  C lay w i l l  o v e rla p  

c o n s id e ra b ly  even a t  low  n o is e  l e v e l s  making c o n s t i tu e n t  s e p a r a b i l i t y  

a  v e ry  r e a l  p rob lem . The w av e leng th -dependen t n o n l in e a r  n a tu re  o f  th e  

c o n s t i tu e n t s  a ls o  te n d  t o  compound th e  i n t e r p r e t a t i o n s .

Random n o ise  h as  been  shown to  have v a r i a b le  e f f e c t s  on th e  u se  o f  

a  c h a r a c t e r i s t i c  v e c to r  a n a ly s i s .  W hile c o n s t i tu e n t  i d e n t i f i c a t i o n  in  

g e n e r a l ,  i n  i s o l a t i n g  c h a r a c t e r i s t i c  v e c to r s  o f  a  d a ta  s e t  a r e  n o t 

a f f e c te d ,  in  th e o r y ,  by th e  p re se n c e  o f  random n o i s e ,  th e  s c a l a r  c o e f

f i c i e n t s  a s s o c ia te d  w ith  in d iv id u a l  s p e c t r a  a r e  s u b je c t  t o  e r r o r s  in  

c o n s t i tu e n t  i d e n t i f i c a t i o n  ( s e p a r a b i l i t y )  and q u a n t i f i c a t i o n .  S p e c tr a l  

s i m i l a r i t y  and th e  n a tu re  o f  r a d ia n c e - c o n c e n t ra t io n  r e l a t i o n s  o f  

in d iv id u a l  c o n s t i tu e n t s  a f f e c t  th e  d eg ree  o f  th e s e  e r r o r s .

The f i n a l  problem  a r e a  t o  be a d d re sse d  does n o t d e a l  d i r e c t l y  

w ith  th e  n a tu re  o f  th e  c o n s t i tu e n t s  in v o lv e d  o r  th e  e x a c tn e ss  o f  th e  

m easurem ent te c h n iq u e  b u t r a t h e r  w ith  th e  changes i n  s p e c t r a l  s ig n a ls  

t h a t  occu r w ith  a  r a d i a t i v e  t r a n s f e r  to  th e  a l t i t u d e  o f  th e  rem ote
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s e n so r . The p rim e c o n s id e r a t io n  i s  w ith  th e  n a tu r e  o f  th e  in te rv e n in g  

a tm osphere .
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CHAPTER IX

ATMOSPHERICS

Under la b o r a to r y  c o n d i t io n s ,  r e s e a rc h e r s  a re  f r e e  t o  make m easure

m ents o f  em ergent upw ell ra d ia n c e  from a w a te r  s u r fa c e  w ith o u t th e  

need to  accoun t f o r  a tm ospheric  e f f e c t s .  In  th e  r e a l  w o rld , rem ote 

se n s in g  m easurem ents a re  made a t  such d is ta n c e s  t h a t  th e  in te rv e n in g  

a tm o sp h ere , as shown in  f ig u r e  1 ,  m o d if ie s  th e  u p w e ll ra d ia n c e  s p e c t r a  

in  i t s  upward t r a n s f e r  t o  th e  a l t i t u d e  o f  th e  rem ote s e n so r . 

C h a r a c te r i s t i c  v e c to r  a n a ly s is  must o p e ra te  on th e s e  m o d ified  s ig n a l s .  

T his c h a p te r  exam ines th e  e f f e c t s  th e s e  a tm o sp h e ric  m o d if ic a tio n s  have 

on th e  i d e n t i f i c a t i o n ,  in  term s o f  c h a r a c t e r i s t i c  v e c to r s ,  and 

q u a n t i f i c a t i o n ,  in  te rm s o f  th e  s c a la r  c o e f f i c i e n t s ,  o f  c o n s t i tu e n t s ,  

b o th  in d iv id u a l ly  and in  m ix tu re s .

The R a d ia tiv e  T ra n s fe r  E quation

The ap p a re n t ra d ia n c e  o f  a  w a te r s u r f a c e ,  view ed a t  an a l t i t u d e  Z 

c o n s is t s  o f  s e v e ra l  components g iv en  by (se e  A u stin  197*0:

L„ = T (L + L . + L ) + L* (9 -1 )Z a  sky sun '

w here :

Lg = a p p a re n t upw ell ra d ia n c e  a t  a l t i t u d e  Z

T = a tm ospheric  t ra n s m it ta n c e
a

L = em ergent upw ell ra d ia n c e  from w a te r  s u r fa c e

171
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*sky = uPweH  r a d ia n c e  from  th e  r e f l e c t i o n  o f  d i f f u s e  s k y l ig h t

o f f  th e  w a te r  s u r fa c e

L = upw ell r a d ia n c e  from  th e  sp e c u la r  r e f l e c t i o n  o f  s u n lig h t  sun

( s u n g l i t t e r )  o f f  th e  w a te r s u r fa c e  

L* = p a th  ra d ia n c e  ( s u n l ig h t  and s k y lig h t  s c a t t e r e d  w ith in  

a tm osphere  and tow ards th e  rem ote s e n so r)

As T urner e t  a l  (1971, 1973, 1977) and A u s tin  (197*0 n o te ,  th e  

m o d if ic a tio n  te rm s have th e  fo llo w in g  f u n c t io n a l  d ep e n d en c ies :

T = T (A ,Z ,$ , a tm o sp h e ric  ty p e )
cl £i

Lsky = Ls iCy ^ » z »H>^»$ > a tm o sp h eric  ty p e ,  W, background 

s u rfa c e  r e f l e c ta n c e s )

L* = L *(X ,Z ,H ,t|),$ , a tm o sp h eric  ty p e ,  background s u rfa c e  

r e f l e c t a n c e s )

w here :

\  = w aveleng th

Z = a l t i t u d e  o f  rem ote se n so r  

H = s o la r  a l t i t u d e  

ip = s o la r  az im uth
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$ = re m o te -s e n s o r  o f f - n a d i r  scan  a n g le  

W = w indspeed

The a tm o sp h e ric  ty p e  depends on such v a r i a b le s  a s  o zone , carbon  d io x id e ,  

w a te r  v a p o r , and a e ro s o ls  in c lu d in g  t h e i r  s iz e  d i s t r i b u t i o n s  and v e r t i c a l  

a n d /o r  h o r iz o n ta l  g r a d ie n ts .  Background s u r fa c e  r e f l e c t a n c e s  may 

v a ry  depending  on ground c o v e r , s u r f a c e  f i lm s  on w a te r  and p ro p o r t io n s  

o f  la n d /w a te r  co v e rag e .

In  a  g e n e ra l  s e n s e , th e  re m o te -s e n s in g  d e s c r ip t io n  i s  com plex, b u t 

w ith  p ro p e r  m is s io n  p la n n in g  and  c e r t a i n  a ssu m p tio n s , a  r e l a t i v e l y  sim ple  

model i s  p o s s ib le .  C onsider th e  u se  o f  a  sp e c tro m e te r  w hich m easu res 

o n ly  a lo n g  a  n a d ir  l i n e  o f  f l i g h t  ($ = c o n s ta n t ) .  The m is s io n  i s  flow n 

a t  a  f ix e d  a l t i t u d e  (Z = c o n s ta n t )  a lo n g  a  f ix e d  f l i g h t  l i n e  over a  

s h o r t  enough tim e  p e r io d  t h a t  th e  s o la r  geom etry  does n o t change 

a p p re c ia b ly  (H, i|j f i x e d ) .  A ls o , th e  m is s io n  i s  e x e cu te d  when th e  s o la r  

a l t i t u d e  a n d /o r  w indspeeds a r e  low  enough such t h a t  s u n g l i t t e r  i s  n o t a 

f a c to r  ( L g ^  = 0 )• Assume a  r e l a t i v e l y  c o n s ta n t  background r e f l e c t a n c e  

and no bo ttom  r e f l e c t a n c e s .  Under th e s e  assu m p tio n s e q u a tio n  (9 -1 )  

becomes

LZ(A) = Ta (A)[L(A) + Lsk y U ) ]  + L*(X) (9 -2 )

w here i t  i s  u n d e rs to o d  t h a t  T , L and L* a ls o  depend on th e
21 S icy

a tm o sp h e ric  ty p e .  Many re m o te -se n s in g  m is s io n s  a r e  p lan n ed  to  f i x  many 

o f  th e  i n f l u e n t i a l  v a r i a b le s  a s  j u s t  o u t l in e d .
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A u s tin  (197k) e s t im a te s  k g j ^ ^ )  ^y  rep la ce m e n t w ith

Lsk y (X) = .021 L*(A) (9 -3 )

w here th e  f a c to r  .021  r e p r e s e n ts  th e  P re s n e l  r e f l e c t a n c e  f o r  a  smooth 

s u r fa c e  fo r  a  n a d ir - lo o k in g  s e n so r . U t i l i z in g  e q u a tio n s  (9 -2 ) 

and (9 -3 )  t o  c a lc u la t e  th e  a p p a re n t r a d ia n c e  a t  a l t i t u d e  r e q u i r e s  

knowledge o f  th e  t ra n s m it ta n c e  and p a th  ra d ia n c e  a s  a  fu n c t io n  o f  

w aveleng th  and a tm o sp h e ric  ty p e .

Model A tm ospheres

The t r a n s m it ta n c e  r e p r e s e n ts  th e  a t t e n u a t io n  e f f e c t  o f  th e  a tm osphere 

on th e  up w ell ra d ia n c e  s ig n a l .  A u s tin  (197*0 p r e s e n ts  model r e s u l t s  

and e x p e rim e n ta l ev id en ce  o f  th e  s p e c t r a l  d i s t r i b u t i o n  o f  v e r t i c a l  

t r a n s m it ta n c e  th ro u g h  th e  e n t i r e  a i r  m ass ( i . e . ,  s a t e l l i t e  a l t i t u d e s )  

f o r  v a r io u s  a tm osphere  ty p e s .  Two model c u rv e s  w ere s e le c te d  f o r  u se  

in  t h i s  a n a ly s i s  a s  shown in  f ig u r e  8 k ( a ) .  The upper cu rve  r e p r e s e n ts  

t ra n s m it ta n c e  f o r  a  c le a r  sky (no a e ro s o ls )  w here th e  s c a t t e r in g  i s  o f  

th e  R a y le ig h  ty p e .  A tte n u a t io n  i s  s t r o n g e s t  i n  th e  b lu e  ( lo w )s p e c tr a l  

ra n g e . The low er cu rve  in  f ig u r e  8 k (a )  r e p r e s e n ts  th e  r e s u l t s  f o r  a 

Mie s c a t t e r in g  ty p e  o f  atm osphere  c o n ta in in g  a e r o s o l s .  The t r a n s m itta n c e  

i s  red u ced  over t h a t  o f  th e  R ay le igh  ty p e ,  b u t th e  g e n e ra l  curve 

shapes a re  s im i la r .  The two cu rv es  have been e x tr a p o la te d  f o r  th e  

700 to  1000 nm w aveleng th  range  based  on t r a n s m it ta n c e  s p e c t r a l  v a r i a 

t i o n  model s tu d ie s  by T urner (1973).
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P ath  ra d ia n c e  i s  due t o  s u n lig h t  and s k y l ig h t  s c a t t e r e d  in to  th e  

p a th  o f  s ig h t  betw een th e  w a te r s u r fa c e  and rem ote s e n s o r . At 

s a t e l l i t e  a l t i t u d e s ,  t h i s  component even on c le a r  days may exceed  th e  

em ergent upw ell s ig n a l  from th e  w ater by  a  f a c to r  o f  fo u r  o r  f i v e .  The 

s p e c t r a l  v a r i a t i o n  o f  p a th  ra d ia n c e  i s  p re s e n te d  i n  f ig u r e  8M b) 

f o r  th e  R ay le ig h  and Mie s c a t t e r in g  a tm osphere  ty p e s  based  on model 

in fo rm a tio n  p re s e n te d  by A u s tin  (197*0 and m easurem ents o f  sky ra d ia n c e  

(which has a  s im i la r  s p e c t r a l  v a r i a t i o n  t o  p a th  r a d ia n c e )  by Klemas e t  a l  

(1978a). The d a ta  has been a r b i t r a r i l y  n o rm alized  t o  one a t  700 nm 

and p lo t t e d  on a lo g  s c a le .  The a c tu a l  m agnitude depends on th e  p a th  

d is ta n c e  betw een th e  rem ote se n so r and w a te r s u r f a c e .

C onsider nex t th e  s p e c tr a  o r ig i n a l l y  fo rm u la te d  f o r  l i n e a r

c o n s t i tu e n t  A, g iv en  in  f ig u r e  10 , and s p e c i f i c a l l y  th e  spectrum  f o r

1+0 a r b i t r a r y  u n i t s  c o n c e n tra t io n . The n o rm alized  p a th  ra d ia n c e  c u rv e s

in  f ig u r e  81+(b) were s c a le d  a r b i t r a r i l y  such t h a t  th e  "R ay le igh"

ty p e  p a th  ra d ia n c e  exceeded th e  t r a n s m it te d  peak v a lu e  o f  m o d ified

upw ell ra d ia n c e  (T (L + L )) by a  f a c to r  o f  tw o , w hereas f o r  th e  
3* SK y

"Mie" ty p e  a tm osphere , th e  p a th  ra d ia n c e  f a c to r  was ta k e n  to  be f iv e .

E quations (9 -2 )  and (9 -3 ) were th e n  u sed  t o  c a lc u la t e  t o t a l  ra d ia n c e

s p e c t r a  fo r  th e  a l t i t u d e  o f  th e  rem ote se n so r  f o r  a l l  upw ell s p e c tra

g iv en  by f ig u r e  10. F ig u re  85 shows a  t y p ic a l  exam ple f o r  th e

d i f f e r e n t  atm osphere ty p e s ,  p lo t t e d  on a sem i-lo g  s c a le .  The o r ig in a l

up w ell spectrum  i s  fo r  1+0 u n i t s  c o n c e n tra t io n  o f  c o n s t i tu e n t  A. The

t r a n s m it te d  cu rv es  (T (L + L . ) )  a r e  somewhat changed in  shape
el s K y
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from th e  o r ig i n a l  upw ell spectrum . The p a th  r a d ia n c e s ,  L*, a re  th e  

l a r g e s t  s in g le  f a c to r s  o f  th e  t o t a l  s p e c t r a .  S p e c tr a -w is e , th e  t o t a l  

s ig n a l  r e c e iv e d  a t  th e  rem ote se n so r  lo o k s  l i t t l e  l i k e  what o r ig in a lly -  

emerged from  th e  w a te r s u r f a c e .

H e n c e fo r th , th e  "R ay le igh"  a tm osphere  ty p e  i s  term ed  th e  "weak" 

a tm o sp h e re , w hereas th e  "Mie" a tm osphere  i s  term ed  th e  " s tro n g "  

a tm o sp h ere . The s p e c t r a l  t r a n s m it ta n c e  ( f i g .  8U (a)) and a b s o lu te  

m agnitude p a th  ra d ia n c e  s p e c t r a  ( f i g .  85) f o r  th e s e  two atm osphere 

ty p e s  w ere u t i l i z e d  t o  m odify  a l l  upw ell s p e c t r a  c o n s id e re d  in  th e  

su b seq u en t a n a ly s e s .

I n  t h i s  a n a ly s i s ,  a  r e s t r i c t i v e  form  o f  th e  g e n e ra l  r a d i a t i v e  

t r a n s f e r  e q u a tio n  i s  u t i l i z e d  and th e  p a r t i c u l a r  t r a n s m it ta n c e  and 

p a th  r a d ia n c e  fu n c t io n s  u sed  co rre sp o n d  to  n a d ir - lo o k in g  re m o te -se n s in g  

f l i g h t  a t  s a t e l l i t e  o r  h ig h  a l t i t u d e s .  These r e s t r i c t i o n s  and c o n d it io n s , 

how ever, do n o t d im in ish  th e  g o a l o f  e v a lu a t in g  any b a s ic  changes in  

th e  c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  te c h n iq u e . In  e a r l i e r  c h a p te r s ,  

c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  was shown t o  a p p ly  in  an e x a c t manner 

( t o t a l  v a r ia n c e  e x p la in e d  f o r  each  c o n s t i tu e n t  p r e s e n t  u s in g  a  s in g le  

c h a r a c t e r i s t i c  v e c to r  f o r  each  c o n s t i tu e n t )  f o r  l i n e a r  and sim ple 

n o n lin e a r  in d iv id u a l ,  s p a t ia l ly - in d e p e n d e n t , and m ix tu re s  o f  c o n s t i tu e n t s  

a s  w e ll  a s  f o r  th e  3 0 -s p e c tra  " f l i g h t  c a se s "  fo rm u la te d  u t i l i z i n g  th e s e  

c o n s t i tu e n t  fo rm s. The fo llo w in g  a n a ly s i s  r e s t r i c t s  i t s e l f  to  a s tu d y  

o f  such  e x a c t c a s e s  w ith  th e  re a so n in g  t h a t  any b a s ic  changes in  

c h a r a c t e r i s t i c  v e c to r  a n a ly s is  w i l l  a p p ly  a s  w e ll  t o  th e  in s ta n c e s
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o f  w av e len g th -d ep en d en t c o n s t i tu e n t s  o r  n o n lin e a r  s u p e rp o s i t io n  o f  

c o n s t i tu e n t s .

L in e a r  and Sim ple N o n lin ea r  C o n s t i tu e n ts

S p e c tra  o f  l i n e a r  c o n s t i tu e n t s  A, B, and C (se e  t a b l e  2) and  

sim p le  n o n l in e a r  c o n s t i tu e n t s  A, B, and C w ith  pow ers p = 0 .5  

(se e  t a b l e  11) and p = 1 .5  (se e  t a b l e  12) w ere m o d if ie d  u s in g  

e q u a tio n s  (9 -2 )  and (9 -3 )  based  on th e  weak and s tro n g  a tm o sp h e ric  

p a ra m e te rs  p re s e n te d  in  th e  p re v io u s  s e c t io n .  P a th  r a d ia n c e s  w ere 

s u i t a b ly  a d ju s te d  f o r  th e  sim ple  n o n lin e a r  powers to  m a in ta in  t h e  same 

r e l a t i v e  m agn itudes  w ith  r e s p e c t  t o  th e  c o n s t i tu e n t  s p e c t r a .  T ab le  2b 

l i s t s  th e  m o d if ie d  s p e c t r a  o b ta in e d  f o r  c o n s t i tu e n t  A f o r  pow er-law  

powers p = 0 .5 ,  1 .0 ,  and 1 .5  f o r  b o th  weak and s tro n g  a tm o sp h e res . 

These s p e c t r a  may be compared to  th e  unm odified  s p e c t r a  g iv en  in  

t a b l e s  2 , 1 1 , and 12 . S im ila r  m o d if ie d  r e s u l t s  w ere o b ta in e d  f o r  

c o n s t i tu e n t s  B and C b u t ,  f o r  b r e v i t y ,  a re  no t p re s e n te d  h e re .

A ll  o f  th e  m o d if ie d  s p e c t r a  s e t s  f o r  th e  t h r e e  c o n s t i tu e n t s  were 

s u b je c te d  t o  a  c h a r a c t e r i s t i c  v e c to r  a n a ly s i s .

The mean s p e c t r a l  ra d ia n c e s  f o r  th e  m o d if ie d  c o n s t i tu e n t  s p e c t r a l  

s e t s  a l l  e x h ib i te d  a  l a r g e  in c r e a s e  o v e r  th o se  f o r  th e  unm odified  

s p e c t r a ,  n o t an  u n ex p ec ted  r e s u l t  b e c au se  o f  th e  a d d i t iv e  n a tu re  o f  th e  

sky and p a th  r a d ia n c e s .  A lso , th e  c o r r e l a t i o n  m a tr ic e s  R fo r  a l l  

c o n s t i tu e n t  c a se s  rem ained  eq u a l to  u n i ty  in d ic a t in g  t o t a l  in te rb a n d  

c o r r e l a t i o n s ,  a s  f o r  th e  a tm o sp h e re -f re e  c o n s t i tu e n t s  ( e . g . ,  t a b l e  3 

f o r  th e  l i n e a r  c o n s t i tu e n t  c a s e s ) .  T h is  r e s u l t  in d ic a te d ,  in  p re v io u s
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p re v io u s  w ork, t h a t  a  s in g le  e ig e n v e c to r  sh o u ld  d e f in e  an  n -band  space 

d i r e c t i o n  t h a t  a c co u n ts  f o r  100$ o f  th e  t o t a l  d a ta  v a r ia n c e  ( i . e . ,  

d i s t r i b u t i o n )  a lo n g  t h a t  d i r e c t i o n .  In d ee d , t h i s  was th e  c a se  f o r  a l l  

c o n s t i tu e n t  s p e c t r a  s e t s ,  w hether l i n e a r  o r  s im p le  n o n lin e a r  powers 

w ere u se d . Most im p o r ta n t ly , how ever, th e s e  c h a r a c t e r i s t i c  v e c to r s  

w ere n o t th e  same as  d e r iv e d  fo r  th e  a tm o s p h e re -f re e  c o n s t i tu e n t s  a s  

th e  com parison  t a b l e  25 shows. W ith t h e  in te r v e n in g  atm osphere 

m od ify ing  th e  s p e c t r a l  c h a r a c t e r i s t i c s  o f  th e  upw ell s p e c t r a  (chang ing  

c h a r a c t e r i s t i c  v e c to r s ) ,  a  p o t e n t i a l  problem  e x i s t s  i n  c o n s t i tu e n t  

i d e n t i f i c a t i o n  i f ,  f o r  exam ple, th e  c h a r a c t e r i s t i c  v e c to r s  from 

l a b o r a to r y  t e s t s  o r  d e r iv e d  under d i f f e r e n t  a tm o sp h e ric  c o n d it io n s  a re  

u se d  f o r  com parison  in  th e  r o t a t i o n a l  t r a n s fo rm a t io n  se a rc h  f o r  s t r u c tu r e  

d e s c r ib e d  in  p re v io u s  c h a p te r s .  The s c a l a r  m u l t ip l e s ,  on th e  o th e r  han d , 

fo r  th e  a tm osp h ere -m o d ified  s p e c tr a  s e t s ,  rem ained  i d e n t i c a l  to  th o se  

o f  th e  a tm o sp h e re -f re e  c a se s  (se e  t a b l e s  5 and 1 3 ). T h is in d ic a te s  

t h a t  r e l a t i v e  q u a n t i f i c a t i o n ,  w ith o u t s u r f a c e  t r u t h ,  o r  a b s o lu te  

q u a n t i f i c a t i o n ,  w ith  m inim al s u rfa c e  t r u t h ,  i s  u n a f f e c te d  by th e  added 

a tm o sp h ere . I t  i s  p r e c i s e ly  t h i s  r e s u l t  t h a t  a llo w s  f o r  a  m u l t ip le -  

r e g r e s s io n  c o r r e la t io n  o f  s p e c t r a l  r a d ia n c e s  w ith  s u r f a c e - t r u t h  d a ta  

even in  th e  p re se n c e  o f  a  h o riz o n ta lly -h o m o g en eo u s  a tm osphere  

(W hitlock  1977a).

A q u e s tio n  a r i s e s  a s  t o  th e  c a u s a l  f a c t o r  fo r  th e  c h a r a c t e r i s t i c

v e c to r  changes. I t  i s  su sp e c te d  t h a t  s in c e  T L , and L* a re
a  sky

sim ply  a d d i t iv e  c o n s ta n t te rm s fo r  a l l  s p e c t r a  ( i . e . ,  a  h o r iz o n ta l ly -
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homogeneous a tm o sp h e re ), th e  changes a re  r e l a t e d  to  th e  a tm ospheric  

t r a n s m i t ta n c e ,  s p e c i f i c a l l y ,  i t s  s p e c t r a l  v a r i a t i o n .  To t e s t  t h i s  

s u p p o s i t io n ,  th e  s tro n g  atm osphere c o n s t i tu e n t  c a se s  ( l i n e a r  and sim ple 

n o n lin e a r  pow ers) were reexam ined u s in g  a  c o n s ta n t ,  av e rag e  v a lu e  o f  

a tm o sp h eric  t r a n s m i t ta n c e ,  T = 0 .7 8 2 , a s  a  s u b s t i t u t e  f o r  th e
Si

w av e leng th -dependen t cu rve  p re s e n te d  in  f ig u r e  8U (a). I t  was found 

t h a t  c h a r a c t e r i s t i c  v e c to r s  d e r iv e d  f o r  th e s e  d a ta  s e t s  w ere eq u a l 

t o  th e  o r ig in a l  v e c to r s  c a lc u la te d  f o r  th e  a tm o sp h e re -fre e  s p e c t r a .

T his confirm ed  t h a t  i t  i s  th e  w aveleng th -dependen t c h a ra c te r  o f  th e  

t r a n s m it ta n c e ,  T (X ) , a lo n e  which r e s u l t s  in  a  w aveleng th  s h i f t  o f  th e
9.

s p e c t r a  s e t s ,  r e s u l t i n g  in  a c h a r a c t e r i s t i c  v e c to r  s h i f t .  In  th e  

exam ples c o n s id e re d , f o r  th e  weak and s tro n g  a tm o sp h e res , th e  changes 

in  v e c to r  components ranged  up to  11 .9$  and 1 6 .5 $ , r e s p e c t iv e ly .  How 

im p o rta n t m ight th e s e  s p e c t r a l  s h i f t s  be under o th e r  a tm ospheric  

c o n d it io n s ?  T urner (1973) p re s e n ts  model r e s u l t s ,  f o r  1 km a l t i t u d e ,  fo r  

w aveleng th -dependen t tra n s m itta n c e  a t  s e v e ra l  v a lu e s  o f  h o r iz o n ta l  v i s u a l  

ra n g e , a  pa ram ete r t h a t  g iv e s  a p r a c t i c a l  d e s c r ip t io n  o f  a tm ospheric  

ty p e s  f o r  rem o te -se n s in g  a p p l i c a t io n s .  F ig u re  86 rep ro d u c e s  th e s e  d a ta  

f o r  th e  w avelength  ran g es  o f  i n t e r e s t  f o r  t h i s  s tu d y . A v i s u a l  ran g e  o f  

i n f i n i t y  ( tr a n s m itta n c e  e q u a ls  one) i s  th e  c a se  o f  no a tm osphere . For 

v i s u a l  ran g es  336 km and 23 km one has a  v e ry  c le a r  and m o d era te ly  

c le a r  atm osphere w hereas f o r  8 km and 2 km one has a m odera te ly  hazy 

and dense haze a tm osphere , r e s p e c t iv e ly .  C o n s t itu e n t  A s p e c tr a  were 

m o d ified  by u s in g  th e s e  t ra n s m itta n c e  c u rv e s . The s tro n g  atm osphere 

sky and p a th  ra d ia n c e s  were l e f t  unchanged a s  th e y  do n o t ,  f o r  a
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h o r iz o n ta l ly  homogeneous a tm o sp h ere , cau se  any changes in  th e  

c h a r a c t e r i s t i c  v e c to r s  a s  p re v io u s ly  d e m o n s tra ted . The c h a r a c t e r i s t i c  

v e c to r  com ponents, v ^ ,  d e r iv e d  f o r  th e  t r a n s m it ta n c e  fu n c t io n s  g iven  

in  f ig u r e  86 w e re :

W avelength
(nm) 00

v  a t  s p e c i f ic  v i s u a l  ran g e s  (km) 

J 336 23 8 2

500 0 .206 0 . 201+ 0 .200 O.185 0.ll*3

550 .292 .290 .286 .271 .225

600 .358 .357 .353 .309

650 .399 .399 .398 .39b .378

700 .1*13 .1+13 .fcl5 .1*17 .1*17

750 .399 .399 . 1*02 .1*07 .1*25

800 .358 .358 .361 .371 . 1*01

850 .292 .293 .296 .306 .338

900 .206 .207 .210 .219 .21*8

The c h a r a c t e r i s t i c  v e c to r s  do change w ith  each  t r a n s m it ta n c e  f u n c t io n ,  

b u t p e rc e n ta g e w ise  th e  changes a re  no t a s  l a r g e  a s  f o r  th e  t r a n s m it ta n c e  

and rem ain  r a th e r  sm a ll u n t i l  hazy  a tm o sp h eric  c o n d it io n s  a re  reach ed  

( v is u a l  ra n g e s  8 and 2 km).

In  th e  p re v io u s  exam ples, th e  s p e c tr a  w ith in  a  s e t  w ere m o d ified  

e q u a lly  by th e  p a r t i c u l a r  a tm osphere u se d , e i t h e r  s tro n g  o r  weak. T h is 

was r e f e r r e d  t o  as a h o rizo n ta lly -h o m o g en eo u s  a tm osphere  s in c e ,  i f  th e  

s p e c t r a  were c o n s id e re d  t o  be c o l l e c te d  a lo n g  a  f l i g h t  p a th ,  th e  

a tm osphere  ap p eared  th e  same a t  a l l  c o l l e c t i o n  p o in ts  a lo n g  t h a t  f l i g h t
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p a th .  For t h e  n e x t s im u la t io n s ,  how ever, th e  a tm osphere  was a llow ed  

t o  v a ry  a lo n g  th e  f l i g h t  p a th  f o r  w hich u p w e ll s p e c t r a  w ere c o l l e c t e d .

