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Hyperinvariant subspaces of the
harmonic Dirichlet space

By Stefan Richter*) at Knoxville, William T. Ross at Richmond
and Carl Sundberg at Knoxville

1. Introduction

The harmonic Dirichlet space 9 is the space of functions fon the unit circle 7 for which

FO-1®
[=¢

gl 1dE) _

@y p0=f =

It is clear that 2 < L?(T ). Furthermore, as J. Douglas [8] pointed out, & consists of
precisely those functions fin L?(7) whose harmonic extension to the open unit disk D
has finite Dirichlet integral, in fact

D() = | IVfPdA:

(Here dA represents two-dimensional Lebesgue measure.) If we define a norm on 2 by

d
1.2 1715 = fLAOR 2Lt by,
T
then a short computation shows that
(1.3) IA15 =73 (nl+DIf@,
neZ

where {f(n)} denotes the sequence of Fourier coefficients of f. Thus the operator

MO =L/Q), feP

*) Research of the first author was supported in part by the National Science Foundation and the Tennessee
Science Alliance.



2 Richter, Ross and Sundberg, The harmonic Dirichlet space

is a bilateral weighted shift operator, the bilateral Dirichlet shift.

Our main results (Theorem 4.3 and Theorem 6.2) characterize the hyperinvariant
subspaces of M, i.e. those (closed) subspaces .# of 2 that are invariant for every operator
that commutes with M. It is well known that the commutant of M can be identified with the
multiplier algebra for 9, M(2) = {(p e L*(T): o2 < 9}, and it follows that . is
hyperinvariant f01J M if and only.if # is invariant for both M and M~ [22], p. 91. We shall
use Lat(M, M~ 1) to denote the lattice of hyperinvariant subspaces of M. If fe 2, then

\
i

[f1=span{{"f({):ne Z}
will denote the hyperinvariant subspace generated by f.

For a statement of the main theorems, we quickly recall some facts about logarithmic
capacity and quasi-topology. We shall supply more definitions and details in Sections 2
and 6. We say that a property holds quasi-everywhere (or q.e.) if it holds everywhere except on
a set of (outer) logarithmic capacity zero. For a function fe 2, the values f({) are well
defined quasi-everywhere via the sum of the Fourier series of f [3]. Furthermore, it turns
out that for each set E < T the linear manifold

={feD:flg=0qe)
is a closed subspace of 2, and of course hyperinvariant. A set E < T will be called quasi-
closed, if there are open sets V' < T of arbitrarily small logarithmic capacity such that E\V
is closed. We shall write E = F q.e. if the symmetric difference of F and F has logarithmic

capacity zero. One checks that this defines an equivalence relation on the quasi-closed
sets of 7.

With our convention that f({) q.e. denotes the sum of the Fourier series of f at {,
we will show that the set

ZNH)={: /) =0}
is quasi-closed, thus for fe 2,
1.4 [f1< Dy

In Section 4, we shall prove that one always has equality in (1.4) and that this describes all of
the hyperinvariant subspaces of M. More precisely, we have the following theorem:

Theorem 1.1. (a) If E and F are quasi-closed subsets of T, then
D=9y < E=F gq.e.

(b) If # € Lat(M, M™1), then there exists a bounded non-negative function f € 9 such
that

-/l=m=@zm-
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Thus the hyperinvariant subspaces of M are in one-to-one correspondence with the
equivalence classes of quasi-closed subsets of 7.

Part (a) of this theorem will follow easily from well known facts about the pointwise
behavior of Sobolev space functions. For the proof of part (b) we shall use cut-off functions,
the local Dirichlet integral, estimates from the theory of invariant subspaces in the analytic
Dirichlet space [18], and Sobolev space techniques of Maz’ya and Shaposhnikova [16].

Our theorem may be considered as an analog of Wiener’s theorem [14], p. 7, about the
hyperinvariant subspaces of the bilateral unweighted shift B, i.e. multiplication by { on
L?(T). Of course B is unitary, B~! = B*, and it follows that Wiener’s theorem also
characterizes the reducing subspaces of B. In contrast to this, we shall see that the bilateral
Dirichlet shift is irreducible.

In Section 5, we will generalize our results to other types of Dirichlet spaces, namely the
spaces 9,, 0 < a < oo, of functions fe L*>(T) for which

Y A+ nlY1 @ <co.

neZ

For a > 1, the hyperinvariant subspaces of 2, are known, since in this case, 2, is a Banach
algebra of continuous functions and the hyperinvariant subspaces will be the closed ideals of
9,. Using Banach algebra techniques of Sarason, [21], p. 41, one can characterize these
ideals in terms of their zero sets and show they are all of the form

@a,F={fega:f|F=0}

for some closed F = 7. Moreover, one can show there is a g € C*°(T ) with g71(0) = F and
D, r=[g]. For 0 <a<1, the situation becomes more complicated (since &, is not a
Banach algebra of continuous functions) but we are still able to describe the hyperinva-
riant subspaces of 2, by developing an analog of the machinery used above.

In Section 6 we will show, under the equivalent norm

1712 = 3 LfOR + D),

that every hyperinvariant subspace .# of & can be generated by P, 1, the orthogonal
projection of the function 1 onto .#, and moreover, this projection is not only a logarithmic
potential but is also the solution to a certain capacitary extremal problem. This will imply the
following theorem:

Theorem 1.2. Let E = T be quasi-closed. For a non-negative finite Borel measure p
on T let

4, Q) =2 flog rmr du(®),

and set

My={p:u(T\E)=0,u,({) S1qg.e}.
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Then Dy = [1 — u, ], where g is the equilibrium measure for E, i.e. ug satisfies up € My and

cap(E) = ug(T) =sup {u(T): pe Mg}.
(Here cap(E) is defined in (6.3).)

It will be clear t{'om the general set up that if ug is the equilibrium measure for E, then
the logarithmic poteﬁ\tial u,. equals one g.e. on E, thus E = Z(1 —u, ) q.e. The difficulty
lies in proving the converse inclusion and our proof uses the harmonic extensions of
logarithmic potentials u, to C \supp (u). The estimates in Section 6 were motivated by the
connections between logarithmic capacity, harmonic measure, and escape probabilities of
Brownian motion.

Before proceeding, we make the following conventions so as not to confuse the reader
when speaking about functions on the unit circle or their harmonic extensions to the disk.
We shall always use { and ¢ for points on the unit circle 7 and z and w for points in the unit
disk 1. When we write f({) and f(£) we always mean a function defined on the circle and
f(2) and f(w) to mean its harmonic extension to the disk (or even |z| > 1). Also, H? will
denote the usual Hardy space of the unit circle and H* = H*~ L*.

2. Potentials and capacity
In order to consider the zero sets of functions in the Dirichlet space, we must first be

specific about the points of definition and for this we introduce potentials. We follow [17]
and [23] and refer the reader to these papers for proofs and further references.

