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ULF/ELF electromagnetic fields produced in a conducting medium of infinite extent
by linear current sources of infinite length

A. 8. Inan, A. C. Fraser-Smith, and 0. G. Villard, Jr.

Space, Telecommunications and Radioscience (.aboratory, Stanford University

{Received April 26, 1983; revised June 21, 1983; accepted June 21, 1983.)

A previous analysis of a linear current source of finite length embedded in a conducling medium of
infinite extent is extended to linear current sources of (1) infinite lenglh and (2) semi-infinite length.
Electric and magnetic lield expressions are derived, and the results ure numerically evaluated for
frequencies in the ULF/ELF bands. For convenience, some of the resulls are presented in a dimension-
less form, A comparison is made between Lhe electromagnetic fields produced by lineax currenl sources
of finite und infinite length, and it is shown thar there is # relative enhancement in the electric field near
the source of finite length. Tt is also found that an oplimum frequency exists for the electric Seld
produced by a linear current source of infinite length 2t which the feld amplitude is 2 maximom at a
lixed observation point. Some practical applications of our results are suggested,

INTRODUCTION

Shortly after the end of the First World War a pair
of articles appeared iu the scientific literaturc describ-
ing experiments and theoretical work on the electro-
magnetic fields produced in, on, and above the sea by
submerged cables carrying alternating current
[Drysdale, 1924; Butterworth, 1924]. As described in
the article by Drysdale [1924), and in greater detail
in a later paper by Wright [1953], this work was
undertaken as a part of a British Navy project called
“Leader Gear,” which was concerned with the use of
the cable-generated electromagnetic fields for navi-
gation. No further articles appeared on the fields pro-
duced by submerged cables until after the end of the
Second World War, when Von Aulock prepared two
lengthy reports on the subject [Von Aulock, 1948,
1953]. With the exception of a useful summary of
Von Aulock’s results by Kraichman [1976] and sev-
eral particularly pertinent articles by Wair [1952,
1959, 1960, 1969], littie research has since been car-
ried out on the clectromagnetic fields preduced by
submerged cables. This is unfortunate, because il is
our belief that the fields could have important appli-
cations in undersea communicetion, The primary ab-

Jective of this paper is to take the work just described
through a further stage of development and thus pro-
vide an improved theoretical basis for studies of the

Copyright 1983 by the American Geophysical Union.

Paper number 381083,
0D48-6604/83/0038- 108350800

feasibility of the use of the fields from submerged
cables for undersea communication.

To achieve this objective, we start with our pre-
vious work [Inan et ai, 1982} on a linear current
source of finite length submerged in an infinite, iso-
tropic, homogeneous, time-invariant, and conducting
medium and consider the casc when the observation
distance from the source is much smailer than the
length of the source and is far from the ends of the
source (i.e., linear current source of infinite length),
and the case when the observation distance from the
source is much smaller than the iength of the source
and is near one of the ends of the source (ie., linear
current source of semi-infinite length). We obtain ex-
pressions for the electric and the magnetic fields for
both cases and evaluate them numerically at ultralow
and extremely low frequencies (ULF/ELF: fre-
quencies less than 3 kHz),

Qur results are valid under the following assump-
tions: (1) All the fields vary with time as exp (iwz), (2)
the source is infinitely thin in cross section, which is a
valid assumption as long as the shorlest distance
from the observation point to the surface of the as-
sumed cylindrical current source is much greater
than the radius of the source [Wait, 1952], (3) all
parts of the source wire carry equal current at a
given instant of time, which is a good assumption for
an insulated source wire at sufficiently low fre-
quencies [Wait, 1952], and (4) the displaccment cur-
rent term is neglected in comparison to the conduc-
tion current term, which is justified for freguencies
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less than about 100 MHz in the case of seawater
[frnan et al., 1982],

DERIVATION OF THE FIELD COMPONENTS

In the preceding work by Wair [1952] and Inan et
al. [1982] a linear current source of finite length sub-
merged in a conducting medium of infinite extent is
considered. In the cylindrical coordinate system (p, ¢,
z) the source wire extends from I to I, along the z
axis. The source current is the real part of &' taken
to be in the 2 direction. The electric field components
at the observation point P(p, z) are given by the fol-
lowing expressions:

6= -] "

i ap p=iy

Ege=—1 J”zP(r) dl — I[?—Qﬁg:]h 2)
iy dz =1

with the third component E, = 0. The functions P(r)
and Q) in the above expressions are defined as
[Sunde, 1968}

e e
Hrk= an r o = 4nar
where
p=(1+0f f=(wpf2""=1/5

r=[p+(z— ]
& and g being the conductivity and the permeability
and y and § being the propagation constant and the
skin depth of the surrounding conducting medium.
Suppose now that we let /; go to —o0 and /, go to
+ a0 ; i.e., consider a linear current source of infinite
length. For this case, £, = 0 and the only nonzero
electric field component becomes

E,= -Ij “ry b A

Thus the electric field of a linear current source of

infinite length aligned in the z direction has only a z
component, This expression can be written as

i E(:),!.Ef +nae'(l4--')-d n
e @

where
u=(@+xH*  a=fip x=pz-D

As shown in the appendix, this integral can be re-
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placed by the modified Bessel function of the second
kind of order zero, Ky{yp), yielding

2
E, = %’i Kolyp) )
o
which is the same expression as that derived by Von
Aulock [1948] and by Wair [1959]. To derive the
magnetic feld, we substitute the electric field ex-
pression into the appropriate Maxwell’s equation,
and we obtain the following expression for the single
magnetic field component B,:

5o LB
P an
which yields
yd
B, = — K,{y, (i}
= o {¥p) [6)

where K (yp} is the modified Bessel function of the
second kind of order 1. This latter expression for the
magnetic field was also derived by Von Aulock
[1948] and by Wair [1959].

At distances much larger than the skin depth of
the surrounding conducting medium, the modified
Bessel functions in (5) and (6) can be approximated
by

/! T 12
chvp}z(%) e Q)

and both E, and B, can be calculated directly using
this expression.

We now concentrate our attention on the elestric
and the magnetic ficlds produced near the ends of a
linear current source of infinite length, We let I, go to
— oo while keeping {, finite, which gives a linear cur-
rent source of semi-infinite length. Starting with {1}
and (2), replacing /|, by — o, and generally following
a similar approach to the one used by Wait [1952]
and by Inan et al. [1982] and using the results of the
appendix, we obtain the following three expressions
for the nonzero field components produced in the
surrounding conducting medium:

e
E,= g
7o 13

E.= El—It(sinh" = (@, x,) — Ker, (2”2(1])
4n a

— i[Efa, x3) + Kei, (2”20)]]

Gra+ 1) ®)
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[ e
i (pry o+ Uiz — 1) (9)
el
o= {0M. (e, x2) - Mo x5) + Nofa, x,)]

+i[M.(a, x3) - Mz, x;) — N g, x}]}

- [Kers (2/7%) + i Keip (27a)]

wl
22 (10

where

ra=0p?+ - L1 xy =P —1)

Note that Kery, Keig, Ker), and Keij are the Kelvin
functions of zeroth order and their derivatives with
respect to their argument, and E,, E., M., M,, N,
and N, are defined in the previous works [Compu-
tation Laboratory of Harvard University, 1949; Wait,
1952; inan et al., 1982] as follows;

X3 | _ g=d g

Ejia, x;) = J‘ L B (1a)
o u
X2 H=u o)

Eja, xz)=f e t1p)
0 i
Gt

Mfa x)) = f L (119
5 1w
X3 =l o

Mia, )= f L a1a
fs] u
et cosu

Nda, xz)=J A L (e
o u
¥ e7M gin u

No, x;) = f S ds 11
0

When the observation point is on the axis of the
semi-infinite wire (e, p=0 and z>l,), the two
components E, and B, beccme zero, and the only
nonzero component E_ (which is along the axis of the
source wire) simplifies to the form

Eayped

E,= . {[yc +1n (24%) 4+ In x, — E (0, x,)]

| 1 | e-utim
“{El(ol X3) — z]} + 4;;55 —:‘21—' 01+ fx, + 1]
(12)

In this last equation, y, is Euler’s constant, which, to
four significant figures, is given by y, = 0.5772. This
constant is usually denoted by the symbol y, but we
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have added the subscript e to distinguish it from the
7 used here for the propagation constant,

EFFECTS OF INSULATION

In the preceding derivation of the field expressions
produced by linear current sources we assume that
the current is uniform throughout the length of the
conducting wire comprising the actual source and
that it flows into the conducting medivm only from
the ends of the wire. For this condition of uniform
current to apply, it is of course necessary to have
insulaticn all along the wire except at the ends of it.
Without insulation the current in the wire would
flow into the surrounding conducting mediwm from
all parts of the wire’s surface, and uniform current
flow along the length of the wire could not be
achieved.

