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HOUSTON JGURNAL OF MATHEMATICS, Volume 9, No. 2, 1983,

THE LEAST FIXED POINT PROPERTY FOR
w-CHAIN CONTINUOUS FUNCTIONS
J. D. Mashburn

I Introduction. A partialiy ordered set P is w-chain complete if every countable
chain (including the empty set) in P has a supremum. A function f from P to :
partially ordered set Q is c-chain continuous if for every nonempty countable chain ¢
in P which has a supremum, fsuppC) = supr(C). Notice that an w-chain continuous
function must preserve order. P has the (least) fixed point property for w-chair
continuous functions if every w-chain continuous function from P to itself has ¢
(least) fixed point.

It has been shown [6] that a partially ordered set does not have to be w-chair
complete to have the least fixed point property for w-chain continuous functions
This answers a question posed by G. Plotkin in 1978. 1. 1. Kolodner has shown [4]
that an c-chain complete partially ordered set has the least fixed point property fo
w-chain continuous functions. Plotkin and Smythe [11] and others have used co-chair
complete partially ordered sets in their study of models for theoretical computer
science in order to have fixed or least fixed point properties; The result should also be
compared with G. Markowsky’s result [5] that to have the Jeast fixed point property
(every order preserving function has a least fixed point) a partially ordered set must be
chain compiete. It is the purpose of this paper to look at some cases in which w-chair
completeness and the least fixed point property for w-chain continuous functions are
equivalent.

An «w-chain continuous function from a partially ordered set, P, to a nonempty
subset, X, of P is a retraction of P if it is the identity mép on X. A nonempty subset of
P is a retract of P if it is the image of a retraction on P, X is closed in P if it contains
the suprema of all of its nonempty countable chains which have suprema in P. This

first lemma from [6] will be used later.
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232 1. D. MASHBURN

LEMMA 1. An unbounded countable chain C= {c,InENY of a partially
ordered set P is a retract of P if and only if there is a collection of disjoint closed
subsets of P, {DIn € N} such that

(1) P=UpenDy,

(2) Forall n €N, ¢y €Dy,

(I Ifpe Dia €Dy and p<q, then m <n.

1L Finite width. The partially ordered sets in the first three examples of [6] all
contained infinite antichains. It is also clear that any chain has the least fixed point
property for w-chain continuous functions if and only if it is w-chain complete. So it
Seems réascnable that any partially ordered set in which the cardinalities of all its "
antichains are finite and bounded would have the least fixed point property for
w-chain continuous functions if and only if it is w-chain complete. Before this is
shown to be true, some notation and a definition are in order. |

DEFINITION. A partially ordered set P has finite width if there is a positive
integer N such that, for every antichain A of P, the cardinality of A is less than or
equal to N.

For every element x of P, the lower end generated by x, denoted {x, is the set of-
all elements of P less than or equal to x. For a subset X of P, the lower end generated
by X, denoted | X, is Uyeylx. The sets tx and +X are defined dually.

LEMMA 2. Let C be a countable chain in a partially ordered set P and let U be
the set of upper bounds of C. If U contains a chain D which is not bounded below by
any element of U and if Cis a retract of ﬂdEDi’d’ then P does not have the fixed
point property for w-chain continuous functions.

PROOF. ‘Let D' be a subchain of D such that every subset of D' has a largest
element and every element of D has an element of D' below it. Denote D' by {d,:
« < g} for some ordinal g. Set Eq equal to P - +dg and for every « >0 let E, be the
set (Lda)~(¢da+j). Let f be a retraction of Ngep+vd onto C. Define a function
g P-D UChby

d, ifx = Ey
glx) = _
flx) ifxe Naeptd-

Let x and y be lements of P.such that x <y. If x and v are elements of Ngeptd,
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then g(x) = f(x) <fly) = g(y). If x is an element of deDi’d and v is an element o
P- ﬂdEDid, then g(x) isin C; g(y) is in D'; and g(x) < g(y). If x and y are elements o
P-Nyeptd, then let o <o such that y is an element of E,. Thenif x isin Eﬁ= b mus
be at least as large as o Thus g(x) = dB < da = g(y). So g preserves order.