For two integrable functions fand g on T we set

|d¢|

f+0) )= ;f((f)g(é) o
and note that (f* g)"(n) = f(n) ¢ (n). Define the kernel
k@ =177

and note there is a § > 0 such that

SA+In) P kM) <61+ |n|)"V? VYneZ.
Thus

2.1) D=1{k+f:feL*(T)}
with ||k + f ||, comparable to || |-

For any set £ < T we define the capacity Cap (£) by
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2.2) Cap(E) = inf{[| f1%:: f € L3(T), k» f2 1 on E},

where we use L2 (T') to denote the non-negative functions in L?(7 ). We note that Cap is
a monotone, subadditive set function, and an outer capacity [17], Theorem 1, in the sense
that for any set Ec T

Cap(E) =inf{Cap(G):G> E,Gopenin T }.

In fact, it is comparable to the square of the classical outer logarithmic capacity [17],
Theorem 14 (i) (also see Section 6). Another important fact which will be used several times
in this paper is that the inf in (2.2) is actually achieved by a function fe LZ(T), see [17],
Theorem 9. That is to say, given any set Ec T there is an fe L2(T) such that
Cap(E) =||fli2:, k*f=1o0n E q.e. and 0 S k * f < 1. We call such a k * f a capacitary
potential for E. From the definition of capacity we see that if fe L2(7 ) and a > 0, then

@3) Cap({t: e+ NO 2 @) S 5 1/ .

Thus the potentials & * f are finite valued q.e.

If for every ¢ > 0 there is a set E such that Cap (E) < ¢ and f, — funiformly on T \E,
we say that f, — f quasi-uniformly. An Egorov type result of Meyers [17], Theorem 4
(also see [2], Lemma 1), gives us the following string of implications: f, — fin L? = there
is a subsequence k * f, — k * f quasi-uniformly = k * f, - k* fq.e.

The potentials k * f are not, in general, continuous. To provide a substitution for
continuity, we introduce the notion of quasi-continuity. We follow [2], [10], and [11].
A set £ T is said to be quasi-closed if for every ¢ > 0, there is an open set W < T with
Cap (W) < ¢ such that £ \W is closed. We say that a function fis quasi-continuous if for
every ¢ > 0 there is an open set W < T with Cap (W) < ¢ such that f continuous on 7 \W.
Facts which follow easily from the definitions are that all countable intersections and finite
unions of quasi-closed sets are quasi-closed; if X is closed and fis quasi-continuous, then
S 1K) is quasi-closed; and if fis quasi-continuous and f = g q.e. then g is quasi-continuous.
For later reference, we record the following well known results as a proposition. The proofs
of these facts are scattered throughout the literature and occasionally different definitions of
capacity are used. So for the sake of completeness, we will give brief sketches of the proofs.

Proposition 2.1. (a) If fe L*(T), then k * f is quasi-continuous.

(b) Forany set E = T, Cap (E) is comparable to inf)| f |2, where the inf is taken over all
quasi-continuous fe 9 with 0 < f<1andf=1 g.e. on E.

(c) If fe D is quasi-continuous with f = 0 a.e. then f =0 q.e.

(d) If{g,: ne N} = @ is a Cauchy sequence of quasi-continuous functions, then there
exists a quasi-continuous function g € 2 with g, ({) — g({) q.e. for some subsequence.
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Proof. (a) If pe C*(T), then kx pe C°(T). Hence, if we let {p,:ne N} be a
sequence of trigonometric polynomials converging to fin L?, then by the Egorov-type
result mentioned above, a subsequence of k = p, will converge quasi-uniformly to k£ * f. This
implies that k * f is quasi-continuous.

(b) and (). If E = T is compact, then one can show (see [2], proof of Theorem 2 (i),
p- 263, and notice that the definition of capacity used there is given using C* functions only)
that 1 :

inf{l|pll5:deC(T), $=0,¢ =1on E}
= inf {|| 1|3, f quasi-continuous, /20, f= 1 q.e. on E}
= inf {|| f |3, f quasi-continuous, 0 £ f< 1, f=1 q.e. on E}.

The second equality follows because if f = 0 is quasi-continuous, then the function g defined
by g = min {f, 1} is quasi-continuous with ||g|l, < || fll5. From this (b) follows easily for
compact sets E. This can be used to show that (c) is true (see [2], proof of Theorem 2 (iii),
p- 263). Then using (c) and the remarks above, one easily concludes that (b) holds for all
sets Ec 7.

(d) It follows from (2.1) and (c) that g, =k * f, q.e. for some f, € L2(T ). Since
Ik = £, |l is comparable to || £, |2, we have f, — f for some f'€ L?(T ). Hence, as before,
there exists a subsequence g, =k * f, — k * f= g q.e. By (a), g is quasi-continuous. 0O

In the introduction, we made the convention that for f € 2, f({) denotes the sum of the
Fourier series at {. We now show that fis quasi-continuous.

Proposition 2.2. For fe 9, f({) defined as the sum of the Fourier series is quasi-
continuous.

Proof. As mentioned in the introduction, the Fourier series of f converges q.e. [3].
On the other hand, since the sequence of partial sums {p, : n € N} converges to fin norm,
by Proposition 2.1 (d) a subsequence will converge g.e. to a quasi-continuous function.
Hence f, the sum of the Fourier series, must be quasi-continuous. 0O

Remark. We note that it now follows from Abel’s theorem, a result of Landau [15],
p. 6566, and the above that for f e @ the radial limit function and the sum of the Fourier
series agree everywhere, and they both equal the quasi-continuous representative of f,
which is uniquely defined except for sets of capacity zero.

If f=k=*g, ge L*(T), it may happen that the radial limit lim f(re®) exists but
k * g(e®) does not exist in the Lebesgue sense. (For example, take "'

(}/0 log6™H)71, 0<6<1/2,
g€®) = (=VI10]logl0|™)7t, —1/2<6<0,
0, 1/2<|0|<m.
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Then ge L*(T), {k(e®)|g(e™*)|d8 = w0, and f(r1) = 0 for all 0 <r <1.) However, the
following fact (which is not necessary for our arguments but we include it for the sake of
completeness) is true for all 0:
Proposition 2.3. If either
lim f(re®)
r—+1

or
PV.k *g(e'?)

exists, then so does the other, and they are equal.
Proof. Define k(%) to be |1 —e®|74/2 if ¢ <|0) < = and zero if |#] < &. Let [, (%)
beequalto1/2¢if || < eand zeroif e < |6 ] < m. Also, let P,(0) be the Poisson kernel. We will

prove this proposition by showing that

2.4) lim [P, *f(e®) —k,+2()]=0 V0.
£—0
Since fe 2 =« VMO [24], we have
lim||P_,*f—1L#*fll,=0.
e—0

So to prove (2.4) we need to show

2.5) him [/, = f (€) —k,+g(e")] =0 V0.

To show (2.5) we may assume without loss of generality that e =1, Writing f=k + g
we see that [, * f = (I, # k) * g, thus we need to show that

(2.6) lim [ [, +k)g —k,g]d0 =0 VgeL*(T),

i.e. thatl, x k — k, - 0 weakly in L?. Since (2.6) is true for continuous g, we need to show that
N *k— k.l

remains bounded as ¢ — 0. By symmetry we just need to show
fU,xk—k)*dO
1]

is uniformly bounded in &.

