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SUPERCONVERGENCE AND A POSTERIORI ERROR
ESTIMATES OF A LOCAL DISCONTINUOUS GALERKIN
METHOD FOR THE FOURTH-ORDER INITIAL-BOUNDARY
VALUE PROBLEMS ARISING IN BEAM THEORY

MAHBOUB BACCOUCH

Abstract. In this paper, we investigate the superconvergence properties and a posteriori error
estimates of a local discontinuous Galerkin (LDG) method for solving the one-dimensional linear
fourth-order initial-boundary value problems arising in study of transverse vibrations of beams.
We present a local error analysis to show that the leading terms of the local spatial discretization
errors for the k-degree LDG solution and its spatial derivatives are proportional to (k + 1)-degree
Radau polynomials. Thus, the k-degree LDG solution and its derivatives are O(h**2) supercon-
vergent at the roots of (k + 1)-degree Radau polynomials. Computational results indicate that
global superconvergence holds for LDG solutions. We discuss how to apply our superconvergence
results to construct efficient and asymptotically exact a posteriori error estimates in regions where
solutions are smooth. Finally, we present several numerical examples to validate the supercon-
vergence results and the asymptotic exactness of our a posteriori error estimates under mesh
refinement. Our results are valid for arbitrary regular meshes and for P* polynomials with k > 1,
and for various types of boundary conditions.

Key words. Local discontinuous Galerkin method; fourth-order initial-boundary value problems;
Euler-Bernoulli beam equation; superconvergence; a posteriori error estimates.

1. Introduction

The goal of this paper is to investigate the superconvergence properties and
develop a simple procedure to compute a posteriori error estimates of the spatial
errors for the local discontinuous Galerkin (LDG) method applied to the following
linear fourth-order initial-boundary value problem in one space dimension:

(1.1a) Upt + Ugzaew = f(x,t), x€[0,L], t €]0,T],
subject to the initial conditions
(11b) U(I5 O) = g(I), ut(xa O) = h(.I), T e [Oa L]v

and to one of the following four kinds of boundary conditions which are commonly
encountered in practice (¢t € [0,77]):

(1.1c) w(0,t) = ui(t), uzz(0,t) = u2(t), uz(L,t) = us(t), vzza(L,t) = ua(t),

(L1d)u(0,t) = ua(t), uae(0,t) =ua(t), w(L,t) = us(l), uax(L,t) = ua(l),

(L1e) u(0,t) = ua(t), ux(0,t) = ua(t), u(L,t) = us(t), ua(L,t) = ual(t),

(1.1f) w(0,¢) = u(L,t), uz(0,t) = ux(L,t), upz(0,t) = taw(L,t), Uews(0,t) = Ugea(L,t).

In our analysis we assume that the interval [0, 7] is a finite time interval, and select
the side conditions and the source, f(z,t), such that the exact solution, u(x,t), is
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a smooth function on [0,L] x [0,7]. Even though the analysis in this paper is
restricted to (1.1a), the same results can be directly generalized to the well-known
Euler-Bernoulli beam equation with constant and variable geometrical and physical
properties

(E@)[(2)uza) 4y + p(2) A(2)un = f(2,1),

where u(z,t) is the deflection of the neutral axis of the beam, F(x) is the Young’s
modulus of elasticity, I(x) is the area moment of inertia of the cross section with
respect to its neutral midplane, A(z) is the cross section in the yz-plane, p(z) is
the mass density per unit length, and f(x,t) is the transverse load.

The fourth-order Euler-Bernoulli beam equation considered in this paper plays a
very important role in both theory and applications. This is due to its use to de-
scribe a large number of physical and engineering phenomenons such as the flexural
vibrations of a slender isotropic beam within the framework of Euler-Bernoulli as-
sumptions. Several numerical schemes are proposed in the literature for solving
(1.1a). Consult [11, 12, 14, 35, 36, 37, 41, 42, 47] and the references cited therein
for more details. In this paper, we develop, analyze and test a superconvergent
LDG method for solving (1.1). The proposed scheme is based on the fourth-order
Runge-Kutta method approximation in time and on the LDG approximation in the
spatial discretization. Our proposed scheme for solving the beam equation extend-
s our previous work [16, 23] in which we investigated the convergence properties
and the error estimates of the LDG method applied to the second-order wave and
convection-diffusion equations in one space dimension.

The main motivation for the LDG method proposed in this paper originates from
the LDG techniques which have been developed for convection-diffusion equations.
The LDG finite element method considered here is an extension of the discontinuous
Galerkin (DG) method aimed at solving ordinary and partial differential equations
(PDEs) containing higher than first-order spatial derivatives. The DG method is
a class of finite element methods using completely discontinuous piecewise polyno-
mials for the numerical solution and the test functions. With discontinuous finite
element bases, they capture discontinuities in, e.g., hyperbolic systems with high
accuracy and efficiency; simplify adaptive h—, p—, r—, refinements and produce
efficient parallel solution procedures. The DG method was initially introduced by
Reed and Hill in 1973 as a technique to solve neutron transport problems [44].
Lesaint and Raviart [40] presented the first numerical analysis of the method for
a linear advection equation. Since then, DG methods have been used to solve or-
dinary and partial differential equations. Consult [32, 17] and the references cited
therein for a detailed discussion of the history of DG method and a list of important
citations on the DG method and its applications.

The LDG method for solving convection-diffusion problems was first introduced by
Cockburn and Shu in [33]. They further studied the stability and error estimates
for the LDG method. Castillo et al. [26] presented the first a priori error analy-
sis for the LDG method for a model elliptic problem. They considered arbitrary
meshes with hanging nodes and elements of various shapes and studied general
numerical fluxes. They showed that, for smooth solutions, the L? errors in Vu and
in u are of order k and k + 1/2, respectively, when polynomials of total degree not
exceeding k are used. Cockburn et al. [31] presented a superconvergence result for
the LDG method for a model elliptic problem on Cartesian grids. They identified
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a special numerical flux for which the L2-norms of the gradient and the potential
are of orders k + 1/2 and k + 1, respectively, when tensor product polynomials of
degree at most k are used. Several LDG schemes have been developed for various
high order PDEs including the convection-diffusion equations [33], second-order
wave equations [16, 20], nonlinear KdV type equations [48, 50], and beam equa-
tion [18, 19]. More details about the LDG methods for high order time dependent
equations can be found in the review paper [49] and the recent proceeding of Shu
[46]. Furthermore, some LDG methods for other high order wave equations were
developed by Yan and Shu [51], which were high order accurate and stable schemes.

The study of superconvergence and a posteriori error estimates of DG methods has
been an area of active research in both mathematics and engineering, see e.g. [15]. A
knowledge of superconvergence properties can be used to () construct simple and
asymptotically exact a posteriori estimates of discretization errors and (ii) help
detect discontinuities to find elements needing limiting, stabilization and/or refine-
ment. Typically, a posteriori error estimators employ the known numerical solution
to derive estimates of the actual solution errors. They are also used to steer adaptive
schemes where either the mesh is locally refined (h-refinement) or the polynomial
degree is raised (p-refinement). For an introduction to the subject of a posteriori
error estimation see the monograph of Ainsworth and Oden [13]. Superconvergence
properties for DG methods have been studied in [34, 40] for ordinary differential
equations, [4, 16, 8, 9] for hyperbolic problems and [2, 3, 5, 9, 10, 24, 25, 27, 28]
for diffusion and convection-diffusion problems. Several a posteriori DG error esti-
mates are known for hyperbolic [29, 30, 38, 22, 7] and diffusive [39, 45] problems.

Adjerid and Baccouch [4] investigated the global convergence of the implicit residual-
based a posteriori error estimates of Adjerid et al. [8]. They proved that, for smooth
solutions, these a posteriori error estimates at a fixed time ¢ converge to the true
spatial error in the L2-norm under mesh refinement. Recently, Adjerid and Bac-
couch [6, 5] showed that LDG solutions are superconvergent at Radau points for
two-dimensional convection-diffusion problems. They used these results to con-
struct asymptotically correct a posteriori error estimates. In [16], we presented
new superconvergence results for the semi-discrete LDG method applied to the
second-order scalar wave equation in one space dimension. We performed an er-
ror analysis on one element and showed that the k-degree LDG solution and its
spatial derivative are O(h**2) superconvergent at the roots of (k + 1)-degree right
and left Radau polynomials, respectively. Computational results showed that glob-
al superconvergence holds for LDG solutions. We used these results to construct
asymptotically correct a posteriori error estimates by solving local steady problem
with no boundary conditions on each element. However, we only presented several
numerical results suggesting that the global spatial error estimates converge to the
true errors under mesh refinement where temporal errors are assumed to be negligi-
ble. More recently, Baccouch [21, 20] analyzed the superconvergence properties of
the LDG formulation applied to transient convection-diffusion and wave equations
in one space dimension. The author proved that the leading error term on each
element for the solution is proportional to a (k4 1)-degree right Radau polynomial
while the leading error term for the solution’s derivative is proportional to a (k+1)-
degree left Radau polynomial, when polynomials of degree at most & are used. He
further analyzed the convergence of a posteriori error estimates and proved that
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these error estimates are globally asymptotically exact under mesh refinement.