T h is  r e p r e s e n t s  a  h o r iz o n ta l ly - v a r i a b le  a tm o sp h ere . S p e c i f i c a l ly ,  

th e  s p e c t r a  w ere c o n s id e re d  c o l l e c t e d  in  o rd e r  o f  in c r e a s in g  con

s t i t u e n t  c o n c e n t r a t io n s ,  i . e . ,  0 , 1 0 , 2 0 , 30 , 1+0 a r b i t r a r y  u n i t s  as 

f l i g h t  l i n e  d is ta n c e  in c r e a s e d . The a tm o sp h e ric  m o d if ic a tio n  te rm s o f  

t r a n s m i t ta n c e ,  T (A ), and p a th  r a d ia n c e ,  L*( A) ,  w ere l i n e a r l y  

v a r ie d  from  weak t o  s tro n g  a lo n g  th e  f l i g h t  p a th .  T hus, a t  t h e  l i m i t s ,  

a t  ze ro  c o n s t i tu e n t  c o n c e n tra t io n  a t  one end o f  th e  f l i g h t  p a th ,  th e  

u p w e ll s p e c t r a  w ere m o d if ie d  u s in g  weak a tm o sp h e ric  te rm s , w h ereas , 

a t  th e  o th e r  end o f  th e  f l i g h t  l i n e ,  a t  1+0 u n i t s  c o n s t i tu e n t  c o n c e n t r a t io n ,  

s tro n g  a tm o sp h eric  m o d if ic a tio n  te rm s  w ere u se d . In te rm e d ia te  con

c e n t r a t io n s  w ere m o d if ie d  w ith  a tm o sp h e ric  te rm s  in te rm e d ia te  betw een 

weak and s tro n g . T h is  r e p r e s e n t s  a  r e a l i s t i c  s i t u a t i o n ,  fo r  exam ple, 

o f  an  a i r c r a f t  c o l l e c t i n g  upw ell s p e c t r a  c o rre sp o n d in g  t o  r i s i n g  

sed im ent c o n c e n tra t io n s  i n  th e  ocean  a s  a  s h o re l in e  i s  app roached .

The atm osphere may be chang ing  a s  w e ll  from  c l e a r  c o n d it io n s  over th e  

ocean t o  hazy c o n d it io n s  n e a r  l a n d .  H e n c e fo r th , t h i s  i s  r e f e r r e d  to  

a s  th e  " w e a k -to -s tro n g "  a tm osphere  m o d if ic a t io n .  The o p p o s ite  

s i t u a t i o n  was a ls o  c o n s id e re d , w hereby th e  a tm osphere  v a r ie d  in s te a d  

from  s tro n g - to -w e a k  a lo n g  th e  h y p o th e t ic a l  f l i g h t  l i n e .  I f  th e  

c o n c e n tra t io n s  o f  c o n s t i tu e n t s  in  w a te r  w ere random a lo n g  th e  f l i g h t  

l i n e ,  t h i s  f l i p - f l o p  o f  a tm o sp h e ric  v a r i a t i o n  would be im m a te ria l.

But w ith  a  d i r e c t i o n a l  p re fe re n c e  shown by  th e  c o n s t i tu e n t  c o n c e n t r a t io n s ,  

th e  o rd e r  o f  a tm o sp h eric  v a r i a t i o n  i s  im p o r ta n t .
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A ll  c o n s t i tu e n t  s p e c t r a  s e t s  p r e v io u s ly  c o n s id e re d  w ere m o d ified  

u s in g  a  w e a k - to -s tro n g  and s tro n g - to -w e a k  l i n e a r  a tm o sp h e ric  v a r i a t i o n  

a lo n g  th e  f l i g h t  p a th .  A c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  o f  th e  m o d if ie d  

s p e c t r a  s e t s  r e v e a le d  i n t e r e s t i n g  and im p o rta n t v a r i a t i o n s  from  th e  

h o riz o n ta lly -h o m o g en eo u s  atm osphere  and no a tm osphere  r e s u l t s .  For 

a l l  c a se s  c o n s id e re d , th e  c o r r e la t io n  m a tr ic e s  f o r  th e  ra d ia n c e  s p e c t r a  

had te rm s l e s s  th a n  one p re s e n t  in d ic a t in g  l e s s  th a n  p e r f e c t  in te rb a n d  

c o r r e la t io n s .  In d e e d , th e  p e rc e n ta g e s  o f  v a r ia n c e  e x p la in e d  u s in g  th e  

f i r s t  p r i n c i p a l  ax e s  e ig e n v e c to r  ran g ed  from  98 .^12#  to  99*999$ 

depending  on th e  c o n s t i tu e n t  (A, B, o r  C) and power (p = 0 .5 ,  1 .0 ,  1 .5 )  

u se d . T h is same l e s s - th a n - p e r f e c t  b e h a v io r  was e x h ib i te d  f o r  th e  

a tm o sp h e re -f re e  c o n s t i tu e n t  s p e c t r a  s e t s  when th e y  w ere w av e len g th - 

dependent n o n l in e a r .  In  th e  p re s e n t  s i t u a t i o n ,  i t  i s  th e  v a r ia b le  

a tm ospheric  m o d if ic a t io n  te rm s t h a t  have added a  w avelen g th -d ep en d en t 

n o n l in e a r i ty .  The f i r s t  e ig e n v e c to r s ,  ta k e n  t o  be c h a r a c t e r i s t i c  

v e c to r s ,  showed m arked d e v ia t io n s  from e i t h e r  th e  a tm o sp h e re -fre e  o r 

h o riz o n ta lly -h o m o g en eo u s  a tm osphere d e r iv e d  c h a r a c t e r i s t i c  v e c to r s .  

A d d i t io n a l ly ,  t h e  s c a la r  m u l t ip le s  a s s o c ia te d  w ith  th e s e  v e c to r s  

changed from  c a s e  t o  c a s e ,  th e  f i r s t  such changes f o r  a tm o sp h ere -m o d ified  

c o n s t i tu e n t  s p e c t r a .  In  th e  i n t e r e s t  o f  b r e v i t y ,  o n ly  c o n s t i tu e n t  A 

r e s u i t s  a re  p re s e n te d  f o r  powers p = 0 .5 ,  1 .0 ,  and 1 .5  in  t a b l e  26. 

Comparison w ith  t a b l e  25 shows th e  obv ious changes i n  c h a r a c t e r i s t i c  

v e c to r  component v a lu e s .  The s c a la r  m u l t ip le s  may be  compared w ith  

t a b l e s  5 and 13 . One may conclude  t h a t  f o r  a  v a r i a b le  a tm o sp h ere , 

th e r e  i s  a  d i s t i n c t  problem  i n  c o n s t i tu e n t  i d e n t i f i c a t i o n  u s in g
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c h a r a c t e r i s t i c  v e c to r s .  I t  i s  more complex th a n  f o r  th e  h o r iz o n ta l ly -  

homogeneous a tm osphere  c a s e s ,  w ith  th e  v e c to r s  chang ing  n o t o n ly  w ith  

c o n s t i tu e n t s  b u t a l s o  w ith  p a r t i c u l a r  pow ers o f  th e  r a d ia n c e -c o n c e n tra t io n  

r e l a t i o n s h ip  f o r  a  c o n s t i tu e n t .  Added to  t h i s  i s  th e  problem  o f  v a r i a t i o n  

in  s c a la r  m u lt ip le  v a lu e s  which have b e e n , in  t h i s  d i s s e r t a t i o n ,  l in k e d  

to  th e  c o n s t i tu e n t  c o n c e n tra t io n s .  The v a r i a b le  r e s u l t s  su g g est a 

problem  in  c o n s t i tu e n t  q u a n t i f ic a t io n  w ith  a  v a r i a b le  a tm osphere . To 

exam ine th e  d eg ree  o f  problem  o r l i m i t a t i o n  t h a t  e x i s t s ,  l i n e a r  and 

s im p le  n o n lin e a r  s c a l in g  o f  th e  s c a l a r  m u l t ip le s  were perform ed u s in g  

th e  te c h n iq u e s  developed  in  C hap ters  V and VI. The r e s u l t s  a re  

p l o t t e d  a s  f ig u r e  87 f o r  th e  l i n e a r  and sim p le  n o n lin e a r  powers fo r  

c o n s t i tu e n t  A f o r  b o th  th e  w e a k - to -s tro n g  and s tro n g - to -w e a k  a tm ospheric  

v a r i a t i o n s .  I t  i s  e v id e n t t h a t  l e s s - th a n - p e r f e c t  q u a n t i f i c a t i o n  r e s u l t s  

now e x i s t  f o r  v a r ia b le -a tm o sp h e re  c a s e s .  The seem ing ly  c lo s e  f i t  f o r  

th e  l i n e a r  c a se  (p = 1 .0 )  i s  d e c e p tiv e  a s  a  l i n e a r  a tm ospheric  

v a r i a t i o n  i s  superim posed on a  l i n e a r  c o n c e n tra t io n  v a r i a t i o n  a long  th e  

f l i g h t  p a th . A more g e n e ra l  a tm ospheric  v a r i a t i o n  would l i k e l y  degrade  

th e s e  r e s u l t s  a s  .w e ll.

I n  summary, i t  has been  shown t h a t  a  h o rizo n ta lly -h o m o g en eo u s  

a tm o sp h eric  p re se n c e  w i l l  m odify c o n s t i tu e n t  c h a r a c t e r i s t i c  v e c to rs  

b u t n o t th e  a s s o c ia te d  s c a la r  m u lt ip le s  w h ile  f o r  a  v a r i a b le  a tm osphere , 

b o th  th e  v e c to r s  and s c a l a r  m u lt ip le s  v a ry  a s  th e  m easured upw ell 

s p e c t r a  assume a  w aveleng th -dependen t n o n l in e a r i ty .
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S p a tia l ly - In d e p e n d e n t  and M ix tu res  o f  C o n s t i tu e n ts

Nine and 2 5 - s p e c tra  s e t s  o f  c o n s t i tu e n t s  A + B and A + C f o r  

l i n e a r  (p = 1 .0 )  and s im p le -n o n lin e a r  (p  = 0 .5 ,  1 .5 )  r a d ia n c e -  

c o n c e n tra t io n  r e l a t i o n s h ip s ,  o r i g i n a l l y  s tu d ie d  in  C h ap te rs  V and V I, 

were m o d ified  by th e  h o rizo n ta lly -h o m o g en eo u s  weak and s tro n g  a tm o sp h e res . 

These m o d if ie d  s p e c t r a  s e t s  were s u b je c te d  to  c h a r a c t e r i s t i c  v e c to r  

a n a ly s i s .  For th e  u s u a l  t r a n s f e r ,  by ax es  r o t a t i o n s ,  o f  c a lc u la te d  

s c a la r  m u l t ip le s  in to  an o b liq u e  a x is  sy stem , com parison  c h a r a c t e r i s t i c  

v e c to r s  were r e q u i r e d  f o r  c o n s t i tu e n t  i d e n t i f i c a t i o n .  For t h i s  s tu d y , 

t a b l e  25 p ro v id e s  th e  c h o ic e  o f  u s in g  a tm o sp h e re -in f lu e n c e d  c h a r a c te r 

i s t i c  v e c to r s  (weak o r  s tro n g )  o r  th e  o r ig i n a l  v e c to r s  d e r iv e d  w ith o u t 

th e  p re se n c e  o f  a tm o sp h eric  e f f e c t s .  Axes r o t a t i o n s  u s in g  b o th  po s

s i b i l i t i e s  were i n v e s t ig a te d .

A n a ly s is  r e s u l t s  d em o n stra ted  t h a t  even under th e  in f lu e n c e  o f  a 

h o rizo n ta lly -h o m o g en eo u s  a tm o sp h ere , th e  f i r s t  two p r in c ip a l  axes 

e ig e n v e c to rs  c a lc u la te d ,  in  a l l  c a s e s ,  acco u n ted  f o r  100$ o f  th e  t o t a l  

d a ta  v a r ia n c e .  However, th e  d i s t r i b u t i o n  o f  th e  p e rc e n ta g e s  o f  v a r ia n c e  

e x p la in e d  ( l^  and 1^) v a r ie d  from  th o s e  d e r iv e d  f o r  th e  a tm osphere- 

f r e e  c a se s  (C hap te rs  V and VI) a s  d id  th e  s c a l a r  m u l t ip le  v a lu e s  in  th e  

o r ig i n a l  p r in c ip a l  axes system . P lo ts  o f  th e  s c a l a r  m u l t ip le  p o in ts  

showed, how ever, th e  same r e l a t i v e  d i s t r i b u t i o n s  a s  f o r  th e  a tm osphere- 

f r e e  s i t u a t i o n s .  Axes r o ta t io n s  were f i r s t  e x ecu ted  u s in g  th e  a tm osphere- 

in f lu e n c e d  c h a r a c t e r i s t i c  v e c to r s  ( t a b le  25) to  i d e n t i f y  c o n s t i tu e n ts  

( r e c a l l  eq s . (5 -1 1 ) , ( 5 -1 2 ) ,  (U -33 ), (U—3 ^ ))-  A f te r  t r a n s f e r  in to
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th e  o b liq u e  a x is  sy stem , th e  tra n s fo rm e d  s c a l a r  m u l t ip le s  were th e  

same, i n  a l l  c a s e s ,  as th o se  d e r iv e d  in  C h ap te rs  V and VI (se e  f i g s .  19 , 

32 , and 33 , f o r  exam ple). Assuming a  b a se  w a te r  p re s e n c e ,  r e l a t i v e  

q u a n t i f i c a t i o n  u s in g  l i n e a r  o r  s im p le -n o n lin e a r  s c a l in g  y ie ld e d  e x a c t 

r e s u l t s  in  a l l  c a s e s .

Axes r o t a t i o n s  were a ls o  perfo rm ed  u s in g  th e  a tm o sp h e re -f re e  

c h a r a c t e r i s t i c  v e c to r s  f o r  c o n s t i tu e n t  i d e n t i f i c a t i o n .  Optimum 

r o t a t i o n  a n g le s  ( s a t i s f y in g  e q s . (5 -11) and (5 -1 2 ) )  were d i f f e r e n t  from 

th o s e  f o r  th e  a tm o sp h e re -fre e  s i t u a t i o n s  in  C h ap te rs  V and VI o r  th o se  

found u s in g  th e  a tm o sp h e re -in f lu e n c e d  c o n s t i tu e n t  v e c to r s  j u s t  d is c u s s e d . 

T ra n sfe re n c e  o f  th e  c a lc u la te d  s c a l a r  m u l t ip le s  i n to  th e  so -d e f in e d  

o b liq u e  axes  system s r e s u l t e d  in  v a lu e s  n o t th e  same a s  f o r  th e  

a tm o sp h e re -f re e  c o n d it io n s .  L in ear o r  s im p le -n o n lin e a r  s c a l in g  o f  th e s e  

tra n s fo rm e d  s c a la r  m u l t ip le s  r e s u l t e d  in  in a c c u ra te  r e l a t i v e  q u a n t i f i 

c a t io n  in fo rm a tio n .

To i l l u s t r a t e  some t y p ic a l  r e s u l t s  o f  t h i s  s tu d y , c o n s id e r  th e  

c a se  o f  a  s tro n g  atm osphere  m o d ified  25- s p e c t r a  s e t  r e p r e s e n t in g  a  

m ix tu re  o f  l i n e a r  c o n s t i tu e n t s  A + C. No prob lem s in  c o n s t i tu e n t  

i d e n t i f i c a t i o n  o r r e l a t i v e  q u a n t i f i c a t i o n  were en c o u n te re d  when th e  

s tro n g  a tm o sp h e re -in f lu e n c e d  c h a r a c t e r i s t i c  v e c to r s  f o r  A and C were 

u sed  f o r  com parison  p u rp o se s . Problem s were e n c o u n te re d , how ever, when 

th e  a tm o sp h e re -fre e  c h a r a c t e r i s t i c  v e c to r s ,  v^ and v^ from  t a b l e  25 

were used in  a  r o t a t i o n a l  se a rc h  f o r  s t r u c tu r e .  E q u a tio n s  (5 -11 ) and 

(5 -12 ) were not s a t i s f i e d  e x a c t ly .  F ig u re  8 8 (a ) p r e s e n ts  th e  tra n sfo rm ed  

s c a la r  m u l t ip le s  in  th e  o p tim ized  o b liq u e  axes sy stem . C le a r ly ,  th e
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l i n e s  o f  c o n s ta n t  c o n c e n tra t io n s  o f  A and C do n o t a l i g n  w ith  th e
i »

^1* ^2 ax es  a s  'they  sh o u ld . F ig u re  8 8 (h )  shows th e  c o n s ta n t  con

c e n t r a t i o n  mesh l i n e s  a f t e r  a p p l i c a t io n  o f  l i n e a r  s c a l in g ,  knowing 

p o in t  0 t o  have been  b a se  w a te r . P o in t  X l i e s  a lo n g  th e  mesh l i n e  f o r  

z e ro  c o n c e n t r a t io n  o f  c o n s t i tu e n t  C, b u t a  n e g a tiv e  c o n c e n tra t io n  i s  

in d ic a te d .  L ik e w ise , p o in t  Y sh o u ld  i n d ic a te  a  ze ro  c o n c e n tra t io n  

o f  c o n s t i tu e n t  A, b u t a  p o s i t i v e  c o n c e n tra t io n  i s  im p lie d . For 

m ix tu re  p o in t  Z, th e  im p lied  c o n c e n tra t io n  f o r  c o n s t i tu e n t  C i s  to o  

low .

I t  i s  conc luded  t h a t  th e  p re se n c e  o f  a  h o rizo n ta lly -h o m o g en eo u s  

a tm osphere  does n o t n e c e s s a r i ly  deg rade  th e  a b i l i t y  o f  a  c h a r a c t e r i s t i c  

v e c to r  a n a ly s i s  to  p ro v id e  a c c u ra te  r e l a t i v e  q u a n t i f ic a t i o n  p ro v id e d  

th e  com parison  c h a r a c t e r i s t i c  v e c to r s  u sed  f o r  i d e n t i f i c a t i o n  a ls o  have 

been  m o d if ie d  by th e  same ty p e  a tm o sp h ere . Use o f  any o th e r  com parison  

v e c to r s  r e s u l t s  n o t o n ly  i n  an i n a b i l i t y  to  i d e n t i f y  th e  c o n s t i tu e n t s  

p r e s e n t ,  b u t  in a c c u ra te  r e l a t i v e  q u a n t i f i c a t i o n  in fo rm a tio n  a s  w e l l .  A 

te c h n iq u e  t h a t  i s  v e ry  u s e f u l  i n  e s t im a t in g  a tm o sp h e re -m o d ified  

c h a r a c t e r i s t i c  v e c to r s  i s  t o  f in d  scene lo c a t io n s  ( t r a in i n g  sam ples) 

c o n s i s t in g  o n ly  o f  s in g le  c o n s t i tu e n t s  i n  b a se  w a te r . Use o f  th e  

a tm o sp h e re -m o d ified  s p e c t r a  from th e s e  a r e a s  d e f in e  a tm o sp h ere - 

m o d if ie d  c h a r a c t e r i s t i c  v e c to r s  t h a t  may be u sed  i n  th e  r e s t  o f  th e  

s c e n e , e s p e c i a l l y  i n  m ix tu re  a r e a s ,  p ro v id e d  th e  a tm osphere i s  h o r iz o n ta l 

l y  hom ogeneous. T h is  t r a i n i n g  sam ple te c h n iq u e  was u sed  by Klemas e t  a l  

(1978a, 1978b) f o r  a c id  w a s te , se d im e n t, sewage s lu d g e , c lo u d s  and 

ic e  i n  background  ocean w a te r .  F i r s t  e ig e n v e c to r s  from  th e s e
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c o n s t i tu e n t  ty p e s  d e m o n stra ted  a  d a y - to -d a y  v a r i a b i l i t y  c o n s i s t e n t  

w ith  th e  a tm o sp h e ric  ty p e  changes t h a t  o c c u rre d .

As a  f i n a l  example o f  th e  in f lu e n c e  o f  th e  a tm opshere  on 

c h a r a c t e r i s t i c  v e c to r  a n a ly s i s ,  th e  3 0 -s p e c tra  h y p o th e t ic a l  rem o te- 

s e n s in g  m is s io n  d e p ic te d  by f ig u r e  25 f o r  l i n e a r  c o n s t i tu e n t s  A + B 

was s u b je c te d  t o  m o d if ic a tio n  by: ( l )  s tro n g  and weak h o r iz o n ta l ly -

homogeneous a tm opsheres and (2 ) a  v a r i a b le  a tm osphere w hich l i n e a r l y  

v a r ie d  from  s tro n g - to -w e a k  a lo n g  th e  f l i g h t  l i n e s  ( s tro n g  f o r  s p e c t r a  

num bers 1 o r  30 to  weak a t  s p e c t r a  numbers lit  o r  l 6 — see  f i g .  2 5 ) .

The m ajor p u rp o se  was to  compare r e l a t i v e  q u a n t i f i c a t i o n  r e s u l t s  

in f lu e n c e d  by a tm o sp h e ric s  to  th e  e x a c t  r e s u l t s  d e p ic te d  by f ig u r e  2 7 (b ) .

F or t h e  c a se s  in v o lv in g  h o rizo n ta lly -h o m o g en eo u s  a tm o sp h e res , 

when th e  a p p ro p r ia te  a tm o sp h e re -in f lu e n c e d  com parison  v e c to r s  were 

u se d  ( s t r o n g  o r weak, r e s p e c t iv e ly — see  t a b l e  2 5 ) ,  c o n s t i tu e n t  i d e n t i f i 

c a t io n s  w ere e x a c t and r e l a t i v e  q u a n t i f ic a t i o n  r e s u l t s  e q u a lle d  th o s e  

o f  f ig u r e  2 7 (b ) . When th e  a tm o sp h e re -f re e  c h a r a c t e r i s t i c  v e c to r s  

w ere u s e d , how ever, th e  i d e n t i f i c a t i o n  o f  c o n s t i tu e n t s  A and  B were 

o n ly  app rox im ate  and r e l a t i v e  q u a n t i f ic a t i o n s  w ere l e s s  a c c u ra te .

D e p ic te d  in  f ig u r e  8 9 (a )  a r e  th e  q u a n t i f i c a t i o n  r e s u l t s  when a s tro n g  

a tm osphere  was p r e s e n t ,  w h e re as , f ig u r e  8 9 (b) shows th e  r e s u l t s  when a  

weak a tm osphere  was p r e s e n t .  Com parison w ith  f ig u r e  27 (b ) r e v e a ls  

th e  same g e n e ra l  d i s t r i b u t i o n s  o f  r e l a t i v e  q u a n t i f ic a t i o n s  o f  A and B, 

b u t  d i f f e r e n c e s  up to  0.060 and O.oVf r e l a t i v e  q u a n t i f i c a t i o n  u n i t s  

a r e  n o ted  f o r  th e  s tro n g  and weak a tm o sp h eric  c a s e s ,  r e s p e c t iv e ly .
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More s e r io u s ly  deg raded  r e s u l t s  w ere o b ta in e d  when a  v a r i a b le  

atm osphere waB p r e s e n t .  I t  was found t h a t  two e ig e n v e c to r s  accoun ted  

f o r  99.651% o f  th e  t o t a l  system  v a r ia n c e ,  l e s s  th a n  p e r f e c t  s u g g e s tin g  

w aveleng th -dependen t n o n l in e a r i t i e s  p r e s e n t .  F ig u re  9 0 (a )  shows th e  

s c a la r  m u l t ip le s  c a lc u la te d  f o r  th e  p r in c i p a l  axes system  and may be 

compared w ith  th o s e  f o r  a tm o sp h e re -f re e  c o n d it io n s  in  f ig u r e  26 (a )

( th e  d i s t r i b u t i o n  f o r  th e  h o rizo n ta lly -h o m o g en eo u s  a tm osphere  c a se s  

w ere th e  same a s  f ig u r e  26 ( a ) ,  e x c ep t r o ta t e d  t o  d i f f e r e n t  a n g le s ) .  

There a r e  obv ious la r g e  changes in  th e  d i s t r i b u t i o n  o f  p o in ts  f o r  

th e  v a r ia b le -a tm o sp h e re  c o n d it io n . In  p a r t i c u l a r ,  t h e  b a se  w a te r  

p o in ts  f o r  th e  a tm o sp h e re -fre e  (o r  even h o riz o n ta lly -h o m o g en eo u s) 

c o n d it io n s  w ere th e  same ( s p e c t r a  numbers 1 t o  3 , 13 t o  17 , 28 to  30) 

co rre sp o n d in g  to  eq u a l s p e c t r a .  In  th e  v a r ia b le -a tm o sp h e re  c a se  th e  

base  w a te rs  a t  o p p o s ite  ends o f  th e  f l i g h t  l i n e  a re  s p e c t r a l l y  v e ry  

much d i f f e r e n t  due to  th e  chang ing  a tm o sp h eric  c o n t r ib u t io n s .  T h is  

shows up in  th e  s c a la r  m u lt ip le  d i s t r i b u t i o n  as  w id e ly - s e p a ra te d  base  

w a te r p o in t s .

To i n i t i a t e  a  s e a rc h  f o r  u n d e rly in g  s t r u c tu r e ,  com parison  v e c to r s  

were needed . The q u e s tio n  i s  what ones t o  u se — a tm o s p h e re - f re e , 

s tro n g -  o r  w e a k -in flu e n c e d  o r  some com bina tion  o f  th e  l a t t e r .  To 

b e g in  w i th ,  th e  a tm o sp h e re -fre e  c h a r a c t e r i s t i c  v e c to r s  f o r  v^  and 

Vg were u sed . Even a t  b e s t ,  th e  minimum r e s u l t s  o f  e q u a tio n s  (5 -11 ) 

and (5 -1 2 ) were s i g n i f i c a n t l y  w orse th a n  t h a t  f o r  th e  h o r iz o n ta l ly -  

homogeneous a tm osphere s i t u a t i o n s .  R e g a rd le ss  o f  th e s e  r e s u l t s ,  th e
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s c a l a r  m u l t ip le s  from  f ig u r e  9 0 (a )  w ere tra n s fo rm e d  u s in g  th e  r o t a t i o n  

a n g le s  su g g e s te d  and th e  r e s u l t s  s c a le d  l i n e a r l y  a s  in  p re v io u s

c a s e s .  C le a r ly ,  th e  r e s u l t s ,  d e p ic te d  in  f ig u r e  9 0 (b ) , a r e  p o o r. 

E vidence o f  c o n s t i tu e n t  B a p p e a rs  a s  th e  tw in  peaks o f  th e  d i s t r i b u t i o n ,  

b u t th e  r e l a t i v e  v a lu e s  a r e  c o n s id e ra b ly  in  e r r o r  a t  many p o in ts  (se e  

f i g .  2 7 (b ) ) .  The cu rv e  f o r  c o n s t i tu e n t  A i s  w o rse , p o s s e s s in g  a  s in g le  

peak n o t com parable a t  a l l  to  th o se  shown in  f ig u r e  2 7 (b ) . A ttem pts 

w ere made to  improve th e  q u a l i ty  o f  th e  r e s u l t s  by u s in g  o th e r  s e t s  o f  

com parison  v e c to r s  in c lu d in g  s tro n g  a tm o s p h e re - in f lu e n c e d , weak 

a tm o sp h e re -in f lu e n c e d  and an a v e ra g e  o f  th e  l a t t e r  c h a r a c t e r i s t i c  

v e c to r s .  No s i g n i f i c a n t  im provem ents in  th e  r e s u l t s  w ere n o ted .

These exam ples have d em o n stra ted  t h a t  a  v a r i a b le  a tm osphere  may 

deg rade  i d e n t i f i c a t i o n  and q u a n t i f ic a t i o n  r e s u l t s  much more s e r io u s ly  

th a n  th e  p re se n c e  o f  a  h o rizo n ta lly -h o m o g en eo u s  a tm osphere . The 

v a r i a b le  a tm osphere  s i t u a t i o n s  chosen  w ere e x trem e , r e p r e s e n t in g  

s a t e l l i t e  a l t i t u d e  c o n d it io n s  ( i . e . ,  v iew ing  th ro u g h  th e  e n t i r e  

a tm osphere) w ith  c l e a r  and hazy c o n d it io n s  a t  o p p o s ite  ends o f  a  f l i g h t  

l i n e .  The im p l ic a t io n s  h e re  su g g e s t c o l l e c t i n g  d a ta  a t  low er a l t i t u d e s ,  

a lo n g  s h o r te r  f l i g h t  l i n e s  and f o r  c le a r  c o n d it io n s  f o r  a  r e l a t i v e l y  

h o rizo n ta lly -h o m o g en eo u s  a tm osphere . These c o n d it io n s  a re  in d eed  

sought a f t e r  i n  re m o te -se n s in g  m is s io n s  to  red u c e  a tm o sp h eric  e f f e c t s  

on s ig n a l  v a r i a b i l i t y .  These s tu d y  r e s u l t s  have d em o n stra ted  th e  

a d v i s a b i l i t y  o f  c o n tin u in g  t o  s a t i s f y  th e s e  m is s io n  c r i t e r i a .
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A tm ospheric  C o rre c t io n  M odeling

A lthough i t  i s  a d v is a b le  to  f l y  re m o te -s e n s in g  m is s io n s  under 

c o n d it io n s  t h a t  m in im ize  a tm o sp h e ric  e f f e c t s  on u p w e ll s p e c t r a l  s i g n a l s ,  

such c r i t e r i a  may in  t u r n  s e v e r e ly  l i m i t  th e  fre q u e n c y  and s p a t i a l  

co verage  o f  rem o te  s e n s in g , r e s t r i c t i n g  i t s  o p e r a t io n a l  u s e fu ln e s s .