If e<f@<m—e, then Lxk(’)~e'(J/0+e—]/0—¢). If 0<0<e then
Lek(e®)~e'(fe+0+)e—0). If n—e<0<m then [ +k(c”) and k(e”) are both
bounded by one. Thus
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§ Grk—k)do~ [ (3 [/0+e~)0—c¢ —i)zda
e<@<m—e¢ 2 € vqi
="’T£( 2¢ ___L)Z‘w:"r(Zl/B_—|/0+s—|/0—e)2d6
elo+e+)/0—¢ /0 (Vo+e+)/0—2)0
<}<2V5—:I.|/01-;;_]/0_8>2%9—=E(Z—l/1+§—l/1—£>2d—9

0 0
= jl" (2—|/1‘+s——|/1—s)2%< i(2—|/1+s—|/1—s2%§<oo.

elw

£ €

Also

0<8<eg 0<0<e

<(/2+1) (j) <% VE)zd9= (/2 +1)%.

[ (rk—k)do= | (ls*k)2d9~i[%(]/8+9+]/3—0)j|2d0

Finally, it is clear that
| U *xk—k)*a0

n—e<0<m

remains bounded as ¢ — 0. 0O

The following lemma is a slight generalization of a well known fact for compact sets
(see [17], Theorem 7) and is found in [11], Theorem 2.10 (see Footnote 2 on p.133).

Lemma 24. If {E;:ie N} is a sequence of quasi-closed sets with E; | E, then
Cap(E;) — Cap(E).
3. Weak convergence and cut-off functions

For an arbitrary function fe L?(T ), and a.e. { € T, f({) exists as the radial limit of
f(z) at {. We follow [18] and define the local Dirichlet integral D (f) by the formula

2 |dé|
27’

SO -7
(¢

]

T

D.(f)=

and D,(f) = oo if f({) does not exist. Thus we can norm 2 in terms of the local Dirichlet
integral

G.1) N AI1S = 1ANZ + DNl

Since 9 < L*>(T'), every he 9 can be written as h = h, + h_, where h, € 2 n H* and
h_e Dn(HY :



Richter, Ross and Sundberg, The harmonic Dirichlet space 9

Proposition 3.1. Leth=h,+h_ where h,e D H? and h_e D n(H?*. Then
Proof. Let (e T such that D,(h,) and D,(h_) are finite. We note that

h_ (C) h (O 1481

[ h () —h(©)
- 2n

S R ar:

- (¢

If we let f, () be the first function in the above integrand and f, (&) the second, we see
that f,e H* and f,e(H?*)"'. Thus f; and f, are orthogonal in L? norm, hence
D,(h) = Dy(h,)+ D,(h_). O

In [18], it was shown that if g belongs to the analytic Dirichlet space, i.e. g€ 2 N H?,
and g,({), 0 <r <1, is the analytic extension of g evaluated at r{, then D,(g,) < 4D,(g).
From this it follows that if ¢ € H® and fe 2 N H? with ¢f € 9 then ¢, f — ¢f weakly in
9 ~ H?. This can be used to prove thatif f, g € 2 n H? with |g(z)| £ | f(z)|forall z e D, then

gespan{z"f(z):ne Nu{0}}.

In this section, we plan to prove analogous results for the harmonic Dirichlet space which
will enable us to work in a dense algebra via cut-off functions.

The harmonic Dirichlet space 2 is not an algebra. However, if f, ge 2 L™, then a
routine calculation yields || fgllg < C(lfll,llgls +1lgllllfllg). Hence 2NL® is an
algebra. In the characterization of Lat(M, M '), we wish to describe the hyperinvariant
subspace generated by a single vector fe€ 2, that is

[f1=span{l*f():neZ}.

To do this, we wish to work off a dense algebra in [ /] and a natural candidate for this algebra
is [f]1n L*. Thus we introduce the cut-off function

|l = min {| /], M},

where M e N. Note that D(|f|,) S D(| f1) so |fly€ 2. (To avoid any confusion we
note that | f({)] = | f|(0) and | f (O] = | /1y () almost everywhere. Hence by the quasi-
continuity of | f({) 1, | f1(0), | (D) x> | f1a (), and Proposition 2.1, the equalities hold quasi-
everywhere.) One hopes that | f],, € [ ] and moreover that [| f|,,] = [f]. This is indeed
the case and we state one of the main results of this section which is reminiscent of [18],
Corollary 5.5.

Theorem 3.2. Let g, he 9 with |g({)| < |h({)| almost everywhere. Then g € [h].

This theorem and many of our other results will depend on the following important
lemma, which has analogs in other function spaces. It allows us to use weak convergence
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instead of norm convergence, normally difficult to work with in the harmonic Dirichlet
space.

Lemma 3.3. Let {f,:ne N} be a sequence of functions in 9 which are uniformly
bounded in Dirichlet norm and which converge to zero pointwise almost everywhere. Then
fo = O weakly in 9.

i

Proof. By using Egorov’s theorem and the fact that the sequence {f,:ne N} is
uniformly bounded in L? norm, one shows that {f,, A);. — 0 for all h € L™, hence f, — 0
weakly in L2

If z € D and P, is the Poisson kernel at z, then for fe 9

/@ =1<{fs Poral = fll2ll Polle SN SNl Nl Pl s

Thus evaluation at z € 2 defines a continuous linear functional on 2, i.e. thereisa k, € 2
such that f(z) = {f, k,)4. By the weak convergence in L? and the identity

<f;|’ kz)@ = <-f;l’ Pz>L2’

we have (f,, h)5 — 0 whenever 4 is a finite linear combination of functions &, z € D. But
these finite linear combinations are dense in 2, hence {f, : ne N} is a norm bounded
sequence that converges to zero weakly on a dense set, hence f, - 0 weakly in 2. O

For a function h € L*(T) and 0 < r <1, we define 4, on T by setting 4, ({) to be the
harmonic extension of h evaluated at r{.

Proposition3.4. Let o€ L® andfe D withofe D. Then ¢, f — @ fweakly asr — 1.

Proof. Note that ¢, f — ¢ f — 0 almost everywhere, so to complete the proof, we just
need to show (by Lemma 3.3) that || ¢, f || , remains bounded as r — 1. By (3.1), we just need
to get estimates on D, (@, f) for which we have

(3.2) Dy(0,f) £ 2ll@ll% D (f) + 21 f(©) D (o))

Note that ¢, = ¢, + ¢, = (¢*), + (¢ ), so we can use an estimate of [18], Theorem
5.2, and Proposition 3.1 to get

D§(¢r) = D{(‘P:r) + D:(‘Pr—) = 4(D§((PJT) + Dg(‘P_)) = 4D§(‘P)-
Thus

| fOIPDe(9,) £ 41 /) I*De(9) < 8Dy (0f) + 8ll@lI% D (1)

where the second inequality follows from a computation similar to the one needed to verify
(3.2) (see [18], p. 376). Combining this with (3.2), we see that || ¢, f ||, remains bounded as
r—-1. O
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Corollary 3.5. With ¢ and f as above, ¢fe[f].

