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ANISOTROPIC CLASSES OF INHOMOGENEOUS
PSEUDODIFFERENTIAL SYMBOLS

ARPAD BENYI AND MARCIN BOWNIK

ABSTRACT. We introduce a class of pseudodifferential operators in the anisotropic
setting induced by an expansive dilation A which generalizes the classical isotropic
class Sm(S of inhomogeneous symbols. We extend a well-known LZ-boundedness
result to the anisotropic class SM(A) 0 <0 < 1. As a consequence, we deduce
that operators with symbols in the anisotropic class S} (A) are bounded on L?
spaces, 1 < p < oo.

1. INTRODUCTION: DEFINITIONS AND STATEMENT OF MAIN RESULT

The study of pseudodifferential operators draws lots of its motivation from its ap-
plicability to approximate inverses or regularity of solutions in partial differential
equations. A systematic study of these operators led to the introduction of the clas-
sical (isotropic, inhomogeneous) classes of symbols S5 and their tightly connected

homogeneous counterparts denoted by Sm . For example, as it is well known, the
characteristic polynomial of a partial dlfferentlal operator of order m and with con-
stant coefficients represents a symbol in the class S7. The adjective isotropic we use
here points out that the spatial and frequency variables of the symbol have the same
homogeneity. However, in several examples (such as the heat operator) there exists
another natural scaling (such as parabolic) and thus we fall in the realm of anisotropic
symbols. In our previous paper [1] we were interested in the study of multiplier, and
more generally, pseudodifferential operators, with anisotropic homogeneous symbols
™ (A).

This paper is a natural continuation of the investigations initiated in [1] for the
general anisotropic setting. We will mainly concern ourselves with inhomogeneous
symbols in the classes S%(A), in particular with the extension of a classical bound-
edness result for anisotropic pseudodifferential operators with symbols Sg’é(A), 0<
6 < 1. This result, in turn, implies the LP-boundedness of the smaller class S} 5(A),
0 <6 < 1. An example of symbol belonging to S?,o(A)’ for an appropriately chosen
matrix A, is presented in detail in Example 3.1.

Let us now briefly recall the notation, the definition, and some of the results about
the anisotropic homogeneous classes of pseudodifferential symbols. We follow the
notation in Bownik’s monograph [2]; see also [3], [4]. Given an expansive matrix A,

Date: October 7, 2011.
2010 Mathematics Subject Classification. Primary: 47G30, 42B20; Secondary: 42B15, 42B35.
Key words and phrases. Pseudodifferential operators, anisotropic inhomogeneous symbols,
Calderén-Zygmund operators, anisotropic elementary symbols.
1



2 A. BENYI AND M. BOWNIK

that is a matrix for which all its eigenvalues A satisfy |A] > 1, we can first define
a canonical quasi-norm p4 associated to it. Specifically, if we let P be some non-
degenerate n X n matrix, and | - | the standard norm of R", there exists an ellipsoid
A = {x € R" : |Pz| < 1} such that |A] = 1 and for some r > 1, A C rA C AA.
Then, we can define a family of balls around the origin B, = A¥A, k € Z, that satisfy

By, C 7By, C Byyq and | By| = V",
where b = | det A|. The step homogeneous quasi-norm induced by A is defined by
p(ZE) = bjwr S Bj-‘rl \ ij and 10(0) = 0.

It is straightforward to verify that p satisfies a triangle inequality up to a constant
and the homogeneity condition p(Az) = bp(x), z € R™. Since any two homogeneous
quasi-norms associated to a dilation A are equivalent, we can talk about a canon-
ical quasi-norm associated to A, which will be denoted by p4. Similarly, we shall
also consider a family of dilated balls B}, £ € Z, and a canonical quasi-norm py-
associated to the adjoint (or transpose) matrix A*. We are now ready to state the
definition of anisotropic inhomogeneous symbols which is a natural modification of
the homogeneous one, see [1].

Definition 1.1. We say that a symbol o(x, &) belongs to the anisotropic inhomoge-
neous class S7's(A) if it satisfies the estimates

(1.1) 050 [o(A7F (A7)R2)](AMr, (A7) 7R28)] < Ca(1 4 pas ()™,
for all multi-indices «, § and (z,&) € R™ x R™. Here, kq, ks € Ny are given by
(1.2) ki = ko], ko= [kv],

where k € Ny is such that 1 + pa(€) ~ |det A]¥, and |-] denotes the floor function.

The derivatives above should be interpreted as
070 5(AM, (A7) 7€),
where
o(x,€) = o(A™Ma, (A7)*¢),

and k1,ky € Ny are as in (1.2). The notation ~ has the following interpretation:
we pick k to be the unique non-negative integer such that the frequency variable &
belongs to the annulus B;,, \ By if & > 0, or the ball B} if & = 0. Consequently,
we require estimates on the derivatives of a symbol ¢ that hold uniformly after
appropriate rescaling depending on the location of the frequency variable &. Recall
from [1] that in the homogeneous variant S "'s(A) of Definition 1.1, k is the unique
integer such that 0 # £ € By, \ By, and hence k can take negative values as well.