Extending the results by Sunde [1968], Wait
[1952] states that for low frequencies the propaga-
tion constant of the eurrent flowing in the source
wire is determined largely hy the electrical character-
istics of the insulation and gives the following ap-
proximate expression for the current I{) at a point in
the wire located a distance / away from the generator
terniinals:

Iy =l,e”™ (13

where I, is the current assumed to be entering the
wire at the generator terminals. The propagation
constant I in this expression is given approximately
by

211#2

e ife (14)

where g and j; are the permittivity and permeability
of the insulation material. It follows from these ex-
pressions that the current along an insulated wire of
length L will be essentially uniform provided |[I'L| «
1. Suppose we take polyethylene to be a typical insu-
lating material. For this material we can write g =
&, 6g, With 6, = 2.25 (the relative dielectric constant of
polyethylene), and p, = pp. Substituting the known
values of g, and uy, we obtain

IDl e (314 % 107%) m™?

£ being the frequency of the source current. For [ =
1 Hz, T}~ 3.14 % 107% km™! and so the length of
the wire can be as long as several hundreds of kilom-
cters and yel the condition |T'L| < 1 is still satisfied.
Thus for low frequencies and typical insulating ma-
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terials, il is reasonable to assume that an alternating
current 18 uniform throughout the length of the wire
for wire lengths varying from several tens 1o several
hundreds of kilometers. It also follows that the dis-
placement currents flowing through the insulation
are negligible and the current mostly flows into the
medium from the ends of the wire.

It is alse shown analytically by Waii [1952] and
stated by Kreichman [1976] that the electric and
magnetic field expressions for linear current sources
of both finite and infinite length (with the wire as-
sumed to be of negiigible thickness) are unaffected by
the properties of the insulating material on the wire
as long as the ratio of the radius of the insulation to
the wavelength of the surcounding conducting
medium is much less than 1. This condition can be
written in the form

b(fue) 't « 1 {15)

where b is the radius of insulation. For seawater
(e=45m™, u=py =47 x 1077 H m™!) this con-
dition becomes

2.24 % 10732t

which will of course be satisfied for low frequencies
and reasonable thickness of insulation,

COMPUTATION OF THE FIELDS

Plots of the variations with distance of the ampli-
tudes of E, and B, produced in seawater by a linear
current source of infinite length arc given by Fon
Aulock [1948] and Kraichman [1976] for a few sc-
lected frequencies and for limited ranges of amplitude
and distance. These data play such an important role
in the study of the electric and magnetic fields pro-
duced in seawater by submerged linear current
sources that we have extended the Von Aulock/
Kraichman curves over a number of decades in fre-
quency, amplitude, and distance.

As is shown in the appendix, (5) and (6) can be
written in the following forms:

il
Bl i %‘— [Kery (220) + i Kelp 2%20)]  (16)

B, = . [Kerp (24%a) + i Kelp (2'2a)] (17}
¢ = T Qg LET =

where the real and imaginary parts are separated. It
follows that £, and B, can be evaluated either by
using tables of the Kelvin functions of zeroth order
and their derivatives [Lowell, 1959; Young and Kirk,

“ =t 3% , i
104 I—r‘rnr’I—-r'*v—v—w-\s
11000 A i

10? ‘\\\\\ -j
F 10 El

AMPLITUDE OF ELECTRIC FIELD COMPONENT E; (mV/m)

X T YT ;
DISTANCE [hm)

Fig. 1. Variation with perpendicular distance of the amplitude
of the electric field produced in seawater by a linear current source
of infinite length carrying an allernating current of amplitude 1000
A. The electric field amplitudes for an arbitrary current ! can be
derived from the values given above by mulliplying by 1/1000.

1964] or by using numerica! integration techniques
for arguments that are not tabulated in these tables
(see the appendix).

The curves we obtained for the variation of the
amplitude of the elcctric field component E, with
frequency and perpendicular distance from the linear
current source of infinite length are shown in Figure
1, and the corresponding curves for the amplitude of
the magnetic field component B, are shown in
Figure 2. It is clearly seen in both figures that at a
constant frequency the rate of attenuation per unit
distance increases with increasing distance. It is also
observed that this rate becomes larger with increas-
ing frequency (ie., 55 dB per wavelength [Inan et al,
19827).