The goals of this paper are to (i) design a superconvergent LDG method for solving
the fourth-order initial-boundary value problems, (ii) investigate the superconver-
gence properties of LDG solutions, and (iii) develop computationally simple a pos-
teriori error estimates. We show that the local discretization errors for the k-degree
LDG solution and its derivatives up to third order converge as O(h¥*2) at the root-
s of Radau polynomials of degree k + 1 on each element. More precisely, a local
error analysis reveals that the leading terms of the spatial discretization errors for
the LDG solution and its derivatives, using k-degree polynomial approximations,
are proportional to (k + 1)-degree (either right or left) Radau polynomials. We
use these results to construct asymptotically exact a posteriori error estimates in
regions where solutions are smooth. The leading terms of the discretization errors
for the solution and its spatial derivatives are estimated by solving a local steady
problem with no boundary conditions on each element. The four coefficients of the
leading terms of the spatial discretization errors are functions of the time variable
and obtained from a 4-by-4 linear algebraic system on each element. Several nu-
merical simulations are performed to validate the theory.

This paper is organized as follows: In section 2 we define the LDG scheme and we
introduce some notations and definitions which will be used in our error analysis. In
section 3, we present the LDG error analysis and prove our main superconvergence
results. In section 4, we discuss our error estimation procedure. In section 5, we
present numerical results to confirm the global superconvergence results and the
asymptotic exactness of our a posteriori error estimates under mesh refinement.
We conclude and discuss our results in section 6.

2. The LDG scheme

In order to construct the LDG scheme, we first introduce three auxiliary variables
q = Uz, p = qs, T = P, and rewrite our model problem (1.1a) as a first-order system
in space

(2.1) U +re=f, 1—p=0, p—q:=0, q—u;=0.

In order to obtain a weak LDG formulation we partition the interval I = [0, L] into
a quasi-uniform mesh, Ay = {0 =2p <21 <22 < -+ < Tp—1 < xny = L}, having
N subintervals I; = [x;_1,;], i = 1,--- , N with length h; = 2; —2;_1. The length
of the largest subinterval is denoted by h = maxi<;<n h;. Throughout this paper,
’U}i denotes the value of the function v = v(x,t) at x = x;. We also define v~ }l and
’U+|i to be the left limit and the right limit of the function v at the discontinuity
point x;, .e.,

v = v (x4,t) = lim v(z; + s, 1), vt = 0" (i, t) = lim v(w; + s,t).

‘Z s—0— s—0t

We define a finite element space consisting of piecewise k*"-degree polynomial func-
tions Vi¥ = {v : v|;, € P¥(I;)}, where P*(1;) is the space of polynomials of degree
not exceeding k on I;. Note that polynomials in the space th are allowed to have
discontinuities across element boundaries.

Let us multiply the four equations in (2.1) by test functions v, w, s, and z, re-
spectively, integrate over an arbitrary subinterval I;, and use integration by parts
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to write
(2.2a) / ugvdr — / rugde + 7"1}’1. — rv}Fl = fudz,
I; I; I;
(2.2b) / rwdz + / pwedz —pw|, +pw|,_ | = 0,
I; i
(2.2¢) / psdx + / qszdx — qs‘i + qs‘i_l = 0,
I; I;
(2.2d) / gzdx + / uzgdr — uz‘i + uz|z._l = 0.
I; I;

Next, we approximate the exact solutions u(.,t), q(.,t), p(.,t), and r(.,t) by piece-
wise polynomials up(.,t) € V¥, qn(.,t) € VI, pu(.,t) € VE, and ry(.,t) € VE,
respectively, whose restriction to I; are in P*(I;). Here up, qn, pn, and 73, are
not necessarily continuous at the endpoints of I;. The semi-discrete LDG method
consists of finding up, qn, Ph, ™h € th such that Vi=1,..., N,

(2.3a) / (up)evda — / rpvzdr + f'hvf‘i — f’hv+|i71 = / fodx, VYwve V,f,
I f I

(2.3b)/1 rpw dx +/ prws dx —ﬁhw7|i —|—f)hw+|i71 = 0, YweV,,

(2.3¢) /1 prs dx —|—/I qnSz dx — (jhsf‘i + (jher’F1 = 0, VseVF,

(2.3d) /I qnz dx —|—/I Up 2z dx — ﬁhzf’i + ﬁhZﬂF1 = 0, VzeVr

where the hatted terms, @p, Gn, Pn, and 7, are the so-called numerical fluxes.
These numerical fluxes are single-valued functions defined on the boundaries of I;
and should be designed to ensure numerical stability.
For the boundary conditions (1.1¢), we choose the following alternating fluxes

. ui(t), i=0, . Tl i=0,...,N —1,
|, = 1—() i qn|; = qh‘z C

i uh’i,Z—l,...,N, i us(t), i = N,

[ wa(t), i=0, ] i=0, N —1,
(2.3¢) P, _{ Pl i=1 N, T (), i = N

If other boundary conditions are chosen, the numerical fluxes can be easily designed.
For instance the numerical fluxes associated with the boundary conditions (1.1d)
can be taken as

Ul(t)7 7,:07 + .
N R X grl,i=0,...,N—1,
Up|. = u, |, i=1,...,N—1 qh_:{ i - .
I R T (@ - sl )| i = N,
u2(t)7 =0, +‘ ;
rol,i=0,...,N—1
(2.30)pn|, =9 Pul, t1=1...,N—1 fh_:{ hli R T
. u:(‘tiy i= N, -l (ra = d2(py, —wa)) [ i =N,

where the stabilization parameters d; and 05 for the LDG method are given by
51:%811(162:%.
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Similarly, the numerical fluxes associated with the boundary conditions (1.1e) can

be taken as

Ul(t), i =0, Uz(t), i =0,

=R |, i=1, ,N=1, @], =1 ¢, i=1...,N—-1,
uz(t), i =N, (t), i=N

(pi +01(qy —w2))|,, =0,
Pulp i=1,..., N, i

Un

Fl,i=0,...,N—1
(23g)ﬁh‘2:{ { Th‘ﬂ ? ) ) )

(r,: — O2(u;, — U3)) ‘Z_, i = N.

where the stabilization parameters d; and 05 for the LDG method are given by
51:hﬁiand62=h—kg.
For the periodic boundary conditions (1.1f), we choose the following alternating
fluxes (e.g., see [43])

il = uh|N, 1 =0, inl = qh‘l,z—O,...,N—l,
i u;’l, i=1,..., N, i qﬂo, 1= N,
X P |y =0, X ril,i=0,... N1,
2.3h = LN .= d
( 3)ph}1 {ph’i,ZZL...,N, ar T;HO,’L—N.
We note that this choice is not unique. For instance the following choice is also fine
Q| — ufl, i=0,...,N—=1, | [ q |y i=0,
L R M= ap ], i=1,..., N,
+ . — .
o P, i=0  N=1, |y i=0,
(2.31) ph‘i - { pﬂo’ i=N, Th‘i - T}:‘i’ i=1,...,N.

In order to complete the definition of the semi-discrete LDG method we need to
design the initial conditions of our numerical scheme. In this paper, the initial
conditions uy(2,0) € V¥ and (up)¢(z,0) € V¥ are obtained by interpolating the
exact initial conditions u(z,0) = g(z) and us(x,0) = h(z) as

(2.4) up(2,0) = 7tg(x), (up)i(z,0)=n"h(z), z€l;, i=1,---,N,

where mtv is the k-degree polynomial that interpolates v at the roots of (k + 1)-
degree right Radau polynomial which will be defined later.

Remark: In our numerical experiments we approximated the initial conditions of the
numerical scheme by the polynomials that interpolate the exact initial conditions
at the roots of the right Radau polynomial of degree k + 1. However, numerical ex-
periments suggest that if we use the standard L? projection of the initial conditions
as our numerical initial conditions instead, the convergence and superconvergence
rates do not converge to the desired k + 1 and k + 2 accuracy, respectively. We
observed that the order of accuracy for the solution and the auxiliary variables is
oscillating. Furthermore, we did not observe any pointwise superconvergence. We
would like to emphasize that our special choice of initial conditions (2.4) is essential
to obtain the desired superconvergence rate of the proposed LDG method.

