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Joon Hyuk Kang

Department of Mathematics
Andrews University
Berrien Springs, MI, 49104, USA

Abstract: In this paper we get estimates of life span of a Cauchy problem
u(z,t) = Au(z,t) + u(z, t)?, x € R™,t >0,
u(z,0) = Ap(z), x € R"
in terms of the positive constant parameter A when ¢(z) € L? is a nonnegative bounded
continuous function in R™ but not identically zero, where ¢ is large enough. The technique

we used in this paper is the Comparison Principle.

1. Introduction

In this paper we consider the Cauchy problem

ug(x,t) = Au(z,t) + u(z, t)?, =€ R",t >0, (1)
u(z,0) = \p(x), =€ R",

where A = 2?21(38_;2) is the Laplace operator, p > 1,¢ € L9 is a nonnegative
bounded continuous function in R™ but not identically zero, where ¢ is large
enough, and A is a positive constant parameter. It is well known that there
exists an T > 0 such that (1) possesses a unique classical solution u(zx,t, \)
in [0,Ty), i.e., u(x,t,\) € CHL(R™ x (0,T))) N C(R™ x [0,Ty)) is bounded in
[0,T"] for any T7 < Ty and || u(-, ¢, \) ||fee— 00 when ¢ — Ty if T} is finite. We
call Ty, the life span of the solution u(x,t, ) and say that u(z, ¢, A) blows up in
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finite time if T) < oo.

Since Fujita’s classic work [1], (1) has been studied extensively in a lot
of directions. For stability and instability results, the interested readers are
refered to [2] for a survey and some new developments; You can also refer to
[4] for some other related results. Motivated by a paper of Lee and Ni [5], we
are concerned with asymptotic behavior of the life span T as A — co or A — 0.
The following was proved in [5]:

Theorem 1.1. (1) T\ ~ A=®1) as A\ — oo; i.e., there exist positive
constants C'y and Cy such that Cl)\_(p_l) <T\ < Cg)\_(p_l) for large .

(2) If liminf, o0 () > 0, then Ty < oo for any A > 0 and Ty ~ A~@~1
as A — 0.

In [3] they improved the 1.1. The following was the result.
Theorem 1.2. (1) limy oo TAN"! = 15 [ 6 &7
(2) If limjy o0 §(2) = ¢ > 0, then

lim Th AP~ = L g
A—=0 p

17

In this research, we prove other estimates of the life span of (1) when we
assumed ¢ € L? for large enough ¢ using the Comparison Principle.

2. Main Results
Theorem 2.1. (1) Ty > 5= l(p 0 M=P | o H i ) for some large enough
q. SO lim)\_m T)\ =

(2) T\ < 2(p 0 AP | ¢ HU ) for some large enough r. So, limy_,oo T =
0.

Proof. (1) Let vy(z,t) = ’\Au()\liTpx,)\lfpt). Then v), satisfies

av/\(x,t) _ >\71 )\17p BU(Z,T)
ot - 5

2
%
= AQ—p[A u(z,7) +uP(z,7)]
’\QJA u(z,7) + —up(z T)
MPA u(z,7) + —up(z T)
ox(z, 1) + 2108w, 1), € R x (0,T}),
oa(2,0) = Lo\ 2"x),x € R",

I
>



ESTIMATES OF LIFE SPAN OF... 639

where T\ = M~1T) is the life span of vy, z = A2z and 7 = A1—pt. Since
limg o0 || @ ||Ls=]| & ||, there is a large enough ¢ such that

5| ¢ llL=<|| ¢ ||a. Then we may consider the following ordinary differential
equation.

dolt) — op=1y(t)P,t > 0,
v(0) =[1 ¢ lle

The ordinary differential equation implies that

1
—dv = 2P~ Ly,
VP

/vpdv:/Qpldt-i—C,

Lvlfp — 2p*1t + C
I—p

SO

SO

But, by applying the initial condition v(0) =|| ¢ ||e, we have

1 1—
C = T—p [RZalrre

and so
1
N S I A 1-p ]
Therefore,
1 ].

’Upi = 1—p°
22711 —p)t+ || ¢ |l a”

and so the life span of v is T' = m | @ ||Z§p71).

By the Comparison Principle(see [6]), we have

1

Ty =M1 > ———
’ T 1)

Il

and so we conclude (1).
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(2) Let vy(z,t) = 2)\_1u()\177px,)\1_pt). Then v, satisfies

Ovy (z,t)

_ —1y1-pOu(z,1)
o = ZATATEPIEE

= 227 P[ALu(z,7) + uP(z,7)]

2APA u(z, ) + 2A7PuP (2, 7)
2)\_1)\1_pAzu(z )+ & p(,z T)

2\~ 1Au()\ T 2, \Pt) + ok (2, t) )
AU)\(.’E t) + 5 11})\(&0 t),z € R" x (0,T)),
ua(z,0) = 2(15()\ 7 x),x € R",

where Ty = M~1T) is the life span of vy, z = A%x and 7 = A\j_p,t. Since
limg o0 || @ ||s=|| ¢ ||, there is a large enough 7 such that

20 ¢ llre> &l -

Then we may consider the following ordinary differential equation.

d
9 = sEro(t)r,t >0,

v(0) =l ¢ |z -

The ordinary differential equation implies that

1
—dv = th,
SO
SO

1
1-p _
1—pv 2p— w1l ¢

But, by applying the initial condition v(0) =|| ¢ ||-, we have

C:—IWHU,

and so

1 1—p
il

Therefore,
17 ].
v
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SO

1 ].

v = p Tp°
sttt || & |7

and so the life span of vis T = Z— || ¢ HZT(IFU.

p—1
By the Comparison Principle(see [6]), we have

- or—1 —(p—1
Ty =N7IT) < —— &1
A T el

and so we conclude (2).

(1]
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