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ABSTRACT OF THE DISSERTATION

The Least Fixed Point Property

for w-Chain Continuous Functions

by

Joe Don Mashburn

Doctor of Philosophy, Graduate Program in Mathematics
University of California, Riverside, June 1981

Professor Albert R. Stralka, Chairman

The basic definitions are given in the first section,
including those for w=-chain continuity, w-chain completeness,
and the least fixed point property for w-chain continuous
functions. Some of the relations between completeness and
fixed point properties in partially ordered sets are stated
and it is briefly shown how the question basic to the dis-
sertation arises.

In the second section, two examples are given showing
that a partially ordered set need not be w=-chain complete
to have the least fixed point property for w-chain contin-
uous functions. The first example shows that the least

fixed point of an w-chain continuous function is not in gen-



eral equal to sup[fn(o):neEQ}. The second example is a par-
tially ordered set which has the least fixed point property
for w-chain continuous functions even though it contains an
unbounded countable chain. In this case, the least fixed
point is always equal to sup{fn(o):neli}. The free meet-
semilattice generated by this second example is also obtain-
ed and shown to have the least fixed point property for w-
chain continuous functions.

Retracts are discussed in section 3, where it is seen
that they are not sufficient to characterize those partially
ordered sets having the least fixed point property for w-
chain continuous functions. A lemma which will be useful
later is proved characterizing partially ordered sets which
have unbounded countable chains as retracts.

In section 4 the relation between finite width and the
least fixed point property for w=-chain continuous functions
is explored. Two useful lemmas are proved which will allow
us to restrict the cases that need to be checked when prov-
ing theorems later. A third lemma is obtained which says
that in a partially ordered set of finite width, if A and B
are disjoint subsets and B is an upper end, then there are
only a finite number of elements of B which are the suprema
of countable chains of A. From this lemma, the first theorem
is derived. This states that if C is a nonempty unbounded
countable chain in a partially ordered set, P, of finite

width, then any cofinal subchain of C of order type w is a
vi



retract of P. This leads to the second theorem: a character-
ization of w-chain complete partially ordered sets of finite
width. This says that a partially ordered set of finite
width is w-chain complete only if it has the least fixed
point property for w-chain continuous functions. It is

known that the implication can be reversed.

Section 5 introduces the notion of a layered partially
ordered set and discusses some of its problems. The first
theorem in this section says that if P is a layered partial-
ly ordered set in which every antichain generates a closed
lower end, then any chain in P of order type w is a retract
of P. The second theorem says that if P is a partially or-
dered set in which every antichain generates a closed lower
end and every lower end of P which contains a countable
chain but none of its upper bounds is layered, then P is
w=-chain complete if it has the least fixed point property
for w-chain continuous functions. It is a corollary of a
theorem by Edwin Miller that every partially ordered set in
which every antichain is finite and every chain contains a
countable cofinal subchain is layered. From this and the
previous theorem it is easy to see that a partially ordered
set in which every antichain is finite and every chain con=-
tains a countable cofinal subchain is w-chain complete if
and only if it has the least fixed point property for w-

chain continuous functions.
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I. INTRODUCTION

A partially ordered set is chain complete if each of
its chains has a least upper bound. It is w-chain complete
if each of its countable chains has a least upper bound.
Since the empty set is considered to be a countable chain,
any partially ordered set which is chain or w-chain complete
has a least element, denoted o.

A function, £, mapping a partially ordered set, P, to
a partially ordered set, Q, is w=chain continuous if and only
if for every nonempty countable chain, C, of P which has a
supremum in P, f£(supp(C)) equals supQ(f(C)). An y-chain
continuous function, then, must preserve order,

A partially ordered set, P, has the (least) fixed point
property if and only if every order preserving function from
P to itself has a (least) fixed point. It has the (least)
fixed point property for w=-chain continuous functions if and
only if every w=-chain continuous function from P to itself
has a (least) fixed point.

In 1955 A. Tarski ([T], Thm. 1) and A. C. Davis ([Da],
Thm. 2) characterized complete lattices as those lattices
having the fixed point property. In 1976 G. Markowsky
([M], Thm. 11) characterized chain complefe partially order-
ed sets as those having the least fixed point property.
About the same time partially ordered sets and categories

were being developed as models for theoretical computer
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science ([Scl],[Sc2],[Sm]). The existence of fixed points
is very important for these models, so it is necessary to be
sure that the partially ordered set or category in question
has the appropriate fixed point property. It was in this
context that G. Plotkin asked in 1978 if parially ordered
sets with the least fixed point property for w-chain contin-
uous functions have a characterization similar to that for
partially ordered sets with the least fixed point property.
That is, is a partially ordered set which has the least
fixed point property for w-ghain continuous functions neces-
sarily w=chain complete? It is known that if a partially
ordered set, P, is w-chain complete, then it has the least
fixed point property for w-chain continuous functions. If
f:PoP is w=-chain continuous, then

£(sup(£f™(0) :neN })=sup(£( {£™(0) :neN }))=sup{f" (o) :neN }.

A partially ordered set which does not have a least element
cannot have the least fixed point property for w=-chain con-
tinuous functions, since the identity map is an w=-chain con-
tinuous function which, in that case, would not have a least
fixed point. Therefore, partially ordered sets will always
be assumed to have a least element. The symbol Nwill be
used to denote the positive integers; INo will denote the
nonnegative integers; and N_ will denote the positive in=-

tegers with infinity.



IT. SOME EXAMPLES

The following example is a partially ordered set which
is not w-chain complete, yet has the least fixed point pro-

perty for w-chain continuous functions.