In order to discretize in time, we first solve for the auxiliary variables gy, pp, and 7y,
in terms of wy, in an element-by-element fashion using (2.3b)-(2.3d). Substituting
the resulting expressions for ¢, pp, and ry into (2.3a), then expressing up(x,t) =
Z;C:O ¢;i(t)Lji(x), x € I;, as a linear combination of orthogonal basis L; ;(x), j =

0,...,k, where L;; denotes the j th_degree Legendre polynomial on I;, and choosing
the test functions v = L;;, j =0,..., k, we obtain the following linear second-order
ordinary differential system:
d*Cl(t
Mlil() :AiCi(t)—i—bi(t), i=1,---,N,

dt?
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where C;(t) = [co,i(t), c1,4(t), -+, ck,i(t)] denotes the solution vector at time ¢, M;
denotes the mass matrix, A; is a matrix, and b;(¢) is a vector which depends on
the source term and the boundary conditions but independent of solution. We
introduced the superscript ¢ to emphasize that these systems can be solved on
each element I; using e.g., the classical fourth-order Runge-Kutta method. As our
interest is in the effect of the spatial discretization, we determine the time-step At
so that temporal errors are small relative to spatial errors. We do not discuss the
influence of the time discretization error in this paper.

In our analysis we need the k"-degree Legendre polynomial defined by Rodrigues
formula [1]

1 dF 9 &
Lk(é)zﬁ@[@ -7, -1<£<1,

which satisfies the following properties: Lj(1) =1, Ly(—1) = (=1)* and

1
2
(2.5)/ Li(&)L,(§)de = 216——1-15@’ where 0y, is the Kronecker symbol.
1

Next, we define the (k4 1)—degree right Radau polynomial as RZ’H (&) = Li41(§)—
Li(§), =1 < ¢ <1, which has k + 1 real distinct roots, —1 < & < --- < &F = 1.
We also define the (k + 1)-degree left Radau polynomial R;H (&) = Li+1(8) +
Li(§), =1 < ¢ <1, which has k 4 1 real distinct roots, =1 =§; <--- <& < 1.
Mapping the element I; = [z;_1, ;] into a reference element [—1, 1] by the standard
affine mapping

Tit+wi—1 | hy

=+ _57

(2.6) 2l hi) = T :

we obtain the shifted Radau polynomials R,il (@) = R,il (M&) on I;.

In this paper, we define the L? inner product of two integrable functions, u = u(x, t)
and v = v(z,t), depending on z and ¢ on the intervals I; = [z;-1,2;] and I = [0, L]
as

(u(.,t),v(.,t))i:/ w(z, o, )dz, (u(.,t),v(.,t)):/u(:v,t)v(x,t)d:v,

I; I

and the subsequent induced norms are Hu(,t)Hf = (u(., t),u(.,1)); and |Ju(., )| =
(u(.,t),u(.,t)). In the remainder of this paper we will omit the notation (.,t) used
in the subsequent induced norms unless needed for clarity. Thus we use ||u|| instead
of Ju(.,t)| ete.

3. Superconvergence error analysis

In this section we investigate the superconvergence properties of the LDG method.
We show that uy, and pj, are O(h¥*2) superconvergent at the (k + 1)-degree right-
Radau polynomial and g;, and 75, are O(h**+2) superconvergent at the (k+1)-degree
left-Radau polynomial. The local superconvergence results are proved and the glob-
al superconvergence results are confirmed numerically.

Throughout this paper, e,, ¢4, €, and e,, respectively, denote the errors between
the exact solutions of (2.1) and the numerical solutions defined in (2.3) i.e.,

€y = U — Up, €q =4 — (gh, €p =D — Dh, €r =T —Th.
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We subtract (2.3) from (2.2) with v, w, s, z € Vi¥ to obtain the LDG orthogonality
conditions for the errors e,, €4, e, and e, on I;

(3.1a) /I (ey)rvda —/ e, dr + érvf‘l_ — érv+‘i71 = 0,
(3.1b) / e w dz —|—/ epwy dr — epw™ |, + ut| | = 0,
I; i

(3.1c) / eps dx +/ €qSy dr — éqs_‘i + éq3+‘i71 = 0,

I; i
(3.1d) / eqz dx +/ eysy dr — éuz_}i + éuz+}i71 = 0.

I; I
Using the mapping of I, = [r;,_1,;] onto the canonical element [—1,1] defined

by (26) and denOting éu(f,t,hl) = eu(I(f,hi),t), éq(évta hl) - eq(x(ﬁ,hi),t),
ép(&t hi) = ep(x(&, hi),t), é-(&.t,hi) = er(x(€, h;),t), we obtain the LDG or-
thogonality condition (3.1) on the reference element [—1,1]

(3.2a) —/ u)tt0d€ — / & DedS + é,0 ‘ — &0 ’z p = 0
. 1 ~ ~

(3.2b) 5 71érﬁ)d§+/iléptbgd§—éplbf‘i+émb+|i_l = 0,
he 1 1 . -

(3.2¢) ?f _1ép5d5<+”/:léqggdg-éq§—|i4—éq§+¢i_1 = 0,
he [l 1 - -

(3.2d) 3 _léq2d§+/_1€u25d§—éu2_\i—|—éu§+|i_1 = 0.

If the exact solution u is analytic, the LDG solutions (un, qn, pr, ) on I; are also
analytic with respect to z since they are polynomials in . We further note that
ﬂh(f, t hl) = uh(x(f, hl)a t)v qh(év 2 hz) - Qh(fb(g, hl)a t)v ﬁh(ga t hl) = ph(il?(f, hl)a t),
and 71, (&, t, hy) = rp(2(&, hy), t) are analytic with respect to h; by transforming the
local LDG weak problem to the reference element and solving for the finite element
coefficients which are analytic functions of h;. Thus, at fixed time ¢, we can expand
the local errors in Maclaurin series with respect to h; as

q(Et, hy) Z

(3.3a) w(E,t, hy)

8”M

R;(&,t)h]

(3.3b)  &p(Ethi) =Y Pi(€t)R,

0

where U;(.,t), Q;(.,t), P;i(.,t), and R;(.,t) € P7([—1,1]) are polynomials of degree
7 in the variable £ and are obtained by applying the chain rule as

Il
1M I

<.
I

1dié, 1 & i
Uﬂ(g’ )7_'—3(551570)7722 ()ala] ! (O,t,O)
dh;; I
1 dlé, :

1~ ¢ !
9(¢,t,0) = 722 (1)aLa]"e4(0,¢,0),

i J
Bi(e) = 522600 = Y- 5 ()00 5,(0.1.0),
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~ 1d eT ~
Rj(&t) = T (€,0 ,Z (1)oLa) e, (0,t,0),
where the binomial coefficient (Jl) is defined by (Jl) = WLZ), for 0<1<5.

For simplicity, we present a local error analysis on the element [0, k]. For this, we
consider the problem (1.1a) on [0, k] subject to the initial conditions (1.1b), where
x € [0,h] and to either the boundary conditions (1.1c) or (1.1d). For each case,
the proof is presented separately. Similar results hold when using the boundary
conditions (1.1f) and (1.1e). The proofs are very similar to proofs provided for the
first two cases, and are therefore omitted to save space. Several numerical examples
are included to validate these results globally.

3.1. Case 1. In this subsection, we consider the problem (1.1a) in [0, h] subject
to the initial conditions (1.1b) and the boundary conditions (1.1¢). In the next
theorem, we state and prove the following pointwise superconvergence results.

Theorem 3.1. Let (u,q,p,r) and (up,qn, pr, ), respectively, be the solutions of
(2.1) and (2.3) in [0, h] with the numerical flures (2.3¢e) subject to (1.1b) and (1.1c).
If we apply the mapping of [0, h] onto the canonical element [—1, 1] defined by (2.6),
then, the local finite element errors can be written as

(34a) Eu(&t,h) = > U&7, &g(&t,h) = > Qi(&t)h
Jj=k+1 j=k+1

(34b) (& th) = Y Pi&HR, &St h) = Y RN,
Jj=k+1 j=k+1

where the leading terms of the discretization errors are given by

(3.4c)  Ursa(&,t) = arp1 (R, (&), Quir(§,t) = by ()R, (9),
(34d) P (&) = ki (R (€), R (€:1) = diepr (DR ().
In the remainder of this paper we will omit the ~unless we feel it is needed for

clarity. Since we consider one element, we will omit the *, for instance, v (—1) =
v(—=1) and v~ (1) = v(1), etc.

