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We investigate the problem of recovering a potential q(x) in the equation 
-t:.u + q(x)u = 0 from overspecified boundary data on the unit square in R2• The 
potential is characterized as a fixed point of a nonlinear operator, which is shown 
to be a contraction on a ball in c•. Uniqueness of q(x) follows, as does convergence 
of the resulting recovery scheme. Numerical examples, demonstrating the perfor­
mance of the algorithm, are presented. © 1995 Academic Press, Inc. 

1. INTRODUCTION 

For the unit square 0 = (0, 1) X (0, 1 ), consider the inverse problem of 
determining the univariate potential q(x) E ca ((0, 1]) in the boundary 
value problem 

-Liu+ q(x)u = 0, (x,y) E 0, 

u(O,y) = fo(y), 

u(l,y) = f1(y), 

uy(x, 0) = go(x), 

uy(x, 1) = g(x ), 

from the single overposed data measurement 

u(x, 1) = h(x). 

(1. la) 

(1.lb) 

(1.lc) 

(1.ld) 

(1.le) 

(1. lf) 

The purpose of this paper is twofold: to show that conditions can be 
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CONVERGENT RECONSTRUCTION METHOD 45 

given on the boundary data under which the inverse problem (1.1) has at 
most one solution q, and to produce a convergent numerical scheme for 
reconstructing q from the overposed data h. Cannon and Rundell [3) proved 
uniqueness for such a layered potential on the quarter plane {(x,y):x,y > 
O}, but the techniques used are different than those of the present paper. 

The approach taken is to characterize the coefficient q(x) as a fixed point 
of a nonlinear operator Th, constructed via the fixed point projection (FPP) 
method of Pilant and Rundell [14, 15). (For a discussion of the FPP method, 
the reader is referred to [16).) It is shown that under suitable conditions, 
Th is locally a contraction on the HOider space ca ((0, 1 ]). This result has 
two consequences: identifiability of q(x) from a single data measurement 
along the top boundary, and convergence of the reconstruction scheme 
given by 

We indicate the dependence of the convergence rate on various quantities 
by explicitly computing a bound on the contraction constant. 

We remark that the main results of this paper are achieved by controlling 
the norm of the overposed data h in the space C2

+n, a norm only slightly 
stronger than that on the space ca, where q is presumed to lie. Thus, this 
inverse problem is only mildly ill-posed, relative to the case where q = 

q(y), which has been shown to be very ill-posed [4, 5). These results are 
consistent with the "metatheorem," normally attributed to Cannon [1], 
which states that the overposed data measurement should be taken (in 
some sense) "parallel" to the undetermined coefficient. 

A closely related problem, which has received more attention, is the so­
called layered conductivity problem, achieved by replacing the differential 
equation in (1.1) by 

-V'·(a(x)Vu)=O, 

where the univariate conductivity a is to be determined. Uniqueness ques­
tions for this problem under various hypotheses have been studied by 
Cannon [1] and Cannon and DuChateau [2]. 

The inverse problem analyzed in this paper is a special case of the general 
problem of determining q(x) in 

-6.u + q(x) u = o, 

from data measurements taken on the boundary aD of D. For n ~ 3, it 
has been shown under various hypotheses that q is uniquely determined 
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