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ON QUASILINEAR PARABOLIC EVOLUTION EQUATIONS IN
WEIGHTED L,-SPACES II

JEREMY LECRONE, JAN PRUSS, AND MATHIAS WILKE

ABSTRACT. Our study of abstract quasi-linear parabolic problems in time-weighted
Lp-spaces, begun in [I7], is extended in this paper to include singular lower order
terms, while keeping low initial regularity. The results are applied to reaction-
diffusion problems, including Maxwell-Stefan diffusion, and to geometric evolu-
tion equations like the surface-diffusion flow or the Willmore flow. The method
presented here will be applicable to other parabolic systems, including free bound-
ary problems.

1. INTRODUCTION

In the recent decades, the L,-theory for abstract parabolic evolution equations has
become very useful in applications to parabolic partial differential equations and sys-
tems, in particular for parabolic free boundary problems like Stefan problems with
surface tension or two-phase Navier-Stokes problems, and also in the theory of geomet-
ric evolution equations, for example, the mean curvature flow, the surface-diffusion
flow, the Willmore flow, and many others. The theory of abstract parabolic evolu-
tion equations offers a framework to answer questions concerning local well-posedness,
construction of the corresponding local semi-flow and its qualitative behaviour, like
stability of equilibria, invariant manifolds near equilibria, and asymptotic behaviour
of the solutions, especially their convergence to an equilibrium.

There are numerous contributions to this field [1} 2] 3] [4, Bl [T0] [TT1, 14 18] 22} 28]
29, [30], 32]; this is just a selection.

Here we follow the approach based on L,-maximal regularity. This approach was
first introduced in the paper by Clément and Li [9] and has been further developed
in [I7, 23, 25]. Following the ideas in [26], this approach has recently been extended
to weighted Ly-spaces in [I7] for several reasons. Time-weights can be used to lower
initial regularity and to exploit parabolic regularization which is typical for quasilinear
parabolic problems. This has consequences for compactness properties of solutions,
and on the quality of a priori estimates needed for global existence. As a byproduct,
time-weights can also be used to reduce compatibility conditions to a minimum. The
idea of employing time-weights is by no means new, at has been employed before in
papers by [0 22| 23] and others.
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In this paper we continue our work begun in [I7], extending our results to equations
which have singular lower order terms, while keeping low initial regularity. To make
this statement more precise we begin with the setting of [I7]. Let Xy, X; be Banach
spaces such that X; < X densely, and consider the abstract evolution equation

i+ A(w)u = F(u), t >0, u(0)=uo. (1.1)
In the framework of L,-theory one looks for solutions u in the class
u e Ei(J) :=Hy(J; Xo) N Lp(J; X1) = C(J; X,),

where J = [0,T7] is a finite interval, and X, = (Xo, X1)1_1/p, is the time trace space
of this class. X is the natural state space for the semi-flow generated by (II)), in the
L,-setting, provided it exists. In particular, the initial value 1o must belong to this
space, hence one does not see a parabolic reqularization. Choosing p large, the space
X, typically will be a space of high regularity, and so to obtain a global solution the a
priori bounds needed for global existence must necessarily be bounds in X, i.e. they
must be of high quality.

To lower the initial regularity - and at the same time the quality of necessary a
priori bounds - we employ time-weighted L,-spaces. Defining

Ly u(J; X1) = {u € L1 joc(J; X1) : ' 7Hu € Ly(J; X1)},

H;u(‘]; Xo) ={u € Ly u(J; Xo) N Hll(J§ Xo) : RS Ly(J; Xo)},
we now look for solutions in the class

w € By, (J) = H, ,(J; Xo) N Ly u(J; X1) = C(J; Xq.).
The trace space for this class is X, ;, = (Xo, X1)u—1/p,p, With u € (1/p,1]; note that
X, =X, 1, and that
E1,u([0,T]) = Ea([6,T7),

for any small § € (0,T), showing instant smoothing of solutions. This striking prop-
erty of quasilinear parabolic problems allows to pass from bounds on solutions in
X, to bounds in X, and even to compactness in X, if the scale (Xo, X1)o,p is a

compactly embedded scale.
In our previous paper [I7] we worked out this approach under the assumptions

(A, F) € C*(V,;B(X1, Xo) x Xo), V,, C X, open,
and A(u) has the property of L,-maximal regularity, for each u € V,,. The assumption
on A cannot be relaxed substantially, but that on F' is not optimal and can be

improved. To explain this, consider the following three scalar parabolic equations
in a bounded smooth domain 2 C R".

Ou — a(u)Au = f(u) (1.2)
O — a(u, Vu)Au = f(u, Vu) (1.3)
Owu — div(a(u)Vu) = f(u). (1.4)

We equip these problems with the Neumann boundary condition 9,u = 0 on 99 € C?.
To ensure parabolicity, we suppose a > ag > 0. For all these problems we choose as
a base space Xo = Lq(€2), where g € (1,00). Then X = {u € HZ(Q) : d,u =0},

Xy ={ue BE2P(Q): d,u =0},

whenever the trace d,u exists and X, = Bat"2/?(Q) otherwise; the latter is the
case if 2u < 1+1/q+ 2/p. Here By, denote the Besov spaces, see e.g. Triebel [31].
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To solve (L2) we need u € C(J x ), which follows if X, , — C(), i.e. 2y >
2/p+ n/q. Such a choice of u € (1/p,1] is possible if 2/p + n/q < 2. Note that no
compatibility condition will show up if ¢ > n — 1 and pu is chosen sufficiently small!
Next consider (IL3); here we need u € C(J;C'(2)) to be able to solve the problem.
This means 2p1 > 1+ 2/p+ n/q, and so the condition 2/p+ n/q < 1 is necessary. In
this case there is no way to avoid the trace of d,u, which means that the compatibility
condition d,ug = 0 on 02 must be satisfied.

Finally, we look at (I4]), which can be rewritten in explicit form as

O — a(u)Au = f(u) + a'(v)|Vul?. (1.5)

Ignoring the second term on the right hand side, the optimal choice for p would be
as for (L2), i.e. 2 > 2/p+ n/q. But then, what about the second term on the right
hand side, which is quadratic in Vu? The key observation is that this term is still of
lower order and of polynomial growth (here second order) in Vu! Such terms ask for
estimates of Gagliardo-Nirenberg type (see e.g. [15]), and precisely this is what we
want to economize in this paper.

