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ABSTRACT. In this paper, we study existence and multiplicity results for a coupled system of

nonlinear nonlocal boundary value problems for higher order fractional differential equations of the

type

“Dg,u(t) = Aa(t) f(u(t), v(t)), °Dgyv(t) = pb(t)g(u(t), v(t)),

u/'(0) = u”(0) = u"(0) = - = u""V(0) = 0, w(l)=&ulm),
V'(0) = 0"(0) = 0" (0) = - = v D(0) =0, (1) = &u(na),
where A\, p > 0, n—1 < a,8 < nforn e N;§&, n € (0,1) for i = 1,2 and “Dg, is Caputo
fractional derivative. We employ the Guo-Krasnosel’skii fixed point theorem to establish existence
and multiplicity results for positive solutions. We derive explicit intervals for the parameters A and

w for which the system possess the positive solutions or multiple positive solutions. Examples are

included to show the applicability of the main results.

1. INTRODUCTION

Fractional differential equations is rapidly growing both in theory and in appli-
cations to real world problems. Many problems in engineering, physics and other
applied sciences can be modeled as differential equations of fractional order. It has
been established that, in many situations, these models provide more suitable results

than analogous models with integer derivatives.

The attention drawn to boundary value problems for nonlinear fractional differ-
ential equations is evident from an increased number of recent publications. Existence

and uniqueness of solutions of fractional differential equations is well studied, see for
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example [1, 2, 3, 6, 12, 13, 15] and references therein. Recently, existence and multi-
plicity results for positive solutions of boundary value problems involving fractional
order derivatives have received much attention, for example, [4, 5,7, 8,9, 14, 16, 18].
In contrast, boundary value problems for coupled systems of fractional differential
equations have received less attention; only a few results can be found in the liter-
ature concerning existence and multiplicity of positive solutions of boundary value
problems for coupled systems of fractional differential equations. See for example
[4, 9, 18].

In this paper, we study existence and multiplicity results for positive solutions
to nonlinear three-point boundary value problems corresponding to a higher order

coupled system of fractional differential equations of the type

“Diu(t) = Aa(t) f(u(t),v(t)), “Dgyo(t) = ub(t)g(u(t), v(t)),
(1.1) u'(0) = u"(0) = u"(0) = =ul"D(0) =0, u(l) = &u(n),
V'(0) =v"(0) = v"(0) = - =v"7V(0) =0, (1) = &v(m),

where A, >0, n—1<a,f<nforneN;§, n €(0,1) for i = 1,2 and °Df, is
Caputo fractional derivative. We employ the Guo-Krasnosel’skii fixed point theorem
to study existence and multiplicity results. We point out that the results in this article
extend those obtained in [3] as we study a system of higher order equations and more
importantly, our results extend those obtained in [3, 9] as we consider f(u(t),v(t)),
g(u(t),v(t)) instead of f(v(t)), g(u(t)).

The paper is organized as follows: In Section 2, we recall the definitions of
fractional integral and fractional derivative and some basic lemmas. In Section 3,
properties of the Green’s function for the associated linear problem are studied. By
employing the Guo-Krasnosel’skii fixed point theorem, some sufficient conditions for
the existence or multiplicity of positive solutions to the system (1.1) are established.
We obtain explicit intervals for A and p such that for any value of A\ and p in the
intervals, existence or multiplicity of positive solution is guaranteed. Examples are

included to demonstrate the application the main results.

2. PRELIMINARIES
We recall some basic definitions and lemmas from fractional calculus.

Definition 2.1. [17] The fractional integral of order a > 0 of a function g : (a, c0) —
R is defined by

provided the integral converges.
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Definition 2.2. [17] The Caputo fractional derivative of order av > 0 of a continuous

function ¢ : (0,00) — R is defined by

1 tg"(s)
‘D g(t) = d
a+g( ) F(H—Oé)/L; (t_s)a_n+1 S,
where n = [a] + 1, (the notation [a] stands for the largest integer not greater than «).

Remark 2.3. Under the natural conditions on g(t) the Caputo fractional derivative

becomes conventional integer order derivative of function ¢(t) as a — n.

Lemma 2.4. Fora >0, g(t) € C(0,1)NL(0,1), the homogenous fractional differen-
tial equation “Df,g(t) = 0, has a solution g(t) = c1 + cat + c3t* + - - - + c,t" L, where,
¢ €R,i=0,...,n andn=[a] + 1.