Having th e  c a p a b i l i t y  t o  c o r r e c t  f o r  a tm o sp h e ric  e f f e c t s  u n d er l e s s -  

th a n - id e a l  c o n d it io n s  assum es a  m ajor im p o rtan ce .

In  th e  exam ples s tu d ie d ,  th e  f u n c t io n a l  d ep en d en c ies  n o te d  f o r  th e  

te rm s  in  e q u a tio n  (9 -1 )  w ere su p p re sse d  by r e s t r i c t i o n s  and a ssu m p tio n s . 

However, r e p la c in g  a  n a d ir -v ie w in g  sp e c tro m e te r  w ith  an o f f - n a d i r  

scan n er in s tru m e n t a llo w s  f o r  s id e - to - s id e  scene c a p a b i l i t y  a lo n g  th e  

f l i g h t  l i n e ,  b u t  a ls o  in tro d u c e s  th e  o f f - n a d i r  scan  an g le  dependency 

in to  th e  a tm o sp h e ric  te rm s . C o l le c t io n  o f  d a ta  a t  d i f f e r e n t  tim es  o f  th e  

day in tro d u c e s  sun a n g le  e f f e c t s  (no t t o  m en tion  th e  p o s s i b i l i t y  o f  

chang ing  atm osphere  t y p e s ) .  I t  would be v e ry  u s e f u l  t o  have a  

t h e o r e t i c a l  model t h a t  would acco u n t f o r  th e s e ,  and  o th e r  f u n c t io n a l  

d e p e n d e n c ie s , and a llo w  an a tm o sp h eric  c o r r e c t io n  f o r  every  r e s o lu t io n  

e lem en t ( p ix e l )  in  th e  s c e n e . An example o f  an a tm o sp h e ric  r a d i a t i v e  

t r a n s f e r  model t h a t  p o s s e s s e s  such  c a p a b i l i t i e s  was d eve loped  by 

T urner e t  a l  (1 9 7 1 5 1973, 1977)* The m odel c a lc u la t e s  t o t a l  dow nw elling 

r a d ia n c e ,  t r a n s m it ta n c e  and p a th  r a d ia n c e  f o r  a p l a n e - p a r a l l e l ,  

h o rizo n ta lly -h o m o g en e o u s  a tm osphere  a s  a  f u n c t io n  o f  a l t i t u d e  (Coney 

and Salzman 1979)• The model i s  a p p l ic a b le  f o r  haze  l e v e l s  ra n g in g  

from  n e a r  fog  c o n d it io n s  t o  n e a r  t o t a l  c l a r i t y  f o r  t h e  e n t i r e  ran g e  o f 

w ave leng th s  u se d  by th e  re m o te -se n s in g  in s tru m e n ts  i n  t a b l e  1 . The
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model does r e q u i r e  c e r t a i n  in p u t ("beyond th e  u s u a l  g e o g ra p h ic a l  and 

sun -rem o te  se n so r  geom etry  in fo rm a t io n ) .  These in p u t ,  some o f  w hich 

may he  e s t im a te d  i f  n o t m easu red , in c lu d e  a tm o sp h e ric  p r o p e r t i e s  such 

as  s p e c t r a l  o p t i c a l  th ic k n e s s e s ,  haze ty p e ,  a e ro s o l  r e f r a c t i v e  in d e x , 

background a lb e d o  among o th e r s .  Such a d d i t io n a l  m easurem ents may 

r e q u i r e  g r e a t e r  m is s io n  co m plex ity  and s u rfa c e  t r u t h  s t a t i o n s  t o  f u l f i l l  

th e  g o a l o f  in c re a s e d  i d e n t i f i c a t i o n - q u a n t i f i c a t i o n  a c c u ra c ie s  o f  

c o n s t i tu e n t s .  A r e c e n t  s tu d y  (Coney and Salzm an 1979) compared 

m easured re m o te -se n s in g  d a ta  to  t h a t  c a lc u la te d  from  th e  m odel. The 

c o n c lu s io n s  w ere t h a t  th e  model perfo rm ed  a d e q u a te ly  in  a  n a d ir - lo o k in g  

d i r e c t i o n ,  b u t n o t as w e ll  f o r  o f f - n a d i r  scan  a n g le s . F u r th e r  r e s e a rc h  

may be n e c e s s a ry  to  d e te rm in e  i f  in c re a s e d  model s o p h i s t i c a t i o n  i s  

needed to  im prove o f f - n a d i r  c a p a b i l i t i e s .

A somewhat d i f f e r e n t  approach  t o  an a tm o s p h e r ic - c o r r e c t io n  a lg o r ith m  

was d e v is e d  by Gordon (1978) and i s  b e in g  a p p lie d  t o  c o r r e c t  C o a s ta l 

Zone C o lo r S canner (CZCS) s a t e l l i t e  d a ta .  R a th e r th a n  work a  l a r g e  

r a d i a t i v e - t r a n s f e r  m odel, th e  approach  i s  s e m ie m p iric a l u t i l i z i n g  th e  

re m o te -se n s in g  d a ta  i t s e l f  t o  e s t im a te  a tm o sp h e ric  e f f e c t s .  The b a s ic  

p rem ise  i s  t h a t  ocean w a te r (o r any low  t u r b i d i t y  w a te r  a r e a )  i s  n e a r ly  

opaque to  n e a r - in f r a r e d  r a d i a t i o n  ( e . g . , 750 nm) and th e  t o t a l  r a d ia n c e  

m easured a t  th e s e  w ave leng th s  i s  due e n t i r e l y  to  a tm o sp h e ric  (R ay le igh  

and a e ro s o l  b a c k s c a t te r )  and s u rfa c e  r e f l e c t i o n  e f f e c t s .  A lso assumed 

i s  th e  p r o p o r t io n a l i t y  o f  a tm o sp h eric  and s u r f a c e  r e f l e c t i o n  e f f e c t s  

a t  any w aveleng th  t o  th e  m easurem ents made in  th e  n e a r - in f r a r e d  r e g io n .
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The w av eleng th -dependen t p r o p o r t io n a l i t y  f a c t o r s  a r e  d e te rm in ed  e i t h e r  

hy i n - s i t u  m easurem ents o r e s tim a te d  from  com parison o f  c le a r  w a te r 

r a d ia n c e  o b s e rv a t io n s  w ith  a  p r i o r i  in fo rm a tio n  made a t  s im i la r  s o la r  

e le v a t io n  a n g le s . The t r u e  w ater ra d ia n c e s  ( a f t e r  rem oval o f  a tm o sp h eric  

and s u rfa c e  e f f e c t s )  a t  each  p ix e l  and w aveleng th  th e n  become th e  t o t a l  

m easured r a d ia n c e s  red u ced  by  th e  p r o p o r t io n a l i t y  f a c to r  t im e s  th e  

t o t a l  m easured r a d ia n c e .

The c o r r e c t io n  a lg o r ith m  has been  shown t o  work w e ll  i n  some t e s t  

c a se s  (Gordon 1980 ) .  In  th e  G ulf o f  M exico, f o r  exam ple, c o r r e c te d  

images re v e a le d  an  im p re ss iv e  s e r i e s  o f  e d d y - l ik e  s t r u c tu r e s  i n d i s 

t in g u is h a b le  from  a tm o sp h e ric  e f f e c t s  in  th e  o r ig i n a l  im ages. I t  shou ld

be n o te d , how ever, t h a t  th e  m u l t ip l i c a t iv e  t ra n s m it ta n c e  te rm , T ,
8.

g iven  in  e q u a tio n  (9 -1 )  i s  n o t m easured and t h a t  a t  l e a s t  one c le a r  

w a te r a re a  i s  r e q u i r e d  in  th e  image to  d e te rm in e  th e  a tm ospheric  and 

s u rfa c e  ra d ia n c e s  in  th e  n e a r - in f r a r e d  re g io n . A h o r iz o n ta lly -h o m o - 

geneous a tm osphere  i s  im p lie d  in  th e  a n a ly s i s ,  a lth o u g h  th e  tec h n iq u e  

has been  a p p lie d  to  images where th e  haze l e v e l s  were n o t c o n s ta n t .

The a n a ly s e s  o f  t h i s  c h a p te r  have d em o n stra ted  th e  a d v i s a b i l i t y  o f  

c o r r e c t in g  fo r  a tm o sp h e ric  and s u rfa c e  e f f e c t s  b e fo re  a  c h a r a c t e r i s t i c  

v e c to r  a n a ly s is  i s  conducted . A lthough p re s e n t  a tm o sp h eric  c o r r e c t io n  

m odels and te c h n iq u e s  a re  in  a  s t a t e  o f  r e s e a rc h  and developm ent, 

c o n s id e ra t io n  shou ld  be g iv en  to  t h e i r  u t i l i z a t i o n  in  a  r e s e a rc h  mode.

The f i n a l  t e s t  o f  t h e i r  a p p l i c a b i l i t y  w ould, o f  c o u rs e , be th e  

ac cu ra cy  o f  i d e n t i f i c a t i o n  and q u a n t i f ic a t io n  r e s u l t s  o f  c h a r a c t e r i s t i c  

v e c to r  a n a ly s is  o f  c o r r e c te d  in p u t s p e c t r a .
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CHAPTER X

RECOMMENDATIONS, SUMMARY, AND CONCLUSIONS 

In  t h i s  i n v e s t ig a t io n  th e  u se  o f  c h a r a c t e r i s t i c  v e c to r  a n a ly s is  

in  th e  study  o f  w a te r  q u a l i ty  has been exam ined. S p e c i f i c a l ly ,  th e  

i n v e s t ig a t io n  has focused  on how th e  te c h n iq u e  re s o lv e s  t o t a l  ra d ia n c e  

s ig n a ls  in to  e ig e n v e c to rs  and a s s o c ia te d  s c a l a r  c o e f f i c i e n t s  and t h e i r  

r e l a t io n s h ip s  to  th e  i d e n t i f i c a t i o n  and q u a n t i f ic a t io n  o f  w a te r 

c o n s t i tu e n t s .  To r e a l i z e  t h i s  o b je c t iv e ,  te c h n iq u e  o p e ra t io n  was 

checked on a  p ro g re s s io n  o f  h y p o th e t ic a l  t e s t  c a se s  and a  l im ite d  number 

o f  la b o ra to ry  d a ta  s e t s .  As a  r e s u l t  o f  t h i s  i n v e s t ig a t io n ,  an 

improved u n d e rs ta n d in g  o f  te c h n iq u e  u sage  and l im i t a t i o n s  has been 

o b ta in e d  in  th e  a re a s  o f  o p t ic a l  p h y s ic s , in  te rm s o f  c o n s t i tu e n t -  

w a te r  i n t e r a c t i o n s ,  and en v iro n m en ta l e f f e c t s ,  in  term s o f  measurement 

n o ise  and a tm o sp h e ric s . F in a l  te c h n iq u e  e v a lu a tio n  r e q u i r e s  a 

com bination  o f  c o n t r o l le d  la b o ra to ry  ex p erim en ts  in  c o n ju n c tio n  w ith  

f i e l d  f l i g h t  ex p erim en ts  which a re  beyond th e  scope o f  t h i s  p re s e n t 

in v e s t ig a t io n .  As d isc u sse d  e a r l i e r ,  u se  o f  c h a r a c t e r i s t i c  v e c to r  

a n a ly s is  on a c tu a l  re m o te -sen s in g  d a ta  has been conducted  by s e v e ra l  

i n v e s t ig a to r s  (M u e lle r  1973, 1976; Grew 1977a, 1977b; Klemas e t  a l  1978a 

1978b; P h ilp o t  and Klemas 1979) w ith  v a ry in g  d e g re e s  o f  su c c e s s . Some 

o f  th e  o b s e rv a tio n s  from th o se  f l i g h t  ex p erim en ts  may now be more 

r e a d i ly  u n d ers to o d  in  l i g h t  o f  th e  r e s u l t s  o f  t h i s  p re s e n t  in v e s t ig a t io n  

Under id e a l  c o n d i t io n s ,  c h a r a c t e r i s t i c  v e c to r  a n a ly s is  has th e  

p o t e n t i a l  o f  id e n t i f y in g  in d iv id u a l  c o n s t i tu e n t s  in  w a te r and perfo rm ing
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a  r e l a t i v e  q u a n t i f i c a t i o n  o f  such  c o n s t i t u e n t s ,  even when i n  m ix tu re s ,  

w ith  a  minimum o f  s u r fa c e  t r u t h  c a l i b r a t i o n .  However, p oo r r e s u l t s  may 

a r i s e  w ith  th e  in d is c r im in a te  u se  o f  th e  te c h n iq u e  in  a c tu a l  f i e l d  

ex p e rim en ts  w here th e  m o d if ic a t io n s  t o  i d e a l  c o n d it io n s  a r e  no t 

re c o g n iz e d  o r  u n d e rs to o d . H y p o th e tic a l  c o n s t i tu e n t  t e s t  c a s e s  were 

used  to  d e te rm in e  what c o n s t i t u t e s  id e a l  c o n d i t io n s .  The te c h n iq u e  o f  

c h a r a c t e r i s t i c  v e c to r s  was found t o  i d e n t i f y  and q u a n t i f y  e x a c t ly  

when ( l )  th e  c o n s t i tu e n t s  under s tu d y  had a  r a d ia n c e - c o n c e n t r a t io n  

r e l a t i o n s h ip  t h a t  was l i n e a r ,  (2 ) th e  l i n e a r  c o n s t i tu e n t s  superim posed  

l i n e a r l y  (w ere a d d i t iv e )  in  m ix tu re s  w ith  no o p t i c a l ,  p h y s ic a l ,  c h e m ic a l, 

o r  e le c tro m a g n e tic  i n t e r a c t i o n s ,  and (3 ) th e  r a d ia n c e  d a ta  were f r e e  o f  

m easurem ent n o is e  and a tm o sp h eric  e f f e c t s .  W hile th e s e  c o n s t i t u t e  th e  

m ajo r c o n d it io n s  f o r  e x a c t  o p e ra t io n  o f  th e  te c h n iq u e , a  number o f  

im p lie d  c o n d it io n s  m ust be f u l f i l l e d  in  any l a b o r a to r y  o r  f i e l d  u s e .

These in c lu d e  ( l )  th e  w a te r  scene under c o n s id e r a t io n  c o n ta in s  v a ry in g  

c o n c e n tra t io n s  o f  o n ly  th e  c o n s t i tu e n t s  under s tu d y — o th e r  c o n s t i tu e n t s  

may be p re s e n t  in  th e  scene  on ly  i n  th e  sen se  t h a t  th e y  rem ain  c o n s ta n t  

i n  c o n c e n tra t io n  and do n o t i n t e r a c t  w ith  th e  s tu d y  c o n s t i tu e n t s ,

(2 ) th e  v e r t i c a l  c o n c e n tra t io n  g r a d ie n ts  and p a r t i c l e - s i z e  d i s t r i b u t i o n s  

o f  th e  c o n s t i tu e n t s  a r e  s p a t i a l l y  un ifo rm  i n  th e  f i e l d  and co rre sp o n d  

t o  th e  same c o n d it io n s  s tu d ie d  in  l a b o r a to r y  e x p e r im e n ts , (3 ) s tu d y  

c o n s t i tu e n ts  a re  s p e c t r a l l y  d i f f e r e n t  in  upw ell r a d ia n c e ,  and (H) p re v io u s  

la b o r a to r y  t e s t i n g  o f  c o n s t i tu e n t s  o f  i n t e r e s t  i n  rem ote se n s in g  has 

been  accom plished  t o  d e r iv e  th e  com parison  c h a r a c t e r i s t i c  v e c to r s  

needed  to  i d e n t i f y  c o n s t i tu e n t s  i n  th e  f i e l d  m ix tu re  e x p e rim e n ts . In
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th e  l a t t e r  in s t a n c e ,  i t  i s  u s e f u l ,  h u t n o t r e q u i r e d ,  to  have a  p r io r  

knowledge c o n c e rn in g  th e  number and ty p e  o f  c o n s t i tu e n t s  in v o lv e d  in  

a  scen e  o f  d a ta .  T h is  in fo rm a tio n  can g r e a t ly  red u c e  th e  scope o f  

r o t a t i o n a l  t r a n s fo r m a t io n a l  p ro c e d u re s  u t i l i z e d  by  c h a r a c t e r i s t i c  

v e c to r  a n a ly s i s  i n  i d e n t i f y in g  th e  v a r i a b le  c o n s t i tu e n t s  i n  th e  w a te r .

The m ajor c o n d it io n s  o u t l in e d  above r e s u l t  i n  what w ere term ed 

i d e a l ,  a d d i t iv e ,  l i n e a r  c o n s t i tu e n t s .  From h y p o th e t ic a l  t e s t  ca se  

r e s u l t s  i t  i s  conc luded  t h a t  f o r  s in g le  c o n s t i tu e n t s ,  th e  c h a r a c te r 

i s t i c  v e c to r  te c h n iq u e  d e f in e s  one e ig e n v e c to r  and a s s o c ia te d  s c a la r  

c o e f f i c i e n t s  s u f f i c i e n t  to  d e s c r ib e  th e  e n t i r e  o bserved  d a ta  s e t  

v a r ia n c e .  T h is  e ig e n v e c to r  d i r e c t i o n  i n  w aveleng th  h y p ersp ace  a lo n g  

w hich th e  s c a l a r  c o e f f i c i e n t s ,  r e p r e s e n t in g  in d iv id u a l  s p e c t r a ,  a re  

d i s t r i b u t e d  i s  th e  c h a r a c t e r i s t i c  v e c to r  f o r  th e  c o n s t i tu e n t .  For 

l i n e a r  c o n s t i t u e n t s ,  th e  s c a la r  c o e f f i c i e n t s  a r e  d i r e c t l y  p r o p o r t io n a l  

t o  th e  c o n s t i tu e n t  c o n c e n t r a t io n s .  Presum ing th e  minimum s c a la r  

c o e f f i c i e n t  v a lu e  r e p r e s e n ts  ze ro  c o n s t i tu e n t  c o n c e n t r a t io n ,  o r  base  

w a te r ,  l i n e a r  s c a l in g  betw een th e  ex trem es o f  th e  s c a la r  c o e f f i c i e n t s  

r e s u l t s  in  an  a c c u ra te  r e l a t i v e  q u a n t i f ic a t i o n  o f  th e  c o n s t i tu e n t  d a ta  

s e t .  A b so lu te  q u a n t i f i c a t i o n  r e q u i r e s  an  a d d i t io n a l  s u r f a c e  t r u t h  

sam ple.

For s p a t ia l ly - in d e p e n d e n t  c o n s t i tu e n ts  (two o r  more c o n s t i tu e n t s ,  

n o t m ixed , in  th e  same d a ta  scen e ) and m ix tu re s  o f  c o n s t i tu e n t s ,  

c o n s t i tu e n t  i d e n t i f i c a t i o n  u s in g  th e  te c h n iq u e  r e q u i r e s  com parison 

v e c to r s .  These com parison  v e c to r s  a re  th e  c h a r a c t e r i s t i c  v e c to r s  

d e r iv e d  a  p r i o r i  f o r  th e  in d iv id u a l  c o n s t i tu e n t s  under s tu d y . P r in c ip a l
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axes e ig e n v e c to r s  d e f in e d  by a n a ly s i s  o f  th e  d a ta  s e t  s p e c t r a  a re  

tra n s fo rm e d  by axes  r o t a t i o n  u n t i l  th e y  e q u a l th e  com parison  v e c to r s .

I t  i s  concluded  t h a t  th e  c o rre sp o n d in g  tra n s fo rm e d  s c a l a r  c o e f f i c i e n t s  

a re  d i r e c t l y  p r o p o r t io n a l  to  th e  c o n s t i tu e n t  c o n c e n tra t io n s  and can be 

used  to  q u a n ti fy  in  a  r e l a t i v e  sen se  e x a c t ly  as  f o r  s in g le  c o n s t i tu e n t s .  

The in v e s t ig a t io n  fo cu sed  on tw o - c o n s t i tu e n t  m ix tu re s . However, th e  

r e s u l t s  a re  a p p l ic a b le  t o  any number o f  c o n s t i tu e n t s  p ro v id e d  i d e a l ,  

a d d i t iv e ,  l i n e a r  c o n d it io n s  ap p ly  t o  a l l  c o n s t i tu e n t s .  A n a ly t ic a l ly ,  

i t  i s  re c o g n iz e d  t h a t  th e  r o t a t i o n a l  se a rc h  fo r  s t r u c tu r e  in c re a s e s  

m arked ly  in  co m p lex ity  w ith  each  a d d i t io n a l  c o n s t i tu e n t .  T his may 

l im i t  th e  p r a c t i c a l  use  o f  th e  te c h n iq u e  t o  two o r  th r e e  c o n s t i tu e n t  

m ix tu re s .

The s c a la r  c o e f f i c i e n t s  may be d isp la y e d  in  p l o t s  a s  p r in c ip a l  

component v a lu e s  or s c a le d  by th e  e ig e n v a lu e s  as  s c a l a r  m u l t ip le s .

The form er system  d e p ic ts  t r u e  w aveleng th  space  r e l a t i o n s h ip s  betw een 

c h a r a c t e r i s t i c  v e c to r s  o f  c o n s t i tu e n t s  w hereas th e  l a t t e r  p roduces 

v i s u a l ly  c l e a r e r  d is p la y s  e s p e c ia l ly  fo r  s p e c t r a l l y  s im i la r  c o n s t i tu e n t s .  

T ra n s fe r  in to  an o b liq u e  axes system  a l ig n s  th e  d i s t r i b u t i o n s  o f  s c a la r  

m u lt ip le s  o r th o g o n a lly  a c co rd in g  to  c o n s t i tu e n t s  f o r  ea se  in  

q u a n t i f ic a t i o n .  For t h i s  re a s o n , t h i s  system  i s  recommended.

The rem ain in g  a n a ly s e s  in  t h i s  in v e s t ig a t io n  p r o g re s s iv e ly  r e la x e d  

th e  i d e a l ,  a d d i t iv e ,  l i n e a r  assum ptions one-by-one to  examine th e  

s e n s i t i v i t i e s  o f  th e  te c h n iq u e  to  l e s s - th a n - id e a l  c o n d it io n s  e x p ec ted  

in  r e a l  w orld  o p e ra t io n s .
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A pow er-law  model may be u sed  to  d e s c r ib e  n o n l in e a r  r a d ia n c e -  

c o n c e n tra t io n  b e h a v io r  f o r  many c o n s t i tu e n t s .  The model was r e g r e s s io n -  

f i t t e d  t o  la b o r a to r y  s p e c t r a  s e t s  o f  s e v e r a l  se d im e n ts , sewage s lu d g es  

and i n d u s t r i a l  w a s te s . I t  i s  concluded  t h a t  no c o n s t i tu e n t  e x h ib i te d  

a  s t r i c t l y  l i n e a r  r a d ia n c e - c o n c e n tra t io n  b e h a v io r . For some con

s t i t u e n t s  th e  power exponen ts  w ere n e a r ly  in d ep en d en t o f  w aveleng th .

For com plete  w aveleng th  independency , th e s e  c o n s t i tu e n t s  were term ed 

sim ple  n o n l in e a r .  For o th e r  c o n s t i tu e n t s ,  th e  power exponen ts  were 

s tro n g  fu n c t io n s  o f  w aveleng th  and w ere term ed  w av e len g th -d ep en d en t 

n o n lin e a r  c o n s t i tu e n t s .

From h y p o th e t ic a l  t e s t  c a se s  u s in g  e x a c t s im p le  n o n l in e a r  con

s t i t u e n t s ,  s in g ly ,  s p a t ia l ly - in d e p e n d e n t  and in  m ix tu re s ,  i t  i s  

concluded  t h a t  each  c o n s t i tu e n t  co u ld  be i d e n t i f i e d  e x a c t ly  by a  s in g le  

c h a r a c t e r i s t i c  v e c to r  a s  f o r  l i n e a r  c o n s t i tu e n t s ,  b u t  t h a t  th e  s c a la r  

c o e f f i c i e n t s  a re  n o n l in e a r ly  d i s t r i b u t e d ,  a c c o rd in g  t o  c o n c e n t r a t io n ,  

a lo n g  th e  v e c to r  d i r e c t i o n s .  For m ix tu re s , th e s e  n o n l in e a r  d i s t r i b u t io n s  

may r e s u l t  in  c lu s t e r in g  o f  s c a la r  c o e f f i c i e n t  p o in ts  r e p r e s e n te d  on 

p l o t s .  Such c lu s t e r in g  may be m is in te rp r e te d  a s  r e p r e s e n t in g  v e ry  

s im i la r  c o n s t i tu e n t  c o n c e n t ra t io n s .  For a c c u ra te  r e l a t i v e  q u a n t i f ic a t i o n ,  

i n  l i e u  o f  s u r fa c e  t r u t h ,  knowledge o f  th e  power exponent i s  e s s e n t i a l  

t o  c o n v e rt th e  s c a l a r  c o e f f i c i e n t s ,  by a  n o n lin e a r  s c a l in g ,  in to  

r e l a t i v e  c o n c e n t ra t io n s .  T h is  l a t t e r  f a c t  s t r o n g ly  su g g e s ts  th e  

a d v i s a b i l i t y  o f  l a b o r a to r y  t e s t i n g  o f  c o n s t i tu e n t s  t o  d e te rm in e  th e  

n a tu re  o f  th e  r a d ia n c e -c o n c e n tra t io n  r e l a t i o n s h ip s .  From h y p o th e t ic a l
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t e s t  c a s e s  u s in g  e x a c t w av e leng th -dependen t n o n l in e a r  c o n s t i tu e n t s ,  

s in g ly ,  s p a t ia l ly - in d e p e n d e n t  and in  m ix tu re s ,  i t  i s  conc luded  t h a t  

c o n s t i tu e n t  s p e c t r a  s e t s  can  no lo n g e r  he d e s c r ib e d  e x a c t ly  by s in g le  

c h a r a c t e r i s t i c  v e c to r s  and a s s o c ia te d  s c a la r  c o e f f i c i e n t s .  A ttem pts 

t o  q u a n ti fy  th e  s c a la r  c o e f f i c i e n t s  i n  a  r e l a t i v e  manner by l i n e a r  o r 

s im p le -n o n lin e a r  s c a l in g  p roduce  deg raded  r e s u l t s .  P lo t s  o f  s c a la r  

c o e f f i c i e n t s  f o r  s p a t ia l ly - in d e p e n d e n t  c o n s t i tu e n t s  and m ix tu re s  

assume cu rved  p a t t e r n s  i n d ic a t iv e  o f  t h e i r  w av e len g th -d ep en d en t n a tu r e . 

Such c u rv a tu re s  become pronounced f o r  s c a la r  m u l t ip le s  o f  s p e c t r a l l y  

s im i la r  c o n s t i tu e n t s  in  an o b liq u e  ax es  system . I t  i s  conc luded  t h a t  

w av e leng th -dependen t n o n lin e a r  c o n s t i tu e n t s  d e m o n s tra te  a  l im i t a t i o n  

in  th e  p ro p e r  u se  o f  c h a r a c t e r i s t i c  v e c to r  a n a ly s i s .  In  p r a c t i c e ,  i t  

may be p o s s ib le  to  a v o id  such l i m i t a t i o n s  f o r  some w av e leng th -dependen t 

n o n lin e a r  c o n s t i tu e n t s  by ch o o sin g  ra n g e s  o f  c o n c e n t ra t io n  o v e r w hich 

th e  r a d ia n c e - c o n c e n tra t io n  r e l a t i o n s h ip  a p p e a rs  l i n e a r  o r  s im ple  non

l i n e a r .  T his a g a in  su g g e s ts  knowledge o f  c o n s t i tu e n t  b e h a v io r  b e s t  

o b ta in e d  by c a r e f u l l y  c o n t r o l le d  la b o r a to r y  t e s t i n g .