To implement this idea we split F' = F,. + F,, where F, € C'~(V,; X) as in our
previous paper [I7] (subscript 7 means regular). The singular part Fy : V,N X3 — Xo
with Xg := (X0, X1)g,p in the simplest case satisfies the following condition:

There exists numbers B € (u—1/p,1), p > 0 with

(T+p)(B—(p—1/p) <1—(u—1/p), (1.6)

and a continuous function c: V, x V,, = R such that for all u,u € V, N Xg

|Fa(u) = Fo(@)|x, < e(lulx, .. lulx, ) 1+ ulk, + Iﬁlgfﬂ} |u = alx,- (1.7)

Here 1 + p is the order of the nonlinearity F, given by the equation in question.
is also given by the equation under consideration, but it depends also on the scale
generated by the spaces Xy and X7; in example ([H) we will have 1 + p = 2 and
B =1/2+n/4q + ¢ with a small € > 0, see Section [ for details. Then (6] defines
a lower bound for p > 1/p; for (LA this will be 2u > 2/p + n/q, which is already
needed for X, , — C(Q), so in this example there are no further restrictions on .

We show that with assumptions ([L6)), (L) on the singular part Fy (or its refined
version (2.3]), (24) in Section [2) the L,-theory with time-weights for (L)) developed
in [I7] remains valid. These conditions are flexible enough to cover parabolic systems
including (0] as well as many other parabolic problems. In particular, in Section
@ we show that for the surface diffusion flow and the Willmore flow it is enough to
assume the initial regularity B;*,‘,‘*“/” with 4u > 1+ 4/p + n/q. In the setting of the
Holder spaces C this has been recently observed in [7].

This paper is structured as follows. Section ] is concerned with the local well-
posedness and optimal regularity of (II]). To be precise, we will prove the existence
and uniqueness of local-in-time solutions in the class E; ,,(0,T) depending Lipschitz
continuously on the initial data. Furthermore we show that each local solution can
be continued to a maximal solution being defined on a maximal interval of existence
J(uo) :=10,t"(up)). In Section Bl we will show that if X, ; is compactly embedded
into X, ,, and if the solution u(t) of (1)) satisfies

u € BO([1,t" (uo)); Xv.1)
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for some 7 € (0,t%(ug)) and i € (1], then the set {u(t)}ie(si+(uy)) is already
relatively compact in X, 1 for any § € (0,7 (up)). This in turn yields the global
existence of the solution. Finally, in Section Ml we show how to apply our results
to concrete problems. One of these problems is considered with reaction diffusion
systems in the context of Mazwell-Stefan diffusion, which is in the focus of current
mathematical research. The other application deals with geometric evolution laws,
namely the surface diffusion flow and the Willmore flow. We consider the situation
where each member of a time dependent family of hypersurfaces is given as a graph of
a height function over a fixed and bounded domain. This allows one to transform the
evolution law for the hypersurfaces to a fourth order quasilinear parabolic equation
for the height function to which we can apply the results in this article. In particular
we establish an L, —L,-theory.

Notations. For the spaces
Eo,.(0,T) := Ly, ,(0,T; Xo),

and Eq ,(0,T) we use the norms

lullg, .0,y = lullz,..0,1:x0) = [t = tliﬂu(t)]”Lp(O,T;Xo)v
and
lulle, ,.0.1) == llulleo,.0.7) + o . 0.1) + 1|z, 0.7:x1)
which turn them into Banach spaces. Furthermore we denote by || - ||, x, , the norm

in C([0,T]; X4,.). In the classical case ;1 =1 we simply use the notation Eo, E; and
X, instead of E; 1, Ep; and X, ;. We will also make use of the notation
OEL#(O, T) e {u S EL#(O, T) : u|t:0 g 0}
If My and M, are metric spaces and G : My — Ma, then G € C'~(Mjy; M3) means
that G is locally Lipschitz continuous. Furthermore we write X;<—Xg if X7 is com-
pactly embedded in Xj.
An operator Ay : X1 — X is said to belong to the class MR, (X1, Xo) if for each

f € Ly(Ry; Xp) there exists a unique solution

u € Hy(Ry; Xo) N Ly(Ri; X1)
of the problem

U+ Aou=f, t>0, u(0)=0.
In other words, Ay has maximal regularity of type L.

2. LocAL WELL-POSEDNESS

The aim of this section is to solve the quasilinear evolution equation
u+ Aluw)u = Fi(u) + Fa(u), t >0, u(0)=us, (2.1)
under the assumption that there exist two Banach spaces Xy, X1, with dense embed-
ding X7 — Xj such that the nonlinear mappings (A, Fy) satisfy
(A, F1) € O (V,;; B(X1, Xo) x Xo), (2.2)
where V,, C (Xo,X1)u—1/pp = X5, is open and nonempty for some p € (1/p,1].
Furthermore, let 8 € (n—1/p,1) and F5 : V,, N X3 — X where X3 = (Xo, X1)3,p-
Suppose that there exist numbers m € N, p; >0 and 3; € [ — 1/p, B] with
pilB—p+1/p)+ B —pu+1/p _
1—pu+1/p

1, (2.3)
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for all j € {1,...,m}, such that for each u, € V,, and R > 0 with B;“"(u*) cV,
there exists Cr > 0 such that the estimate

m

|Fo(ur) = Fa(uz)|x, < Cr Y (14 |ua|{ + [ua| %) )|ur — ua|x, (2.4)
j=1

holds for all ui,us € B;“"(u*) N Xg, where Xg, = (Xo, X1)g; p-

The main result of this section reads as follows.

Theorem 2.1. Let p € (1,00) and suppose that (A, F1) and F satisfy (22)-24) for
some p € (1/p,1]. Let ug € V,, and assume that A(ug) € MR,(X1,Xo). Then there

exist T = T(ug) > 0 and ¢ = e(ug) > 0, such that B (uwo) C V,, and such that
problem (Z1)) has a unique solution

u(ur) € Hy (0,75 Xo) N Ly u(0,T; X1) N C((0,T); Vi),

on [0,T], for any initial value uy € BEXV’“(uO). Furthermore there exists a constant
¢ = c(ug) > 0 such that for all uy,us € B (ug) the estimate

(- ur) = u(- u2)lle, 0, < clur —uzlx,,
15 valid.
Proof. Since ug € V,, and by (2.2)), there exists g > 0 and a constant L > 0 such
that By (up) C V), and

[A(w1)v — A(w2)v]x, < Llwy — we|x,,[v]x,, (2.5)

as well as
|[F1(wr) — Fi(wz2)|x, < Llw —walx, ,, (2.6)

hold for all wy,ws € B;-)g”’“ (uo), v € X1. Moreover, from (Z.4]) we obtain the estimate

|Fo(wn) = Fa(wa)|x, < Cep D (14 [wn|§, + [wa|f)wr —walx,  (2.7)
j=1

for all wy,wq € BEXO““(uO) N X3, where 8 and (p;, 5;) satisfy ([2.3).
By [26, Theorem 3.2] we may introduce a reference function uj§ € Eq ,(0,T) as the
solution of the linear problem