EXAMPLE 1. Let P, be the set Wo x{0,1,2}. Order P1 by

1
setting (n,m)<(n’,m’) if and only if one of the following
conditions holds:

1) n=m=0

2) nsn’ and m=m’€{0,1}

3) m=n’=0

4) m=0 and m’=2

5) m=m’=1 and n’=0

6) Oxnsn’; m=1l; and m’=2

7) n=0 and m=m’=2

P1 can be represented by the diagram below.

(1.0)o—




Let f be an w-chain continuous function from P1 to it~
self such that £((0,0)) is not (0,0). If £((0,0)) is an el-

ement of Pl-(Iqx{O]), then f(Pl) is contained in P,-(WN x{0}).

1
In that case, f must have a least fixed point since
Pl—(bix[O}) is w~chain complete. Therefore, assume that
£((0,0)) is an element of N x{0}. Let U denote the set of
upper bounds of N x{0}. Then f(Pl) is contained in

(N x{0})UU., 1If f has a fixed point in N x{0}, then f has a
least fixed point in N x{0}. Assume that £ has no fixed
points in N x{0}. This forces £(U) to be a subset of U.

Assume that £((0,2)) is (0,1). Then for every n in N,
f((n,2)) equals (0,1), and £((n,1))=(0,1). If £(N«x{1}) is
contained in N x{0}, then (0,1) must also be in W x{0}, con-
tradicting the assumption that f(U) is a subset of U. Thus,
there is an N in N such that, for every n2N, £((n,l)) equals
(0,1). Hence £((0,1)) equals (0,1).

If £((0,2)) equals (0,2) then, for every n in N,
f((n,2)) must be above (0,2). Since there is no element of
P1 greater than (0,2) and (0,1), f((n,l)) cannot equal (0,1)
for any n in N, Thus, £((0,1)) cannot equal (0,1), and
(0,2) is the least fixed point of f.

If £((0,2)) equals (m,2) for some m in N, then, for
every n in N, £((n,2)) equals (m,2). It again follows that
£((0,1)) cannot equal (0,1); and P1 has the least fixed point
property for w=chain continuous functions.

As noted earlier, if a partially ordered set is w=-chain



complete, then the least fixed point of an w-chain continuous
function, f, from the set to itself is just sup{f"(o):neN }.
In Pl’ however, this is not always true. Define a function,
f, from P1 to itself by

(0,1) if x¢N x {0}

(n+1,0) if x=(n,0)

f(x)=

This function is clearly w-chain continuous and has
(0,1) as its only fixed point. But sup{f ((0,0)):neN} does
not even exist.

The partially ordered set Pl has the least fixed point
property for w-chain continuous functions because of the
countable chain which sneaks around the antichain of upper
bounds of N x{0}. The next example shows that a partially
ordered set can have an unbounded countable chain and
still have the least fixed point property for w-chain con-
tinuous functions. Also, the least fixed point will be
sup{f7(0) :neN }.

EXAMPLE 2. Let Q be the set (NXN_)U{o}. Order Q by
setting xsy if and only if one of the following conditions
holds.

1) x=o
2) x=(j,k); y=(n,m); and either m=*=k and j<n, or j=n and kzm

Then Q can be represented be the diagram below.



i) (2 3

FIG. 2

Let X be the set Nx{®} . For every n 1in N, let Xn

be the set {n}xN. Let P, be the set QUNY
2

and order P2 by
setting x<y if and only if x and y are elements of Q and x<y
in Q; or y=(n1,n2,...) is an element of IfN, X is an element
of Q, and xs(m,nm) for some m in N . Then X is an unbounded
countable chain in P2 and IfN is an antichain.

Let £ be an w-chain continuous function from P2 to it-
self such that f(o) is not o. If sup{fn(o):neli} exists,
then it is the least fixed point of £. It may thereifore be
assumed that there is no m in NN such that fm(o) is an ele-
ment of IfN. If {f7(0):neN ] is contained in X for some m

in N, then sup{fn(o):neli} exists., Therefore, assume that

for some N in N, for every n=2N, f?(0) is an element of X.



Let M be the gmallest positive integer such that f(o)<(M,=).,
Then £({(n,=):n=M}) is contained in X; and so, for every n=M,
there is a j in N such that, if k2], f((k,n)) equals
£((n,®)). Let x be the element of NY whose nth component is
jn for every n in N. Then forevery n in N, f(x)zf((jn,n)) =
f((n,=) . It follows that f(x) is an upper bound of {£f"(0):n€N} ;
that [fn(o) ‘neN} is finite; and that sup{fn(o) ‘n€N} exists.

This example can be used to show another difference between
fixed point properties for w-chain continuous functions and those
for order preserving functions. R. E. Smithson ([S2], Thm 1.2) proved
the following theorem, which will not be true for the fixed point
property for w-chain continuous functions and w-chain completeness.

THEOREM 1. Let P be a partially ordered set with a
least element such that for every chaim, C, of P, the set of
upper bounds of C is down directid. If P has the fixed point
property, then P is chain complete.

This theorem has the following obvious corollary.

COROLLARY 1. A meet-semilattice has the fixed point
property if and only if it is chain complete.

These theorems do not carry over to w-chain continuous func-
tions and w=chain completeness, however, since 3(?2) , the free
meet-semilattice generated by Py, contains an unbounded
countable chain, but has the least fixed point property for
w=chain continuous functions. The pairs of elements of P2
which do not already have infima are those pairs in which

both elements are from the antichain I\TN, and those in which



one element is from no and the other is from X.

EXAMPLE 3. Let P, be the set PZU(FS’(]NN))U(XXFS(I\IN)),
where FS(NN) is the set of all nonempty finite subsets of
'NN and FS’(]NN) is the set of all finite subsets of NN
which have at least two elements. Define an order on Py by
setting x<y if and only if one of the following conditions
holds:

1) x=AEFS’(1\IN); y€P,; and yeA

2) x€P, ; y=AeFS(NN); and x<a for every a in A

3) x=((n,=),A)cXxFS (]NN); y€P,; and (n,=) gy or Agy

4) xeP,; y=((n,=),A)eXxFS (NT); and x<(n,=) and xsA

5) x=AeFS’(1\IN); y=BeFS’(1\TN); and BcA

6) x=((n,=) ,A)eXxFS(NV); y=BeFs/(NY); and Ba

7) x=((m,®) ,A) eXxFS(NY) ; y=((n,*),B) €XxFS(NY); and m<n
and BcA

Then P, is the free meet-semilattice generated by P,.