Lemma 2.5. Assume that g(t) € C(0,1) N L(0,1), with derivative of order n that
belongs to C'(0,1) N L(0,1), then Z¢,°Dg, g(t) = g(t) + c1 + cat + cgt® + -+ + ¢pt" ™,
where, ¢; €ER, i =0,...,n and n = o] + 1.

Lemma 2.6. [10] If o > 3 > 0, then “Dy, I, ¢(t) = I3 ¢(t). In particular, if m is

positive integer and § > m, then 4= (I3, ¢(t)) = T o(t).

The proofs of our main results are based on the following fixed point theorem.

Theorem 2.7 ([11] Guo-Krasnosel’skii Fixed Point Theorem). Let B be Banach space
and £ C B be a cone. Assume that 21, are open disks in B such that 0 € €y C
Q1 CQy. Let A: EN(W\Q) — & be completely continuous such that either

(i) || Aul| < Jul|, for u e ENOQy and || Au|| > ||ul|, for u € ENINy or
(i) || Aul| > ||u|l, for u e EN O and || Aul| < ||lul|, for u e €N OQy.

Then, A has a fived point in PN (Q2\Q).

3. MAIN RESULTS
Lemma 3.1. Let h € C[0,1], then the three-point linear boundary value problem

“Dyu(t) +h(t)=0,te(0,1),n—-1<a<n,

3.1
3 u/'(0) = u"(0) = u"(0) = - = u"1(0) = 0, u(l) = &ulnm),

has a unique unique solution given by

u(t) = /0 Ha(t, s)h(s)ds,
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where
(((1—s)e—1_(1— _s)a—1_ —s)e—1
= - %)_(21)12(04) — , s<t,m=s,
(1=s)*'—(1-&)(t—s)>~*
(32)  Halt,s) = (et nEcstEh
I o EtEeEm
(1—s)—1
t<s,s5>mn.

\ (1-&1) (@)

Proof. In view of Lemma 2.5, the general solution of differential equation in (3.1) is

given by

(3.3) u(t) = I h(t) + Y et o €R, k=1,2,...n.

k=1

By Lemma 2.6 and equation (3.3), we obtain

(3.4) MW@):—zgmmw+.§é (k= Dler

k=m+1

—m—1
(k—m—1)! ’
where m = 1,2,...,n—1. The boundary conditions imply that ¢, =0,k =2,3,...,n,

and

_ L (1 —s)et $\ds — & (m —s)! S\ds
C“‘A F —&) "W~ | oy ey e

Substitute ¢; into (3.3) to obtain

_ L1 —s)e! $\ds
“0= || R =g

M alm =) e / =) s

o I'(a)(1-&) I'(a)
Thus,
u(t) = /0 Ho(t, s)h(s)ds
where H,(t, s) is given by (3.2). O

Similarly, the general solution of “Dj, v(t) + h(t) = 0,t € (0,1),1 < a <
2, v'(0) = v"(0) = v"(0) = --- = v D(0) = 0, v(1) = &u(n), is given by
u(t) = [i Hg(t, s)h(s)ds, where

((1=5) "1 —(1-&)(t=5)" "' & (n2—s) !
(1-&)I' (@ , S<t,m=>s,
(1=5)f 1 —(1-&)(t—s)" !
Hs(t,s) = La-ere M <s<t<1,
’ (1—s5)P~' =&a(n2—s)"~
(-&)reE 0<t<s<m,
-1
(1—s)ﬁ t S S’ ) Z n2.

\ (1-82)I"(8)”
Lemma 3.2. The Green’s function H(t,s) defined by (3.2) satisfies the following

properties:
(P1) Ho(t,s) >0 for allt,s € (0,1);
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(P2) For each s € [0,1], Ha(t,s) is nonincreasing in t;
(P3) For £ € (0,1), ®,(s) > Hult,s) > vlélglti?lHa(t, s) > 11Du(s) where
1—s) !

= 1— a-1 , @a S) = (—
71 gl( Un ) ( ) (1 . 51)F(Oé)
Proof. (P1): For 0 <t <1, n > s,

(1= 5 = (1= &)t = 9" — €1l — 5)°
(1-&)I () '

Ho(t,s) =

For t < ny,
(L—s)*t = (g — )"

Haltos) > =0y r@)

>0

and for t > 7y,
(1—s)t —(t—s)?