W+ A(ug)w =0, w(0) = up.
Define a ball in Eq ,(0,T) by
By 7w, = {v € E1,4(0,T) : vs=0 = u1 and ||[v — ygllg, .00y <7}, 0<r <L

Let uy € B2 (ug) with e € (0,20]. We will show that for all v € B.1., it holds

that v(t) € Bivw (up) for all ¢ € [0, T, provided that r,T,e > 0 are sufficiently small.
For this purpose we define uj € E; ,(0,T) as the unique solution of
w+ Alug)w =0, w(0) = uy.
Given v € B, 7, we estimate as follows.
v = wolloo,x,.,. < [0 = wllloo,x, . + U7 = glloo,x, . + [[Ug = wolloo,x, - (28)
Since up is fixed, there exists To = To(uo) > 0 such that sup,co 1, [ug(t) — uolx, ,, <
€0/3. Observe that (v — u})|t=o = 0, hence

10 = willoe,x,. < Callo = wills, , 0.7) (2.9)
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and the constant C; > 0 does not depend on 7', which can be seen as follows. Thanks
to [24, Lemma 2.5] there exists a linear and bounded extension operator £2 from
0E1,,(0,T) to o1, (R4 ), whose norm does not depend on 7T'. This fact together with
[26, Proposition 3.1] yields
lullBuco.rix, ) < I€rullBucw.x, ) < ClERulle, @) < Cllullyz, ,0m),
for each u € ¢Eq,,(0,T).
Making use of (2.9) we obtain
[[v — uTHoo,Xw < Cillv— UTHEW(O,T) < Ci(Jlv - USHIELM(O,T) + ||U3 - UTHEW(O,T))
< Ci(r + [lug — uillg, , 0,1))s
and (2.8) yields the estimate

||U - u0||OO>X'y,u
< Cur + lug = uille, . 0m) + [lug — Uilloe,x, . + [lug — tolloo x, .-

A(

Since, by assumption, the semigroup e~4(#0)t is exponentially stable it follows that

[lug = uilloo,x, . + Cullug — uills, . 0,1) < Cyluo —wrlx, ., (2.10)
with a constant C., > 0 which does not depend on T'. Choosing ¢ < g/(3Cy) and
r < e0/(3C1), we finally obtain

[[v = uolloo,x,.,, < C17r+ Cye + [|ug — uo||oo,x, . < €0 (2.11)

Throughout the remainder of this proof we will assume that u; € B2 ™" (up), € <
e0/(3C), T € [0,Tp] and r < £9/(3C1). Observe that in particular we have v(t) €
B (ug) N X5 for a.e. ¢t € [0,T], hence also v(t) € B (uo) N Xp for a.e. t € [0,T].

Under these assumptions, we may define a mapping 7, : By 7., — Eq,,(0,T) by
means of 7,,v = u, where u is the unique solution of the linear problem

i+ A(uo)u = Fy(v) + Fa(v) + (A(up) — A(v))v, t >0, u(0) = u;.

In order to apply the contraction mapping principle, we have to show 7y, B, 74, C
B, 1., and that 7,, defines a strict contraction on B, 7., i.e. there exists x € (0,1)
such that

[|Tuy v = Ty VllE, , 0,7) < Ellv = 0|g, , 0,1)5
is valid for all v,v € B, 74.,. We will first take care of the self-mapping property.
Note that for v € B, 1, we have

w U — uy = Toy v — ul +ui — ug.
Since (7o, v — uf)|t=0 = 0, maximal L, ,-regularity of A(uo) yields
[T, v = uillg, . 01) < CollFi(v) + F2(v) 4 (A(uo) — A(v))v)llg, . (0,1)
and Cy > 0 does not depend on T'. It has been shown in [I7] that
1(A(uo) = A(w))vlg, . 0.1) < L(Crr + Cre + [Jug — tolloo,x,,, ) (r + [[ugl|e, . 0.7))
and
171 (0)[ko,,.0,7) < o(T) [L(Crr + Cre + [|ug — wolloo,x, ) + [ Fi(u0)|xo]

with U(T) = WTl/P"Fl—H' Since

[lug = wolloo,x, s [lUolley .0y = 0 a8 T = 04,
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this yields
| Tur v = wglle, 0,1y < lluy — uglle, . 0,7) + 1 F2(V) g, 0,7) +7/3,
provided r > 0,7 > 0,e > 0 are chosen properly. By ([Z.I0) we obtain, in addition,
[ui = ugllg, 01 < (Cy/C1)|ur —wolx,, <1/3,

with a probably smaller ¢ > 0. Thus, it remains to estimate F5(v) in Eg ,(0,T). First
we use the estimate

1F2(0)[Eo . 0.1) < 1F2(v) = Fa(ug)llg . 0.1) + 1 F2(ug)lE, . 0.1)-
Then, by ([27), we obtain

[1F2(v) = Fo(ug) g, . 0.7)

1/p
scsoz< / (1+ o >|§;‘B+|uz;<t>|§;'ﬁ>p|v<t>—uz;<t>|§(ﬁ.t<1”pdt) (2.12)

To shorten the notation, let wy € {v,uf} and we = v — u§. Observe that for all
w € X1 we have the interpolation inequalities

— 1—a; .
wlx, < clull® Jwlk, and |wlx, < cloly jol}, (2.13)

where (1 —p+1/p) = (8—pn+1/p) and a;(1 — p+1/p) = (B; — p+1/p). It follows
from (23)) that pja + a; < 1 for all j. Making use of ([2.13) we obtain in a first step

T 1/17
( / wr (O[5 (B, 10~ ”pdt)

T 1/p
i(1— 1-a; i _
< cllwn |25 wa 0%, (/0 Jwr (8) %, w2 (1) P ¢ wpdt) :

Appling the identity
tA=wp — y(1=w)pjopy(1—p)epy(1—p)(1—pja—a;)p
and Holder’s inequality twice yields
1/p

T
</0 w1 ()]} [wa (t )|aj1pf(1“)pdf> ST wllg” o, llw2lls] 0,7

with k1, := (1 —p+1/p)(1 — pja — a;). In a similar way we obtain

T 1/p
(/ |wz<t>|§jt<l-”>pdt> < T |'5%, Twallg? o

with kg ; == (1 — p+ 1/p)(1 — ). Since [[Fa(ug)llg, 0,1y = 0as T — 0y, [lo —
uglle, .0 <7,