3
Notice that X is still unbounded in P3. In fact, it i’ still
the only chain that does not have a supremum.

Let C={cn:neN} be an infinite chain in P3-X° Clearly,
if C is a subset of P2 then C has a supremum. Therefore,
assume that C is a subset of FS’(NN)U(XXFS(NN)) . For every
k in N, let Ak be an element of FS(NN) such that either
ck=( (nk,m) ’A‘k) or ¢, <A, . Then, since every Ak is finite,

= P N
A—kLéIQAk is in FS(W") and c_ <A <A for every k. If there

were an m in N such that, for every k in NN, 0, <m, then C



would be finite, since the sequence Al’ Az,... must be fin-
ite. If B is an element of FS’('NN) and B is an upper bound
of C, then B is a subset of Ak for all k and therefore A<B.
If x is an element of ]NN and x is an upper bound of C, then
x 1s an element of A, for all k and so A<x. Thus A is the
supremum of C. The proof that P3 has the least fixed point

property for w=-chain continuous functions is now the same as

that for P2.



ITI. RETRACTS AND AN EXAMPLE

A function, f, from a partially ordered set, P, to it-
self is a retraction if and only if f is w-chain contin-
uous and is the identity on £(P) . The image of a retrac-
tion on P 1is called a retract of P . Obviously, if P
has the least fixed point property for w-chain continuous
functions, then so does every retract of P . 1Is it possible
to make the implication go the other way? If C 1is a non-
empty countable chain in P which does not have a supremum
in P ; U 1is a set of upper bounds of C ; and CUU is
a retract of P, then if P is to have the least fixed point
property, U must have a least element. This is the case in
the examples given so far. In [M], Markowsky used such a
property for his characterization of chain complete partial-
ly ordered sets.

Lemma 1 gives a better idea of when a partially ordered
set can have an unbounded countable chain as a retract. Re-
call that any nonempty countable chain contains a cofinal
subchain of order type w

DEFINITION. A subset, D, of a partially ordered set,
P, is closed if and only if for every nonempty countable
chain, C, in D, if C has a supremum in P then sup(C) is in D.
A subset of P is open if and only if its complement is
closed.

LEMMA 1. An unbounded countable chain C=[cn:neni] of a

10



i1

partially ordered set, P, is a retract of P if and only if
there is a collection of disjoint closed subsets of P,
[Dn:neli}, such that

1) P=U D
neN ™

2) wvneN , cneDn
3} &£ PeD_; q€D_; and psq, then msn.
PROOF. Assume that C is a retract of P and let f:P-C
be a retraction. For every n in N, let D be the set
fhl(cn). Clearly the Dn's form a collection of disjoint

subsets of P; P equals U Dn; and, since f preserves order,
nelN

if p is an element of Dm’ q is an element of Dn’ and p<q,
then msn. Let X=[xn:neli] be a chain in D which has a su-
premum in P. Then f(sup(X))=sup(f(X))=cm, so that sup(X) is
an element of Dm'

Now let {Dn:nEIQ] be a collection of disjoint closed
subsets of P having the properties listed in the lemma.
Define a function, f, from P to itself by f(x)=cn if and on-
ly if x is an element of Dn' This function is obviously or-
der preserving, so it remains to show that it preserves the
supremums of nonempty countable chains. Let X={xn:n€E¢} be
an infinite chain which has a supremum in P. Assume that

sup(X) is an element of D - Then X is contained in U D -
n<m

Since X is infinte, one of these Dn's must contain an infin-

ite number of elements of X. Then it will contain a cofinal
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subchain of X and hence sup(X). Thus only D contains an
infinite number of elements of X. So f(sup(X)) equals
sup(£(X)). Example 4 shows that it is not enough to con-
sider retracts as Markowsky was able to do for order preserv-
ing functions.

EXAMPLE 4., Let P4 be the subset of'quconsisting of
those elements i=(x1,x2,..o) such that X equals = for only
a finite number of n's, and if X 41 equals ® then so does
X Order P4 with the usual product ordering. Then P4 is
a lattice and every nonempty subset of P4 has an infimum.
Thus, every bounded chain in P4 has a supremum,

If C is a nonempty bounded countable chain in Pa; U is
a set of upper bounds of C; and f:PéacUU is a retraction,
then supCUU(C) is an element of U since

f(sup, (C))=sup (£(C))=sup (C). Therefore U has a least
P4 cuu Cuu

element.

For every n in N let En be the element of P, having =
as its first n components and 1 everywhere else. Then
C={En:n€l¢} is an unbounded chain. Let {D_:ne¢N} be a col-
lection of disjoint closed subsets of P4 such that, for each
n, En is an element of D, and if p and q are elements of Dm
and D respectively, then if p<q, m<n. For every n, let E

be the set U Dm'
m<n

Set x, equal to 1. Assume that x, has been defined for

every kzn. Let X be the set of all positive integers, x,
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such that (xl,...,xn,x,l,l,l,...) is an element of E_ - If
Xn is empty, set X4 equal to 1. If not, then it must be
finite since En is closed and does not contain En+l' In
this case, set X 41 equal to (max(Xn))+1. Each X defined
by this process is a positive integer, so i=(x1,x2,..o) is
in PA' But X is not contained in any D . If X were in D
for some n, then ?=(xl,...,xn+l,l,l,1,...) would be in D_
for some m<n, since §<X. Thus, ¥ would be in En’ which con-
tradicts the definition of X 41°

