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ABSTRACT

The problem of energetic nucleon transport through extended bulk matter is considered
in the context of the ‘straight ahead’ approximation. The applicable form of the Boltzmann
transport equation is derived and solved in one dimension. The production term for
secondary generation nucleons due to nuclear fragmentation includes ‘coupling’ of the flux
to other types of nucleon projectiles. A physically motivated perturbation series approach
is developed to enhance solution convergence. The Boltzmann operator is inverted and
the flux is computed using a numerical marching scheme. The secondary production
integrals are optimized for second order accuracy using a set of analytical benchmarks. The
benchmarks provide precise estimation of the truncation errors involved in the numerical
method. A set of continuous benchmarks are developed for cosmic ray transport applications
and a set of mono-energetic benchmarks is developed for accelerator applications. The
optimized marching scheme is incorporated into the BRYNTRN transport code along with a
sophisticated reaction database for nuclear and atomic scattering. The method is applied to
typical space shielding applications and comparisons are made with the HETC Monte Carlo
benchmarks. The BRYNTRN results compare well with HET'C while requiring significantly
less computing power. The transport of elastically scattered neutrons is shown to be poorly
converged using the coarse energy grids suited to non-elastic scattering. A grid independent
model is developed for neutron elastic scattering which maintains particle conservation to
within acceptable limits for deep penetration transport cases. The elastic scattering model

is applied to a range of shielding cases.
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1. Imntroduction

This work is concerned with the transport of energetic nucleons through extended bulk
matter.l The nucleons (i.e., protons, and neutrons) of interest to us are produced by, or
part of, the flux of solar and galactic cosmic rays transiting the interplanetary region.2 4
The applied physicist will find this problem to be of interest for two primary reasons. First,
these processes constitute the most energetic interactions known in nature.5 Cosmic Ray
kinetic energies of 108 ¢V are common and some may reach 1020 V. Therefore, depending
on shield penetration depth, the entire range of elastic and nonelastic scattering phenomena
in nuclear and atomic physics is involved in the transport process. Second, important health
and technology issues related to space radiation require knowledge of transported particle
fluences® 7 (i.e., time-integrated flux). For example, predictions of human exposure during
manned space missions or high altitvde aircraft flights® require ionized particle fields for dose
estimation.” In addition, space satellite circuit design relies on accurate models of phenomena
such as single event-upset (SEU)3’10 for reliability analysis. SEU refers to the process by
which ionizing radiation creates a sufficient number of electron-hole pairs in a circuit to
establish an electrical current which causes a change in the logic state of the device.

The National Aeronautics and Space Administration (NASA), as the name implies, has
a research interest in the physics of radiation transport for both spacecraft and aircraft
systems.1112-Byt NASA has a mission requirement which is central to the approach taken
in the present work.134 Transport models must be physically robust and computationally
efficient.’® “Computational efficiency,” is required since space habitat and transportation
system designs are evaluated for radiation protection in an interactive workstation environ-
ment. In order to be useful, the radiation analysis component must not require extensive
computational resources. 16

We will develop an analytical approach to the nucleon transport problem which allows
for robust numerical implementation and rapid convergence of the relevant physical field

quantities.l” The analytical approach, as opposed to the conventional statistical modeling

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2

based approach,®1® allows for direct application of the pﬁnciplés of mathematical physics to
evaluate the physical effects of computational approximations.! But, prior to developing a
cosmic ray transport model, we consider the known features of the cosmic ray environment.
Cosmic Radiation

The discovery of cosmic radiation resulted from questions arising from the study of
electrical conductivity in gases around the beginning of this century.2 Residual conductivity
was discovered in gases which were supposed to exhibit dielectric properties. In 1912 Hess!®
conducted a series of balloon flights to an altitude of 3 km and was able to demonstrate that
the current in an ion chamber increased with altitude. He established that the effect was
independent of diurnal variations from which he concluded that a new penetrating radiation
from outside the atmosphere was responsible. This discovery precipitated a great deal of
balloon experimentation and many new discoveries during the next four decades. In 1933
Rossi used an array of Geiger-Muller detectors to exhibit the effect of particle multiplication
during collisions. In 1937 Forbush observed worldwide decreases in cosmic ray intensity
coincident with geomagnetic storms. In 1941 Schein, Jesse, and Wollan using balloon borne
equipment, measured directly that the primary cosmic radiation consisted of protons. In
1948 Freier, Bradt, and Peters!® found heavy nuclei components in the cosmic ray field.

With the advent of orbital space ﬁight,20 Van Allen and his coworkers, in 1958, used
Geiger-Muller counters onboard Explorer satellites I and III to measure high count rates
in confined re~gions beyond an altitude of about 1000 km due to trapped charged parti.c.les
(the Van Allen radiation belts). In addition to the knowledge gained from balloons and?
satellites have been added the contributions from accelerator based reaction crossection
experimentsm"25 and advances in theoretical nuclear physics.%‘30 Today the interplanetary
and near earth radiation environment is reasonably well understood. Briefly, some of the
other findings of importance to our efforts include the existence of an inner and outer belt of

31-33

trapped radiations and also effects of the eleven year sunspot cycle.* The sunspot cycle

modulates the solar wind affecting the magnetic shielding properties of the radiation belts.
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3
The typical particle environment in space is shown in figure 1.5 Low energy protons from

the solar wind continuum are common but, as we shall see, are not sufficiently energetic to
penetrate bulk matter. Neither is the 30 MeV proton radiation from solar storms but the
solar flare radiation can be quite penetrating. Galactic cosmic rays feature heavy nuclei and
very high kinetic energies per amu34 but the fluences are small.}1:35-38 For astronaut shield
design purposes the solar flares!3:39-41 are most important (fig. 2) as a determinant of early
somatic injury but for interplanetary flight the long term exposure to heavy gelactic cosmic
1'.';?.3’5,6'42'44 especially Fe ions%® (fig. 3), will be the limiting factor in long term missions.
Figure 3 shows® the elemental abundance of cosmic rays up to iron nuclei. Protons and
alpha particles constitute almost 99 percent of the heavy pa.r’cicles.2 The primary proton

spectra can be represented by a power law. The integral spectrum may then be written®
M(> E) = K(E + mgc?)™" particles cm™2s ™ sr.”?

where K and 4 are constants, and mgc? is the proton rest mass energy. Protons and
collision produced neutrons constitute the primary sources of transported radiation in space
applications.5
Interaction Mechanisms

As high-energy space radiations traverse bulk matter objects, such as a spacecraft or
high altitude aircraft (including the atmosphere), their radiation fields change composition
through interactions with the materials in their paths.! As a result of these interactio;s,
the internal radiation environment within the material can differ appreciably from the
incident external environment.2 These alterations in the incident radiation environment
depend upon the thickness, geometry, and composition of the target material. 4748 They
are described by transport models which relate the transmitted flux, as a function of
spatial location, kinetic energy, and direction of particle motion, to the incident flux. 549
The main interaction processes involved in the transport of these radiation fields through

bulk matter are (1) ionization energy losses through collisions with atomic electrons,50~55

(2) nuclear elastic and inelastic collisions,®* and (3)nuclear
breakup(fragmentation)®¢-¢®

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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7

and electromagnetic dissociation interactions. The latter are pa;rticularly important because
fragmentations result in the production of reaction products which alter the isotopic
composition of the transported radiation fields. The radioactive decay contributions of the
transported fragments are ignored because their decay times are typically much longer than
the time required for the radioactive fragment to exit the spacecraft or undergo a subsequent
nuclear collision.!?

The dominant term in a shielding calculation is energy loss through ionization;!® that
is a collision between an incoming charged particle and the orbital electrons of the shield
material. This coulomb interaction will cause the target atom to either be raised to an
excited state or become ionized by ejecting an electron. Each collision will decrease the
projectile kinetic energy by a small amount and eventually cause it to stop. This distance
is called the ‘range’. Figure 4 shows proton range as a function of initial kinetic energy for
various shield materials. Note that the distance coordinate has the units of areal density.
This scaling is common for comparing widely varying shield densities. Figure 4 reveals!8
that the <30 MeV solar storm protons from figure 1 have a range in tissue of <1 gm cm™2.
For our purposes penetrating protons require a kinetic energy >50 MeV. Because these
interactions involve a high number of small energy exchange collisions along this path it is
useful to develop 2 continuous slowing down approximation (cdsa) to describe the process.

‘%— using the quantum mechanical

Bethe derived an expression for the “stopping power” or
Born a.pproxi;mation.58 A detailed derivation of the Bethe expression for stopping power
was previously fully reviewed by Lamkin' and is not repeated herein. Figure 5 shows!8 the
proton stopping power for protons in various materials. Low energy protons exhibit very
rapid slowing but stopping power decreases as the kinetic energy rises due to an inverse
dependence on the square of proton velocity. Above one GeV the stopping power is roughly
constant. Figure 6, however, shows! that stopping power eventually increases again due to

relativistic increases in the proton’s perpendicular field by a factor of ———1\/1_? The increase is
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counteracted somewhat because large kinetic energy increases result in small velocity changes
and because of the “screening” effect due to polarization.

A great deal of research has been devoted to the ionization process and, today, very
complex models exist to represent the cdsa. This is due, both, to the relatively sophisticated
state of theoretical quantum mechanical knowledge of atomic physics and to the technological
motivation to correctly model the process. The treatment of stopping power can be
considered to be rigorous when compared to models for nuclear fragmentation, the other
critical interaction process in high energy baryon transport.

The nuclear interactions which take place between energetic baryons and bulk material
constituents are quite different in character from the ionization process. The nuclear mean
free path is typically on the order of several cm®® and the corresponding crossections are
about eight orders of magnitude smaller than for interactions with atomic electrons.l A
100 MeV proton in tissue, for example, has an ionization stopping range of 7.57 cm®® and
a nuclear mean free path of about 55 cm.%® Figure 7 shows!® the macroscopic nuclear cross
section for protons in various materials. We see that the curve shapes are similar for a
variety of common spacecraft materials. For a given material the crossection varies by no
more than 10% for proton energies above 10 MeV, justifying the use of a constant crossection
for analytical modeling purposes. The rarity of nuclear collisions is an important distinction
when compared to ionization but the process is also quite different.

Hadrons can interact strongly with a target nucleus. One possible outcome34 7074 for
energetic projectiles is the emission of target constituents with kinetic energies on the same
order as the incident energy.?! This process is called nuclear fragmentation. For nucleon
scattering the most common result is the emission of additional nucleons. These ‘knockout’
particles tend to scatter in the highly-forward direction, so the incident ‘primary’ flux of

1,15 a5 the beam penetrates the

nucleons at the boundary can create ‘secondary’ particles
material. These secondary particles can also produce new particles through subsequent

fragmentation interactions.’! So, even though the proton component of the primary flux
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quickly disappears, the neutrons and secondary protons can sustain the overall fluence for
deep penetrations.” The fragmentation process involves energy transfers of several MeV as
opposed to the several eV transfers characteristic of atomic jonization.56

The commonly used models for nucleon-nucleus fragmentation in space transport are
basically classical and typically involve considerable empiricism.60:68 The typical interaction
picture has the nucleon entering the nucleus (depicted as a Fermi sea) and interacting with a
single nucleon or clusters (e.g., Alpha particle} of nucleons.”®"! The models typically allow
for ‘multiple scattering’’? in which one of the scattered nucleons is able to re-scatter with one
or more of the target constituents before exiting the nucleus. Sophisticated models based on
the Monte Carlo statistical approach have been developed to represent fragmentation.5'76'77
These models incorporate nuclear data from experiments such as electron-nucleus scattering
and nucleon-nucleon scattering to determine the probability of particular knockout processes.
Monte Carlo models for nuclear fragmentation are discussed further in Chapter 5. One
simple analytical form for fragmentation scattering which provides a functional expression
for the production term is the ‘quasi-elastic’ approximation.l® In the quasi-elastic picture the
projectile nucleon interacts with a single target nucleon which is assumed to be uncoupled
from the rest of the nucleus. The quasi-elastic formulation is a function of only the energy
difference between the incident particle and the scattered energy of the target nucleon.
Because of its functional simplicity and physical applicability, the quasi-elastic form is used
for space transport benchmark cases (see Chapter 3). )

The residual target nucleus is, of course, left in an excited state following the knockout
but its relaxation time for de-excitation and recoil is long compared to the prompt frag-
mentation process. So the residual nucleus can be treated separately using, for example,
an ‘evaporation’ model.5 The model looks at the difference in binding energy between the
original nucleus and the residual constituents and performs a stepping procedure to dexcite

the nucleus. Nucleons are ejected from the nucleus one at a time, or in clusters, until 2

stable configuration is reached. This scattering is isotropic and the energies are too low to
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allow for propagation very far from the vicinity of the nucleus. The evaporation nucleons
are, therefore, not added to the transported flux but must be considered in dose calculations
(see Appendix C).

We now see a picture of the nucleon transport process in bulk matter. The ionization
process removes protons from the beam by the cdsa. Some nucleons are removed by nuclear
collisions but may, in turn, add nucleons back in the propagated flux by the fragmentation
process. The overall flux will die out at some penetration depth. Our goal is to develop a
mathematical expression for the process of loss and gain. We will develop an analytical
approach based on the integro-differential Boltzmann equation. This approach will be
applied to problems of interest to the manned space effort.

Transport Models

Even before the inception of the manned space program it was recognized that the
cosmic ray environment might produce early somatic effects™® through the ionization and
fragmentation processes described above. By early somatic effects we mean radiation
induced sickness as opposed to increased long term cancer risks. The primary concern
was solar flare radiation. A major thrust in the development of space radiation methods
for solar flare and geomagnetically trapped protons resulted in the development of a series
of Monte Carlo Codes by Alsmiller’s’® group at the the Oak Ridge National Laboratory
(ORNL). The chronology of these codes is the Nucleon Transport Code™ (NTC), then the
Nucleon-Meson Transport CodeS0 (NMTC) and finally the high Energy Transport Code®?
(HETC). Although the HETC, and its subsequent derivatives® represent the most tested
and documented code of this type and was initially stimulated by the needs of the space
program, the codes have had little use in space engineering applications due to program
complexity and high computational resource requirements. Even though code restructing®?
and alternate handling of the nuclear database greatly improved computer efficiency, the
ultimate limitation was inherent to the Monte Carlo method itself. To understand these

limitations we have to examine the Monte Carlo procedure.
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The Monte Carlo method represents one of the most successful scientific numerical
modeling approaches developed for digital computers.53 It has two primary advantages. The
basic method uses a simple statistical decision scheme to model the physical processes and
it is able to handle complex three-dimensional (3-D) problems. The Monte Carlo method
has been successfully applied to such diverse physical applications as crystal growth, DNA
structure. heat transfer, non Newtonian flows, thermo-nuclear explosions, circuit design,
and reactor kinetics. We can illustrate the basic method by using the case of high energy
neutron transport through bulk matter. Neutrons are transported, one at a time, from the
boundary into the target material. At some penetration depth the code determines, based
on a probability analysis, that a collision has occurred with a target nucleus. It then uses a
statistical nucleon-nucleus interaction model to produce fragmentation products or elastically
rescattered neutrons. Each of the fragmentation products, if any, are transported until each
remaining secondary is exhausted or the out-going boundary is reached. The code maintains
a ‘history” file of these events for post-processing. The code then transports another neutron
into the material. The idea is to transport enough primaries through the target material to
develop a ‘statistical ensemble’ of events which represents a physically meaningful picture
of the process. The success of the Monte Carlo® is based on this idea that a few thousand
particle transport events provide convergence for a real world picture involving between 10°
and 10*! incident neutrons. The relative simplicity of the basic Monte Carlo kernel belies the
programming complexity involved in the book keeping requirements for the particle histories,
the difficulties of data postprocessing, the myriad decisions imposed by the code designer onto
the physics, and the long processing times required to reach convergence. These difficulties
lead to examination of alternative analytical approaches to model the transport.

The problem with the analytical approach, of course, is that 3-D effects quickly lead
to intensive computational requirements.!8 To solve the spatial and energy integrals for
particle transport at arbitrary scattering angles requires storage and rurn times which are

not feasible. Most work using analytical approaches has concentrated on the one-dimensional
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(1-D) transport regime. In 1958 Peters!® used a 1-D equilibriurﬁ solution ignoring ionization
energy loss and radioactive decay to show that the light ions of the galactic cosmic rays have
their origin in the breakup of heavy nuclei. At about the same time other researchers
including Schaeffer,3¢ Foelsche®#?, and Dye and Noyes?® were conducting space proton
studies. Their work ignored nuclear reaction and treated only the ionization energy loss.
These studies were hindered by the lack of nuclear data. The development of the intranuclear
cascade model by Goldberger?’ and numerical work by Metropolis®® led to significant
developlcn.em:s85 in analytic and statistical transport modeling during the 1960°s. Gloeckler
and Jockipii®® developed a Volterra equation solution to first order in the fragmentation
ignoring ionization loss. Lezniak8” derived a Volterra equation including energy loss which
he referred 10 as a solution “only in the iterative sense” and evaluated only the unperturbed
term. In 1974 Allkofer and Heinrich3® used an energy multigroup method in which an
energy independent fragment transport approximation was applied within each energy group
after which the energy group boundaries were moved according to continuous slowing down
theory (—dF/dz). Chatterjee, Tobias, and Lyman’? solved the energy-independent fragment
transport equation with primary collision density as a source and neglected higher order
fragmentation. In fact most cosmic ray physicists have found the first fragmentation term
to be sufficient since the path lengths in interstellar space are 3 to 4 g/cm?.