Proof. Since ¢, C*(T), for 0<r<1, we can find a sequence of trigonometric
polynomials that converge to ¢, uniformly in all derivatives, thus ¢,fe[f] for all
0 <r<1. Now apply Proposition 3.4 to get ¢ofe[f]. O

Proof of Theorem 3.2. Let f=h and @) =g )/ ), if () +0 and () =0
otherwise, and note that ¢ € L®. Now apply Corollary 3.5 to see that of =ge[h]. O

Corollary 3.6. If # € Lat(M, M™1), then # N L® is dense in M.

Proof. Letge #.1tfollows from Theorem 3.2 that[|g]] = [g], thus we may assume
g = 0. For M e N, let g, = min{g, M}. By Theorem 3.2, g,, € [g] n L™ and it follows from
Lemma 3.3 that g,, - g weaklyin 2. O

4. Invariant subspaces

For a quasi-closed set E < T, define

Dy ={feD:flz=0 qe},
and notice, by Proposition 2.1 (d), that & is a closed subspace of 2.

Propositiond.1. Let E, and E, be quasi-closed sets in T. Then 9y, < Dy, if and only if
Cap(E, \E,) = 0. Consequently, Dy, = Dy, if and only if Cap(E,AE,) = 0.

Proof. Clearly Cap(E, \E,) = 0 implies , = %,. For the other direction, assume
Cap(E,\E,) >0 and choose V open with Cap(V)<Cap(E,\E,)/2 and E\V closed.
Let g be the capacitary potential function for V (i.e. g=1 qe. on V, 0=5g<1, and
llgll3 = Cap(¥)) and pick ¢ € C*(T ) such that ¢ ~*(0) = E, \ V. (E, \Vis a compact subset
of T, so this is always possible.) Then the function f= ¢(1 — g)e Z;,. If fe Pg,, then
1—g=0q.e. on E,\E,. Thus g is a test function for E,\E|, i.e.

Cap(E,\E,) £ |igll < Cap(E,\E})/2,
a contraction. Hence f'€ Dy \Pg,, 50 Dy, + Dy,. O

Remark. We point out that for the analytic Dirichlet space 2 N H?, one defines the
simply invariant subspaces 9y N H?, see [4], p. 295. However for this case, the structure of
these subspaces is quite different and equality relations, as in Proposition 4.1, become more
complicated.

Clearly 9, € Lat(M, M) for each quasi-closed set E = 7. Our main result is that
these subspaces exhaust all of Lat(M, M~!). We first prove this for the hyperinvariant
subspaces generated by a single vector. Recall that Z(f) = f~1(0).
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Lemma 4.2. If fe D, then [ f] = Dy ;-
Proof. Clearly [f] = Dy,,. If | f]; denotes the cut-off function

1/1:(0) = min {} f(D), 1},

then Z(f) = Z(| f1}) and since | f], () = | f(0)|, it follows from Theorem 3.2 that
l

‘& U<l D2 = Dagsy-

Thus we may assume 0 < f < 1. Furthermore, it follows from Corollary 3.6 that it suffices
to show 9, ,NL* < [f].

N To this end, let g € 9, L and notice, by Theorem 3.2, we may assume g = 0. For
ne N, let

(O = max fs© - 3,0}

It follows from Lemma 3.3 that g, — g weakly, hence it is enough to show g, € [ ] for each
ne N.

For the rest of the proof, we fix ne N. For ¢ = 0 define

N,={{eT:g,)+0,/)<1}.

The functions f and g are quasi-continuous, hence the sets

R S GEENGEY

are quasi-closed and for each ¢ = 0 they satisfy N, < M,. Now M, < Z(f)\Z(g), hence by
the assumption on g and Lemma 2.4, we have

Cap(Nt) < Cap(Mt) - Cap(MO) =0

as ¢t — 0. By Proposition 2.1 (b), we can find a family 0 < w, < 1 of functionsin @ withw, = 1
quasi-everywhere on N, and ||w,|l; — 0 as ¢ —» 0. For ¢, 5 > 0 we consider the function

14w,
(pt,é__f_l__&

&n-

It is easy to verify (f+06) '€ 2 L™ and thus ¢, ;€ 2 n L™, since it is the product of
bounded Dirichlet functions. Furthermore, for the same reason ¢, ; fe 2 N L%, in fact, by
Theorem 3.2, ¢, ; fe [ f]. We shall conclude the proof by showing that we can choose
t,0 — 0 so that

‘Pz,af_’ gn
weakly in 2.
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First we show that one can choose 6 = §(7) so that the Dirichlet norms of ¢, 5 f stay
uniformly bounded as ¢ — 0. Note that

(1 - wt)gn )

4.1 (Pt,af= a- wt)gn -0 f+6

It is clear that

1A =w)gullg = 11— Wil lIgalla + 118l 11— wellg,

thus the first summand on the right hand side of (4.1) remains bounded, because 0 < w, < 1
and ||w,|l; — 0 as ¢t — 0. Hence it suffices to show that

1-w)g,
(4.2) “ [y

=C@

2

independently of é > 0.

We write

h(@) =1 -w(0) 2.
and let

A=NuZ(g)=ZM) q.e.

We shall estimate the size of the Douglas integral (1.1) of A(f + 6) ~! by distinguishing several
cases:

First: If {, £ A4, then

2

RO hQ)
O+ f@+0

Second: If { € 4, ¢ A, then f(E) > ¢, so

2

hO k@)
FO+3 F@ +0

=5 lh(i)l2 7 Ih(C) h(&)*.

Third: The case { ¢ 4, £ € A is similar to the second case.

Fourth: If {, £ ¢ A, thenf({), f(&) > ¢, hence

2

hQ) A
FO+3 @O+

2_ h(©) — h(f)—h(f) SO -1
J@O+9o (f(C)+5) (S +9)

=2 {t—z |2(0) —hI* + t—,, RIZ1AQ) —f(i)l’} :

2 Journal fir Mathematik. Band 448
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&

Thus it follows that

(1_wt)gn 1
D( o ) Hier
2

7 {*D (W) + RIS D (N}

h(©) h(©€) |*14] 14¢]

SO+6 f(E+6| 2 2=n

i

=
| t

|
Note that the abon is independent of & > 0, hence (4.2) has been proved.

'

Finally, we show that ¢, — g, almost everywhere for some sequence ¢; — 0. Since
y Py, 5(15) n Tyw q j .
llw,]lz — 0 as ¢ — 0, there is a sequence ¢; » 0 such that w, — 0 a.e. as j — co. Thus

@509 = — wz,)g,,f+j(;(tj) - g, a.e. on I'\Z(f).

This is all we need, since ¢, 5., f= g, =0 a.e. on Z(g,) and Z(f)\Z(g,) has measure
zero. O

Theorem4.3. Let # c Lat(M, M™'). Then there is a bounded non-negative f € 9 with
M=[f]= sz,

Proof. Since # is separable,

M =span{[f,]:/,€D,[,£0,ne N}.