Proof. Since we consider one element [0, h], the numerical fluxes (2.3e) using the
boundary conditions (1.1c¢) become

Up(=1,¢,h) =u1(t), an(l,t,h) =wup(l,t,h),
an(=1,t,h) = qn(1,t,h), Gn(1,t,h) = us(t),
Pr(=1,t,h) =ua(t), Pr(l,t,h) =pr(l,t, h),
(=1t h) =rp(1,t,h), 75(1,t,h) = ua(t).

Thus, the LDG orthogonality conditions (3.2) for the local errors can be simplified
to

o[l 1
(3.5a) 5/ (eu)ttvdf—LleTvgdf—eT(—l,t,h)v(—l) = 0,

—1

ho[l 1
(3.5Db) 5/ erwdg—l—/_l epwedé —ep(1,t, h)w(l) = 0,

-1

I
o

1 1
(3.5¢) g / epsdé + / eqsedl +eq(—1,t,h)s(—1)
-1 -1
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1 1
(3.5d) g/ eqzdf—i—/ eyzedE — ey (1,8,h)2(1) = 0.
—1 —1

Substituting (3.3) into (3.5) and collecting terms having the same powers of h lead
to

/ Rovedé—Ro(—1,t)v +Zhﬂ< / (Uj—1)ervd€ — / Rjvedé — Ry (—1,t)v(— 1))

(3.6a) + Z hﬂ< / (Uj—1)ervd€é — / Rjvedé — Rj(—1,t)v(— 1)) =0,

j=k+1

1

Powedé — Po(1,t)w Zh]< / R; 1wd£+/ Pjwede — Pj(1,t)w ())

—1

o0 1 1
(3.6b) > <1/ R _1wdé + ijgdf—Pj(lvt)w(1)> =0,
j=k+1 2/ -1
1
/ Qosedt +Qo(— +th< / Prosde + [ Qusede + Qu(-1.0s(-1)) +
_ 1
o0 . 1 1 1
. h] = P'fl d 7 d VAR - =Y
Y (2[1 s+ [ Qusede +Qu(-1,05(-1)) =0

/j Uozed§ — Uo(1, 1)z +Zh3< / Qj- 1zd§+/7 Ujzedé — U;(1,)2(1 )>+

(3.6d) Z h”( / Qj- wdf—&-[ Ujzede — U;(1,1)2(1 )) =0.

j=k+1

Setting each term of the power series zero, the polynomials U; € P7([—1,1]),
Q; € PI([-1,1]), P; € P/([-1,1]) and R; € P/([-1,1]), j = 0,--- , k, satisfy the
following conditions: V v, w, s,z € P*([~1,1]),

1
(37&) —/ R0v5d§ RQ(—l,t)’U(—l) = 0,

(3.7b) % (Uj—1)yvdé — / Rjvedé — Ri(—1,t)v(=1) =0, j=1,--- k,
1
(3.7¢) / Powed§ — Py(1,t)w(1) = 0,
—1
1t 1
(3.7d) 5/ Ry _qjwd§ +/ Pjwedé — Pj(L,t)w(l) =0, j=1,---,k,
1

(37¢) | Qusede +Qu(~1.0)5(~1) =0,

1

1 1
) 5 [ Prasicr [ Qs+ Qu-LOs(-) =0, j=1 ik,

1
(3:7) [ Uneds ~ Ua(1.0)2(1) =0,

-1

1 1
(3.7h) %/ Qj_lzd§+/ Ujzede — U;(1,4)2(1) =0, j=1,--- k.
—1 1
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Next, we will use induction to prove

(3.8) Uj(€,t) = Q;(&,t) = Pi(&,t) = R;(§,) =0, 0< j<k

Taking v =w = s =2z =11n (3.7a), (3.7¢), (3.7e), and (3.7g), respectively, gives
UO(lat) = QO(_lvt) = PO(lvt) = RO(_lat) =0.

Since Uy, Qo, Po, Ry € P°([—1,1]) are constant polynomials of degree 0, we have

Up(&,t) = Qo(&,t) = Py(&,t) = Ro(&,t) = 0. Thus, (3.8) is true for j = 0. Now

we assume that U;(§,t) = Q;(&,t) = Pj(§,t) = R;(§,t) =0, 0< j<k-—1and

prove that Uk(gvt) = Qk(f; t) = Pk(é.a t) = Rk(f, t) = 0.
Next, we note that (3.7b), (3.7d), (3.7f), and (3.7h) for j = k& become

(3.92) - /_11 Rivedé — Ri(=1,)0(=1) =0, ¥ v e PF([=1,1]),
(3.9b) /_11 Prwede — Pp(1,)w(l) =0, Y w e P*([-1,1]),
(3.9¢) /11 Qrsedé + Qu(=1,1)s(=1) =0, Vs e P*([-1,1]),
(3.9d) /11 Upzedé — Up(1,0)2(1) =0, ¥V z € P*([~1,1]).

Setting v = w = s =z =1 in (3.9a), (3.9b), (3.9¢), and (3.9d), respectively, yields
(3.10) Ur(1,t) = Qr(—1,t) = Pr(1,t) = Rp(—1,¢) = 0.
Combining (3.9) and (3.10) we obtain: V v,w, s,z € P¥([-1,1]),

1 1 1 1
(3.11)/ R}ﬂ)gd{ = 07 / Pkwgdf = 07 / Qk8§d§ = 07 / Uk25d§ =0.
-1 -1 -1 -1

Writing Uy (€, 1), Qr (€, 1), Pr(&,t), and Ry (&, t) as a linear combination of Legendre
polynomials,

k k
Ur(6.t) =Y a;()L; (&), Qr(&t) =Y bi(t)L; (&),
j=0 j=0
k k
Pe(&,1) =D ¢ () L;(€), Ri(&t) = d;i(t)L;(9),
j=0 j=0

and using (3.11) and the orthogonality relation (2.5), we arrive at
Ur(&t) = ar(t)Li(§), Qu(&,t) = bi(t)Li(E),

Pr(§,t) = cr(t)Lr(8),  Ri(&,t) = di(t) Ly ().

Using (3.10) and the properties of Legendre polynomial Ly (1) = 1, Lj,(—1) = (—1),
we get

0=Uk(1,t) = ar(t) Li(1) = ax(t), 0= Qx(—1,t) = be(t)Lr(—1) = (=1)"bi(t),
0= Pi(1,t) = ck () Li(1) = cx(t), 0= Rp(—1,t) = d(t)Li(—1) = (—1)"di(2).

Thus,
(312) Uk(&t):Qk(&t):Pk(gvt):Rk(gvt):O'
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Next, after using (3.12), the O(h**+1) terms in (3.6) yield

(3.13a) — /_11 Ri1vedé — Rpyr(—1,0)v(—1) =0, Vo€ P*([-1,1)),
(3.13b) /_11 Piprwedé — Pea (L)w(1) =0, ¥ w e PH([-1,1]),
3130 [ Quusede + Qua(-105(-1) =0, Vs € PH(-1,1),

1
(3.13d) / Upy12¢dé — Upia(1,8)2(1) =0, Y z € P*([~1,1]).
-1

Taking v = w = s = z = 1 in (3.13a), (3.13b), (3.13c), and (3.13d), respectively,
we get

(3.14)  Ur1(L,t) = Qry1(—1,1) = Pyg1(1,t) = Rpqa(—1,1) = 0.
Therefore, (3.13) becomes: ¥ v,w, s,z € P¥([-1,1]),

f*il Riey1ved€ =0, f; Pii1wed€ =0,

J o Qry15¢dE =0, [ Upy12¢d€ = 0.

