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REGION OF SMOOTH FUNCTIONS FOR POSITIVE
SOLUTIONS TO AN ELLIPTIC BIOLOGICAL MODEL

Timothy Robertson!, Joon H. Kang?$

L2Department of Mathematics
Andrews University
Berrien Springs, MI. 49104, USA

Abstract: The non-existence and existence of the positive solution to the generalized elliptic
model

Au+ g(u,v) =0 in Q,

Av+ h(u,v) =0 in Q,

u=v=0 on 0,

were investigated.

Key Words: non-existence and existence of the solution, positive solution, generalized

elliptic model

1. Introduction

The question in this paper concerns the existence of positive coexistence states
when all growth rates are nonlinear and combined, more precisely, the existence
of the positive steady state of

Au+ g(u,v) =0 in Q,

Av + h(u,v) =0 in Q,

u=v=0 on 0f,

where € is a bounded domain in R with smooth boundary 99, and ¢, h € C?
are such that g,y <0, <0, guw > 0, hyy > 0.
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2. Preliminaries

In this section, we state some preliminary results which will be useful for our
later arguments.

Definition 2.1. (upper and lower solutions)

{ Au+ f(z,u) =0 in Q,
ulon =0

where f € C%(Q x R) and (2 is a bounded domain in R".
(A) A function u € C%(Q) satisfying

At + f(zx,u) <0 in Q,
ulpn >0

is called an upper solution to (1).

(B) A function u € C%(Q) satisfying

Au+ f(z,u) >0 in Q,
ulpn <0

is called a lower solution to (1).

Lemma 2.1. Let f(x,&) € C%(Q x R) and let u,u € C*%(Q) be respec-
tively, upper and lower solutions to (1) which satisfy u(z) < u(z),z € Q. Then
(1) has a solution u € C*%(Q) with u(z) < u(z) < u(z),z € Q.

We also need some information on the solutions of the following logistic
equations.

Lemma 2.2.
Au+uf(u) =0 in €,
u’ag =0,u >0,

where f is a decreasing C' function such that there exists co > 0 such that
flu) <0 for u > ¢y and Q is a bounded domain in R™.

If £(0) > A1, then the above equation has a unique positive solution. We
denote this unique positive solution as 0.

The main property about this positive solution is that 6y is increasing as f
is increasing.
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3. Existence and Nonexistence of Steady State

We consider
Au+ g(u,v) =0 in Q
Av+ h(u,v) =0 in Q (2)
u=v=0 on 012,
where € is a bounded domain in RY with smooth boundary 99 and ¢, h € C?
are such that g, < 0,y <0, guw > 0, hyw >0, g(0,v) > 0,h(0,v) > 0.
We derive the following nonexistence result, which establishes a necessary
condition for the existence of a positive solution to (2).

Theorem 3.1. Suppose g,(0,0) > A1, hy(0,0) > A\j, where \; is the first
eigenvalue of —A with homogeneous boundary condition, and there is ¢y > 0
such that g,(u,0) < 0 and h,(0,v) < 0 for u > co,v > cp.

(1) IF 6u(0,0) > hy(0,0), 1 < guu, < 0,y < —1 and
inf (hyy) inf(guw) + inf(hyy ) + inf (hyy ) sup(hyy) + inf(hyy) > 0,
then (2) has no positive solution.
(2) If 9u(0,0) < hy(0,0), =1 < hyy <0, guu < —1 and
inf (guy) nf (hu) + i0f(guo) + nf(gun) SUP(guv) + inf(guu) > 0,
then (2) has no positive solution.

Proof. Suppose the conditions in (1) or (2) holds and (2) has a positive
solution (u, v).
By the Mean Value Theorem, there is % such that 0 <@ < u and g(u,v) —
9(0,v) = ugy(u,v), and so by the monotonicity of g,
Au + ugy (u,v) <Au + ugy(a,v)
=Au + g(u7 U) - g(oa /U)
=Au+ g(u,v)
=0.
Similarly, we can prove that
Av + vhy(u,v) < 0.

Hence, (u,v) is an upper solution to

Au+ ugy(u,v) =0 in Q
Av + vhy(u,v) =0 in Q
u=v=0 on 0.
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By the conditions (%, ?) = (0, (.,0), Oh.(0,.)) exist. We claim that for sufficiently
small € > 0, (et, €v) is a lower solution to

Au+ ugy(u,v) =0 in Q
Av + vhy(u,v) =0 in Q
u=v=0 on ON.