(1 =&)I (@)

Ho(t,s) > > 0.

Form <s<t<1,
(I=9)=(1=&)(t=5)""  (1=9)* = (t=9)*"
(1—=&)I () B (1=&)I(a)
Thus, for each case, ;3 < s<t<land 0<t<s, s>mn, Ha(t,s) > 0.
(P2) : From (3.2), if t > s,

Ha(t, S) — > 0.

0 (a=1), oo (t—s)
o = — — = — <
g e(t:9) = =gy = 9) Tla—1) ="
If t <s, then
0 _
EHa(t’ S) =0.

Thus, H,(t, s) is nonincreasing in t.

(P3): Clearly, Hal(t,s) < =0 = ®a(s).

Case (i): s <m: For t > s, apply (P2) so that

&L —ni (L —s)!
(1-&)I(a)

Heo(t,8) > Ho(l,s) = = 71 P4 (5).

For t < s, we have

(1=9) — g (=5
(= &) e)

Case (ii): s > n: For t > s,

Halt,s) > > &1(1 =077 ®Pa(s) = 11Pals).

(1 —s) !
Halt,s) > Ha(L,s) = ﬁ > 11 Ba(s).
For t < s, we have H,(t,s) = (51_—;7% =D, (s) > 11 Pu(s).

HenC67 égltinga(t S) Z 71(1)04(8) where / S (07 1)7 N = gl(l - 77?_1) and (I)a(s) =

(1—s)>—1
R =



174 M. REHMAN, R. A. KHAN, AND P. W. ELOE

Similarly, we can prove that Hg(t,s) > 0 for all t,s € (0,1) and for ¢ € (0,1),
: _ _ . p-1 _ (1—s)81
z%lganﬁ(t’ s) = 72Pg(s) where 75 = &(1 -y ) and Pp(s) = =7~ Furthermore
Hp(t, s) is decreasing in t.
Now we write the system of boundary value problem (1.1) as an equivalent system

of integral equations

u(t) = A [} Halt, s)a(s) f(u(s), v(s))ds
v(t) = p fy Ha(t, $)b(s)g(u(s), v(s))ds,

and consider the Banach space C[0, 1] equipped with the norm

(3.5)

G, )l = Jlull + [lvl] = max Ju(t)] + max|u(t)].

Define operators Ay, A, : C[0,1] x C[0,1] — C0,1] x C[0,1] by

An(at,0)(£) = A / Ha(t, $)a(s) f (u(s), v(s))ds,

1
Al 0)(0) = [ Pt ss)glu(s) o),
respectively, and define an operator A : C'[0,1] x C[0,1] — C|0, 1] x C|0, 1] by
A(uu U) = (A)\(U, U)u A“(U, U))

By a solution of (1.1), we mean a fixed point of the operator A.
Let v = min{~y, 72}, fix £ € (0, 1), and define a cone in C|[0, 1]xC0, 1] = (C[0, 1])?
by

P= {(u,v) € (C[0,1))% : u(t) = 0, v(t) >0, min (u(t) + v(t)) > 7|(u. v>y|}.

1<t<1
For the remainder of the paper, we shall employ the following assumptions when

appropriate:

(H1) f,g € C(]0,1] x RT,R), and the limits

- f(u,v) . f(u,0)

- ] o= 1 :
Jo o u+ov’ / wtorco u+v
_g(u,v) _ g(u,v)
go u+1520 u+v’ g u+%}I£oo U+ v

(H2) a,b € C([0,1], (0, 00)) such that Zg, a(1) and Z, b(1) exist and are finite;
(H3)

(1 —=&)Zg5 a(l) fo < myZiva(l) foo,

(1 - &)Z5.b(1)go < (1 — )7Ly, b(1) goos
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(H4)
(1 = &)Zga(l) foo < ymnZia(l)fo,
(1- 52)Ig+b(1)gm <(1- 7)72Ig+b(1)90;

(H5) there exist constants r, A, N satisfying

(1= &NTGa(l) <*ATa(l), (1 - ENIF (1) <y(1 = )AT;b(),

and such that

(1) fo=0,90=0, foo =0, goo = 0;

(i1) f(u,v) > Ar, g(u,v) > Ar, for ||(u,v)|| € [yr,r];
(H6) there exist constants r, A, N satisfying

(1 - &)AZS a(1) < ¥*NTja(l) (1 - &AL b(1) < y(1 - NNTLb(D),

and such that

(17) f(u,v) < Ar, g(u,v) < Ar, for ||(u,v)|| € [0,7].