Expanding Uy+1, Qri1, Pir1, Rrr1 € PPH([—1,1]) in series of Legendre polyno-
mials 7.e.,

(3.15)

k+1 k+1

(3.16a)  Upsr(6.0) Zaj ), Qrra(t) =D (1) L;(8),
=0
k+1 k+1

(3.16b)  Pe1(&t) =D c;(OL;(€), Rrpa(&t) =Y di(H)L; (&),
=0 7=0

and using the orthogonality relation (2.5), we obtain

Ur+1(§,t) = ar(t) Li (&) + ar+1(t) Let1(§),  Qr+1(€,t) = bi(t) L (§) + brr1(t) Li1(8),
Pyy1(§,t) = e () Li(§) + i1 () Li+1(8),  Ri1(€,t) = dic(t) Lic(§) + d1(8) L1 (§)-

Using (3.14) and the properties Ly(1) = 1, Li(—1) = (—1)*, we have

0 = Uksr(1,t) = an(t)Lie(1) + ars1(t) Lit1 (1) = ar(t) + a1 (1),
0 = Quar(=1,8) = bi()Li(=1) + brr1 () Lisa (1) = (—=1)"br(8) + (1) brra (1),
0 = Pesr(1,t) = (@) Li(1) + crp1(t) Liga (1) = cr(t) + crra(t),
0 = Rita(=1,8) = di(t) Li(=1) + dis1 () Lisa (1) = (=1)"di(t) + (1) diya (1),

which give ary1(t) = —ar(t), br1(t) = br(t), ces1(t) = —cr(t), disa(t) =
di,(t). Thus, the leading terms of the discretization errors can be written as

Up1(&,1) = apy1(t) (L (€) — Li(€)) = ara (DR, (6),
Qr+1(&:1) = b1 (1) (Li41(§) + L(§)) = brga () Ry 1 (),
Poy1(6:1) = chr1 (t) (L1 (€) — Li(€)) = ek (DR, (6),
Ri11(§:t) = dp41(t) (Li+1(8) + Li(§)) = di1 () Ry, (),

which complete the proof of the Theorem. O
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3.2. Case 2. Here, we consider the problem (1.1a) in [0, h] subject to the initial
conditions (1.1b) and to the boundary conditions (1.1d). In the following theorem,
we show that the results of Theorem 3.1 still hold.

Theorem 3.2. Let (u,q,p,r) and (up,qn, pr, ), respectively, be the solutions of
(2.1) and (2.3) in [0, h] subject to the initial conditions (1.1b) and the boundary
conditions (1.1d). Let x(&,h) = %({ + 1) be the mapping of [0,h] onto [—1,1].
Then (3.4) holds.

Proof. Since we consider one element [0, k], the numerlcal fluxes (2.3f) using the
boundary conditions (1.1d) with §; = % and 6o = F become

n(0,t) = ui(t), an(h,t) = us(t),
t) = qn(0,t), qn(h,t) = qn(h,t) —
) u2(07 t)a ﬁh(ha t) = ’u,4(t)7

qn(0, (un(h,t) — us(t)),
P (0,
Pr(0,t) = 71(0,1), Fr(h,t) =rn(ht) — - (pr(h,t) — ua(t)),

h

Il I

where up, gn, pn, and rp, are the LDG solutions on [0, h]. Thus,
€,(0,t) = u(0,t) — 4p(0,t) = up(t) — us(t) =0,
( t) = U(h t) —ﬁh(h t) = us(t) — us(t) =0,
(h,t)

= q(h,t) — gn(h,t) = q(h,t) — gn(h,t) + %(uh(h,t) —us(t))

)

eq(h,t

k
=eq(h,t) — Eeu(h,t),
)

é;D(Oa t) = p(O,t) - ﬁh(oa t) = u2(t - UZ(t) =Y,

ép(ha t) = p(h, t) - ﬁh(hvt) = u4(t) - ’u,4(t) =0,

71(0,t) = 7(0,t) — #4(0,t) = r(0,t) — 7,(0, ) = e,(0,¢),

ér(h,t) =r(h,t) —rp(h,t) = r(h,t) —rp(h,t) + %(ph(h, t) — uyg(t))
=e.(h,t) — %ep(h, t)

Using the mapping of [0, h] onto [—1, 1] given by (2.6), we have
éu(_latvh’)zoa éu(lvtah)zoa
k
éq(—1,t,h) = eq( 1,t,h), éq(1,t,h) =eq(1,t,h) — Eeu(l,t, h),
ép(—1,t,h) = ép(1,t,h) =0,
k
ér(=1,t,h) = e -(—1,t,h), é-(1,t,h) =e (1,¢,h) — Eep(l,t,h).

The LDG orthogonality conditions (3.2) with the boundary conditions (1.1d) and
numerical fluxes (2.3f) become

hoft ! k
B / l(eu)ttvdS - /_1 erved€ + (eT(l,t,h) - Eep(l,t,h)> v(1)

(3.17a) —er(—=1,t,h)v(—=1) =0,

horl 1
(3.17b) 5/ ede§+/lepw5d§:O,

—1



SUPERCONVERGENCE AND A POSTERIORI ERROR ESTIMATES OF A LDG METHOD 201

hof! ! k
5 [1 epsdé + /71 €qSedé — (eq(l,t,h) - Eeu(l,t, h)) s(1)
(3.17¢) +eq(—1,t,h)s(—1) =0,

not 1
(3.174d) 5/16qu§+/ euzedé = 0.

-1

Substituting the series (3.3) in the LDG orthogonality condition (3.17) and collect-
ing terms having the same powers of i we get

—kPy(1,t)v(1) + (— /71 Rovedé + (Ro(1,t) — kPi(1,t)) v(1) — Ro(—1,t)v(—1))h

[ee] 1 1 1
+;M(§ /71(Uj72)ttvd§— [1Rj—1v5d§+ (Rj_1(1,t) — kP;(1,t)) v(1)
—Rj_1(=1,t)v(-1)) =0,
1 0o ‘ 1 1 1
/_lpowidf‘f‘;h] (5 /_1Rj—1wd§+/_1ij5d§) =0,

KU (1,0(1)+ (| Quseds = (@u(1,6) = KU (1.6) s(1) + Qol 1. )s(~1))h+

gh](% ‘/_11 P_j_28d§ + ‘/_11 Qj_lsfdg - (Qj—l(lu t) — kUJ(l, t)) 8(1)

+Qj-1(=1,1)s(=1)) = 0,

1 > 1 1 1
/ U()ngf + E h? (— / Qj,12d€ + / UJZ§d§) = 0.
-1 j=1 2 -1 -1

Setting each term of the power series zero yields the orthogonality conditions:
v v, W, S,z € Pk([_lv 1])7

1 1
(3.18&) —kPo(l,t)’U(l) = / P0w5d§ = ka(l,t)S(l) = / UQngf = O,
1 1

(3.18b) - /11 Roved€ + (Ro(1,) — kPi(1,1)) v(1) — Ro(—1,t)u(—1) =0,

180 [ Qoseds = (Qu{1,1) = KU (1,1)) (1) + Qo(~1.)s(~1) =0,

! 1
%/_1([]3'*2)“”5 - /_1 Rj_yvedé + (Rj_1(1,t) — kP;(1,1)) v(1)

(318(1) —ijl(—l,t)’u(—l) =0, j> 2,

1 1 1
Gase) 5 [ Bowdgr [ Puede—o. jz1,
—1 1

1 1
%/71 Pj_ssdé + /;1 Qj-18¢dé — (Qj—1(1,t) — kU;(1,1)) s(1)

(3.18f) +Q1(=1,1)s(=1) =0, j=>2,

1 1 1
e 5[ Quizict [ Use=o. g1
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Again, by induction we will prove that

(3.19) Uj(€1) = Q;(&, 1) = Pi(&,t) = R;(§,1) =0, 0< j<k

Taking v = 1 and s = 1 in (3.18a) and using the fact that Uy, Py € P°([—1,1])
yields Up(&,t) = Po(€,t) = 0. Similarly, choosing w = z = 1 in (3.18e) and (3.18g)
for j =1 leads to Qo(&,t) = Ro(§,t) = 0.

Taking v = 1 and s = 1 in (3.18b) and (3.18c), respectively, and using the fact that
Qo(&,t) = Ro(&,t) = 0, we obtain

(3.20) Ui(1,t) = Py(1,) = 0.

Letting w = £ in (3.18¢) for j = 1 and 2z = £ in (3.18g) for j = 1 and using
QO(&) t) = Ro(gvt) = O, we obtain

1 1
3.21 Uyd¢ = Pd¢ = 0.
(3.21) /_1 1dg /_1 1dg
Combining (3.20) with (3.21) we get Uy (&,t) = P (€, ) = 0. Now, we assume that
(3.22) Ui(§,t) = Qi(&,t) = P (§,1) = R;(§,1) =0, 0< j<k-—1,
and use induction to show that Uy (€, 1) = Qr(&,t) = ( t) = Rp(&,t) = 0.
Next, we note that (3.22), (3.18d), (3.18e), (3.18f), and (3.18g) for j = k gives:
Y v, w, s,z € PR([—1,1]),

1 1
(323) Pk(l,t)v(l) = / Pkwgdf = Uk(l,t)s(l) = / UkZEdf =0.