As explained in [1], Definition 1.1 recovers not only the well-known isotropic classes
ST = SIs(21,), but also the so-called anisotropic classes Sy ; previously investi-
gated in the works of Leopold [14] and Garello [9]. Moreover, the generality of
our definition is very useful when dealing with a general, non-diagonal anisotropy.
Furthermore, we proved in the general anisotropic setting that the class 5'?71(14)
corresponds to operators with Calderén-Zygmund kernels which are bounded on
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anisotropic Triebel-Lizorkin and Besov spaces. In particular, we recovered the re-
sults of Grafakos-Torres [10] for the homogeneous isotropic class S{’fl; see [1].

We remark right away that Definition 1.1 implies that the anisotropic Calderén-
Vaillancourt class 5870(14) is independent of the matrix A, and, as such, it coincides
with the isotropic version S§ . Therefore, we conclude that S ,(A) is bounded (in
general, only) on L?. This is a well known result of Calderén-Vaillancourt [6]; see
also Stein’s monograph [16, Section VII.2.4]. By contrast, the L? boundedness of
the class S7,(A) fails. A standard counterexample of a pseudodifferential symbol in
the (isotropic) class Sgl that yields unbounded operator on L? can be found in [16,
Section VII.1.2]. This example can be extended to the generic anisotropic setting,
see Example 3.2.

In analogy with the isotropic setting, the Schwarz kernel of an operator with symbol
in S7,(A) is Calderén-Zygmund, and thus LP boundedness fails for all 1 < p <
0o. The computations that verify the anisotropic Calderén-Zygmund estimates are
left to the interested reader. They are essentially the same as the ones detailed in
[1, Theorem 4.3] for the homogeneous class S'(l)yl(A) with the obvious modifications
implied by using the inhomogeneous Littlewood-Paley decomposition (2.2).

The comments above beg a natural question: what happens for the symbols in
S§5(A)? Recall that, by Definition 1.1, a symbol o € Sg;(A) satisfies the following
inequalities:

(1.3) 1050 [o (AT, (AT ))(A 2, (A7) TFE)| < Caps,

for all multi-indices o, 3, (z,€) € R"xR", and k € Ny such that 14 p4- (&) ~ | det A|,
where k' = |kd|. Associated to such a symbol o(z,§), we have a pseudodifferential
operator, a priori defined on S:

T, () = o(z, D) f(x) = / o, ) F (€)™ de.

n

Our main result is the anisotropic extension of the following well known bounded-
ness result for the isotropic class Sg 5

Theorem 1.1. Let 0 € Sgé(A) for some 0 < § < 1. Then, the pseudodifferential
operator T, extends to a bounded operator on L*(R™).

The inhomogeneous classes of symbols are nested: S5 (A) C ST% (A) if my <
ma, Y2 < 71, and 07 < do. Thus, Theorem 1.1 also holds for the class 5’275(14), where
0 <)< vy<1landd < 1. This condition on the indices defining the classes of
symbols is known to be sharp in the isotropic setting, see the works of Hormander
[11] and Kumano-go [13].

Section 2 of our paper is devoted to the proof of Theorem 1.1. We divide this proof
into several steps in which we explain our strategy leading to the conclusion we wish
to achieve. Our approach is inspired by Stein’s book [16, Theorem 2 in Section VII.2]
albeit with some necessary changes reflecting a more complicated nature of symbols
in anisotropic classes.

In Section 3 we give a couple of examples of anisotropic symbols. We also give
an alternative proof of the boundedness of the class S7((A) using a reduction to
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elementary symbols. Our approach is guided by Coifman and Meyer’s work [5] and
the nice exposition in Journé’s monograph [12].

2. PROOF OF THEOREM 1.1 VIA ALMOST ORTHOGONALITY
We begin with the following elementary lemma.

Lemma 2.1. Suppose that A is an expansive matriz, and let A_ = minyeqs(ay |A|. Let
(- =InA_/Inb, where b = |det A|. Finally, suppose that N > 1/(2(_). Then, there
exists some C' > 0 such that for all j € Z we have

/ (14| A722)Ndz < Cb.

Proof. Let 2N > 1/¢ > 1/¢_. By Lemma [2, Lemma 3.2], there exists a constant
¢ > 0 such that
1+ |z| > (1 + pa(z))s for all z € R™.

Using the previous inequality and a change of variables, we get
/ (14 A7) Ndz < C/ (1+ pa(A7z))2N¢qz

<Cb™ / (1+ pa(2)) 2Nz < Cb7.

The last inequality is a consequence of 2N({ > 1. O

The proof of Theorem 1.1 is divided into several steps.

Step 1. First, we perform a reduction to symbols o with compact support in R” x R™.
Take ¢ a fixed smooth function with compact support with ¢(0,0) = 1. For each
7 € N define

0j(x,€) = o(x,§)p(Ax, (A7) 7€),
Using support considerations and the chain rule, we can show that the symbols
oj € Sg,(;(A) uniformly for 7 € N. Furthermore, for all f € S,
T, f =T f as j — 00,

in the topology of S, see [16, Section VI.1.3]. The reduction to symbols with compact
support will allows us to automatically justify all operations appearing below such as
integration by parts. The explicit dependence on j will be suppressed and all of our
estimates will be independent of 7. In the rest of the proof we shall simply assume
that o € Sg’(;(A) has compact support.