Let C’={Eﬁ:ne}1] be an unbounded chain in P!+ and let £
be an w=-chain continuous map from P4 to C’., For every n in
N, define a sequence whose supremum is &’ as follows. For
every j,keN, let

j if jscéj and k<j
xnjk= céj if céj<j and k<j
i | if j<k

where Eﬁ=(c61,cﬁz,...), and set inj=(xnj1’xnj2"")' Let X
be the set of all the inj's. Notice that for every m in N,
every element of Xn is less than an element of C. Therefore,
if C’ is the image of P, under f, f(C) must be a cofinal sub-
chain of C’. Assume that this is so and define a function,
g, taking C’ onto a cofinal subchain of C by
g(x)=min[6n:xsf(6n)}. Then gof is a retraction from P, onto
a cofinal subchain of C. But this is impossible, so C’ can-

not be the image of P4 under £, Thus, no unbounded chain is

a retract of P&' In fact, the same argument will show that
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there is no w-chain continuous function from P, onto an un-
bounded countable chain.

Even though P4 satisfi~s this nice property for re-
tracts, it does not have the least fixed point property for
w-chain continuous functions. Denote the point (1,1,...) by
I, and, for every i=(xl,x2,...) in P, let %+ be the point
(x1+1,x2+1,...), where =+1 equals . Define a function, f,
taking P4 into itself by f(®)=%+I. This function is clearly
order preserving. Let C={6n:neI¢] be a chain which has a
supremum in P, . Then
£(sup(C))=(sup(C))+I=sup(E_+I:neN }=sup(£(C)). Thus, f is

an w=-chain continuous functions which has no fixed points.



IV. FINITE WIDTH

The partially ordered sets in the first three examples
all contained infinite antichains. It is also clear that
any chain has the least fixed point property for w-chain con-
tinuous functions if and only if it is w-chain complete. So
it seems reasonable that any partially ordered set in which
the cardinalities of all its antichains are finite and bound-
ed would have the least fixed point property for w-chain con-
tinuous functions if and only if it is w-chain complete. Be-
fore this is shown to be true, some notation and a definition
are in order.

DEFINITION. A partially ordered set, P, has finite
width if there is a positive integer, N, such that, for
every antichain, A, of P, the cardinality of A is less than
or equal to N.

For every element, x, of P, the lower end generated by
x, denoted !x, is the set of all elements of P less than or
equal to x. For a subset, X, of P, the lower end generated

by X, denoted !X, is Ulx. The sets tx and *X are defined
xeX

dually.

LEMMA 2., 1If a partially ordered set, P, contains a
countable chain, C , whose set of upper bound, U, contains
a chain, D, which is not bounded below by any element of

U and if C 1is a retract of N Id , then P does not
deD

15
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have the fixed point property for w-chain continuous func-
tions.

PROOF. Let D’ be a subchain of D such that every sub-
set of D’ has a largest element and every element of D has
an element of D’ below it. Denote D’ by [da:a<c} for some
ordinal o. Set E, equal to P-id, and, for every >0, let E,

be the set (id )-(:id ). Let f be a retraction of nNid on-
« Bk deD

to C. Define a function, g:P-D’UC, by

dCL Lt x€E,

f(x) if xe Nid
' deD

g(x)=

Let x and y be elements of P such that x<y. If x and y

are elements of Ni!d, then g(x)=f(x)<f(y)=g(y). If x is an
deD

element of Nid and y is an element of P- Ni!d, then g(x) is
deD deD

in C; g(y) is in D’; and g(x)=g(y). If x and y are elements

of P~ Nid, then let a«s such that y is an element of Eg e
deD

Then if x is in E;, 8 must be at least as large as a. Thus
g(x)=dasda=g(y). So g preserves order.
Let X be a nonempty countable chain in P which has a

supremum in P, If sup(X) is an element of N!d, then X is a
deD

subset of dnéd and g(sup(X))=£f(sup(X))=sup(£(X))=sup(g(X)).
€

If sup(X) is an element of P- Nid, then, because g preserves
deD

order and Nid is closed, it may be assumed that X is con-
deD



17

tained in P- U!d. Let g<c such that sup(X) is in an Since
deD

1Ea+1 equals lda+1 and is closed, X cannot be contained in
lEa+1' Thus, from some point on, every element of X is in
E,. Hence, g(sup(X)) equals sup(g(X)). Therefore, CUD’ is
a retract of P.

Because CUD’ does not have the fixed point property for
W-chain continuous functions, P does not either.

LEMMA 3., If a partially ordered set, P, contains a
countable chain, C , whose set of upper bounds, U, con-
tains two minimal elements, x and y, with a common upper
bound, z, and if C is a retract of (i{x)N(!y), then P does not
have the least fixed point property for w-chain continuous
functions.

PROOF. Let f be a retraction from ({x)N(!y) onto C, and
define a function, g:P4CU{x,y,z}, by
f(p) if pe(ix)N(iy)

X if pe(ix)-(iy)
y if pe(ty)-(ix)
z if peP-[(tx)U(iy)]

Let p and q be elements of P such that p<q. The func-

g(p) =]

tion, g, obviously preserves order in each of the subsets of
P given in the definition of g. If p is an element of
(1x)N(vy) and q is not, then g(p) is an element of C and g(q)
is in {x,y,z}. Therefore, g(p) is less than g(q). Assume

that p is an element of (ix)=-(ly). Then q is an element
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either of (ix)-(ly) or of P-[(!x)U(ty)]. In either case,
g(p) 1is less than or equal to g(q). The other case being
analogous, g preserves order,

Since each of the subsets given in the definition of g
is closed and g is w-chain continuous on all of them, g is
w-chain continuous on P. Because CU{x,y,z} does not have
the least fixed point property for w-chain continuous func-
tions, P does not either.