There is an interesting feature of the electric field
variation that particularly distinguishes it from the
magnetic field variation: at a fixed observation dis-
tance the electric field first increases, reaches a maxi-
mum value, and then decreases with increasing fre-
quency, whereas the magnetic field decreases mono-
tonically with increasing frequency. This feature can
be seen more clearly when the variation of the ampli-
tude of the electric field is plotted against frequency,
as shown in Figure 3, and it implies that for a given
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Fig. 2. Variation with perpendicular distance of the amplitude
of the magnetic field produced in seawater by a linear current
source of infinite length carrying an alternating current of ampli-
tude 1000 A. The magnetic field amplitudes for an arbitrary cur-
rent I can be derived from the values given above by muliiplying
by J/1000.

perpendicular distance between the source and the
field point there is an optimum frequency at which
the amplitude of the electric field is a maXimum at
the field paint,

Shown in Figures 4 and 5 are comparisons of the
electric and the magnetic fields produced by a linear
current source of finite length (length 100 m) [Tnan et
al, 1982] with those produced by a linear current
source of infinite length. The variation with distance
(along the perpendicular axis through the center of
the finite source) of the ratio of the amplitudes of the
electric fields produced by the finite (100 m) and infi-
nite sources is plotted in Figure 4. Because of the
choice of the central axis to show the distance vari-
ation, the E, component for the fnite source is also
the total electric field, and we already know that the
E, component for the infinite source is everywhere
the same as the total field. Thus the ratio of the E,
components shown is also the ratio of the total elec-
tric fields. Figure S shows the variation of the ratio of
ﬂ_le amplitudes of the total magnetic field (ie, its
single component B,) for the same two sources along
the same axis.

Figure 6 shows contours of the maximum values
reached by the two components of the electric field,
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E, {solid curves) and E, (dashed curves), around the
end A of a linear current source of semi-infinite
length during one cycle of the current in the source
{the amplitnde and the frequency of the current are
assumed to be 1000 A and 100 Hz). As can be seen,
there are some regions in the figure where E, is larger
than E_, but for large distances; E, becomes by far
the Jargest component. Note also that as the point of
observation begins to move toward the other end of
the source, ie, the end al infinity, £, coatours
become parallel to the source, and the electric field
values tend toward those produced by a linear cur-
rent source of infinite langth.

PARAMETRIC APPROACH

It is possible to present the above results in a di-
mensionless form by normalizing all the distances by
the skin depth of the surrounding conducting
medium [ Fraser-Smith and Bubenik, 1979]. For a
linear curreat source of infinite length, amplitudes of
the field compouents given by (16) and (17) can be
written in the following parametric form:

il 2 n1jz t2 e 173102
B2l = | | = [Ker} (217) + Keif @2a)]®  (18)

22 g
wl

The right-hand sides of these two parametric equa-
tions have been evaluated, and the data are plotted
in Figure 7. The curve with crossed circles gives the
variation of the amplitude of the electric field in
parametric form, as given by (18), and the other
curve (open circles) gives the variation of the ampli-
tude of the magnetic field in parametric form, as
given by (19). The variable along the horizontal axis
in this figure, 2'%a, is the argument of the Kelvin
functions; it s essentially the perpendicular distance
from the source in terms of skin depths, The two
curves in Figure 7 are useful for rapid computation
of the amplitudes of either the electric or the mag-
netic fields produced in any arbitrary conducting
medium of infinite extent by a linear current source
of infinite length over a very wide range ol source
currents and frequencies. For example, if the observa-
tion point is 00 m away from the source and the
source frequency is 1 Hz, we have 2'/%a o~ 0.56, and
using Figure 7 we obtain approximately 1.0 and 1.6
for the parametric electric and magnetic field quan-
tities, Knowing that 6 ~ 2516 m for f= [ Hz, 0 =4
§ m™), and p=4n %1077 H m~% and using

1B = [B;| = [Ker? (2'2a) + Keiif {2*a]]'? (19)