Wilson and Lamkin!! were interested in the Monte Carlo results of Alsmiller which
indicated that energetic nucleon transport was confined to highly forward fragmentaiion
scattering to penetration depths (in tissue) of 20 g/cm?. They also knew that ionization
loss and elastic scattering events were kinematically limited to forward scattering. In 1974
Lamkin,! and Wilson and Lamkin!! developed a theory for high energy coupled nucleon
transport in 1-D based on the successful analytic inversion of the Boltzmann transport
operator and a numerical procedure for the resulting Volterra equation. In his Master’s
Thesis Lamkin! developed a perturbation approach for high energy nucleon transport. The

major physical insight from this work was that the transport process could be described
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by succeeding generations of secondary radiations produced from an initial primary beam.
This provided, as opposed to the Monte Carlo method, a physically motivated approach to
determining the convergence of the numerical scheme to the exact solution. It also provided
significantly improved accuracy for deep shield penetration cases compared to prior analytic
results.

The successful application of this analytical Boltzmann approach to space radiation
transport was limited by lack of a mature nuclear reaction database. Further improvements
to the transport procedure were not indicated until a realistic database became available.
Between 1974 and 1988 numerous enhancements® were made to the NASA Langley Research
Center database due to additional nuclear crossection experiments and improved fitting
procedures to Monte Carlo based interaction models.

In this dissertation we describe improvements to the analytical Boltzmann transport
method which essentially completes the process begun in 1974.1 We develop a computation-
ally efficient numerical marching procedure to replace the step-by-step perturbation series
method for secondary generation transport. “Marching” is a process by which the known
solution at a boundary position zg is used to obtain the solution at zg + Az. The solution
at zg + Az is used as the new boundary to obtain the solution at zg + 2Az, etc. We tune
the procedure to allow for the minimum numerical operation count to insure second order
accuracy in the overall truncation error.® This is accomplished by the development of a set
of analytical benchmark cases. One set features an incident particle flux with a continuous
energy distribution characteristic of space radiation. The other set features a monoenergetic
incident spectrum characteristic of particle accelerator environments. The exact benchmark
solutions are compared with the numerical procedure to provide an expression for the trun-
cation error which can then be minimized by an optimization process. We also develop
a model to describe the elastic rescattering of neutrons. The model is relatively indepen-

dent of energy grid mesh density. Elastic scattering is kinematically limited to small energy
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transfers and the coarse grids designed to resolve the &agmentétion process cannot generate
the rescattered neutrons.

These improvements to the transport model, along with enhancements of the nuclear
reaction data base, provide for a complete coupled nucleon transport code to handle cosmic
rays.1088 The model does not include pion production which becomes important at nucleon
kinetic energies exceeding 400 MeV.13 Pion transport is not significant for the energy ranges
and penetration depths typical of space flight.?® The remainder of this work is organized as
follows:

In Chapter 2 we sketch a derivation of the Boltzmann equation for nucleon transport and
relate all of its terms to the physical processes of gains and losses due to atomic ionization and
nuclear fragmentation. We solve the Boltzmann equation using a characteristics mapping to
handle difficulties due to the presence of the stopping power term. We develop an expression
for coupled nucleon transport as a Volterra equation of the second kind. We discuss the
previous work of Lamkin which implemented the Boltzmann solution as a perturbation
series in which successive order terms are directly related to physical secondary generations
of particle.

In Chapter 3 we consider the coupled Boltzmann solution for an exactly solvable
benchmark case in which the incident nuclecn flux features a continuous energy distribution.
This case is typical for cosmic ray transport.

In Chapter 4 we develop a strategy for the numerical implementation of the Volterra
equation using a marching procedure. We discuss the improvements of this approach over
the implementation of the perturbation series method. We then use the exact benchmark
case from Chapter 3 to minimize the second order truncation error of the marching scheme.
This is accomplished by exactly solving the approximated form of the particle integral.
This solution uses the same functional forms for boundary flux and production spectra
as the exact continuous benchmark. The difference between the exact and approximate

forms displays the truncation error of the numerical method. An optimization method is
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employed to minimize the second order truncation error. The error is tuned by replacing
certain integration variables with constants which are expressed as fractional values of the
integration step size.

In Chapter 5 the numerical marching scheme for nucleon transport is incorporated in
the BRYNTRN?® computer program. BRYNTRN (Baryon Transport) represents one of the
products of a collaboration between the NASA Langley Research Center and the Radiation
Physics group of Old Dominion University during the past 25 years. BRYNTRN provides
a sophisticated nuclear reaction database and models for atomic ionization. These support
modules provide a realistic physical basis for evaluating our transport methodology. The
method is applied to a typical spacecraft radiation case using varying thickness’ Aluminum
slab shielding followed by tissue media. The effect of step size and order of truncation error on
the dose and fluence is examined for various shield thickness’ out to 100 g/cm?. The physics
of the shield-tissue interface region is studied. The absorbed dose displays a ‘shoulder’ effect
for deeper penetration cases. This is shown to be related to the process of re-establishment
of flux equilibrium as the transported flux enters a new target medium. The BRYNTRN
code is compared with HETC Monte Carlo benchmarks. Very good agreement is obtained
for the 20 g/cm? benchmark test case.

In Appendix A we develop a benchmark for the mono-energetic case. Results are shown
for 100 MeV protons incident on water.

In Appendix B we study the problem of neutron elastic scattering. The energy grid
resolution suited to nuclear fragmentation is shown to be too coarse to resolve the small
energy transfers associated with elastic scattering. Adequate resolution grids are shown to
require unreasonably high computing resources. A model is developed for neutron elastic
scattering which conserves particles and is relatively insensitive to grid resolution. The
physics of the model is based on an analysis which shows the elastically scattered flux at

some given penetration depth « is related to the flux at z — h but energy shifted by an h
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dependent term. The model is applied to various targets including light and heavy elements.
Numerical experiments are performed to study the physical characteristics of the model.

In Appendix C we discuss the flux of the target fragmentation products which are

important to the calculation of the local dose.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



21

2. Transport Physics—The Boltzmann Equation

2.1. Derivation of the Boltzmann Equation

In this section we sketch the derivation of the Boltzmann equation. Our purpose is
twofold. First, it is the most efficient way to acquaint the reader with the physical elements of
the transport process. Second, we wish to show that nucleon transport is simply a special case
of the classical theory of the kinetic theory of gases. Our approach is based on conservation
principles developed previously by Lamkin! and Wilson and Lamkin!! but employs a more
rigorous methodology.5

An expression for the transport of high energy nucleons may be developed from first
principles by using the ideas from the kinetic theory of gases. Kinetic theory is widely used
to explain phenomena in statistical mechanics,3® plasma physics,% and fluid dynamics.%!
Indeed, the Navier-Stokes equations describing fluid motion are moments of the Boltzmann
transport equation from single species kinetic theory. Phenomena such as shearing fluid
motions,”® low energy reactor neutron kinetics,92 and high energy ion transport! can all
be developed as appropriate approximations to the scattering processes that are described
by Boltzmann theory. Consider an element of phase space described by a distribution
function8%:90 f where f(7,7,t) dvz dvy dv, = no. particles per unit volume at position 7,
and time ¢, with velocity components between 7 and 7 + dv.

The number density is given by -

o0 x o0
n(F, 1) = / dvs / duy / dv-F(F. 5.1) (2.1.1)
—00 -0 -0
Typically we normalize f by using a probability distributions function f so that
>0
fF 5, t)dv =1 (2.1.2)
—00
and
F(7.8,8) = n(F,t) J(7,5.1) (2.13)
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In statistical mechanics the kinetic theory is developed further using specified functional
forms for the probability distribution. But we can stay with f(7,7,¢) and write its total

time derivative
dt 8t 8z dt By dt = Bz dt

+ﬁ%+_aiﬂ .?_f_@é (2.1,4)
Ovy dt ~ Ouvy dt = Ovy di

G _0f 0f dx_ Of dy  0f ds

This is seen to consist of a convective term

of | =
— el .
at ' Vi
and a force term
P_d
m  dt
The Boltzmann equation is then written as
of F of o1 =
— . ‘- — s —— = ....1-0
= +5-Vf+— L =Dy (2.1.5)

where D, is a Collision operator producing sources and sinks for f. A tipical example of
the application of the form of the Boltzmann equation is seen in the “Vlasov” equation for

the case of a plasma that is sufficiently hot and tenuous to neglect collisiors.?® Then

(E+17><B)-55_=0 (2:;.6)

where, of course, g, E, and B represent charge, electric field, and magnetic induction.

In applying equation (2.1.5) to high energy nucleon transport we can ignore any effects
involving the external body force F' and solve the equation due to sources at the boundary.
The energy loss rate in condensed matter is >100 MeV /sec so that the charged particles come
to rest in a small fraction of a second. Therefore, the density function is in equilibrium with
the boundary sources. Our applications will assume a stationary incident fluence so that a
steady state equilibrium condition is established within the shield material. In addition,any

motion of target atoms due to externally applied forces is insignificant on the time scale of
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a transiting nucleon. We are left with
7-V§=D.f (2.1.7)

Since our problem is physically related to fluences of projectiles into a stationary target
material we recast equation (2.1.7) by defining a directional particle flux density?®
- = - = dv
¢(T7 E: Q) = 'Uf(T‘, v, Q)E (2‘18)

-
]

where 7= v and Q- Q) = 1. Then equation (2.1.7) becomes

o]

1-Vo(QL,E.7) = Ded(Q, E, 7) (2.1.9)

£

the physical processes which determine D¢ include elastic and nonelastic scattering from
target nuclei and electromagnetic interactions between charged projectiles and the bound
target media electrons.

D¢¢ = gains — losses (2.1.10)

The gains and losses in equation (2.1.10) may be determined by the application of conserva-
tion principles® to the projectile Aluence in an element of target media shown in figure 8 as
a sphere of radius §. Consider the flux component due to particles of type j and energy E
entering through an element of area at Z— 6 in direction §} and leaving the sphere at £+§ 0
in direction ). This defines a fiux tube through which would pass a number of particles of
type j equal to ¢;(Z — 69,8, E)62dQ if the propagation was taking place in a vacuum. But

the two numbers of particles actually differ by the gains and losses.!?

6;(Z + 60,0, B)6%d = ¢;(Z - 60, 8, B)§%d0
6
+ 6249 / e > / oL, E,E)
=5 k
x op(F+£Q,0,E) dY dE'

é
_ 8243 / dt o3(E)6(Z + £0, 3, E) (2.1.11)
-6
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where o;(E) and ajk(ﬁ, (Y, E, E') are the media macroscopic crossections. The cross-section
ajk(ﬁ, (Y, E, E) represents all of those processes by which a particle of type k moving in the
direction ) with energy E’ produces a type j particle in direction  and energy E. The
ok, term provides all sources of “secondary” generations of particles of type j and the o
term denotes all of losses of type j particles due to interaction with target nuclei. Expanding

equation (2.1.11) in a Taylor series about Z and retaining terms to order §°

§2dS6;(Z, 0, E) + 68 - Vo, (%, O, E)]
= 6240 [o'j(:z. 0,E)— 60 v¢j(ff, a, E)
—952 / oin(Q, & E, ENoy(Z, 0, ENdSY dE'

- 25aj(E)¢J ] (2.1.12)
Dividing equation (2.1.12) by 26(62dQ2) and collecting terms gives

(-V¢;(3.Q,E) }:/ﬂﬁﬁE,E’)
x on(Z, X, E"dSY dE

- 0;j(E)¢i(z.Q, E) (2.1.13)

Comparison with equation (2.1.7) shows that equation (2.1.13) accounts for interactions with
target nuclei. - -
Atomic interactions will result in both gains and losses for ¢;(z, Q, E). Charged particles
entering the region with energy F will exit with some energy £ — AE and thus constitute
a loss. Particles entering with energy E' > E may, depending on the crossections, exit with

enercy E/ — AE = E and this contribute a gain. We write the atomic crossection as
0% (E, B = Z (E+E)8(E + &, — E') (2.1.14)

where n labels the electronic excitation levels and &, are the corresponding excitation

energies. Typical values for &, range from 1-100 eV so that &, < E.
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Define the total atomic crossection as

oF(E) = o%(E) (2.1.15)
n
and the stopping power as
S;EY=>" 0% (E)én (2.1.16)
n

then for atomic collisions

gain—losses = Z H(E +&n) #;(Z. 0, E +&p)

n

~ 0 (E)e;(Z. Q. B)

r.

"Z 0% (E)¢;(Z. 0. E) + S“en o5 o%(E)9;(Z.Q. E)

3

=3z [S (E)o;(=. S, E)] (2.1.17)

Using equations (2.1.13) and (2.1.17) we can write equation (2.1.7) as

o L =
G-Ve,(z,0,.E) — aE[ S;(E)o;(Z. Q,E)]
+0;(E)6;(E.0.E) =5 / 0@ &V, E, E)
]..

—

x ¢ (%, Q' EdV/ dE' (2.1.18)

Equation (2.1.18) provides the form of the Boltzmann equation normally used in High

energy nucleon transport.l! We will employ the “straight ahead” 3179495 approximation to

write
[2 - Z.58)+ 01(8)] 64z, B)
=2 / Fi(E,E')oy(Z, E')dE' (2.1.19)
k

where the secondary production spectra F; has the same meaning as oy

Fji = 0j1(E, E') = o(E"yvju(E') Pji(E. E') (2.1.20)
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where ujk(E' ) is the average number (referred to as multiplicity of type j particles being
produced by a collision of type k with energy E’, and P;i(E, E’) is the probability density
distribution for producing type j particle of energy F from a collision of type k particle of
energy E'.

In sections 2.2 and 2.3 we will solve equation (2.1.19) for j = proton and j = neutron.
Our approach will be to obtain an integrating factor for the equation. For protons this
process is complicated by the presence of the stopping power term in the energy derivative
term. We obtain a tractable form for the proton equation by employing a transformation to
characteristic coordinates.

Separate development of proton and neutron transport is slightly repetitious but organi-
zationally worthwhile because it enhances independent development and analysis of the two

nucleon types.

2.2. Proton Transport
Consider the 1-D Boltzmann equation (2.1.19) for particle type 7 = proton. Let

F(E.E') = Fp(E, E')

[ — 2 S(E)+0p(E)] 6plz B) = / F(E,E) 6p(z,E) dE'  (22.1)
E

Multiply through by S(E) and define .