A subset, X, of a partially ordered set, P is an upper
end if and only if X equals tX. It is a lower end if and
only if X equals !X.

LEMMA 4, If a partially ordered set, P, has finite
width and A and B are nonempty disjoint subsets of P such
that B is an upper end, then there is only a finite number
of points in B which are suprema of countable chains in A.

PROOF. Let L be the set of elements of B which are su-
prema of countable chains in A. Assume that L is infinite
and let M be a maximal antichain of L. Since M is finite,
there is some element of M, say P1> such that Py is compar-
able to an infinite number of elements of L., Either (1p1)ﬂL
is infinite or (lpl)ﬂL 18, 1IE (fpl)ﬂL is infinite, let Ky
be the set (tp;)NL. Otherwise, set K, equal to (lpl)ﬂL.

Let néeéN and assume that elements P1sPgse««sPy and sub-
sets Kn-l and K of L have been defined and satisfy the fol-

lowing properties.
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1) [pl""’Pn} is a chain in L
2) K is infinite
3) Kn=(fpn)nKn-l == Kn=(lpn)nKn-l
Let M be a maximal antichain of Kn—{pl,ﬂ..,pn]. Since
M is finite, one of its elements, Ph+1° is comparable fo0 an
infinite number of elements of K_. Define K to be
n n+l
(Tpn+1)nKn if that set is infinite, and (1pn+l)ﬂKn otherwise.
The chain {pn:neIE] thus obtained is infinite and so
contains either an increasin or a decreasing chain. Assume
that {pn:neli] is increasing, that is, that P1<Po<Pg<e* s
For each n in N, let X ={x_‘neN} be a chain in A
which has P, @S a supremum. Because {pn:neli] is increasing,
there is, for every n in N, an Nnm in N, where m<n, such
that if ja=N_ , then for any x, in X , xnjéxmk' If x , were
less than X3 for every k in N, then P, would be less than
or equal to Xng® This is not possible since B is an upper
end and A and B are disjoint. Thus, for every jaNnm, there
is an Mnmj in N such that if kzMnmj, then X 1 and an are
incomparable. Let nélN and, for each 0O<js<n-1, set kj equal

n-j,iilsi<n=3u [Mn-i,n-j kg

to max({N :0<i<j=1}). Then

:0<j<n-1} is an antichain. Therefore, P contains
J

n-j,k
arbitrarily large finite antichains, contradicting the as-
sumption that P has finite width.

By reversing the order of P, the same argument works

when {pn:nEN] is a decreasing chain. Thus, L is finite.
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THEOREM 2. 1If P is a parially ordered set of finite
width, then any unbounded chain in P of order type w is a
retract of P.

PROOF. Let C={cn:neli? be an unbounded chain of P.

Set Eq equal to P«(Tcz) and, for every n22, let E be the
set (?cn)-(tcn+1). For every n in N, let Lﬁ be the set of
all the elements of P-En which are suprema of nonempty count-

able chains in E_. Let L_ equal L’- U L/. By Lemma 4 each
n n B i k

L, is finite. For every m,nelN, let Knm be the set LnﬂEn.
Notice that Knm is empty if nam.

Let p be an element of Knm and let V; be an open upper
end containing p. Because it is an upper end, V; is also
closed. Let Vp’ be the intersection of V; with te, e There
may be elements of Vé which are the suprema of nonempty
countable chains in P-(?cn). Let A be the collection of all

such elements of Véo By Lemma 4, A is finite, so

V =V’- U(la) is an open upper end. Now let U_ be the set
PP acA P

(V_- U(lck))ﬂ( U Ek)' This is an open set contained in
n<k<m nsksm

J E, and is an upper end in that set. Hence it is open
nsk<m

and closed with respect to U E,. Set D equal to
n<kem

n
[E_u( § uul-U U U,
k=1 peKkn k=1 n<j qukj

The following properties will be shown to be true.

1) P=U D
nelin
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2) if n#m, then D_ND_=¢

3) for all =, cneDn

4) if x,y€P; xgy; x€D_; and yeD_, then m<n
5) each Dn is closed

1) Let x be an element of P. Since P equals U En’ X must
neN

be in En for some n in W, If x is not in Dn, then there is
some l<a<n and some b»n and some peKab such that x is an el-
ement of Up. Let M be the set {j>n:Hlsksn,3qukjaerq] and
set m equal to max(M). Then x is an element of

E U( B U U). Let lca<m; let b>m; and let p be an element
B k=1 peK, P
of Kk.. Then U_ is a subset of U E.. So if x is an ele-
j q e
a<i<b
ment of Uq’ then a<n. But if k<n, then b is an element of M,

contradicting the choice of m. Thus x is not an element of

m
and x is in D

U u uudu ey

k=1 j>m qukg

2) Let m and n be positive integers such that m<n. Then
the intersection of EL with En is empty. Let lga<m and let

p be an element of Kam‘ Then U_ is a subset of U E. which
P a<iem
has an empty intersection with E_ . Therefore the intersec-

tion of ﬁ U U_ with En is empty. Assume that

m
EN(CU U U.) is not empty and let l<a<n be an element of
m i,

k=1 peKkn

ﬂ - 3
Kan such that E[n Ux is not empty. Now UK is a subset of

m
U E., so asm. But then Ux is a subset of U U 1 1
asi<n k=1 j>m qukj
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m n
SO (Em-( u u u Uq))n( u u Up) is empty. Now assume
k=1 j>m qukj k=1 peK, o

m n
that ( U U Up)ﬁ( U U U ) is not empty. Then there exist
k=1 peK, ¥=1 qujn
l<a<m, l<b<n, xeKam, and yeKbn such that UXﬂUY is not empty.

m
If bgm, then U_ is a subset of U U U U_ and Dan is
y k=1 j>m quk§ P

empty. Because U_ is a subset of U E. and U_ is a subset
y bgizn s

of U E., b is less than or equal to m. Therefore, DmﬂU
asi<m

P

is empty. Thus, DmﬂDn is empty.

