
University of Dayton
eCommons
Summer Conference on Topology and Its
Applications Department of Mathematics

6-2017

On the Tightness and Long Directed Limits of Free
Topological Algebras
Gábor Lukács
lukacs@topgroups.ca

Rafael Dahmen
Technische Universitat Darmstadt, dahmen@mathematik.tu-darmstadt.de

Follow this and additional works at: http://ecommons.udayton.edu/topology_conf

Part of the Geometry and Topology Commons, and the Special Functions Commons

This Topology + Algebra and Analysis is brought to you for free and open access by the Department of Mathematics at eCommons. It has been
accepted for inclusion in Summer Conference on Topology and Its Applications by an authorized administrator of eCommons. For more information,
please contact frice1@udayton.edu, mschlangen1@udayton.edu.

eCommons Citation
Lukács, Gábor and Dahmen, Rafael, "On the Tightness and Long Directed Limits of Free Topological Algebras" (2017). Summer
Conference on Topology and Its Applications. 30.
http://ecommons.udayton.edu/topology_conf/30

http://ecommons.udayton.edu?utm_source=ecommons.udayton.edu%2Ftopology_conf%2F30&utm_medium=PDF&utm_campaign=PDFCoverPages
http://ecommons.udayton.edu/topology_conf?utm_source=ecommons.udayton.edu%2Ftopology_conf%2F30&utm_medium=PDF&utm_campaign=PDFCoverPages
http://ecommons.udayton.edu/topology_conf?utm_source=ecommons.udayton.edu%2Ftopology_conf%2F30&utm_medium=PDF&utm_campaign=PDFCoverPages
http://ecommons.udayton.edu/mth?utm_source=ecommons.udayton.edu%2Ftopology_conf%2F30&utm_medium=PDF&utm_campaign=PDFCoverPages
http://ecommons.udayton.edu/topology_conf?utm_source=ecommons.udayton.edu%2Ftopology_conf%2F30&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/180?utm_source=ecommons.udayton.edu%2Ftopology_conf%2F30&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/1368?utm_source=ecommons.udayton.edu%2Ftopology_conf%2F30&utm_medium=PDF&utm_campaign=PDFCoverPages
http://ecommons.udayton.edu/topology_conf/30?utm_source=ecommons.udayton.edu%2Ftopology_conf%2F30&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:frice1@udayton.edu,%20mschlangen1@udayton.edu


On the tightness and long directed limits of
free topological algebras

Gábor Lukács and Rafael Dahmen

Halifax, NS

June 28, 2017

Gábor Lukács and Rafael Dahmen Tightness and long directed limits of free topological algebras



Table of Contents

1 Long limits

2 Tightness

3 Free topological algebras

4 Tkachenko’s result (1988)

5 Main results (Dahmen & GL, 2017)

Gábor Lukács and Rafael Dahmen Tightness and long directed limits of free topological algebras



Long limits

A := a category of topological algebras and cts homo.

(Aα)α<λ ⊆ obA, where

λ is a limit ordinal; and
Aα → Aβ is a topological embedding whenever α < β .

A :=
⋃

α<λ

Aα admits two topologies (if A is “nice”):

(A,T ) :=
Top

colim
α<λ

Aα ;

(A,T )→ Y is cts if and only if f|Aα
is cts for every α < λ .

(A,A ) :=
A

colim
α<λ

Aα .

a homo. (A,T )→ B into B ∈ A is cts if and only if f|Aα
is cts

for everyα < λ .

A ⊆T , but the inclusion may be strict.

For λ = ω and A = Grp(Top), one has A 6= T in most
cases (Yamasaki’s Theorem, 1998).
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Tightness

τ is a cardinal.
X is a topological space.
clτ Y :=

⋃
{D : D ⊆ Y , |D| ≤ τ} for Y ⊆ X .

Definition 1
The tightness of X is the smallest cardinal τ such that the
following equivalent conditions hold:

Y = clτ A for every Y ⊆ X ;

Y is closed [open] in X whenever Y ∩E is closed [open] in
E for every E ⊆ X with |E | ≤ τ;

f : X → Y is cts whenever f|E is cts for every E ⊆ X with
|E | ≤ τ.
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Tightness of long limits

Observation

If the tightness of (A,A ) =
A

colim
α<λ

Aα is smaller than the

cofinality of λ , then A = T .

Reason: If E ⊆ A is such that |E | ≤ τ and τ < cf(λ ), then
E ⊆ Aα for some α < λ .

Corollary 2

For λ = ω1, if (A,A ) is countably tight, then A = T .
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Free topological algebras

For X ∈ Top, the free topological algebra on X is F (X ) ∈ A
together with a cts ιX : X → F (X ) such that for every B ∈A:

X F (X )
ιX //X

B

∀f
��?

??
??

??
??

??
? F (X )

B

∃!f̄

���
�
�
�

If such an F (X ) exists for every X ∈ Top, then one has a
free algebra functor F : Top→ A that is left adjoint to the
forgetful functor U : A→ Top.

If X = colimTop
α<λ

Xα , then F (X ) = colimA
α<λ

F (Xα).

If t(F (X )) < cf(λ ), then F (X ) = colimTop
α<λ

F (Xα).

Gábor Lukács and Rafael Dahmen Tightness and long directed limits of free topological algebras



Free topological algebras

For X ∈ Top, the free topological algebra on X is F (X ) ∈ A
together with a cts ιX : X → F (X ) such that for every B ∈A:

X F (X )
ιX //X

B

∀f
��?