Step 2. We decompose now the operator 7, in the frequency domain as

oz, )Y((A*)77¢), j =0,

Here, p, 1 € S satisfy supp ¢ C B, suppy C B} \ B*; and

(2.1) T, = ing, where o;(z,§) = {
=0

(2.2) o(€) + Zw((A*)—fg) =1 forall £ eR.
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As in Step 1, one can show that the symbols o, are uniformly in Sg s(A).

Step 3. We establish that the operators T, are very close to being mutually orthog-
onal. Fix a sufficiently large w € N, which will be determined in the next step. We
break the sum (2.1) into a finite sum of infinite series

w [o.¢]

n->( % n)

r=1 =0
j=r mod w

It suffices to prove the boundedness of each series separately corresponding to some

fixedr=1,...,w.

Observe that T, = T;Aj, where A; is the multiplier operator given by

e L FOBAN T, =0,
(A1) {f(f)so(f), j=0.

By the support condition on ¥ we have that
T,,(T5,)" = ToA;(Ay)(T,)" =0 for |[j — k| > 2.

Step 4. This is the key part where we estimate the kernel of (T,)*T5,. By a direct
calculation, as in the proof of [16, Theorem 2 in VII.2.5], we have

(15,)T5, f(x) = | K(z,y)f(y)dy,

Rﬂ/
where the kernel

(2.3) K(z,y) = / (2, 1) (2, €) DI g e
R7xR"™ xR™

We will estimate the kernel K by exploiting the oscillatory nature of the exponential
and the relative smoothness of symbols o, and o;. This will be achieved by integration
by parts in all three variables z, n, £&. Unlike the isotropic setting, we need to
change variables first. This is necessary since the anisotropic condition (1.3) involves
derivatives of a dilated symbol.

Assume that j < k belong to the same sum as in Step 3, i.e., 7 = k mod w. Define

j'=|jo0|, ¥ = |kd|. By a change of variables in (2.3) we have

(24) KAz, A™My) =1 TH(A 2, (A n)oy (A2, (A)E)

R™ xR™xR™
il(A g (zmy)—n-(z—2)] ., dn d¢.

Indeed, this is a consequence of the changes of variables z — A%z, n (A*)kln,
¢ (A*)7¢ and using the identity

(ATY'E (A2 = AMy) = (A (A2 = AVa) = (AYFE (2 —y) —n- (2 —2).
Now set

77)7 &j (Z? 5) = 0j (A_k/zv (A*)Jlé)
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By support considerations we have
Gk(2,m) #0 = pa-() ~ 002,
Gi(2,6) £0 = pa(€) ~ V7.

Now, since supp o, C R" x (B}, \ Bj_,), the condition (1.3) satisfied by o}, reduces
to

(2.5)

|0§‘85[0k(14_k,-, (A I(A¥ 2, (A) )| < Cup for all multi-indices «, £,

and for all (z,n7) € R" x R™. This is due to the fact that only one dilate of oy, that
is 0y, can give a non-zero contribution in (1.3). Thus, we have

(2.6) H8§‘(956k||00 < Cup for all multi-indices «, £.
In the same way we can deduce that
020 [oj (A7 (A")")|(A7 2, (A) 7€) < Cap for all multi-indices o, 3,

and for all (z,£) € R™ x R". Thus, using the chain rule and recalling that j' < k', we
have

1020, 5;(=,€)| < CIlAT 11920 [o;(A™", (A7) (A2, €)] < Caps.
This shows that
(2.7) H@ZO‘@?&]-HOO < Cup for all multi-indices «, £.

Since N
(-4 (A7) K emnyz _ (A7 H gn)es
(1+ [(A)=HE = )N ’
integrating by parts in the z variable in (2.4) yields

(28) K(A ™, A¥y) =t/ / U= B
il(AT) ' g (z—y)—n-(2—x)] e
(L (A g —ppyn 2= dndé:

Next, we integrate by parts in (2.8) with respect to the £ and 7 variables, respectively.
Similarly to our computation above, we use

N
([ — An) e—in-(ac—z) _ e—in-(x—z)
(14 |z — 22N ’

and

N / / ! /
(I —A¢) ATV F eamy) _ (AN e (amy)
(1+ A (z —y) )Y
The end result of these integrations by parts is the identity
{ (I =AY (I - A"
rrscn e [(14[A7 7 (2 =) )V (14 [z — 22
(I B AZ)N[&k(ZJ 77)63'<Zy 5)]
(1 +|(A*)7"=FE —n?)¥

(29) KA ™"z, A y) =1

} AV TH e == g g de
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Since j < k and j = k mod w, we have j + w < k. Take any n and ¢ as in (2.5).
Thus, for some ¢ > 0,

pa(n) 2 b0 (A )

By the anisotropic version of the triangle inequality, there exists a constant wy € N
such that

pa<(n) 2 6pa-(§) = bpa-(n) = pa-(§ —n) = b pa-(n).