1 _
Letting v = s = 1 in (3.23), we get
(3.24) Uk(1, t) = Py(1, t) =0.

Writing Ui (&,t) and Py (&,t) as a linear combination of Legendre polynomials,

Un(€,t) = 328 a;()L;(), Pr(&.t) = Y5 g ¢;(t)L;(€), using (3.23), and the or-
thogonality (2.5), we obtain Uy (&,t) = a(t)Lr(§) and Py (&, t) = cx(t) Lk (§), which,
after applying (3.24) and the fact that Ly (1) = 1, give 0 = Ui(1,t) = ap(t)Li(1) =
ak(t) and 0 = Pk(l, t) = Ck(t)Lk(l) = Ck(t). Thus,

(3.25) Uk(§,t) = Pr(&,t) = 0.

Combining (3.18d) and (3.18f) for j = k + 1 with (3.22) and (3.25) yields (V s €
P([-1,1])

1
(3.26) /_1 Rivede + (Ri(1,1) — kPysr(1,8)) 0(1) — Ri(—1,t)0(—1) = 0,

1
(3.27) /_1 Qrseds — (Qu(1,8) = kU1 (1,8)) s(1) + Qu(—1,8)s(—1) = 0.

Testing against w = z = 1 in (3.18e) and (3.18g), respectively, for j = k + 1 yield

1 1
(3.28) /_1 Rydé =0, /_1 Qrdé = 0.

Testing against v =& — 1 in (3.26) and s = £ — 1 in (3.27), we get

1 1
(3.29) —/ Ryd€ + 2Ry (—1,t) = 0, /_le51§—sz(—1¢) =0.

-1
Combining (3.29) with (3.28), we arrive at

(3.30) Ri(—1,t) = Qr(—1,t) = 0.
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Now, (3.26) and (3.27) become

(3.31) ~ [ Ruods + (Ru(1,1) = KPeis (1,8) 0(1) =0,

1
(3.32) | Quseds = (@u(1.4) = Wi (1.0) (1) =0,

Choosing v = s = (£ —1)!, 1 < i < k, the second terms in (3.31) and (3.32) vanish
and

1 ) 1 .
—/ Re(§¢—1)""'d¢ =0, / Qe —1)"tde =0, V1<i<k.

Expanding Qi(&,1) = S5 b;(0L;(€), Re(&t) = Yo d;(H)L,(€), and (¢ —
1)t = Z;;E e;(t)L;(§), 1 < i < k, in series of Legendre polynomials and us-
ing the orthogonality relation (2.5), we arrive at
Qr(&,t) = br(t)Li(§),  Rr(&1) = d(t)Li(§).
Applying (3.30) and using the property Ly(—1) = (—1)*, we obtain
0= Qr(~1,1) = bi(t) (1) = (=1)"bk(?),

0= Ri(—1,t) = d(t)Lr(-1) = (- ) k(1)
which yield by, = d, = 0. We conclude that Qx(§,t) = R(&,t) = 0, which complete
the proofs of (3.4a) and (3.4b). Next we will show (3.4c¢) and (3. 4d) On the one
hand, since Qx(§,t) = Ri(&,t) =0, (3.26) and (3.27) give
(3.33) Ups1(1,t) = Pea(1,t) = 0.
On the other hand, (3.18¢) and (3.18g) for j = k + 1 yield

1 1
(334) / PkJrl’LU£d§ = 0, / UkJrlngg = 0, v w, z € Pk([—l, 1])
-1 -1

Expanding Uy41 € P**1([-1,1]) and Pyy1 € P*1([—1,1]) in series of Legendre
polynomials Up1(€,6) = S0 a(0L5(€), Pesa(€,) = S5 e (0)L5(€), using
(3.34) and the orthogonality relation (2.5), we arrive at
Ur1(€,1) = ar(t) Li (&) + ans1(t) Lrga (6),
Pry1(§:1) = cr(t) Li(€) + crr () L4 (8)-
Applying (3.33) and the fact that Ly(1) = Liy1(1) = 1, we obtain
0 Ukt1(1,t) = ap () L (1) + ag+1(6) Le41 (1) = ag(t) + apy1(t),
0 = Pua(1,t) = () Li(1) + chr () L1 (1) = cr(t) + crra(t),
which give a11(t) = —ax(t) and cjq1(t) = —ck(t). Thus,
Ur1(6,1) = ary1(t) (Liga (§) = Li(€)) s Pryr(€:t) = char(t) (Lrsa(§) — Lr(E)) -
Next, (3.18d) and (3.18f) for j = k + 2 become

1
—/7 Rk+1vgd§ + (RkJrl(l,t) — kPk+2(1, t)) 1)(1) - RkJrl(_l, t)l)(—l) = O,
(3.35a) Vv e PH(-1,1]),
/ﬂ Qrt18¢d€ — (Qr41(1,t) — kUk12(1,t)) s(1) + Qr41(—1,1)s(=1) = 0,

(3.35b) Vs e P([-1,1]).
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Taking v = s =& — 1 gives
1 1

(3.36) —/ Ry11d€ + 2Ry 41 (—1,t) = 0, / Qr+1dE — 2Qi+1(—1,1) = 0.
1 -1

Testing against w = z = 1 in (3.18¢) and (3.18g) for j = k + 1, we obtain

1 1
(3.37) /‘Rﬂmgza /‘Qﬂmgzo
-1 -1
Combining (3.36) and (3.37), we get
(3.38) Qr+1(=1,t) = Reya(—1,1) = 0.

Thus, (3.35) becomes

1
(3.39) — /_1 Ris10edé + (Rup1 (1,6) — kPysa(1,8) v(1) = 0, ¥ v € P*(|=1,1]),

1
(3.3913)/_1 Qs 15edé — (Quir(1,1) — kUpsa(1,0) s(1) = 0, ¥ s € PH([=1,1]).

Testing against v = s = (£ — 1)!, 1 < i <k, the second terms in (3.39) are 0 and

1 _ 1 _
Ga0) ~ [ Rune-17tg =0, [ Quae-1 =0, Vi<i<h
-1 -1
Expanding Q41 (€,1) = 32570 b (t)L;(€), Rera(&,1) = Y540 dj(£)L;(€), and (€ —
)=t = 23;10 e;j(t)L;(€), 1 < i < k in series of Legendre polynomials and using
the orthogonality relation (2.5), (3.40) yields

(3.41)

Qrt1(8,1) = b () Lie(§) +brr1 () Liey 1 (€), Riy1 (€5 1) = di () Lie(§) +dlieya () Ly 1 (€)-

Combining (3.38) with (3.41) we conclude that by11 = b and di41 = dj, which

complete the proof of the Theorem. ]
In the previous section, we proved that the k-degree LDG solutions uy, and py, are

O(h¥*+2) superconvergent at the roots of the (k+ 1)-degree right Radau polynomial
and ¢, and 7, are O(h¥*2) superconvergent at the roots of the (k + 1)-degree left
Radau polynomial. Now, let us note that a global superconvergence error analysis
is yet to be performed and will be investigated in the future. We expect that a
similar superconvergence result of Shu et al. [52, 28, 43] will be needed.

4. A posteriori error estimation

In this section, we present a technique to compute asymptotically exact a poste-
riort estimates of the LDG errors. The LDG error estimates under investigation are
computed by solving a local steady problem with no boundary conditions on each
element. Our numerical examples show that the LDG discretization error estimates
converge to the true spatial errors in the L?-norm as h — 0.

Before we present the weak finite element formulations to compute a posteriori error
estimates for the beam equation (1.1a), we state and prove some results which will
be needed in our a posteriori error analysis.

Lemma 4.1. The (k+1)-degree Radau polynomials on I;, R,ﬁ;_H (@), x € I, satisfy

dR}, dR; .,
KR o k41,0 15— o
(4.1) /1 T Ry, de = =2, /I I R, dx=2.
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Proof. Since Li(1) = 1 and Li(—1) = (=1)*, we have Ry (1) = R, ;(xi) =0
and Rk+1( 1) = R;:Jrl,i(‘ri—l) 2(—1)"*1. Thus,

dR;:—‘rl i 1 1
/Ii dx e = §(le+l,i)2($i) - 5(R1j+l,i)2(xifl)
1
(4.2) = _E(Rz+1,i)2(xi—l) =-2.