By Theorem 3.2 we may assume f, = 0 for all n. Let ¢, = || £,1/3' 27", then

4.3) g=) &f,€P

nelN

and Z(g) = () Z(f,) quasi-everywhere. (Note by Proposition 2.1 (d), the pointwise limit

of the sum on the right hand side of (4.3) equals the sum of the Fourier series of g q.e.)
We now have

gespan{[fl:ine N} = c @QZ(fn) =D20)»
hence by Lemma 4.2,

gl c M c Dy = [2].

Now let f =g, = min{g,1} and note that Z(f) = Z(g) q.e. so

M < [g]=[f]1=Dy, O

Remark. For any set E — T (not necessarily quasi-closed) we can define the set

Pe={feD:fl=0 qe}
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and see that by Proposition 2.1, &, is a closed hyperinvariant subspace of 2.Thus, by
Theorem 4.3, 9y = 9 for some quasi-closed F < 7. Whatis Fin terms of E? For notational
purposes, we say that a set E, is quasi-contained in E, if Cap (E, \E,) is zero and that E| is
quasi-equivalent to E, if Cap(E,AE,) is zero. For a set A < T we let 5, be the family of
quasi-closed sets that quasi-contain 4. A theorem of Fuglede [11], Theorem 2.7, states that
H#, has a “quasi-minimal” element, i.e. a quasi-closed A*€e J#, such that A* is quasi-
contained in every E € 5. We call this quasi-minimal element 4* the quasi-closure of A. (A*
is actually an equivalence class with respect to q.e.) Returning to our question, we now see
that @ = Py, as follows: Clearly 9. < Dg. If fe g then f= 0 g.e. on E and using the
quasi-continuity of f and the fact that Z(f) is quasi-closed, we get f=0 q.e. on E* so
f€ D The notation of quasi-closed is used to distinguish 9, from Z;, (E, and E, are
quasi-closed sets) as in Proposition 4.1. The analog of Proposition 4.1 is not true for 2,
if Fis an arbitrary subset of 7. An example of this can be derived from the remark following
this next corollary.

Also worth mentioning here is that the notion of quasi-closed is necessary here since 2,
cannot always be written as & for some closed F < 7. To see this, notice that for any open
arc I in the unit circle (sufficiently small), we have (see [23], p.122, and Lemma 2.5)

1 -1
Cap(l) ~ <log<|—”—>> .

Using this estimate and a Cantor type'construction, one can construct a closed set X of
positive capacity with E = T\K quasi-closed and dense in 7. (Note that E will be a
countable, disjoint union of arcs.) A straightforward argument yields Cap(EAF) > 0 for
every closed set F, which means, by Proposition 4.1, that & is not equal to &, for any
closed set Fc T.

A hyperinvariant subspace .# of M is called lattice complemented if there is another
hyperinvariant subspace 4" of M such that #/n.A = (0) and 4 v &/ = 9.

Corollary 44. Let Ec T be quasi-closed. Then Dy is lattice complemented in
Lat(M, M) if and only if T\E is quasi-closed. If 9y is lattice complemented, then Dy,
is the unique lattice complementary hyperinvariant subspace.

Proof. If T\E is quasi-closed, then

D0 @T\E = (0)
and
In fact, the first identity is clear. To see the second one, let fand g be non-negative functions

in 9 such that [ /] = 9 and [g] = Dy Then f+ ge Dy v Dy, and Cap(Z(f+g)) =0,
hence [f+ g] = 2. Thus Py is lattice complemented.

Conversely, if 9, is lattice complemented, then there is a quasi-closed set F T such
that
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0)=DeNDr=Dgur
and

D=Dgv Dy.

By Proposition 4.1 we must have Cap (T \(Eu F)) =0 and Cap(EnF)=0,s0 T\E=F
q.c. and the corollary follows. O
|
Remark. Int\;':rvals are examples of quasi-closed sets whose complement is also
quasi-closed. On the other hand, if E = T has Lebesgue measure zero, then any function in
Dy pequals 0 a.e., 5o Dy, = (0). Thus any quasi-closed set of Lebesgue measure zero and
of positive capacity is an example of a set whose complement is not quasi-closed.

Corollary 4.5. M is irreducible.

Proof. If # and .#* are invariant for M, then # and 4" are invariant for M.
By Corollary 4.4, # = P and M = D, where E and T \E are quasi-closed.

Suppose .# = P + (0) and choose fe A, f£0. If ge Dy\;, g 20, then

+ f j () —g@) () —f) 1dL]1d¢]
1— &P 472

o O 1l 42|
= 2£g@<nﬁ- L= ep 2n> 2

0=148,/ = Ig(C)f(C)

But since f= 0 and f = 0, the function
j' f @ 14l

E12 2n

h() =

T\E

for each &. Thus g(€) =0a.e, hence Dy, =(0). O

5. Other types of Dirichlet spaces

In this section, we generalize our results to other types of Dirichlet spaces that lie
between L2(T)and 9. For 0 < a < 1, define the harmonic Dirichlet space of order o, denoted
by 92,, to be the space of L*(T ) functions which have finite Douglas type integral

o Q=1 OPF 14 1)
SO=H = 5 2

We norm 9, by

1712 = Ilf(w' s
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which by [7], Theorem 3 (c), is comparable to

Y @+inl 1 f 2.

neZ

If f(2) represents the harmonic extension of f({) to D, then S, is also comparable to

J IVf@PA—z])!'""dA(@).

D

For Ae D and he L2(T), we can define the local Dirichlet integral D, (k) by

h)—hr@A)

2 |d|
{—4 '

27

D}. (h) = I

T

(Here A (2) is the harmonic extension of /4 evaluated at 1.) As in Proposition 3.1, one verifies
thatif h=h,+ h_, h,e H h_e (H**, then

(.1 D, (h) = Dy (hy) + Dy(h),

and a computation analogous to the one in Lemma 5.1 and Theorem 5.2 of [18] shows that
if () = h(r{) then

(3:2) D, (h,) = 4D, (h)
for each 0 < r <1 and h € H2. Thus (5.1) implies that (5.2) holds for each h e L2(T). *

In [1] is was shown that for an analytic function f(z) on D, w(r) € C2[0,1], w(r)
decreasing, concave, and w(r) - Oasr —» 1, .z w(@) =00 —-nN1"20<a 1)

| AW —121*) D,())dA(2),

L B

1 @QPw(z))dAR) = -

where w(z) = w(|z|). As in Section 3 (with the obvious modifications) we show that if
8 he 2, with |g(()| = |k ()] a.e. then g € [A].

To discuss the pointwise behavior of functions in Z,, we develop an appropriate
capacity for the 9, spaces. For 0 < o < 1 define

k() =11-¢|27
and note there is a § > 0 with
SA+In)" Lk, (m) S5 A+ |n])"2.

Hence 9, = {k, * f: fe L*(T )} with ||k, * f ||, comparable to || f||,.. Forany set E = Twe
define the capacity C,(E) by

C.(E) =inf{|| fl|% : fe L2(T), k., * f=1 on E}
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and note that if we define a-quasi-everywhere (a-q.e.), a-quasi-closed, and a-quasi-conti-
nuous analogously as in Section 2, we have similar types of properties as in Proposition 2.1.
A result of Salem and Zygmund [207] shows that the Fourier series of f € &, converges a-q.¢.
and a similar argument as in Section 2 shows that if we define f({) to be the a-q.e. sum of its
Fourier series, then f'is a-quasi-continuous.