Hence, by choosing w such that cb*(1=%) > p*0 we have
pac (AY' & — ) 00
and
(2.10) (AT =l = pas (A7 € =) ~ b0,

where (_ = InA_/Inb. Therefore, whenever the expression (1 + |(A*)7~¥¢ —p|?)~N
is hit by derivatives in 7 it will remain bounded by Cb*(1=9¢- . The same is true for
derivatives in ¢ with the additional application of the chain rule and the fact that
j =K <.

Inserting the estimates (2.5), (2.6), (2.7), and (2.10) into (2.9) and integrating over
variables ¢ and 7 yields

(K (A2, AVy)| < CUHERDIEIZRENEN [ QAT (2 — y)Q(a — 2)d,

R”
where Q(v) = (1 + |v]|?)~". Thus,

(2.11) |K(x,y)| < Op"H*FDA=0)=kA=0C2N [ O(47'=F 5 _ A7) Q(AY z — 2)d=.
RTL
Step 5. Estimate (2.11) allows us to control both

(2.12) |K(z,y)|dy  and |K (2, y)|da.
Rn Rn

Indeed, by Lemma 2.1, we first obtain

/ QAT ¥ 2 — A y)Q(A¥ z — 2)dydz < Cb7 | Q(A¥z — 2)dz < Cb™7
R xR"” Rn

/ QAT 7 — AYQ(A¥ z — 2)dxdz < OO | QA" Fa — 2)dz
R xR™ Rn

< CbFp7 = op 7,
Thus, by (2.11)

K (2, y)|dy < Chr+D1=0—k(1-0)C-2N
Rn

and the same estimate holds for [p, |K(z,y)|dz. Therefore, Schur’s lemma yields

(T, ) Ty, || < CHEFNA-0)—k(-0)C2N
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for all j < k + w. Furthermore, by taking adjoints, we also have

H(T0'j>* akH < Cb2max(k,j)(1—6)(l—C_N) for ‘] o k| > .

Step 6. In this last step, we apply a “cruder” version of Cotlar’s lemma, see [16, p.
282]. By Step 5, we have

(T6,) To | < AG)y(R)  for [j— k[ = w,

where v(j) = Cb™% and € = (1—0)(¢_N —1) > 0. Moreover, by Step 3, T, (1,,,)* = 0
for |j — k| > 2. Hence, it suffices to show that the operators T,, are uniformly
bounded. By (2.6), the symbols &, belong to S (A) uniformly in k. Recall that the
anisotropic class SQ,(A) coincides with its isotropic counterpart Sg . Therefore, the
L? boundedness of the class 5870 implies that the pseudodifferential operators T3, are
bounded uniformly in k. Moreover, by a dilation argument, we have

Tffk - DAkTgk DAfk.

Here, Dof(z) = | det A|*/2f(Az) denotes the dilation operator, which is an isometry
on L*(R™). Consequently, the operators T, are bounded uniformly in k. By the above
mentioned variant of Cotlar’s lemma, each operator »_,_ . T, r=1,... w,Iis
bounded on L?*(R™). By Step 3, this completes the proof of Theorem 1.1.

Remark 2.1. We remark that the proof of Theorem 1.1 requires the estimates (1.3)
on the derivatives |al, 3] < N of a symbol in S§5(A) up to the order N > 2/¢_. Note
that, for any dilation A, we always have 0 < (_ < 1/n. In the isotropic case, we have
the equality (_ = 1/n. Moreover, by the result of Coifman and Meyer [5], it is known
that N > n/2 is enough to guarantee the L? boundedness for pseudodifferential
operators in the isotropic class Sg(;, 0 <9 < 1, and this is optimal. Hence, it is
tempting to conjecture that Theorem 1.1 holds with a weaker requirement on the
order of partial derivatives N > 1/(2(_).

3. EXAMPLES AND ELEMENTARY SYMBOLS

In this section we give another proof for the boundedness of symbols in so-called
anisotropic Coifman-Meyer class S7(A). Because pseudodifferential operators with
symbols o € S (A) have (anisotropic) Calderén-Zygmund kernels, by Theorem 1.1
we also get that o(z, D) is bounded on all LP, 1 < p < oc.

Theorem 3.1. Let o € SY((A). Then, o(z, D) extends to a bounded operator on LP,
1 <p<oo.