3) For every n in N, c, is an element of E . By the way
they were defined, no UP contains a Che So cH is an element
of Dn'

4) Let x and .y be elements of P such that x<y, x is an ele-
ment of Dm and y is an element of D, . Let x be an element

of Ea and y an element of Eb‘ Since x is less than y, a must
be less than or equal to b. Obviously a is less than or equal
tom and b is less than or equal to n. If m is equal to a,
then m<b<n. If m is greater than a, then there exists lcgk<a
and j>a and an element, p, of Kkj such that x is an element

of Up' If there are no j's greater than b, then m<b<n. If

j>b, then U_ is an upper end of U E;, soy is an element
P k<i<j

of Up. Therefore, m is less than or equal to n.
5) Let n be an element of N and let X be a nonempty count-

able chain in Dn. If X is a subset of En’ then either sup(X)
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is an element of En or sup(X) is an element of Kkj for some
1<k<n and j>n. If sup(X) is an element of Kkj’ then the in-
tersection of X with Usup(X) is not empty and X is not a sub-
set of Dn‘ For the same reason, sup(X) cannot belong to Up
for any element, p, of Kkj’ where 1l<k<n and j>n. Thus, sup(X)

n
is an element of D.. If X is a subset of U U U_, then it
n - |3
feesl PEKkn

may be assumed that X is a subset of UP for some element, p,
of Kkn where l<k<n. Assume that sup(X) is not in Up and that
sup(X) is not in E . Let sup(X) be an element of E . Since

U_ is a subset of U E, and U_ is closed in this set, m must
P k<i<n P

be greater than n. Again it may be assumed that X is a sub-
set of Ej for some k<j<n. But then sup(X) is an element of
Kim for some l<i<n and the intersection of X with

n

J U U Uq is not empty, contradicting the assumption

k=1 j>n qukj
that X is a subset of D . Therefore, sup(X) is an element
of Dn'

It follows from Lemma 1 that C is a retract of P.
Therefore, P does not have the fixed point property for w-
chain continuous functions.

THEOREM 3. If a partially ordered set with finite
width has the least fixed point property for w=-chain contin-
uous functions, then it is w-chain complete.

PROOF. By Theorem 2, it may be assumed that every count-

able chain in a partially ordered set, P, is bounded. Let
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C be a nonempty countable chain in P which does not have
a supremum. Let U be the set of upper bounds of C.

By Lemmas 2 and 3 it may be assumed that U contains a
set of minimal elements, M, that every element of U is above
some element of M, and that no two elements of M have a com-
mon upper bound. Denote the elements of M by L L PRI

Let D be the set of all elements, x, of P such that tx is

not contained in L(?mi)— Ui(tm,) for any l<icr.
j#i
Let X={x_:neN} be a chain in D which has a supremum in
P. Assume that for every n in N, there are izn, lsji%kisr,
and y. =m.
yJi J

, and y; =m ~ such that x; is less than both 1.
1 i

i i

and Vi, * Then there are an infinite number of pairs, (ji,ki),
.

and one of the pairs, (j,k), must be repeated an infinite
number of times. Let Yj be the set [yji:ji=j] and Yk the

set [yki:ki=k}. If Yj is finite, then it contains an ele-
ment which is an upper boundof X. If it is infinite, it must
contain an infinite chain which, by assumption, is bounded.
Any upper bound of this chain is, of course, an upper bound of
. which is an upper bound

J
of X. Similarly, there is a Y2y which is an upper bound of

X. In either case there is a yjzm

X. Thus, sup(X) is less than both Y and y, and sup(X) is an
element of D.

Assume that for every n in N, there is a y_ in

P{ El(Tm.) such that x gy . Let Y be the set of all these
i=1 L n n
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y,'s- If Y is finite, one of its elements must be an upper

bound of X. If Y is infinite, it must contain an infinite
chain which, by assumption, is bounded. Any upper bound of
this chain will be an upper bound of X. In either case there

4
is an element, y, of P~ Ul(rmi) which is an upper bound of X.
i=1

Then sup(X) is less than or equal to y and sup(X) is an ele-
ment of D, Therefore D is closed.

Since C is unbounded in D, there is, by Theorem 2, a
retraction, f, of D onto a cofinal subchain, C’ of C. De-
fine a function, g:P-C’'UM by
m, if xel(fmi)-D leicr
f(x) if xeD

g(x)=

Let x and y be elements of P with x<y. If x is in D,
then g(x)<g(y). If x is not in D, then there is some l<ic<r

such that tx is a subset of l(?mi)- il(?mj). But then y is
jFi

an element of l(1mi)-D, so g(x)=mi=g(y). Therefore, g pre-
serves order.

Clearly, g is w-chain continuous on D and on 1(1mi)-D
for each 1l<igr. Thus g is w=-chain continuous on P; C’UM is
a retract of P; and P cannot have the least fixed point pro-
perty for w=-chain continuous function.

COROLLARY 2., A partially ordered set, P, having finite
width is w=chain complete if and only if it has the least

fixed point property for w-chain continuous functions.
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V. LAYERED PARTIALLY ORDERED SETS

The proof of Theorem 2 relied heavily on Lemma 4, which
is no longer true if partially ordered sets not of finite
width are considered. Another way must be found if Theorem
3 is to be generalized.