N o n lin ea r s u p e rp o s i t io n  o f  m ix tu re  c o n s t i tu e n t s  r e s u l t s  when 

i n te r a c t io n s  occur which cau se  m easured up w ell r a d ia n c e s  f o r  th e  

m ix tu re  to  d i f f e r  from  a  s im p le  sum o f  r a d ia n c e s  fo r  th e  in d iv id u a l  

c o n s t i tu e n t s  a t  th e  same c o n c e n t ra t io n s .  T h is  n o n lin e a r  s u p e rp o s i t io n  

b e h a v io r  may be a  complex fu n c t io n  o f  p h y s ic a l ,  chem ica l and e l e c t r o 

m agnetic  p r o p e r t ie s  o f  th e  in d iv id u a l  c o n s t i tu e n t s .  The number o f  

p o s s ib le  i n te r a c t io n s  in c re a s e  d r a m a t ic a l ly  w ith  each  new c o n s t i tu e n t  

p r e s e n t  in  a  m ix tu re . A sim p le  i n t e r a c t io n  model f o r  tw o -c o n s t i tu e n t
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m ix tu re s  was u sed  to  fo rm u la te  h y p o th e t ic a l  t e s t  c a s e s  f o r  t e s t i n g  o f  

c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  i n  n o n lin e a r  s u p e rp o s i t io n  c a s e s .

E f f e c ts  on s c a l a r  c o e f f i c i e n t  p a t t e r n s , r e l a t e d  t o  th e  c o n s t i tu e n t  

c o n c e n t r a t io n s ,  were e v a lu a te d .

I t  was o b se rv ed  f o r  n e g a tiv e  c o n s t i tu e n t  i n t e r a c t i o n  (m ix tu re  

r a d ia n c e  decrem en ts from  a d d i t iv e  c o n d it io n s )  t h a t  s c a l a r  c o e f f i c i e n t  

p a t t e r n s  converged  f o r  th e  m ix tu re  s p e c t r a .  C lu s te r in g  e f f e c t s  from  

t h i s  convergence  become e s p e c ia l ly  p ronounced  when th e  c o n s t i tu e n t s  

have n o n l in e a r  r a d ia n c e - c o n c e n t r a t io n  r e l a t i o n s h ip s .  For p o s i t i v e  

c o n s t i tu e n t  i n te r a c t io n s  (m ix tu re  ra d ia n c e  in c re m e n ts  to  a d d i t iv e  

c o n d i t io n s ) ,  t h e  s c a l a r  c o e f f i c i e n t  p a t t e r n s  show a  d iv e rg e n c e  f o r  th e  

m ix tu re  s p e c t r a .  W aveleng th-dependen t n o n lin e a r  c o n s t i tu e n t s  add 

c u rv a tu re ,  hence c o m p le x ity , to  th e s e  p l o t s .

I t  i s  conc luded  t h a t  n o n lin e a r  s u p e rp o s i t io n  im poses an a d d i t io n a l  

l im i t a t i o n  on th e  u se  o f  c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  in  q u a n ti fy in g  

c o n s t i tu e n t s  i n  m ix tu re s .  W ithout p r io r  knowledge o f  th e  a c t io n  o f  

s tu d y  c o n s t i tu e n t s  i n  a  n o n lin e a r  s u p e rp o s i t io n  p r o c e s s ,  th e  convergence 

and d iv e rg e n ce  o f  s c a la r  c o e f f i c i e n t s  c o u ld  be m is in te r p r e te d  as  

c o n s t i tu e n t  c o n c e n t ra t io n s  l e s s  th a n  o r  g r e a te r  th a n  t h a t  which a c tu a l l y  

e x i s t s .  L a b o ra to ry  t e s t i n g  o f  c o n s t i tu e n t s  o f  prim e i n t e r e s t  in  

rem ote se n s in g  i n  v a r io u s  m ix tu re s  over ra n g e s  o f  c o n c e n tra t io n  i s  

recommended to  i n v e s t ig a t e  and e s tim a te  th e  d eg ree  o f  such  n o n lin e a r  

s u p e rp o s i t io n  b e h a v io r .

N oise i s  an  ex p ec ted  consequence o f  any r e a l  w orld  m easurem ents 

w hether i n  a  l a b o r a to r y  o r  in  th e  f i e l d .  Random n o is e  i s  commonly
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found i n  re m o te -se n so r  sy s tem s. I t  i s  conc luded  from  h y p o th e t ic a l  

t e s t  c a se s  t h a t  th e  e f f e c t s  o f  random n o is e  on i d e n t i f i c a t i o n  and 

q u a n t i f i c a t i o n  o f  c o n s t i tu e n t s  by a  c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  

depends on th r e e  m ajo r f a c t o r s :  ( l )  th e  d eg ree  o f  random n o is e ,

(2 ) th e  form  o f  th e  r a d ia n c e - c o n c e n t r a t io n  r e l a t i o n s h ip s  o f  in d iv id u a l  

c o n s t i tu e n t s  and c o n s t i tu e n t  i n te r a c t io n s  and (3 ) t h e  s p e c t r a l  s im i l a r i t y  

o f  c o n s t i tu e n t s  in  m ix tu re s . I d e a l l y ,  random n o is e  does n o t a f f e c t  

th e  c h a r a c t e r i s t i c  v e c to r s  o f  c o n s t i tu e n t s  o r t h e i r  i d e n t i f i c a t i o n  in  

m ix tu re s  by  r o t a t i o n a l  t r a n s fo rm a t io n s  o f  p r in c i p a l  axes e ig e n v e c to r s .  

T his r e q u i r e s  t h a t  th e  n o is e  have a  t r u e  random c h a ra c te r  w hich i s  

p o s s ib le  when a  s u f f i c i e n t l y  la r g e  number o f  in p u t  s p e c t r a  a r e  a v a i la b le  

f o r  a n a ly s i s .  T h is req u irem e n t le a d s  to  th e  recom m endation t h a t ,  f o r  

la b o r a to r y  t e s t i n g  o f  c o n s t i tu e n t s  e i t h e r  s in g ly  o r  in  m ix tu re  t e s t s ,  

r e p e t i t i v e  t e s t i n g  be perfo rm ed  u s in g  sm a ll c o n c e n tra t io n  in c rem en ts  

■where p o s s ib le  t o  m aximize th e  number o f  c o l l e c te d  s p e c t r a .  C on firm ation  

o f  c o n s t i tu e n t  o p t i c a l  r e l a t i o n s h ip s  and more p r e c i s e  d e f i n i t i o n  o f  

com parison  c h a r a c t e r i s t i c  v e c to r s  a r e  a  d e s ir e d  r e s u l t .

For l i n e a r  c o n s t i tu e n t s  i t  i s  co nc luded  t h a t  random n o is e  p re s e n t  

in  s p e c t r a  in d u ces  a  s c a t t e r  in  c o rre sp o n d in g  c a lc u la te d  s c a l a r  c o e f

f i c i e n t s  w hich i s  in d ep en d en t o f  th e  c o n s t i tu e n t  c o n c e n tra t io n s .  The 

c o n c e n tra t io n  e r r o r s  im p lie d  by t h i s  s c a t t e r  in  s c a la r  c o e f f i c i e n t s  

depend o n ly  on th e  l e v e l  o f  random n o ise  p r e s e n t .  For s im p le  o r  

w av e leng th -dependen t n o n l in e a r  c o n s t i tu e n t s ,  th e  im p lie d  c o n c e n tra t io n  

e r r o r s  caused  by random n o is e  depend b o th  on th e  d eg ree  o f  random n o ise

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



201

and th e  m agnitude o f  th e  n o n l in e a r i ty .  For power exponen ts  l e s s  th a n  

o n e , c o n c e n tra t io n  e r r o r s  a r e  l a r g e s t  fo r  l a r g e  c o n c e n tra t io n s  and 

d e c re a se  n o n l in e a r ly  w ith  d e c re a s in g  c o n s t i tu e n t  c o n c e n tra t io n s  f o r  

any l e v e l  o f  random n o is e .  The o p p o s ite  e f f e c t  i s  t r u e  f o r  n o n lin e a r  

c o n s t i tu e n ts  w ith  power exponen ts  g r e a t e r  th a n  one.

For s p a t ia l ly - in d e p e n d e n t  and m ix tu re s  o f  c o n s t i t u e n t s ,  i t  i s  

concluded  t h a t  i n  a d d i t io n  t o  th e  d eg ree  o f  random n o is e ,  n a tu re  o f  

in d iv id u a l  c o n s t i tu e n t s ,  and c o n s t i tu e n t  i n t e r a c t i o n s ,  th e  deg ree  o f  

s p e c t r a l  s i m i l a r i t y  i s  o f  m ajor co n cern . For s p a tia l ly - in d e p e n d e n t  

s p e c t r a l ly  d i s s im i la r  c o n s t i tu e n t s ,  even in  th e  p re se n c e  o f  a  l a r g e  

deg ree  o f  random n o ise  and la r g e  im p lie d  c o n c e n tra t io n  e r r o r s ,  th e  

in d iv id u a l  c o n s t i tu e n t s  w i l l  be i d e n t i f i a b l e  a t  th e  l a r g e r  c o n c e n t r a t io n s .  

F o r s p e c t r a l l y  s im i la r  c o n s t i tu e n t s ,  how ever, th e  problem  o f  con

s t i t u e n t  i d e n t i f i c a t i o n  f o r  in d iv id u a l  s p e c t r a  may be more s e r io u s  th a n  

th e  im p lie d  c o n c e n tra t io n  e r r o r s .  Even a t  low l e v e l s  o f  random 

n o is e ,  in d iv id u a l  s p e c t r a  may n o t be c l a s s i f i e d  w ith  a  re a s o n a b le  

c e r t a i n t y  a s  r e p r e s e n ta t iv e  o f  a  p a r t i c u l a r  c o n s t i tu e n t .

For m ix tu re s  o f  c o n s t i t u e n t s ,  a l l  o f  th e  a fo rem en tio n ed  f a c to r s  

con cern in g  d e g re e s  o f  n o i s e ,  ty p e s  o f  c o n s t i tu e n t s  and i n t e r a c t i o n s ,  

and s im i l a r i t y  o f c o n s t i tu e n t  s p e c t r a  a re  i n f l u e n t i a l .  From h y p o th e t ic a l  

t e s t  c a s e s ,  i t  i s  concluded  t h a t  fo r  s p e c t r a l ly  s im i la r  c o n s t i tu e n t s ,  

u n a c ce p tab le  e r r o r s  in  i d e n t i f i c a t i o n  and q u a n t i f ic a t io n  u s in g  s c a l a r  

c o e f f i c i e n t s  w i l l  be ac h ie v e d  a t  low er l e v e l s  o f  random n o is e  th a n  f o r  

c o n s t i tu e n ts  w hich a r e  s p e c t r a l l y  d i s s i m i la r .  The form  o f  th e  

r a d ia n c e -c o n c e n tra t io n  r e l a t i o n s h ip s  o f  th e  in d iv id u a l  c o n s t i tu e n t s
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w i l l  a l s o  in f lu e n c e  th e  c o n c e n tra t io n s  a t  w hich such e r r o r s  a re  th e  

l a r g e s t .  N o n lin ea r s u p e rp o s i t io n  may f u r th e r  compound any i n t e r p r e t a t i o n  

o f  s c a la r  c o e f f i c i e n t s  by  c a u s in g  c lu s t e r in g  in  t i g h t  p a t t e r n s  w hich 

a r e  e a s i l y  con fused  by th e  p re se n c e  o f  random n o is e .

A c h a r a c t e r i s t i c  v e c to r  a n a ly s i s  o f  a  l a b o r a to r y  experim en t 

in v o lv in g  s p e c t r a l  m easurem ents o f  two s o i l  ty p e s  in d iv id u a l ly  and in  

m ix tu re s  was con d u c ted . The s o i l  ty p e s  had w av e len g th -d ep en d en t non- 

l i n e a r i t i e s  and w ere s p e c t r a l l y  s im i la r .  I t  was d em o n stra ted  t h a t  th e  

a d d i t io n  o f  even low l e v e l s  o f  random n o ise  w ere s u f f i c i e n t  t o  e x p la in  

observed  d i f f e r e n c e s  betw een s c a la r  c o e f f i c i e n t s  c a lc u la te d  from raw  

d a ta  and th o s e  o b ta in e d  from  p ro c e sse d  d a ta .

The in te rv e n in g  a tm osphere  betw een a  rem ote se n so r  and th e  w a te r 

s u r fa c e  a c t s  to  m odify m easured upw ell ra d ia n c e  s p e c t r a .  An e x a c t 

d e s c r ip t io n  o f  th e  r a d i a t i v e  t r a n s f e r  i s  com plex, depending  on many 

v a r i a b le s  o f  r e m o te - s e n s o r - s o la r  geom etry , a l t i t u d e ,  w a v e len g th , 

a tm osphere ty p e  and c o n d it io n s .  P roper m iss io n  p la n n in g  can f i x  many 

o f  th e s e  i n f l u e n t i a l  v a r i a b le s  and th u s  p re v e n t u n c o n tro l le d  d a ta  

v a r i a b i l i t y .  A r e l a t i v e l y  sim p le  r a d i a t i v e  t r a n s f e r  model in v o lv in g  

o n ly  a tm ospheric  t r a n s m i t ta n c e ,  sk y , and p a th  ra d ia n c e  components 

r e s u l t s .  I t  i s  concluded  f o r  h y p o th e t ic a l  t e s t  c a se s  u s in g  t h i s  model 

and model a tm ospheres t h a t  f o r  h o rizo n ta lly -h o m o g en eo u s a tm o sp h e res , 

c h a r a c t e r i s t i c  v e c to r s  o f  c o n s t i tu e n t s  w i l l  be changed in  a  s p e c t r a l  

s e n se . T h is change was a t t r i b u t e d  e n t i r e l y  to  th e  w aveleng th -dependency  

o f  th e  t ra n s m it ta n c e  fu n c t io n . I t  i s  f u r th e r  concluded  t h a t  r e l a t i v e  

q u a n t i f i c a t i o n  by c h a r a c t e r i s t i c  v e c to r  a n a ly s is  i s  u n a f f e c te d  by
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a  h o riz o n ta lly -h o m o g en e o u s  a tm osphere  p ro v id e d  com parison  c h a r a c t e r i s t i c  

v e c to r s  a r e  u se d  w hich have been  p r o p e r ly  m o d if ie d  by  th e  a tm o sp h e re .

Use o f  any o th e r  com parison  v e c to r s  r e s u l t s  n o t o n ly  i n  an i n a b i l i t y  

t o  p ro p e r ly  i d e n t i f y  c o n s t i tu e n t s  p r e s e n t ,  b u t  in a c c u ra te  r e l a t i v e  

q u a n t i f i c a t i o n  a s  w e l l .

From h y p o th e t ic a l  t e s t  c a se s  u s in g  m odel a tm o sp h e re s , i t  i s  

conc luded  t h a t  a  h o r i z o n t a l ly - v a r i a b le  a tm osphere  may deg rade  i d e n t i f i 

c a t io n  and q u a n t i f i c a t i o n  r e s u l t s  o b ta in e d  by c h a r a c t e r i s t i c  v e c to r  

a n a ly s i s  t o  a  s e r io u s  and u n a c c e p ta b le  d e g re e . V a r ia b le  a tm o sp h eric  

c o n d it io n s  a re  more l i k e l y  t o  e x i s t  f o r  d a ta  c o l l e c t i o n  a lo n g  lo n g  

f l i g h t  l i n e s ,  w here b o th  s p a t i a l  and tem p o ra l changes may o c c u r , and 

f o r  h ig h  a l t i t u d e s .  B ecause o f  th e  s e r io u s  p rob lem s w ith  a v a r i a b le  

a tm osphere  and f u n c t io n a l  d ep en d en c ies  t h a t  e x i s t  i n  a  g e n e ra l  r a d i a t i v e  

t r a n s f e r  s o lu t io n ,  i t  i s  a d v is a b le  t o  c o r r e c t  re m o te -se n s in g  d a ta  fo r  

a tm o sp h e ric  and s u r f a c e  e f f e c t s  b e fo re  a  c h a r a c t e r i s t i c  v e c to r  a n a ly s is  

i s  co n d u c ted . A number o f  t h e o r e t i c a l  and s e m ie m p iric a l c o r r e c t io n  

m odels and a lg o r ith m s  a re  p r e s e n t ly  in  u s e . T h e ir  a b i l i t y ,  how ever, 

t o  p ro v id e  a c c u ra te  a tm o sp h e ric  c o r r e c t io n s  u n d er a  v a r i e t y  o f  s o l a r -  

rem ote  se n so r  geom etry  and a tm o sp h e ric  c o n d it io n s  has  n o t been 

d e m o n s tra ted . In  view  o f  t h i s ,  i t  i s  recommended t h a t  c o l l e c t i o n  

p ro c e d u re s  f o r  s p e c t r a l  d a ta  d u r in g  re m o te -se n s in g  m is s io n s  c o n tin u e  to  

s a t i s f y  m iss io n  c r i t e r i a  w hich re d u c e  t o  a  minimum a tm o sp h e ric  e f f e c t s  

on s ig n a l  v a r i a b i l i t y .

I t  i s  re c o g n iz e d  t h a t  th e  h y p o th e t ic a l  t e s t  c a se s  and l im i t e d  

la b o r a to r y  d a ta  a n a ly z e d  in  t h i s  s tu d y  have p ro v id e d  o n ly  a  l im i te d
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i n s ig h t  in  th e  u se  o f  c h a r a c t e r i s t i c  v e c to r  a n a ly s i s .  Concept v a l id a t io n  

r e q u i r e s  th e  combined u se  o f  c o n t r o l le d  l a b o r a to r y  and f i e l d  ex p e rim e n ts . 

Based on th e  r e s u l t s  o f  t h i s  s tu d y , how ever, i t  i s  b e l ie v e d  t h a t  th e  

a n a ly s is  te c h n iq u e  has p ro m isin g  f u tu r e  a p p l i c a t i o n s .  S in ce  th e  

te c h n iq u e  c a n , u n d er fa v o ra b le  c o n d i t io n s ,  i d e n t i f y  and r e l a t i v e l y  

q u a n ti fy  c o n s t i tu e n t s  w ith  l i t t l e  o r  no s u rfa c e  t r u t h ,  i t  i s  p a r t i c u l a r l y  

a t t r a c t i v e  f o r  u s e  in  rem ote a re a s  w here s u r f a c e  t r u t h  may be d i f f i c u l t  

o r ex p en siv e  t o  o b ta in .  R e lia n c e , in s t e a d ,  i s  p la c e d  on in fo rm a tio n  

co n cern in g  c o n s t i tu e n t s  o b ta in e d  a  p r i o r i  under c o n t r o l le d  la b o r a to r y  

ex p e rim e n ts . The te c h n iq u e  can s u c c e s s f u l ly  h a n d le  s i t u a t i o n s  where 

c o n s t i tu e n t s  d e m o n s tra te  a sim ple  n o n l in e a r i ty  in  th e  r a d ia n c e -  

c o n c e n tra t io n  r e l a t i o n s h i p ,  w here random n o ise  i s  p r e s e n t ,  and f o r  

h o rizo n ta lly -h o m o g en eo u s  a tm o sp h eric  c o n d it io n s  w here s p e c t r a l  d a ta  

have been  o b ta in e d  u n d er c o n t r o l le d  m iss io n  c r i t e r i a .

The m ost s e r io u s  problem s and l im i t a t i o n s  on te c h n iq u e  usage 

r e l a t e  t o  th e  w av e len g th -d ep en d en t n o n lin e a r  n a tu re  o f  c o n s t i tu e n t s ,  

n o n lin e a r  s u p e rp o s i t io n  i n te r a c t io n s  betw een c o n s t i t u e n t s ,  random 

n o ise  e f f e c t s  on s p e c t r a l l y  s im i la r  c o n s t i tu e n t s  and h o r iz o n ta l ly  

v a r ia b le  a tm o sp h e res . I t  i s  recommended t h a t  f o r  th e  c h a r a c t e r i s t i c  

v e c to r  a n a ly s i s  te c h n iq u e  to  be o f  v a lu e ,  e x te n s iv e  la b o r a to r y  t e s t i n g  

o f  c o n s t i tu e n t s  o f  fo rem o st i n t e r e s t  t o  rem ote se n s in g  be conducted  to  

d e te rm in e  w hich c o n s t i tu e n t s  a re  m ost l i k e l y  t o  be a n a ly z e d  su c c e s s 

f u l l y  u s in g  th e  te c h n iq u e , and w hich ones p o s s e s s  p o s s ib le  l im i t in g  

f a c to r s  in  te rm s  o f  w a v e len g th -d e p e n d e n c ie s , s tro n g  i n te r a c t io n s  

w ith  o th e r  c o n s t i tu e n t s  o r  c lo s e  s p e c t r a l  s i m i l a r i t i e s  w ith  o th e r
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c o n s t i tu e n t s .  In  f l i g h t  e x p e rim e n ts , m inim al a tm o sp h eric  m easurem ents 

o f  p a ra m e te rs  such  as  o p t i c a l  d ep th  o r  v i s u a l  ran g e  would i s o l a t e  

re g io n s  o f  v a r i a b le  a tm o sp h eres .
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APPENDIX A

LIST OF SYMBOLS

a  = in t e r c e p t  c o e f f i c i e n t  in  s c a l a r  c o e f f ic i e n t - c o n c e n t r a t io n

r e l a t i o n s h ip  g iv en  by e q u a tio n  ( 5- 7 )

B = b a se  w a te r  up w ell ra d ia n c e

b = s lo p e  c o e f f i c i e n t  in  s c a l a r  c o e f f ic i e n t - c o n c e n t r a t io n

r e l a t i o n s h ip  g iv en  by e q u a tio n  ( 5- 7 )

C = c o n s t i tu e n t  c o n c e n tra t io n  in  w a te r
A

C = tra n s fo rm e d  l i n e a r  c o n c e n tra t io n s  d e f in e d  by e q u a tio n  ( 6—Ub)

e = e r r o r  fu n c t io n  d e f in e d  in  e q u a tio n  ( 6- 1 8 )

f  = s im p le -n o n lin e a r  s c a l in g  fu n c t io n  d e f in e d  by e q u a tio n s  (6- 1 0 )

and (6- 1 2 )

g = in t e r a c t io n  fu n c t io n  in  n o n l in e a r  s u p e rp o s i t io n

H = s o la r  a l t i t u d e

h = l i n e a r  s c a l in g  fu n c t io n  d e f in e d  by e q u a tio n  ( 5- 1 0 )

I  = i d e n t i t y  m a tr ix

J  = c o n s ta n t  d e f in e d  by e q u a tio n  (D-3)

K = g e n e ra l  i n t e r a c t io n  c o e f f i c i e n t s  in  n o n l in e a r  s u p e rp o s i t io n

k = i n te r a c t io n  c o e f f i c i e n t s  in  pow er-law  m odel o f  n o n lin e a r

s u p e rp o s i t io n

k = c o n s ta n t i n t e r a c t io n  c o e f f ic i e n t s
P

L = up w ell s p e c t r a l  ra d ia n c e  from  w a te r

L = mean s p e c t r a l  ra d ia n c e  o f  c o l l e c te d  s p e c t r a
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Lsun = s p e c t r a l  ra d ia n c e  from  r e f l e c t e d  s u n lig h t

^skjr = BPec‘*; r a l  ra d ia n c e  from r e f l e c t e d  d i f f u s e  s k y lig h t

L* = s p e c t r a l  p a th  ra d ia n c e

= t o t a l  s p e c t r a l  ra d ia n c e  a t  a l t i t u d e  o f  rem ote se n so r  

1 = p e rc e n ta g e  o f  t o t a l  v a r ia n c e  e x p la in e d  by an  e ig e n v e c to r

M = p r o p o r t io n a l i ty  (sh ap in g ) fu n c t io n  f o r  r a d ia n c e -c o n c e n tra t io n

r e l a t i o n s h ip  

P = m a tr ix  o f  m ea n -co rrec te d  s p e c t r a

P 1 = t ra n s p o s e  o f  m a tr ix  o f  m ea n -co rrec te d  s p e c t r a

p 'p  = e lem en ts  o f  m a tr ix  form ed by p ro d u c t o f  P 1 and P

R = c o r r e la t io n  m a tr ix

r  = e lem en ts  o f  c o r r e la t io n  m a tr ix

Sjj- = v a r ia n c e -c o v a r ia n c e  m a tr ix  f o r  o r ig i n a l  w aveleng th  axes

system

= v a r ia n c e -c o v a r ia n c e  m a tr ix  f o r  n o ise  

S j  = t o t a l  v a r ia n c e -c o v a r ia n c e  m a tr ix  d e f in e d  by e q u a tio n  (8 -4 )

S/N = s ig n a l - to - n o is e  r a t i o  d e f in e d  by e q u a tio n  (8 -23 )

s = e lem en ts  o f  Sx

T = r o t a t i o n  t r a n s fo rm a tio n  m a tr ix

= a tm o sp h eric  tra n s m itta n c e  

t  = e lem en ts  o f  T

U = s p e c t r a l  d a ta  sample

u  = e ig e n v e c to r  f o r  a l t e r n a t e  s p e c tro m e te r  system

V = v e c to r s  f o r  i t e r a t i o n s  on v a r ia n c e -c o v a r ia n c e  m a tr ix

v  = e ig e n v e c to r  o r  c h a r a c t e r i s t i c  v e c to r
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W = w indspeed

X = w aveleng th  o r  "band i n  o r i g i n a l  m easurem ent system

Y 3 s c a l a r  c o e f f i c i e n t s

y  = s c a l a r  c o e f f i c i e n t s  f o r  a l t e r n a t e  s p e c tro m e te r  system

Z = a l t i t u d e  o f  rem ote se n so r

a  3 i n t e r c e p t  c o e f f i c i e n t  i n  r e g r e s s io n  e q u a tio n

g 3 s lo p e  c o e f f i c i e n t  i n  r e g r e s s io n  e q u a tio n

A 3  in c rem en t change in  v a r i a b le

e 3 e r r o r  in  e s t im a t io n  o f  v a r i a b le

9 3 a n g le  o f  r o t a t i o n  o f  p r in c i p a l  ax es  from  o r ig i n a l  p o s i t io n

\  3 w aveleng th

Xjj. = e ig e n v a lu e s

XQ 3 phase  d i f f e r e n c e

o 3  u p w e ll r e f l e c ta n c e  from w ater

pQ = b a s e -w a te r  u p w ell r e f l e c t a n c e

Q 3 s ta n d a rd  d e v ia t io n

3  n o is e  s ta n d a rd  d e v ia t io n  

(jx 3 s ta n d a rd  d e v ia t io n  o f  s p e c t r a l  r a d ia n c e  d a ta

Qy 3 s ta n d a rd  d e v ia t io n  o f  s c a l a r  c o e f f i c i e n t s

0 3 a n g le  betw een o b liq u e  axes d e f in e d  by e q u a tio n  ( 1- 3 2 )

$ 3  o f f - n a d i r  scan  a n g le  o f  rem ote  se n so r

ill 3 s o la r  az im uth
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S u b s c r ip ts :

A,B,C = r e f e r s  t o  h y p o th e t ic a l  c o n s t i tu e n t s  A, B, C

avg = av e ra g e

BB = B a ile y  Bay sed im en ts

®100 = -®ermu^a Hundred sed im en ts

I ,  I I  = system s o f  c a lc u la t in g  e ig e n v e c to r s  and  s c a l a r  c o e f f i c i e n t s

i  = in d ex  o f  s p e c t r a  o r  sam ple p o in t  numbers

,3 = in d ex  o f  w aveleng th  o r  band numbers

k = in d ex  o f  r e t a in e d  e ig e n v e c to rs

m = t o t a l  number o f  s p e c t r a  (o r sam ple p o in t s )

N = number o f  c o n s t i tu e n t s

n = t o t a l  number o f  w aveleng ths o r  bands

p = t o t a l  number o f  r e t a in e d  e ig e n v e c to rs

u  = u p w e ll

X = r e f e r e n c e  t o  o r ig i n a l  w aveleng th  system

Y = r e f e r e n c e  t o  p r in c i p a l  axes system

S u p e r s c r ip ts :

d = d e g re e  o f  po lynom ial i n  r e g r e s s io n  e q u a tio n  ( 3- 2 )

p  = power in  n o n lin e a r  c o n s t i tu e n t  model

q.»r = pow ers u se d  i n  pow er-law  m odel o f  i n t e r a c t i o n  te rm  fo r

n o n l in e a r  s u p e rp o s i t io n  

' , 'V "  = tra n s fo rm e d  v a r i a b le s  a f t e r  f i r s t ,  seco n d , and t h i r d  axes

r o t a t i o n s
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S p e c ia l :

~  = d e n o te s  v a r i a b le s  w ith  n o is e  p re s e n t
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APPENDIX B

CALCULATION PROCEDURE FOR EIGENVALUES AND EIGENVECTORS 

The v a ria n c e -c o v a r ia n c e  m a tr ix  o f  s p e c t r a l  d a ta ,  S , i s  r e l a t e d  

to  th e  p ro d u c t o f  th e  tra n s p o s e  o f  th e  m ea n -c o rre c te d  d a ta  m a tr ix ,  P ' , 

and P i t s e l f  hy

3 “ (P' p> (o-D

E ig en v alu es  and e ig e n v e c to rs  o f  (P * P) can be c a lc u la te d  d i r e c t l y  

from

vk (P ' P) = \  vk ( C-2 )

A sim ple  i t e r a t i v e  method o f  converg ing  on a  sequence o f  e ig e n v e c to rs  

and e ig e n v a lu e s  i s  d e sc r ib e d  by Simonds (1962 ) . These s t e p s ,  w ith  

s l i g h t  m o d if ic a t io n , in c lu d e :

(1 ) p re m u ltip ly  (P 1 P ) ,  an n x n m a tr ix ,  by an a r b i t r a r y

(1 x n ) row v e c to r ,  V . A lthough th e  cho ice  o f  Vq i s  a r b i t r a r y ,  

a  row v e c to r  o f  ones i s  custom ary ,

(2) n o rm alize  th e  r e s u l t i n g  p ro d u c t ,  V (P ' P ) ,  a ( l  x n) row 

v e c to r ,  by d iv id in g  by i t s  l a r g e s t  e lem ent and den o te  th e  r e s u l t  by

V
(3 ) p re m u ltip ly  (P 1 P) by V and n o rm a lize  a g a in  by th e

l a r g e s t  e le m en t, d en o tin g  th e  r e s u l t  by V^,
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(4 ) c o n tin u e  th e  i t e r a t i o n s  u n t i l  ^  1  a  Prese-fc l e v e l

o f  a c c u ra c y .