Let X be a nonempty countable chain in P which has a supremum in P. If sup(X
18 an element of ﬂééD$d, then X 18 a subset of deDw and g(sup(X)) = f{sup(X)):
sup(f{ X)) = sup(g(X)). If sup(X) is an element of P - MNgeptd then, because g preserve
order and deD\Ld is closed, it may be assumed that X is contained in P - Ud@[)“
Let o < o such that sup(X) is in E, . Since {E, ¢ equals $dgy and is closed, X canno
contained in iEocH' Thus, from some point on, everv element of X isin Ea' Hence
glsup(X)) equals sup(g(X)). Therefore, C U D' is a retract of P.

Because C U D' does not have the fixed point proprety for w-chain continuou
functions, P does not either.

LEMMA 3. Let C be a countable chain in a partially ordered set P and let Uk
the set of upper bounds of C. If U contains two minimal elements x and v with
common upper bound z and if Cis a refract of (1x) N (dy), then P does not have th
least fixed point property for wchain continuous functions.

PROQF. Let f be a retraction from (Ix) N (ly) onto C and define a functio
g P=CU {xy,z} by

fip) ifp&(x)NUy)

x ifpEdx)-Uy)

y ifp€(y)-(x)

z ifpeP-[(Ix)VHY]

Let P and g be elements of P such that p < q. The function g obviously preserve

glp) =

order in each of the subsets of P given in the definition of g. If p is an element ¢
($x) N (1y) and g is not, then g(p) is an element of C and g(q) is in {x,y,z}. Therefor
g(p) is less than g(q). Assume that p is an element of (Ix) - ({y). Then g is an elemen
either of (ix) - {{y) or of P- [{{x) U ({y)}]. In either case, g(p) is less than or equal t
g(q). The other case being analogous, g preserves order.

Since each of the subsets given in the definition of g is closed and g is w-chai

continuous on all of them, g is w-chain continuous on P. Because C U {x,v,z} doc¢
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not have the least fixed point property for w-chain continuous functions, P does not
either.

The two previous theorems should be compared with Rival’s result in {8] that if
P has the fixed point property, C is a chain in P, and U is the set of upper bounds of C,
then U has the fixed point property.

A subset X of a partially ordered set P is an upper end if and only if X equals 1X.
It is a lower end if and only if X equals | X. |

LEMMA 4. Let P be a partially ordered set. Let A and B be nonempty disjoint
subsets of P where A has finite width and B is an upper end of P. Then there are only a
finite number of elements of B which are suprema of countable chains in A.

PROOF. Let A have wadth n and let CI,CQ,...,CH be disjoint chains whose union
is A. Let b € B be the supremum of a countable chain C of A. Forsome i, CM C;is
cofinal in C, so b = supp(C N C.i)' Infact,b= supPCi. If b is not an upper bound of C;
then there isa y & Ci such that b2 y. If y 2 x for all x €C, then y >b. But Bisan
upper end and A (1 B = ¢, so this is a contradiction. Thus there is some x € C such that
vy #F X Nﬁw x & C; since x € (; implies b >x >y. Because C N Cy is cofinal in C there
isaz&CNC withz >x. Theny =z contradicts y £ x,s0z >y. Thusb >z >y, bis
an upper bound of C, and b = suppC;. '

THEOREM 1. If P is a partially ordered set of finite width, then any unbounded
chain in P of order type w is q retract of P.

PROOF. Let C= {cn: nEN} be an unbounded chain of P. Set Ey equal to
P- (Tcz) and for every n = 2 let E,, be the set (Tcn) - (TCI}.'i'l)' For every n in N, let Lr;
be the set of all the elements of P-E_ which are suprema of nonempty countable
chains in E,. Let L, equal Ly - Yienbie By Lemma 4 each L, is finite. For every
m,n €N, let K, be theset L, N E_,. Notice that K, isempty if n 2 m.