F(E,E')= S(E) F(E,E) (2.2.2)

The variables defined by equation (2.2.2) provide a compact notation for solution of equation

(2.2.1). Equation (2.2.1) becomes

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



28

[_‘9_ ~5( E)a +0p(B)|ts(z,E) = | F(E.E) ¢p(s, E') dE'

oz

(E,E") S(E') ¢p(z, E Y sreps ‘g,) (2.2.3)

[
I

Define the “range”

E
dE' dE'
3 ———— 4 o —— 2.2.'
n(E) = 5E) T 3 (2.2.4)

(4]

where r(E) is the distance required to stop a proton of kinetic energy E by energy loss due

to coulomb interactions with bound atomic electrons. Note the mapping

F(E,E") =F(r,r)

7:/};)(-'15: EI) = ’¢’p(331 7',)

o(E) =o(r)
[_6_ - S(E) — 0 op (E )[ Up(z,7) = /F (r,r") plz.7’)dr’ (2.2.3)
oz BE P
Note
ov(z, r) ov or
0E  or 8E
or 1
9B S S(E)
so that
0 0
Equation(2.2.6) becomes
o 0 T.
[’a_x — 5 T (x)J‘ Ppl(z,T) = / F(r,7") Yp(z,r")dr’ (2.2.6)
T
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We can further simplify (2.2.6) by mapping to a set of “characteristic” coordinates 7, ¢

defined by

(2.2.7)

g gdf L 8 dg _ 9@ el
|&=45+52-4+2
0 _0d . 0d_5 2
\&r — O¢dr " dq dr T %€ dn
The mapping is shown in figure 9. Note that the boundary z = 0 maps onto = —£, and

E =0 maps onto 7 = £. The curved line (a — b) in z, E space maps to the straight line £ =
constant in characteristic space. Characteristic coordinate 7 varies along particle path and

£ is constant along the particle trajectory so that equation (2.2.6) becomes

[2 5 +op(em)] xt&.m = Glen (2.2.8)
where

Glen) = [ Fir,r') wpla,)ar

x(&,n) = ¥p(z,7) (2.2.9)

Equation (2.2.8) can be solved by use of integrating factor.%® Given a linear differential

equation of first order

@ 5 _
we write
P@@+@=o
Y
ool
/ P(z)dz +lny(z) — Iny(zo) = 0
Zo
and

ylz) e [P@)dz _ 4
y(xo)
taking the differential of both sides gives

d[y e fP(x)dx] =ye fP(x)dzP(x)d:c +e fp(z)dxdy =0 (2.2.10)
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this is an exact differential. We can also make an inhomogeneous equation exact. Consider

| Py = Q)

dz
now write
e [ Pla)dz [P@)yds+dy| = JP@E o 4r (2.2.11)
But from equation (2.2.10) this is
d[y e fP(z)d:c:l = efp(x)sz(x)dx (2.2.12)
we can write equation (2.2.8) as
dx 1 1 90
— [ 3 ..._.13
dn + 20—p X 2 G ( )
d 1 1

p X(1,8) +5 op (,€) x(n,6) = 5 G(n:.£)

7
Use integrating factor [ Lo (7/,€)dn’. Put (2.2.13) in form of (2.2.12).
a

"

7 i
dlrx(n,E) exp { / % Op (n’,ﬁ)dn’}] = exp / % op (1, €)dn’ » G(",€)dn"

a a

'

7. 7 " ce)
x(n.) e { /3 "p(ﬂ'vﬁ)dn'} ~x@9= [ [ 5 op (. an' T el
a - a a
7
—J % op (' )dnf
x(m€)=e @ x(a,€)
n "
~ [} o E)dn’ ] " "
ye o / exp / % op(n,€)dn’ 9(%5—)@” (2.2.14)
a a

The effect of the characteristics mapping in (2.2.7) is shown in figure 9. Note that z =0

maps into (7 = —r,& = 1) so that g = a = —£. For z = Tmax we see that r = 0 gives
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(n =z, £ = z) so that max = {. We apply these limits to (2.2.14) obtaining

1

- [3 op (@ Ean’ B oo G )
x(m,§=e ¢ x(—¢£,€) +/e>q> / / 77 g)d’
—€ —-£ =€
but
J-1-T+]-]
- - —€ M 7"
1 n
x(n,§) = exp —:/ o (0, €)dn’ | x(=£.€)
—€
1 1 7
+3 [ewd =3 [ oo’ b G e)ar" (22.15)
_E T]”

Consider the solution to equation (2.2.15) for constant crossection o. Let

Up(% f) =0

then

X(n,€) = €72 T MOy (¢ &) +

lol»——l

n
/ =3 o-1")G (", £)dn" (2.2.16)

Use equations (2.2.7) and (2.2.9) to write (2....16) in terms of z and r

The inverse
transformation is

o

G(77”a§)= / ?[f —277 77,/] ¢p<§ -277 ,r')dr'

E_ﬂ”
2

Recall from equation (2.2.9) that x(£,n) = ¥(z,r), and from (2.

2.7) that = = 3(£ + n),
T= 7(5—77)
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U(z,r) =e " Y0,z + 1)

=T e . 1 M
+ l / dn" 6_% o(z—r—1") / Ya T+T-7 e T+T+7 A ar
3 — T T 017
—{z+r) zr—gf (2.2.17)
The notation in equation {2.2.17) can be made more compact.
Let r_ 1 AN
=Y —r -1
SO ,
M=z-r-2 > (2.2.18)

and since z and r are fixed

Qs = —dz” J

Consider the integral limits in equation (2.2.17) using the notation of equation {2.2.18)

1
=—(z+7r) — z’=3(:c—r+:c+r)=:c
1
7'=(z-r) — Z=5z-r—z+r)=0
, zH+r—q" z4+r—z+r+22 y
= 5 = > =TroT—2
0 o0
1 P —_ 1
Up(z,7) = e (0,7 + z) + > /(—de’)e oz! / F[r + z',r'_t Up(z — 2. 7')dr’ )
T r+z
et o
Up(z,7) = €7 Yp(0,7 + ) +/dz'e_”z’ / f[r + 2, r'} Uplz — 2, r)dr’  (2.2.19)
0 r+z/

Equation (2.2.19) is a key result for our study of high energy proton transport using the

assumption of constant macroscopic crossection o.
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Returning to equation (2.2.15) we can obtain a similar result for energy dependent o(r).

E—7
op(n'. &) = op( 3 )

n 1
1 -7 '
— %/ op (', )dn = —5/ Op (5 277 >d77 (2.2.20)
—£

using equations (2.2.7) and (2.2.18)

!
§—n7

5 [z:+r—(x—r—2z')]

!

N o] =

[2r + 22| =r+2

Integral limits:

0 z
—dz’
—%/ op(r+2) < 2z ) = —/ op (r+2')d2 (2.2.21)
z 0
Similarly,
1 7 r
—5/ cp(n',€)dn = —/ op (r+w)dw (2.2.22)
7" 0

Equations (2.2.21) and (2.2.22) can be used in equation (2.2.19) to give

Up(z,7) = exp —/ap (r+2)dz p 9p(0,7+2)
0

zl

x (o o)
+ /dz’exp —-/ap (r + w)dw / Flr+ 2,7 ¢p(z = 2, r')dr’
; / L (2.2.23)
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2.3. Neutron Transport

Writing equation (2.1.19) for j = neutrons, and F(E, E') = Fpn(E. E') and noting that

{aa +°’n(E>] on(z, E) = 7F E,E') ¢n(z, E')dE’ (2.3.1)
E

Multiply through by S(E) as

E

Using the definitions and rearrangements of equations (2.2.4)-(2.2.7) we write

(o 0]

[% +on (7‘)} "l’n(x: T) = /-F_(Tr T‘/) ’l/}n(.’L’ Tl)drl (232)

r

Note that equation (2.3.2) has same basic form as equation (2.2.13) if r is considered a

parameter. Then we can write equation (2.3.2) as an ordinary differential equation.

4 Un(z, )+ on (r) Yn(r) = G(z,T)

dz
z
€xp [an(r)/dzJ = eO'n(T‘)x
0

So, using the procedure following equation (2.2.13), we write

and use integrating factor

z

(e, e — 4 (0.r) = [ G )
0
T o0
n(z,r) = e~y (0, 7) + / dz’ eon(r)(='=2) / F(r,r')en(d, )dr' (2.3.3)
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Let

Integral limits are:

=z— 2=0 (2.3.4)
Then equation (2.3.3) becomes
T [ee]
Yplz,7) = e—a"(r)xv,/;n(ﬁ,r) -:—/dz e~ 0nlr)z /?(r, o (z — 2,7)dr’ (2.3.5)
0 T

2.4. Coupled Transport

In deriving equations (2.2.23) and (2.3.5) we obtained analytical solutions for nucleon
fluences. The only assumption made was the straight ahead approximation.

A complete model for high energy nucleon transport must provide for diverse elastic
and nonelastic interactions between projectiles and constituent target nuclei. Our approach
assumes that only the nucleon components of collision process will propagate with the beam.
We assume that other products will not move far from the collision site before depositing their
kinetic energy and that their effect (e.g., Dose) can be modeled separately. The development
of this process is described in Appendix C. )

In our propagation model the production spectra must allow for a projectile nucleon of
type ¢ to produce propagated collision nucleons of type j.

Then Fj;(E, E') = Production of nucleons of type j with energy E form a projectile of

type i with energy E’. Then equations (2.2.23) and (2.3.5) become
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Up(z,7) = exp [-— jap(r + z)dzil ¥p(0,7 + )

0
bed z &)
+ /dz exp [—/ap(r + w)dw] / Fop(r +z,7") Yp(z — z,7)dr’
0 0

—+2Z

o.°]
+ / Fon(r + z,7") ¥n(z — z,7")dr (2.4.1)

Tz

Un(z,T) = exp ["'Un (r)x} ¥n(0,7)

T o
- /dz exp [-—o—n(r)zJ /fnn(T, ™Y (z — z,7")dr
0 T

oG
-+ / Fpp(r.m) tp(z — 2,7')dr’ (2.4.2)
T

Equations (2.4.1) and (2.4.2) may be combined into a compact representation!® as

et

vj(z,7) = exp l- / oj(r+ ij)dz} ¥;(0,7 +v;2)

0
z o
+ /dzexp [—/aj(r-l-—uj-w)-{ Z / .T""ji(r-l— zsz,r’) w;(z = z,7)dr’ (2.43)
. -

- 1 gy~
0 TV

where vpyoton = 1 and UNeyiron = 0 and the ¢ summation denotes projectile nucleon type.
The use of the range coordinate in place of energy is deliberate. Range is a smooth
function over the entire span of projectile kinetic energy. However, S(E) = dE/dz is very
steep at low energy. This means that a numerical method based on the energy variable
will require substantially more grid points than a range based scheme for a given degree of

physical resolution.
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The double integral in equation (2.4.3) is not easy to solve. Direct numerical simulation
requires an unrealistically high operation count. In the next section we describe a perturba-

tion approach which allows for iterative convergence to the desired level of accuracy.

2.5. Perturbation Theory for Nucleon Transport

The integral equations (2.4.1) and (2.4.2) are of the form®’
z
¢@%:H@+A/K@jmwﬁ
a

This is classified as a Volterra equation of the “Second Kind”. The “First Kind” has
F(z) = 0. If the integral contained two definite limits it would be classified as a Fredholm
equation.

One straight forward approach to the solution of equation (2.4.3) for bounded kernel
K(z, t)gs,gg is a perturbation approach. This is an iterative technique for successive powers

of A, starting with

o(z) = F(z) (2.5.1)
then
z z t
o(z) = F(z) + A / K(z,t)F(t)dt + A2 / dt / dt'K(z,t)K(t,t)F({) + ... (2.5.2)

Equation (2.5.2) is called a Neumann series. For sufficiently small parameter A, it will
converge. Using the formalism of equation (2.5.2) we define the Boltzmann operator B to
represent field drift and collisional losses (atomic and nuclear) and G, as the Boltzmann
propagator formed from the inverse of the integrating factor for B. The method of

characteristics discussed previously shows that G, is the solution of
BG, =0 (2.5.3)
the general solution of the Boltzmann equation is then

6 = Goop+ B *Co (2.5.4)
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where ¢p is the specified boundary fluence and C is an integral operator for the secondary

production terms. The Neumann series for equation (2.5.4) can be written!1! as
¢ = Gopp+ B *CGo0p + B *CGoB™*CGoop + - .- (2.5.5)
If the complete propagator is labelled G then
¢ = Gop (2.5.6)
and
G=G,+B *CG (2.5.7)

G depends, in general, on the bounding surface and the physical properties of the target
media.*” The perturbation series (2.5.5) has been used previously! to form the basis for
a physical representation of high energy nucleon transport through extended matter. In
this approach, Godp represents the uncollided “primaries.” The primaries can create “first
generation” secondaries and so on. The boundedness of this series expansion can be seen
physically by noting that each generation decays exponentially. First generation secondaries
can only be created by primaries. The primaries decay like exp(—ocz) guaranteeing that
the loss mechanisms will eventually overpower the source terms for the first generation
secondaries. This feature propagates to all orders of the series. We seek a series of the form

[o.9]

i)=Y vi(.7) (2:58)

1=0

satisfying the boundary condition at z = 0 that

V)
(3]
e
—

42(0,7) = $(r) (2.

vi0,r)=0 fori>1 (2.5.10)
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The prescription of equations (2.5.3)-(2.5.10) applied to equations (2.4.1) and (2.4.2) leads

to
T
zbg(:z:, T) = exp [—- / op(r + z)dz] Up(0,7 + ) (2.5.11)
0
z z o
?ﬁ;f,(x, T) = /dz exp [— / op(r + w)dw] / Fpp(r +2z,7") @b;;"l(x — z,mdr’
0 +z
o
+ / Fon(r+z,7) ¢tz — 2,7")dr (2.5.12)
Tz
Un(z,T) = exp [—an(r)x] ¥n(0,7) (2.5.13)
x X0
P (z.7) = /dz exp {—O’n(T‘)Z] /?Tm(r, ) ¢%‘1(x —z,7)dr'
0 T
o0
-%-/fnp(r, r') 1!:;_1(.’5 —z,7)dr (2.5.14)
T

Equations (2.5.12) and (2.5.14) apply to ¢ > 1. Equations (2.5.11)-(2.5.14) are solved in a
recursive fashion until satisfactory convergence is obtained.

Equation (2.5.5) was implemented in a computer program™!! to study the coupled
transport of successive generation of secondary nucleons. A simplified form for the production
spectra ?ji was employed100 and the macroscopic crossection and projectile multiplication
were assumed to be constants. The boundary condition was specified to be a 1 GeV
(monoenergetic) beam of normally incident on a tissue slab. Figure 10 shows the evolution
of secondary protons out to 60 cm of tissue penetration.! The secondary fluence is, of course,
zero at the boundary but builds quickly to a plateau around 30 cm. ¢I(,1) is formed from the
collisions of primary proton projectiles. y’;:E,z) is sum of 1[;1(,1) and the secondary generation
formed by collisions of 1[:,(11) neutrons (there‘ is no zj:,go) component in the problem). The

significant result of this analysis is that proton fluence rapidly converges. The proton fluence

out to 60 cm is closely approximated by the primaries and two generations of secondaries.
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Fig. 10 Integrated intensities as a function of penetration depth in first, second
and third order approximation to secondary protons

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

60



42

The plateauing is explained by two offsetting processes. The protons, will slow down due
to atomic collisions so each generation of secondaries cannot sustain itself. However the
neutrons are not slowed and will continue to contribute to proton production through the
Boltzmann coupling mechanism. We see the effect of secondary neutron growth?! in figure 11.
We see first that the relative magnitude of 1,1)7(;2) at 60 cm penetration depth is four times
greater than 7,./;1(,2). We also see that no plateaun effect is evident in the neutron fluence.

Figure 12 shows! the contributions to dose from successive generations of protons. Proton

dose is given by -
Dy(z) = / Sy(E)ép(z, E) dE
0

oo
=/0 W(z,r’) dr’

The uncollided primaries display an exponential decay as expected. We also see see the
plateau effect for the secondaries. Note that D;,(,l) peaks near 30 cm and then begins to
decay. The results of the analysis in figures 10-12 provide useful qualitative insight into the
effectiveness of the iterative convergence procedure for the Neumann series. The neutrons
are not easily converged using this method but the dose for relatively short penetration
depths, is converged to within acceptable iimits.

The problem with the iterative approach lies in the computational expense of imple-
menting the numerical scheme. We used a quadrature to solve the collision terms and were
required to store the entire field of successive generation of particles into memory (60 space,
and 1000 energy points) for bi-cubic spline interpolation. Since the goal of this work is
to provide accurate estimates of nucleon exposure using workstation class computers, we
seek an alternative approach to the numerical scheme. To minimize operation count (i.e.,
computer arithmetic) we will employ a numerical marching procedure. We will simplify the
required integrals by replacing selected variable arguments with suitably chosen constants.
In order to develop a procedure for determining the values of these constants we first require

the exact solutions to some benchmark transport cases.
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Fig. 11 Integrated intensities as a function of penetration depth for first
and second order approximation to secondary neutrons.
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Fig. 12 Proton doses in tissue:

Dp(o) Primary proton dose

Dp(N) Nt approximation to secondary dose
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3. Continuous Benchmark Cases

Recursive application of equations (2.5.11)—(2.5.14) provides a methodology for obtaining
solutions for nucleon fluxes. In general, of course, we do not have analytical expressions
available for F(r,7') and 9;(z, ") so that numerical methods must be employed. Numerical
solutions to arbitrary accuracy are typically not feasible. We seek ways to determine the
physical effect of approximative numerical procedures on the accuracy of our solution.

In this chapter we consider expressions for the incident fluence and production spectra
that allow for analytical evaluation of the integrals. These solutions can be used as
benchmarks to test the accuracy of numerical procedures. We will now consider the case of
an incident nucleon spectrum with a continuous energy distribution. This case is relevant
for the space radiation environment (fig. 2). Monoenergetic benchmarks are considered in
Appendix A. The methodology is the same for both cases.