(5 ) The l a r g e s t  e lem ent o f  i s  th e  f i r s t  e ig e n v a lu e , n o rm alize  

VM by  one o f  two m ethods,

(a )  i n  System  I  (Simonds 1 9 6 2 ), such  t h a t  th e  sum o f  th e  

s q u a re s  o f  th e  e lem en ts  o f  e q u a ls  th e  l a r g e s t  e le m en t, o r

e ig e n v a lu e  X^, o r

(b ) in  System  I I  (M uelle r 1 9 7 3 ), such t h a t  th e  sum o f  th e  

s q u a re s  o f  th e  e lem en ts  o f  e q u a ls  u n i ty .

( 6 ) D enote th e  n o rm a lized  v e c to r  by v ^ , th e  e ig e n v e c to r

c o rre sp o n d in g  t o  th e  l a r g e s t  e ig e n v a lu e .
I

(7 ) Compute th e  r e s id u a l  m a tr ix  (P 1 P -  v .^), r e tu r n  to  s te p  ( l )

and r e p e a t  th e  sequence to  o b ta in  th e  second l a r g e s t  e ig e n v a lu e , Xg, 

and c o rre sp o n d in g  e ig e n v e c to r ,  Vg.

(8 ) C on tinue  th e  p ro ced u re  f o r  a s  many e ig e n v a lu e s  and e ig e n v e c to rs  

(k „ = n ) a s  needed t o  f u l l y  accoun t f o r  th e  o r ig i n a l  d a ta  v a r ia n c e
3T151X

o r  such  t h a t  an a c c e p ta b le  h ig h  p e rc e n ta g e  i s  e x p la in e d .

C onvergence in  th e  above p ro ced u re  i s  r a p i d ,  r e q u i r in g  o n ly  a  few 

i t e r a t i o n s  in  m ost c a se s  c o n s id e re d . The r e s u l t s  o f  th e  com puta tions 

a re  a  h i e r a r c h a l  sequence o f  e ig e n v a lu e s  and c o rre sp o n d in g  e ig e n v e c to r s .
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APPENDIX C

CONVERSION OF EIGENVECTORS AND SCALAR MULTIPLES

FOR DIFFERENT SPECTRA MEASUREMENT SYSTEMS

A q u e s tio n  a r i s e s  as t o  how th e  number and p lacem en t o f  w aveleng ths 

o r  bands u se d  t o  d e f in e  in p u t  s p e c t r a  t o  a  c h a r a c t e r i s t i c  v e c to r  a n a ly s is  

a f f e c t s  th e  c a lc u la te d  n o rm a liz e d  e ig e n v e c to rs  ( o r  c h a r a c t e r i s t i c  

v e c to r s )  and a s s o c ia te d  s c a l a r  m u l t ip le s .  One m ight fo re s e e  th e  

s i t u a t i o n s  o f ,  f o r  exam ple, d e ta i l e d  sp e c tro m e te r  m easurem ents made 

in  th e  l a b o r a to r y  o r  from  an a i r c r a f t  a t  n -w a v e le n g th s , compared t o  

m easurem ents made from  a  d i f f e r e n t  sp e c tro m e te r  u t i l i z i n g  m w aveleng ths 

where m < n . C onversion  o f  n o rm a liz e d  e ig e n v e c to r s  and s c a l a r  m u lt ip le s  

from  one system  t o  a n o th e r  i s  c o n s id e re d  in  th e  fo llo w in g  d is c u s s io n .

E xact C onversion F o rm u la tion

By d e f i n i t i o n ,  f o r  an n -b an d  no rm a lized  e ig e n v e c to r ,  th e  sum

o f  th e  sq u a re s  o f  a l l  th e  components i s  one; 

n

w hich i s  t r u e  f o r  any o f  k e ig e n v e c to r s .  For th e  c a se  o f  a  scene  o f  

d a ta  m easured  by an m-band s p e c tro m e te r ,  th e  n o rm a liz e d  e ig e n v e c to rs  

have th e  p r o p e r ty ,

(D -l)

j = l

m

(D-2)

w here m < n .
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Assume t h a t  th e  w aveleng th s o r  hands s p e c i f ie d  in  e q u a tio n  (D-2) 

a re  some s u b s e t  o f  th e  w ave leng th s  o r  bands s p e c i f ie d  in  e q u a tio n  (D - l) . 

Sum th e  s q u a re s  o f  th e  e lem en ts  o f  th e  e ig e n v e c to rs  v, . ,  b u t  o n ly  a t  

th e  m w aveleng th s s p e c i f ie d  by th e  second  sp e c tro m e te r  system .

E q u a tio n  (D -l)  re d u c e s  t o

m

2  (vfcj )2 = J  (D-3)

j= l

where j  < 1 s in c e  m < n.

E q u a tio n  (D-3) may be r e w r i t t e n  a s

m

7 2 (v )2 = 1 J  k j
j = l

E q u a tin g  e q u a tio n s  (D-H) and (D-2)

m m

jS (tW)2 = S ("u|S (d-5>
3=1 3=1

T his  change i s  p r o p o r t io n a l  and a p p l ic a b le  on a  te rm -b y - te rm  b a s i s  a s

\3 = V I  Tkj (D-6!
where j  = 1 , 2 , . . . ,m.
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The s c a la r  m u l t ip le s  a s s o c ia te d  w ith  each  v e c to r  a r e  Y, . and
k i

y ^ i , r e s p e c t iv e ly .  S in ce  th e  p ro d u c ts  o f  th e  e ig e n v e c to rs  and s c a la r  

m u lt ip le s  a re  th e  same in  b o th  in s ta n c e s  ( to  y i e ld  th e  same in p u t 

s p e c t r a ) ,  i t  can  be shown t h a t

yk i -  ^  \ l  <D-T>

E q u a tio n s  (D -3 ), (D-6 ) and (D-7) s p e c ify  th e  c o n v e rs io n  o f  e ig e n v e c to rs

and s c a la r  m u l t ip le s  from one sp e c tro m e te r  system  t o  a n o th e r .

I f  th e  m w aveleng th s o f  th e  second sp e c tro m e te r  system  do not

co rre sp o n d  t o  w aveleng ths in  th e  n-band  sp e c tro m e te r  system , an

approxim ate  s o lu t io n  i s  p o s s ib le  i n  e q u a tio n  (D-3) by  i n te r p o la t i o n

o f  th e  v a lu e s  v  a t  th e  m w aveleng ths o f  th e  second sp e c tro m e te r  k j

system . However, f o r  any o f  th e  m w aveleng ths f a l l i n g  o u ts id e  o f  th e

n -w aveleng th  ran g e  o f  th e  f i r s t  sp e c tro m e te r  system , an  e x tr a p o la t io n

i s  n e c e s sa ry  w hich i s  c o n s id e ra b ly  more p resu m p tiv e  i n  n a tu r e .  A lso ,

i f  th e  f i r s t  sp e c tro m e te r  sy stem , fo r  w hich th e  e ig e n v e c to rs  and s c a la r

m u lt ip le s  a re  known, has c o n s id e ra b ly  l e s s  d e f in in g  w aveleng ths o r

bands th a n  th e  second system  in to  w hich th e  e ig e n v e c to rs  and s c a la r

m u lt ip le s  a re  to  be c o n v e r te d , c o n s id e ra b le  i n te r p o la t i o n  and

assum ption  o f  s p e c t r a l  v a r i a t i o n s  betw een w aveleng ths i s  n e c e s s a ry ,

and th e  e x p re s s io n  becomes more s p e c u la t iv e .

C onsider th e  c a se  ■where th e  e ig e n v e c to r s ,  v , a r e  c o n s ta n t  w ith
k j

w aveleng th . By e q u a tio n  (D -l)
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» V l  (D-8)

and "by e q u a tio n  (D-3)

2
m vk i  = J  (D-9)

A r a t i o  o f  e q u a tio n s  (D-9) and (D-8 ) becomes

J = |  (D-1 0 )

and e q u a tio n s  (D-6 ) and (D-7) become

" W = V m Tk 3 <D- 1:L)

and

i - V ! k i (D -12)

which a r e  th e  e q u a tio n s  c i t e d  by M u e lle r  (1973 ). These e q u a tio n s  become 

approx im ate  when th e  e ig e n v e c to rs  a re  no t c o n s ta n t  ( se e  f i g .  38 f o r  

exam ple). Under th e s e  c irc u m s ta n c e s , a c c u ra c ie s  a r e  c o n s id e ra b ly  

reduced  when m and n a r e  sm a ll.

F ig u re s  38 and 5 7 (a) d em o n stra te  th e  change in  c h a r a c t e r i s t i c  

v e c to r s  f o r  Bermuda Hundred and B a ile y  Bay sed im en ts  in  w a te r  a s  th e
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numbers o f  w av e len g th s  i s  red u c e d  from  15 (e v e ry  hO nm from  1*20 t o  960 nm)

t o  9 (ev e ry  1*0 nm from  1*60 to  780 nm ). The c h a r a c t e r i s t i c  v e c to r s  in  

f ig u r e  57 (a )  can be d i r e c t l y  c a lc u la te d  from  th e  v e c to r s  p re s e n te d  in  

f ig u r e  3 8 , u s in g  e q u a tio n s  (D-3) and ( D—6 ) .
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TABLE 1 . -

S enso r

W avelength

Ranges

(nm)

S u rfa c e  S v a th  

W idth (km)

S u rfa c e  
R e s o lu t io n  (m) 

f o r
C h a r a c t e r i s t i c  
A l t i t u d e  (km)

MEASUREMENT CHARACTERISTICS OF TYPICAL AIRCRAFT AND SATELLITE MULTISPECTRAL SCANNERS

Ocean C o lo r 
S en so r 
(OCS)

1*23 -  1*1*3 

l»6l  -  1*81 

1*99 -  519 

537 -  557 

573 -  593 

610 -  630 

652  -  672

688 -  708 

723 -  7l»3 
762  -  782

Bendix
M odular

M u l t i s p e c t r a l
S canner

(M2S)
380 -  1*1*0

1*1*0 -  1*90 

1*95 -  535

5U0 -  580 

580 -  620 

620  -  660 

660  -  700

700 -  71*0 

760  -  860  

970 -  1060 
+

Therm al

M u ltic h a n n e l 
Ocean C olor 

S en so r 
(MOCS)

1*00

20 C hannels 
19 nm 

B a n d v id tb  
Each

700

T e s t  Bed 
A i r c r a f t  

M u l t i s p e c t r a l  
S canner 
(TEAMS)

1*60 -  l*8o 

502 -  522 

51*8 -  568 

590  -  610 

630  -  650 

670  -  690 

703 -  723 
+

Therm al

Nimbus 7 
C o a s ta l  Zone 

C o lo r  
S can n er 

(CZCS)

1*33 -  1*53
510 -  530

51*0 -  560

660  -  680

700 -  800

+

T herm al

LAHDSATS 1 ,2 ,3

500 -  600 

600  -  700 

700 -  800 

800  -  1100  

+

•T herm al

•LAHDSAT 3 
o n ly

LAKDSAT I)

1*50 -  520 

520 -  600 

630 -  690 

760  -  900 
1550 -  1750 

+

T herm al

25 6.8 1 .6 3 .8 1500 185 185

75 

a t  

1 9 .8  km

7 

a t  

2 . 1* km

1 0 .5  x 21.1* 

a t

5 .3  km

7

a t

3 .3  km

800 

a t  

925 km

70

a t

900  km

30

a t

705 km

roro\J1
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TABLE 2 . -  CONCENTRATION AND RADIANCE VALUES FOR HYPOTHETICAL IDEAL, 

LINEAR CONSTITUENTS A, B, C -  SINGLE CONSTITUENTS AND MIXTURES 

WITH CONSTANT BASE WATER SPECTRUM REMOVED

C o n s t i tu e n t
C o n c e n tra tio n s  R ad ian ces  ( a r b i t r a r y  u n i t s )  a t  s p e c i f i c  w av e len g th s  (nm)

S p e c tra
Number CA CB CC 500 550 600 650 700 750 800 850 900

1 0 0 0 0 .0 0 0 0 .000 0 .000 0 .000 0 .0 0 0 0 .0 0 0 0 .000 0 .0 0 0 0 .0 0 0

2 0 10 0 1 .7 3 2 2 .0 0 0 1 .7 3 2 1 .0 0 0 .000 - 1 .0 0 0 - 1 .7 3 2 - 2 .0 0 0 -1 .7 3 2

3 0 20 0 3.1*61* 1*.000 3.1*71* 2 .0 0 0 .000 - 2 .0 0 0 -3.1*61* - 1*.000 -3.1*61*

1* 0 30 0 5 .1 9 6 6 .0 0 0 5 .196 3 .000 .000 - 3 .0 0 0 - 5 .196 - 6 .0 0 0 -5 .1 9 6

5 0 1*0 0 6 .9 2 8 8 .0 0 0 6 .928 1*.000 .000 -I*. 000 - 6 .928 - 8 .0 0 0 - 6 .9 2 8

6 10 0 0 1 .0 0 0 l.l* ll* 1 .7 3 2 1 .9 3 2 2 .0 0 0 1 .9 3 2 1 .7 3 2 1 . 1*11* 1 .0 0 0

7 20 0 0 2 .0 0 0 2 .828 3.1*61* 3.861* 1*.000 3.861* 3.1*61* 2 .8 2 8 2 .0 0 0

8 30 0 0 3 .0 0 0 1*. 21*3 5 .196 5.796 6 .0 0 0 5 .796 5 .196 l*.2l*3 3 .0 0 0

9 1*0 0 0 1*.000 5 .657 6 .928 7 .727 8 .0 0 0 7 .7 2 7 6 .928 5.61*7 lt .000

10 10 10 0 2 .7 3 2 3 . l*ll* 3.1*61* 2 .9 3 2 2 .0 0 0 .932 .000 - .5 8 6 - .7 3 2

11 20 10 0 3 .732 1*.828 5 .196 1*. 861* 1*.000 2 . 86I* 1 .7 3 2 .828 .268

12 30 10 0 U.732 6.21*3 6 .928 6 .7 9 6 6 .0 0 0 1*.796 3.1*61* 2.21*3 1 .2 6 8
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TABLE 4 . -  MEM RADIMCE AMD CHARACTERISTIC 'VECTOR SPECTRA FOR HYPOTHETICAL, LINEAR CONSTITUENTS

A, B, C

Mean r a d ia n c e  
( a r b i t r a r y  -u n its ) 500 550 600

A,
650

w a v e le n g th ,
700

nm
750 800 850 900

2 .0 0 0 2 .8 2 8 3.1*61* 3.861* U.000 3.861* 3.1*61* 2 .8 2 8 2 .0 0 0

3.1*61* H.000 3.U6U 2 .0 0 0 0 .000 -2 .0 0 0 -3.1*61* -1*.000 -3.1*61*

1 .0 3 5 2 .0 0 0 2 .8 2 8 3.1*61* 3.86U 1(.000 3.861* 3.1*61* 2 .8 2 8

C h a r a c t e r i s t i c  v e c to r s
n o rm a liz e d  t o  e ig e n 
v a lu e  ( a r b i t r a r y  u n i t s ) 500 550 600

X, w a v e le n g th , 
650 700

nm
750 800 850 900

VA 3 .1 6 2 1*.1*72 5.1*77 6 .1 0 9  6 .325 6 .1 0 9 5 . 1*77 1*.1*72 3 .1 6 2

VB 5.1*77 6 .3 2 5 5.1*77 3 .1 6 2  0 .0 0 0 - 3 .1 6 2 - 5 .U77 -6 .3 2 5 -5-1*77

VC 1 .6 3 7 3 .162 l*.l*72 5.1*77 6 .1 0 9 6 .325 6 .1 0 9 5.1*77 I*. 1*72

C h a r a c t e r i s t i c  v e c to r s
n o rm a liz e d  t o  u n i ty  
( a r b i t r a r y  u n i t s ) 500 550 600

X, w a v e le n g th , 
650 700

nm
750 800 850 900

VA 0 .206 0 .292 0 .3 5 8 0 .3 9 9  0.1*13 0 .399 0 .358 0 .2 9 2 0 .2 0 6

VB 0.369 0.1*26 0 .3 6 9 0 .2 1 3  0 .0 0 0 -0 .2 1 3 -0 .3 6 9 -0.1*26 -0 .3 6 9

VC 0 .1 0 9 0 .2 1 0 0 .2 9 7 0 .3 6 3  0.1*05 0.1*20 0.1*05 0 .3 6 3 0 .297

232
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TABLE 5 . -  SCALAR COEFFICIENTS FOR HYPOTHETICAL, 

LINEAR CONSTITUENTS A, B, C

S p e c tra
Number

1

6

7

8

9

aa>pi
s+5
COaoo

C o n s t i tu e n t
C o n c e n tra tio n

0

10

20

30

1*0

(Y )* v l i ' l

-0 .6 3 2

- 0.316

0.000

0.316

0.632

(Y]

_c

- I

w

S3(1)Pi+5
•H
- P
COaoo

0

10

20

30

1*0

-0 .6 3 2

- 0.316

0 .000

0.316

0.632

-9

- 1*

o

S3
$+5

•rH
•PCO
S3OO

26

27

28

29

30

0

10

20

30

HO

- 0.632

- 0.316

0 .000

0 .316

0 .632

-9

-I*

0

’4

9

* s e a la r  m u l t ip le s  (System  I )

* * p r in c ip a l  component v a lu e s  (System  I I )
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>.688

*.81*1*

>.000

*.81*1*

1.688

• .381 

.690 

'.000 

.690  

.381

.536

.768

.000

.768

.536
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TABLE 6.- CORRELATION MATRICES FOR SPATIALLY-INDEPENDENT COMBINATIONS 
OF HYPOTHETICAL, IDEAL, LINEAR CONSTITUENTS A AND B, A AND C

Constituents A and B 
Correlations at specific wavelengths (nm)

A-nm 500 550 600 650 700 750 800 850 900

500 1 .0 0 0 .986 .885 .50k - .0 1 3 - .3 1 8 - . 1r66 -.5fcL - .5 8 1

550 .986 1 .0 0 0 .9^8 .635 .1^5 — 16U — 319 — U01 -.UUU

600 .885 • 9^8 1 .0 0 0 . 8L8 M b .160 - .0 0 0 - .0 8 7 - .1 3 5

650 • 50^ .635 .81*8 1 .0 0 0 • 00 -0 .658 • 530 M b .UlO

700 - .0 1 3 .1^5 .857 1 .0 0 0 • 952 .891 .8b8 .822

750 - .3 1 8 - . 16b .160 . 658 .952 1 .0 0 0 .987 .970 .956

800 - . b 6 6 - .3 1 9 - .0 0 0 .530 .891 .987 1 .0 0 0 .996 • 991

850 ~ . 5 k l — Uoi - .0 8 7 .If 5^ . 8U8 .970 .996 1 .0 0 0 .999

900 - .5 8 1 - M b - .1 3 5 .UlO .822 .956 .991 .999 1 .0 0 0

row-pr*
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TABLE 7 . -  CONCENTRATION AND RADIANCE VALUES FOR HYPOTHETICAL IDEAL, 

LINEAR CONSTITUENTS A + C: SINGLE CONSTITUENTS AND MIXTURES

WITH CONSTANT BASE WATER SPECTRUM REMOVED

C o n s t i tu e n t
C o n c e n tra tio n s  R ad ian ces  ( a r b i t r a r y  u n i t s )  a t  s p e c i f i c  w a v e len g th s  (nm)

S p e c tra
Number CA CB c c 500 550 600 650 700 750 800 850 900

1 0 0 0 0 .000 0 .0 0 0 0 .000 0 .000 0 .000 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .000

2 0 0 10 .518 1 .0 0 0 1 . 1*11* 1 .7 3 2 1 .9 3 2 2 .0 0 0 1 .9 3 2 1 .7 3 2 1 . 1*11*

3 0 0 20 1 .0 3 5 2 .0 0 0 2 .8 2 8 3.1*61* 3.861* 1*.000 3.861* 3.1*61* 2 .8 2 8

1* 0 0 30 1 .5 5 3 3 .0 0 0 l*.2l*3 5 .196 5 .7 9 6 6 .0 0 0 5 .796 5 .1 9 6 l*.2l*3

5 0 0 1*0 2 .0 7 1 lt .000 5.657 6 .928 7 .7 2 7 8 .0 0 0 7 .7 2 7 6 .9 2 8 5.657

6 10 0 0 1 .0 0 0 l.l* ll* 1 .732 1 .932 2 .0 0 0 1 .9 3 2 1 .7 3 2 1 . 1*11* 1 .0 0 0

7 20 0 0 2 .0 0 0 2 .8 2 8 3.1*61* 3.861* 1*.000 3.861* 3.1*61* 2 .8 2 8 2 .0 0 0

8 30 0 0 3 .0 0 0 l*.2l*3 5 .196 5 .7 9 6 6 .0 0 0 5 .7 9 6 5 .1 9 6 l*.2l*3 3 .0 0 0

9 1*0 0 0 1*.000 5.61*7 6 .9 2 8 7 .7 2 7 8 .0 0 0 7 .7 2 7 6 .9 2 8 5 .657 U.000

10 10 0 10 1 .5 1 8 2 . 1*ll* 3.11*6 3.661* 3 .932 3 .932 3.661* 3.11*6 2 . 1*ll*

11 20 0 10 2 .518 3 .828 1*.878 5 .5 9 6 5.932 5.861* 5 .3 9 6 1*. 560 3.1*ll*

12 30 0 10 3.518 5.21*3 6 .610 7 .5 2 8 7 .9 3 2 7 .7 9 6 7 .1 2 8 5-975 l*.l*ll*
coO'*
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TABLE 7 . -  CONCLUDED

Constituent
Concentrations Radiances (arbitrary omits) at specific wavelengths (nm)

S p e c tra
Number CA CB cc 500 550 6oo 650 700 750 800 850 900

13 1*0 0 10 l* .5 l8 6 .657 8.31*2 9.1*59 9 .9 3 2 9-727 8 .860 7 .3 8 9 5 . l*ll*

Ih 10 0 20 2 .0 3 5 3.1*ll* li .560 5 .396 5.86U 5 .932 5 .596 1*.878 3 .8 2 8

15 20 0 20 3 .035 1*.828 6 .293 7 .328 7.86U 7.86U 7 .328 6 .2 9 3 U.828

16 30 0 20 1*.035 6.21*3 8 .0 2 5 9 .2 6 0 9.861* 9 .7 9 6 9 .0 6 0 7 .7 0 7 5 .828

17 1*0 0 20 5 .035 7 .6 5 7 9 .757 11 .192 11.861* 1 1 .727 10 .792 9 .1 2 1 6 .8 2 8

18 10 0 30 2 .5 5 3 l*.l*ll* 5-975 7 .1 2 8 7 .7 9 6 7 .932 7 .5 2 8 6 .6 1 0 5.21*3

19 20 0 30 3 .553 5 .828 7 .707 9 .0 6 0 9 .7 9 6 9.861* 9-260 8 .025 6.21*3

20 30 0 30 1*.553 7.21*3 9-1*39 10 .992 1 1 .796 1 1 .7 9 6 10 .992 9.1*39 7.21*3

21 1*0 0 30 5.553 8 .6 5 7 11 .171 12.921* 13 .796 13 .727 12.721* 1 0 .8 5 3 8.21*3

22 10 0 1*0 3 .071 5.1*11* 7 .3 8 9 8 .8 6 0 9 .7 2 7 9 .9 3 2 9.1*59 8.31*2 6 .657

23 20 0 1*0 U.071 6 .828 9-121 10 .792 11 .727 11.861* 11 .192 9 .7 5 7 7 .6 5 7

2k 30 0 1*0 5 .071 8.21*3 10 .853 1 2 . 721* 13 .727 13 .796 1 2 . 921* 1 1 .1 7 1 8 .6 5 7

25 1*0 0 1*0 6 .071 9 .6 5 7 12 .585 ll* .656 15-727 1 5 .7 2 7 11*. 656 1 2 .5 8 5 9 .657

roLO
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TABLE 8 . -  CONCENTRATION AND RADIANCE VALUES FOR HYPOTHETICAL IDEAL,

LINEAR CONSTITUENTS A + B + C: SINGLE CONSTITUENTS AND MIXTURES

WITH CONSTANT BASE WATER SPECTRUM REMOVED
Constituent

Concentrations Radiances (arbitrary units) at specific wavelengths (nm)
Spectra

amber CA CB cc 500 550 600 650 700 750 800 850 900

1 0 0 0 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0 .0 0 0 0.000
2 0 0 20 1.035 2.000 2.828 3 .H6H 3 .86H H.000 3.86H 3.H6H 2.828

3 0 0 Ho 2.071 H.000 5.657 6 .9 2 8 7 .7 2 7 8.000 7.727 6 .9 2 8 5.657

H 20 0 0 2.000 2.828 3.H6H 3 .86H H.0 0 0 3.86H 3.H6H 2.828 2.000

5 20 0 20 3.035 H.8 2 8 6.293 T.3 2 8 7 .8 6H 7.86H 7.328 6.293 H.828

6 20 0 Ho H.071 6.828 9.121 1 0 .7 9 2 1 1 .7 2 7 11.86H 11.192 9-757 7.657

7 1*0 0 0 H.000 5.657 6.928 7 .7 2 7 8.000 7.727 6 .9 2 8 5.657 H.000

8 Ho 0 20 5.035 7.657 9-757 1 1 .1 9 2 11.86H 11.727 10.792 9.121 6.828

9 Ho 0 Ho 6.071 9.657 12.585 1H.656 15.727 15.727 1 H.6 5 6 12.585 9.657

10 0 20 0 3.H6H H.000 3.H6H 2.000 .000 -2.000 -3.H6H -H.000 -3.H6H

11 0 20 20 H.H99 6.000 6.293 5.H6H 3.86H 2.000 • Hoo -.536 - . 6 3 6

12 0 20 Ho 5.535 8.000 9.121 8.928 7.727 6.000 H.2 6 3 2.928 2.193
C OCO
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TABLE 8 . -  CONCLUDED

C o n s t i tu e n t
C o n c e n tra tio n s  R ad ian ces  ( a r b i t r a r y  u n i t s )  a t  s p e c i f i c  w a v e len g th s  (nm)

S p e c tra
Number CA CB c c 500 550 600 650 700 750 800 850 900

13 20 20 0 5.1+61+ 6 .8 2 8 6 .9 2 8 5.861+ 1+.000 1.861+ .0 0 0 - 1 .1 7 2 -1.1+61+

i l l 20 20 20 6.1+99 8 .8 2 8 9 .7 5 7 9 .3 2 8 7.861+ 5.861+ 3.861+ 2 .2 9 3 1.361+

15 20 20 l+o 7 .5 3 5 1 0 .8 2 8 1 2 .5 8 5 1 2 .7 9 2 1 1 .7 2 7 9.861+ 7 .7 2 7 5 .7 5 7 1+.193

16 1+0 20 0 7-1+61+ 9 .6 5 7 1 0 .3 9 2 9 .7 2 7 8 .0 0 0 5 .7 2 7 3.1+61+ 1 .6 5 7 .5 3 6

17 i+o 20 20 8.1+99 1 1 .6 5 7 1 3 .2 2 1 1 3 .1 9 2 11.861+ 9 .7 2 7 7 .3 2 8 5 .1 2 1 3.361+

18 l+o 20 l+o 9 -5 35 1 3 .6 5 7 1 6 . 0l+9 1 6 .6 5 6 1 5 .7 2 7 1 3 .7 2 7 1 1 .1 9 2 8 .5 8 5 6 .1 9 3

19 0 1+0 0 6 .9 2 8 8 .0 0 0 6 .9 2 8 1+.000 .0 0 0 - 1+.000 - 6 .9 2 8 - 8 .0 0 0 - 6 .9 2 8

20 0 l+o 20 7 .9 6 3 1 0 .0 0 0 9 .7 5 7 7.1+61+ 3.861+ .0 0 0 -3.061+ -1+.536 - 1+.100

21 0 l+o 1+0 8 .9 9 9 1 2 .0 0 0 1 2 .5 8 5 1 0 .9 2 8 7 .7 2 7 1+.000 •799 - 1 .0 7 2 - 1 .2 7 1

22 20 l+o 0 8 .9 2 8 1 0 .8 2 8 1 0 .3 9 2 7.861+ 1+.000 - . 1 3 6 -3.1+61+ - 5 .1 7 2 -1+. 928

23 20 l+o 20 9 .9 6 3 1 2 .8 2 8 1 3 .2 2 1 1 1 .3 2 8 7.861+ 3.861+ 00-=f - 1 .7 0 7 - 2 .1 0 0

2 l| 20 l+o 1+0 1 0 .9 9 9 i l l .  828 16.01+9 11+.792 1 1 .7 2 7 7.861+ 1+.263 1 .7 5 7 .7 2 9

25 !|0 l+o 0 1 0 .9 2 8 1 3 .6 5 7 1 3 .8 5 6 1 1 .7 2 7 8 .0 0 0 3 .7 2 7 .0 0 0 -2.31+3 - 2 .9 2 8

26 l+o l+o 20 1 1 .9 6 3 1 5 .6 5 7 1 6 .6 8 5 1 5 .1 9 2 11.861+ 7 -7 2 7 3.861+ 1 .1 2 1 - .1 0 0

27 l+o l+o 1+0 1 2 .9 9 9 1 7 .6 5 7 1 9 .5 1 3 1 8 .6 5 6 1 5 .7 2 7 1 1 .7 2 7 7 .7 2 7 1+.585 2 .7 2 9
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TABLE 9> - MEAN RADIANCE, PRINCIPAL AXES EIGENVECTORS, CHARACTERISTIC VECTORS AND TRANSFORMED 

EIGENVECTORS FOR THIRTEEN-SPECTRA CASE OF HYPOTHETICAL LINEAR CONSTITUENTS A AND B IN MIXTURES

X, w a v e le n g th , nm
500 550 600 650 700 750 800 850  900

Mean r a d ia n c e  
( a r b i t r a r y  u n i t s )

La+b  3.U0U U .330 U .530 I t .01*9 3 .0 7 7  1 .8 9 5  0 .7 9 9  0 .0 2 2  -0 .3 2 7

P r in c ip a l  ax es  e ig e n 
v e c to r s  (n o rm a liz e d  
t o  u n i ty )

C h a r a c t e r i s t i c  v e c to r s  
f o r  A and  B 
(n o rm a liz e d  t o  u n i ty )

- 0 .0 1 6  0 .0 2 7  0 .1 1 3  0 .2 2 9  0 .3 5 2  O.U52 O.U98 0.1*71 0 .3 6 9

0.1*23 0 .5 1 6  0 .5 0 2  0 .3 9 0  0 .2 1 5  0 .0 2 6  -0 .1 2 9  - 0 .2 1 2  -0 .2 0 8

0 .2 0 6  0 .2 9 2  0 .3 5 8  0 .3 9 9  O.U13 0 .3 9 9  0 .3 5 8  O.2 9 2  0 .2 0 6

0 .3 6 9  0.1*26 0 .3 6 9  0 .2 1 3  0 .0 0 0  -0 .2 1 3  - 0 .3 6 9  -0.1*26 - 0 .3 6 9

roJ=-O
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TABLE 1 0 . -  CONCENTRATION AND RADIANCE VALUES FROM HYPOTHETICAL 

FLIGHT EXPERIMENT OVER TWO MIXED LINE DUMPS OF CONSTITUENTS A + B.