??
??

??
??

??
? F (X )

B

∃!f̄

���
�
�
�

If such an F (X ) exists for every X ∈ Top, then one has a
free algebra functor F : Top→ A that is left adjoint to the
forgetful functor U : A→ Top.

If X = colimTop
α<λ

Xα , then F (X ) = colimA
α<λ

F (Xα).

If t(F (X )) < cf(λ ), then F (X ) = colimTop
α<λ

F (Xα).

Gábor Lukács and Rafael Dahmen Tightness and long directed limits of free topological algebras



Free topological algebras

For X ∈ Top, the free topological algebra on X is F (X ) ∈ A
together with a cts ιX : X → F (X ) such that for every B ∈A:

X F (X )
ιX //X

B

∀f
��?

??
??

??
??

??
? F (X )

B

∃!f̄

���
�
�
�

If such an F (X ) exists for every X ∈ Top, then one has a
free algebra functor F : Top→ A that is left adjoint to the
forgetful functor U : A→ Top.

If X = colimTop
α<λ

Xα , then F (X ) = colimA
α<λ

F (Xα).

If t(F (X )) < cf(λ ), then F (X ) = colimTop
α<λ

F (Xα).

Gábor Lukács and Rafael Dahmen Tightness and long directed limits of free topological algebras



Free topological algebras

For X ∈ Top, the free topological algebra on X is F (X ) ∈ A
together with a cts ιX : X → F (X ) such that for every B ∈A:

X F (X )
ιX //X

B

∀f
��?

??
??

??
??

??
? F (X )

B

∃!f̄

���
�
�
�

If such an F (X ) exists for every X ∈ Top, then one has a
free algebra functor F : Top→ A that is left adjoint to the
forgetful functor U : A→ Top.

If X = colimTop
α<λ

Xα , then F (X ) = colimA
α<λ

F (Xα).

If t(F (X )) < cf(λ ), then F (X ) = colimTop
α<λ

F (Xα).

Gábor Lukács and Rafael Dahmen Tightness and long directed limits of free topological algebras



Examples

Take Xα = α for α < ω1.

F : Top→Grp(Top).

Algebraically, F (X ) is the free group on |X | generators (if X
is Tychonoff).

F (ω1) = colimGrp(Top)
α<ω1

F (α).

A : Top→ Ab(Top).

Algebraically, A(X ) is Z(|X |) (if X is Tychonoff).
A(X ) is an (open) quotient of F (X ) in Grp(Top) and Top.

A(ω1) = colimAb(Top)
α<ω1

A(α).

V : Top→ TVS. (Topological R-vector spaces & cts homo.).

Algebraically, V (X ) is R(|X |) (if X is Tychonoff).
F (X )→ V (X ) is not surjective.

V (ω1) = colimTVS
α<ω1

V (α).
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F (α).

A : Top→ Ab(Top).
Algebraically, A(X ) is Z(|X |) (if X is Tychonoff).
A(X ) is an (open) quotient of F (X ) in Grp(Top) and Top.

A(ω1) = colimAb(Top)
α<ω1

A(α).

V : Top→ TVS. (Topological R-vector spaces & cts homo.).
Algebraically, V (X ) is R(|X |) (if X is Tychonoff).

F (X )→ V (X ) is not surjective.

V (ω1) = colimTVS
α<ω1

V (α).
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Tkachenko’s results

Definition 3
A space X is sequential if Y ⊆ X is closed whenever limyn ∈ Y
for every sequence {yn} ⊆ Y such that limyn exists in X .

Theorem 4 (Tkachenko, 1988)

Let X be a countably compact space such that X n is sequential
and normal for every n. Then F (X ) is sequential.

Corollary 5 (Tkachenko, 1988)

F (ω1) and A(ω1) are sequential, and thus countably tight.
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Definition 3
A space X is sequential if Y ⊆ X is closed whenever limyn ∈ Y
for every sequence {yn} ⊆ Y such that limyn exists in X .

Theorem 4 (Tkachenko, 1988)

Let X be a countably compact space such that X n is sequential
and normal for every n. Then F (X ) is sequential.

Corollary 5 (Tkachenko, 1988)

F (ω1) and A(ω1) are sequential, and thus countably tight.

Corollary 6

F (ω1) = colimGrp(Top)
α<ω1

F (α) = colimTop
α<ω1

F (α).
A(ω1) = colimAb(Top)

α<ω1
A(α) = colimTop

α<ω1
A(α).
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Main results (Dahmen & GL, 2017)

Theorem 7
For a Tychonoff space X, the natural cts homomorphism
A([−1,1]×X )−→ V (X ) induced by (t ,x) 7→ tex is a quotient in
Ab(Top), and thus an open surjection.

Theorem 8
If X is first countable and countably compact such that X n is
normal for every n, then V (X ) is sequential.

Corollary 9

V (ω1) is sequential, and thus countably tight.

Corollary 10

V (ω1) = colimTVS
α<ω1

V (α) = colimTop
α<ω1

V (α).
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Counterexample to “Fact” on ArXiv

“Fact” (Gabriyelyan & Morris, 2016)

If X is an uncountable Tychonoff space, then V (X ) has
uncountable tightness and is not a k -space.

V (ω1) is countably tight.

For every limit ordinal α < ω1, the product [−1,1]× (α +1)
is compact, and F ([−1,1]× (α +1)) is a kω -space.

In particular, V (α +1) is a k -space for every limit ordinal
α < ω1.

Hence, V (ω1) is a k -space.
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