Let p be an element of K, and let V; be an open upper end containing p.
"'is also closed. Let V.

p p
Tcn. There may be elements of VI; which are suprema of nonempty countable chains

Because it is an upper end, V be the intersection of V; with

in P-(Tc,). Let A be the collection of all such elements of VI;' By Lemma 4, A is

finite, so V.= V- Uyepalda) is an open.upper end. Now let U1£J be the set (Vp-

p p
Upsgessmldeh M (U n<ecmEy)- This is an open set contained in U <k<mb and is
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an upper end in that set. Hence it is open and closed with respect to Unékgmﬂk'
Define D, by
Dy = [Ey U (Ug=g Ypeg, Up)l - Vi=1 Yn<jYeeK, Vg

The following properties will be shown to be true.

(1) P= UpenD,, -

{(2) if n ¥ m, then Dnﬂ Dm = ¢,

(3) forall n, ¢y € Dn=

() if x,yeP;x éy;xEDm;and yEDn, then m < n,

{5) each Dri is closed.

(1} Let x be an element of P. Since P equals Un@NEn’ X must be in En for some
nin N, If x is not in D, then there is some | <<a<{n and some b >n and some
p € Ky, such that x is an element of Up. Let M be the set {j>n: H1<k<n,
g & Kkj IxE Uq} and set m egual to max{M). Then x is an element of E,Y
(U§=l UpeKkmUp). Let 1 <<a<{m;let b>m;and let p be an element of Kkj' Then
Uq is a subset of U, ~ Fi, Soif x is an element of Uq, then a < n. But if k << n, then
b is an element of M, contradicting the choice of m. Thus x is not an element of
Ukniiuj>muq61{kqu and x is in D,

(2} Let m and n be positive integers such that m < n. Then the intersection of
E,, with E_ is empty. Let | <a<m and let p be an element of Koy Then Up is a
subset of U, - B which has an empty intersection with E‘n' Therefore  the
intersection of U&EUQEKkmUp with E, is empty. Assume that BN
(U]‘g;l UpEKk U ) is not empty and let x be an element of K, where I <a<'msuch
that E, MUy is not empty. But then U, is a subset of Uﬂl 1U5>m qGKk Uq, 50
(E,, (Uk I _}>1T1 qEEK U )) N (Uk }UpEEK U ) is empty. Now assume that
(Uk—l UpEKk u )ﬂ (U IUqEK U ) is not empty Then there exist 1 <a<m,
l<b<n x€K,,,andy E Ky, ‘;uch that U, N U 15 not empty. If b < m, then U
is a subset of Uk Y >m qEKk Ugand D, N U is empty. Because Uy is a subset of
Upb<g<nE; and Uy is a subset of UyGemEir D I8 Iess than or equal to m. Therefore,
D0 U? is empty. Thus, Dy, 0Dy, is empty.

{3) For every n in N, ¢y 18 an element of En‘ By the way they were defined, no

Up contains a ¢ . So ¢, is an element of Dn'
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(4) Let x and y be elements of P such that x <y, x is an element of Dand yis
an element of Dy,. Let x be an element of E, and y an element of Ey,. Since x Is less
than y, a must be less than or equal to b. Obviously a is less than or equal to m and b
is less than or equal n. If m is egual to a, then m < b < n. If m is greater than a, then
there exists | <<k <ta and j >>a and an element p of Kkj such that x is an element of

p
upper end of Ukéd<jEi.’ so v is an element of Up. Therefore, m is less than or equal to

U,,. If there are no such j’s greater than b, then m <b <n. If i > b, then Up is an

N

(5) Let n be an element of N and let X be a nonempty countable chain in D, If
X is a subset of E,, then either sup(X) is an element of E | or sup{X) is an element of
Kkj forsome | <k <nandj >n I sup(X) is an element of Kkj> then the intersection
of X with Usup(X) is not empty and X is not a subset of D . For the same reason,
sup{X) cannot belong to Up for any element p of Kkj’ where | <k <nandj>n.
Thus, sup(X) is an element of D,.If X is a subset of Ufgzl UpEKanp’ then it may be
assumed that X is a subset of Up for some element p of Ky, where 1 <k <n. Assume
that sup(X) is not in Up and that sup(X) is not in E . Let sup(X) be an element of
Em. Since. Up is a subset of Uk<j<nEi and Up is closed in this set, m must be greater
than n. Again, it may be assumed that X is a subset of Ej for some k <<j < n. But then
sup(X) is an element of Kim for some 1 <<i<{n and the intersection of X with
U]?=i UijqEKijq is not empty, contradicting the assumption that X is a subset of
Dn' Therefore, sup({X) is an element of Dn‘

It follows from Lemma 1 that C is a retract of P.