Qur choice for F_ji is motivated by the interesting result of Turner, Wright, and Grossenl0!
that the shielding properties can be approximately represented by taking the nuclear
properties as a uniform distribution of free nucleons. The scattered nucleon spectrum is
represented by

Fop(r, ™) = Frn(r,7') = ky €27 (3.1)
Fpn(r,r") = Faplr,7) = kg 27 (32)

where o, k7, and ko are constants. This form reasonably represents the most energetic
particles produced (quasi-elastic) in nuclear collisions. Also, assume macroscopic crossections
are energy independent

op(r) =op (3.3)

on(r) =0on (3.4)
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For the incident flux we set
$(0,7) = (8p + n)e™ T (3.5)

The Kronecker delta 6j is

=0 Type j nucleons absent from incident beam
=1 Type j nucleons present in the incident beam

Now apply equations (3.1)—(3.5) to (2.5.11)-(2.5.14)

wY(z,r) = e77=g, &) 36
¥d(z,7) = € %6y A1) (3.7)
z oS
Yplzr) = /dz e™% {/ Fpp(r + z,7) tp(z — z,7)dr’
1] g
(e o)
+ / Fopn(r+z,7) 4¢3z — z,r’)dr’}
T+zZ
z o0
= /dz e %" {/ k1 e—a(r’—r—;)ép e—0(x=2) —B(r'+z=2) gt
0 -2
o0
+ / k2 e-—a(r’-—-r-—;)én e‘O’(I—Z) e—B(T‘)dTJ}
Tz

T

~ oC
= fdz e—az klép e_ﬁ(x_z) + kzén] / e—a(r'—r—z) e—'ﬁrd,r/

0 T
z
T . e=B(r+z)
=0/dz e " _klép e~Alz=3) +k25n:, ICEY)
-0z % y
0 0
—oz e—B(z+r)
'L/);(m, 7') ( - ,3) [kltsp T e Bla-+r) - Ag(sn B Gﬁ - 1)] (3 9)
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et X0
Vi (z,7) = /dz e %% {/?nn(r, Yyl (z — z,7')dr’
0 r

o
+/?np(r, ) ¢g(x - z,r')dr’}
T
11;2 and ¢0 are available from equations (3.6) and (3.7)

z 0
Yn(z,7) = /dz ez {/kl e-—a(r'-—r)én g—olz—2z) B g/
0 r

- /oo ks e—a(r’—r)ép e—o(z—2) e—ﬂ(r'+a:-z)dr/}
T

e—(a+8)r

eod
= - . L L —B(z~z
—O/dz e 9T e [Alén-:-kgép e—Blz )} )

e~ 0T e—-Br

- . @ _ =Bz
= i D) [Llénx-i—sz(l e ):i

—oz —B(r+z) 3
Bl = S b o2 4 22 (o1 | (3.10)

Equations (3.9) and (3.10) can be used to obtain the second order terms

z oo
1/)3(2:, r)= / e %%dz {/ -Fpp(r, ) 'IL‘},(:E —z,7)dr’
0 +z

o0
+ / Fp(r, 1) va(z — 2, r')dr'}

T+z

, z N o0 e —o(z-z) B(r/rz—z)
J = - e Blra-
Up(z,7) O/dz e / dr ) e

{kl eolr'=r=2) [Iclép(x -2)+ %2—5,1 (e Bla—z) _ 1)}

+hy €20=T=32) {klén(:c — 2)eflE=2) 4 %61, (e Blz—z) _ 1>} }
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0 (o B)T -2
7 ' —(a+B)(r+=z
= /dl e e—Bz—2) a(r+z) £ (a' i ){}
(a+8) (a+8)

0% —,B(T-—z) fd{ }
NCEY A
=0T —B(r+z) 2 kq L ( B(z~z) _ )

k26 .
+ hgkyf(e — ) ¢ 0073 4 2 (e Blz—z) _ 1”

2 kikobn  K36p\[1/( p:
sen= (tnl=1)+ (= B =) -

X
+ / kok16n(z — 2) eﬁ(x_z)dz}

o

but
z 0
/(55 z) 9573 dz = — /z' 4z for F=z-2z
0 z
_e” 1\, 1,
F3) 5
SO

-0z ,—B(r+z) 2 ik
1.1«'1%(&‘,7‘) =< _° [L%épg; : 1 25n( L - 5:1:)

(a+8)? /32
.2
—0Z —!3(7'+-’5) 2 ko
Ya(z,r) = Z (ai BE [k%ap%- + ko {—%—23 <e Bz _1— ﬂx)

+klgn$ (c Bz _ 1) }:l
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the second order neutrons are

z 0
1.-/;722,(1:7 T) = /dz e_az {/-an(rr TI) 'u”?:'LL(m - Z,T’)d?‘,
T
%)
-i-/ np(T, ) (a: - z,r')dr’}

/ (_ = 3;) e~ Blr'+z=2) {kl et =") [klén(x - 2) eBl==2)
o -

4 k25p (eﬁ(z—z) _ 1)] + kge—a(r’_r) [klép(z _ 2) - k25n (eﬁ(z—z) - 1) } }
3 B
x
_ e / e-.e(z-z){_,,}dz
(a+B)? /

We will need the following;

O,\

z
1

/dz e—Blz—2) “(1- e—ﬁz)
g8

0

z 0
/dz(x —2) e BE=2) = —/dz'z' e=h
0 x

-8Bz
o

then

e—9Te—hr z ok _Br
- 5 -5) S8

=Bz K26y, 1 Bz
+k2k16p-—'82—(—1+eﬁx—ﬁx)+ 2ﬁ (:I,'—I—B'(l—e ﬁ))]

oz ,—B(r+z) 2
B2 (z,r) = e—(:TEZ— [k%én% % 4 Iy {klép% (eﬁI - 1)
+ .13%62 [m e~ — %(eﬁ“’ —1)] H (3.12)
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We now have a set of analytical solutions for ¥ and 1_/)71‘ to the second order in the
secondary spectrum. These results can be used as benchmarks about which to establish a
desired level of accuracy in the numerical scheme used to compute the general case. In the

next chapter we describe the numerical solution.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



4. Numerical Method
4.1. Numerical Marching Method

Equations (2.2.23) and (2.3.5) provide solutions for the proton and neutron fluence
components of high energy nucleon transport. Equations (2.4.1) and (2.4.2) explicitly show
the coupling of the fluence components. Equations (2.5.11)-(2.5.14) suggest a recursive
perturbation methodology for obtaining type 7 nucleon fluences.

In this section we will develop a strategy for the numerical implementation of these
transport solutions. Our approach will be to minimize the numerical operations count within
the constraint of some pre-defined level of solution accuracy.

It is natural to seek a spatial marching scheme to simulate nucleon transport. Our
paradigm begins with a specified fluence incident at the boundary (z = 0). We then compute
the solution at some small distance & ir';to the target material. These values are used as new
boundary conditions to propagate the solution an added distance h.

We can write equation (2.4.3) for spatial position z + h with assumed boundary z ast02

Yi(@+hr)= e TiMy(z,m+vih)
h oo
+ /dz e 9% Z / Fy(r+vjz,r iz + h—z, dr' (4.1.1)
0 1 V52
where we have assumed the ¢’s to be energy independent. The analysis is not affected by
this choice but the notation is made less cumbersome.
It is clear that the computational effort in equation (4.1.1) lies in evaluating the double
integral over space and energy. Our strategy will be to decouple the interior integrand.

Recall from our discussion of perturbation theory that to first order accuracy in ¢ the flux

can be represented by equations (2.5.11) and (2.5.13) as

Yilz +1t,7) = e bz, r + yit) + O(h) (4.1.2)
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Let
t=h—2z

then to within O(ch)

Yi(z +h—z,7) = e" TPy (z v+ (A~ 2)) (4.1.3)

Substituting equation (4.1.3) into (4.1.1) gives

'z,/)j(:z: +h, 1) = e—a']-h '(L'j(:r,r + Z/jh,)

h o
+/dz e_"izz / dr'fﬁ(r + vjz,r')
/ -

(2 iy~
T‘UJ"’

x =2y, ' + vk = 2)] + O(c®h?) (4.14)

Note that upon integration we recover second order accuracy in space.103 However, equa-
tion (4.1.4) needs reduction for efficient computer implementation. The error term in equa-
tion (4.1.4) is expected to be small since o; itself is small. Now transform the integration

variables as

=7 - vjz SO that dr” =dr’

Limits are:

7', =0 — 7'” =
so that equation (4.1.4) can be written as

h
¢j(.’3+h,7’) =e_ajhwj(x’r_:_yjh)+e-0'jh/dz
0

x Z/dr” Fji(r +viz,v" +vjz) difz. " + vih + (vj — 1y)2] (4.1.5)
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Recall that we are using energy independent values for the macroscopic crossections.

Equation (4.1.5) includes the further assumption that
0j = 0;

SO that

e—(aj—ai)z ~1

We seek to decouple the integrals in equation (4.1.5) while maintaining second order accuracy.

We propose a solution of the form

Yi(z +h,T)= e_”fh@/;j (z,7+v;h)

(%) h
+ Z e~k / vz, r + Q‘;Z) /Fji(r +vjz, rdr'dz  (4.1.6)
¢ r+ Oyt 0

The values of Q{ and Q‘;Z are chosen to minimize the per step error, and their values
depend on the (j,%) combination of terms. The integration of z in equation (4.1.6) is related
to the cumulative secondary particle spectrum produced by the interaction term fji(r, ).
We now examine how the local truncation error per step is propagated in the numerical

procedure.

4.2. Error Propagation

Errors are introduced into equation (4.1.6) through numerical interpolation of ¢; (z, 7+
v;jh) between grid points in r as well as through the values Q"{i and Q%l If the value ¥(kh, ;)
is the value of the solution at the kth step and the ith grid point then

k-1
(kR 75) = Ypumj(kh,73) + > e"7 ~Dhe (h) (4.2.1)
1=0
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where ¢;(h) is the error committed at the Ith step. Suppose 0 < ¢(h) < €(h) for all values

of I, then the propagated error is bounded by

k—1 k-1
erp(h) = > e Vhg(n) < ¢(h) D e kDR (4.2.2)
=0 1=0
Clearly,
. e(h) —ckh

where €(h) is the maximum error per step. To insure adequate error control, one requires
the bound on the local relative error e(h) to be on the order of O(h%). This has been
demonstrated in recent studies.’% We now examine the local relative error generated by

equation (4.1.6).

4.3. Local Relative Error-Continuous Benchmark Case

In this section we will seek suitable values for Qij and ng to maintain second order
accuracy in the case of a continuously distributed incident nucleon spectrum.
We will evaluate the first order secondaries (i = 1) from equations (2.5.12) and (2.5.14)

written in the form of equation (4.1.5).

4.3.1. Proton Flux

Using equation (4.1.5) we write (2.5.12) as

h o)
1,&;(:0 +h,1) = eorh / dz /dr" Fpp(r + z, v+ z)z,!:g(:z:, r’ +h)
0 T

o
+ /-Fpn(r +z,7 +2) zf;ﬁ (z,7' + z)dr (4.3.1.1)
s
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Examine the fpp and _F—pn integrals separately as z,/zzl,p and zb%n.

o h
Uiy (z +h,r) =" / dr'yd(z, v’ + h) / Fpp(r+ 2,7’ +7)dz (4.3.1.2)
T 0

where « is a constant to be determined which maintains O(h2) accuracy. Using equa-

tions (3.1)~(3.7) in (4.3.1.2) we get

x
7.1%?(:1: +h,r)=¢"% h / dr'sy e~ 0T8T +h+)
T

definez=z+h

- he_.B(T+E) e—a’y R
.1 = —0Z reh 3.1.3)
Upp(z+h,m)=kiép e ) { ke 1]} (4.3.1.3)

Comparison of equation (4.3.1.3) with the &, term in (3.9) shows that for O(h?) accuracy

we need ~ such that

[eh — 1] =1+ g(h) (4.3.1.4)

where g(h) represents a polynomial expansion in powers of k which contains no dependence

on powers of h less than quadratic. Recall that

2.2 3..3
oz _ 1 . a“z a’r
e —l-raa:+——2! 3

1
——
¥

and note that ah < h < 1. The curly braces term in equation (4.3.1.3) can be expanded as

e _ ey o L _ o(h=7)*  o*(h—7)°
o e =g Pralh -y rettgrm e
2 3
—1+4+ay— L%'Y‘)— + %— +.. ] (4.3.1.5)
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This suggests a value of

[ I

v= (4.3.1.6)

Substituting equation (4.3.1.6) into the equation (4.3.1.5) gives

1 ,h _aay 1 ah 1 [ah\? 1 [ah\3
—_— 2z — T = — L= — —_ —
ol G ah[l 5 2<2>+3!(2>+

ah 1 [ar\% 1 [ah\? 1,
—1—.——2—-5(-2—> +§('§-> —...J=[1+2—4(ah) -z-:l

showing that the choice for + in equation (4.3.1.6) establishes second order accuracy for
equation (4.3.1.3). We use y to find @}” and Q& for equation (4.1.6). In equation (4.3.1.2)

we rearrange variables using

=7+ g (4.3.1.7)
to obtain
oc b h
u;p(x +h,r)= e~k / dr”1/;2(z, r+ 5) / dzFpp(r + z, ')
r+h/2 0
h h
D _ P_Z 3.1,

F=5 & =3 (4.3.1.8)

The coupled portion of equation (4.3.1.1) is

h o
uzlm(x +h,r)= e—aph/dz /-Fpn(r + 2,7 + )z, v + o) dr (4.3.1.9)
0o

where 71 and 79 are constants to be determined. Applying equations (3.1)-(3.7) to (4.3.1.9)

gives
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~1

o0
/i
w:}m(a: +h,7) = e—0oph / dr"é, e~ 0T Bl +)
T

h
X / dz kge"a(rﬂ+71_"_z)
0

—(o+8 h
= 6y, koe ™% R i eare_ﬁ"z_“'“——[ea —1
- (a+ B) o
comparing this to the &, terms in equation (3.9) gives
[ ok

_ e=B(r+h) [ 5 esn et —1]
UL (z+ k) = Gpke €% S [Bh _ L= e fmmam
.pn( ,T) = bnko B(a+ﬁ)[ ] [eﬁh—l] o

(4.3.1.10)
We need 1 and 49 such that the expression in curly braces can be represented as unity to

second order accuracy. Write the curly braces expression as

g(h.71,72) = [ge(ﬁh-ﬂ%—a‘ﬂ} [eo‘h - 1] (eBh — 1)1 (4.3.1.11)

Minimize g with respect to h so that

8g(h.v1.72) \
o9\ 1. 72) 43.1.12
oh 0 ( J

Equation (4.3.1.12) can be written in the form

_ B (Bh—pyp—am) [eh _ 1] O ( Bh _ 1y-1
ot [e 1] Oh (e Y

B _(Bh—fra—cm) [ B _ 117+ O 1ok _
+ae {e 1} ah[e 1]

10 [B By —
L [e@h Bh 1 P (Bh=Bye—am)| —
le (e 1 Oh [ae ] 0

we factor out

ge(ﬂh—ﬁw—ﬂn) (e - 1)'1
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to get
—BePPeh — 1)(ePh — 1)1 + ae®?

i ah o2 o —
.—[8 —1](,3—,33}:—0'6T>—0

this can be rearranged as

B Oy | om o
— — = 4.3.1.13
1 — e—Bh 'B+'35h l aah 1—ech ( )
Let
v =0 ~9=nh (4.3.1.14)

Then equation (4.3.1.13) is

1—ePh 1ok
I} - o

using equation (4.3.1.3), this can be expanded to give

To within factors of 0(h2) we have the desired identity. Using equation (4.3.1.14) we write

(4.3.1.9) as
oo h )
Ypn(z + h,7) = 0" / @S(z, 7' +h)dr' [ dzFpn(r +2.7) (4.3.1.15)
T v

Comparing equation (4.3.1.15) with (4.1.6) gives

Ar=0 QF=+h (4.3.1.16)
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4.3.2. Neutron Flux

Using equation (4.1.5) we write (2.5.14) as

h [}
v+ hr) = e [ o [Foalrryol(er)ar

0 T
o
+ /fnp(r, r')zbg(x, v+ h—z)dr
T

so that

o0
Ypn(z+h,1T) = e~ h / kle’o‘(r,'r)éne_"'n”e‘ﬂrldr’
T

he=57
(a+5)

UL (z + h,r) = k16ne” o7

59

(4.3.2.2)

(4.3.2.3)

Equation (4.3.2.2) matches exactly the exact expression for the 6, term in equation (3.10)

SO no correction is necessary

Q" =0, QF =0

the coupled portion of equation (4.3.2.1) is

h o)

'U"l:’LLp(x +h,T)= e_""h/dz/dr’an(r, r’)'q[:g(x,r’ + h — z)dr’
0 r

First move the z dependence from ¢ to Finp using

=r+h-2
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h o0
't,b‘,lzp(a: +h,r)= e~ nh / dz / Fpp(r, M —h+ z)zbg(x, ydr"
0 r+h—2
Replace the z’s with constant -y
h o0
7//'}119(33 +h,r) = ¢ 00 / dz / Frp(r,r" —h+ 'y)'dzg(:z, rYdr” (4.3.2.6)
0 r+h—y

Applying equations (3.1)-(3.7) to (4.3.2.6) gives

h 20

'lp',llp(:c-.'— h,r) = e~%nh / dz / ko e_a(rll_h+7—r)5p e~ onT =Bl +2) g
0  r+h—y
5 g o—0WF e—Blz+r)g—B(h—7)
= ¢ e "
P2 @+ 8
comparison with the 6, term in equation (3.10) gives
—e—BE+7) [Bh _ 1 hePY
1 — koS e—0EE ¢ | ) _Bhe 4.3.2.7
R CE R R e
and we require
Bheﬁ’}’ 2
h,)= ———=1+0(h
o(,7) = g = 1004

minimize equation (4.3.2.7) w.r.t h as

89 _ (B — 1][8 €57 + Bh eﬁ‘»’%%;’-)] — Bh BB €57

= =0
oh [eﬁh _ 1]2

& _ _ Bh 1
Oh 1—ePh 1_ Bk g(p2)

1+ 6h

so that

a2\ (1 _Bh a2y =
(1+642) (1-2 a0 =1
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requiring

h
1=73 (4.3.2.8)
Plugging equation (4.3.2.8) into (4.3.2.6) gives
. h ) b
w%p(x +h,7) = e_a"h/dz / Frp <r, r — 5) '(L'g(z, rdr'
0 Lk
or in the form of equation (4.1.6), letting r” = 7' — %
h o
Up (T + hr—e"a”h/dz/ ( '+ )an(rr)r
o T B
so that
h
Q=0 Q=3 (4.3.2.9)

The preceding analysis insures second order accuracy in the numerical marching procedure
for the secondary particle production terms. In the next section we show that the error terms

may be extended to higher order.