By Definition 1.1, a symbol ¢ € S?,O(A) satisfies the following inequalities:
(3.1) 1050 [o(-, (A")*)](x, (A*) )| < Cags,

for all multi-indices a, 3, (z,€) € R" x R", and k € N such that 1+ p4-(£) ~ b*. An
example of symbol satisfying these inequalities can be obtained by an appropriate
modification of [1, Example 2.1].
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Example 3.1. Let ¢ be an infinitely differentiable real valued function such that, for
some constants Cy, Cy, C3 > 0, C; < () < Cy and | ()| < Cs for all z € R and
all k£ > 1. For example, p(z) = 2 + sin x satisfies these conditions. We consider the
symbol o(z, &), with x = (z1,13),& = (£1,&) € R?, defined by

6 6
ol 2. (6.6) = TG T

We claim that o € S?,(A), where A is a 2 x 2 diagonal matrix with diagonal entries

V/2,24/2. More precisely, we claim to have estimates of the following form

(32) 00020310220 (21, 72), (€1, &) S (14 par (&1, &)~ Ieve2)l,
where 1 ;
pa (51’ §2) - Zm:?§(|§1|27 |§2|2/3)7 ||(a17 a2)|| = 5051 + 5052'

We shall verify directly these estimates only for (1,0,0,0) and its permutations.
We will always break down our analysis depending on the relative size of |&|*> and
|&2| (which determine the quasi-norm).

1. (8,a) =(1,0,0,0). This case is trivial, the derivative being zero.

2. (B,a) =(0,1,0,0). We compute
¢ (22)€8(1 + &)
(1+& + & + p(r2)83)*

In this case, |la|| = 0 and (1 + pa-(£5,&))7 Nl = 1. Since |¢/(z2)| < C3 and
o(x9) > C1, we immediately see that

P+ &  _C
L+ +8+p(r2))2 = "1+ p(x2)§ ~ C1

3. (B,a) =(0,0,1,0). We have

Op,0(x,&) =

60+ &)
G IS T+ g+ pegr

We expect our estimates to be < (1 + [&]%) 712 or < (1 + [&]¥?)7Y/2. Indeed, if
’61'3 > |€2‘7 then

&1P(1+&3) < &P
1+ +E+ p(x2)€8)? ~ 146
while if |£;]? < ||, we have

|£1’5<1+£g) < ‘€2|5/3 <
1+ + &+ p(xa)e§)2~ 1+~

4. (B,a) =(0,0,0,1). We have

SA+lah™ S +lal) 2

(L4 &)™ S L+ &%) 12

|&2](65 + &5 4 &3)
(140 + &5 + p(2)£9)?

0,0 (2, ) S
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Note that & = /&5 < & + ¢(2)€5. Thus,
E+8+8
14+ &0+ 65+ o(x2)88 ™

NOWa if |§1|3 Z |§2|a then

1+ + &+ p(a2)8)2 ~ 1+&5 ™

Finally, if |£;]? < |&], we have

T4+ + &+ o))~ 1+& 7~

We divide the proof of Theorem 3.1 into several subsections in which we explain
our strategy leading to the conclusion we wish to achieve. We will start by showing
that we can reduce the L? boundedness of o(x, D) to the L? boundedness of pseudo-
differential operators with so called anisotropic elementary symbols. Finally, we will
prove that any elementary symbol yields an L? bounded pseudodifferential operator.

We will repeatedly use the following elementary lemma, see [2, 3, 4].

L+ &) S+ &P

(1+ el S (A +[ef?) 2

Lemma 3.2. Suppose A is an expansive matriz, and \_ and A\ are any positive real
numbers such that 1 < A_ < minyeo(a) [A| and maxyea) [A] < Ay < b = |det A|.
Then, there exists ¢ > 0 such that

(3.3) (1/c) A=Y ]zl < [Az| < e(Ap) |z for j =0,
(3.4) (1/0) (A |z] < |Ax| < e(A-Y[z|  for j <0.
Furthermore, if A is diagonalizable over C, then we may take A\_ = minyeq(ay |A| and

Ap = MaXyes(a) |-

3.1. Elementary symbols. We want to reduce our study to that of anisotropic
elementary symbols. Assume that such a reduction is possible. Then, we will only
need to worry (in a subsequent subsection) about the L? boundedness of o(x, D) with
anisotropic elementary symbol of the form

(3.5) o) = Y _m;(@)o((A) 7€),

where m; are bounded and satisfying appropriate smoothness and decay, and QAﬁ S
is supported away from the origin, that is, there exists R > 0 such that

suppaC {£eR":1/R < |§| < R}.

We begin by stating the following claim.
Claim 1. There exists (a fized) J > 1 such that

(3.6) supp ¢((A*) ™) Nsupp ¢((A*) ™) = 0,
for|j —k| > J.
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This non-overlapping property of the supports will play an important role in our
arguments. The proof of the claim is a consequence of the elementary Lemma 3.2.
Letting ¢, (z) = | det A[Y¢(A7z), we have ¢;(§) = ¢((A*) 7). Hence, if j > 0, Lemma
3.2 implies that

supp ¢; C {€ € R" : 1/R < |(A*)7¢| < R}

C{EER™ - (A_)/(Re) < [¢] < Re(A4 )’}
Let J be the smallest positive integer such that (A_)/ > R%c. By the previous
inclusion of supports,

SUpp & N supp Q/gj =10 for j > J.
Thus, applying supp (/ﬁ\k = (A*)k(supp g/g) yields

suppggkﬂsuppqgj =0 for [j — k| > J,

and the claim is proved.