For an a-quasi-closed set £ < T, we let
i

|
) @a,E = {fE 91.:flE =0 a-q_e_}

and note that by Proposition 2.1, &, .. is a closed subspace of 9,. One also proves, as in
Lemma 4.2, that if fe 9, then [f] = 9, 4, and the following theorem holds:

Theorem 5.1. (a) If E and F are a-quasi-closed subsets of T, then
D=9,y <= E=F o-qe.
(b) If # € Lat(M, M™Y), then there is a bounded non-negative function f € 9, such that
M=[f]= D25 -
(c) Let E < T be a-quasi-closed. Then 9,  is lattice complemented in Lat(M, M~") if
and only if T\E is a-quasi-closed. If 9, y is lattice complemented, then 9, . is the unique
lattice complementary hyperinvariant subspace.

(d) M on 9@, is irreducible.

Remark. Using a similar type of construction as in the remark following Theorem 4.3,
and the fact that for an open arc I = 7 (sufficiently small), [23], p. 122 and Lemma 2.5,

C.(DH~I'% 0<a<t,
we can construct a-quasi-closed sets E for which &, ; cannot always be written as 9,  for
some closed F < T. This is a stark contrast to the o > 1 case where, as mentioned in the
introduction, every hyperinvariant subspace can be written as 9, ; for some closed F.
6. Extremal functions and generators of invariant subspaces

In Section 4 we saw that every hyperinvariant subspace of M is generated by a single
function. In the case of the Dirichlet space, we shall now describe such a function as the
solution to a certain extremal problem.

As all Hilbert spaces do, the Dirichlet space carries many equivalent norms. While the

invariant subspaces do not depend on the particular norm chosen, the orthogonal
projections will. For this section, we fix a new norm on the Dirichlet space by setting

6.1) 1717 = 3 If@P + D), fe2.



Richter, Ross and Sundberg, The harmonic Dirichlet space 19

This norm is obviously equivalent to the one defined in (1.2) and (1.3). We shall see that with
this norm each hyperinvariant subspace .# of M is generated by the orthogonal projection
of the constant function 1 onto .#. We point out that this result is analogous to the situation
in L?(T), where the hyperinvariant subspaces of the bilateral shift are generated by
characteristic functions, and these are just the orthogonal projections of 1 (with respect to
the usual norm on L? (7)) onto the hyperinvariant subspaces.

Below, we will make use of the representation of capacitary potential functions as
logarithmic potentials with respect to measures of finite energy. We will recall a few known
facts and follow [12], Chapter 3. However, our choice of norm (6.1) is different from the one
in [12], so we explicitly state properties of the norm that are used in [12] as a lemma.

Lemma 6.1. Let f, g € 9 be real-valued and set u = min {f, g} and v = max {f, g}.
Then

@ =1L,
®) Nl + o> < 1A+ llgl.

Proof. (a) Let A={{:f({) =20} and B = T \A. A straightforward computation
shows that

LA =WV = §.§ 765 <2 8 ) L) 42|

T —¢P) 27 2nm 20,

and thus (a) follows.

(b) This follows from (a) and the parallelogram law, because u = 3(f+g—|f—gl)
and v=3(f+g+1f-¢gl) O

If # € Lat(M, M), then by Theorem 4.3 there is a quasi-closed set E T such that
M = 9. The projection of 1 onto .#, P, 1, is the unique function that solves the extremal
problem

inf{lI11—gl: ge Dy}
If g € Dy, then Re(g) € D¢ and ||1 — Re(g) 1> £ ||1 — gl|?, hence it is clear that P, 1 is real

valued. Thus, as in the proof of Proposition 2.1 (b), one sees (using absolute values and
cut-off functions with Lemma 6.1) that the unique solution f; to

(6.2) inf{||fI2:0<f=<1, f=1 qe. onE}

satisfies fr =1— P, 1. Comparing (6.2) with Proposition 2.1(b), we see that f; is the
capacitary potential function for the capacity

6.3) cap(E) =inf{|| fII*:0<f<1, f=1 q.e.on E}.
Remark. This capacity is con.lparable to the one defined in (2.2) (see Proposition

2.1 (b) and notice the small ¢ versus the capital C in our original definition of capacity).
The reason for redefining capacity will become clear in our proof of Theorem 6.2. However,
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itis not clear to us whether this is just a technicality necessitated by our proof or not (see also
the remarks following the proof).

Theorem 6.2. Let E < T be quasi-closed, and let f be the capacitary potential function.
Jor E, i.e. the unique solution to (6.3) using the norm (6.1). Then

1
(6.4) :‘ Dg=[1—fel.
s
Proof. Let F= Z(1 — fg). Then Fis quasi-closed, and it is clear that E = Fq.e. Thus,
by Lemma 4.2 and Proposmon 4.1, it suffices to show that cap (F \E) = 0. Since f; is the
capacitary potential for E we have

| fz|I? = cap(E) < cap(F) < || fz I*-

This implies cap (E) = cap (F), hence we shall be done, once the following lemma has been
established. O

Lemma 6.3. Let E < F be subsets of T with E quasi-closed. If cap (F) = cap (E), then
cap(F\E)=0.

Remark. If the hypothesis that £ be quasi-closed is dropped in Lemma 6.3, then
its conclusion becomes false. To see this, let X be the Cantor set, E= T \K, and F=T.
Indeed, as remarked after the proof of Corollary 4.4, up to q.e. the only quasi-closed super-
set of Eis 7. Thus 7 = F is the quasi-closure of E and hence cap (E) = cap (¥F), while
cap(F\E) > 0.

Before we prove Lemma 6.3 we need to recall a few known facts about potentials (see
[12], Chapter 3). We say that a non-negative finite Borel measure p on 7 has finite energy
integral if

[ lgldu=Cligll
T

- forall g€ 92 n C(T ) and some positive constant C independent of g. We denote the set of
non-negative finite Borel measures on 7 with finite energy by £, (7). Thus pe E, (T) if
and only if there is a function u, € 2 such that

(g, u)= [ gdu
T

for each ge 2 C(T). (Here (-, -) is the inner product induced by the norm (6.1).) One
checks that u, is of the form

(6.5) 4, (0) =2  log - du(?).

1{— fl

Note that u, ({) is defined for each { € T with values in [0, co] and that u, naturally extends
to be harmonic on € \supp (u). This will be used below and it is the reason for our choice of
norm (6.1) and the definition of cap in (6.3). Also note that a routine estimate yields
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(6.6) 4,(0) = lim u,(0)

forall { e T. If u has a finite energy integral, then u puts no mass on any set of capacity zero
and

(6.7) (g, u,)= | gdu

for each g € 2. Furthermore, if 4 = T is compact, then there is a measure u with finite

energy integral and supp (1) < 4 such that f, = u, (see [12], Section 3.3). By use of Fatou’s
lemma, the facts that

1
u, <E> = u”(z) + 210g|2|#(7—)9
and u,(z) =1 for all z € C, and (6.6), one shows that
lim £, (z) = lim u,(z) = 1
¢ 2

for quasi-every { € A (the unrestricted limit). Thus «, is continuous on C, except possibly on
a set of capacity zero.