4.4 Minimized Truncation Error

In the previous section we obtained values for Q{i and Q?_,Ii by adjusting the function
arguments in equation (4.1.5). Following the minimization analysis we compared the solution
to the form required by equation (4.1.6) and therefore essentially determined the @’s by
inspection.

In this section we will start directly from the form given by equation (4.1.6) and determine
Q{i and Q%i explicitly. We will find that the resulting @ values insure third order accuracy
in the production terms. This will minimize the overall second order accuracy of the scheme.

Recall the approximate expression for numerical solution of ¥;(z, ) from equation (4.1.6).
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Keeping only the cross terms we write for secondary fluence z/ijs-

'd)s:z:-i—hT‘) Z/’lb T‘_LQ‘;]
e}
h
X / e~ Fji(r +vjz,r')d2 (4.4.1)
0

For our purposes it is sufficient to consider the first step h in from the boundary at z = 0.

Assuming that all §’s can be set to one, we write

—Gph . —aQ??
¢ﬁmﬂ=Z§}F4@@?”%hf ’
h
( ah 1)+€“ﬁ(T—Qp"TQp")koe G’Q'l .(__a_a._..l)_} (4402)

_anh [l nn nn nn
W (h,T) = € — [e—ﬁ(TTQl +@Q3 )klhe"an )

+e B(r+Q 7P +Q5 )kqhe—an ] (4.4.3)

The corresponding exact solutions from equations (2.3.12) and (2.5.14) using the continuous

benchmark cases are given for the first generations as

8h
v () = Sge krh+ (44.4)
- —Bh
S(l) eah —,57‘ . _:_,(l_e' J 44'
(h,7) = oz-i—ﬂe k1h 4 Ag—-—ﬁ (4.4.5)
The (n,p) cross terms from equations (4.4.3) and (4.4.5) compare as
Num _ €% o fr [ ~B(+Q1+Qs)—0Q
R Lk {h e~ B+Qr+Q2) 1} (4.4.6)
exact g™ Inh —Br —'—(1 — e_ﬁh) } 4.4.7
'@Z‘np —(a+ﬁ)k2e { ﬁ ) (")
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where the superscripts on @ have been dropped for notational convenience. Note the
differences between equations (4.4.6) and (4.4.7) in curly braces. Expanding the braces

in equation (4.4.6) gives

h e=FRr=0Q1=B1 = pl1 — (@) + Q)8 + %(Ql +Q2)?6% + .. ]

1
x [1—Qia+ §Q§a2 +... (4.4.8)

Expanding the braces in equation (4.4.7) gives

1—e PR 1 1 0.9
———— =h|{l1=-=Bh+=08°R"+... 44.9
5 1 2,3 T Gﬂ ( )
comparing equations (4.4.8) and (4.4.9) shows that the choice of
1
Q1+ Qa=7h
and
Q1=0 Qz=5h (4.4.10)
gives

. 1
dg;m = ¢%act _ ;21_ ,32 h3

This result shows that the choices for Q in equation (4.3.2.9) satisfy second and third order
accuracy.

The (p,n) cross terms from equations (4.4.2) and (4.4.4) are

—ogh h_
g kie;”; o—Br [e—ﬁ(Q1+Qz)e—anﬁrQ} (4.4.11)
—oph Bh( Bk _
yect _ F2e " g |7 1) (4.4.12)
n a+p 8

The differences between equations (4.4.11) and (4.4.12) lie in the square brackets. Expanding

the bracketed terms in equation (4.4.11)
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h
e—B(@1+Q2) ~eQ: (& = 1) _ —5(Q1+Q2) 1

a a
1 1
x [1 +a(h~ Q1) +50%(h~ Q1)* + 2’ - Q1)°
1
+...—1+aQ1-§a2Q%
1
+ 5a3Q§' +.. } (4.4.13)
For
h
Q=7 (4.4.14)
this is
—B(Q:1+Q2) 3
=2 ah + lcz‘gé— +
a 3 23
and then for
Q2=0 (4.4.15)
BRZ 1 oh3 1 9.9
=|h—— =B ... — 4.4.1
(h 2-!-2644- 1+48ah+ ( 6)
and the square bracketed term in equation (4.4.12) is
Bh _ 1—1+8h—38R2+... 1 1
-gr(e™"—1) _ PR+ lao 1p2;3 m
e 5 3 h 2Bh .6,5 (4.4.17)

Equations (4.4.16) and (4.4.17) show that the choices for Q in equations (4.4.14) and (4.4.15)
result in third order accuracy for the (n,p) cross terms.

Further analysis shows that the second order accurate choices for @ in the (p,p) -and
(n,n) terms also result in third order accuracy. The choices of Q{i and Q';i for second and
third order accuracy are summarized in tables 2 and 3.

Equation (4.1.6) is evaluated numerically by establishing an z-grid at which ¥;(zm,7) is
evaluated where h is the distance between each successive evaluation. The integral over r/
is accomplished by establishing an r-grid (and the corresponding E grid) and using!3

Te+1

oo o0
/K(rn, T’)'gbj(:cm, rVdr’ ~ ZKn(Tn,?g) / Y5 (Tm, )dr’ (4.4.18)
™m T¢

l=n
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Table 1. Composition of Tissue

Number Density of Nuclei
Element (No. cm™3)
H 6.265 x 1022
C 9.398 x 102!
N 1.342 x 102
0 2.551 x 1022
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Table 2 - Values of @1 and @9 to Insure Second-Order Accuracy

(4, 1) (p:p) (p,n) (n,p) (n,n)
& h 0 0 0
Q2 B h b 0
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Table 3 - Values of Q1 and Q9 to Minimize Second-Order Terms

(49) (»,p) (p;n) (n,p) (n,n)
Q1 4 4 0 0
Q2 5 0 A 0
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where
Tp=(rp+T4+1)/2

and the series terminates at the highest £ value in the r-grid which is related to the maximum
energy cutoff rmax. The approximation in equation (4.4.18) is appropriate for physical
processes in which the kernal K is a slowly varying function of '

Applying equation (4.4.18) to equation (4.1.6) leads to a sequence of interpolationst®
and integrations. Work performed over many years of solving for space related fluences
suggests that Lagrange interpolation schemes are optimal for this class of problem‘s.106 We
currently use third-order Lagrange with four neighboring points placed evenly on both sides
of the interpolated point. Cubic splines were used in earlier work and, while more accurate
in general. they are computationally expensive. They also exhibit characteristic excursions
106

(oscillations) which can lead to unpredictable erroneous solutions.

In the next chapter we apply the numerical marching scheme to space transport problems.
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5. Space Radiation Applications

In Chapter 4 we developed a second order accurate numerical marching procedure for the
transported fluence. Our production operator term is accurate to the third order which has
the effect of miminizing the overall second order solution.

The numerical marching procedure for nucleon transport using 1-D Boltzmann equa-
tion solution has been incorporated into a computer program called BRYNTRN13 (Baryon
Transport). BRYNTRN incorporates a sophisticated database of the atomic and nucleon
interactions important for high energy nucleon transport, but pion production is presently
ignored. This leads to small errors in dose calculation for nucleon kinetic energy above
400 MeV. Nuclear crossection data for most types of target nuclei are included as fits to ex-
perimental data or Monte Carlo models. Fits to Bethe theory for Sp(E) are included. Target

fragmentation and recoil dose can be computed. The nonelastic spectra are represented as

3 .-
= n_ s N exp(—E/oy)
FilBE) =) o T o= B )
+ % {1+exp[-201 - E/E')]} (3.1)

where the first term of the sum has Ny representing the evaporation multiplicity and
No+ N3+ Ng is equal to the cascade multiplicity of Bertini.”” The quasi elastic multiplicity
Ng was evaluated by Wilson!® and Ny is taken from Ranft17 as are the o’s. BRYNTRN
accepts any user specified incident spectrum. For our purposes the code is setup for a
slab geometry although any number of layers of varying shield type and thickness may
be specified. A computational grid in space and energy is established according to user
requirements. Typically the space coordinates are evenly spaced and the energy grid is
stretched using a log scaling to concentrate points at low energies.

We have modified BRYNTRN to accept either the second or third order accurate Q{z and
Qgi values in tables 2 and 3. Test cases have been run to calculate dosimetric and fluence

quantities within a 30 cm tissue slab shielded by 20, 50, and 100 gm/cm? of Aluminum.
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Cases have also been run for lead shields. The tissue constituents are given in table 1.
We have used a typical solar cosmic ray spectrum for the incident proton flux (p/cm?)

given byl04108

239.1 — P(E)] (E +938.) 52)

4(0, ) = 10" exp [ 2 P(E)

This is called the Webber spectrum. E is the proton energy (MeV), @ is the proton fluence,
P(E) = \/E(E + 1876) and P, is the proton rigidity (momentum per unit charge). In our
case Py = 100 MV. Figure 13 shows the characteristic exponential attenuation of primary
protons in the tissue slab. We note that in evaluating the energy absorbed in dose, the
transfer of neutron kinetic energy into proton energy is treated explicitly in the formalism.
That is neutrons may create protons in nuclear collisions which subsequently deposit dose.
Energy expended in producing other charged particles is assumed to be in equilibrium with
the local collision density.199-110 In other words, target fragmentation dose is included but
the fragments are not transported. For our chosen shield thicknesses it can be seen that the
initial tissue dose (z = 0) varies by approximately one decade per case. Note that the dose
unit? is the Gray (Gy) defined as the energy deposition of 1 Joule in 1 kg of material. The
older unit was the Rad, defined as 100 ergs energy deposition per gram of absorber material.
Therefore in Aluminum 100 Rad (Al)= 1 Gy (Al). Figures 14-16 show the secondary proton
dose in tissue. This dose comes from comtributions to the secondary proton fluence by
both proton and neutron collisions with the tissue media. The figures compare the choices
for @1 and @9 resulting from the second order parameters of table 2 and the third order
parameters of table 3. The calculations of the two methods differ in the aluminum/tissue
interface region. The differences widen with increasing shield thickness. The tissue dose
features an initial “shoulder” followed by a monotonic decrease. The second order method
preserves the dose curve shape but consistently underestimates its magnitude. Comparison
of table 2 with table 3 shows that the dose differences relate to the @1, Qo values for the
(p,n) term. A comparison between the magnitudes in figures 13 and 14-16 shows that,

for a given case, the primary dose dominates the secondary dose. Given this result, why is
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1 0 ! ! ' 1 ! 1 ' i ! _— : ! Il 1 : Il L ) 1 ! 1
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/
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0.1
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Distance, g/cm**2

Fig. 13 Primary Proton Dose in Tissue Slab
Behind Various Depths of Aluminum Shield
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Fig. 14 Secondary Proton Dose in Tissue Slab
Behind a 20 g/cm**2 Aluminum Shield
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Fig. 15 Secondary Proton Dose in Tissue Siab
Behind 50 g/cm**2 Aluminum Shield

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

~1

(92}



0.03 g ]
== Third Order in H 3

: —— Second Order in H J
A

0.025

cGy

0.02

Dose,

0.015 \

0.01

C 5 10 15 20 25 30
Distance, g/cm**2

Fig. 16  Secondary Proton Dose in Tissue Slab
Behind a 100 g/cm**2 Aluminum Shield
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calculation of the secondary fluence considered to be important? The absorbed dose is a gross
volumetric quantity which is of limited use to estimating biological exposures in humans and
single-event-upset (SEU) occurrences in electronic curcuits. It is also the case that secondary
fluence and, consequently the dose, becomes very important for deep penetration. Figures 13
and 14-16 show, for example, that while the ratio of primary to secondary tissue dose is
about 13 for the 20 gm/cm? shield case it is only about two for the 100 gm/ cm? shield.
These comparisons are made at the tissue boundary. If we examine the ratio at a tissue
penetration of 25 cm we find that the ratio is about 0.5. This dependence on penetration
depth is related to the growth of secondary neutrons which can, in turn, repopulate the
declining proton flux through nonelastic nuclear collisions. For 50 gm/ cm? of shielding some
corresponding proton spectra near the interface for the methods associated with tables 2 and
3 are shown in figures 17 and 18. The spectra are little affected at energies above 100 MeV.
Rather large shifts in the spectrum are observed below 50 MeV even several centimeters
from the interface. These differences clearly result from second order errors introduced by
table 2 which are not present in the choice of table 3 parameters. Figure 19 illustrates these
diﬁerences at a penetration depth of 2 g/ cm? in tissue behind a 50 g/ cm? Aluminum shield.
We can gain further insight regarding the behavior of particle transport near the shield
tissue interface region by plotting the low energy spectra of ¥p(zm, E) = Sp(E)d(zm. E) at
selected values of Zr,. Figure 20 shows 7 in tissue behind a 50 gm/ cm? aluminum shield at
energies 0—4 MéV. Below 1 MeV the fluence is dominated by the fluence at z = 1. Beyond
a few MeV however the z = 2 and = = 3 spectra overtake the z = 1 values. The spectra for
T = 6 are lower than all other positions for every energy value. Figures 21-22 show a similar

effect for the integrand spectra of the dose equivalent DE, where
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E
DEy(z, E) = / Q [S,(B)] vp(z, B')dE'
0

Q [Sp(E)] Sp(E')é(z, E')dE' (5.3)

Il
Oty

The unit for dose equivalent is the Sievert. This replaces the REM unit. The conversion
is 100 REM = 1 Sv. Q@ is the quality factor which serves as a weighing factor in human
exposure. That is, the high LET portion of the spectrum is most damaging to tissue. The
high values for Sp(FE) are at low values of E. Figure 23 shows the integrated dose equivalent
in tissue behind a 50 gm/cm? aluminum shield. Note the absence of the shoulder seen in
the dose calculation. It can also be seen that the order differences are most pronounced for
tissue penetration depths < 5 gm/cm?®. In addition to the order of accuracy in h we can also
observe the effect of changing the value of h. Figure 24 shows the effect of halving spacing
h from .5 to .25. We see the spectra at a tissue penetration depth of 2 gm/cm? behind an
aluminum shield of 100 gm/ cm2. The h = .5 case under predicts the A = .25 result in the
energy region < 20 MeV.

The present solution using table 3 is compared to results of Monte Carlo calculations!!!
in figures 25-27. The total dose in tissue behind the 20 g/cm? aluminum shield is shown in
figure 25. The growing discrepancy beyond 20 g/ cm? of tissue is due to a 400 MeV limit
on the Monte Carlo spectrum (the older NTC?? code was used for which pion production
was not yet added) as can be seen by comparing the transmitted primary proton dose in
figure 27. Also shown in figure 25 is the dose calculated using the Buildup-Factor® method
with and without a 400 MeV cutoff applied. The Buildup-Factor uses a parametric equation
to calculate the dose due to secondary particle generations. The secondary proton dose is
shown in figure 26. Clearly the BRYNTRN results are within the statistical fluctuations of
the Monte Carlo calculation. We note that Monte Carlo benchmarks® have been published
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89
which do not restrict incident energies to below 400 MeV. The‘ late; benchmarks, however,
do not feature the slab geometry with aluminum shielding used in our analysis.