Since there is a retract of P which does not ha{fe the fixed point property for
w-chain continuous functions, it doesn’t either. This result is similar to that of DufTus,
et. al., {2], which states that for any partially ordered set P every maximal chain C is
the image of an order preserving function on P which is the identity on C.

THEOREM 2. If a partially ordered set with finite width has the least fixed
point property for w-chain continuous functions, then it is w-chain complete.

PROOF. By Theorem 1, it may be assumed that every countable chain in a
partially ordered set P is bounded. Let C be a nonempty countable chain in P which

does not have a supremum. Let U be the set of upper bounds of C.
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By Lemmas 2 and 3 if may be assumed that U contains a set of minimal elements
M,that every element of U is above some element of M, and that no two elements of M
have a common upper bound. Denote the elements of M by my.msy,....mp. Let D be
the set of all elements x of P such that Tx is not contained in .L(Tmi} - UjﬁJr(ij) for
any 1 <i<r.

Let X={ Xy BE N} be a chain in D which has a supremum in P. There are two
cases to consider. First, there could be a cofinal subchain of X each element of which
lies below an element of tmy; and an element of ?mj where § # j. Second, from some
point on each element of X may lie below an element of P which is not itself below an
upper bound of C.

Assume that for every nin N, there are i=n, 1 <. # ki <1, and yJ; = mj] and
yk mk such that x; is less than both yJ and yk Then there are an infinite number
of pairs, (_]l,kl), and one of the pairs, (j,k}, must be repeated an infinite number of
times. Let Yj be the set {yji: jj=itand Y| the set {yki: k;=kLIf Yj if finite, then it
contains an element which is an upper bound of X. If it is infinite, it must contain an
infinite chain which, by assumption, is bounded. Any upper bound of this chain is, of
course, an upper bound of X, Ifi either case there is a yJ m, which is an upper bound
of X. Similarly, there is a Yy = My which is an upper bound of X. Thus, sup(X) is less
than both ¥ and yy and sup(X) is an element of D.

Assume that for every n in N, there isa Yn inP- Ul I\L(Tm .Y such that Xp yn.
Let Y be the set of all these yn's- If Y is finite, one of its elements must be an upper
bound of X, IT Y is infinite, it must contain an infinite chain which, by assumption, is
bounded. Any upper bound of this chain will be an upper bound of X. In either case
there is an element v of P- Uir=I i(?mi) which is an upper bound of X. Then sup(X) is
less than or equal to y and sup(X) is an element of D. Therefore D is closed.

Since C is unbounded in D, there is, by Theorem 1, a retraction f of D onto a
cofinal subchain C’ of C. Define a function, g: P~ C U M by

{mi if x € J(tm) -D, 1 <i<r
g(x) =
f(x) ifxeD

Let x and y be elements of P with x <y. If x is in D, then g{x) < p(v). If x is not

in D, then there is some I <<i=<Ir such that Tx is a subset of ¢{Tmi) - Uj#:iu?mj). But
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then y is an element of {(tm;) - D, so g(x) = my; = g(v). Therefore, g preserves order.

Clearly, g is «w-chain continuous on D and on i(?mi} -D foreach 1 <i <r. Thus
g is w-chain continuous on P; C'UM is a retract of P; and P cannot have the least
fixed point property for w-chain continuous function.

COROLLARY . A partially ordered sef P having finite width is w-chain
complete if and only if Iiz‘ has- the least fixed point property for w-chain continuous
Junctions.

III. Layered partially ordered sets. The proof of Theorem 2 relied heavily on
Lemma 4, which is no Jonger true if partially ordered sets not of finite width are
considered. Another way must be found if Theorem 3 is to be generalized.

In the first three examples of [6], the partially ordered sets all contained a
countable chain which sneaked around an antichain, that is, they all contained an
antichain which generates a nonclosed lower end. Notice also that the lower end
generated by a finite antichain will always be closed. Thus no partially ordered set of
finite width could have an antichain which generates a lower end that is not closed.
let P be a partially ordered set containing an unbounded chain C '—'{Cn: neN} Let
{A,: n€ N} be a collection of anitchains of P-such that ChEVA, IfP= UpentA,
and for each n, {A, is closed, then Cis a retract of P. This is the approach which will
be taken next.