[olloe.x, . < M0 = Uglloc,x, . + [[Uglloc.x, . < 420/3 + [[uglloc,x, ..
and

[0l .01 < v = uglle, .07) + [uglles . 0,0) < 7+ [uplls, . 0,7)
it follows that ||Fa(v)||g,., 0,r) < r/3 provided that T' > 0 is sufficiently small. This
proves the self-mapping property of 7y, .
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Returning to the contraction property, let uy,us € B T (ug), ub(t) = e Awolty,

and v1 € By 7.4,, v2 € By 14, be given. Then, by maximal L, ,-regularity of A(uo),
we have
[Ty v1 — Tunv2llE, L. 0,7) < Ui — u3llg, 0,1 + CollFi(v1) — F1(v2)|lg, . (0,7)
+ Coll(A(v1) = A(uo))(v1 — v2)l[g,,. 0,7)
+ Coll(A(v1) — A(v2))v2llg,, . 0,7)
+ Col|Fa(v1) — Fa(v2)ll, . (0,7)
with a constant Cy > 0 being independent of T' > 0. For the first term we can make

use of (ZI0) where ug and uf have to be replaced by ug and u3, respectively. The
second term can be treated as follows. By (2.6]), we obtain

(2.14)

[[F1(v1) = F1(v2)l|g,., 0,7y < o(T)L|Jv1 — 2|00, x, .
while (ZI0) and the trace theorem (Z9) imply
o1 = valloo,x, . < [lv1 —v2 = (u] —u3)lleo,x, , + [[u] — U300, X, .
< Cillor —v2 = (u] —u3)l[g, ,0.1) + Cylur —uzlx,,  (2.15)
< Cillvr = vallg, . 0,1) + Cy(1+ Cr)lur —ualx, -

This yields
|F1(v1)=Fi(v2)lg, . 0.1y < 0(T)L (Chllv1 = v2llg, . 0.7) + Cy(1 + C1)|ur —ualx, ) -
For the terms involving the operator A in (ZI4) we make use of (2.H) which results
in
[[(A(v1) — A(uo))(v1 — v2)l|g,. . (0,7) + I[(A(v1) — A(va))vellg, . 0,7)
< L([|v1 = uolloo,x, , llv1 = v2|[E, ,0,1) + [[v1 = v2[|o0,x, 02| [E, . (0,1))-

Finally, making use of (2.4]) and mimicking the estimates for F5 from above, we obtain

|[F2(v1) — F2(v2)llg, . 0.1)

<sz Mor = vall %, o = vallE] 0.2y %

x (14 25 N0l oz + el 2 5 a2 01

with n,;(T) = 04 as T — 04 for all j € {1,...,m}.
Observe that by Young’s inequality and (2I5]) we have

lor = vall 0% Mor = wallg? oy < (1= ap)or = v2lloo,x, ,, + @l = v2lle, 07
< C(Jur —u2|x,, + [lv1 — v2llE, (0,1)) -

By [@2I1), the term ||[v; — ugl|oo,x,,, can be made as small as we wish by decreasing
r > 0,7 >0 and € > 0. Furthermore, for j € {1,2} we have

[[vjlloo.x,,,. < l[vj = uolloo,x, ,, + [wolx, ,, <o+ |uolx,,

and

[vlle, 0,1y < v = uolle, . 0,m) + [[uollE,, 0,7) < 7+ [|uglle, . 0,1)>
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hence ||v;]|g, , (0,r) is small, provided r > 0 and 7' > 0 are small enough. In summary,
making use of (ZI5) and choosing r > 0,7 > 0 and € > 0 sufficiently small, we obtain
a constant ¢ = ¢(ug) > 0 such that the estimate

1
| Tuyv1 — Tunv2lle, ,0,1) < §||U1 —vallE, . (0,7) + clur —u2|x, ,, (2.16)

is valid for all uy,us € Bf*“(uo) and vy € By 74,, v2 € B, 14,. In the very special
case u1 = ug, (2.I6) yields the contraction mapping property of T, on B, r,,. Now
we are in a position to apply Banach’s fixed point theorem to obtain a unique fixed
point & € B, 7., of T,,, i.e. Ty, @ = 4. Therefore & € B, 1., is the unique local
solution to (ZI). Furthermore, if u(t,u1) and u(t,u2) denote the solutions of (2]

with initial values uq,us € BXvw (ug), respectively, the last assertion of the theorem

follows from (2.16)).
|

The next result provides information about the continuation of local solutions.

Corollary 2.2. Let the assumptions of Theorem [21] be satisfied and assume that
A(v) € MR,(X1,Xo) for all v € V,,. Then the solution u(t) of ZI) with initial
value ug € V,, has a mazimal interval of existence J(ug) = [0, (ug)).

The mapping [uo — t* (ug)] : V, — (0, 00) is lower-semicontinuous.

Proof. Given ug € V,, C X, ,,, Theorem 2.1l yields some T7 > 0 and a unique solution
w e K ,(0,77)NC([0,T1]; V,) of (ZI). Next, we solve (1)) with initial value a(T}) €
V., to obtain a unique solution @ € Eq ,(0,T%) N C([0,T3]; V,,) for some T5 € (0, c0).
Let

a(t), t € [0,Ty],
’ﬁ(t—Tl), t e [Tl,Tl +T2].

Then u € Eq (0,71 + T2) N C([0, T} + T»]; V,,), provided that

T +T> Ti+T>
/ la(t —Ty) [P tA=mPat 4 / lu(t — T1)|f APt < oo.
Tl Tl

To show this property, it is sufficient to prove that @ € E;(0,7%). For that purpose
we solve (2.I)) with initial value @(Ty —§) and some sufficiently small § € (0,7%). This
yields a unique solution @ € Ky ,(0,75) N C([0,T3);V,,) by Theorem 21| since the
existence time 75 > 0 is locally uniform.

Let us show that 4(t) = u(t + Ty — 0) for ¢t € [0,0]. To this end we define v(t) :=
a(t+ Ty —¢) for t € [0,0]. Then v € Ey,(0,0) and v solves (ZI) with v(0) =
u(Ty — 6) = 4(0). By uniqueness of the solution, it follows that @(t) = v(t) for each
t €10,9].

