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Long limits

@ A := a category of topological algebras and cts homo.
@ (Ax)g<s CObA, where
e A is a limit ordinal; and
e Ay — Ag is a topological embedding whenever o < f3.
@ A:= |J A, admits two topologies (if A is “nice”):
a<A

Top
o (A7) :=colimAgy;
a<i

® (A, 7)— Yisctsifandonlyif fi4, is cts for every a < 4.

A
o (A ) :=colimA.

a<i
@ ahomo. (A,7) — Binto Be Ais cts if and only if f 4, is cts
for everyo < A.

@ o/ C 7, but the inclusion may be strict.

e For A = w and A = Grp(Top), one has & # .7 in most
cases (Yamasaki’s Theorem, 1998).
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Definition 1

The tightness of X is the smallest cardinal = such that the
following equivalent conditions hold:
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Tightness

@ tis acardinal.
@ X is a topological space.
eclY:=U{D:DCY,D|<t}forYCX.

Definition 1

The tightness of X is the smallest cardinal = such that the
following equivalent conditions hold:

@ Y=cl Aforevery Y C X;

@ Y is closed [open] in X whenever Y N E is closed [open] in
E for every E C X with |E| < 1;

@ f: X — Yis cts whenever f is cts for every E C X with
|E| <.
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Tightness of long limits

A

If the tightness of (A,.) = coIiEn A is smaller than the
o<

cofinality of A, then &/ = 7.
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A

If the tightness of (A,.) = coIiEn A is smaller than the
o<

cofinality of A, then &/ = 7.

@ Reason: If E C Ais such that |[E| < 7 and t < cf(1), then
E C A, for some o < A.
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Tightness of long limits

A

If the tightness of (A,.) = coIiEn A is smaller than the
o<

cofinality of A, then &/ = 7.

@ Reason: If E C Ais such that |[E| < 7 and t < cf(1), then
E C A, for some o < A.

For A =, if (A, <) is countably tight, then o = .7 .
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Free topological algebras

@ For X € Top, the free topological algebra on X is F(X) € A
together with a cts 1x: X — F(X) such that for every B € A:

X —2 > F(X)
I

[

vf ‘H!f
\
B
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together with a cts 1x: X — F(X) such that for every B € A:

X —2 > F(X)
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\
B

@ If such an F(X) exists for every X € Top, then one has a
free algebra functor F: Top — A that is left adjoint to the
forgetful functor U: A — Top.
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Free topological algebras

@ For X € Top, the free topological algebra on X is F(X) € A
together with a cts 1x: X — F(X) such that for every B € A:

X —2 > F(X)
I

[

vf ‘H!f
\
B

@ If such an F(X) exists for every X € Top, then one has a
free algebra functor F: Top — A that is left adjoint to the
forgetful functor U: A — Top.

o If X= Colim-(;°<pl Xy, then F(X) = colim®_, F(Xy).

a<i

o If {(F(X)) < cf(A), then F(X) = colim™P, F(Xa).

a<A
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Take X, = a for o < ;.
@ F: Top — Grp(Top).
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Take X, = a for o < ;.
@ F: Top — Grp(Top).

o Algebraically, F(X) is the free group on | X| generators (if X
is Tychonoff).
—_ ~nlimGrp(Top)
e F(wy)=colimycy,  F(a).

@ A: Top — Ab(Top).
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is Tychonoff).
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e A(X) is an (open) quotient of F(X) in Grp(Top) and Top.
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o Algebraically, V(X) is RIXD) (if X is Tychonoff).
e F(X)— V(X)is not surjective.

o V(wy)=colimg’s, V().
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Tkachenko’s results

Definition 3

A space X is sequential if Y C X is closed whenever limy, € Y
for every sequence {y,} C Y such that limy, exists in X.
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Tkachenko’s results

Definition 3

A space X is sequential if Y C X is closed whenever limy, € Y
for every sequence {y,} C Y such that limy, exists in X.

Theorem 4 (Tkachenko, 1988)

Let X be a countably compact space such that X" is sequential
and normal for every n. Then F(X) is sequential.

V.

Corollary 5 (Tkachenko, 1988)
F(w¢) and A(wy) are sequential, and thus countably tight.

Corollary 6

F (1) = colim&™{ToP) £ (o) — colimiP, F(a).

A(wy) = colimp®°P) A(a) = colimP, A(a).
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Main results (Dahmen & GL, 2017)

For a Tychonoff space X, the natural cts homomorphism
A([-1,1] x X) — V(X) induced by (t, x) — tex is a quotient in
Ab(Top), and thus an open surjection.
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Ab(Top), and thus an open surjection.

Theorem 8

If X is first countable and countably compact such that X" is
normal for every n, then V(X) is sequential.
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A([-1,1] x X) — V(X) induced by (t, x) — tex is a quotient in
Ab(Top), and thus an open surjection.

Theorem 8

If X is first countable and countably compact such that X" is
normal for every n, then V(X) is sequential.

Corollary 9
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Main results (Dahmen & GL, 2017)

For a Tychonoff space X, the natural cts homomorphism
A([-1,1] x X) — V(X) induced by (t, x) — tex is a quotient in
Ab(Top), and thus an open surjection.

Theorem 8

If X is first countable and countably compact such that X" is
normal for every n, then V(X) is sequential.

Corollary 9
V(wy) is sequential, and thus countably tight.

Corollary 10

V(w) = colimi¥S, V(a) = colimyh,, V(a).
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Counterexample to “Fact” on ArXiv

“Fact” (Gabriyelyan & Morris, 2016)

If X is an uncountable Tychonoff space, then V(X) has
uncountable tightness and is not a k-space.
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“Fact” (Gabriyelyan & Morris, 2016)

If X is an uncountable Tychonoff space, then V(X) has
uncountable tightness and is not a k-space.

@ V(wy) is countably tight.

@ For every limit ordinal o < w4, the product [—1,1] x (ot +1)
is compact, and F([—1,1] x (4 1)) is a k,-Space.
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@ V(wy) is countably tight.

@ For every limit ordinal o < w4, the product [—1,1] x (ot +1)
is compact, and F([—1,1] x (4 1)) is a k,-Space.

@ In particular, V(o + 1) is a k-space for every limit ordinal
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Counterexample to “Fact” on ArXiv

“Fact” (Gabriyelyan & Morris, 2016)

If X is an uncountable Tychonoff space, then V(X) has
uncountable tightness and is not a k-space.

@ V(wy) is countably tight.

@ For every limit ordinal o < w4, the product [—1,1] x (ot +1)
is compact, and F([—1,1] x (4 1)) is a k,-Space.

@ In particular, V(o + 1) is a k-space for every limit ordinal
o< .

@ Hence, V(wy) is a k-space.
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