Similarly, since R,;rl(l) =R (i) =2and R, (=1) = R ;(xi-1) = 0, we

have
de;—l—l T y— 1 _ 1 B )
/Iz' dz Rk+1 Zd §(Rk+1 1) (xl) - 2 (RkJrl 1) (xi—l)
o 2
(4.3) = SR @) =2.
Thus, we have completed the proof the Lemma. 0

Next, we present the weak finite element formulations to compute a posteriori
error estimates for the beam equation (1.1a). Multiplying the four equations in
(2.1) by test functions v, w, s, and z, respectively, integrating over an arbitrary
element I;, and replacing u by up + €, ¢ by qn +¢eq, p by pr +¢p, and r by v, +e,,
we get

(4.42) /Ii(er)xvdx _ /1 (Rns — () vile,
(4.4b) —/li(ep)zwdar = / (Rp2 — e,) wdr,
(4.4¢) - /1 (e)osds = / (Rns — ep) sd,

I

7

-~

(4.4d) —/(eu)zzd:r = / (Rp 4 — eq) zdz,
I

I;

7

where

Rpi = f—(un)et—(rn)z, Rh2= (DPn)a—7Th, Rz = (qn)z—Dnh, Ruas= (un)a—qn.

Since the true errors can be split into significant parts and less significant parts as
shown in Theorem 3.1, our error estimate procedure consists of approximating the
true errors on each element I; by the leading terms as

ey ~ By = ak-l-l(t)Rl:Lu(x)v eq = By = brya(t )RI;Ll i), wel;, tel0,T],
ep~E,= ck+1(t)R,J€r+l7i(x), er M B =dpi (DR, (), z€l;, te[0,T],

where the coefficients of the leading terms of the errors, agy1,bk+1, Ckt1, dk+1 can
be obtained from (4.4) as follows: (i) Neglecting the unknowns errors (e, ), €4, €p
and e, which will be justified in Remark 1, (ii) replacing e, by E., eq by Eq, e, by
Ey, and e, by E, in (4.4), and (iil) choosing v =s = R, ;(z), w =z = R;—H,i(x)’
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we obtain the following equations for ag1,bgt1, Crt1, and di41

de-l—lz — _
(45&) dk.{.l‘/l TRk+lzd = ‘/Ithle+1,id:E’
dR}
(4.5b) _CkH/I %RLI dr = /IRh72R2'+17ida:,
de;Jrlz — —
(45(3) —bk+1/l TRk+1,id'r g /I Rhngk-‘rl,idI’
AR, |,
(4.5d) —akﬂ/ %Ral Jdr = /Rh74R,j+17id:v.
Ii €T Ii

Using the properties in (4.1) and solving for agi1,bg+1, Ckt1, and dii1, we get
1 1 _
@6)  aa(®) =5 [ RuaBiy, de bon) = =3 / RisRiyy i,

1
(4.6D) Ck+1(t):§~/l Ry 2Ryl ydz,  dipa(t /Rh 1Y yde

Remark 1. Numerical experiments show that neglecting the terms involving (ey) e,
eq,ep and e, does not affect the quality of the a posteriori error estimates for u,q,p
and r. In fact, the terms involving (ey)u,eq, ¢p and e, on the right-hand side of
(4.4) can be neglected since the terms on the left-hand side contain the derivative
of the errors with respect to x.

An accepted efficiency measure of a posteriori error estimates is the effectivity
index. In this paper, we use the global effectivity indices

[ Eull £l £ |
0u(t) = » o 0(t) = o Op(1) = 0 (1) =
leall” legll ™ " el

Ideally, the global effectivity indices should stay close to one and should converge
to one under mesh refinement.

x|

llexll”

5. Numerical examples

In this section, we provide some numerical examples to demonstrate the global
superconvergence results and the asymptotic exactness of our a posteriori errors
estimates under mesh refinement. The initial conditions are determined using (2.4).
Temporal integration is performed by the fourth-order classical explicit Runge-
Kutta method. A time step At is chosen so that temporal errors are small relative
to spatial errors. We do not discuss the influence of the time discretization error
in this paper. We compute the maximum LDG errors |le,|” and |e,|" at shifted
roots of (k + 1)-degree right-Radau polynomial on each element I; and then take
the maximum over all elements I;, ¢ = 1,---, N. Similarly, the maximum LDG
errors |leg||” and |le,||” are computed at shifted roots of (k + 1)-degree left-Radau
polynomial on each element and by taking the maximum over all elements i.e.,

*_ + *_ —

feull” = pm (el ) el = s (el 00 )
*_ + *_ —

legl = o, (L leyto o) el = w00 )

where x]iz are the shifted roots of Rfﬂ)i on I;.
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Example 5.1. We consider the following problem with mixed boundary conditions

Utt + Ugprxr = 2ex+t7 S [07 1]7 te [07 1]7
u(:z:,()):ex, ’U,t(ZE,O) :ex, T e [051]5
w(0,t) = e, wuy(1,t) = et up(0,t) = €', Uppr(0,t) =Tt e 0,1].

This problem has the exact solution u(z,t) = e*Tt. We implement the proposed
LDG method with the numerical fluxes (2.3¢). We consider the case of uniform
meshes having N = 4, 8, 12, 16, 20 elements and using the spaces P* with k = 1, 2
and 3. The L?-norm of the true errors e,,eq, €, and e, at final time 7' = 1 are
presented in Table 1. This indicates that the order of convergence is k + 1 for P*
spaces. Next, we present the zero-level curves of the true errors e, eq, €, and e, in
Figures 1-3 at time ¢ = 1 and for k ranging from 1 to 3. The Radau points of degree
k + 1 are shown on each element as x signs. We observe that the zero-level curves
pass close to the superconvergence points marked by x and the roots of the true
errors get closer to the roots of Radau polynomials with increasing £ and N. The
maximum errors at the superconvergence points as well as their order of convergence
shown in Table 2 indicate that the LDG errors e,, eq, €p, and e, at time ¢t =1 are
O(h¥*+2) superconvergent at Radau points. This example demonstrates that the
local superconvergence results hold globally. On each element we apply the error
estimation procedure (4.6) to compute error estimates for the LDG solution and its
derivatives up to third order. The global effectivity indices at ¢ = 1 shown in Table
3 indicate that, for smooth solutions, our a posteriori error estimates converge to
the true errors under both h- and p-refinements. We repeated this experiment with
all parameters kept unchanged except for the boundary conditions where we used

(1) u(0,t) =et, wu,(0,t) =¢ef, wu(l,t)=e't, wu,(1,t)=e', tel0,1],
(2) u(0,t) = €', u(0,t) = e, wu(l,t) = et . (1,t) = ettt €
[0,1].

The exact solution for both cases is given by u(z,t) = e***. Similar results have
been observed. These results are not included to save space.

Example 5.2. In this example we consider the following problem subject to the
periodic boundary conditions

Ut + Upgze = 2¢t cosx, x € 0,27, t € [0
{ u(z,0) = cos(x), wus(z,0)=cos(x), =«

The exact solution is given by u(z,t) = e’ cosx. We solve this problem using
the LDG method on uniform meshes having N = 4, 8, 12, 16, 20 elements and
using the spaces P* with &k = 1, 2 and 3. Table 4 shows that the true errors e,,
eq, €p and e, at t = 5 are O(hF1) convergent in L? norm. We present the zero-
level curves of the true errors ey, €4, €p, and e, in Figures 4-6 at time t = 5 and
for k ranging from 1 to 3. The Radau points of degree k + 1 are shown on each
element as x signs. We observe that all errors vanish at points close to the Radau
points for all solutions. The maximum errors at the superconvergence points as
well as their order of convergence shown in Table 5 indicates that the LDG errors
€u, €q, €p, and e, at time t = 5 are O(h**+?2) superconvergent at Radau points. This
is in full agreement with the theory. On each element we apply the error estimation
procedure (4.6) to compute error estimates for the LDG solution and its derivatives
up to third order. The results shown in Table 6 indicate that the global effectivity
indices at t = 5 converge to unity under h-refinement.
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TABLE 1. [ley]], |leqlls llep|| and ||e.|| errors at ¢ = 1 and orders
of convergence for Example 5.1 on uniform meshes having N =
4, 8, 12, 16, 20 elements using P*, k =1 to 3.