Now we show that @(t) = a(t + 9) for t € [0,T2 — ¢]. Let w(t) := a(t + J) for
t € (0,72 —6]. Then w € Eq (0,72 — J) and w solves 1) with w(0) = u(d) =
@(T1) = @(0). Therefore, by uniqueness, we have w(t) = a(¢) for each t € [0,T5 — 4.
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We claim that this already yields @ € Eq(0,T%). Indeed, it holds that
Ty—6 To—6 . To—6 Ty—6 .
/ ()Pt +/ i) Bt = / it + 8) |7t +/ it + 8) |2t
0 0 0 0
T2 T2 .
— [ latgar+ [ i
5 5

1 2 (1—p) o (1—p)
< — a(T)|Pr _“pdT—l—/ a(r)|Pr =P qr
s | [l i

S|P
< sa=mp 1z, 0.72)

Additionally, we know E, , (T — 6,T2) < E1(T% — 6,T%), and hence it follows that
u € Ky (0, TQ) This in turn yields that u € EL#(O, T+ TQ) N O([O, T + TQ], V#) is the
unique solution of (2]) on the interval [0, T} + T»]. Inductively this yields a maximal
interval of existence J(ug) := [0,¢(ug)), which is of course half open, since otherwise
we could continue the solution beyond ¢* (up) with initial value w(t™ (ug)).

For the proof of the last assertion of the corollary one may follow the proof of [10]

Theorem 5.1] (see also [I, Theorem 7.2]). We refrain from repeating the arguments.
O

Remark 2.3. Let J = [0, 7)) a compact interval and denote by MR, (J; X1, Xo) the
class of all linear operators Ay : X7 — X, such that for all f € L,(J; Xo) there exists
a unique solution u € H(.J; Xo) N Ly(J; X1) of

w4+ Agu=f, te (O,TQ], U(O) =0.

It is well-known that this property does not depend on Tj € (0,00), and that there
exists a number k£ > 0 such that the implication

Ag € MRP(J;Xl,XQ) = Ag+kl € MRP(Xl,Xo)

holds, see e.g. Priiss [25]. In this sense the assumption A(ug) € MR, (X1, Xo) in The-
orem[Z.Tlcan be replaced by the somewhat weaker condition A(ug) € MR, (J; X1, Xo),
we simply have to add xu to both sides of 2.1]) for some x > 0.

3. RELATIVE COMPACTNESS OF ORBITS

Let uwy € V,, for some p € (1/p,1) be given. Suppose that (A4, Fy) and F satisfy
(Z2)-24), respectively, and A(v) € MR, (J; X1, Xo) for all v € V,, where J = [0, T
or J = R;. In the sequel we assume that the unique solution of (2] satisfies
u € BC([1,t"(uo)); Vu N X4 z) for some 7 € (0,tT (ug)), i € (i, 1] and

dist(u(t),0V,) >n >0 (3.1)
for all t € J(ug) = [0,¢%(up)). Suppose furthermore that
Xops Xy AE(u1]. (3.2)

It follows from the boundedness of u(t) in X, ; that the set {u(t)}icswy) C Vu
is relatively compact in X, ,, provided g € (i,1]. By (BJ) it holds that V :=

{u(t)}ie s(ug) is a proper subset of V,,. Applying Theorem 2.1 we find for each v € V

numbers £(v) > 0 and §(v) > 0 such that Bi:}’)“ (v) € V, and all solutions of (2.1I)



QUASILINEAR PARABOLIC EVOLUTION EQUATIONS IN WEIGHTED L,-SPACES 11

which start in Bigj’* (v) have the common interval of existence [0,d(v)]. Therefore

the set
X
U B.gy @)
veV
is an open covering of V and by compactness of V there exist N € N and v, € V,
k=1,...,N, such that

N
U:= U Blor#(o) DV = {u®) e (ug) 2 {ul) e suo),

k=1
where e, := e(vg), k = 1,..., N. To each of these balls corresponds an interval of
existence [0, dx], 0y > 0, k =1,..., N. Consider the problem

04+ A(w)v = F1(v) + Fa(v), s >0, v(0)=u(t), (3.3)

where t € J(up) is fixed and let 6 := min{dx, &k = 1,...,N}. Since u(t) C U, t €
J(up), the solution of (3.3)) exists at least on the interval [0, §]. Assume that ¢+ (ug) <
oo and set t = t*(ug) — §/2 in (B3). Then we obtain a unique solution v(s) of (B.3))
for s € [0, 6], hence

w(r) == U(T)v TE [0,t+(u0) - 5/2]7
ol =t (ug) +6/2), T € [tH(uo) — §/2,tF (uo) + /2],

is the unique solution of ([Z1)) on the interval [0,¢1(ug) 4+ 6/2]. This contradicts the
maximality of t7(ug), hence the solution exists globally.

By continuous dependence on the initial data, the solution operator G; : U —
E1,.(0,6), which assigns to each initial value u; € U a unique solution v(-,u1) €
E1,,.(0,6), is continuous. Furthermore

(/2" vlle, 5/2.0) < WIolles ,5/2) < Vlles, 0,00 1€ (1/p, 1),
hence the mapping G : E; ,(0,9) — E1(6/2,9) with v — v is continuous. Finally

lv(d)lx, <llvllsuc(s/2.0:x,) < CO)lIlE, (5/2.6)
which implies that the mapping Gs : E1(§/2,0) — X, with v — v(J) is continuous.
This yields the continuity of the composition G = G30 G0 Gy : U — X, whence
G({u(®)}e>0) = {u(t+9)}i>0 is relatively compact in X, since the continuous image
of a relatively compact set is relatively compact. Since the solution has relatively
compact range in X, it is an easy consequence that the w-limit set

w(ug) :={veV,NXy: It, ~oost u(ty;ug) = vin X} (3.4)
is nonempty, compact and connected. We summarize the preceding considerations in

the following

Theorem 3.1. Let p € (1,00) and let J = [0,T] or J = R4. Suppose that A(v) €
MR, (J; X1, Xo) for allv € V,, and let 2.2)-@24) hold for some pn € (1/p,1). Assume
furthermore that (32) holds for some i € (u,1] and that the solution u(t) of 1)
satisfies

u € BCO([1,t" (u0)); V., N X5 5)
for some 7 € (0,7 (ug)) and i € (u, 1] such that

dist(u(t),0V,) >n >0
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for all t € J(ug). Then the solution exists globally and for each § > 0, the orbit
{u(t)}i>s is relatively compact in X.,. If in addition ug € V,, N X, then {u(t)}i>0 is
relatively compact in X .

In either case, the w-limit set w(ug) given by BAl) is nonempty, compact and con-
nected.

4. APPLICATIONS

4.1. Reaction-Diffusion Systems. Let 0 C R™, n € N, be a bounded domain with
boundary 9Q € C? and E a finite dimensional real Hilbert space. Furthermore, let
U C E be open and suppose that f € C'=(U; E) and a € C?~(U; B(E)) are given.
The general form of systems we consider here is given by

Oyu — div(a(u)Vu) = f(u),

where u : (0,00) x Q = U and
div(a(u)Vu) = Zaj (a(u)dju).
j=1

This includes reaction-diffusion systems of Maxwell-Stefan type, see [8]. Computing
div(a(u)Vu), we obtain
Ou — a(u)Au = f(u) + Z a’(u)9;udju.