By the monotonicity of g,, we have

A(et) + etgy, (e, ev)

v

Alen) + eugy(a,0)
e[A(a) + tgu(u, 0)]
0.

Similarly, we can prove that
A(et) + etgy,(eu,ev) > 0.
Hence, we conclude that (et, ev) is a lower solution to

Au+ ugy(u,v) =0 in Q
Av + vhy(u,v) =0 in Q
u=v=0 on ON.

Therefore, by the Lemma 2.1, there is a positive solution to

Au+ ugy(u,v) =0 in Q
Av + vhy(u,v) =0 in Q
u=v=0 on 0L,

which contradicts to the result in [1]. We now establish a sufficient condition
for existence of a positive solution to (2).

Theorem 3.2. Suppose g,(0,0) > A1, hy(0,0) > Ay, and there are M >
0, N > 0 such that g(M,N) < 0,h(M,N) <0.
Then there is a positive solution to (2).

Proof. By the condition, we have an upper solution (M, N) to (2). Let ¢ be
the first eigenfunction of —A with homogeneous boundary condition. Then, by
the continuity of g, and h, and the assumption that g, (0,0) > A1, h,(0,0) > Aq,
gu(€p, ep) > A and hy(ep, ep) > A\ for sufficiently small € > 0.

By the Mean Value Theorem, there are %, v such that 0 < u < ep,0 < v < €¢

and
g(€¢7 €¢) - g(O, €¢) = €¢gu(a7 €¢)
h(€¢’ €¢) - h(€¢’ O) = €¢hv(€¢7 {})



REGION OF SMOOTH FUNCTIONS FOR POSITIVE... 633

Hence, by the monotonicity of g, and h,,

A(ep) + g(ed, ed) 2A(€¢) + g(eg, €¢) — g(0,€9)
=A(eg) + edgu(t, €9)
Ze(—=A10) + €pgu(ed, €9)
=ep[— 1 + gu(€p, €d)]
>0,

and
A(eg) + h(ep, ) ZA(€g) + h(ed, e¢) — h(ed,0)
=A(e9) + edhy (e, v)
2€(—M19) + edhy (e, €9)
=€p[—A1 + hy (€, €9)]

>0.

Hence, (e, @) is a lower solution to (2). Therefore, by the Lemma 2.1, there
is a positive solution to (2).

4. Existence Region for Steady State

We consider
Au+ g(u,v) =0 in Q

Av + h(u,v) =0 in Q (3)
u=v=0 on 0f,

where (2 is a bounded domain in RY with smooth boundary 9 and g, h € C?.
We prove the following existence results.

Theorem 4.1. Suppose g,(0,0) > A1,9(0,v) > 0, guy < 0,9y > 0 and
there is cg > 0 such that g,(u,0) < 0, g(u,v) < 0 for u > ¢o,v > cg.[h,(0,0) >
A, h(u,0) > 0,hy, < 0,hy, > 0 and there is ¢y > 0 such that h,(0,v) <
0, h(u,v) < 0 for u > cy,v > ¢o.] Then there is a number M(g) < A1 [N(h) <
A1] such that for any h € C? such that h(u,0) > 0, hyy > 0, hyy < 0, hy(0,0) <
0, h(u,v) < 0 for u > co,v > cg and h,(0,0) > M(g)[for any g € C? such that
Guuw < 0,9up > 0, gu(u,0) < 0,g(u,v) < 0 for u > cg,v > ¢g, and g,(0,0) >
N(h)], (3) has a positive solution u™,v" in .

Proof. Let u =0, (. ) be the unique positive solution to

Au~+ ugy(u,0) = 0 in Q
u = 0 on 0.
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Let M(g) = A1(=hu(0g,(.,0),0)) be the smallest eigenvalue of

—AZ — (hv(ng(_,o),O) — hy(0,0))Z = pZ in Q
Z = 0 on 09.

and wo(z) be the corresponding normalized positive eigenfunction. By the
monotonicity, M(g) < A\1. Let v = ewp(z). Let h € C? be such that hy, >
0, hyy < 0, hy(0,v) < 0,h(u,v) < 0 for u > ¢o,v > ¢ and hy(0,0) > M(g).
Then, by the Mean Value Theorem, there is % and © such that