SPECTRA LISTED IN SAME ORDER OF COLLECTION SHOWN IN FIGURE 25. 

C o n s t i tu e n t
C o n c e n tra tio n s  R ad ian ces  ( a r b i t r a r y  u n i t s )  a t  s p e c i f i c  w a v e len g th s  (nm)

S p e c tra
Number CA CB CC 500 550 600 650 700 750 800 850 900

1 0 0 0 0 .000 0 .0 0 0 0 .000 0 .000 0 .000 0 .000 0 .0 0 0 0 .000 0 .000

2 0 0 0 0 .000 0 .000 0 .000 0 .000 0 .000 0 .0 0 0 0 .000 0 .000 0 .0 0 0

3 0 0 0 0 .000 0 .0 0 0 0 .000 0 .000 0 .000 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .000

4 5 0 0 .500 .707 .866 .966 1 .0 0 0 .966 .866 .707 .500

5 10 0 0 1 .0 0 0 1 .4 l4 1 .732 1 .9 3 2 2 .0 0 0 1 .9 3 2 1 .7 3 2 l . 4 i 4 1 .0 0 0

6 15 10 0 3 .232 4 .121 4 .330 3 .898 3 .000 1 .8 9 8 .866 .121 - .2 3 2

7 20 20 I.) 5.1*64 6 .828 6 .928 5 .865 4 .000 1 .8 6 4 .000 - 1 .1 7 2 -1 .4 6 4

8 25 30 0 7 .6 9 6 9 .536 9 .5 2 6 7 .8 3 0 5 .0 0 0 1 .8 3 0 - .8 6 6 -2 .4 6 4 - 2 .6 9 6

9 20 40 0 8 .928 10 .828 10 .392 7 .8 6 4 4 .0 0 0 - .1 3 6 -3 .4 6 4 - 5 .1 7 2 -4 .9 2 8

10 10 30 0 6 .1 9 6 7 .4 1 4 6 .928 4 .9 3 2 2 .0 0 0 - 1 .0 6 8 -3 .4 6 4 - 4 .586 - 4 .196

11 0 20 0 3 .464 4 .0 0 0 3 .464 2 .0 0 0 .000 -2 .0 0 0 -3 .4 6 4 -4 .0 0 0 -3 .4 6 4

12 0 10 0 1 .7 3 2 2 .0 0 0 1 .7 3 2 1 .0 0 0 .000 -1 .0 0 0 -1 .7 3 2 -2 .0 0 0 - 1 .7 3 2

13 0 0 0 0 .000 0 .0 0 0 0 .000 0 .000 0 .000 0 .000 0 .000 0 .0 0 0 0 .000
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TABLE 1 0 . -  CONTINUED

Constituent
Concentrations Radiances (arbitrary units) at specific wavelengths (nm)

Spectra
Number n

CB CC 500 550 600 650 700 750 800 850. 900

lU 0 0 0 0 .000 0 .0 0 0 0 .000 0 .0 0 0 0 .0 0 0 0 .000 0 .0 0 0 0 .0 0 0 0 .0 0 0

15 0 0 0 0 .000 0 .000 0 .000 0 .0 0 0 0 .000 0 .0 0 0 0 .0 0 0 0 .000 0 .0 0 0

16 0 0 0 0 .000 0 .0 0 0 0 .000 0 .000 0 .000 0 .000 0 .0 0 0 0 .000 0 .0 0 0

IT 0 0 0 0 .000 0 .0 0 0 0 .000 0 .0 0 0 0 .0 0 0 0 .000 0 .0 0 0 0 .000 0 .0 0 0

18 10 0 0 1 .0 0 0 l.l+ll* 1 .732 1 .932 2 .0 0 0 1 .932 1 .7 3 2 1 .U1 I* 1 .0 0 0

19 20 0 0 2 .0 0 0 2 .8 2 8 3.1*61* 3.861* 1*.000 3.861* 3.1*61* 2 .8 2 8 2 .0 0 0

20 25 0 0 2 .5 0 0 3 .5 3 6 1*.330 1*.830 5 .000 1*.830 1+.330 3 .536 2 .5 0 0

21 20 10 0 3 .732 1*.828 5 .196 1*.861* 1*.000 2.861* 1 .7 3 2 .828 .268

22 15 20 0 1*.961* 6 .121 6 .0 6 2 1*.898 3 .000 .896 - .8 6 6 -1 .8 7 9 -1.961*

23 10 30 0 6 .196 7.1*ll* 6 .928 1*.932 2 .0 0 0 - 1 .068 -3.1*61* —1*. 586 -1*.196

2b 5 1*0 0 7 . 1*28 8 .707 7.791* 1* .966 1 .0 0 0 -3.031* - 6 .0 6 2 -7 .2 9 3 -6.1*28

25 0 30 0 5 .196 6 .000 5 .1 9 6 3 .0 0 0 .000 -3 .0 0 0 -5 .1 9 6 -6 .0 0 0 - 5 .1 9 6

26 0 20 0 3.1*61* 1*.000 3.1*61* 2 .000 .000 -2 .0 0 0 -3.1*61* -1*.000 -3.1*61*

27 0 10 0 1 .732 2 .0 0 0 1 .7 3 2 1 .0 0 0 .000 -1 .0 0 0 -1 .7 3 2 -2 .0 0 0 - 1 .7 3 2
4=-<j0
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TABLE 1 0 . -  CONCLUDED

C o n s ti tu e n t
C o n c e n tra tio n s  R ad iances  ( a r b i t r a r y  u n i t s )  a t  s p e c i f i c  w a v e len g th s  (nm)

S p e c tra
Number CA CB cc 500 550 6oo 650 700 750 800 850 900

28 0 0 0 0 .000 0 .000 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .000 0 .0 0 0 0 .0 0 0

29 0 0 0 0 .000 0 .000 0 .000 0 .000 0 .0 0 0 0 .0 0 0 0 .000 0 .0 0 0 0 .000

30 0 0 0 0 .000 0 .000 0 .000 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .000
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TABLE 1 1 . -  CONCENTRATIONS, RADIANCE VALUES, MEAN VALUES AND CHARACTERISTIC VECTORS FOR SIMPLE 

NONLINEAR HYPOTHETICAL CONSTITUENTS A, B , C. NONLINEAR POWER = 0 . 5 .

C o n c e n tra t io n s  R a d ia n ces  ( a r b i t r a r y  u n i t s )  a t  s p e c i f i c  w av e len g th s  (n a )

500 550 600 650 700 750 800 850 900

^  0 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0

10 .316 . 1*1*7 . 5*»8 .611 .632 .611 . 5U8 .1*1*7 .316

C o n s t i tu e n t  A 1 20 .1*1*7 .632 .775 .861* . 89U .861* •775 .632 .1*1*7

30 .5**8 • 775 1 .0 5 8 1 .0 9 5 1 .0 5 8 ■ 9*»9 .775 .51*8

k. 10 .632 .891* 1 .0 9 5 1 .2 2 2 1 .2 6 5 1 .2 2 2 1 .0 9 5 . 891* .632

Mean v e c to r , .389 .550 .673 .751 .777 .751 .673 .550 .389

C h a r a c t e r i s t i c  v e c t o r ,  v ^ .2 0 6 .292 .358 .399 .1*13 .399 .358 .292 .206

"  0 0 .0 0 0 0 .000 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0

10 .51*8 .632 . 51*8 .316 .000 - .3 1 6 —. 5**8 - .6 3 2 - . 5U8

C o n s t i tu e n t  B * 20 • 775 .891* .775 .1*1*7 .000 - . 1*1*7 - 7 7 5 -.89** — 775

30 • 9>*9 1 .0 9 5 • 9**9 . 51*8 .000 - . 51*8 - . 91*9 -1 .0 9 5 - . 91*9

*. 1*0 1 .0 9 5 1 .2 6 5 1 .0 9 5 .632 .000 - .6 3 2 -1 .0 9 5 -1 .2 6 5 -1 .0 9 5

Mean v e c t o r , .6 7 3 .777 .673 .389 .0 0 0  ' - .3 8 9 - .6 7 3 - .7 7 7 - .6 7 3

C h a r a c t e r i s t i c  v e c t o r ,  v fi .3 6 9 . 1*26 .369 .213 .000 - .2 1 3 - .3 6 9 -.1*26 - .3 6 9
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Concentrations

C onstituent C <

f c 500

0 0.000

10 .161*

20 .231

30 . 28U

1(0 .326

\ .201

vc .109

TABLE 1 1 . -  CONCLUDED

R a d ia n ces  ( a r b i t r a r y  u n i t s )  a t  s p e c i f i c  w av e len g th s  (nm)

550 600 650 700 750 800 850 900

0.000 0.000 0.000 0.000 0.000 0.000 0 .0 0 0 0.000

.316 .1(1(7 .51(8 .611 .632 .6 1 1 . 5U8 .1*1(7

.1(U7 .632 .775 . 861( . 89b .86U .775 .632

.51(8 .775 .9U9 1 .0 5 8 1 .0 9 5 1 .0 5 8 .9U9 .775

.632 . 89U 1.095 1.222 1 .2 6 5 1 .2 2 2 1.095

.389 .550 .673 .751 .777 .751 .673 .550

.210 .297 .363 .1(05 .1(20 .1(05 .363 .297
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TABLE 1 2 . -  CONCENTRATIONS, RADIANCE VALUES, MEAN VALUES AND CHARACTERISTIC VECTORS FOR SIMPLE 

NONLINEAR HYPOTHETICAL CONSTITUENTS A, B , C. NONLINEAR POWER = 1 . 5 .

C o n c e n tra t io n s  R a d ia n ces  ( a r b i t r a r y  u n i t s )  a t  s p e c i f i c  w a v e le n g th s  (run)

fA 500 550 600 650 700 750 800 850 900

^  0 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0

10 3 .1 6 2 1*.1*72 5-1*77 6 .1 0 9 6 .325 6 .1 0 9 5.1*77 l*.l*72 3 .1 6 2

C o n s t i tu e n t  A * 20 8 . 91*1* 12.61*9 15.1*92 1 7 .2 7 9 17 .8 8 9 17 .2 7 9 15.1*92 12.61*9 8 . 91*1*

30 16.1*32 23 .238 28 . 1*60 3 1 .7>*li 32 .8 6 3 31.71*1* 2 8 . 1*61 23 .2 3 8 16.1*32

V. 1*0 25 .2 9 8 35-777 1*3.818 1*8.872 50 .5 9 6 1*8.872 1*3.818 35 .7 7 7 2 5 .2 9 8

Mean v e c t o r .  L.A 1 0 .7 6 7 15 .2 2 6 1 8 . 6U9 20 .801 21 .5 3 5 20 .801 1 8 .6 5 0 15 .2 2 6 1 0 .7 6 7
C h a r a c t e r i s t i c  v e c to r*  vA .2 0 6 .292 .358 .399 .1*13 .399 .358

CM
. ON 
CVI .2 0 6

r  0 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0

10 5.1*77 6 .325 5.1*77 3 .1 6 2 .000 - 3 .162 -5.1*77 -6 .3 2 5 -5.1*77
C o n s t i tu e n t  B * 20 15.1*92 1 7 .8 8 9 15.1*92 8 . 91*1* .0 0 0 - 8 . 91*1* -15.1*92 - 1 7 .8 8 9 -15.1*92

30 28 . 1*60 32 .863 28.1*61 1 6 . 1*32 .000 -16.1*32 - 2 8 . 1*60 -3 2 .8 6 3 -28.1*61

1*0 1*3.818 50 .596 1*3.818 25 .298 .000 -2 5 .2 9 8 - 1*3 .818 -5 0 .5 9 6 -1*3.818
Mean v e c t o r ,  Lfi 18.61*9 21 .535 1 8 .6 5 0 10 .767 .0 0 0 -1 0 .7 6 7 -18.61*9 -2 1 .5 3 5 -1 8 .6 5 0

C h a r a c t e r i s t i c  v e c t o r ,  Vg .3 6 9 . 1*26 .369 .213 .000 - .2 1 3 - .3 6 9 - . 1*26 - .3 6 9

ro4=~
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TABLE 1 3 . -  SCALAR MULTIPLES FOR SIMPLE NONLINEAR CONSTITUENTS

C o n s ti tu e n t  S c a la r  , .
C o n c e n tra tio n s  M u lt ip le s  F u n c tio n a l A

*CA *Ya **f(YA) Range f(YA)

0 - .786  0.0  0.0

Power 

P = 0 .5

Power 

P = 1 .5

10 -.11*7 .1*08 .25

20 .118  .816  .50

30 .322  1 .228  .75

UO .1*93 1 .636  1 .0 0

0 - .5 2 5  0 .0  0 .0

10 - .3 7 1  .287  .25

20 - .0 8 9  .575 .50

30 .276  .862  .75

bo .709  1 .150  1 .0 0

* I d e n t i c a l  v a lu e s  f o r  c o n s t i tu e n t s  B and C

= <ym  -  ya (c a  = o))1*

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
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TABLE I k . -  SPECTRA FROM HYPOTHETICAL FLIGHT EXPERIMENT OVER 

TWO MIXED LINE DUMPS OF SIMPLE NONLINEAR CONSTITUENTS 

A (p = 0 .2 )  AND B (p = 2 .0 ) .  SPECTRA LISTED IN SAME 

ORDER AS SHOWN IN FIGURE 25 .

C o n s t i tu e n t
C o n c e n tra tio n s  R a d ian ces  ( a r b i t r a r y  u n i t s )  a t  s p e c i f i c  w a v e len g th s  (nm)

S p e c tra
Number CA CC 500 550 600 650 700 750 800 850 900

1 0 0 0 0 .0 0 0 0 .000 0 .000 0 .0 0 0 0 .000 0 .000 0 .000 0 .000 0 .0 0 0

2 0 0 0 0 .0 0 0 0 .0 0 0 0 .000 0 .0 0 0 0 .0 0 0 0 .000 0 .0 0 0 0 .000 0 .000

3 0 0 0 0 .0 0 0 0 .0 0 0 0 .000 0 .000 0 .0 0 0 0 .000 0 .000 0 .0 0 0 0 .0 0 0

h 5 0 0 .138 .195 .239 .267 .276 .267 .239 .195 .138

5 10 0 0 .158 .221* .275 .306 .317 .306 .275 .221* .158

6 15 10 0 .189 .263 .315 .31*2 .31*1* .322 .280 .223 .155

T 20 20 0 .251 .337 .385 .392 .361* .312 .21*6 .177 .113

8 25 30 0 .31*6 .1*1*9 .1*86 .1*58 .381 .278 .171* .089 .031*

9 20 ho 0 .1*59 • 577 .592 .512 .361* .192 .038 - .0 6 3 - 0 9 5

10 10 30 0 .311* .IrOl* .1*30 .396 .317 .216 • 119 . 01*1* .003

11 0 20 0 .069 .080 .069 .01*0 .000 -.01*0 - .0 6 9 - .0 8 0 - .0 6 9

12 0 10 0 .017 .020 .017 .010 .000 - .0 1 0 - .0 1 7 - .0 2 0 - .0 1 7
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TABLE l i t . -  CONCLUDED

C o n s t i tu e n t
C o n c e n tra tio n s  R ad iances  ( a r b i t r a r y  u n i t s )  a t  s p e c i f i c  w a v e len g th s  (nm)

S p e c tra
Number CA CB cc 500 550 6oo 650 700 750 800 850 900

2T 0 10 0 .017 .020 .017 .010 .000 - .0 1 0 1 • o H -d - .0 2 0 - .0 1 7

28 0 0 0 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .000 0 .0 0 0 0 .0 0 0

29 0 0 0 0 .000 0 .000 0 .000 0 .000 0 .000 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .000

30 0 0 0 0 .000 0 .0 0 0 0 .000 0 .000 0 .000 0 .0 0 0 0 .000 0 .0 0 0 0 .0 0 0
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TABLE

C o n s t i tu e n t  A

C o n s t i tu e n t  B

1 5 . -  CONCENTRATIONS, RADIANCE SPECTRA, AND MEAN VECTORS FOR WAVELENGTH-DEPENDENT 

NONLINEAR HYPOTHETICAL CONSTITUENTS A, B , C.

0 .5  < p(A ) < 1 .0

C o n c e n tra t io n s  R ad ian ces ( a r b i t r a r y  u n i t s )  a t  s p e c i f i c  w av e len g th s  (nm)

500 550 600 650 700 750 800 850 900

r  0 0 .0 0 0 0 .0 0 0 0 .000 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0

10 .316 .516 .730 .91(1 1 .1 2 5 1 .2 5 5 1 .2 9 9 1 .2 2 5 1 .0 0 0

< 20 .1(1*7 .T 63 1 .1 2 6 1 .5 1 5 1 .8 9 1 2 .2 0 3 2 .3 8 2 2.3U 5 2 .0 0 0

30 . 5U8 .958 1 .U51 2 .0 0 2 2.51(6 3 .0 6 3 3 .397 3.1(30 3 .0 0 0

S. lto .632 1 .1 2 6 1 .7 3 7 2 . 1(1(0 3 .1 8 1 3 .8 6 9 U.369 L.U92 U.OOO

Mean V e c to r .3 8 9 .673 1 .0 0 9 1 .3 8 0 1 .7 5 2 2 .0 7 8 2 .2 8 9 2 .2 9 8 2 .0 0 0

c  0 0 .0 0 0 0 .0 0 0 0 .000 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0

10 .51(8 .730 .730 .1(87 .000 - . 6U9 - 1 .2 9 9 - 1 .7 3 2 - 1 .7 3 2

< 20 .775 1 .0 7 9 1 .1 2 6 .781* .000 - l . lU O - 2 .3 8 2 - 3 .3 1 7 -3.U6U

30 .91(9 1 .3 5 5 1.1(51 1 .0 3 6 .000 - 1 .5 8 5 -3 .3 9 7 -U .851 - 5 .1 9 8

s. 1(0 1 .0 9 5 1 .5 9 3 1 .7 3 7 1 .2 6 3 .000 - 2 .0 0 3 -1(.3  69 -6 .3 5 3 - 6 .928

Mean V e c to r  L_ xs .673 .951 1 .0 0 9 . 71U .000 - 1 .0 7 6 - 2 .2 8 9 - 3 .2 5 1 -3.U6U

253
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TABLE

C onstituent A

C onstituent B

1 6 .-  CONCENTRATIONS, RADIANCE SPECTRA, AND MEAN VECTORS FOR WAVELENGTH-DEPENDENT 

NONLINEAR HYPOTHETICAL CONSTITUENTS A, B , C. 

l . o  < p(X) < 1 . 5

Concentrations Radiances (a rb itra ry  u n its )  a t  spec ific  wavelengths (nm)

C_A 500 550 600 650

0 0.000 0.000 0.000 0.000

10 3 .1 6 2 3.873 1(.107 3.967

A 20 8 . 91*1* 10.1(89 10.653 9.853

30 16.1*32 18 .788 l 8 . 6ol* 16 .7 7 6

1*0 25 .298 28 . 1(10 27.631 2l(.l*72

Mean Vector
la 1 0 .T67 12.312 12.199 11 . Oil*

%

0 0.000 0.000 0.000 0.000

10 5 . 1*77 5.1*77 U.107 2.051*

20 1 5 . 1*92 1U.83U 10.653 5.100

30 2 8 . 1(60 26 .5 7 0 l8 .6oi( 8.681(

1»0 1*3 .8 1 8 1*0.178 27 .6 3 1 12.668

Mean Vector h 18.61*9 17.1*12 12.199 5.701

700 750 800 850 900

0.000 0.000 0.000 0.000 0.000

3.557 2.975 2.310 1 .633 1 .000

8.1*59 6.776 5.038 3.1*11 2 .0 0 0

lU .0l(2 10 .9 6 6 7.9U9 5.21(8 3.000

20.119 15.1*32 10.987 7.121* 1*.000

9.235 7 .230 5.257 3.1*83 2 .0 0 0

0.000 0.000 0.000 0.000 0.000

.000 -1.5>*0 -2 .3 1 0 -2 .3 1 0 - 1 .7 3 2

.000 - 3 .507 -5 .0 3 8 -l*.82l* -3.1*61*

.000 - 5 .6 7 6 - 7 . 91*9 -7.1*21 - 5 .1 9 6

.000 - 7 .9 8 8 - 10 .9 8 7 -10.07U - 6 .9 2 8

.000 - 3 .71*2 - 5 .257 -1*. 926 -3.1*61*

rovnvn
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TABLE 1 7 . -  CORRELATION MATRICES FOR WAVELENGTH-DEPENDENT HYPOTHETICAL

NONLINEAR CONSTITUENTS*

0 .5  < p(X ) £  1 .0  

C o r r e la t io n s  a t  s p e c i f i c  w av e len g th s  (nm)

X-nm 500 550 600 650 700 750 800 850 900

500 1 .0 0 0 • 999 .996 .991 .986 .979 • 972 .965 .957

550 .999 1 .0 0 0 • 999 .996 .993 .988 .982 .976 .970

600 .996 • 999 1 .0 0 0 .999 .997 • 99k .989 .985 .979

650 .991 .996 .999 1 .0 0 0 .999 • 997 ■ 99b .991 .987

TOO .986 .993 .997 .999 1 .0 0 0 • 999 .998 • 995 .992

750 .979 .988 . 99b .997 .999 1 .0 0 0 • 999 .998 .996

800 • 972 .982 .989 . 99b -998 • 999 1 .0 0 0 1 .0 0 0 .998

850 .965 .976 .985 .991 .995 .998 1 .0 0 0 1 .0 0 0 1 .0 0 0

900 .957 .970 .979 .987 .992 .996 .998 1 .0 0 0 1 .0 0 0

* M a tric e s  same f o r  c o n s t i tu e n t s  A, B, C e x c e p t c o n s t i tu e n t  B h a s  s ig n  r e v e r s a l s  s im i la r  t o  t h a t  ro
shown i n  T ab le  3 . —!
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TABLE 1 8 . -  SCALAR MULTIPLES AND SCALED FUNCTIONS 

FOR WAVELENGTH-DEPENDENT NONLINEAR CONSTITUENTS A, B , C

Concentration 
Cone entration/range

Linear scaling 

Simple-nonlinear scaling

YB
Linear scaling 
Simple-nonlinear scaling

YC
Linear scaling 
Simple-nonlinear scaling

0 10 20 30 1+0

0 .250 .500 • 750 1 .0 0 0

0 .5  < p(A ) < 1 .0

- .6 7 3 - .2 8 2 .031 .323 .602

0 .0 .307 • 552 .781 1 .0 0 0

0 .0 .207 .1+53 •719 1 .0 0 0

.655 .298 - .0 1 6 - .3 2 0 - .6 1 7

0 .0 .281 .5:28 .767 1 .0 0 0

0 .0 .181+ .399 • 702 1 .0 0 0

- ,6 6 k - .2 9 1 .021+ .321 .609

0 .0 .293 • 5^0 • 77^ 1 .0 0 0

0 .0 • 195 . 1+1+0 .710 1 .0 0 0
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TABLE 1 8 . -  CONCLUDED

1 . 0  <_ p ( X )  <  1 . 5

ya - .5 5 2 - .3 6 1 - .0 6 7 .289 .691

L in e a r  s c a l in g 0 .0 .15^ .390 .677 1 .0 0 0

S im p le -n o n lin e a r  s c a l in g 0 .0 .221* .1*71 .732 1 .0 0 0

yb - .5 3 9 - . 3  66 - .0 7 7 .283 .699

L in e a r  s c a l in g 0 .0 .il*0 .373 .661* 1 .0 0 0

S im p le -n o n lin e a r  s c a l in g 0 .0 .207 .1*51* .721 1 .0 0 0

Yc - .5 6 1 - .3 5 7 .0 5 9 .293 • 681*

L in e a r  s c a l in g 0 .0 .1 6k .1*03 .686 1 .0 0 0

S im p le -n o n lin e a r  s c a l in g 0 .0 .235 .1*83 .739 1 .0 0 0
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TABLE 19.- SPECTRA FROM HYPOTHETICAL FLIGHT EXPERIMENT OVER 

TWO MIXED LINE DUMPS OF WAVELENGTH-DEPENDENT NONLINEAR CONSTITUENTS.
SPECTRA LISTED IN SAME ORDER AS SHOWN IN FIGURE 25.