Recall that in the first three examples, the partially
ordered sets all contained a countable chain which sneaked
around an antichain, that is, they all contained an antichain
which generates a nonclosed lower end. Notice also that the
lower end generated by a finite antichain will always be
closed. Thus no partially ordered set of finite width could
have an antichain which generates a lower end that is not
closed. If a partially ordered set contains an unbounded
chain c={cn:nenq] and there is a collection, {An:nelﬂ], of
antichains such that c, is an element of lAn; P, the partially

ordered set, equals U lA_; and for each n in W, lA_1is
neN B n

closed, then C is arretract of P. This is the approach
which will be taken next.

The first question which arises concerning this method
is, Can a partially ordered set actually be partitioned in
such a manner? The answer is that not all can be. For ex-
ample, if a partially ordered set contains a maximal chain
which has no countable cofinal subchain, then it cannot be
the union of a countable number of lower ends generated by

antichains. Such chains must therefore be avoided. Even so,
26
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it is not certain that such partitions occur in general. A
Souslin tree is a partially ordered set which cannot be par-
titioned in the desired way even though all of its chains and
antichains are countable. The existence of a Souslin tree is
independant of the usual axioms of set theory (see [D]), so
it may be that the existence of such partitions is also in-
dependant.

DEFINITION. A partially ordered set, P, is layered if
and only if there is a collection, {An:neli}, of antichains

of P such that P is equal to UlAn.
neN

THEOREM 4., 1If every antichain of a layered partially
ordered set, P, generates a closed lower end, then any un-
bounded chain in P of order type w is a retract of P.

PROOF. Let {An:nehi] be a collection of antichains of

P such that P equals UlA . First, assume that for every n
nelN

IR Wy lAn is a subset of lAn+1. Let C={cnineli} bg an un-
bounded chain in P and assume that C is not contained in 1An
for any n. Set dn equal to the largest element of C con-
tained in lAn, if there are any elements of C in lAn, and cq
if there are not. Define a function, f:P-C, by

1 if xe*cl

¢ IE xe(lcn)-(lcn_l) and n>1

f(x)={ ™ _
1 1% xE(P—lC)ﬂ(lAl)

d_ 1f xe(P—LC)ﬂ((lAn)-(l n_1)) and n>1

Let x and y be elements of P such that xgy. If y is an
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element of !C, then x is an element of !C and f(x)<f(y). If
y is an element of (P-1C)N((LA)-(4A 1)), where A _, is
empty if n is 1, then x is an element of lAn and f(x)sdn=f(y).

Let X be a nonempty countable chain in P which has a su-
premum in P, If sup(X) is an element of te for some n, then
X is a subset of lcn. Furthermore, from some point on, all

the elements of X must be in (1cn)-(lc Thus,

n-l)'
f(sup(X))=cn=sup(f(X)). Assume that sup(X) is an element of
(P-1C)ﬂ((£An)-(lAn_1)), where A _; is again empty if n is 1.
Then, since lAn-l is closed, X may be assumed to be a subset
of (lAn)-(lAn_l). In fact, it may be assumed that X is a
subset of (P-lC)ﬂ((iAn)-(lAn_l)), since if it were not it
would be a subset of td s which is closed. Therefore,
f(sup(X))=dn=sup(f(X)). Hence C is a retract of P.

If there is an n in N such that C is a subset of lAn,

then it may be assumed that C is a subset of 1An for every

n in N, Set Dl equal to U!(A -(Tcz)). For all m>1, set
nfN o

o N - C
- equal to (n:i§(An (Tcm+1)) (?cm))) jggj. Let x be an el

ement of P, n an element of W, and a an element of Ah such
that x is less than a. Now a is not an upper bound of C, so
either there is an m in W such that a is an element of

= N i i =
(An (1cm+1)) (Tcm) or it is an element of An (Tcz). Thus,

either x is in D_ or x is in D,. Hence P equals U D_,
m 1 nelN ®

Let X be a nonempty countable chain in Dm which has a supre-
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mum in P, Since P equals UlAn, there is a k in W such that
nelN

X is contained in LAko Then X is contained in (lAk)ﬂDm which
is equal to l((Ak-(?cn+1))ﬂ(Tcn)) for some n>1 or l(Ak—(Tcz)).
In either case, X is a subset of a lower end generated by an
antichain. But such a lower end is closed, so sup(X) is an
element of Dm. Thus, Dm is closed. Let x and y be elements
of P such that x is less than y. Assume that x is an ele-
ment of D and that y is an element of Dn’ Clearly, if y is
an element of i((Ak-(Tcn+1))n(Tcn)), then x must be also.
Therefore, m is less than or equal to n. By Lemma 1, C is a
retract of P,

The requirement that every antichain of P generate a
closed lower end is not necessary for the first part of the
previous proff. There it is only needed that each of the
An's generate a closed lower end. The requirement is neces-
sary in the second part, however, as is shown by the follow-
ing example.

EXAMPLE 5, Let G be the collection of infinite count-
able subsets of w; which don't have a largest element. Let

P, be the set wlu( U U (axAx{A})). Let {X_:acw} be a
o

partition of Wy =@ such that, for every o, X, is infinite.
If x and y are elements of PS’ set x<y if and only if one
of the following conditions holds.

1) x€w; yex for some a€w; and x<® in w

2) x=(0,B,A)eaxAx{A}; y=(a,8,A)caxAx{A}; and B=<s
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3) x=(a,8,A)caxAx{A} and y=a or y=B
4) x,yeéw and x<y in @
5) x=0 (the least element of w)

Clearly, » is an unbounded chain in P; Wy = is an anti-
chain; and 1(w1-w) is all of P5 and is closed. Let f be an
w=-chain continuous function from P5 to itself and assume
that f(PS) is a subset of w. Then there is an element, m,
of » such that f-l(m) is infinite. Let A be an element of
G which is contained in f—l(m). Then for every a in w,-w,
f(axAx{A}) is a subset of {1,2,...,m}. Since a is the su-
premum of axAx{A}, it must be less than or equal to m. Hence
for every nam, f(n) is less than or equal to m. Thus, no co-
final subchain of w is a retract of P5.