Returning now to our elementary symbols, if we let f; = f * ¢;, for some f € S,

then f; = J?QASJ-. Using Plancherel’s theorem (twice) and (3.6) (that guarantees the
sums are finite), we get

SIS = STIFBi 12 S 181211112
Jj=0 j=0

Furthermore,

o(z,D)f(x) =Y my(x)f;(x).
Jj=0
Therefore, the proof of the L? boundedness of o(x, D) with elementary symbol (3.5)
reduces to showing the following inequality:

Somit| <O 5l

J>0 L 7>0

(3.7)

We will come back to (3.7) in Subsection 3.3. For now, we simply note that the
constant C' > 0 is determined by the reduction of a generic symbol to an elementary
one, and, in particular, from the control on m;, control that will be obtained from
the symbol belonging to S7,(A).

3.2. Reduction to elementary symbols. We indicate how the reduction to ele-
mentary symbols is performed. For a given u € S, such that v = u is compactly
supported away from the origin,

suppv C {{: 1/R < [¢{| < R},
we write u;(z) = | det AJfu(A’z), and we have
(&) = (A7) 7€) = v((A1) 7)== (6).
Assume that

(38) D v(€) =1,€#0.

=
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Given an arbitrary symbol o € S7 ((A), if we further assume that o(z,0) = 0, then
we can write

(3.9) o= Zaj + 7,
=0

where

(3.10) aj(x,€) = v’ (§)o(x,€),5 = 0,
and

(3.11) T(@,6) = Y v(E)o(z,8).

j==oc

Note that the assumption o(x,0) = 0 does not imply a further restriction on the
LP boundedness properties of o(x, D). Indeed, if o(x,0) # 0, then we let

o(z,§) = o(z,§) — o(x,0).

Now, we simply notice that ¢(z,0) = 0 and o(z,0) is a smooth and bounded mul-
tiplier; indeed, the pseudodifferential operator T' associated to o(x,0) is given by
Tf = o(-,0) - f, and, by condition (3.1) with & = 0, we can bound [|Tf||» <
lo(-,0)[|zee || flle- Therefore, the L? boundedness properties of o(z, D) and &(z, D)
are equivalent.

3.2.1. The “negative” part of the multiplier. We wish to show next that the multiplier
operator 7(x, D) is bounded on Lebesgue spaces. We start by noting that 7(z,¢&)
vanishes on [£| > ¢R, where R > 0 is determined by the support of v and ¢ > 0 is
the constant in Lemma 3.2. Indeed, for j < —1 and [{| > ¢R,

(479>~ () lel > R

that is € € suppv’. Recall also that the functions v/ have non-overlapping supports
(see Claim 1 in Subsection 3.1):

supp v/ Nsuppv® =0, |j — k| > J,

where J is the smallest positive integer such that (A_)7 > c¢R2. Therefore, we can sim-
ply concentrate on the properties of 7(z, &) at the frequency scale 1/R < [(A*)79¢| <
R, for a fixed j < —1. With the exception of (possibly) a finite number of terms at a
proportional scale k determined by |k — j| < J, all the other terms in the expression
of 7 will vanish.

The pseudodifferential operator 7(z, D) can also be represented in its kernel form

by
r(r, D) (x) = / K () f(y)dy,

where

K(r,y) = / (i, €)' e
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The integration in & is over the compact set {£ : |£] < cR}. Using integration by
parts, we can write
K(z,y) = (1+ |z —y[*) " Lu(z,y),
where Lj; is a bounded smooth function and M is arbitrarily large. From here,
we immediately get that 7(z, D) is bounded on LP. We briefly indicate why the
statement about L,; is true.
It is sufficient to prove that

107 (2, €Il S 1,
for |¢] < cR, which is equivalent to prove that, for j < —1 and 1/R < |(A*)77¢| < R,

10/ [7 (€)o (2, )] 1~ < 5.
We show why this is true only for the first order derivative. Note that

v (€)o(x,€) = 07 (§)o(§) = wa((A") 7€),
where
wal:) = v )ou((A)).
Since o € S7(A), from the inequalities (3.1), we have
[0 0. [(A7)]((A*)7€)] < Cs.
Therefore,
|00 (€) 02 (&)]] = |06 [wa((A") 7€)

< (A (100l oo o ()] + [[v]] e [ B0 [ (A™) ) ((A) E)])

SIAY7 <1
3.2.2. The “positive” part of the multiplier. The previous discussion indicates that we
can safely concentrate on the “positive” part of the given symbol, namely A(z,§) =

Z o;(x,€). We will show that, through a periodization argument, we can decompose
>0
t]he positive part of ¢ into a convergent sum of elementary symbols.

For 7 > 0, let

Ni(,€) = 3 oy, (A7 (€ — 20 RE)),
kezn
where R is the positive real that determines the support of v (see previous subsection).
Recall that
0j(z,§) = v’ (§)o(z,§) = v((A")7E)o(z, §).

Due to the support condition on v, it is easy to see that o;((x, A*)’€) vanishes on
€] > R. Note also that A; is a 2nRZ" periodic function (as a function of ¢, for a
fixed ).