Lemma 3.3. Assume that (H1), (H2) hold. Then A: P — P is completely contin-

uous.

Proof. First, we prove that AP C P. For any (¢,s) € [, 1] x [0, 1], by Lemma 3.2, we
have

= min )x/o Ha(t, s)a(s) f(u(s),v(s))ds, —i—,u/o Hps(t, s)b(s)g(u(s),v(s))ds)

> )\71/0 O, (s)a(s) f(u(s),v(s))ds + ;WQ/O Ds(s)b(s)g(u(s),v(s))ds
= ax (1A, v)(8) + 2 Au(u, v)(1) = 7l Ax(u, V)l + 72l A (u, V)]

Hence lr<ntl<nl (Ax(u,v)(t) + Au(u,v)(t)) > 7| A(u,v)||, and AP C P.

Next we prove that A maps bounded sets into uniformly bounded sets. For fixed
M > 0, consider a bounded subset M of P defined by M = {(u, v) € P:(u,v)| <

M } . Define

Ly = max { f(u(t), o) + (w0 < M}, Ly = max {g(u(t), v(®) : | (w,v)]] < M},

Then for (u,v) € M, employ (H2) and Lemma 3.2 to obtain obtain

A0 = [ [t 1a(5) ), )|

"l=s)ta(s) , Lih
= ALl/o M) &) = T ol < +oe
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Similarly, |A,(u,v)| < 4+o00. Therefore |Ax(u,v)| + |A,(u,v)| < 400, which implies
that A(M) is uniformly bounded.

Finally, we show that A(M) is equicontinuous. By (P2) of Lemma 3.2, we have

following estimate

o] <A [ el ), o)

! (1 — 8)a_2 a—1
< Ll)\ ; m@(S)d&’ = Ll)\1-0+ a(l) < +00.

~1
Define 6 = (Ll)\Ig‘;la(l) + Lguloﬁglb(l)> , and choose t;,t, € [0, 1] such that t; <
ty and ty — t; < d. Then for all e > 0 and (u,v) € M, we obtain

s o)1) — At o)(t) = | [ (At o)) ds

S Ll)\Ig:lCL(l)(tg — t1>

Similarly,
[ Ault,0)(t2) — Aulu,0)(12)] < Loy (1) (12— 1),
Hence, it follows that

A, v) () — A(u, v) (1)) < (Ll)\I&:la(l) + LQ,ng;lb(l)> (ts — 1) < &,

Therefore, by means of Arzela-Ascoli Theorem, A : P — P is completely continuous.
[

3.1. Existence of at least one positive solution.

Theorem 3.4. (i) Assume that (H1)-(H3) hold. Then for every

1-& vy -
AE (vlmau)foo’ 18+a(1)fo>’ ne 0 I€+b(1>go> ’

gl 1-& -~
Ae (0, ) ME ) )
( IO+CL(1)f0) <72If+b(1)goo I&b(l)go)

the boundary value problem (1.1) has at least one positive solution.
(ii) Assume that (H2),(H3) hold and assume fo = 0, go = 0, foo = 00, oo = 0.
Then for each A\, € (0,00) the boundary value problem (1.1) has at least one

or

positive solution.

Proof. Assume that (H2),(H3) hold and assume either f,, < oo and g, < 00 or
foo = 00 and go, = 00. Choose ¢ > 0 such that

1-& g -9
<A< L 0<pu< .
WTa)(fo—2) = S Tga (oo S M) + o)

By the definition of fy, go , there exists r > 0 such that

fu,0) < (fo+e)(utv), glu,v) < (g0 +&)(u+wv), forut+wvel0r]
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Define Q. = {(u,v) € P : ||(u,v)]| <r}. For any (u,v) € PNJSY,, by Lemma 3.2, we
have

(u,v) —)\/Hts ) f(u(s),v(s))ds

< [ B+ o+ s

< Afo +&)Zg ()| (w, v)[| < ][ (w, v)

/fﬁts )F(u(s), o(s))ds

(1—s)7!
_u/o Wb( s)(go + €)(u+ v)ds

< 190 + &) Zg, bV (u, )| < (1 =)ll(u, 0]

[Aw, v) || < [ (w, 0) | + (1 =)[(w, v)]]
= ||(u,v)]|, for all (u,v) € P U JK),.