0<u<u

0<v<w

g(ﬂa Q) - g(O,Q) = qu(a,_)
h(ﬂa Q) - h(yv 0) = Qhu(ﬂa 6)7

so by the monotonicity of g, and h,, for sufficiently small ¢ > 0,

Au+ g(u,v) >Au+ g(u,v) — g(0,v)
=Au~+ ugy (i, v)
>Au + ugy(u, v)
=Au + u[gy(u, 0) + gu(u,v) — gu(u,0)]
=u[gu(u, v) — gu(u,0)]
>0 in O

and

Av + h(u,v) >Av + h(u,v) — h(y,0)

=Av + vh,(u,?)
>Av + vhy(u), v)
=A(ewo) + ewohy (g, (.,0)5 €wo)
=A(ewp) + ewolhy (0g,(.0),0) + ho(bg, .0y, €wo) — hy(Bg, .0y, 0)]
=€[hy(0,0)wo — M (g)wo] + ewo[hy(8y,(..0); €wo) — hu(By,(.0),0)]
>ewn[ho(0,0) = M(g)] + €w inf ()
>0 in Q.

So, u > 0,v > 0 is a lower solution to (3). But, by the condition, there is a

sufficiently large upper solution to (3). Therefore, there is a positive solution
ut vt of (3).
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For the next Theorem, we set
Sy = {h € C*lhyy > 0, M < hy, < 0,h(u,0) >0,

there is ¢g > 0 such that h(u,v) < 0 for u > cp,v > co} for g € C? such
that guy < 0,9uw > 0,9(0,v) > 0, there is ¢y > 0 such that g(u,v) < 0 for
u > co,v > co and

Sp={g € C?IN < guu <0, gu» > 0,9(0,v) >0,

there is ¢ > 0 such that g(u,v) < 0 for u > co,v > ¢} for h € C? such
that hyy > 0,hy < 0,h(u,0) > 0,there is ¢g > 0 such that h(u,v) < 0 for
u > co, v > Cp.

Theorem 4.2. Let g € C? such that g, < 0,guw > 0,9(0,v) > 0, there
is o > 0 such that g(u,v) < 0 for u > cy,v > ¢y and g,(0,0) < A\ [h € C?
such that hy, > 0,hy < 0,h(u,0) > 0,there is ¢g > 0 such that h(u,v) <
0 for u > ¢o,v > ¢o and hy(0,0) < A\]. Then there is a number M(g) >
M[N(h) > A\i] such that for any h € Sy satisfying h,(0,0) > M(g) [for any g €
S, satisfying ¢,,(0,0) > N (h)], (3) has a positive solution in (2.

Proof. Suppose ¢,(0,0) < ;. Let h € S, be such that h,(0,0) > A;. Since

Clggo A1(=94(0, e_ﬁu ) +94(0,0)) < Clggo A1(— inf(guv)e_CM

(0,0))
. ) c— M\
gclggo)\l(—mf(guv) Y ¢o0 + 9.(0,0))

= — 00,

there is a number M(g) > Ay such that Ai(—gu(0,0_<_) + gu(0,0)) < g.(0,0)
if ¢ > M(g). Hence, if h,(0,0) > M(g), then A\ (— gu(O 0 _hu(o0) )+ 94(0,0)) <

)\1( gu(O Ghv(oo )+gu(0 O)) < gu(0,0).

Let hv(0,0) M(g) and u = ewp and v = 0 _n,00 , Where wq is the nor-
— inf(hyo)

malized positive eigenfunction corresponding to A1 (—g, (0,0 _hu(00) )+.(0,0)).
—inf(hvv)

Then by the Mean Value Theorem, there are u, v such that 0 < u<u,0<v<y
and
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Hence, by the monotonicy of g, and h,, for sufficiently small € > 0,

Au+ g(u,v)

AH + 9(272) - 9(072)

Au~+ ug, (@, v)

Au+ ugy(u),v)

Au+ u[g4(0,0) + gu(u,v) — gu(0,v) + g4(0,v) — g4(0,0))

Au + uf[g,(0,0) + inf(guy)u + g4 (0,v) — g4, (0,0)]

A(ewo) + €ewp [gu(o 0) + 1nf(guu)€w0 + gu(o 0 hv((oho) )) QU(O 0)]

—eA1[—gu(0,0 _hu(0.0) ) + 9u(0,0)]wo + gu(0,0)ewp + €2wi inf(guw)
“inf(hyo)

hy
€wo[9.(0,0) — )\1( 94(0,0 00 ) + 9u(0,0))] + 2w inf (guu)
0 in Q

v v I v
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So, u,v is a lower solution to (3). Hence, by the condition, if h,(0,0) > M (g),
there is a positive solution to (3).
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