Let now ¢ € C'*° be compactly supported,

suppy C {¢: R™'—e< |¢| < R+¢},
where 0 < € < 1/(12R), and such that ©»v = v on suppv. Then clearly,

0;(,€) = Y((A") 7€)o;(x,§) = 9 (§)o;(x, §).
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Furthermore, we have
(3.12) 0j(2,§) = ¥ (§)A(x, (A7) 7€)
Indeed, we can write
Aj(w, (A)79€) = 05(w, &) + Y oj(w,§ — 2 R(A"YE),
| k|0

and we distinguish two cases.

Case 1: [(A*)79¢] > R+ ¢
Then v/(&) = v((A*)77¢) = 0, therefore o;(z,§) = 0, and ¥7(§) = 0. Consequently,
(3.12) holds.

Case 2: [(A") 77| < R+e
Then, for |k| # 0, we have

(A*)77(¢ — 2 R((A*) k)| > 2nR|k| — |(A*)7¢| > 2nR|k| — R — e > R.
This, in turn, implies that
03(w,€ = 2 R((A")K)) = 0,

and again we have the equality (3.12).

If we now expand A; into its Fourier series, we have

Aj (xvg) = Z Cjk’(x)e_ik{/Ra
kezm

where
nle) = @Ry [ (o (e g
[-7R,mR]™
Using (3.12), we can further write
0j(x,6) = D (L4 k)70 2k (w)em AT Ry (A7) ¢,
kezn
where
rn(x) = (1+ [k} D2 ().
Therefore, we see that
0,6 =) 0@, & = (1+[kf) D20k g),
5>0 kezn

where
ZKJ]IC —zk: (A%) Jg/Rw A* ]5 Z’%]k ¢k A* jf)

It is clear then that it is sufficient to prove the uniform boundedness (with respect
to the index k) of the multiplier operators T x, since

I llzemsre < 3 (U KP) D2 Ty o
keZm
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The multipliers o® are our typical elementary symbols (compare to (3.5)). The only

thing left is to obtain the correct control on the coefficients x;; that would allow us
to conclude with an inequality like (3.7). This control is determined by the estimates
on the symbol o € S?,(A). Recall that

cile) = @nR) ™ [ G (o, (A°yE) de.

If we integrate by parts, we can gain |k|~" (for N as large as we please) as long
as we can bound 8?7 o;(z, (A*)7€). This in turn, will imply that the coefficients r;y,
are bounded (again, compare with (3.5) where we required that the m; coefficients
are bounded). We prove that we have indeed the right control on the coefficients as
follows.

Lemma 3.3. Suppose that the symbol o is in the class SYy(A). Let v be a C*
function such that suppv C {€ : 1/R < [¢| < R}. For each j € 7, define

o (2,€) = oz, (A")€).
Then, for all 5 and some constants Cz > 0,
10°(ve?)| | < Cj.
Proof. By the condition on the support of v and by the product rule we have

10F (vo/)|lege = sup 87 (vod) ()] < C sup  sup  [9%a3(€))-
1/R<IE[<R lol<I511/R<Ié|<R

Given any ¢ in the annulus 1/R < |¢] < R, define n = (A*)’¢. Note that pa«(n) ~
| det A. Hence, by (3.1)

0% ((A") )| = |0°035(&)] < Ca
This completes the proof of the lemma. 0

Corollary 3.4. For any N > 0 and for all x, we have
cjn(r) = (27TR)_”/e_i'“{/Rv(f)Uj(x,f)df: O(Ik[™) as k[ — o0

and c;,(z) = O(1) as |j| — oo.

Remark 3.1. The previous corollary translates into saying that the coefficients of an
elementary symbols, which we denoted by m;, are smooth and bounded. In fact, a
completely analogous argument to the one employed in Lemma 3.3 shows that we
can control the L*> norm of the derivatives of the coefficients and get that

[0%m|| L < Ca,

for all multi-indices o and some constants C,, > 0.
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3.3. Boundedness of elementary pseudodifferential operators. We come back
now to inequality (3.7). We wish to show that for a family (mj) of approprlately

smooth and bounded functions, and (f;) € L? such that supp fk Nsupp f] = (for|j—
k| > J, we have

(3.13) 1> mifilee < COQNfl72)">
70 720

Our argument is based on the following decomposition of the coefficients m;, j > 0
into their “good” and “bad” parts; our decompositions is a slight modification of the
one that appears in [12].

Claim 2. We can write m; = g; + b;, where lgillee S 1, 16l S (A2)77, and
supp fig; C {€: (2R)™! < |(A)77¢] < R+ (2R)™'}.

The proof of the claim is as follows. Consider K € C2° such that K (0) =1 and
K(¢) =0on |¢| > (2R)™". Define as usual

K;(x) = |det A K(A'z) = b K(Alz),
and let
g9; = Kj xm;, andb; = m; — g,.
By construction, m; = g; + b;. The estimate of the good part is easy, since clearly
(3.14) g5l zee < [ e flm pee
To control the bad part, we use the Mean Value Theorem and the fact that [ K;(u) =
J K(u) = K(0) =1 to get

b)) < [ lmyo) = me = |8l du S [ July K (A7) du
S [ uiE @] du < o) [ ullE@)]dus (0)7.