Lemma 6.4. Let E < Tbe quasi-closed. Then the set
(6.8) ZLp={u,: peE (T), p(T\E)=0,u,() =1 q.e}

is closed in 9. Furthermore fz € &5. Thus all capacitary extremal functions are logarithmic

potentials. Also note that by (6.6) these extremal functions have radial limits at each point
{eT.

Proof. Let {u, :ne N} beasequence in £y with u, — fin 2. We must first show
that f'= u, for some measure y€ E,(T) with u(7T\E) = 0. Each p, is a non-negative
measure and

t(T) =1, u,)—11),

hence a subsequence of the measures, also denoted by g, will converge to a non-negative
measure p in the weak-star topology of M(7). If ge 2 C(T), then

[lgldp =1im {|g|dp, < lim ligll llu,, |l =gl I f1l,

so p€ E,(T) and u, € 2. Furthermore, for fixed z € D the function

e
2log Z—1

is continuous on 7. Thus, by (6.5), the harmonic extensions of u, converge pointwise on D
to u, (2). This implies that u, = fand 0 S u, < 1.
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Next we show that u (7 \E) = 0. Itis clear that % 1 Dy, thus | fdu = Oforallf € D,
Now let f'e 9, be such that Z (f) = E g.e. (Theorem 4.3). Then | {"fdu =0 forallne Z,
so fdu =0, thus u(T\Z(f)) = 0. This implies u(7T \E) = 0.

Finally, to see that f; € %, we choose an increasing sequence of compact subsets E,
of E with cap (E,) — cap(E). Then f; = u, € %, and using (6.7), one easily checks that
u, = fe,ie frefp O

!

Next we recall'that if 4 < B, then f, < f; q.e. on T (Lemma 6.1 allows us to apply the
argument of [9], p.157). We shall need a stronger statement, namely, that £, ({) £ £ (0)
for each { € T. This follows from the weaker statement, because the harmonic extensions

to D satisfy f, (z) < fz(2) for each z € D, hence by Lemma 6.4 we obtain £, ({) < f3({) for
each (e T.

Proof of Lemma 6.3. We will show that the hypothesis implies
6.9 cap(F\L) = cap(E \L)

for any closed subset L of E. This will finish the proof, because since E is quasi-closed, we
can find a sequence {L, : n e N} of closed subsets of E with cap(E\L,) — 0 and thus

cap(F\E) = cap(F\L,) = cap(E\L,) — 0.
In order to show (6.9) we fix a closed subset L of E. It suffices to show that
(6.10) Ser(@© =1 qe. onF\E

for this will imply that fz,, is a test function for the capacitary problem (6.3) for the set
F\L, thus

cap(E\L) < cap(F\L) £ || fp II* = cap(E\L).
Let E, < E be an increasing sequence of closed sets such that cap (E,) — cap(E) as

n — co. The hypothesis implies that fr = fg, so by the remarks before the proof, we have
that f; ({) — fz({) =1 q.e. on F\E. Let {, € F\E be such that f; ({,) — 1 and set

0= % dist(L, {,) > 0.
Furthermore, let
F,=En{{eT:|{-{|=46},
then F, < E\L < E\L. Hence

Ir. Co) = far.(Co)

and (6.10) will follow (and the proof will be finished), once we show that f; ({,) — 1.



Richter, Ross and Sundberg, The harmonic Dirichlet space 23

The following part of the proof was motivated by the connections between logarithmic
capacity, harmonic measure, and escape probabilities of Brownian motion (though no
probability is used in the proof). More precisely, when in our statement we see the quantity
fa (o) foraset A < T, we think of the probability that Brownian motion starting at {, leaves
a large disc (say of radius 4) minus A4 for the first time through A. Thus, our hypothesis that
J&,(€o) — 1 can roughly be interpreted as saying that the Brownian traveler with high
probability hits E, before he hits {z € C : |z| = 4}. Our goal is to show that he must hit E,
near {,,i.e. in F,. We shall accomplish this below with a comparison argument for harmonic
functions by putting up little barriers at the ends of F,.

Let G = C be the open set that is symmetric with respect to 7 and satisfies
DNnG=Dn{zeC:|z—{y]| <8}
and fix x, 0 <k < 4.

For each n € N, let v, be the harmonic function in G \F, which has boundary values
Zero g.e. on

0Gn{ze C:|z|>1+«}
and boundary values one g.e. on
Fu(@Gn{zeC:|z| =1+k}).

(Here we use the general solution of the Dirichlet problem due to Wiener, see [13], p. 243.)
For z e G\F, let

w,(2) = v,(z) +v,(1/2) - 1.

Then w, and f,_are harmonic in G \F, and by considering their values on 8(G \F,), we see
that

(6.11) w, (o) £ fr, (o) + @ (6, ¥)

for each n € N, where w (8, ) denotes the harmonic measure for G at {, of the set
1
zedG:—— Z|z|S 14k,
1+«

For small values of d, G looks like a disc with radius 6, thus o (d, k) ~ 4x/é as k — 0.

Furthermore, since f;_ is the logarithmic potential of the form (6.5), it takes negative
values on the circle {z e C:|z| = 4}. Of course, 0 < fy <1 on 7, hence in the annulus
{ze C:1<|z|< 4}, we have 1 — f; (2) = log|z|/log4. This implies

log(1+ «)

— >
1-fe) 2 log4

forze 0Gn{ze C:|z|>1+«}.
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On the set
F,u@Gn{zeC:|z|<1+k})

we have 1— f (z) 21— v,(2), because the left hand side is non-negative and the right
hand side is zero. It ‘follows that

' log(1 + x)
] 1—f5,(2) 2 (1 —0,(2)) “logd
for all z € 3(G \F,) and so
612) 1= 5,00 2 (1= 0, @) B

for each n e N. Combining (6.11) with (6.12) and using w, ({,) = 2v,({,) — 1 we obtain

log4

1-fr o) =2 m

(1 _fE,.(‘:o)) + w (9, x)

for all n. Now let n — co and then k — 0, thus lgg Jfr, (o) 2 1 and so, in fact i ({y) — 1
asn —» o0. O "

The question which we have not been able to answer is for which capacities does
Lemma 6.3 remain true. As pointed out earlier, Lemma 6.3 and Theorem 6.2 imply that
P, .1 generates &, when equipped with the norm (6.1). The following example shows that
this fact becomes false for some other equivalent norms on 2.