A shoulder was observed in figures 15-16. This effect may be attributed to the change
in the neutron fluence as it enters the hydrogenic tissue followed by establishment of a new
equilibrium between neutron and proton collisions. In figures 28 and 29 we show the integral
fluence for solar cosmic rays in 100 g/cm? aluminum and lead shields followed by 30 cm

tissue slabs. The integral fluence for nucleon type j is given by

Ii(z) = /wj(x,r) dr (5.4)

I;(z) exhibits a rapid rise peaking between 5-10 g/ cm?. Neutron fluence is substantially
greater than proton fluence, even though the incident spectrum contained no neutral
particles. This is entirely due tc; the electronic slowing down exhibited by protons. Both
particle fluences decay with penetration distance, eventually reaching their characteristic
“equilibrium” spectra after which the attenuation coefficient is nearly independent of
position. This phenomenon can be understood qualitatively by considering the Boltzmann

equation (2.3.1) for neutron transport

[53; + an(E)J on(z, E) = G(z, E) ~ L(E)g(z) (5.5)

where G(z, E) represents the secondary particle production term. We have represented G as
a separable product in space and energy variables. This approximation is justified for neutron
production which is dominated by the high energy proton flux. For high energies Sp(E) is
small and the nuclear mean free path is on the order of meters (in water) making G(z, E)
a slow function of distance. For high energy proton collisions the energy spectra of neutron

production in G(z, E) is relatively independent of penetration distance except for locations

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



90

i—( P 1 1 171 T l I T 13 ﬁl 13 ] I I T
I- \ 4
7 f =~ _
— 10" : ~
o\
*®
E3
=
o \
g
3+ \
6 L
S 10 ]
o :
[ R
o i
=
i
protons
10° F |=== neutrons e
E K
- PR RS TSN NS N ST S SR SR S SN S S ! .

0 20 40 60 80 100 120 140

Distance, g/cm**2

Fig. 28 Integral Fluence. 100 g/cm**2 of .
Aluminum Shield followed by 30 g/cm**2 Tissue

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



91

i L A N =T T T T 7 1

l —-—-\[ 1 |

L \\
~ [ \
ol |
*®
£ E \

7 £ -
S 107 ¢ \ ;
N
= !

r

-
[0}
=
g 10° 3
[
protons
| |=—— noyutrons
105 R R D S S S S S RSN T S

0 20 40 60 80 100 120 140

Distance, g/cm**2

Fig. 29 Integral Fluence. 100 g/cm**2
of Lead Shield followed by 30 g/cm**2 tissue

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



92
near the incident boundary where ¢, grows rapidly from a zero value. Equation (5.5) has

the solution

%@@=M@/f“ﬂ@ﬁ@ (5.6)
0

but since ‘?EG ~ 0 the solution over distances of several centimeters can be written

én(z, E) ~ L(EYg [1 ~ e~°7] (5.7)

where oz < 1, for 07! < %f On reaching the tissue slab at z = 100 g/cm?, each
fluence type deviates from the equilibrium shape characteristic of the shield (fgs. 28 and
29). A positive “bump” is seen for protons in the transition region (z ~ 100-110 g/ cm?)
and a corresponding decrease is observed for neutrons. The hydrogenic tissue increases
the crossection for neutrons to produce protoms. After the tramsition region is passed,
each particle fluence approaches a new “equilibrium” region and the attenuation coefficient
assumes a value characteristic of the tissue. The proton bump explains the dose shoulder
seen in figures 15-16. The effect of the transition region on particle fluence can be further

highlighted by looking at the collision density C; where
Cjlzx) = /aj(E) &;(E)dE (5.8)

absorption
Figure 30 shows C;(z) for the primary and the total secondary spectrum in 100 g/ cm? of
aluminum followed by 30 g of tissue. The secondaries build up rapidly while the prima-ries
decay monotonically. C; experiences an almost discontinuous decrease at the shield-tissue
interface. We note that the difference between C;; and I; is the inclusion of the slowing down

term (eg. %j(z, E) = Sp(E)é;(z. E)).
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6. Summary and Future Work

In this dissertation we developed a theory for energetic nucleon transport. Our approach
used the 1-D Boltzmann equation in the context of the straight-ahead approximation. We
developed a numerical implementation of the solution and demonstrated that the approach
is adequate for practical space shielding calculations while requiring substantially less
computing power than comparable Monte Carlo codes.

In Chapter 2 we showed that the Boltzmann equation for high energy nucleon transport
(eq. 2.1.19) can be developed from the kinetic theory of gases using conservation princi-
ples. The Boltzmann equation was mapped onto a set of characteristic coordinates which
facilitated development of a solution based on an integrating factor. Separate solutions
were obtained for proton (eq. 2.4.1) and neutron transport (eq. 2.4.2). These solutions are
“coupled” in the sense that calculation of fluence for type 7 nucleon at position z requires
knowledge of both types of nucleon fiuences at position z — z.

We reviewed the perturbation theory approach to solution of coupled nucleon transport.
We showed that the physical process of “secondary” generation nucleon production fits nicely
into the mathematical development of a converging Neumann series (eq. 2.5.5). A computer
program, implementing a recursive method for solution of the fluence, showed that the
protons converge after a few generations of secondaries. The neutrons, however, do not
converge as well since they are not attenuated by electronic slowing processes. This limitation
in the application of the perturbation approach combined with the relative inefficiency of
the numerical implementation led us to examine alternative approaches to computation of
the nucleon fluence.

In Chapter 3 we developed a set of exact solutions> for the transported nucleon fluence
using analytical functions to represent the incident boundary fluence and the secondary
fluence production term. This particular set of functional representations is relevant to the
case of space radiation transport. We call these solutions “benchmarks” because they can

be used to assess the accuracy of approximate numerical schemes.
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In Chapter 4 we developed an approximate numerical schéme to evaluate the integral
equation for the nucleon fluence (eq. 4.1.1). Our approach used a marching scheme to
propagate the solution from the boundary to any desired penetration depth inside a slab of
shield material. We proposed a scheme to decouple the double integral in the secondary
production term (to reduce operation count) while maintaining second order accuracy
(eq. 4.1.6). We solved the approximate form (eq. 4.1.6) using the analytical expressions for
boundary fiuence and production spectra from Chapter 3. We then compared these solutions
with the exact benchmarks to determine the error term. We applied two minimization
approaches to determine values for Q? and ng 10 retain second order accuracy.

The second order accurate numerical scheme was applied to the case of space radiation
transport in Chapter 5. The transport algorithm was incorporated into the BRYNTRN
computer program and the effect of second and third order accurate choices of ng and Qg_j
was assessed. We studied the case of deep penetration into an aluminum shield followed by
a tissue slab. The BRYNTRN solutions were compared with a set of HETC of Monte Carlo
benchmarks and the results indicated good agreement. We found a significant change in
proton dose in the interface region (i.e., <6 gm/ cm? inside the tissue slab). This ‘shoulder’
effect was explained by the departure from the equilibrium neutron fluence spectra as it
entered the hydrogenic tissue.

In Appendix A we developed a set of benchmarks for the case of a monoenergetic
incident fluence spectra. This case is relevant to accelerator applications. We showed results
comparing analytical benchmarks with BRYNTRN using selected © values to minimize error.
We found that the same Q values obtained for the continuous benchmark cases also preserve
second order accuracy for the monoenergetic case.

In Appendix B we studied the problem of neutron elastic scattering. We showed that
the energy grids used by BRYNTRN for nuclear fragmentation are too coarse for the small
energy transfers associated with elastic scattering. We analyzed the neutron Boltzmann

equation and found that the neutron fluence at position zg + h can be described by an
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energy shifted fluence at zg. We used this relationship in the BRYNTRN program to model
elastic scattering. We found that the model recovers > 95% of the elastically rescattered
fluence independently of energy grid resolution. The elastic rescattering model was applied
to several shield types representing light and heavy elements.

In Appendix C we developed an expression for the heavy target fragment fluence. These
ions do not transport far from the collision site but deposit their energy locally. Therefore,

this fluence term (eq. C.6) is important for estimating total deposited dose.

Future Considerations

Two primary areas of future work related to the transport process are the extension
to three dimensions and the inclusion of pion tramsport. Both of these enhancements
are important for deep penetration transport. The 1-D Boltzmann approach is limited
to the region of applicability of the straight-ahead approximation. An upper limit for
spacecraft transport is about 150 g/cm? but aircraft shielding may require substantially
deeper penetration.

A computationally realistic approack to 3-d nucleon transport is not yvet clear. We mean
this is the context of a useful design tool. The HETC8! Monte Carlo codes, of course,
currently incorporate multidimensional capability.

The incorporation of pion transport into the nucleon code will improve accuracy for high
energy proton interactions. The pion channel turns on at about 400 MeV for proton-proton
scattering. The addition of the pions to the transport formalism is straightforward, but
awaits the development of a robust reaction database for incorporation into the BRYNTRN
code.

The elastic scattering model for neutrons does not account for back scatter. The neutron
albedo near the boundaries is not modeled. The next step in future work with elastic

scattering model should be the development of a two-stream approach to handle back scatter.
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Appendix A. Benchmark Transport

Case for Monoenergetic Incident Spectra

In Chapter 3 we derived expressions for 1, and ¥, in the case where functional forms can
be used to simulate the incident fluence as a continuously distributed energy spectrum. That
case is important for the cosmic ray environment. However, accelerator generated particles
generally feature a narrow energy band. In this appendix we derive a benchmark case which
can be used to study monoenergetic incident spectra, appropriate for accelerator radiations.
The Boltzmann solution for coupled proton-neutron transport from equations 2.4.1 and 2.4.2,

using constant crossections o, is
Yn(z.7) = €7 9n(0,7)

ot o
+ /dz e-""zZ/Fnj(r, r')z,bj(:r — z,m)dr’ (A1)
0 Jjr

Up(z,7) = e PTYp(0, 7 + z)
x [e e
+ /dz e~ %p% Z / Fpi(r + 2z, j(z — z,7')dr’ (A.2)
0 J riz
Assume a form for the production spectra as:

Fpp(r,') = Fpn = C e=o7=7)
(A.3)

—_ — 1
Fp‘n(r, 7'/) = an = C e—a(r T')
Also assume a monoenergetic beam. Let rg represent the range for a proton with the specified
incident energy of the monoenergetic projectiles. Py and Ny are incident proton and neutron

fluences.

Po(z,r) = e 9%% §p(rg —r — 2)&p (A.49)
Ny(z,m) = €7 bu(rg — 1)én (A5)
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where § is the Dirac delta and 8; is the Kronecker delta. The perturbation expansion for

the flux gives, using equation 2.5.5,

¥n(z,7) = No(z,7) + N1(z,7) + Na(z,7) + ... (A-6)

Up(z,7) = Po(z,7) + Pi(z,7) + Po(z,7) + (A.7)

Ny and P, are substituted for v in the integral production term to calculate Ny and Pj. Let

% = Py, 1L2 = Ny. Removing subscripts from the ¢’s for notational convenience we write

dz e —o'.,{ /Fpp ,¢p(x_z rdr’ + /Fpnr+~rm2(:c——z 'r‘)dr}

e 4 r—z

Py(z,r) =

S~ O'\a

w
dz e” %% { / C e~elr'=(r+2))g=0(z=2) 6p3p(ro —r' —(z—2z))dr’

Tz

o0
+ / C e—Q(TI—(T+Z)) 8—0(2—2)571371(7‘0 — 7'/) }

Tz

/dz e~ / dr'C e—elr'=(r+2)] g—o(z—2) {5p5p(7”0 —rl —z 4 2) +pbp(ro— 7 )}

Tz

z
Py(z,7)= /dz e ¢ e—m':"”/(...)

Py(z,7)= /dzCe Ux/ drl el =7=2) {6p6p(r0 — 7! =z +2) + Enbalry )}(AG)

r+z

Note limits on 7':
let " =¢'—2  dr' =dr’

lower ' =r+z—7"=7r

T o o]
Pi(z,r) = / dzCe™ % / dr” e=lr"=7) {5p3p(ro — 1 — z) + pbp(rg— 7" — z)} (A7)
0
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Integrating over the dirac deltas in equation (A.7)

Il

O~ " —n

dz C e~ %% {e—a(ro—z—r)ép + e—a(ro—z—r)an}

T
= g 0% =0T T)g 4 0 707 / dz erz=r0)s, (A.8)
0

let

21 z—Tg+T
! _az e i 0
dz e = 5n—l
& r—rp
r—T9
6.

so equation (A.8) becomes

6
_ —0T —C!(TO-I—T) \ —ozYn Q(T—To) T 1 A.g
Pi(z,r)=Cze e p+Ce . e ] (A.9)

0,
Py(z,r)=C e %" e2(r=70) [:z:@(ro —z—7)bp 7" + -a-"e(m —7)(e** - 1)]
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or
Pi(z,7) = C 9% ¢&(ro-r=2) [xépe(ro —z—r1)+ %9(1‘0 —r) (1~ e"o‘z)] (A.10)

where © is the Heavyside step function. Now solve for N

T 0
Ny(z,r) = /dz e'aZ/ZFnj(r, r')1,/zj(:z: —z,r')dr’
0 T J

x o
— /dZ e—az/drl {C e—a(r'—r)e—a‘(x—z)é'nsn(ro _ 7’,)
+C el =g g — 1/ — 2+ 7))

/ dz e79*°C / drle=lr'=r) g=olz—2) [571371(7"0 — )+ bpbp(ro— 7' —z + z)l
L ° 4

= / dz C e™%% / dr’ ealr'=) [5n5n(T0 — 1)+ Epbp(ro =7’ —z+ z)] (A.11)

Let

Ny = /dz Ce™ /dr” e=or" 5n6n( g — 7" — 1) + 8pbp(rg ~ 7" —'r'—.'z:+z)]

Ny = / dz C 7% [e—a(m_r)én + e_a(ro_”+"’)6p] (A:.12)
0

ol
Ni(z,r)=C e |}E e~ro=r)g 4 / dze—a(ro_r_z)e—a%p}

—az |T
=C 9% [:L‘ e—e(ro=)g, + 6 e—cv(r()—r)eo::z:iI ]

=C e—a:z:e—a(ro—r) [136” _ 6p P (6-0.7: 3 l)]
(a4 (a4
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— —-cz —oa(rg—~r) , 5? az
Ni(z,7)=Ce e 0 $5n-rz(e -1)

Ni(z,r)=C e %% e—(ro—r—2) [mén e~ +%2 (1- e—ax)] (A.13)

Now need second order terms Po(z,r) and No(z,7).

o0 oo
Pz, r)= /dz e 7 / Fop(r +2,7)Pi(z — z,7')dr’ + / Fpn(r+z,7)Ni(z — z,7)dr’

Tz Tz

(A.14)

Note that we assume fm = F_np =Fmn = Fpp and write P; and N; from equations (A.9)

and (A.13) to get

Pi(z,r) = Gz Ce 0% g=a{ro—T=2) én C'ae“m [e—a(ro—r—x) _ e—a(ro—-r)] (A.15)

— ~ 7

A L

~—0Zz
Ni(z,7) = .‘?E.fa__c.' [e—a(ro-f"-z) - e—a(ro—-r)} +8 T e 95C e"“(”)—rl (A.16)

L - — > I:
I3

Solve term by term.

x ’r /dz e / C e—a(r ""‘7’)5 (.’r _ ,) —a(x—z) e—a(ro—r'—z—z)dr/

7‘-—”
but upper limit is not really co but rg — z for secondaries, limited by primaries range. -

T0—Z

PI1 /dz C*(z — z)bp e7°F / e~ e(ro—r=2) g/

7'—7

Let
M =r —z—dr' =dr

!
r=r+z=r"=r

/
rf=rm—-z—1"=rm—z-2
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so upper bound or r” is still g — =

z T—T
P;l = /dz C%(x — 2)6p €% / e~elro—r=2) g/t
0

T

z
= /dz C?(z — 2)bp 7% 5_0(7'0"7"‘-’6)(.,.0 —r—2x)
0

x
=C%rg—T—2)65p e~ (ro—7-3) /(x —z)dz
0

1153

(A.17)

Let
d=z—z—=d =-dz
z2=0—2 =z
2=z—2 =0
I 2 z —a(rg—r—xz)
Pt=C bp> % (rg—r—1zx) e *0
z 00
012 = /dz =0z / dr' C g—o(r'=2=T) nC e—o(z—2) [e—a(ro—r’—-:r-:-::) _ e—a(ro—r’)]
= «
0 T+2
5 z T0—T
— énC e—(m/dz / dr’ e—a(—z—r) [e—a(ro—z+2) _ e—arg]
« 1} T .
o T To—ZT
- 6nC e—o‘z/d, / dr' [e—a(—z—r-i-ro—::—:-z) _ ﬁ—a(—z—'r-i-ro)}
o ~ L
0 T
5 z
- 5715 e-ax/dz(ro —z—7) [e—a(ro—r—:r) _ e—a(ro—r—z)}
0
z
2
22 = 6nC 6—0':1:(7.0 —z—7) xe—a(ro—r—z) _ /dz e—a(ro—r—z)
“ (4
0
let

Z=rg—r—=z

dz’ =dz
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i
z2=0—zZ =rg—7

z=z—2 =rg—r—2

TQ—T—T
- |- dz e~
To—7r
[
= - —__a—
__[t [eatror=2) _ e—a(ro—r)]]
| &
2
Pé[?_ _ 57;[(27 % (rg —z — 7) [am g—alro—r=z) _ —o(ro-r~2) +e—a(ro—r)]
2 .
P2‘72 = ———57;(; e(rg—z—1) [(ax — 1) emlro—r=2) 4 ge(ro—r—2) :l (A.18)

Note I5 and I3 are the same except for replacement of 6, by 6p so using equations (A.15)

and (A.16)