Finally, we show the inclusion of supports. Let us assume first that m; € L?. Then
g; € L? and

(3.15)

supp fj;] C supp fAj + supp g; C supp fA] + supp K -
Since
supp f; C {&: R™ < |(A")7¢| < R}and supp K; C {¢: [(A")7¢| < (2R) ™'},
we conclude that
supp fg; € {€: (2R) ' < |(A) ¢ <R+ (2R) '},

If m; ¢ L?, we approximate it with the cutoffs m;xy¢<ny and then let N — oo to
arrive to the same conclusion.

In order to prove (3.13), it therefore suffices to estimate

bej Zg]fj

j>0 3>0

and

L2 L2



ANISOTROPIC INNHOMOGENEOUS PSEUDODIFFERENTIAL SYMBOLS 17
We utilize the estimates shown in Claim 2 and the Cauchy-Schwarz inequality:.

1/2 1/2
Sous| =Sttt < (Smi) (i)
L* >0 >0 >0

320

) <§<A_)_2j)m(z “fj”%2>l/2 =)~ 1>‘“2(Z ||fj||2L2)1/2.

j=0 J=0

With the notation in Lemma 3.2, let I be the smallest positive integer such that
(A)! > ¢(2R* +1). Then, for all i > I, we have

{€: QR < || <R+ (2R)™"In{¢: 2R < |(A") ¢ < R+ (2R)'} = 0.
By applying A**, we conclude that
suppf/k;g ﬂsupp@ =0, for all|i — k| > I.
Therefore,

> 0ili

(3.17) 720

-1
< E E Git 1k fi 1k
L? i=0 !l k>0

1/2
< 1K || (Z HfjHi2> .

720

1/2
< I(Z ngfj\@)
L2

Jj=0

Estimates (3.16) and (3.17) yield estimate (3.13), thus finishing the proof of Theorem
3.1.

It is worth noting that the same proof works with minor modifications if we assume
that o € 59,5(A), 0 <6 < 1. We end the paper by exhibiting an example of an
anisotropic symbol in S?,(A) which is unbounded on L?.

Example 3.2. Let 0 # v € R™ be fixed. Let ¢ be a smooth bump such that
suppyp C B(v,d), and ¢(§) =1 on B(v,§/2)

for some § > 0, where B(v,d) = {£ € R": [¢ —v| < d}. Since the matrix A* is expan-
sive we can choose § > 0 sufficiently small such that the dilated balls (A*)(B(v, §))
are disjoint for j € Z. Define the symbol

(3.18) o) = Y e I (A7) ).
j=1
Due to our choice of > 0, we notice that for every £ € R™, this summation contains
at most one non-zero term. Recall that o € 57 (A) if
(3.19) 050 [o(AF, A™-)][(Ara, (A7) F€)| < Cag,

for all (z,€&) € R* x R"\ {0} and k € Z is such that 1 + pa-(£) ~ b*. Observe that
©((A*)77€) # 0 implies that & € (A*)7(B(v,d)) and thus pa«(§) ~ V. Thus, the
dilates in (3.19) undo those present in (3.18), which shows that o € S}, (A).
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Next, we shall show that for the symbol considered, o(z, D) : L* /4 L Fix f € S
such that supp f C B(0,r) for some r > 0. For N € N, define

1

(3.20) S AV f(g),

||Mz

M

Letting f;(z) = ™A f(z), we see that E(f) = f(f (A*)7v), and supp]/‘;
B((A*)7v,r). Since A* is expansive we can choose r > 0 sufficiently small such that
) C

((A*)Jv,r (A*)/(B(v,d/2)) for all j € N. This automatically yields that
supp f; Nsupp fr, =0 for j # k,
and that for all j € N,

e supp]/‘; = p;(§) =1

Hence, by the orthogonality of f;’s

N 1/2
1wl = (Z].—QHfjHiz) < 2ol

J=1

Finally, since o(x,£) = e @AW for ¢ € supp ©;j, by the Fourier inversion formula
we have

o D)Fw)a) = [ ol )¢S0 S Fle = (apuy e

N 1 N
_ - i (E=(A"V0) Fe _ (A*Vp) dE —
S Fle - (aryoyde = 1o (3
7=1
Thus, there exists constant C' > 0, such that for any N € N,

CV6

lo(z, D)FylL2 = Clog N|| f| 2 = —HFNHL2

This proves that o(z, D) is not bounded on L2.

Remark 3.2. We have demonstrated that the anisotropic class of inhomogeneous
symbols Sg(;(A), 0 < § < 1, shares similar L? boundedness results with its isotropic
counterpart. This comment also applies to the LP boundedness, 1 < p < oo, of
the smaller anisotropic class SR(;(A), 0 < § < 1. The next natural step would be a
systematic study of the LP boundedness properties of more exotic anisotropic classes
of symbols I:(;(A), as carried out in the isotropic setting by Fefferman [8] or Miyachi
[15]. However, this goes beyond the scope of this paper which merely aimed at
showing plausibility of a larger theory of anisotropic pseudo-differential operators.
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