In fact, P5 has the least fixed point property for w-
chain continuous functions. Assume that £(0) is not O.
Since P-w is w=-chain complete, it may be assumed that
{£7(0):neN} is contained in w. By the argument above, it
may also be assumed that tere is an @ in wq =0 such that £(a)
is an element of wy=w. Let f(a) be an element of Xm. For
every nzm, let An be the element of G contained in X o Since
¢ is the supremum of axAnx[An}, there is an element, B8, of Al
such that £((a,8,A)) equals f(a). Therefore, £(8) equals f(a)
and £(n) is less than or equal to m. It follows that f has
a least fixed point. )

THEOREM 5. If every antichain of a partially ordered

set, P, generates a closed lower end; every lower end of P
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which contains a countable chain but none of its upper bounds
is layered; and P has the least fixed point property for w-
chain continuous functions, then P is w-chain complete.

PROOF. Assume that P contains a nonempty countable
chain, C, which does not have a supremum. By Theorem 4 and
Lemmas 2 and 3, it may be assumed that every countable chain
in P is bounded: that the set, U, of upper bounds of C has a
set, M, of minimal elements; that every element of U is above
an element of M; and that no two elements of M have a common
upper bound.,

Let D be the set of all the elements, x, of P such that

tx is not contained in (1(tm))- Ui(tn) for any m in M. Let
neM=- {m}

X={xn:neli} be a chain in D which has a supremum in P. As-

sume that for every k in N , there is a j=k, elements m,. %ms

i 3
of M, and of tm_ and s, of tmg such that xj is less
J J J ]
than both . A8 and Vg, * Let Yr be the set of all the yrts
3 J J
and Y  the set of all the ys’s.
k|

Assume that both Y. and YS are infinite and that Yr con-
tains an infinite antichain, A_. Since the lower end gener-
ated by an antichain is closed, sup(X) is below all but a
finite number of the elements of A_. Let Z, be those ele-
ments of YS which are paired with the elements of Ar. If ZS

has an infinite antichain, As’ then sup(X) is below all but
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a finite number of the elements of AS. Thus, there is a j

in N such that sup(X) is less than s and I Then sup(X)
3 J

is an element of D.

If every antichain of ZS is finite, then it contains an
infinite chain, Cs’ which, by assumption, is bounded. Let 8
be an upper bound for this chain. Then sup(X) is less than
or equal to Vg Let Br be the set of elements of A_ which
are paired with the elements of Cs' Since Br is an antichain
and X is contained in IB_, sup(X) is in 1B, Let y_ be an
element of B_ which is above sup(X). Then y, and y_ are ele-
ments of U which are above distinct elements of M and are
both greater than sup(X). Thus sup(X) is in D.

Assume that all antichains in both Yr and YS are finite.
Let Cr be an infinite chain in b - let y ¢ be an upper bound
of C.3 and let m. be the element of M less than or equal to
Ve Let ZS be the set of elements of YS which are paired
with the elements of C.. Then no element of ZS is greater
than m.. Since every antichain of ZS is finite, it must con-
tain an infinite chain, Cs' Let ¥ be an upper bound of CS
and let m_ be the element of M less than or equal to Yg+
Then m_ does not equal m_ and sup(X) is less than both .
and Ygo Therefore, sup(X).is in D.

Assume that for every k in N, there is a y,2x, such
that Vi is not contained in {(tm) for any m in M. Let Y be

the set of all the yk's. Assume that Y is infinite. If Y
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contains an infinite antichain, then sup(X) is in the lower

end it generates and is therefore in D. If Y does not con-
tain an infinite antichain, then it contains an infinite

chain which is bounded. Let y be an upper bound for this

chain. Then y is above sup(X) and is not in !(itm) for any m
in M, Therefore, D is closed.

Sinée C is unbounded in D, there is, by Theorem 4, a
retraction, £, of D onto C’, a cofinal subchain of C of or-
der type w. Let my and my be distinct elements of M. De-
fine a function g:PaC’U{ml,mZ], by

my if fxc(l(Tml))-D
g(x)= m, if txc(4{(tm))-D and miém1
f(x) if xeD
Then f preserves order. Since the sets (l(?ml))-D and

U ((¢{(tm))-D) are closed and g is w-chain continuous on
meM-[ml}

them and on D, it is w-chain continuous on P. Thus,
C’U{ml,mz] is a retract of P and P cannot have the least
fixed point property for w-chain continuous functions.

COROLLARY 3. 1If every antichain of a partially ordered
set, P, generates a closed lower end and every lower end of
P which contains a countable chain but none of its upper
bounds is layered, then P is w-chain complete if and only if
it has the least fixed point property for w-chain continuous
functions.

The following theorem by Edwin Miller appears as Theorem
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B in [Mi].
THEOREM 6., If every antichain of an uncountable par-

tially ordered set, P, is finite, then P contains an uncount-

able chain.

COROLLARY 4, If every antichain of a partially ordered
set, P, is finite and every chain contains a countable co-

final subchain, then P is layered.
PROOF. Assume that there is no countable collection,

G, of antichains of P such that P equals U!A, Let Al be a
AeG

maximal antichain of P. If ® is less than Wy and, for every

a less than 2, A_ has been defined, then let AB be a maximal

‘A . The set A= UA_ is an uncountable par-
g @ acw?

1
tially ordered set and, by Theorem 6, contains an uncountable

antichain of P- U
o

AC P

chain, C. But C must intersect an uncountable number of Aa's
and so cannot contain a countable cofinal subchain.

COROLLARY 5. If every antichain of a partially ordered
set, P, is finite and every chain contains a countable co-
final subchain, then P is w-chain complete if and only if
it has the least fixed point property for w-chain continuous

functions.
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