The first question which arises concerning this method is: can a partially ordered
set acutally be partitioned in such a manner? The answer is that not all can be. For
example, if a partially ordered set contains a maximal chain which has no countable
cofinal subchain, then it cannot be the union of a countable number of lower ends
generated by antichains. Such chains must therefore be avoided. Even so, it is not true
that such partitions occur in general. |

DEFINITION. A partially ordered set P is layered if and only if there is a
coliection {A,: n €N} of antichains of P such that P is equal to UnentAy

Assume that any partially ordered. set in which ali chains are countable is layered.
Well order the real numbers, R, and define a new order on R by setting x <y if and
only if x is less than or equal to v in the usual order and in the well order. F. B. Jones

has shown [3] that every chain and antichain in R with this new order is countable.
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Also he shows that every chain is well-ordered. By assumption, this set is layered. Thus
there is antichain w_hich generates an uncountable lower end. Since the antichain is
countable, dne of its elements, X{s élso generates an uncountable lower end. Again,
this lower end i3 assumed to be lavered. In this way an infinite chain
X| > Xy >X3 >+* can be generated. But this contradicts the well-ordering of all
.chains. Thus, only assuming the well-ordering of R, not all partially ordered sets are
layered.

THEOREM 3. If every antichain of a layered partially ordered set P generates a
closed lower end, then any unbounded chain in P of order type wis a retract of P.

PROOF. Let {A: n &N} be a collection of antichains of P such that P equals
UnEN\LAn' First, assume that for every nin N, +A, is a subset of $An+§‘ Let C={ ey
né N3} bean unbopnded chain in P and assume that C is not contained in ¢An for any
n. Set d,, equal to the largest element of C contained in VA, if there are any elements

of Cin YA, and J] if there are not. Define a function, {: P+ C, by _

Cy 1f X € §¢y
dy ifxeP- 1O N A

100 = min(c,,dy) if X € [(dep) - (bep )] M IAY - (WAL 1) ] and nk > 1
dyy i x €P-LO NIA) - (FA 1)) and n > 1

Then f preserves order and is the identity on C. Let X be a nonempty countable
chain in P which has a supremum in P. If sup(X) € ey, then X C ‘e and f(sup(X)) =
sup(f(X)).

Assume sup(X) € [(bep)-Uey I N [HAY - GAL )] for some nk > 1.
Assume further that f(sup(X))= ¢,- Either f maps a cofinal subchain of X to
{cj: j = n} orit maps a cofinal subchain of X to {dj-: clj < cn}.

Let ¥ be a cofinal subchain of X which f maps to {cj-: j<n}l. Ifnoelementof Y
is mapped to ¢, then Y C e 1. But sup(Y) = sup(X) & {c,_,a contradiction. Thus
sup(f(X)) = sup(f(Y)) = f(sup(X)).

Let Z be a cofina! subchain of X which { maps to {dj: dj <¢pt. Since ¢ <dy,
LC @A_k_l. But sup(Z) = sup{X} & iAk, a contradiction. 5S¢ no such chain can exist.

Assume that f(sup(X)) = dp. Let Y be a cofinal subchain of X which f maps to

{c}-:j < nJ. Since dp. < ¢y, Y C ¥Cp.1- But sup(Y)= =sup(X) € Jc a contradiction.

n-1>
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So no such chain can exist.

Let Z be a cofinal subchain of X which f maps to {dj: d}- <cyt. o element of
Z is mapped to dy then Z C A4 for some i <k. But sup(Z) = sup(X) ¢ LA for any
i < k. Thus sup(f(X)) = sup(f(Z)) = f(sup(X}).

