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AN ELECTROMAGNETIC INVERSE PROBLEM
IN CHIRAL MEDIA

STEPHEN R. MCDOWALL

Abstract. We consider the inverse boundary value problem for Maxwell s
equations that takes into account the chirality of a body in R3. More pre-
cisely, we show that knowledge of a boundary map for the electromagnetic
fields determines the electromagnetic parameters, namely the conductivity,
electric permittivity, magnetic permeability and chirality, in the interior. We
rewrite Maxwell s equations as a first order perturbation of the Laplacian and
construct exponentially growing solutions, and obtain the result in the spirit
of complex geometrical optics.

1. Introduction

In [12], Sylvester and Uhlmann proved that the conductivity of a body can be
uniquelyidentified from information obtained only from the boundary. Ifa time de-
pendence is introduced to the electromagnetic fields, the equations governing these
fields change from a single second order elliptic partial differential equation to the
full Maxwell’s equations. In [11] Somersalo et al. presented a boundary map for
time-harmonic fields at a fixed frequency, and raised the question of whether the
parameters describing the electromagnetic properties of the body could be deter-
mined from knowledge of thisboundary map. They showed that these parameters
could be recovered approximately provided they differed only slightly from known
constants. In [7] this assumption was dropped, and it was shown that the pa-
rameters are recoverable provided they are known in a small neighborhood of the
boundary of the body.

In all these treatments, the constituent equations, which describe the depen-
dence of the electric displacement and the magnetic induction on the electric and
magnetic fields, do not take into account the chirality of the body. Instead, they
depend only on the conductivity, electric permittivity and magnetic permeability
of the body. Chirality is an asymmetry in the molecular structure; a molecule is
chiral if it cannot be superimposed onto its mirror image. Presence of chirality
results in the rotation of electromagnetic fields and is observable, particularly in
the microwave range. Such experimental observations are used in physical chem-
istry to characterize molecular structures. For a detailed treatment of chirality and
time-harmonic electromagnetic fields, see [2].
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2994 STEPHEN R. MCDOWALL

In this work we treat the case of a chiral body, and so the constituent equations
depend on a fourth parameter f which describes this chirality. In [8] Ola and Som-
ersalo simplified the proof of interioridentifiability in [7] by constructing a second
order system of differential equations, which has as its principal part the Laplacian,
insuch a waythat solutions to this system yields solutions to Maxwell’sequations.
They were able to construct a system with no first order part, thatis a Schrodinger
equation, and then use the results of [12] to construct exponentially growing so-
lutions. Here we follow this idea and show that in the chiral case we are able to
construct a system with the Laplacian as its principal part which again yields so-
lutions to Maxwell’s equations, but which has a first order term. Nakamura and
Uhlmann [5] have developed a technique to handle such first order perturbations of
the Laplacian, and it is this technique we employ here to construct exponentially
growing solutions. The ability to construct these solutions enables us to use com-
plex geometrical optics to prove identifiability of three of the material parameters
throughout the body assuming knowledge of the fourth; in particular, assuming
that the magnetic permeability is known, the chirality is determined uniquely by
the boundary information.

In section 2 we state the problem precisely, present the main theorem (theorem
2.2), and briefly outline the proof, whichcomprisesthe latersections. Section 3 sets
up the second order system; in section 4 we construct the exponentially growing
solutions. The proof of our result is brought together in section 5. Sections 6 and
7 are appendices including some more technical proofs.

2. Statement of the Result

LetQbe abounded connected subset of R® with connected complement and with
smooth boundary 0Q. We restrict our interest to time-harmonic electromagnetic
fields on Q, at fixed frequency w, i.e. if E and H are the electric and magnetic
fields respectively then

E = e“'E(x), H = e“H(x).
For such time-harmonic fields, Maxwell’s equations are
2.1) V ANE=iwB, V AH=—iwD.

Using the Born-Fedorov formulation for a chiral body, (see [2]), the magnetic in-
duction B and the electric displacement D are related to E and H through the
constituent equations

B = p(H +ﬁvAH), D=§(E+ﬁVAE).