Constituent
Concentrations Radiances (arbitrary units) at specific wavelengths (nm)

S p e c tra
Number CA CB CC 500 550 600 650 700 750 800 850 900

1 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

2 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

3 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

4 5 0 0 . 224 .350 .474 .584 .669 .714 .708 .639 .500

5 10 0 0 .316 .516 .730 .941 1 .1 2 5 1 .2 5 5 1 .2 9 9 1 .2 2 5 1 . 0 0 0

6 15 10 0 • 935 1 .1 9 6 1 .3 5 2 1 .4 4 9 1 .5 2 4 1 .5 9 0 1 .6 2 1 1 .5 6 0 1 .3 2 6

T 20 20 0 1 .9 9 6 2 .2 4 6 2 .1 9 2 2 .025 1 .8 9 1 1 .8 5 3 1 .8 7 8 1 .8 6 3 1 .6 5 4

8 25 30 0 3 .3  46 3 .5 2 2 3 .155 2 .635 2 .2 3 6 2 .0 7 4 2 .1 0 1 2 .1 4 9 1 .9 8 0

9 20 4o 0 4 .8 2 9 4 .781 3 .8 9 0 2 .782 1 .8 9 1 i.4o4 1 .2 8 3 1 .3 3 8 1 .3 0 7

10 10 30 0 3 .1 6 2 3 .173 2 .5 9 1 1 .8 0 9 1 .1 2 5 .687 .504 .483

0COm

11 0 20 0 1-549 1 .4 8 3 1 .0 6 5 .510 .000 - .3 5 1 - .5 0 4

CMco-=*•1 - .3 4 6

12 0 10 0 .548
0

0L
A .411 .205 .000 - .1 5 4 - .2 3 1 - .2 3 1 - .1 7 3

13 0 0 0 0 . 0 0 0 0 .000 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0
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TABLE 1 9 . -  CONCLUDED

Constituent
Concentrations Radiances (arbitrary units) at specific wavelengths (nm)

Spectra
Number CA CB cc 500 550 600 650 700 750 800 850 900

28 0 0 0 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
29 0 0 0 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
30 0 0 0 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

ro
CT\CO



R
eproduced 

with 
perm

ission 
of the 

copyright 
ow

ner. 
Further 

reproduction 
prohibited 

w
ithout 

perm
ission.

TABLE 2 0 .-  CONCENTRATIONS AND RADIANCE VALUES FOR HYPOTHETICAL LINEAR CONSTITUENTS A + B. 

MIXTURES FORMED BY PROPORTIONAL NONLINEAR SUPERPOSITION. MAXIMUM SPECTRUM 

DECREASED BY 25% FROM LINEAR SUPERPOSITION CASE.

C o n s t i tu e n t
C o n c e n tra tio n s  R ad iances  ( a r b i t r a r y  u n i t s )  a t  s p e c i f i c  w a v e len g th s  (nm)

S p e c tra
Number CA CB cc 500 550 600 650 700 750 800 850 900

1 0 0 0 0 .0 0 0 0 .000 0 .0 0 0 0 .000 0 .0 0 0 0 .000 0 .0 0 0 0 .0 0 0 0 .000

2 0 10 0 1 .7 3 2 2 .0 0 0 1 .7 3 2 1 .0 0 0 .000 -1 .0 0 0 -1 .7 3 2 -2 .0 0 0 -1 .7 3 2

3 0 20 0 3.1+61+ 1+.000 3.1+61+ 2 .0 0 0 .000 -2 .0 0 0 -3.1+61+ -1+.000 -3.1+61+

1+ 0 30 0 5 .196 6 .000 5 .196 3 .000 .000 -3 .0 0 0 -5 .1 9 6 -6 .0 0 0 - 5 .1 9 6

5 0 1+0 0 6 .928 8 .0 0 0 6 .928 1+.000 .000 -1+.000 -6 .9 2 8 -8 .0 0 0 -6 .9 2 8

6 10 0 0 1 .0 0 0 1.1+11+ 1 .7 3 2 1 .9 3 2 2 .0 0 0 1 .9 3 2 1 .7 3 2 1.1+11+ 1 .0 0 0

7 20 0 0 2 .0 0 0 2 .828 3.1+61+ 3.861+ 1+.000 3.861+ 3.1+61+ 2 .8 2 8 2 .0 0 0

8 30 0 0 3 .000 1+.21+3 5 .196 5 .796 6 .0 0 0 5 .7 9 6 5 .1 9 6 1+.21+3 3 .0 0 0

9 1+0 0 0 1+.000 5.657 6 .928 7 .7 2 7 8 .000 7 .7 2 7 6 .928 5 .657 1+.000

10 10 10 0 2 .561 3 .201 3.21+8 2.71+9 1 .8 7 5 .871+ .000 - . 51+9 - .6 8 6

11 20 10 0 3 .391 1+.1+02 1+ .763 1+.1+97 3 .750 2.71+7 1 .7 3 2 .902 .359

12 30 10 0 1+.220 5 .602 6 .279 6.21+6 5 .625 1+.621 3.1+61+ 2 .3 5 2 1.1+05
o\
- p -
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TABLE 2 1 . -  CONCENTRATIONS AND RADIANCE VALUES FOR HYPOTHETICAL LINEAR CONSTITUENTS A + B. 

MIXTURES FORMED BY PROPORTIONAL NONLINEAR SUPERPOSITION. MAXIMUM SPECTRUM 

INCREASED BY 25# OVER LINEAR SUPERPOSITION CASE.

C o n s t i tu e n t
C o n c e n tra tio n s  R a d ian ces  ( a r b i t r a r y  u n i t s )  a t  s p e c i f i c  w av e len g th s  (nm)

S p e c tra
Number CA CB c c 500 550 600 650 700 750 800 850 900

1 0 0 0 0 .000 0 .0 0 0 0 .000 0 .000 0 .0 0 0 0 .000 0 .0 0 0 0 .0 0 0 0 .000

2 0 10 0 1 .7 3 2 2 .0 0 0 1 .7 3 2 1 .0 0 0 .000 -1 .0 0 0 - 1 .7 3 2 -2 .0 0 0 -1 .7 3 2

3 0 20 0 3.1*61* 1*.000 3.1*61* 2 .0 0 0 .000 -2 .0 0 0 -3.1*6U -1*.000 -3.U61*

I* 0 30 0 5-196 6 .0 0 0 5 .196 3 .0 0 0 .000 -3 .0 0 0 - 5 .1 9 6 -6 .0 0 0 -5 .1 9 6

5 0 1*0 0 6 .928 8 .0 0 0 6 .928 1*.000 .000 -1*.000 -6 .9 2 8 -8 .0 0 0 - 6 .928

6 10 0 0 1 .0 0 0 l.l* ll* 1 .7 3 2 1 .9 3 2 2 .0 0 0 1 .9 3 2 1 .7 3 2 l.U ll* 1 .0 0 0

7 20 0 0 2 .0 0 0 2 .828 3.^61* 3.861* lt.OOO 3.861* 3.1*61* 2 .8 2 8 2 .0 0 0

8 30 0 0 3 .0 0 0 l*.2l*3 5 .196 5 .796 6 .0 0 0 5 .796 5 .1 9 6 l*.2l*3 3 .0 0 0

9 1*0 0 0 li.000 5 .657 6 .928 7 .727 8 .0 0 0 7 .7 2 7 6 .9 2 8 5 .657 1*.000

10 10 10 0 2 .903 3 .628 3 .681 3 .115 2 .125 .990 .000 - .6 2 2 - 7 7 8

11 20 10 0 l*.07l* 5 .255 5 .629 5 .2 3 0 1*.250 2 .9 8 0 1 .7 3 2 .755 .176

12 30 10 0 5.2l*l* 6 .883 7 .5 7 8 7.31*5 6 .375 i*. 970 3.U61* 2 .1 3 3 1 .1 3 1
ON
ON
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TABLE 2 1 . -  CONCLUDED

C o n s t i tu e n t
C o n c e n tra tio n s  R ad ian ces  ( a r b i t r a r y  u n i t s )  a t  s p e c i f i c  w av e len g th s  (nm)

S p e c tra
Number CA CB CC 500 550 600 650 700 750 800 850 900

13 i*o 10 0 6.1*15 8 .5 1 0 9 .526 9.1*60 8 .5 0 0 6 .960 5 .1 9 6 3 .5 1 0 2 .0 8 5

I k 10 20 0 1*.806 5.81*1 5 .629 k .2 9 8 2 .2 5 0 .01*8 -1 .7 3 2 - 2 .6 5 9 - 2 .5 5 6

15 20 20 0 6.11*7 7 .682 7 .7 9 k 6 .5 9 7 1*. 500 2 .097 .000 - 1 .3 1 8 -1.61*7

16 30 20 0 7-U89 9 .523 9 .9 5 9 8 .8 9 5 6 .7 5 0 l*.ll*5 1 .7 3 2 .023 - .7 3 9

17 1*0 20 0 8 .8 3 0 11.361* 12.121* 1 1 .1 9 3 9 .0 0 0 6 .1 9 3 3.1*61* 1.361* .170

18 10 30 0 6 .708 8.051* 7 .578 5.1*82 2 .375 - .8 9 3 -3.1*61* -1*. 696 -1*.333

19 20 30 0 8 .2 2 1 1 0 .1 0 9 9 .9 5 9 7 .9 6 3 1*.750 1 .2 1 3 -1 .7 3 2 -3 .3 9 1 -3.1*71

20 30 30 0 9-733 1 2 .163 12.31*1 10.1*1*5 7 .125 3 .3 2 0 .000 - 2 .0 8 7 -2 .6 0 8

21 1*0 30 0 11.21*5 ll* . 2 l8 ll* .722 1 2 .926 9 .5 0 0 5.1*26 1 .7 3 2 - .7 8 2 -1.71*5

22 10 1*0 0 8 .6 1 1 1 0 .268 9 .5 2 6 6 .665 2 .5 0 0 -1 .8 3 5 - 5 .196 -6 .7 3 2 -6 .1 1 1

23 20 1*0 0 10.291* 1 2 .536 12.121* 9 .3 3 0 5 .000 .330 -3.1*61* -5.1*61* -5.291*

2k 30 1*0 0 11 .977 ll*. 803 l k . 722 11.991* 7 .5 0 0 2.1*91* -1 .7 3 2 -1*.197 -1*.1*77

25 1*0 1*0 0 13 .660 1 7 .071 17 .321 ll* .659 1 0 .000 1* - 659 .0 0 0 - 2 .9 2 9 -3 .6 6 0

ro
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TABLE 2 2 . -  CONCENTRATIONS AND REFLECTANCE DATA {%) FOR BERMUDA HUNDRED ( B 1 0 Q ) ,

B A IL E Y  BAY (B B ) ,  AND M IXTURES OF SAME SEDIM ENTS IN D E IO N IZ E D WATER •

S p e c tr a
Humber

Sedim ent

B100

C o n c e n tra t io n s  
(ppm)

£B A60 500
R e f le c ta n c e s  {%) a t  

5U0 580
s p e c i f i c  w a v e le n g th s  (nm) 

620 660 700 71*0 780

1 0 N/A .36 .3U .28 .25 .18 .08 .08 .10 .17

2 1* N/A .68 .70 •71 .56 .1*7 .32 .21 .18 .25

3 IT N/A .96 1.03 1.06 1.08 .93 .81* .67 .38 .1*2

It 25 N/A 1.12 1.23 1.30 1.26 1.21 1.05 .86 .52 .5 1

5 52 N/A 1.1*8 1.58 1.82 1.96 1.82 1.68 1.52 .88 .85

6 86 N/A 1.61* 1.89 2.20 2.1*6 2.32 2.2U 2.02 1 .26 1.21
7 173 N/A 2.1U 2.1*6 3.10 3.62 3.59 3.1*2 3.21 2 .18 2.01

8 N/A It .72 .72 .61* .60 .1*6 .1*0 .37 .27 .35

9 N/A 86 1.80 1.88 1.92 1.90 1.81* 1.68 1.60 1.21* 1.20
10 N/A 173 2.60 2.61* 2.80 2.78 2.72 2 .69 2.56 2.2U 2.11*

roON
00
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TABLE 2 3 - -  LINEAR SUPERPOSITION AND INTERACTION TERM REFLECTANCE {%) CALCULATIONS 

FOR MIXTURES OF BERMUDA HUNDRED AND BAILEY BAY SEDIMENTS IN WATER

Sediment Concentrations
(ppm) Linear superposition reflectances {%) a t  specific wavelengths (nzs)

B100 BB 1460 500 5U0 580 620 660 700 7*t0 780

25 U 1 .U8 1.61 1.66 1 . 6l 1 .51 1.37 1 .15 .69 .69

25 86 2.56 2.77 2 . 9I4 2.91 2.87 2.65 2.38 1 .66 1.5U

25 173 3 .3  6 3.53 3.82 3.79 3.75 3.66 3.3U 2.66 2.U8

Sediment Concentrations
(ppm) In te ra c tio n term  g(X) (if) a t  s p e c if ic  w avelengths (nm)

B100 BB 1)60 500 5I4O 580 620 660 700 7I4O 780

25 I4 - .2 9 — . 3*4 - .1 9 —lU - .1 9 - .2 1 - .0 6 - .0 1 - .0 6

25 86 -.714 - .8 2 - .7 5 - .6 6 - .7 6 - .6 5 - .5 2 - .2 0 - .0 9

25 173 - .7 6 -.69 . - .6 2 - .6 3 - .7 3 - .8 2 - .5 5 — 31 .07

N>
O
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§ TABLE 2 5 . -  COMPARISON OF ATMOSPHERE-FREE CHARACTERISTIC VECTORS WITH THOSE DERIVED FOR
o
=f CONSTITUENTS A, B, AND C AFTER MODIFICATION BY WEAK AND STRONG ATMOSPHERES

C h a r a c t e r i s t i c  v e c to r  com ponents a t  s p e c i f i c  v a v e le n g th s  (nm)
—i

co'
3*

500 550 600 650 700 750 800 850 900
l-H
0
3

C h a r a c t e r i s t i c  v e c to r s  
f o r  c o n s t i t u e n t  A

CD—s v ^  (no a tm o sp h e re ) 0 .2 0 6 0 .2 9 2 0 .358 0 .3 9 9 0.1(13 0 .3 9 9 0 .3 5 8 0 .2 9 2 0 .2 0 6

■n
c (weak a tm o sp h e re) 0.181* 0 .273 0.3*(6 0 .397 0.1(17 0.1(09 0 .3 6 9 0 .3 0 3 O.21U

CD-5
v ^  ( s t r o n g  a tm o sp h e re) 0 .177 0 .267 0 .3 ^2 0 .395 0 . 1(18 O .U ll 0 .3 7 3 0 .307 0 .2 1 9

-5
CD

■O-5
O

C h a r a c t e r i s t i c  v e c to r s  
f o r  c o n s t i t u e n t  B

O.
C
Q.

vB (no  a tm o sp h e re ) 0 .3 6 9 0 . 1(26 0 .369 0 .213 0 .0 0 0 -0 .2 1 3 - 0 .3 6 9 -0.1(26 -0 .3 6 9
O
3 Vg (weak a tm o sp h e re) 0 .3 3 3 O.UOU 0 .362 0 .215 0 .0 0 0 -0 .2 2 1 -0 .3 8 6 -0.1(1(7 -0 .3 8 9

"O-5
O
3"

vB ( s t r o n g  a tm o sp h e re) 0 .3 2 0 0 .396 0 .358 0.211( 0 .0 0 0 -0 .2 2 3 -0 .3 9 1 -0.1(55 -0 .3 9 T

31—p
CD
Q.

C h a r a c t e r i s t i c  v e c to r s  
f o r  c o n s t i t u e n t  C

I—K
3

vc  (no a tm o sp h e re) 0 .1 0 9 0 .2 1 0 0 .297 0 .363 0.1(05 0.U20 O.U05 0 .3 6 3 0 .2 9 7
O 
C <—*•

Vj, (weak a tm o sp h e re) 0 .0 9 6 0 . 19U 0.281( 0 .357 0.1(05 0.1(25 0.U13 0 .3 7 2 0 .305
■O
CD

3

vc  ( s t r o n g  a tm o sp h e re) 0 .091 0 .189 0 .2 7 9 0.351* O.UoU 0.1(25 0 . 1(16 0 .3 7 6 0 .3 0 9

(/)'(/>
o'
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TABLE 2 6 . -  CHARACTERISTIC VECTORS AND SCALAR MULTIPLES FOR CONSTITUENT A SPECTRA 

MODIFIED BY ATMOSPHERES VARIABLE IN A WEAK-TO-STRONG AND STRONG-TO-WEAK PATTERN.

CONSTITUENT POWERS = 0 - 5 , 1 .0 ,  AND 1 .5 .

Atmospheric V aria tion  

W eak-to-strong

Pover-Lav Exponent 

P = 0.5
500

-0.057

C h a rac te ris tic  
550 600

O.185 0.328

vecto r components a t  sp e c if ic  vavelengths (nm) 
650 700 750 800

0.390 O.U18 O.U13 0.387
850

0.31(6
900

0.300

p = 1 .0 -0.055 O.185 0.327 0.391 0.1)17 0 . 1)11) 0.387 0.31(6 0.298

P = 1 .5 -O .05I) O.185 0.328 0.391 0.1)17 0.1)11) 0.387 0.3U6 0.298

Strong-to-veak P = 0.5 -0.300 0.080 0.281) 0.351) 0.385 0.381) 0.371) 0.362 0.363

p = 1 .0 -0.317 0.072 0.280 0.351 0.379 0.382 0.372 0.362 0.365

p = 1.5 -0.313 O.OTb 0.281 0.352 0.380 0.383 0.373 0.362 0.36k

S calar M ultiples

W eak-to-strong S trong-to-veak

CA P = 0.5 p = 1 .0 P = 1.5 CA P = 0.5 P -  1 .0 P = 1.5
0 -0 .688 -O .6U1 -0.613 0 0.561 0.61(5 0.688

10 -0.266 -0.312 -0 .330 10 0.375 0.310 0.282
20 0.01)0 0.008 - 0.016 20 0.0l)3 -0.013 -0.057
30 0.322 0.320 0.312 30 -0.309 -0.323 -0.31)1
1(0 0.592 0 .621) 0.61)7 1)0 -0.669 -0 .619 -0.573
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F i g u r e  3 . -  M u l t i s p e e t r a l  s c a n n e r  r e t u r n s  f o r  s e v e r a l  c a t e g o r i e s  
o r  c l a s s e s  o f  s u r f a c e  f e a t u r e s .
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Measured radiance for band X-̂
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M easured ra d ia n c e  f o r  band X.

F ig u re  1).- (a )  Mean v a lu e s  and d e n s i ty  d i s t r i b u t io n s  f o r  c a te g o r ie s  A, 
B, C in  m easured axes system  (X^jX^).  (b) C an o n ica l axes (Y , Y )
produced  by r o t a t i o n ,  t r a n s l a t i o n  and s c a l in g .  ( A f t e r  Podw ysoeli 
e t  a l  1977) .
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0 M easured ra d ia n c e  f o r  band X-

F ig u re  5 - -  E l l i p t i c a l  s c a t t e r  p a t t e r n  f o r  h y p o th e t ic a l  d a ta  s e t  f o r  
m u l t i s p e c t r a l  sc an n e r bands (X1#Xg) and th e  p r in c i p a l  components 
axes (Y^jY^) t h a t  e x p la in  maximum d a ta  v a r ia n c e .
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C o n s t i t u e n t  A

/  •  •  C o n s t i t u e n t  B
/ •  *

R a d ia n c e  f o r  b a n d  

( a )

01

0 R a d ia n c e  f o r  b a n d  X^

(b )

C\J

•r” t

0 R a d ia n c e  f o r  b a n d  X.

(c)

Figure 6.- (a) Two-band radiance data for two ideal, spatially-independent 
constituents in water. (b) Principal components axes for same data.
(c) Characteristic vectors for the two constituents (vectors in directions 
of first principal axes of separate analyses of each data distribution).
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0 Radiance for band X.
(a) (b)

Figure J . ~ (a) Two-band radiance data for mixture of two ideal constituents 
in water. (b) Principal components axes for same data.
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X.3

(a) (b)
Figure 8.- (a) Three-band radiance data for single constituent in -water.

Principal components axes and mean spectrum vector shown, (b) Characteristic 
vector for ideal single constituent in water (vector in direction of first 
principal axis).
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•  V

X,3

(a) (b)

Figure 9 . -  (a) Three-band radiance data for two ideal, spatially independent constituents in water.
P r i n c i p a l  a x e s  a n d  c h a r a c t e r i s t i c  v e c t o r s  f o r  t h e  c o n s t i t u e n t s  a r e  s h o w n ,  ( b )  T h r e e - b a n d  M
r a d i a n c e  d a t a  f o r  m i x t u r e s  o f  t w o  i d e a l  c o n s t i t u e n t s  i n  w a t e r .  P r i n c i p a l  a x e s  a r e  s h o w n .
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Figure 10.- Upwell radiance spectra for varying concentrations of hypothetical 
constituents A and B. Base water spectrum removed. IV)003?
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A, w avelength-nm
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-2

F ig u re  1 1 . -  Upwell ra d ia n c e  s p e c t r a  f o r  v a ry in g  c o n c e n tra t io n s  o f  
h y p o th e t ic a l  c o n s t i tu e n ts  A and C. Base w a te r  spectrum  
removed.
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(a ) (b )

F ig u re  1 2 . -  ( a )  Mean r a d ia n c e  s p e c t r a  f o r  t h r e e  h y p o th e t ic a l  c o n s t i tu e n t  f a m i l ie s .  
Base w a te r  sp ec tru m  rem oved. (b ) C h a r a c t e r i s t i c  v e c to r  s p e c t r a  f o r  t h r e e  
h y p o th e t ic a l  c o n s t i tu e n t  f a m i l i e s .  V e c to r  m agn itudes n o rm a liz e d  t o  u n i ty .
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B ack g ro u n d  o cean  w a te r

A i r c r a f t
s e n s o r

Plum e C

Plum e B
Plume A

F ig u re  1 3 . -  L ine dumps o f  h y p o th e t ic a l  c o n s t i tu e n t s  A, B , C in  back
ground w a te r s . Upwell r a d ia n c e  d a ta  c o l l e c te d  a lo n g  f l i g h t  l in e s  
D - D 1 and E -  E 1.
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C o n s ti tu e n ts  A and B
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(b)

F ig u re  lU . -  (a )  Mean v e c to r  and (b ) two p r in c i p a l  axes e ig e n v e c to r s  from 
s p e c t r a l  ra d ia n c e  s e t  o f  s p a t ia l ly - in d e p e n d e n t  h y p o th e t ic a l  
c o n s t i tu e n t s  A and B.
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C o n s titu e n t C o n s titu e n t A

10 10

- 0 .5

(a )

C o n s titu e n t B C o n s titu e n t A90 .0

-12 20 12
I ' l l

101

(b)

F ig u re  1 5 .-  (a )  S c a la r  m u l t ip l ie s  (System  I )  and (b ) p r in c ip a l  component 
v a lu e s  (System  I I )  from s p e c t r a l  ra d ia n c e  s e t  o f  s p a t i a l l y  ind ep en d en t 
h y p o th e t ic a l  c o n s t i tu e n ts  A and B.
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F ig u re  1 6 .-  (a )  Mean v e c to r  and (b) two p r in c i p a l  axes e ig e n v e c to rs  from 
s p e c t r a l  r a d ia n c e  s e t  o f  s p a t ia l ly - in d e p e n d e n t  h y p o th e t ic a l  c o n s t i tu e n ts  
A and C.
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(a )

11 . 08°
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C o n s t i tu e n t  C

(b)

F ig u re  17*- (a )  S c a la r  m u lt ip le s  (System  I )  and (b ) p r in c i p a l  component 
v a lu e s  (System. I I )  from s p e c t r a l  ra d ia n c e  s e t  o f  s p a t i a l l y  in d ependen t 
h y p o th e t ic a l  c o n s t i tu e n ts  A and C.
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F ig u re  1 8 . -  P r in c ip a l  axes e ig e n v e c to rs  f o r  s p e c t r a  o f  s p a t i a l l y -
in d ep en d en t c o n s t i tu e n t s  A and C a f t e r  r o ta t io n  t r a n s fo rm a t io n s  o f  
(a )  0;L = - 2 7 .9 °  and (b ) 02 = - 6 3 .9 ° .
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F ig u re  1 9 - -  S c a la r  m u lt ip le s  f o r  s p a t ia l ly - in d e p e n d e n t  c o n s t i tu e n ts  
A and C where (a )  shows m u lt ip le  use o f  o rth o g o n a l tra n s fo rm a tio n s  
t o  d e f in e  o b liq u e  axes Y' Y" and (b ) tra n s fo rm a tio n  in to  t h i s  Y’ 
sp a ce . ^ 2
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F ig u re  2 0 .-  (a) S c a la r  m u l t ip l ie s  f o r  s p a tia l ly - in d e p e n d e n t  c o n s t i tu e n ts  

A, B, and C. (b ) P r o je c t io n  o f  s c a l a r  m u l t ip l ie s  on to  Y -  Y 
p la n e .
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F ig u re  2 1 . -  S c a la r  m u ltip le s , f o r  13- s p e c t r a  case  o f  m ix tu re s  o f  
c o n s t i tu e n t s  A + B. (a )  O r ig in a l  p r in c ip a l  axes system , (b) 
T ransform ed  o b liq u e  axes system  u s in g  9n , R e p re s e n ta t iv e
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tration pairs (Ĉ sC-g) are labeled. Transformation into oblique
axes system uses *

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



R
eproduced 

with 
perm

ission 
of the 

copyright 
ow

ner. 
Further 

reproduction 
prohibited 

w
ithout 

perm
ission.

-7 1 -3

( 0 , 0 >

- 0 .5 0 .5

- 0 .5

( a )

- 6 5 .5

0 .5  -

( h o , 2 0 )

0 .5- 0 .5

- 0 .5
(o ,Uo)

(u )

F ig u re  2 3 . -  S c a la r  m u l t ip le s  f o r  m ix tu re s  o f  c o n s t i tu e n t s  A + C f o r  (a )  1 3 ,
(b ) 17> (c )  2 1 , and (d ) 2 5 - s p e c t r a  c a s e s .  R e p r e s e n ta t iv e  c o n c e n t r a t io n  
p a i r s  (C^jCp) a r e  l a b e le d .  T ra n sfo rm a tio n  i n to  o b l iq u e  axes sy s tem  u se s
e 15 e2 .

ro
koco



299

LA

LA

O
O

CD

LA

L A

O

OJ LA
CD

LAO

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.

Fi
gu

re
 

23
.- 

C
on

cl
ud

ed
.



300

21>20
22

11
10 " s

V

F ig u re  2h.~  S c a la r  m u l t ip le s  f o r  th r e e  c o n s t i tu e n t  m ix tu re s  
o f  A + B + C. S p e c tr a  numbers r e f e r  to  T ab le  8 .

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



301

c o n s titu e n t co n cen tra tio n s 
o f  A

10
,20

20
foff

W \

10
1 2 7 \

20w
§•H
tdup
b(I)oEOu

23i

p
B
§p

•H
P(0
B0O

20

2y \

2 8 / \

o

F lig h t l in e  
two

\
F lig h t l in e  

one

F ig u re  2 5 . -  F l ig h t  l i n e s  o v er m ix tu re s  o f  h y p o th e t ic a l  c o n s t i tu e n ts  A + B 
a t  c ro s s in g  o f  two l i n e  dumps. S p e c tra  num bers in  o rd e r  o f  c o l l e c t io n  
w ith  c o n c e n tra t io n s  (C^, Cg) a t  i n t e r s e c t i o n s .  O n -o ff p o in ts  fo r  
sp e c tro m e te r  n o te d .

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



302

20 A

19 A

A 21
A 8

A 7
A 6

5,18
A 22

0.51-3 
13-17 A  
28-30

12,27 A

A  11,26
A  2k

A  25
It

-  b oi— © — [

.  _©— |-------- (. _ _  ©

©— — I 0---0----
- I I I 1

4 ------ ®-----© --------1--------©------ © CB = 0

F ig u re  2 6 .-  S c a la r  m u lt ip le s  f o r  f l i g h t  l i n e s  over m ix tu re s  o f  l i n e  
dumps A + B. (a )  O r ig in a l  p r in c ip a l  axes system  -  s p e c t r a  numbers 
la b e le d , (b) T ransform ed o b liq u e  axes system  -  l i n e s  o f  c o n s ta n t  
c o n c e n tra tio n s  la b e le d .

R eproduced  with permission of the  copyright owner. Further reproduction prohibited without permission.



303

S p ectra  number

1.0
hu:

O 0) 
W *H. H T3 ft
a s

s cu

5 10 2015 25 30

S p ectra  number

(b )

F ig u re  2 7 . -  (a )  C o n s t i tu e n t  c o n c e n tra t io n s  C .,  C„ in  m ix tu re s  along  
h y p o th e t ic a l  f l i g h t  l i n e s ,  (b ) T ransform ed and s c a le d ,  s c a l a r  
m u l t ip le s  a lo n g  same f l i g h t  l i n e s .

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



R
eproduced 

with 
perm

ission 
of the 

copyright 
ow

ner. 
Further 

reproduction 
prohibited 

w
ithout 

perm
ission.

Rhodamine dye in  w a te r C o n s t i tu e n t  b e h a v io r  i n  w a te r
X = 660 nm

.1 0

o 0•H O W CJs3 3
(U -rt

-d Sh

.02

600 1000200
C o n c e n tra tio n , ppb

.1 0  —

O 01 • 08■H O
to S3 
ci a}
i s  .06
.§ 'S■d u

.02

600200 1000

C o n c e n tra tio n , ppb

la )  (b )

F ig u re  2 8 . -  N o n lin e a r  r a d ia n c e - c o n c e n t r a t io n  f u n c t io n s .

u>o3r-



305

10
4) to

3 1

h
u
I I

20

10

1*00 1000TOO
X, wavelength-nm 

(a )  p = 1 .0

I  30
3 $
| 2  20

20

10

1*00 700 1000
X, wavelength-nm

(c )  p = 1 .5

8 -

TOO 1000

X, wavelength-nm

(b) p = 0 .5

Locus o f  maximums

•H

20/

10/

1*00 1000TOO
X, wavelength-nm

( d )  p = p(X)

F ig u re  2 9 --  H y p o th e tic a l  c o n s t i tu e n t  A w ith  a  (a )  l i n e a r ,  ( b ) ,  (c)  sim ple  
n o n l in e a r  and (d ) w av e len g th -d ep en d en t n o n l in e a r  r a d ia n c e - c o n c e n tra t io n  
r e l a t i o n s h ip .