Similar arguments can be used for the cases sup(X) e (P-10O N (¢A1) and
sup(X) € (P- O N (LA} - (GA 1)) where n > 1. 7

If there is an n in N such that C is a subset of ¢AH, then it may be assumed that C
is a subset of A, for every nin N. Set Dy equal to UnéNi(An - (Tcz)). Foralm > 1,
set Dy, equal to (U,enV (A - (tepp+1)3 D (Tegy ) - Uj<ij. Let x be an element of
P, n an element of N, and a an element of A, such that x is less than a. Now a is not
an uppér bound of C, so either there is an m in N such that a is an element of (A, -
(Tcmﬂ)} N (Tcm) or it is an element of A, - (Tczj. Thus, either x isin D, or x is in
D;. Hence P equals U oDy, Let X be a nonempty countable chain in D, which has
a supremum in P. Since P equals U, onJA, there 18 a kin N such that X is contained
in $Ay. Then X is contained in (JAp) N Dy, which is equal to J((Ay - (Tcpg D N
(?cn)) for some n >1 or $(Ay - (Tc‘z)). In either case, X is a subset of a lower end
generated by an antichain. But such a lower end is closed, so sup{X) is an element of
D- Thus, Dy, is closed. Let x and v be elements of P such that x is less than v.
“Assume . that x is an element of Dy and that v is an element of Dn‘ Clearly, if v is an
element of J((Ay - (Tcpq1)) N (Tey ), then x must be also. Therefore, m is less than or
equal to n. By Lemma 1, Cis a retract of P.

The requirement that every antichain of P generate a closed lower end is not
necessary for the first part of the previous proof. There it is only needed that each of
the A’s generate a closed lower end. The requirement is necessary in the second part,
however, as is shown by the following example.

EXAMPLE 1. Let Y be the collection of infinite countable subsets of w; which

don’t have a largest element. Let P be the set
Let {Xa: a € w} be a partition of wy - w such that,' for every e, X, 18 infinite. If x

and y are elements of P, set x <y if and only if one of the following conditions hold.

(1) wa;yﬁXaforsomeaEw;and X <oin w,
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() x=(afA)Ea X AX{ALy =(@dA)CaXAX{A};and f <6,

(3) x=(fA)EaXAX {Alandy=aory =4,

(4) x,y€wand x <yin w,

{5) x = 0 (the least element of w).

Clearly, w is an unbounded chain in P; wi - w is an antichain; and {(w; - w) is
all of P and is closed. Let f be an w-chain continuous function from P to itself and
assume that f(P) is a subset of ¢». Then there is an element m of w such that f 'I(m) is
infinite. Let A be an element of Y which is contained in f'l(m). Then for every o in
wy-w, flaXAX {A}) is a subset of {1,2,...m}. Since « is the supremum of
o X A X {A}, it must be less than or equal to m. Hence for every n = m, f(n) is less
than or equal to m. Thus, no cofinal subchain of w is a retract of P.

In fact, P has the least fixed point property for w-chain continuous functions.
Assume that f(0) is not 0. Since P- w is w-chain complete, it may be assumed that
[ f™0): n € N} is contained in w. By the argument above, it may also be assumed that
there is an « in wjy - w such that flo) is an element of Wy - w. Let flo) be an element
of X,,- For every n=2m, let A, be the element of Y contained in Xy Since o is the
supretnum of oo X A, X {A_ ], there is an element § of A, such that f{(«,,A)) equals
f(e), Therefore, f{) equals f(o) and f(n) is less than or equal to m. It follows that f has
a least fixed point. _

THEOREM 4. Let P be a partially ordered set in which every antichain generates
a closed lower end and every lower end which contains a countable chain but none of
its upper bounds is layered If P has the least fixed point property for w-chain
continuous functions, then Pis w-chain complete.

PROQF. Assume that P contains a nonempty countable chain C which does not
have a supremum. By Theorem 3 and Lemmas 2 and 3. it may be assumed that every
countable chain in P is bounded; that the set U of upper bounds of C hasa set M of
minimal elements; that every element of U is above an element of M; and that no two
elements of M hz_ive a common upper bound.