; 2
PR pp =Bt B oy oy [(ar 1) oo e n)] (a9)
(84

From equation (A.16) we get the last term

z o0
P214 = /dz e~ / dr' C e—a(r'—z—r)én(m - 2) e—o(z—2) ¢ e—a('ro—r') —
0

-
Tz

To~=

z
= 5n C’2 e—‘m/dz(z - z) e—a(ro—r—z) / d'r/
0

T

z
0
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Pl =6, C? e % (rg—r ~ 1) e-—a(ro—r)al:?_ [—1 — az + %] (A.20)

Combining terms we write the second order perturbation term from equations (A.17), (A.19),

and (A.20)

_plhi , pl, pl3 Is

2
= 0261,—3-;2— e (rg—r— x)e_a(ro'r_‘r)

+ (n = &) +26p) C%e~9%(rg — r — g)e~r07—2) [(az — 1) + %]
a
C2
+bp— €7 (rg—1 — z)elro—7=2) [—e ™ (az +1) + 1] (A.21)
o
Let
M=C? e (ry — r — z)e~(r0~7-2) (A.22)
2
P2=MO[6P%-.~6n'6p{(O.IE—1) }
{1 Tlaz +1) }} (A.23)
or
2 1 —-az z -az
P2—Mo[5p{2+a-§(am—1+e )}+6nz(1-e ) (A.24)

The expression for second order neutrons can be writien

NM+P=Lh+L+I3+1y
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using equations (A.9) and (A.13) we write

/

[ —a(ro—r—z) _ e—a(ro—r)]

(6n + 6p)C oz [

i — —oz —a(rg—r—2z)
N+ P §p:z:C‘e i T
h Io+I3
+ 6,2C 7% e—(ro=7) (A.25)
I
or
= zC e~ 9%~ {To—T=2) [5p - 6ne—o‘x}
{A.26)

+ (én + 510) C e~ %% e—a(ro—r—z) [1 e a:z:]
(o4

z oC
N = [z [ Ceatgya 20 eole) gmalmr oy
0 T

TO—T

eod
=/ dz €=%% C2op(x — 2) / dr! eelro—r=z+2)
0 T

where upper limit rg — = has been imposed

beos
= /dz e_‘mczép(x - Z) (7‘0 —_r = g;)e—a(ro—r—x‘:"z)
0

x
= 6,C%e %% (rg — 1 — T) g—olro—r-z) / dz(z — 2)e” %
0

1
= 6,C%e™%% (rg — 7 — z)e(r0""3) [—Zx_z +—3

2,—0T
N2I1 - é!ﬁgz__(ro —r—1) g—o(ro—T-1) [-1+ az + %] (A.27)

T o0
N§2+Is (z,7) = / dze 9% / Ce—al(r'=) -————(5n + &) Ceo(z=2) [e'a(”’_r’—z":'z) —e_a("o_r’)]
o
0 r
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To—Z

dz (5p +6n) C2e— 0% / dr! etor [ e—a('rg—x-!-z) _ e—-aro]
(84

i
O~

”
7

z
/ dz _(&?:jn_) 02 =T (7'0 —— r)e—a(ro—r) [e—a(z—:z:) _ 1]
0

xz
= Gottn) 2 ox( o pemelror) / dz [ 1] (A.28)
« 0
NZIz+13 - (6p *‘2571) C2e0% (ro — T — 7.)6—01(7’0—7') [€%T — (az + 1)) (A.29)
(03

T o0
Nfi(z,r) = / dze %% / C e~ 6, (z — 2)C e~ =2) gmalro—r) g/
0 T

To—Z

x
= [ dz C26, e 9% (z — 2) / e~aro=T) gr/
0

T

dzC% 6,7 (z—2)(rg—z— r)e"o‘(m"r)

l
O ~—u

T
C?6ne % (rg—z — r)e~ro=) / (z — z)dz
0

2
NE = 6,670 (ro—z— r)e(ro=T) % (A.30)
Combining terms we write the second order neutrons using equations (A.27), (A.29), and

(A.30) as

2 ,—0ZT
No(z,7) = isﬂgé;;— (rg — r — z)e~e{r0—"=2) [-1+az+e ]

+ Cpon) C2e 9% (rg— 1 — :c)e_a(m"r—“") [1- e (az+1)]

a2

2
+ 6n2C’ e (rg~z— r)e—a(ro—r_:")x2 e~ (A.31)
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r6 _
No(z,7) =C2e % (rg — 1 — z)e~(ro=T=2) [a%(—l +az+e )

+ (p+ on) [1-e % (az+1)]

o2
+% z? e'o‘x}
Recalling the definition for M from equation (A.22)
No=Me [—2% ((az—1)+e %) + ﬁgﬁ [1—e % (az +1)]
._% 2 —a:z::! (A.32)

The total second order fluence from equations (A.24) and (A.32) can be written

o m e [ (0n o

+ (p + 2n) +225n) {1-e*F(az+1)}
a

L (op+6ne™™) -”’_2] (A.33)

‘ 2 2

Summary
Py(z,7) = e‘“’gp(m -1 —z)bp (A.34)
Nolz,7) = e %%b,(rg — 7 — 2)én (A.35)
Let
G(z,r)=Ce %" e~{ro="-2) (A.36)
Pi(z,7) = G(z,T) [:rép + % (1- e_”)] (A.37)
é

Ny(z,7) = G(z,T) [x&n e~ -I-—(f (1~ e"‘m);l (A.38)
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Let _
H(z,r)=C(rg—r—2x) (A.39)
Poer) = Gla B [5 5+ B0 f(oa 1)+ o)
+-Z—g {1-e*(az+ 1)}] (A.40)
Na(z,r)=G(z,r)H(z, 'r) s {(ax —1)+e %}
Lt on) ;—25,1) {1- e (az+1)} +6n %‘7 e"‘“} (A.41)
Results

The analytical benchmarks obtained in this appendix have been compared with
BRYNTRN runs for 100 MeV monoenergetic protons incident on a water slab.11? Figure 31
shows a qualitative surface plot of the analytic secondary proton flux ¥5(z, E). The produc-

tion spectrum is obtained from the quasi-elastic approximation
F(E.E'Y= Cexp [-a(E' - E)]
where the constant C = ao. In BRYNTRN we approximate the secondary production term
F(r+z,m—+2)
with
Flr+zr—z+Q)
where @ is a constant. Using the same kind of error minimization analysis we applied
to the continuous case in Chapters 3 and 4, we can find an optimum value for @ in the
monoenergetic case.
Figure 32 shows the BRYNTRN flux for a value of @ = 0 and figure 33 plots the error

as the difference between BRYNTRN and the analytical benchmark. Figure 34 shows this
BRYNTRN flux for a value of @ = h, where h is the step size for the numerical marching
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Figure 31 Analytic solution of proton-scaled flux
for monoenergetic beam of incident protons of
100 MeV.
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Figure 34 Numerical solution with @ = h of
proton-scaled flux for monoenergetic beam of
incident protons of 100 MeV.
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Figure 32 Numerical solution with @ = 0 of
proton-scaled flux for monoenergetic beam of
incident protons of 100 MeV.

E

Figure 33 Numerical solution with Q = 0 of error
in proton-scaled flux.
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scheme. The error plot in figure 35 shows this Q value to be a better choice than @ = 0.

Comparing figures 33 and 35 shows the sensitivity error of the choice of Q). We expect the
optimum @ value to lie between these two choices.

The minimized value, based on our analysis method, is Q = %h (see table 3). The flux
for this case is shown in figure 36 and the corresponding error plot is displayed in figure 37.
We see that this choice does, indeed, provide significantly better error behavior than either

Q=0o0r Q=nh.
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Figure 35 E
with Q = h.

Figure 37 Front view of error in proton-
flux solution with @ = h{2.

rror in proton-scaled flux solution

— E
Figure 36 Numerical solution with Q@ = h/2 of
proton-scaled flux for monoenergetic beam of
incident protons of 100 MeV.
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Appendix B. NEUTRON ELASTIC SCATTERING

Successful utilization of the BRYNTRN code in space transport simulation is limited by
space and energy grid resolution requirements. The numerical operation count associated
with calculation of the particle production kernel scales with the square of the number of
energy grid points. This limitation is not generally important for nuclear fragmentation
processes since large energy transfer processes are involved and coarse grid resolution is
acceptable. Elastic scattering, however, is particularly sensitive to energy resolution. The
energy transfer between a projectile nucleon and a heavy target nucleus (e.g., Aluminum)
is kinematically limited to a narrow range. Without suitable resolution. particles are not
conserved using the transport model. The colliding particle is subtracted from the beam as
desired but the secondaries due to elastic scatiering are unresolved and therefore not added
back into the beam. This problem is less important for proton transport since the mean free
nuclear path is long compared to ‘stopping’ processes. Neutrons, on the other hand, are not
degraded by electronic processes and penetrate deeply into the target material. Elastically
scattered neutrons do not, of course, produce new particles. However, most elastic collisions
do not defiect the projectile neutron sufficiently to remove it from the beam. In this context
the straight ahead approximation is thought of as a small element of solid angle narrowly
defined about the forward scattering direction. These ‘rescattered’ projectile neutrons should
be added back into the particle flux term as secondaries. In this chapter we will develop
a physically motivated method for estimating secondary production due to neutron elastic
scattering processes using a relatively coarse energy grid.

We first provide an estimate of the resolution needed to capture secondary production due
to elastic scattering. We consider a beam of incident neutrons incident on an aluminum slab.
These primaries are distributed in energy using a Webber spectrum. 104108 The maximum

energy is 500 MeV. All interaction processes, other than the elastic channel, are turned off

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



124
so no fragmentation created secondaries will be produced. Tables 4-9 shows the integral

particle spectrum for primaries and secondaries as function of penetration depth.

/‘Emax

&(z) = J

0

o(z, E)dE

The energy grid is uniformly spaced. Results are shown for grids containing 30, 100, 500,
1000, 2000, and 3000 points. The 30 and 100 point grids recover essentially no ‘rescattered’
secondary neutrons. The 500 point grid produces some particles but the 1000 point grid
recovers an order of magnitude more secondaries. The change in secondary production
at 1 g/cm? between 2000 points and 3000 points is about 30% which indicates a movement
towards convergence. Table 10 indicates particle conservation at 1 g/ cm? for 5003000 points.
Dividing the sum of primaries and secondaries by the incident flux shows that the error ranges
from 6% at 500 points to < 2% at 3000 points. The cost of this extra effort is shown in
table 11. To propagate the 3000 point case 1 g/ cm? into Aluminum requires approximately
10,000 cpu seconds on a CRAY-2 and 40 million words of storage. We seek a correction term
which will resolve elastic scattering using 100 points or less. Our approach will consider an
asymptotic analysis of the production kernel to estimate the required correction. In the next

section we outline the elastic scattering process.

Elastic Scattering of Neutrons

Elastic scatiering channels operate over the entire range of nucleon-target interaction
energies. The incident particle is considered to be a plane wave. Two body nucleon-nucleon
interactions are modeled using wave functions for the bound nucleus. Elastic scattering
results in no change of the state for the nucleus. The interaction scattering crossection is

modeled by using the Born term of the optical model.6

dor _ C exp(—2bg®)|Fa(¢®)?

dq?
—24° q2
3

~ C exp(—2bg?) exp ( (B.1)
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Table 4. Primary and Rescattered Integrated Neutron Fluence as a
Function of Penetration Depth in Aluminum Slab Using the

BRYNTRN Code. Uniformly Spaced Energy Grid with 30 Points

Fluence, #/cm?

X, g/cm Primary Rescattered

.8010E10
.7473E10
.6950E10
.6485E10
.6030E10
.5626E10

UL WO N = O

OO OOO
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Table 5. Primary and Rescattered Integrated Neutron Fluence as 2
Function of Penetration Depth in Aluminum Slab Using the
BRYNTRN Code. Uniformly Spaced Energy Grid with 100 Points

Fluence, #/cm?
X, g/cm? Primary Rescattered
0 9477E10 0
1 .8845E10 .8000E-1
2 .8274E10 .1180E0
3 .7T738E10 .1545E0
j 4 .7289E10 .1661E0
i 5 .6862E10 .1894F0

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




Table 6. Primary and Rescattered Integrated Neutron Fluence as a
Function of Penetration Depth in Aluminum Slab Using the
BRYNTRN Code. Uniformly Spaced Energy Grid with 500 Points

Fluence, #/ cm?
X, g/ cm? Primary Rescattered

0 .1033E11 0

1 .9794E10 .T955E7
2 .9289E10 .1542E8
3 .8815E10 2243E8
4 .8368E10 .2901E8
b .7949E10 .3516E8
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Table 7. Primary and Rescattered Integrated Neutron Fluence as a
Function of Penetration Depth in Aluminum Slab Using the

BRYNTRN Code. Uniformly Spaced Energy Grid with 1000 Points

Fluence, #/ cm?
x, g/cm? Primary Rescattered

0 .1040E11 0

1 .9808E10 .TT73E8
2 .9257E10 .1504E9
3 .8745E10 .2181E9
4 .8269E10 .2813E9
5 .7825E10 .3401E9
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Table 8. Primary and Rescattered Integrated Neutron Fluence as a
Function of Penetration Depth in Aluminum Slab Using the

BRYNTRN Code. Uniformly Spaced Energy Grid with 2000 Points

Fluence, #/cm?
X, g/ cm? Primary Rescattered
0 .1042E11 0
1 .9880E10 .2054E9
2 .9368E10 .3984E9
3 .8888E10 .57T96E9
4 .8436E10 .TA9TE9
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Table 9. Primary and Rescattered Integrated Neutron Fluence as a

Function of Penetration Depth in Aluminum Slab Using the

BRYNTRN Code. Uniformly Spaced Energy Grid with 3000 Points

Fluence, #/cm?

x, g/cm? Primary Rescattered
0 .1043E11 0
1 .9896E10 .2723E9
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Table 10. Particle Conservation as a Function of Energy Grid Mesh Density
Using BRYNTRN to Elastically Scatter Neutrons in Aluminum.

1 g/cm? Penetration Depth

Energy Incident Primary and Rescatter Conservation
Points Fluence at 1 g/cm? Ratio
500 .1033E11 .9802E10 .949
1000 .1040E11 .9886E10 951
2000 .1042E11 .1009E11 .968
3000 .1043E11 .1024F11 981
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Table 11. Run Time Requirements For BRYNTRN Elastic Scattering
Simulations as Function of Energy Grid Mesh Density Using
CRAY-2 Computer

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

Energy CRAY
Points CPU Seconds AE
30 3 16.7 MeV
500 77 1.0 MeV
1000 422 0.5 MeV
2000 2122 0.25 MeV
3000 9833 0.167 MeV
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where 7 is the momentum transfer and F4(q?) the nucleon form factor, and where b is the

slope parameter given by (in units of GeV—2)

_ 3+ ldexp (-}%) [for pp]

- { 3.5+ 30 exp (gn%) ffor pn] (B2)

E' is the initial energy of the nucleon in the lab frame and has units of MeV. a is the nuclear

a=1/a% — 0.64 (B.3)

where the rms charge radius (in Fermi) is

rms radius (in Fermi) given by

(0.84 (Ap =1)
2.17 (Ar =2)
1.78 (A7 = 3)
Gc =9 1.63 . (Ap = 4) (B.4)
2.4 (6 < Ar < 14)
(082423 + 058 (A7 >16)

AT is target mass. The nuclear form factor is the Fourier transform of the nuclear-matter

distribution.
Let
_2mc?b -
B= 106 (B.D)
where mc® is the nucleon rest energy (938 MeV).
The energy transiferred to the scattered nucleon is kinematically limited to
oE' <E<E (B.6)
where
(A —1)2 -
=4 7/ B.
(Ar+17 B
The nucleon spectrum is
— , —
f(E, El) — ay exp{ Gl(E E)} (BS)

1—e-a2F
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where o
a1 = 4Armc? (B + 4
{ 1=44rme (B+ %) ©9)
a=(1-a)y
so the secondary scattering term is given by
F(E,E') = on(E)f(E,E') (B.10)

where on(E') gives the total scattering crossection of the particles produced at E’ due to

elastic rescattering. Recall that the Boltzmann equation for neutron transport is

[a%- - an<E’>] énlz, E) = ZF{E, E')n(z, E')dE'

=G(z,E) (B.11)

Instead of transforming to z,r space and using ¥(z, ), we will stay in z, E space and use

Eiz

o(x, E). Use the integrating factor e (E) 50 B.11 becomes

d[6ne”] = °F G(z', E)dz’

pess o0
B2 (2, E) — ¢n(0,E) = / (BN go! / F(E.E')én(z,E"YdE' (B.12)
0 E

so that
én(z, E) = ¢ (0, E) e~ (E)=

ool oo
" / dze—oE)z g, / F(E, En(z — z, B')dE' (B.13)
0 E

We need an expression for ¢(z, E) and F(E, E').