Example. Let E < T be quasi-closed with (0) + Z; + P and takege 2,0<g <1,
1—ge D, but[1—gl+P;(e.g. g=1). Then g ¢ D, and

M={f+og:f€ Dy aeC}

is closed, hence every /4 € 2 has a unique representation £ = f + ag + h,, where f + ag € M
and h, 1 .# with respect to the usual inner product on 2 defined in (1.2). We define a new
norm by

WAl =115 + el + A5 -

One checks that ||2||> < 2||2||2, thus by the open mapping theorem the two norms are
equivalent. In this new norm g1 %, and, of course, 1 —ge 9y, hence Py 1 =1—g.
However, by our choice of g we have [P, 1] + Z;.

The capacitary potential function f; for a quasi-closed set E is a logarithmic potential
function u,. We shall now seee that the quasi-support of u (defined below) is equal to E. For
u € E_(T) (the non-negative finite Borel measures on 7 with finite energy integral) we let

H#, = {A = T: Ais quasi-closed, u(7\A4) =0} .

We note that since u puts no mass on any set of capacity zero, it follows that if two sets
satisfy 4 = B q.e., then either 4 and B are both in #, or neither one is. Also, it is easy to
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verify that 5, is closed under countable intersections. Thus by a theorem of Fuglede [11],
Theorem 2.7, 5, has a quasi-minimal element 4, € #,. That is to say cap(4,\4) = 0 for all
A e #,. A, iscalled the quasi-support of p. The equivalence class of 4, (with respecttoq.e.)is
unique and every set in this equivalence class is also a quasi-support of u. Thus, when we
speak of the quasi-support of p we should keep in mind that we are thinking about an
equivalence class of sets rather than about a set itself. We also note that considerations about
the existence of quasi-supports by Choquet and Getoor [6] were the motivation for
Fuglede’s theorem, which we used here to prove the existence of the quasi-support. Fuglede’s
theorem is true for capacities other than the ones considered here, but we point out that for
our special case, Fuglede’s theorem can easily be deduced from the results of Section 4 and
the separability of 9.

Theorem 6.5. Let E — T be quasi-closed andlet f = u,_be the capacity potential for E

(in the norm (6.1)). Then the quasi-support of u equals E. Also, pg is the unique measure in
E, (T) with u(T\E) =0, u,_({) =<1 gq.e., and

(6.13)  cap(E) = pug(T) = sup{u(T):u,() 1 g.e., u(T\E) =0, pe E,(T)}.

Proof. 1t is well known (and at this point elementary to show) that u, solves the
extremal problem (6.13) and that u;(7) = cap(E) (see e.g. [17], Theorems 13 and 14).

To finish the proof we must show that the quasi-support of u; equals E g.e. Let 4
denote the quasi-support of pg. Since u; (7 \E) = 0, we have 4 < E g.e. The measure p is
a test measure for the extremal problem (6.13) for the set 4, hence

ug(T) = cap(4) < cap(E) = pg(T) .
This implies cap (4) = cap(E). Thus, by Lemma 6.3, cap(4\E) =0, i.e. A = E q.e.

For the uniqueness part, suppose that for two measures u and v we have u, = u, q.e.
Then the harmonic extensions agree everywhere in [. But for all ze D,

0 (2) = #(W_)Jr y A®) (n) Z ( ) oo

neN neN

and the result follows. 0O

Together with Theorem 6.2, this theorem implies Theorem 1.2.

References

[1] A. Aleman, Hilbert spaces of analytic functions between the Hardy space and the Dirichlet space, Proc. Amer.
Math. Soc. 115 (1992), 97-104.

[2] T. Bagby, Quasi-topologies and rational approximation, J. Funct. Anal. 10 (1972), 259-268.

[3] A. Beurling, Ensembles exceptionnels, Acta Math. 72 (1940), 1-13.

[4] L. Brown and A. Shields, Cyclic vectors in the Dirichlet Space, Trans. Amer. Math. Soc. 285 (1984), 269—304.

[5] L. Carleson, Selected problems on exceptional sets, Princeton, New Jersey, 1967.

[6] G. Choquet, Démonstration non probabiliste d’un théoréme de Getoor, Ann. Inst. Fourier, Grenoble 15
(1965), 409—-413.



26 Richter, Ross and Sundberg, The harmonic Dirichlet space

[7] A. Devinatz and I.I. Hirschman, Multiplier transformations on /2%, Ann. Math. 69 (1959), 575-587.
[81 J. Douglas, Solution of the problem of Plateau, Trans. Amer. Math. Soc. 33 (1931), 263-321.
[9] H. Federer and W. Ziemer, The Lebesgue set of a function whose distribution derivatives are p-th power
summable, Indiana Univ. Math. J. 22 (1972), 139-158.
[10] B. Fuglede, Le Théoréme du minimax et la théorie fine du potential, Ann. Inst. Fourier, Grenoble 15
(1965), 65-87.
[11] B. Fuglede, The quasi-topology associated with a countably subadditive set function, Ann. Inst. Fourier,
Grenoble 21:1 (1971), 123-169.
[12] M. Fukushima, Dirichlet Forms and Markov Processes, Amsterdam — Oxford — New York 1980.
[13] W.K. Hayman ax{d P. B. Kennedy, Subharmonic Functions, Volume 1, London Math. Soc. Monogr. 9,
London 1976.
[14] H. Helson, Lectures on invariant subspaces, New York and London 1964.
[15] E. Landau, Darstellung und Begriindung einiger neuerer Ergebnisse der Funktionentheorie, Zweite Auflage,
Berlin 1929,
[16] V.G. Maz’ya and T. O. Shaposhnikova, Theory of Multipliers in Spaces of Differentiable Functions, Boston,
Mass., 1985.
[17] N. Meyers, A theory of capacities for potentials of functions in Lebesgue classes, Math. Scand. 26 (1970),
255-292.
[18] S. Richter and C. Sundberg, A formula for the local Dirichlet integral, Mich. Math. J. 38 (1991), 355-379.
[19] S. Richter and C. Sundberg, Multipliers and invariant subspaces in the Dirichlet space, J. Op. Th., to appear.
[20] R. Salem and A. Zygmund, Capacity of sets and Fourier series, Trans. Amer. Math. Soc. 59 (1946), 23-41.
[21] D. Sarason, Invariant subspaces, Topics in Operator Theory, Math. Surv. Amer. Math. Soc. 13 (1979), 1-47.
[22] A. L. Shields, Weighted shift operators and analytic function theory, Topics in Operator Theory, Math. Surv.
Amer. Math. Soc. 13 (1979), 49-128.
[23] D. Stegenga, Multipliers of the Dirichlet space, Ill. J. Math. 24 (1980), 113-139.
[24] D. Stegenga, A geometric condition which implies BMOA, Harmonic analysis in Euclidean spaces, Proc.
Symp. Pure Math. 135, Part 1 (1979), 427-430.

Department of Mathematics, University of Tennessee, Knoxville, Tennessee 37996-1300, USA
Department of Mathematics, University of Richmond, Richmond, Virginia 23173, USA

Eingegangen 8. Dezember 1992



	University of Richmond
	UR Scholarship Repository
	1994

	Hyperinvariant subspaces of the harmonic Dirichlet space
	William T. Ross
	Stefan Richter
	Carl Sundberg
	Recommended Citation


	Scanned using Book ScanCenter 5033