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



306

1 .2

1.0
Secondary 

sewage sludge

u<D
§

Phi
Primary 

sewage sludge

600 800 1000

X, w avelength, nm

B all s o i l
1 .0

C alvert s o i l
ShQ)
B

pH

1(00 6oo 800

X, wavelength, nm

F ig u re  3 0 .-  Power fu n c t io n s  fo r  pow er-law  r e g r e s s io n  f i t  t o  c o n s t i tu e n ts  
t e s t e d  in  M arine Upwelled S p e c tr a l  S ig n a tu re s  L a b o ra to ry .

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



307

F eldspar s o i l1.2

1.0

-<
Jordan s o i l

600 8 0 0 ’ 1000

A, w avelength, nm

1.2

B ailey  Bay sediments

1.0

r<

Bermuda Hundred 
sedim ents

1*00 600 800 1000

A, w avelength, nm

F ig u re  3 0 .-  C on tinued .

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



Po
w

er
, 

p(
A

)

308

2 . 0

1 .2
■American Cyanamid 

w aste

S h e l l  Company- 
B io s o lid  w aste

1+00 600 800 1000

A, w aveleng th  -  nm 

F ig u re  3 0 .-  C oncluded.

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



R
eproduced 

with 
perm

ission 
of the 

copyright 
ow

ner. 
Further 

reproduction 
prohibited 

w
ithout 

perm
ission.

CO
Q)

i—{

•H
* P
r H

I
cd
i—I cd
o

CO

. 8

. 6

. I t

. 2

0
1 0 2 0

- . 2 Concentration

- . 6

- . 8

co
<D

+>

10 20,
erf

r —1
Cti
O

CO
- . 2 C o n c e n t r a t i o n

( a )  p  = 0 .5 (b )  p  = 1 .5

F ig u r e  3 1 .— N o n l i n e a r i ty  b e tw e e n  s c a l a r  m u l t i p l e s  an d  c o n c e n t r a t i o n s  f o r  s im p le
nonlinear constituents A, B, C. c ao

vo



310

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

A 
an

d 
B.

 
(a

) 
p 

= 
0

.5
, 

(b
) 

p 
= 

1
.5

.



311

= t o

0.5
2 0 '

10

-0 .5

10 = Uo-0 .5

( c )  p = 0 .5

2

cB = 1 .0

30 0.5 -

2 0 '
i l i i

-0 .5 0 .5  y '
1 0 '

0 1 0 2 0  3 0  CA = 1*0

-0 .5

(d )  p  = 1 .5

1.0 —

X!
'da>N
•rl

J» 0  = cB 

30 

20

10

I 1 0 1 2 0 1 30l " t - i *

1.0

Normalized f(Y^)

( e )  p = 0 .5

r  cvj

d
fl>
•H

o
a

1 , 0  TO = Cr

30

2 0

1 0

J.1.0 1
20 30 40 = C.
-  I - I  1 -  A

1 .0

Normalized f(Y^

( f )  P = 1 -5

F ig u re  3 2 . -  ( c ) ,  (d)  S c a l a r  m u l t i p l e s  in  t r a n s fo rm e d  o b l iq u e  ax e s  sy s tem , 
( e ) ,  ( f )  N o rm a liz ed  f u n c t io n s  o f  t r a n s f o rm e d  s c a l a r  m u l t i p l e s .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



R
eproduced 

with 
perm

ission 
of the 

copyright 
ow

ner. 
Further 

reproduction 
prohibited 

w
ithout 

perm
ission.

* 1 1 1 I0-3 
1 1 
1 1 
I 1 
1 1 
I 1

-i : r
- 1 s 1 1 1

1 I !- i i i
1 > l i l l  i i 1 i . i .1 i ^
* -0 ? (D (D ®  ® •3 yUS us 1 1 1 1 1 1 1 " 1 1 I
J 1 T  l T

-0.3 

( a )  p = 0 .5

- 0 . 3 l l

i

( o , 1*0 ) 4 -

( 0 , 0 ) ®  $ -
I

- © -
I
I 
I

0 .3

I
- © -

l
I
I

- 0 -

I
-0 -

l
l
I

- 0 -
i
1
I
I
I

I

- r
i
i

0 ( 1*0 , 0 )

0 .3

I
- 0 -

I
I
I
I I

I
-®(1*Q,1*0)

(b) p = 1.5

F ig u r e  3 3 . -  S c a l a r  m u l t i p l e s  f o r  m ix tu r e s  o f  s im p le  n o n l i n e a r  c o n s t i t u e n t s  A + B. M odel p o w ers
(a) p = 0.5 and (b) p = 1.5. Representative concentration pairs (C., CL,) are labeled.

A £

312



R
eproduced 

with 
perm

ission 
of the 

copyright 
ow

ner. 
Further 

reproduction 
prohibited 

w
ithout 

perm
ission.

•  2 0
5,18

•  *21

1-3
13-17
28-30

2 2 *

- .3 12,27

1 1 ,2 b
10,23

- .3

25 •

25 <

o
11

11 ,2 6  

 L
- . 3

1-3
13-17
28-30

Y2

• 5

- .3

1*0 2k

30
10
23

2 0

1 0

I- cB = 0 2 1

It 5 1 9  2 0

1 8

F ig u r e  3 ^ - -  ( a )  S c a l a r  m u l t i p l e s  in  p r i n c i p a l  a x e s  sy s te m  an d  (b )  t r a n s f o r m e d  
i n t o  o b l iq u e  a x e s  sy s te m  f o r  f l i g h t  e x p e r im e n t  i n v o lv in g  h y p o t h e t i c a l  s im p le  
n o n l i n e a r  c o n s t i t u e n t s  i n  m ix tu r e s .

313



R
eproduced 

with 
perm

ission 
of the 

copyright 
ow

ner. 
Further 

reproduction 
prohibited 

w
ithout 

perm
ission.

C o n s titu e n t B C o n s titu e n t C

Locus o f  maximums

A, w avelength , nm

& I 800600

- 2

>»U

&
*4aJ

a}
U

rH
Q)

§

Locus o f  maximums
6

b

2

0
600 800 

A, w avelength , nm

1000

Locus o f  minimums

F ig u r e  3 5 - -  W a v e le n g th -d e p e n d e n t n o n l i n e a r  c o n s t i t u e n t s  B an d  C. 
Pow er r a n g e :  0 .5  <_ p  (X) <_1 . 0 .

U) 
H  
1-



R
eproduced 

with 
perm

ission 
of the 

copyright 
ow

ner. 
Further 

reproduction 
prohibited 

w
ithout 

perm
ission.

mu
o
-p
?  >» Q) 4J

l §
• r l  O  
QJ -p
CO f O  ♦H <D
3  5
H  *3aJ g  
P *  S  •H O
z s•H
u
a,

600 80 0 1000

w a v e le n g th - n m

- 0 . 5

uo

|  3

S §
•H O 
Q> +>
CO r £  •H

Cj
C,

&•

0 .5

0
600 80 0 1000

X, wavelength-nm

( a )  0 .5  < p  (A) < 1 .0 ( b )  1 . 0  <  P  ( A )  <  1 . 5

F ig u r e  3 6 . — F i r s t ,  p r i n c i p a l  a x i s  e ig e n v e c to r s  a s  c h a r a c t e r i s t i c  v e c to r s  f o r  
w a v e le n g th -d e p e n d e n t  n o n l i n e a r  c o n s t i t u e n t s .

00
H
VJI



316

Constituent A

1 . 0
•H

•ri01
ao

•H
CD -pt 3
in <h

•H

.5 1.0
Scaled concentrations

. Constituent B

£ .

0

Scaled concentrations

Constituent C

o
H
f t

•H
•P

^ 01 a cj
o

a  3
CO «H 

<D
3
o
CO

1 . 0

1 . 0

.5

0 1 . 0

Scaled concentrations

F ig u re  37*~ C om parison betw een  s c a le d  s c a l a r  m u l t i p l e  f u n c t io n s  
an d  s c a le d  c o n c e n t r a t io n s  f o r  w a v e le n g th -d e p e n d e n t h y p o t h e t i c a l  
c o n s t i t u e n t s  A, B and  C. C ro sse s  (+} a r e  l i n e a r  s c a l i n g  a p p r o x i
m a tio n s  ; c i r c l e s  (O) a r e  s im p le  n o n l in e a r  s c a l i n g  a p p r o x im a tio n s .

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



Sca
led

 
sca

lar
 
mu
lt
ip
le
 

fu
nc
ti
on
s

3 1 7

Constituent A
1 .0  < p(A) < 1.5. 0

• 5

0 1 . 05

<D
H
ft

•H

3

& 
3a
W
'd 
0) 

H  
cd 
CJ 

to

Scaled concentrations

Constituent B
.0  < p(A) < 1 .51 . 0

W
g

•H
■PO

0 • 5 1 . 0

Scaled concentrations

Constituent C
1 . 0

•H

a  g
U O
d  *rf

3 o

0 • 5 1 . 0
Scaled concentrations 

F ig u r e  3 7 * - C o n clu d ed .

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



R
eproduced 

with 
perm

ission 
of the 

copyright 
ow

ner. 
Further 

reproduction 
prohibited 

w
ithout 

perm
ission.

Uo+>o
0)>c0}W

•rl
at
m•H
Xa

d
Cu

• r |
o

•f-l
u

+>wu

'V
o

cd
e
uos

. 5  -

uc-Po<D>c<D
be
CJ

C a lv e rt s o i l
Prim ary 

sewage sludge
■HX
d

B a ll s o i l
Secondary 

sewage sludge
-p
tn

i—1
C3

O
S

6 oouoo 800 1*00 6 oo1000 8 00 1000

X, w aveleng th , nra X, w avelength , nra

F ig u r e  3 8 . -  F i r s t  p r i n c i p a l  a x i s  e ig e n v e c to r s  (n o rm a liz e d  t o  u n i t y )  f o r  c o n s t i t u e n t s  t e s t e d  i n
the Marine Upwelled Spectral Signatures Laboratory.

u>
H
CO



319

O

H OCVJm

A
f t
sa)
H<U
S3

s t x -b  T B d T O i r r . id  ^.s j t j . p a z i x B u u o ^

o
o

co

vo

o

o  -**CO CVJ H

43
"6
SrH
I
>

j o q . o s A u a 9 t a  s i x b  l a d T O u - p a d  q . s a x j  p a z | i B u u o w

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.

Fi
gu

re
 

38
.- 

C
o

n
ti

n
u

ed
.



N
or

m
al

iz
ed

 
fi

rs
t 

p
ri

n
ci

p
al

 
ax

is
 

ei
g

en
v

ec
to

r

320

.5

. k

S h e l l  Company B io s o l id  
s lu d g e

• 3

. 2

A m erican Cyanamid 
w a ste

. 1

0

1*00 6oo 8 0 0 1000

X, w a v e le n g th , nm 

F ig u re  3 8 . -  C o n clu d ed .

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



321

M
Co

•H
■p
0 1 ,0

1

Prim ary sewage sludge Secondary sewage sludge
•rl l.Q

oH
Q*•H

I

•nu
in

a)o
co

0 1 . 0 1 . 0• 5.5 0

S caled  co n cen tra tio n s Scaled  co n cen tra tio n s

•H
-PO

W
§
•H
•P

s  1>0I
1 . 0 Jordan s o i lC a lv ert s o i l

•H 0)
H•P

i

u
3u
w

a)
3o
co

0 • 5 01 . 0 5 1 . 0

Scaled co n c en tra tio n s S caled  c o n c en tra tio n s

F ig u r e  39*- C om parison b e tw e en  s c a le d  s c a l a r  m u l t i p l e  f u n c t io n s  and s c a le d  
c o n c e n t r a t io n s  f o r  c o n s t i t u e n t s  t e s t e d  i n  t h e  M arin e  U p w elled  S p e c t r a l  
S ig n a tu r e s  L a b o ra to ry .  C ro s s e s  (+ ) a r e  l i n e a r  s c a l i n g  a p p r o x im a tio n s ;  
c i r c l e s  (O) a r e  s im p le  n o n l in e a r  s c a l i n g  a p p ro x im a tio n s .

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



Sc
al

ed
 

sc
al

ar
 

m
ul

tip
le

 
fu

nc
tio

ns
 

Sc
al

ed
 

sc
al

ar
 

m
ul

tip
le

 
fu

nc
ti

on
s

322

1 . 0 F eldspar s o i l

0 l.Q
S caled  co n cen tra tio n s

Bermuda Hundred sedim ents

2P i•H

I
&
3O
CO

<D
■aCl
co

0 • 5 1 . 0

S caled  co n cen tra tio n s

American Cyanamid wasteS h e ll company 
b io s o l id  sludge • h  1 .0

0 0 • 5 1 . 01 . 0

Scaled co n cen tra tio n s S caled  co n cen tra tio n s

F ig u re  3 9 --  C o ncluded .

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



323

©  o *vo

COCO VO VO

LA

VO■P o

CO VO GO

X

VO

r

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.

Fi
gu

re
 

i+
0.

- 
S

ca
la

r 
m

u
lt

ip
le

s 
fo

r 
sp

at
ia

ll
y

-i
n

d
ep

en
d

en
t 

w
av

el
en

g
th

- 
de

pe
nd

en
t 

n
o

n
li

n
ea

r 
co

n
st

it
u

en
ts

 
A 

+ 
B,

 
A 

+ 
C

.



324

VOo

o

COCO VO

LA

VO
o

? « $

COCO VO VO

oLA

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.

Fi
gu

re
 

4d
.- 

C
on

cl
ud

ed
.



R
eproduced 

with 
perm

ission 
of the 

copyright 
ow

ner. 
Further 

reproduction 
prohibited 

w
ithout 

perm
ission.

( 0 , 0 )

- 1 . 0 1 . 0-.5
C o n s titu e n ts  A + B 

0 .5  i .  p U )  £  1-0

1 . 0

C o n stitu e n ts  A + C 
0 .5  <_ p(A) <_ 1 .0

- 1 . 0 1 . 0

-.5

*2

J ___
- 1 .0

1 . 0

c,, = lto I
B I 

I 
I

0
1
I
I

0
1

- .5
t

( 0 , 0 )

-.5

C o n s titu e n ts  A + B 
1 .0  <_ p(A) <^1.5

1.0 y 1

cA = UO

1 . 0

ho p
C o n s titu e n ts  A + C 

1 .0  <_ p(A) £  1 .5

- 1 . 0 1 . 0

( 0 , 0 )

-.5

Figure til.— Scalar multiples transformed into oblique axes system for 
spatially-independent, wavelength-dependent nonlinear constituents 
A + B, A + C. to

IV)
vn



R
eproduced 

with 
perm

ission 
of the 

copyright 
ow

ner. 
Further 

reproduction 
prohibited 

w
ithout 

perm
ission.

Constituents A + B 
0 .5  <_ p U )  <_ l . o

- . 6

( 0 , 1*0 )

( 0 , 0 )

- . 6

Constituents A + B 
1 - 0  <. p (A )  _< 1 . 5

- . 6

F ig u r e  1*2.- S c a l a r  m u l t i p l e s  f o r  m ix tu r e s  (25  s p e c t r a )  o f  w a v e le n g th -  
d e p e n d e n t n o n l i n e a r  c o n s t i t u e n t s  A + B , A + C. R e p r e s e n ta t i v e  
c o n c e n t r a t i o n  p a i r s  (C^,  Cg) o r  (CA , Cc ) a r e  l a b e l e d .

o\



327

VO

o

VO

o

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.

Fi
gu

re
 

k2
.~

 
C

on
cl

ud
ed

.



R
eproduced 

with 
perm

ission 
of the 

copyright 
ow

ner. 
Further 

reproduction 
prohibited 

w
ithout 

perm
ission.

Constituents A + B 
0.5 <. p(X) £  1 .0

- . 8

( 0 , 0 )

( 0 , 1*0 )

Constituents A + C \  
0.5 <_ p( X) ±  1 .0  '

- . 8

( 0 , 0 )

- . 8

( 0 ,U 0 ) ( 1*0 , 1*0 )

Constituents A + B 
1 .0  < p(X) < 1.5

- 1 . 0

( 0 , 0 ) ( 1<0 , 0 )

Constituents A + C

- . 8

( 0 , 0 )
( 1*0 , 0 )- . 6

F ig u r e  1*3.- S c a l a r  m u l t i p l e s  t r a n s f o r m e d  i n t o  o b l iq u e  a x e s  sy s te m  f o r
m ix tu r e s  (2 5  s p e c t r a )  o f  w a v e le n g th -d e p e n d e n t  n o n l i n e a r  c o n s t i t u e n t s
A + B , A + C. R e p r e s e n ta t i v e  c o n c e n t r a t i o n  p a i r s  ( C . ,  CL,) o r

A xj
(CA’ CCJ a r e  l a b e l e d . u>ro

CD



ion 
of the 

copyright 
ow

ner. 
Further 

reproduction 
prohibited 

w
ithout 

perm
ission.

CD
-o
o
Q.
Co
CD
Q.

~o
CD

cn
CO

Y2j

.It -
©20

©19
• 3

©21

.2
5,18« ©6

©7

It© •1
©22 ©8

1 1 1 1 1 -
.3 1-3 —1 

13-17
28-30 ©12,27 _

•1 .2 .3
•* *1

26’® - 2 -
©10,23 ©9

— 3

©25
- U

©2i|

-.5

I

I I
I— I 1

r i i

11 ,26

I
13-17
28-30

Figure lilt.- (a) Scalar m ultiples in principal axes system and (b) transformed 
into oblique axes system for f lig h t  experiment involving hypothetical 
wavelength-dependent nonlinear constituents in water.

U)ro
MD



330

<D
H
P<
•H

s § 
a s 
■a i
Tj
0>
■d
u
CO

1.0

Normalized fy I Normalized
-  f(y|)—//VI—f(Y"). 8

. 6

. 2

252 0 300 5 1 0

Spectra number

(a )

f t
•H

I

o
CO

•m
■do
CO

1 . 0

CQ
a
o

i

O = Constituent A 
+ = Constituent B

. h . 6 .8 l . o0 . 2

Scaled concentrations 
0 0

F ig u r e  1*5.- ( a )  S c a le d  s c a l a r  m u l t i p l e  f u n c t io n s  a lo n g  h y p o th e t i c a l  
f l i g h t  l i n e s ,  (b ) co m p ariso n  w ith  s c a le d  c o n c e n t r a t i o n s .  
C o n s t i t u e n t s  a r e  w a v e le n g th -d e p e n d e n t  n o n l in e a r .

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



R
eproduced 

with 
perm

ission 
of the 

copyright 
ow

ner. 
Further 

reproduction 
prohibited 

w
ithout 

perm
ission.

Max k e f f e c t = 38.5° 
e5 =  2 1 3 - 0 °

Max k e f f e c t  P 
+1 0 ?

q(X) = 1 .0
r(X ) = 1 .0

. 6  -

U

- . 6 - . 6

—  it - . k

- . 6

(a ) (b )

F ig u r e  k 6 . ~  O b liq u e  a x e s  s c a l a r  m u l t i p l e s  f o r  p r o p o r t i o n a l  n o n l i n e a r  s u p e r p o s i t i o n ,  
C o n s t i t u e n t s  A + B , l i n e a r  p o w e rs ,  v a r i a b l e  i n t e r a c t i o n  e f f e c t .  R e p r e s e n ta t i v e  
c o n c e n t r a t i o n  p a i r s  (CA , Cg) a r e  l a b e l e d .

331



332

•PCJ
Ft:0)

H

IA

Of

IA
I A

CD CD

i
- (  K - ^  )

vo VO

VO

OS
mOs

CD

VO

I

X)

X)
%
0

•rl

1
o

VO
-=f

<u

M
•iH
f£i

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



333

VO

ITS

CD

O

i n  o j

I— o

o

H
O
d
o

o

vo

tiD
•H

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



R
eproduced 

with 
perm

ission 
of the 

copyright 
ow

ner. 
Further 

reproduction 
prohibited 

w
ithout 

perm
ission.

= 52 .3 °

. = 32 .6°  

p -lU ) = 0 . 5  q(A) = 0 . 5

P2 U )  = 0 .5  r (  A) = 0 .5

Max k  e f f e c t Max k e f f e c t

+25? 

q U )  = 0 .5  

r(A ) = 0 .5

( 0 , 1*0 )

( 0 , 1*0 )

- . 6 - . 2

- f . 2

(0 ,0 )4 (Uo.o)

- . 6
t

a.

Figure t*T*~ Oblique axes s.calar multiples for proportional nonlinear superposition. 
Constituents A + B, simple nonlinear powers. Representative concentration 
pairs (C^, C )̂ are labeled.
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Figure 1*8.- Oblique axes scalar multiples for proportional nonlinear superposition. 
Constituents A + B, mixed simple nonlinear powers. Representative concentration 
pairs are labeled.
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Figure 50.- Oblique axes scalar multiples for proportional nonlinear superposition. 
Constituents A + B, wavelength-dependent powers. Representative concentration 
pairs (C^, Cg) are labeled.
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Figure 53.- Concluded.
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l i n e a r  c o n s t i tu e n t  A. (b ) C o n c e n tra tio n  e r r o r s  f o r  l i n e a r  
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F ig u re  65 . -  ( b ) ,  (c)  C o n c e n tra tio n  e r r o r s  a s s o c ia te d  w ith  random n o is e -  
induced  s c a t t e r  in  s c a l a r  m u lt ip le s  f o r  sim ple  n o n l in e a r  c o n s t i tu e n t s .
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Figure 66.- (a) Scalar multiple-concentration relation for spectra of 

■wavelength-dependent nonlinear constituents.
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F ig u re  6 6 . -  ( b ) ,  ( c)  C o n c e n tra tio n  e r r o r s  a s s o c ia te d  w ith  random n o is e -  
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F ig u re  6 j .~  E f f e c ts  o f  random n o is e  on p r in c i p a l  component v a lu e s
o f  s p a t ia l ly - in d e p e n d e n t  l i n e a r  c o n s t i tu e n ts  A + B. R e p re s e n ta t iv e
c o n c e n tra t io n  p a i r s  (C. ,  CL) la b e le d  on (a ) o n ly .
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F ig u re  68 . -  Same as f ig u re  67 ex cep t s c a l a r  c o e f f ic i e n t s  p re se n te d
in  s c a l a r  m u lt ip le  system .
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F ig u re  69 . -  Same as  f ig u r e  6 8 , e x c ep t s c a l a r  m u lt ip le s  t r a n s f e r r e d  
in to  an o b liq u e  a x is  system . R e p re s e n ta t iv e  c o n c e n tra t io n  p a i r s  
(Ca, Cg) la b e le d  on (a )  o n ly .
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Figure 70.- Effects of random noise on principal component values of 

spatially-independent linear constituents A + C. Representative 
concentration pairs (CA>CC) labeled on (a) only.
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in to  an o b liq u e  a x is  system . R e p re se n ta tiv e  c o n c e n tra t io n  p a i r s  
(C , Cc ) l a b e le d  on (a )  o n ly .
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C o n s t i t u e n t s  A + B p = 1 . 5

F ig u r e  7 3 - -  E f f e c t s  o f  random  n o i s e  on t r a n s f o r m e d  s c a l a r  m u l t i p l e s  o f
spatially-independent, simple-nonlinear constituents A + B.
Representative concentration pairs (C , C ) labeled.
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(a) 5% random noise 
Constituents A + C p = Q.5

(b) 5% random noise 
Constituents A + C p = 1.5

Figure J k . -  Effects of random noise on transformed scalar multiples 
of spatially-independent, simple-nonlinear constituents A + C. 
Representative concentration pairs (C , C ) labeled.A U
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Figure 75•- Effects of random noise on transformed scalar multiples of mixtures of linear
constituents (a) A + B and (b) A + C. Representative concentration pairs (C., Ĉ .) orA .d(C^, Ĉ ,) are labeled.
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% random  n o i s e  p  = 0 . 5
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(b )  C o n s t i t u e n t s  A + C
2 .5 $  random  n o i s e  p  = 0 .5

F ig u r e  7 6 . -  E f f e c t s  o f  random  n o i s e  on t r a n s f o r m e d  s c a l a r  m u l t i p l e s  o f  
m ix tu r e s  o f  s im p le  n o n l i n e a r  c o n s t i t u e n t s  ( a )  A + B an d  (t>) A + C.
Pow er p  = 0 - 5 -  R e p r e s e n ta t i v e  c o n c e n t r a t i o n  p a i r s  ( C . , C ) o r  ( C . ,  C^) 
a r e  l a b e l e d .
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Cb) Constituents A + C 
2.5% random noise p = 1 .5

Figure 77*- Same as figure 76 except power p = 1.5-
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( 0 , 0 )

- .0 6 10$ random noise
-25$ nonlinear superposition

Figure 78.- Effects of random.noise on transformed scalar multiples of 
nonlinear superposition mixture of simple-nonlinear constituents A 
+ B. Representative concentration pairs (^,Cg) are laleled.
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(b)

F ig u re  8 0 .-  (a )  S p e c tr a l  powers from pow er-law  model r e g re s s io n  f i t  t o  
b a l l  c la y  and f e ld s p a r  s o i l s  c o n s t i tu e n t  s p e c t r a ,  (b ) N orm alized  
f i r s t  p r in c ip a l  axes e ig e n v e c to rs  f o r  same c o n s t i tu e n t  s p e c t r a .
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F ig u re  8l . -  S c a la r  m u lt ip le s  as a  fu n c tio n  o f  c o n c e n tra t io n  f o r  in d iv id u a l  
s p e c t r a l  m easurem ents o f  B a l l  c la y  and f e ld s p a r  s o i l s .
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B a l l  c la y  s o i l  o n ly  

F e ld sp a r  s o i l  o n ly  
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12 13*16
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F ig u re  82 . -  S c a la r  m u l t ip le s  a s s o c ia te d  w ith  f i r s t  two p r in c i p a l  a x is  
e ig e n v e c to r s  f o r  B a l l  c la y - f e ld s p a r  s o i l s  experim en t d a ta . S p e c tra  
numbers a re  n o te d .
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O -  B a l l  c la y  s o i l  on ly  

A =  F e ld sp a r  s o i l  on ly  

O  = M ixture

12
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10 '

- . 2
N oise N oise 
( ty p )  ( ty p )

F ig u re  8 3 .-  S c a la r  m u lt ip le s  f o r  c h a r a c t e r i s t i c  v e c to r  a n a ly s is  o f  
p ro c e s se d  (power f i t  and l i n e a r  s u p e rp o s i t io n )  s p e c t r a  f o r  B a ll  
c la y - f e ld s p a r  s o i l s  e x p e rim e n t. S p e c tra  numbers a re  n o te d .
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F ig u re  86 . -  S p e c tr a l  a tm o sp h e ric  t r a n s m it ta n c e  f o r  v a ry in g  v i s u a l  ran g es  
f o r  n a d i r  v iew ing  f o r  1 km a l t i t u d e .
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s c a le d  c o n c e n tra t io n s  f o r  c o n s t i tu e n t  A ( v a r ia b le  pow ers) under th e  
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s tro n g  atm osphere v a r i a t i o n .  C ir c le s  (O) r e p r e s e n t  a  strong -w eak  
a tm osphere  v a r i a t i o n .
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Figure 88.- (a) Transformed scalar multiples in oblique axes system for mixtures 
of linear constituents A + C for spectra modified by a strong atmosphere.
Constituent concentrations (C^» C^) indicated, (b) Same example with linear 
scaling.
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F ig u re  89 . -  R e la t iv e  q u a n t i f ic a t i o n  s c a l in g  r e s u l t s  f o r  3 0 - s p e c t ra  
f l i g h t  case  f o r  l i n e a r  c o n s t i tu e n t s  A+B w ith  (a )  s p e c t r a  m o d if ie d  
by s tro n g  atm osphere  and (b ) s p e c t r a  m o d ified  by weak a tm osphere . 
Compare w ith  f ig u r e  27b f o r  no atm osphere .
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F ig u re  9 0 .-  (a )  S c a la r  m u lt ip le s  fo r  3 0 -s p e c tra  f l i g h t  case  u s in g  l i n e a r  
c o n s t i tu e n t s  A + B w ith  v a r ia b le  s tro n g -w eak  a tm osphere , (b ) S c a le d  
(tra n sfo rm e d )  s c a l a r  m u lt ip le  fu n c tio n s  f o r  same c a s e . Compare w ith  
f ig u r e  27b fo r  a tm o sp h e re -fre e  c a se .
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