Jj=1

This motivates to consider the problem

Ou — a(u)Au = f(u) + Zb(u)ajuaju, t>0, zeq,

=1 (4.1)
du=0,t>0, x€dQ,

u(0) =g, z € Q,

where
(a,f) € C*(U;B(E) x E) and b € C*~(U; B(E, B(E))).
The boundary condition d,u is defined by
Opu = (v-V)u.

Let us first rewrite (£1]) in the form (2). To this end we set Xo = Ly(2; E),

X1 ={u€ H (% E) : Oyuloa = 0}.
In this situation, we have for p € (1/p, 1]

Xy = (X0, X1)u—1/pp
_ [{ue BETPQE)  ulon =0}, if 20> 1+2/p+1/q,
BX~2P (i E), if 24 < 1+2/p+1/q.

Let us assume that 2/p+n/q < 2, wherefore the embedding ngz/p(ﬂ; E) = C(O;E)
is at our disposal. In this case there exists pg € (1/p, 1) such that

BL P (G E) < B P (QE) — C(QBE), if p € (1o, 1).
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Indeed, the number pg € (1/p, 1) is given by
Ho = — + .
P 2q
Define
V,i={veX,, v(Q) cU},

which is an open set in X, ,, since X, , < C(; E).

In the context of Maxwell-Stefan diffusion one typically has o(a(v(x))) C (0,00)
for all v € V,, and x € Q. This leads to the assumption o(a(u)) C (0,00) for each
u € U. For pu € (po, 1], we define

A)u(z) == a(v(z))Au(z), € Q, veV,, ue Xy,
Fi(v)(z) == f(v(z)), € Q, veV,

and

F(v)(z) = Zb(v(m))ajv(x)ajv(x), reQ, veXgnV,,
j=1

where 8 € (u — 1/p,1) will be chosen in a suitable way such that I, satisfies the
assumptions (23) and ([24). From the conditions on (a, f) we infer

(A,Fl) S Cli(Vu;B(Xl,Xo) X Xo), n e (/1,0, 1],

and, for each v € V,, xgp € €, the symbol of A(zg, D) := a(v(zp))A is normally
elliptic. Moreover, the pair (A(zg, D), d,) satisfies the Lopatinskii-Shapiro condition
(see e.g. [13] Section 2]) for each v € V,, and xy € 09, since the matrix a(v(zo)) is
invertible and o(a(v(zo))) C (0, 0).

Let us now verify the condition Z4). We know that X3 = (X0, X1)g,, C BZ(; E).
In the sequel, let

pe(1/2+n/4¢,1) N (1 —1/p,1).

Note that the first interval is not empty, since 2/p + n/q < 2. For this choice of g
we have the embedding B2Y(Q; E) — W3, (Q; E) at our disposal, since 28 — n/q >
1 —n/2q, and it holds that X3 — X, ,. For a given u, € V,,, choose R > 0 such that

B;(”‘ (uy) C V. Since X, , < C(Q; E) and b is locally Lipschitz continuous there
exist constants Cr, Lr > 0 such that |b(v)|e < Cg and

|b(v) = b(?)]|oc < Lp|v —0|eo < CLRrlv —17|x,,,
for all v,v € B;(”‘ (us) N Xg. Next, we write

b(v)0;v0;v — b(9)0;00;0 = b(v)(0;v0;v — 9;00;0) + (b(v) — b(v))0;00;0
= b(v)[((f?]v — (9j’17)(9j’l) + (ij — Bjﬁ)ajﬁ] + (b(’U) - b(@))ajz’)@jz’).

Making use of Holder’s inequality and the fact that X < W3, (Q; E) we obtain the
estimates

1/q
(/Q b(v(2))(95v(x) — ij(x))ajv(x)ﬁfd:v) < Crlvlx,|v —v]x,,

1/q
< A b(v(2))(9;v(x) — 3j17(1?))3j17(17)l%d1?> < Crl|v|x,|v = vx,-
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and

1/q
( / |<b<v<x>>—b(@(x»)ajm)aj@(x)|4de) < CLalolk, v~ vlx, .

for each j € {1,...,n}. Therefore, F» satisfies the estimate ([24) with m = 2,
(p1,51) = (1,8) and (p2, B2) = (2,4 — 1/p). It remains to verify (23), i.e. we have to

check that
1 1
B <= <1+u— —> )
2 p

1+n 1 <1 14 1
max<{ -+ —,u— — - - =
X913 4qaﬂ D 5 H 0]

for 1 € (10,1), it is always possible to find such a number §.

We are now in a position to apply Theorem[2.Ilwhich yields the existence of a unique
solution u of ([@I]) with a maximal interval of existence J(up), provided uy € X, ;..
Then we may apply Theorem Bl to the result

Since

Theorem 4.1. Let n € N, p,q € (1,00) with 2/p +n/q < 2, uo := 1/p + n/2q,
u € (1o, 1), Q € R™ a bounded domain with boundary 0Q € C?. Suppose that
E is a finite dimensional real Hilbert space and let U C E be open. Assume that
(a,f) € C'=(U;B(E,E) x E) with o(a(u)) C (0,00) for each v € U and b €
C'=(U;B(E; B(E))). Let ug € B2P(Q E) with uo(Q) C U and dyulog = 0
if 2u>1+2/p+1/q. Then there exists a unique solution u(t) of (LI)) with

we Hy (0,75 Ly(Q E)) N Ly (0, T HA(Q; E)) N C([0,T); B2 ~2/7(Q; E))
and u([0,T] x Q) C U for each T € (0,t+(ug)), where t*(ug) > 0 is the mazimal time

of existence.
If in addition the solution satisfies

we BO ([r.t* (uo)); B " (% E))
for some T € (0,t%(up)), it € (1, 1] such that
dist(u(t,z),0U) >n >0

or all t € [0,t%(ug)), © € Q wit some n > 0, then u(t) exists globally and the set
for all 0,t" Q with 0, th loball d th
{u(t)}i>r is relatively compact in Bﬁ;””(ﬂ; E). Moreover, the w-limit set

w(ug) = {v € ngwp(ﬂ;E) 2 Aty S oo st u(ty, ug) = v in ngQ/p(Q;E)}

is monempty, connected and compact.

Remark 4.2. As a consequence, to obtain global existence for system (@.1]) we need
Holder-bounds for w, but not for Vu. This coincides with the results in [2] for the
global existence of solutions to quasilinear parabolic equations.
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4.2. Surface diffusion flow - The graph case. Consider a family of hypersurfaces
{T(t)}+>0 € R™! given as a graph of a height function h over a bounded domain
Q) C R™ with boundary 9Q € C*. To be precise we have

It) ={(z,xn41) € XX R:xpy1 = h(t,x)}.