1388

[NAN ET AL.: ULF/ELF ELECTROMAGNETIC FIELDS

T rlll'iTl' LIS 'llﬂlll T 1T Illl”l T ¥ Tl'll'lll T T rrvrg
AT TR ]
2
~ 10 —5
£ AT b
>
& ]
iy I=1000A ]
= —
‘g =
7
2 100 ]
z ]
8 [} \ 7
=} 10 —
i 4
T 3
(&)
i ]
E
L
w —
o E
n :
(=] -
o ]
[al -
=
0 =3
5 3
=4 \ E
R bt il i vrand o LJ.?IU!‘I Loy s g
01 i0 10 100 1000 10000

FREQUENCY (Hz)

Fig. 3. Variation with frequency of the amplitude of the electric field produced in seawater by a linear current
source of infinite length carrying an aliernating current of amplitude 1000 A at 4 fixed perpendicular distance from
ihe source. The eleetric field umplifudes for an arbitrary current { ¢an be derived from the values given above by

muliiplying by [;1000.

= 1000 A, we obtain |E,|~126 mV m~! and
| B,|= 180 x 10°® pT. These particular values can be
checked against the vaiues of | E.| and | B, | plotted
in Figures 1 and 2,

We have also plotted in Figure 8 the amplitude of
the electric field in the alternate parametric form
given as

2

2
ap
|EE|, = ; |E.

= (222 [Ker3 (27a) + Keif (242a)]' o)

This equation is basically the same as (18), except
that in (18) the term multiplying | E_| on the left-hand
side is not a function of the perpendicular distance p
and the corresponding term on the left-hand side of
the above equation is not a function of frequency f.
In other words, the single curve seen in Figure 8 is a
parametric form of the curves seen in Figure 3; it

contains all their information on the variation of the
amplitude of the elcotric field versus frequency for 2
fixed observation point, as well as many additiona
data of the amplitude of the clectric field at othe
observation distances. The maximum value of the
electric field expression occurs for 2*/2a ~ 2.17, Thi
is a useful result to remember, because one can easil
calculate the optimum frequency for a fixed observa
tion point by just using this simple relation. Next th

data plotied in Figure & show that the maximur

value of the parametric electric field expression | E£|

is approximately (.83, from which the actual value «

the electric field amplitude at the optimum frequenc

can easily be obtained.

DISCUSSION AND CONCLUSIONS

The first objective in deriving the field expressio
for linear current sources of finite [Inan et al, 198
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Fig 4. Variation with perpendiculur distance of the ratio aof

he amplitude of the z component of the electric field produced by
+linear eurrent source of finite length {100 m) to the amplitude of
he z component of the electric field produced by a linear current
iource of infinite length, both carrying alternating corrents of the
ame amplitude and frequency. The particular perpendicular axis
doug which the variation is shown passes through the center of
e finite source. The surrounding conducting medium (ssawater,
#=435 m™" is infinite in exient. Fach curve refers to a different
freguency in the range 0.001—100 Hz as shown in the figure.

and semi-infinite length was (o investigate the possi-
bility of producing large electromagnetic fields near
their open ends (ie., point electrodes) for undersea
wnmunication at ULF/ELF frequencies. A second
thiective was to derive enough theory and numerical
data to provide the basis for the preliminary design
of indersea cable assemblies that would have the
capability of producing measurable ULF/ELF sig-
mls throughout limited regions of the ocean without
the cables producing the signals necessarily being lo-
ated in those regions. To some extent these objec-
tives have been achieved; comparatively large electric
wd, to a lesser extent, magnetic fields can be pro-
deeed at ULF/ELF frequencies in the vicinity of the
wint electrodes. However, it is found that the same
irquency versus range constraint applies as is en-
tountered in other methods of electromagnetic signal
‘Propagation in seawaler. Communication to large
iinges can only be achieved by using low frequencies
bul because the rate of data transfer is directly pro-
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Fig. 5, Variation with perpendicular distance of the ratio of
the amplitude of the magnetic ficld produced by a linear current
source of finite length (100 m) to the amplitude of the magnetic
field producad by a linear currsnt source of infinite length, both
carrying alternating currents of the samne amplitude and frequency.
The particular perpendiculur axis alopg which the variation is
shown passes through 1he center of the finite source. The sur-
rounding conducting medium (seawater, & = 4 8 m™"} is iufinile in
extent. Each curve refers to & different frequency in the range
0—100 Hz as shown in the figure.

portional to the signal frequency, the amount of in-
formation transmitted over the arge ranges may be
Loo small to be useful.