Now we consider two different cases:

Case 1. Assume f,, < o0 and g, < 00. Choose €; > 0 such that 0 <

1_§1 .. . *
T () < A. By the definition of f., g there exists a constant r* > r,

such that
fu,0) 2 (foo = e)(u+0), g(u,0) = (goo — €1)(u +v), for u+ov =777,
Define Q,« = {(u,v) € P : ||(u,v)|| < r*}. Then for (u,v) € PN 0Q,, we have
> mi > = ~yr*
(t) + o(t) > i (u(t) + o(1)) > 0,0} = 7"

Therefore, by Lemma 3.2, we have

:)\/0 H,(t,s)a(s)f(u(s),v(s))ds

(1 —s)!
zxmz’atzﬁﬁﬁmgwm—@w+vm8

)\ (0%
Z 7 715 Ly a(1)(foo = &)ll(w, 0) || = [[(w, v)]-
Therefore, we have
(3.7) | A(u, v)|| > [ Ax(w,v)]] > ||(u,v)||, for all (u,v) € PN O

Hence, by Theorem 2.7 and equations (3.6), (3.7), the operator A has a fixed point
(u,v) € PN Q- \Q, such that r < [|(u,v)|| < r*.
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Case 2. Assume f,, = 0o and g, = oo. Let A > 0, Choose a constant N > 0

such that N' > min{/\%1 5;(1) mlz%fz(l)}. Since fo = 00, goo = 00, there exists

r* > r, such that
fu,v) > N(u+v), foru+ov > yr.
For (u,v) € PN O+, we have u(t) + v(t) > lr<nti<no(u(t) +o(t)) > v|(u,v)|| = ~yr*.
Hence,
f(u,v) > N(u+wv), for any (u,v) € PN OQy-.

By Lemma 3.2, we have

Ay (u,v)(t) = )\/ H,(t,s)a(s)f(u(s),v(s))ds

(1—s)ot
> AN / A ()t o)d
" 1—&67 )a(s)(u v)ds
AN _,
> T a () (0] > (s 0)])

1-&
Thus, we conclude that
(3.8) | A(u, v)|| > [ Ax(w,v)]] > ||(u,v)||, for all (u,v) € PN O

Hence, Theorem 2.7 and equations (3.6), (3.8), the operator A has a fixed point
(u,v) € PN Q\Q, such that r < [|(u,v)|| < r*. O

Theorem 3.5. (i) Assume that (H1), (H2) and (H4) hold. Then for every

1-& Y I—x
re <%Iﬁa(1>fo’ Ioa+a<1>foo>’ "e <0’z€+b<1>goo>’

or

e () #e (e )

I§ra(1) fo/’ Iy b(1)go Ty b(1)gee’
the boundary value problem (1.1) has at least one positive solution.

(ii) Assume (H2),(H4) hold and assume fo = 00, go = 00, foo =0, goo = 0. Then
for each A\, i € (0,00) the boundary value problem (1.1) has at least one positive

solution.
Proof. The proof is similar to the Theorem 3.4, so we omit it. O

3.2. Multiplicity Results.

Theorem 3.6. Assume that (H1), (H2) and (H5) hold. Then for any

ve e wzam) e (0 VT D)

or

gl 1-& 11—y
A€ (O’N §‘+a(1)}’ e [quﬁrb(l)’NI&b(l)]’
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the boundary value problem (1.1) has at least two positive solutions (uy,v1), (ug, v2)
such that 0 < ||(ug,v1)|| <7 < |[(ug, v2)||.

Proof. Since fy =0, go = 0, there exists r; € (0,7) such that
fu,v) < N(u+wv), g(u,v) < N(u+wv), foru+ove (0,r).

Define Q,, = {(u,v) € P: |[(u,v)| < ri}. For any (u,v) € PN 9IQ,,, by Lemma 3.2

we have

Ay (u,0)(t) = )\/0 H,(t,s)a(s)f(u(s),v(s))ds

V)

1 (1 _ )a—l
S)\N/O WQ(S)(UﬂLv)dS

< MG a(D)]l(w, )| < 0] (u, v)].

which implies that

(3.9) | A(u, v)|| < |(u,v)]|, for all (u,v) € PN OQ,,.