Assume furthermore that the evolution of I'(t) is governed by the surface diffusion
law

Vi = —Arw Hre), t >0, (4.2)
where V() is the normal velocity of (), Hry = —divpvr() is the mean curvature
of I'(t) and the operators divp) and Apg;) denote the surface divergence and the
Laplace-Beltrami operator, respectively, acting on T'(t). Let us make the convention
that the unit normal field vpq) on I'(f) points from

{(z,Znt1) EQXXR: @y < h(t,x)}
to
{(z,2n41) E XX R:zpy1 > h(t,z)}.
It is convenient to rewrite (£.2) in terms of the height function h. To this end let
B:=1/y/1+|Vh]? and denote by §% the Kronecker delta. Then we obtain from [27]
Section 2] that
Arep = (6™ — B2 0khOih)(0x010 — B2 Ok OLh Oh O p),
for functions ¢ which are smooth enough and
Hy = (6" — 320;h0;h)$0;0;h.
Note that for the sake of readability we make use of sum convention. Furthermore we
have
vr = B(=Vh,1)T and Vi = dh(ept|vr) = BO;h.
In terms of boundary conditions for the height function we choose hlgpg = d,h = 0 at
09, where v denotes the outer unit normal field on 9.
Inserting the above expressions into ([@.2)) yields the equation

Oth+ Y ag(VR)D'h= Y by (VR)D hD™h
|o|=4 |o|=3,|7|=2
+ > corx(VR)D'RDThDXh, t>0, z€Q, (4.3)
lo|=|7|=|x|=2
supplemented with the boundary and initial conditions
hlaa =0, t>0, z €09,
O,h=0, t>0, x¢€dQ, (4.4)
h(0) = hy, z€Q,

where D := (—i)l*l9f" ... 99 and o € NJ is a multiindex. Note that the coefficients
o, bor, Cory are smooth and that the leading coefficient a,(Vh) is given by

ay(Vh) = (8" — B20xhdih) (0% — B20;h0;h), 4,4, k,1 € {1,...,n}.  (4.5)

Let us reformulate problem ([3) in the form (ZI)). To this end let 1 < ¢ < co and
define Xo := Ly(Q),

Xy :={h€ Hy(Q):h=0,h=0at 00},
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as well as X, == (Xo, X1),-1/pa for p € (1/p, 1], which yields X, , C 2l (9))

Let us assume that 4/p + n/q < 3, wherefore the embedding Bjp */7(9) — C1(Q) is

at our disposal. This readily yields
By, (@) <= Byp~r(Q) < C1(@),
provided that u € (o, 1), where

1 n 1
=4+ —4+-€(1/p,1).
Ho p+4q+4 (1/p,1)

In the sequel we will always assume that g € (uo,1). In this case one has the
characterization

Xy ={he B ?(Q): hlog = O,h = 0 at IQ}.
For h € X, and u € X; we define Fy(h) =0,

lo|=4

and for h € Xg = (X0, X1)s,p

Fy(h)(x):= Y ber(Vh(z))Dh(z)D7h(x)
|o|=3,|7]|=2

+ Y Cory(Vh(z))D7h(z) D" h(zx)DXh(z),

lo|=I7I=Ix|=2

where 8 € (1 — 1/p,1) will be chosen in a suitable way such that F, satisfies the
assumptions (23) and [24). In the sequel, let

B (3/4+n/12¢,1)N (1 —1/p,1), (4.6)
which is possible, since 4/p + n/q < 3. This yields the validity of the embedding

Xg — Wg?’q/Q(Q), since 48 — n/q > 2 — 2n/3q. Furthermore we have Wg?’q/Q(Q) —

W3,(€), since 4/p +n/q < 3.
Let h,h € Bg*“(h*) N X3 for some h, € X, ,, and observe that
bor (VR)YDhD™h — by, (VR)D°hD™h
=b(Vh)(D°hD"h — D°hD"h) + D hD"h(b(Vh) — b(Vh))
= b(Vh)[Dh(D"h — D"h) + D"h(D°h — Dh)] + D hD" h(b(Vh) — b(Vh)),
hence Holder’s inequality yields the estimate
|bor (VR)DhD™h — by (VR)D D" h|y,,
< bor (TW)loollblg, 1= Bluys, + [Bluwz, I~ Bl

3q/2]
+b(VA) ~ b(VA) s Bl Ihlwz,  (47)

Next, let k := 1/2+4 n/6g. Then, for £ > 0 with k + ¢ < 1, we have

XI{+€ = (X07X1)R+E,;D - B;l;()n-i_g) (Q) — W??q(Q)a
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since 4(k +¢) —n/q > 2—n/3q. For the first term on the right side of [@7]) we choose
(p1,B1) = (1, + €). Note that 81 = k + ¢ < 8 provided ¢ > 0 is sufficiently small.
Substituting (p1, 81) into (23) yields the restriction

1 1 n
— - — —e. 4.8
B<p p+2 60 ° (4.8)

It is easy to check that one can always find a number (3 satisfying (@6l and (£,
whenever p € (uo, 1), 4/p +n/q < 3 and € > 0 is sufficiently small.
Concerning the second term on the right side of (£7) note that

Rlwz (0 < clilx,... < clhl%, IR, (4.9)

by the reiteration theorem, where (8 —p+1/p) = k+e—pu+1/p. We set (p2, 32) =
(0, B) for the estimate of the second term. Then (23]) becomes (L8] again.
To estimate the third term, we observe that

z - T(1-6 (7140 7146
hlws, @ lhlwz, @) < clhlx’ |hIX < CrlRlY,

by ([@3). Therefore the choice (ps3, f3) = (1 + 0, n — 1/p) leads again to [I).
We will now deal with the second sum in the definition of F». Hoélder’s inequality
and ([@9) yield the estimate

|Cory (V) [DTRD™hDXh — D°RD™ hDXh]|1,, < CR(|h|$,V32q + |B|§V32q)|h - E|W32q
< Cr(IM%, + |R[3,)h = hlx

Therefore we choose this time (p4, 84) = (20, k + €), which yields that 23] is equiv-
alent to p > po + 3¢/2 which can be achieved, provided that ¢ > 0 is sufficiently
small.

Finally, we have

llcorx(Vh) — CGTX(VB)]DUBDTBDXML(; < |B|§V32q|chX(Vh) — corx (V)|
< Crlhf¥,lcary (V) = cory (Vh)| s,

where me made again use of Holder’s inequality and ([@3]). This time we set (ps, 5) =
(36, u—1/p) which implies again that ([2.3)) is equivalent to the condition g > po+3e/2.