Comparing the ULF/ELF fields produced in sca-

100,

21

.:..Aé

YERTICAL DISTANCE {m}

Lea v by uund

-150 -100 =50 0 50 100 150
HORIZONTAL DISTANCE {m)

Fig. 6. Variation of the amplitudes of the p and z components
of the electric field, E, and E,, produced in seawater by a linear
current source of scmx-mhnﬂe length (extending from —o0 to A}
and carrying an elternating current of amplitude 1000 A and fre-
quency 100 Hz. The sciid contours in this figure correspond to
E,, the dashed contours correspord to E_, and the valuss of n
shuwn for each contour give the numerical amphtude of the corre-
sponding electric field in units of 10° mV m~", Note that the field
patterns are cylindrically symmetric about the axis defined by the
source.
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Fig. 7. Variation with 2*%a (where a = g; = p/d) of the para-
metric expressions for the amplitude of the electric field (crossed
lrelesh and the magnetic field (open circles) produced in . condue-
ting medium of infinite extent by & linear current source of infinite
length carrying an aliernating current of amplitude I (equations
{18) and (19)).

water by cables of finite and semi-infinite Jength with
the fields produced by a cable of infinite length, our
data show that at short distances from the point elec-
trodes, i.¢., distances less than about 1 km, the first
two sources can produce greatly enhanced electric
fislds. Qur data indicate that the increase is confined
largely to frequencies in the ULF range and, within
this range, it becomes larger as the frequency is de-
creased. At 0.00! ¥z for example, an increase of
nearly 2000 times is observed at a perpendicular dis-
tance of 10 m from the center of the source of length
100 m (see Figure 4), and this increase is nearly 10
times larger than the increase at (.01 Hz. It is ob-
served that this increase beging to decline rapidly
with distance once some limiting distance has been
excecded. It is obwious from the results that point
electrodes have al best no advantage over infinite
sources at distances much above 1 km and, at worst,
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they may produce much smaller ficlds than the infi-
nite sources for some geometries and frequencies. We
conclude therefore that point electrodes can be used
most advantageously for undersea communication
only over short distances.

The possible situations where such communication
could be used are not necessarily trivial. For exam-
ple, the ULF/ELF electric fields around the gap be-
tween two point electrodes [fnan et al, 1982], or
near a single point electrode, could provide a low—
data rate, nonacoustic means of communication with
an undersea or seafloor receiver, Al the short dis-
tances under consideration (distances less than 1 km)
there is likely to be no difficulty providing communi-
cation with divers [Inan et al, 1982; MacLeod,
1977]. As a final note on the possible communication
applications of point electrodes, we observe that long
range is not always a desirable feature of a communi-
cation system, and under some circumstances the
limited ranges for signal propagation that we huve
discussed here could be a decided advantage.

It is also important to note that in the case of a
linear current source of infinite length, for a fixed
observation point, there exists an optimum frequency
at which the amplitude of the electric field becomes
maximum. For example, for an observation distance
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Fig. 8. Variation with 2'%¢ (where a = g, = pd} of the para-
metric expression, given by (20), for the amplitude of the electric
field produced in a coanducting medium of infinite extent by a
linear current source of infinile length carrying an alternating cur-
rent of amplitude 7, Note that (he maximum parametric amplitude
(0.83) occurs for 24%q = 217,
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of 1 km, Joot = 0.15 Hz, and for 100 m, f,,, >~ 15 Hz
The bandwidth is very limited at these frequencies,
but there may well be special applications in which
maximum electric field is more important than band-
width.

Turning now to the electromagnetic fields pro-
duced at large distances from the sources (distances
of the order of 10 km, or greater), our data show, as
we have commented above, that cables of infinite
length appear to be the best choice if long-distance
undersea communication using electromagnetic ficids
from cable sources is the goal. [t can be seen from
Figures 1 and 2 that the maximum range thai can be
achieved with an alternating current of 1000 A with
present electric and magnetic field sensors is of the
order of 0.1-4 km for [requencies in the range 1000-
I Hz and of the order of 4-100 km for frequencies in
the range 1-0,001 Hz. We assume that the cables are
in & sea of infinile extent in quoting these results; in
practice they will have to be located on the seafloor
and both the sea surface and the seafloor will influ-
ence the maximum ranges that can be achieved. The
effects of the sea surface can be neglected unless the
sea is electrically shallow [Fraser-Smith and Bubenik,
19791, but the seaflcor, the effective conductivity of
which is generally lower than that of the seawater,
will increase the ranges over which the fields can be
measured.