Recall the perturbation analysis that led to equation 35. We can write B.13 as
T oo
& (z,E) = / dze—on(B)z / Fon(E, Ei Yz — 2, B')dE' (B.14)
0 E

with primaries given by

#3(z, E) = e~ E)2¢0 (0, E) (B.15)
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Using the functional form equation (B.8) for the elastic scattering kernel and letting
#3(0,E) = exp[—BE] we get the first order secondary fluence as

Ela

7 a1on(E')e” a1 (E'~E)

o (z,E) = / dze™n? / 1 ey ¢~ on(e=2)e~FE 4E! (B.16)
—e

E

Assuming oy, is ~ constant, we can write

1 E —(a1+B)E' ,
‘.b'n(er) ='onaie InT a1 2:/ -I—-Te—_a;E—,dE (B.l7)

Consider case where e=%2E « 1.

. M E/a
—(al'.—B)E

—on E_€

¢%L($: E) ~ OnQi€ o :L‘eal .’Zt————-—__(al +ﬁ) :IE

=(. )_;_) {e—(aﬁﬁ)E/a _ e—(a1+a>E]

Y —(a1 +
((-- )g) —(al—ﬁ)E[ —(a1+8)E(15%) _1] (B.18)
—{a1 +
For
[(al-i-B)E 1;"" ] >1
Sk(z,E) = %;f—)e-%%% (B.19)
14 -
The second order term is
T C/C! !
5 N 1€ al(E "'E) a —o'n(I-"Z) —ﬁE’ /
¢n(:c,E)—/dze Zan e |G+ B ze e dE
o
- “ldn] = e—0nZo—BE (B.20)
a1 +p8]| 2

to all orders we get

_ _—Onz a10nT _L_l_ ai0nx }2 _8E
Pn(B)=c {H(awﬂ)' [(aﬁ-ﬂ) +“']e
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_ aijonT —0nT —ﬁE
= — | 7%
=P [(al-a-ﬂ)]
a -
= exp [—an:r (1 - (a—l-lﬂ)>] e PE (B.21)
but
w8 B
a+p a+B8 a1
—onfBz
Sn(z,E) =e @ e PE
on(z, E) = e BEE) = 4(0, E + §E) (B.22)
where
§Ey = 22
al

As the average energy a3 increases, 6E, decreases so for large values of F
én(z, E) = 6(0, E)

which means that elastic scattering disappears at high energy. This means that the elastic
scattering process at penetration depth z can be represented as an energy shift in the flux
at the boundary. This result is, strictly speaking, applicable only to high energy scattering
but provides insight for development of a mechanism to accommodate the entire energy
range. The physical picture of elastic scattering in the straight ahead approximation (which
we impose for 1-D transport) says that the scattered beam is confined to a narrow cone in
the forward direction. Physically, this approximation holds for high kinetic energy. Each
scattering interaction changes the incident energy by a small amount so that the beam flux
can be represented as the incident beam, shifted downwards in energy by a term related to
the distance traveled. This result provides a basis for the development of a correction turn
for elastic scattering which is relatively insensitive to energy grid resolution.

Our approach describes the rescattering kernel by a set of discrete energy shifts. We
know that

F(E,E) = on(E"f(E,E")
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where oy, is restricted here to the elastic scattering contribution. We wish to write the

spectral distribution function as
FEZ) Zf(E E+Q)6(E—E +Q) (B.23)

where Q; represents the required energy shift. The procedure for determining the required
number of 7 terms is not completely clear. We know that the spectral behavior of the energy
shift varies with projectile energy. At low kinetic energy the spectra is represented by a flat
step function whose width varies with energy. At higher energies the spectra are sharply
peaked about some particular value of energy transfer.

We do require that

> Qifi=0Q (B.24)

and that f satisfy the normalization condition
Z;% =1 (B.25)

where G is a normalization constant. We can compute Q(E) as

(33%)E
[ fE+Q)QdQ

O(E) = — B.26
AB) = iz (B29
Of f(E,E+Q)dQ

consider the elastic scattering model represented by a single energy transfer for each

scattering event. Then

[5% + Un(E)] én(z, E) = Un(E, Jf(E, E'on(z, E )dE’

on(E)6(E — E' +Q)¢(z,E')dE’

m\g m\g

= on(E +Q)on(z, E+0Q) (B.27)
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This model has the distinct advantage that ‘rough’ particle conservation is assured. However,

the correct spectral distribution is not assured. The fluence is given as
on(z, B) = e EV6,(0, B) + on(E + Qe Elg,(0,E+Q)  (B28)

where the second term on the rhs represents the rescattered secondaries. Q can be obtained
from equation (B.26). Using the analytical expression (B8) for f(E,E’) and noting that

Q < E we can calculate Q to be approximately

om =L [1—a2Eexp[—aszE]} (B.29)

a; | 1—exp[—asF]
To demonstrate the particle conserving character of our model we consider the case where

on(E) = on, = const

6(0,E) = e=PF
Then the fluence at z is given as
$n(z, E) = e 9% PE 4 5,5e9%¢~(E+Q)
+ %(O’nx)2e-an$e—ﬁ(E+2_Q_) N (B.BO)

and the integrated fluence is

o oc
/¢"($’E)dE = /(f’n(OaE)dE [e‘”“z + opzeonTe A
0 0

+ %(am)z e 4] (B31)
For exp[—fQ] < 1 this gives
7 1
~ /qsn(O, E)dE [e"’"m{l +onz + ;)-(crnm)z +.. }]
0
o o]
= / 6r(0, E)dE [e0n=+0n2]

0
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so that
o0 o0
/ bn(z, B)IE ~ / 6n(0, B)dE (B.32)
0 0

We now have a particle preserving model for neutron elastic rescattering which is not
intrinsically dependent on grid resolution. We apply this model to nucleon transport in the

next section.

Results

* In this section we apply the elastic rescattering model (B.28) and (B.29) in the BRYNTRN
transport code. (B.28) is incorporated as a correction term for coarse grids (i.e., < 100 energy
points) which we have previously shown to be incapable of resolving the small energy transfers
associated with elastic scattering. We will consider the case of neutrons normally incident
on an aluminum slab. The incident neutron spectrum is specified by the Webber spectrum
defined in equation (92). All particle scattering processes are deactivated except for elastic
scattering. The energy grid is distributed logarithmically between Epiy = 0.1 MeV and
Emax = 500 MeV. Our test case uses 100 energy points. Twenty five points are distributed
in the energy range below 10 MeV.

Table 12 illustrates the dependence of o,(E) on energy for elastic scattering from
aluminum. The crossection at 1 MeV is 2.5 times greater than at 50 MeV and a factor
of approximately 6 greater than at 100 MeV.

Figure 38 shows the integrated fluence ®(z) = T(b(:::, E)dE. The primaries exhibit
the expected exponential decay as exp[—onz]. The Orescattered neutrons grow at a rate
that largely offsets the particle loss due to decay of the primaries. Figure 39 shows ratio
®(z)/®(0). The total number of neutrons is conserved to within one percent at a penetration
depth of 10 g/cm?. At 30 g/cm? the difference is about 3%. Some of this disagreement is due
to numerical truncation error and some is due to the physical process of low energy neutron
thermalization. Table 13 illustrates tﬁe effect of truncation error. The ratio ®(z)/®(0) is

given for three values of integration step size h. For a deep penetration depth of 30 g/ cm?
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Table 12. Elastic Scattering Cross Section for Neutrons Incident

on Aluminum Target

E MeV on(E)
0.01 .078
1 .069
5 .048
10 .028
15 .024
20 .024
50 .023
100 014
200 .001
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Fig. 38 Integrated Fluence. Elastically
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Table 13. Integrated Spectrum Ratio ®(z)/®(0) as a Function

of Step Size h. Logarithmically spaced E Grid with 100 Points.

&(k)/2(0)
x, g/cm? h=.5 h=.25 h=.125
1 .999 .999 .999
10 991 993 993
20 983 985 987
30 975 979 981
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the ratio changes by .5% from .975 to .979 as h is halved in value from .5 to .25. Halving h
again to a value of .125 only changes the result by only .2%.

A set of runs were also performed using a 50 point energy grid in order to assess the effect
of mesh density on the rescattering model. This grid distributes 8 energy points between
0-1 MeV and 24 points between 0~10 MeV. The 100 point energy grid distributed 14 points
between 0-1 MeV'and 27 points between 0—-10 MeV. Table 14 illustrates the ratio ®(z)/®(0)
for the 50 point energy grid. We see that, interestingly, the coarser 50 point grid provides
the same convergence as the 100 point grid at all three values of A.

Figure 40 shows the integrated fluence for neutrons incident on a lead slab. The primary
decay, and consequent growth of rescattered neutrons, is relatively slower than in Aluminum.
In Aluminum the rescattered fluence surpasses the primary fluence at a depth of 27 g/ cm?.
The primary fluence in lead is still sigﬁiﬁcantly greater than the rescattered term even at a
penetration depth of 29 g/cm?.

Figure 41 shows the convergence ratio @(z)/®(0) for neutrons in lead. Comparing
figures 39 and 41 demonstrates that convergence in lead is better than in Aluminum. At
a penetration depth of 29 g;/cm2 the convergence in lead is .996 compared with .975 in
Aluminum. This result is related to the dependence of o (Eq. (B.7)) on target mass. As
Ar increases, « approaches one and the kinematically allowed energy transfer due to elastic
scattering approaches zero.

Figure 42 shows the spectral behavior of the neutron fluence in Aluminum at three
penetraton depths (1, 10, and 29 g/cmz). This includes the sum of the primary and
rescattered terms. We observe a monotonic decay with increasing energy. The low energy
behavior displays the 1/v [v = velocity] behavior characteristics of elastic scattering. We
see that the spectra do not change as a function of penetration depth. However the
separated spectra for the primary and rescattererd fluences do change with penetration
depth. Figures 43 and 44 show the primary spectra for neutrons in Aluminum. The spectra

for E < 50 MeV decays rapidly with increasing penetration depth. The curve for 29 g/ cm?

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

145

Table 14. Integrated Fluence as a Function of Penetration Depth for 500 MeV

Neutrons Incident on an Aluminum Slab. Elastic Scattering Only.

50 Point Energy Grid

h=.5 h=.25 h =125
x, g/cm® o(z)/2(0) o(z)/2(0) o(z)/2(0)
1 999 999 999
10 991 993 993
20 983 985 987
30 975 979 981
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shows a rapid fall-off between 0—2 MeV followed by a shoulder effect. The spectral behavior

between 50-200 MeV is shown in figure 44. The effect of penetration depth is observed to
be less pronounced at higher energies.

Figures 45 and 46 show the spectra for rescattered neutrons. The effect of increasing
penetration depth is, not surprisingly, reversed with respect to the primary neutron behavior.
We see that the 1 g/cm? curve is significantly lower than the 10 and 20 g/cm? curves at all
energies. This effect is related to the fact that rescattered neutrons grow rapidly from an
incident boundary value of zero to a relative equilibrium around 5-10 g/cm?.

Figures 47-51 show a spectra for neutrons in lead. The results are qualitatively similar
to the Aluminum results. However, the primary neutron spectra in lead is observed to be
less sensitive to penetration depth than in Aluminum. Overall, our elastic scattering model
produces qualitatively similar results for Lead and Aluminum. What happens if we employ
a much lighter element as the target material?

Figure 52 shows the integrated fluence for neutrons in Beryllium (Ap = 9) using the
BRYNTRN code with exactly the same conditions used for Aluminum and Lead. Comparing
figure 52 with Aluminum (fig. 38) and Lead (fig. 40) we observe that the primaries decay
rapidly in Beryllium. The neutron fluence at a penetration depth of 29 g/ cm? in Beryllium
is about 50% of the equivalent Aluminum value. Beryllium is known to be a good neutron
moderator. What about the convergence behavior? Figure 53 shows that the model does a
relatively poor job of conserving particles compared to Aluminum (fig. 39) and Lead (fig. 41).
The conservation at 29 g/cm? is g.bout 84% of the incident value. We also observe significant
changes in the spectral character. Figure 54 shows the total (primary and rescattered) flux
spectra for Beryllium at penetration depths of 1, 10, and 29 g/ cm?. Note the divergence of
the curves at low energy and recall from figure 40 the equivalent Aluminum curves lay on

top of each other.over the entire energy range.
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The differences between neutron scattering in Beryllium and in Aluminum and lead can
be understood by examining their respective Q spectra. Table 15 shows @ as a function of
neutron kinetic energy for Beryllium, Aluminum, and Lead. The values of @ in Beryllium
are consistently greater than for Aluminim by a factor of 4. The lead values are lower by two
orders of magnitude. This means that the energy shift process in Beryllium is significantly
more efficient than in the behavior elements. So neutrons are elastically slowed to the
thermalization energy (for BRYNTRN at 0.1 MeV) at a faster rate in Beryllium. Neutrons
which fall below this cut-off are removed from the beam.

Some of the particle loss from figure 53 is, of course, due to truncation error. In order to
estimate the effect of truncation error we can add the second order correction to the elastic

scattering equatidn (B.28) which becomes

on(z, E) = e=on(B)z {¢n(o, E) + on(E +Q)2én(0, E+0)

+ 3 on(E+ 2aT 6u(0, 5+ 1)} (8.33)

-

In figure 55 we plot the integrated fluence for elasticelly scattered neutrons in Beryllium
slab using equation (B.34) with the second order correction. The results are not discernibly
different from the first order resnlt of figure 52. However, the plot of the convergence ratio in
figure 56 shows a 2% increase at a penetration depth of 29 g/ cm? when compared to figure 53.
The effect, then, is discernable but not large. The spectra plot in figure 57 shows a slight
change from the figure 54 result. It can be seen that the < 5 MeV fluence at a penetration
depth of 29 g/cm? is slightly increased when compared to figure 54. So truncation error is
not a significant factor in the deviation from particle conservation for the elastic scattering
model applied to neutrons in Beryllium. We note that addition of the second correction has
roughly the same effect on the solution as halving the integration step size h, but requires
little increase in cpu time. Halving h, however, doubles in cpu usage.

In this appendix we have shown that neutron elastic scattering may be reasonably

approximated physically as an energy shift on the particle fluence. This insight led to
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Table 15. Q as a Function of Projectile Kinetic Energy for Elastically

Scattered Neutrons in Beryllium, Aluminum and Lead Shields

Q(E)

E Beryllium Aluminum Lead
MeV- Ar =9 Ar =27 A =207
0.1 A757E-1 .6650E-2 .8805E-3
5 .4288E( .1055E0 4827E-2
10 A4673E0 .1071E0 4837E-2
20 AT65E0 .1082E0 A857E-2
30 [4962E0 .1111E0 A904E-2
100 .5169E0 .1141E0 4952E-2
200 .5097E0 .1128E0 A4940E-2
300 4533E0 .1041E0 A4809E-2
400 .3792E0 9173E-1 4591E-2
500 .3104E0 .7900E-1 A4324E-2
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the development of a simple model whose implementation requires only a small increase in

computational resources.
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Appendix C. Target and Projectile Flux

The particle fluence in high energy nucleon transport comes from three sources (1) in-
cident beam (2) high energy nucleons produced in “knockout” interactions, and (3) target
fragmentation products of nonelastic collisions. The knockout nucleons or “secondary” par-
ticles are scattered into a small cone of solid angle which is highly collimated in the forward
direction. The target fragments are usually heavy ions isotropically scattered with low kinetic

energy. Recalling equation (31) we can write the transport as®

B;¢i(z. E) = 5}39x(z. E)
. (C.1)
+ _7 kd’k (IE, E )
Where the target fragmentation flux (T) and the projectile flux (P) are followed separately.

The operator Sjy, is given by
Son(a.E)= Y [ dE'Fiu(E,E)on(x. B
k

and
Fji = Fp + Fjy
Defining the flux as the sum of two terms we can write
B¢ (z, B) = SE.¢f (z. E) + S5 6F (z, E)
B;o¥ (z, E) = S5,6F (z,B) + S5,67 =z, B) 9

The experiments of Heckman (1975) and the statistical model of Goldhaber (1974) suggest
that the probability density for high momentum transfer to fragmentation products is small

so that qiﬁ (z, E) is negligibly small for
E > (FL)

so for high energy transport
¢fx(z, B) = 0
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then

Bj¢; (¢, E) ~ S}i6% (=, E) (C9

Bj¢; (¢, B) = 5},6% (2, E) (C-5)

Equation (C.4. for the projectile flux has been decoupled from the target fiux equation. This
means equation (C.3) can be solved in closed form once an expression for ¢fk(x, E) has been

obtained. One solution for the target flux gives

ME
¢?($, E) x §3 (z) {“ erfc { W ]
I (C.6)
+ M E —-ME
)2 FT )
where the complimentary error function
erfc (z) = — /
@)=
is related to the incomplete Gamma function and C;fp is
/ 4B o1 (') bplz, E) 1)

similar to equation (A.18).
Equation (C.6) is not important for propagated flux but is used to calculate the total

absorbed dose.
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