In summary it follows that F» satisfies (2.3) and (24) with m = 5 and the above
choices of 5 and (p;, 5;), j € {1,...,5}, since the coefficients by, and ¢, are locally
Lipschitz continuous in Vh.

It remains to check the conditions on A. Clearly, the leading coefficient a, is contin-
uously differentiable with respect to Vh, wherefore a, is locally Lipschitz continuous.
This in turn implies that

Kk+te’

A€ C' (Xyu B(X1, X)),
since X, = C*(€). Next we show that A(v) € MR,(J; X1, Xo) for each v € X, ,.
To this end, let v € X, ,, be fixed and consider the operator
A(z,D) == as(Vo(x))D".
lo|=4

For arbitrary but fixed zo €  we make use of (ALH) to calculate the symbol of
A(zg, D) to the result

Alzo.€) = Y a0 (Vo(x0))e” = (€2 = Bo(Vo(z0)[€)?)”,

|o|=4
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where By :=1/4/1 4+ |Vv(xo)|?. The Cauchy-Schwarz inequality implies the estimate

Ve
A““@2<1 1+WM%W> -0

which is valid for all £ € R™ with |{] = 1. Therefore the symbol of A(zg, D) is
parameter-elliptic.

Next we verify the Lopatinskii-Shapiro condition (see [I3], Section 2]) for (A(zo, D), Bj(zo, D)),
j € {1,2}, where xy € 0N is arbitrary but fixed and

Bi(xo, D)h := hlga and Ba(xg, D)h := Vh|sq - v(xo).

To be precise, we have to show that for all A € Cy and £ € R" with (¢|v(xg)) = 0
and |€] + |A| # 0, the only solution h € Cy(R4) of the ODE system

M(xn) + Alxo, &+ iv(20)0n)h(zn) =0, x, >0,
Bj(:EOug + Z'U(.’L'O)an)h|wn:0 = 07 j S {17 2}7
is h = 0. It is not difficult to show that

(4.10)

2

A(zo, & + iv(20)0n)h = (|€]* — Bo(Vu(zo)|€)* — 02) h,

since (Vu(zo)|v(zo)) = 0 for v € X, ,. For the sake of readability, let b(xo,§) =
€] — Bo(Vv(xo)|€)?. This yields the representation

A(zo, &+ iv(20)0n)h = b(wo, €)*h — 2b(x0, )I2h + Iy h.
Furthermore it holds that
Ba(xo, & 4+ iv(x0)0n)h|e, =0 = —Onh|z, —o-
Since b(zg,&) > 0 for € # 0 it follows that the characteristic polynomial
24— 2b(20,€)2? + b(20,€) + A =0 (4.11)

of [@.I0), has precisely two roots z1, z2 with negative real part and two roots z3, 24
with positive real part (counted by multiplicity). Since we are interested in solutions
h € Cy(R4) we may neglect the roots zs3,z4. If 21 = 29, then the general solution of

(@10), is given by

Z21Tn Z1Tn
h(zy) = 1€ + cowpe™ ™,
whereas in case z1 # 22, the general solution of (£.10), reads
h(zy) = c1e®% 4 cqe™ .

In both cases we may invoke the boundary conditions (I0), to conclude that ¢; =
co = 0, hence h = 0 as desired.

We may apply [I3, Theorem 2.1] to conclude that A(v) € MR, (J; X1, Xo) for each
v € X,,,. This yields the following result.

Theorem 4.3. Letn € N, p,q € (1,00) with 4/p+n/q <3, po :=1/p+n/dq+1/4,
u € (no,1), Q C R™ a bounded domain with boundary Q) € C*. Assume that

ho € 335_4/1)((2) with holog = Ouyho = 0 at 9. Then there exists a unique solution
h(t) of (A3) subject to the boundary and initial conditions [@4), with

h € Hy ,(0,T; Ly()) N Ly, (0, T; Hy () N C([0,TY; B4 (Q))

for each T € (0,t (ho)), where t*(ho) > 0 is the maximal time of existence.
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If in addition the solution satisfies
heBcQﬂﬁmmﬁBgﬁwmg,

for some T € (0,t(hg)), i € (11, 1], then h(t) exists globally and the set {h(t)}i>r is

relatively compact in 33;4/1’(9). Moreover, the w-limit set

w(hg) := {v € B;lp_‘l/p(Q) 2 Aty S oo st h(tn, ho) = v in B;lp_‘l/p(ﬂ)}

is nonempty, connected and compact.

4.3. Willmore flow - The graph case. We consider a family of hypersurfaces
{T(#)}+>0 C R™ in the same setting as in Subsection but this time we assume
that the evolution of I'(¢) is induced by the Willmore flow. To be precise we have

1
Vo) = =Aro Hray + Hray |5 He g = tr L | (4.12)

where V), Arg), Hr) have the same meaning as in Subsectiond.Z2land L) denotes
the Weingarten tensor; see [27, Subsection 2.2] for its definition. It follows from [27]
Subsections 2.3 & 2.8] that in the graph case the formula

tr L% = —(6ij — 628ih8jh)(6i6jup|up)

holds true, where we made use of sum convention. Note that the outer unit normal

field vp(y on I'(¢) is given by vp = 3(—=Vh,1)T and 8 =1/1/1 + [Vh[?.
From the representations in Subsection we obtain

HE = (6" — 320;h0;h)3B%(0;0,;h)?,
and
HF tr L12—~ = —(5“ — ﬂzalhajh)zﬁazajh(alajuﬂl/p)

Concerning the term 0;0;vr we compute

8iajl/1" = (81(?][3)(—Vh, l)T — (%[3(81Vh, O)T — 81[3(8JV}L, O)T — ﬂ(alath, O)T,
for i,j € {1,...,n}. Furthermore, since ;8 = —33(9;Vh|Vh), we obtain

9;0;8 = —332(9;8)(0;Vh|Vh) — 83(8;0;Vh|Vh) — B*(0;Vh|0;Vh),

for i, € {1,...,n}. The above computations show that

H F 2t LQ}

rgHr rLr
= > b (VA)D°hD"h+ Y Gy (VR)DhD hDh,

lo|=3,|7|=2 lol=ITI=Ix|=2

where the coefficients b,, and Cory are smooth in Vh. Therefore the height function h
satisfies the partial differential equation [@3]) with the same leading coefficient a, and
some modified and smooth coefficients by~, csry. Imposing the boundary conditions
hlaq = 0,h = 0 at 99 it follows that Theorem [£3] also holds for the Willmore flow.
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