The maximum range that can be achieved at any
frequency can be made larger cither by increasing the
amplitude of the current or by increasing the sensitiv-
ity of the sensors used to measure the electro-
magnetic fields. However, (1) our assumed current
(100D A) is already substantial and a significant in-
crzase would entail large increases in power, and (2)
the near-vertical naturc of the slopes of most of the
curves in Figures | and 2 as they approach the lower
horizontal axes implies that even major increases in
%nsor sensitivity would have only a small effect on
maximum range (even when no allowance is made
for the presence of a background noise). The range
cn always be increased by reducing the frequency,
but the lowest frequencies considered in Figures 1
and 2 are already extraordinarily low by present un-
Cersea communication standards, which severely re-
sidcts the rate of data transfer, and there is the fur-
ther disadvantage that background noise increases
pidly with decreasing frequency throughout the
ULF range. We conclude that maximum ranges of
1-10 km are likely to be the limit for a single cable of
infinite length in an infinite extent of seawater and
that undersea communication by means of the elec-
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tromagnetic fields from ULF/ELF currents in under-
sea cables is necessarily restricled to special appli-
cations of {imited range using either a single cable of
infinite length (transverse range 1-10 km) or an array
of such cables (transverse ranges of a few tens to a
few hundreds of kilometers, depending on the
number of cables) [Inan et ai., 1982].

APPENDIX

In equation (4) we have an integral of the form
= ‘_,—(H‘l!h
Iy = j‘ —dx
fs] uw

where 1 = (2% + x’]*"’, which can aiso be written as
"(l it

= 1)"2

From Lebedev [1972, p. 119] we have the following

integral expression for the modified Bessel function
of the second kind of order v:

1!”2 PANE
~ET T (5) f eI 1P gy
v+ ) 1

provided Re z >0 and Re v> —%. Here I is the
gamma function defined as

(AL

(a2)

K,z (A3)

[{n) = J’m)f"'ef’ dy
Ul

with Re n> 0. Choosing v=0 and knowing that
() = #*? yields

= e—!!
Kol2) =_[ W di
Substituting z = a(l + {} in (A4) and comparing it
with (A2}, we abtain

(Ad4)

Kolall + i =1, (A3)

In other words, the integral !, is a zeroth-order mod-
ified Bessel lunction of the second kind of complex
argument, Since y = (1 + {)ff and @ = fp, we have

o« e—ll S8
iy = Kelyp) ’—"J;

We can also write the following expression [Dwight,
1961]:

dx

(A6)

K (i) = Ker, x + | Kei, « (A7)

where Ker, o and Kei, « are Kelvin functions of the
second kind of order v [Young and Kirk, 1964].
From complex variables we know that i'?
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1 -+ )/2"? and by letting v = 0, it follows that

Kqlyp) = Ker, (2'%a) + 1 Keiq (2'7q) (A8)

We have now expressed the integral I, in terms of
known Kelvin functions. If we decompose [, into its
real and imaginary parts, we obtain

“eYcosu

Kerg (2424g) = j ———dx

o u
o (A9)
Keiy (2126} = — J B Lo
o u
If we now let the upper limits of the first two inte-
grals given by (11) go to infinity and compare the
results with the integrals given by {A9), we can write

_f |
Ker, (2'%a) = J- s dx - Efa. m)
< (AL0)
Keig (2'?a) = —E(a, )

Similarly, if we let the upper limits of the last four
integrals given by (11} go to infinity and compare the
results with the derivatives of the Kelvin functions,
we obtain

Kerj (25) = % [Ma, o) + Mo, ) + N,la, )]

(ALl)
Keiy (2'a) = ;T:: [M (g, o0} — M (a, 20) — N,fa, co}]
From (A7) it also follows that
Ki{ye) = i Ker, (2'2a) — Kei, (2V%a) (A12)

where Ker; (242a) and Kei, (2!2a) can be expressed
in terms of the derivatives of Kelvin functions of
zeroth order using recurrence formulas as [Dwight,
1961]

3 ;
Ker, (21%a) = 77 [Kery (2'%a) — Keif, (2"24)]
3 (A13)
Kel, (21%0) = 237 [Kerp (27) + Keiy (2'%a)]
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