Let D be the set of all the elements x of P such that 1x is not contained in
(L(tm) - Un":‘M-{m}‘!’(Tn) for any m in M. Let X = {x,' nE€N} be a chain in D

which has a supremum in P, Assume that for every k in N, there is a j 2 k, elements
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m, J F mg s of M, and yr of Tm, T and ysj of tmg s such that X is less than both yrJ and

j . Let Y, be the set of all the yl_J s and Y the sct of all the ij

Assume that both Y, and Y, are infinite and that Y  contains an infinite
antichain, A Since the lower end generated by an antichain is closed, sup{X) is below
all but a finite number of the elements of A, Let Zg be those elements of Y, which
are paired with the elements of A If Zs has an infinite antichain Ag then sup(X) is
below all but a finite number of the elements of Ag. Thus, there is a j in N such that
sup( X) is less than Yrj and ysj. Then sup(X) is an element of D.

If every antichain of ZS is finite, then it contains an infinite chain, CS, which, by
assumption, is bounded. Let y be an upper bound for this chain. Then sup(X) is less
than or equal to yg. Let B, be the set of elements of A which are paired with the
elements of Cg, Since B, is an antichain and X is contained in {B, sup(X) is in VB,
Let y, be an element of B, which is above sup(X). Then y, and y, are elements of U
which are above distinct elements of M and are both greater than sup(X). Thus sup(X)
isin D. |

If Y, is finite, then there is a j in N such that sup(X) < yrj. 1if Ys is finite, then
there is a kin N such that sup(X) < ysk. If both are finite then we take j=k. If only
one is finite, then the arguments above show that sup(X) is in D.

Assume that all antichains in both Y, and Y are finite. Let C, be an infinite
chain in Yr; let Vi be an upper bound of _Cr; and let m, be the element of M less than
or equal to y.. Let Z  be the set of elements of Y which are paired with the elements
of Cr' Then no element of Zs is greater than m,. Since every antichain of ZS is finite, it
must contain an infinite chain Cg. ‘Let y¢ be an upper bound of €  and let mg be the
element of M less than or equal to y.. Then m, does not equal mg and sup(X) is less
than both vy and Ve Therefore, sup(X) is in D.

Assume that for every k in N, thereis a yk X such that ¥y 15 not contained in
L{(tm) for any m in M. Let Y be the set of all the Yy 8. Assume that Y is infinite. If Y
contains an infinite antichain, then sup(X) is in the lower end it generates and is
therefore in D. If Y does not contain an infinite antichain, then it contains an infinite

chain which is bounded. Let y be an upper bound for this chain. Then v is above
sup(X) and is not in J(tm) for any m in M. Therefore, D is closed.
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Since C is unbounded in D, there is, by Theorem 3, a retraction f of D onto ',
cofinal subchain of C of order type . Let my and m, be distinct elements of M
Define a functiong; P~ C U {m},m,}, by

myp X C(tm)-D
gx)=¢ mqg IftTxCHE(Mm)-Dand m+# mj
Lilx) ifx€D

Then f preserves order. Since the sets (i(TmI)) -D an
UmeM- {ml}((i(?m)) - D} are closed and g is w-chain continuous on them and on T
it is w-chain continuous on P. Thus, C' U {m; ,mz} is a retract of P and P cannot hav
the least fixed point property for w-chain continuous functions.

COROLLARY 2. If every antichain of a partially ordered set P generates .
closed lower end and every lower end of P which contains a countable chain but non
of its upper bounds is layered, then P is w-chain complete if and only if it has th
least fixed point property for w-chain continuous functions.

The following theorem by Edwin Miller appears as Theorem B in [4].

THEOREM 5. If every antichain of an uncountable partially ordered set P i
finite, then P contains an uncouniable chain.

COROLLARY 3. If every antichain of a partially ordered set P is finite an
every chain contains a countable cofinal subchain, then P is layered.

PROOF. Assume that there is no countable collection Y of antichains of P suc]
that P equals U =y A. Let Ay be a maximal antichain of P. If § is less than ] and
for every a less than 8, A, has been defined, then let AB be a maximal antichain o
P- angéAa. The set A= Uoz<w1Aoz is an uncountable partially ordered set and, b
Theorem S, contains an uncountable chain, C. But C must infersect an uncountabl
number of Aa’s and so cannot contain a countable cofinal subchain.

COROLLARY 4. If evéry antichain of a partially ordered set P is finite an
every chain contains a countable cofinal subchain, then P is w-chain complete if an

only if it has the least point property for w-chain continuous functions.
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