Since fo = 0, goo = 0, there exists 7o > r such that for some positive constant N, we
have

(3.10) fu,v) < Nu+v), glu,v) < N(u+wv), for u+v > re.

Set €., = {(u,v) € P ||(u,v)|| < r2}. For any (u,v) € PN 0Q,,, by Lemma 3.2 we

have

(3.11) | A(u, v)|| < [[(u,v)]|, for all (u,v) € PNIQ,,.

Next define €2, = {(u,v) € P : ||(u,v)|| < r}. For any (u,v) € PNOS2,., by Lemma
3.2 we have
u(t) +v(t) > |[(u,v)]| = ~r, forall t € [, 1].

Therefore we have following estimate

Ax(u,v)(t) = )\/0 H,(t,s)a(s)f(u(s),v(s))ds

(1—s)t
> )«y/l ma(s)/\rds
= ML a(DAr =7 = [|(u, v)].
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Finally, we have

(3.12) | A(u,v)|| > [|(u,v)]|, for all (u,v) € PN IQ,.

Hence, by (3.9), (3.11), (3.12) and Theorem 2.7, it follows that the operator A has
two fixed points u; € Q,\Q,, and uy € Q,,\Q,. O
Theorem 3.7. Assume that (H1), (H2) and (H6) hold. Then for any

1-& gl ] u€<1—7}
YNIRa(l) AL§ia(1)] ATZE (1)

re |

or

Y 1-& IT—»v
\e (0, 7} ne ,
AT§,a(1) NI b(1) AZL (1)
the boundary value problem (1.1) has at least two positive solutions (uy,v1), (uz,vs)
such that 0 < [[(uy, v1)|| < r < ||(u2,v2)]|.

Proof. The proof is similar to the Theorem 3.6, so we omit it. O

Example 3.8. Consider the system of fractional differential equations

(
c1)0+u(15) =AE +e™)(m—6(utv+ 3
CD(} v(t) = p(sint + 2566’”)(( \/i‘%)_% + 2—’5’7>,
u'(0) = u"(0) = 0, u(l) = u(3),

\v’(O) =2"(0) =0, v(1) = 3u(?),

(3.13)

where a = 2, 8 = 2T a(t) = 22 + €™ | b(t) = sint + 256e™, f(u,v) = 7 — 6(u +

-
v+ E)_% g(u,v) = (1 + T+v> g o= & =3, & =3 m=2 n =2 Obviously
fo=m— (2)% Joo = T, go = 55= and goo = 1 + 5=. Choose [ = i. By direct

calculations v, ~ 0.227834, v, ~ 0.435284, v ~ 0.227834; T¢,a(1) ~ 1.079424,
T a(1) ~ 0.786560, Z,), b(1) ~ 182.201363 and Iﬁrb(l) ~ 133.391627.

Since, (1 — &)Zg a(l)fy ~ 0.050678 < v I a(l)fs =~ 0.128268 and (1 —
)Ty, b(1)go & 0.556812 < (1 — 7)7.Z}. b(1)gee ~ 45.382788. Therefore for each \ €
(0.888114,2.247865) and u € (0,0.346692) or A € (0,2.247865) and p € (0.004254,
0.346692), by Theorem 3.4, the system of fractional differential equations (3.13) has

at least one positive solution.

Example 3.9. Consider the system of fractional differential equations

CD0+u( ) = 191?52 (u—l—iiﬂl%r - e_w(uﬂ))a
(& 5 J— 2 —m(uT+v
o Dl = =28 (i -0
u'(0) = u"(0) = 0, u(l) = Fu(zx),
|v'(0) = v"(0) = 0, v(1) = ul(s),
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where a = %a = %a a(t) = lt_—|2—t ) b(t) = 1—1%7 f(ua'U) = 194(u+1}3—ﬂ12w - e—ﬂ(u—l—v))’
g(u,v) = 78125(% - €_W(u+v)>> G =32, &=4%5,m=4%, m==%. Obviously

fo=0, fx =0, go = 0 and goo = 0. Choose constants | = 3, r = 5, N = 12,
A = 2449, then by computations

o a(l) = 0.015652, I a(1) ~ 0.007547,
Ty b(1) ~ 0.034126, I, b(1) ~ 0.018676,
(1 —&)NTIE a(l) ~ 0.326817 < v*AZ a(1) ~ 0.959355
and
(1 — &)NTY, b(1) ~ 0.184282 < (1 — 7)AZL, b(1) ~ 8.046569.