N k=1 k=2 k=3

[lew| order [lew| order [lew| order
4 | 1.8113e-2 3.6721e-4 5.6546e-6
8 | 4.5847e-3 | 1.9821 | 4.6154e-5 | 2.9921 | 3.5501e-7 | 3.9935
12 | 2.0440e-3 | 1.9923 | 1.3693e-5 | 2.9968 | 7.0196e-8 | 3.9975
16 | 1.1513e-3 | 1.9953 | 5.7801e-6 | 2.9980 | 2.2219e-8 | 3.9987
20 | 7.3736e-4 | 1.9968 | 2.9603e-6 | 2.9987 | 9.1030e-9 | 3.9990
[leql] order [leql| order [leql] order
4 | 1.8611e-2 3.7030e-4 5.6800e-6
8 | 4.6400e-3 | 2.0040 | 4.6346e-5 | 2.9982 | 3.5581e-7 | 3.9967
12 | 2.0596e-3 | 2.0031 | 1.3731e-5 | 3.0002 | 7.0300e-8 | 3.9994
16 | 1.1577e-3 | 2.0025 | 5.7922e-6 | 3.0003 | 2.2244e-8 | 3.9999
20 | 7.4063e-4 | 2.0018 | 2.9653e-6 | 3.0005 | 9.1102e-9 | 4.0005
[lep]| order [lep|] order e ]| order
4 | 1.8425e-2 3.6783e-4 5.6595e-6
8 | 4.6037e-3 | 2.0008 | 4.6174e-5 | 2.9939 | 3.5514e-7 | 3.9942
12 | 2.0477e-3 | 1.9981 | 1.3695e-5 | 2.9975 | 7.0199e-8 | 3.9983
16 | 1.1525e-3 | 1.9980 | 5.7807e-6 | 2.9981 | 2.2184e-8 | 4.0043
20 | 7.3785e-4 | 1.9985 | 2.9606e-6 | 2.9987 | 9.2522e-9 | 3.9190
[ler]] order [ler]| order [ler]] order
4 | 1.7364e-2 3.5928e-4 5.5682e-6
8 | 4.5394e-3 | 1.9355 | 4.5744e-5 | 2.9735 | 3.4562e-7 | 4.0100
12 | 2.0287e-3 | 1.9864 | 1.3673e-5 | 2.9784 | 6.9158e-8 | 3.9681
16 | 1.1432e-3 | 1.9937 | 5.7653e-6 | 3.0018 | 2.1749e-8 | 4.0212
20 | 7.3413e-4 | 1.9848 | 2.9420e-6 | 3.0150 | 8.8850e-9 | 4.0118

6. Concluding remarks

In this paper, we investigated the superconvergence properties of the LDG
method applied to the fourth-order initial-boundary value problems in one space
dimension. We performed a local error analysis to show that the leading terms
of the spatial discretization errors for the LDG solution and its spatial derivatives
up to third order using k-degree polynomial approximations are proportional to
(k+1)-degree Radau polynomials. As a consequence, the local discretization errors
converge as O(h**+2) at the roots of Radau polynomials of degree k+ 1 on each ele-
ment. These results are used to construct simple, efficient, and asymptotically exact
a posteriori error estimates. These LDG error estimates are computationally simple
and are obtained by solving a local steady problem with no boundary conditions
on each element. Our a posteriori error estimates are tested on several problems
to show their efficiency and accuracy under mesh refinement. Even though the
analysis in this paper is restricted to the classical Euler-Bernoulli beam equation
with constant coefficients, the same superconvergence results can be directly gener-
alized to the fourth-order Euler-Bernoulli beam equation with variable coefficients.
Superconvergence properties of the LDG method applied to two-dimensional prob-
lems on rectangular meshes are currently under investigation and will be reported
in a future paper. The generalization to nonlinear equations and to two space di-
mensions on triangular meshes involve several technical difficulties. These will be
investigated in the future.
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FIGURE 1. Zero-level curves of e, (-,t = 1), e,(-,t = 1), ep(-,t = 1),
er(-,t = 1) (from upper left to lower right) for Example 5.1 using
P¥ k=1 on uniform meshes having N = 8 elements.
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FIGURE 2. Zero-level curves of e, (-, t = 1), eq(-,t = 1)7 ep(-,t = 1)7
er(-,t = 1) (from upper left to lower right) for Example 5.1 using
P*, k =2 on uniform meshes having N = 8 elements.
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TABLE 2. Maximum errors and orders of convergence of ey, eq,
e, and e, at Radau points and ¢ = 1 for Example 5.1 on uniform
meshes having N = 4, 8, 12, 16, 20 elements using P*, k =1 — 3.

N

k=1

k=2

k=3

llewl”

order

llewll”

order

llewl”

order

4

1.9715e-3

9.3203e-6

7.8796e-8

8

2.5042e-4

2.9769

6.3148e-7

3.8836

2.5906e-9

4.9268

12

7.4586e-5

2.9872

1.2793e-7

3.9377

3.4660e-10

4.9609

16

3.1547e-5

2.9911

4.0979e-8

3.9572

8.2930e-11

4.9714

20

1.6177e-5

2.9931

1.6907e-8

3.9675

2.7304e-11

4.9787

lleq|”

order

lleqll”

order

lleqll”

order

4

2.0226e-3

1.0128e-5

7.6217e-8

8

2.6055e-4

2.9566

6.5687e-7

3.9466

2.5101e-9

4.9243

12

7.7907e-5

2.9775

1.3106e-7

3.9753

3.3897e-10

4.9379

16

3.3030e-5

2.9828

4.1730e-8

3.9781

8.1569e-11

4.9515

20

1.6958e-5

2.9877

1.7154e-8

3.9839

2.6974e-11

4.9590

llen |

order

llen||”

order

llen||”

order

4

2.2667e-3

8.9319e-6

7.2285e-8

8

3.1968e-4

2.8259

6.0879e-7

3.8750

2.2931e-9

4.9783

12

9.8371e-5

2.9067

1.2655e-7

3.8742

3.0420e-10

4.9819

16

4.2138e-5

2.9470

4.0313e-8

3.9765

7.2239%-11

4.9975

20

2.1887e-5

2.9356

1.6513e-8

3.9998

2.3756e-11

4.9840

ller|”

order

lle-[I”

order

lle-[I"

order

4

2.0359e-3

1.1301e-5

1.1618e-7

8

2.6030e-4

2.9674

7.1385e-7

3.9847

3.6639¢-9

4.9868

12

7.7720e-5

2.9811

1.4151e-7

3.9912

4.8364e-10

4.9941

16

3.2914e-5

2.9867

4.4861e-8

3.9933

1.1485e-10

4.9976

20

1.6891e-5

2.9896

1.8398e-8

3.9944

3.8549e-11

4.8924

TABLE 3. Global effectivity indices at ¢ = 1 for Example 5.1 on
uniform meshes having N = 4, 8, 12, 16, 20 elements using P*,

k=1 to 3.

N k

=1

Ou

4 10.9738

0.9794

0.9845 | 1.0157

8 | 0.9857

0.9896

0.9922 | 1.0078

12 | 0.9902

0.9931

0.9948 | 1.0052

16 | 0.9925

0.9948

0.9961 | 1.0039

20 | 0.9940

0.9958

0.9969 | 1.0031

4 1 0.9618

0.9790

0.9842 | 1.0267

8 | 0.9823

0.9895

0.9923 | 0.9885

12 | 0.9887

0.9930

0.9946 | 1.0539

16 | 0.9917

0.9948

0.9911 | 1.1962

20 | 0.9934

0.9958

0.9713 | 1.1550
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TABLE 4. |[ley]], |leqlls |lep|| and ||e.|| errors at ¢ = 5 and orders
of convergence for Example 5.2 on uniform meshes having N =

4, 8, 12, 16, 20 elements using P*, k =1 to 3.
N k=1 k=2 k=3
[lew| order [lew| order [lew| order
4 | 4.0976e+1 4.9826 4.7344e-1

8 9.9604 2.0405 | 6.2229e-1 | 3.0012 | 2.9922e-2 | 3.9839
12 4.4054 2.0120 | 1.8431e-1 | 3.0010 | 5.9219e-3 | 3.9953
16 2.4740 2.0057 | 7.7746e-2 | 3.0004 | 1.8750e-3 | 3.9976
20 1.5821 2.0036 | 3.9803e-2 | 3.0003 | 7.6823e-4 | 3.9987
[leql] order [leql] order [leql| order
4 | 4.2341e+1 4.9377 4.7298e-1
8 | 1.0101e+1 | 2.0676 | 6.2193e-1 | 2.9890 | 2.9920e-2 | 3.9826
12 4.4352 2.0299 | 1.8429e-1 | 2.9998 | 5.9219e-3 | 3.9951
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TABLE 5. Maximum errors and orders of convergence of ey, eq,
e, and e, at Radau points and ¢ = 5 for Example 5.2 on uniform
meshes having N = 4, 8, 12, 16, 20 elements using P*, k =1 — 3.
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uniform meshes having N = 4, 8, 12, 16, 20 elements using P*,
k=1to 3.
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