Also f(u,v) > 12245, for ||(u,v)|| € (1.1397,5) and g(u,v) > 12245, for ||(u,v)| €
(1.1397,5). Therefore, for any A € [0.061746, 1.213008] and
w € (0,1.885560] or A € (0,1.213008] and p € [0.043183, 1.885560], by Theorem 3.6

the boundary value problem (3.14) has at least two positive solutions.

REFERENCES

[1] R. P. Agarwal, V. Lakshmikantham, J. J. Nieto, On the concept of solution for fractional
differential equations with uncertainty, Nonlinear Anal., 72:59-2862, 2010.

[2] B. Ahmad and J. J. Nieto, Existence of solutions for nonlocal boundary value problems of
higher-order nonlinear fractional differential equations, Abs. Appl. Anal., Volume 2009, Article
ID 494720, 9 pages doi:10.1155/2009,/494720.

[3] B. Ahmad and J. J. Nieto, Existence results for a coupled system of nonlinear fractional dif-
ferential equations with three-point boundary conditions, Comp. Math. Appl., 58:1838-1843,
20009.

[4] C. Bai and J. Fang, The existence of positive solution for singular coupled system of nonlinear
fractional equations, Appl. Math. Comput. 150:611-621, 2004.

[5] Z. Bai and L. Haishen, Positive solutions for boundary-value problem of nonlinear fractional
differential equation, J. Math. Anal. Appl. 311: 495-505, 2005.

[6] M. Belmekki, J. J. Nieto, and Rosana Rodriguez-Lopez, Existence of periodic solution for a
nonlinear fractional differential equation, Bound. Value Probl. Volume 2009, Article ID 324561,
18 pages doi:10.1155/2009/324561.

[7] C. S. Goodrich, Existence of a positive solution to a class of fractional differential equations,
Appl. Math. Lett. 2010. doi:10.1016/j.aml.2010.04.035.

[8] D. Jiang, C. Yuan, The positive properties of the Green function for Dirichlet-type boundary
value problems of nonlinear fractional differential equations and its application, Nonlinear Anal.,
72:710-719, 2010.

[9] R. A. Khan and Mujeeb ur Rehman, Existence of multiple positive solutions for a general
system of fractional differential equations, Commun. Appl. Anal., 18: 25-35, 2011.

[10] A. A. Kilbas, H. M. Srivastava and J. Trujillo, Theory and Applications of Fractional Differential
Equations, Elsevier Science, Amsterdam, 2006.

[11] M. A. Krasnosel’skii, Positive Solutions of Operator Equations, Noordhoff Gronigen, Nether-
land, 1964.



182 M. REHMAN, R. A. KHAN, AND P. W. ELOE

[12] V. Lakshmikantham and A. S. Vatsala, Basic theory of fractional differential equations, Non-
linear Anal., 69:2677-2682, 2010.

[13] V. Lakshmikantham, Theory of fractional functional differential equations, Nonlinear Analysis,
69:3337-3347, 2008.

[14] M. E. Shahed, Positive Solutions for Boundary Value Problem of Nonlinear Fractional Differ-
ential Equation, Abst. Appl. Analy., 2007, Article ID 10368.

[15] X. Su, Boundary value problem for a coupled system of nonlinear fractional differential equa-
tions, Appl. Math. Lett., 22:64-69, 2009.

[16] S. Liang, J. Zhang, Positive solutions for boundary value problems of nonlinear fractional
differential equation, Nonlinear Anal., 71:5545-5550, 2009.

[17] 1. Podlubny, Fractional Differential Equations, Mathematics in Science and Engineering, Aca-
demic Press, New York, London, Toronto 1999.

[18] A. Yang and W. Ge, Positive solutions for boundary value problems of N-dimension nonlinear
fractional differential system, Bound. Value Probl., 2008, Article ID 437453.



	University of Dayton
	eCommons
	2011

	Positive solutions of nonlocal boundary value problem for higher order fractional differential system
	Mujeeb Ur Rehman
	Rahmat Ali Khan
	Paul W. Eloe
	eCommons Citation


	DSA-30-11.dvi