Herez=0+(i/w)y, where sisthe electric permittivity and yis the conductivity,
and f1 is the magnetic permeability of the body. The chirality of the body is

described by ~B The parameters o, y, fland Bare real-valued, and we assume here
that & fland S are smooth and are constant outside a compact set. We assume

(2.2) oc=00>0, y =0, pB=fpp=0

for constants gg and fo. We shall be using an equivalent formulation but with

- g v _ —ia)gﬂl;’

_l—wzéﬂéz, uzl—wzgﬂg’z’ p l—wzéﬂ()’zl
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We are assuming that 1 — w?§)8? /= 0; this means we assume that the electric and

ma%netic fields neverbecome parallel. Giventhebounds (éZ.Z), hereiswo>0such
that this assumption 1s satisfied for @ € (—wo, wo); if w € (0, wo), then ¢ and p are

bounded away from zero, like £ and fL With this change of parameters, we have
the constituent equations

(2.3) B=uH — BE, D = ¢E + BH.

We are assuming further that there are no magnetic poles or electric sinks or
sources in €; that is to say, we assume the induction and displacement to be
divergence free:

(24 V :-B=V -(uUH —BE)=0, V D=V -(¢E+pH) =0.

We remark that 1 — w2y /=0 is equivalent to su + 2 /= 0.

If F is a function spage, we denote b%r FK the s%)ace of k-vectors whose compo-
nents are in F, and by F**X the space of k X k matrices whose components are in

F. We shall need the following function spaces: HS(Q)X consists of k-dimensional
vector fields whose components are in the usual L>based Sobolev space HS. Let
Div denote the surface divergence on the boundary of Q, let v(x) be the outward

unit normal vector at XE 0Q, and define the following space of tangential fields:
TH: (6Q)= (P =0 and Div ()
Div FeH:z0 |v-F , FE eH: o
1

Theorem 2.1. Let F € THgZ, (6Q). There is a discrete set D containing no
limit points in (0, wo) such that for all @ € (0, wo)¥D there exist unique (E,H) €

DHQ)® x DHQ)® solving the following boundary value problem:
V AE =io(uH — BE),
(2.5) V AH = —iw(E + H),
v A Elag = F
We leave the proof of 1this to an appendix. We may thus define the boundary

admittance map I : THZ;, (6Q) — THg;, (6Q) as follows. Given F € THg;, (6Q),
let (E,H) solve (2.5) and define

IIF =TI(v A E|s0) =v A Haq.
The problem considered herein can now be stated.

If it is assumed a priori that g1 = 2 = {1 (not necessarily constant) in Q, then
we have the following:

Theorem 2.2. Let (Q;e1, 1,81 and (Q;e2, 1, f2) be two electromagnetic bodies
with the same smooth boundary 0Q. Suppose that IT: = Il; that is, if F ¢

TH 3, (6) and (Ej, H;j) solve (2.5) with parameters (gj, 4, ;) for j = 1,2, then
I1iF =v A Hilaqa =v A Hz|sq = II2F.

If &1 = &2 and f1 = f2 on 0Q, and the same is true of all normal derivatives at
0Q, then

(e1, 1, p1) = (&2, 1, f2)
throughout Q.
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Remarks. (1) We can, in fact, show that if any of the three parameters are known a
priorito agreein the body, then equality of the boundary mapsimplies agreement
ofthe other parametersthroughoutthebody.

(2) It was shown in [4] that IT determines the material parameters and their
first normal derivatives at the boundary. It is expected that the technique of [4]
would show that IT also determines all the higher order derivatives at the boundary;
however, the computations become unmanageable.

(3) The assumption that the parameters agree to all order at the boundary is
necessary only in the construction of the intertwining operators (see section 4).
These operators belong to the Shubin class, which requires smooth symbols. In [13]
Tolmasky showed that such intertwining operators may be constructed for equations
with non-smooth parameters. This technique should remove the necessity of the
assumption at the boundary, and also should lower the regularity assumptions on
the parameters throughout Q.

(4) In the case that 1 = 2 = 0, the result of [7] follows without any assumption
on ¢ or U at 0Q. The reason for this is that exponentially growing solutions are
constructed without the need for intertwining operators, and so the parameters
may be extended outside Qin a non-smooth way.

We shall not impose the condition that g1 = p2 until necessary at the end of
the proof. Under the assumption of the theorem we may extend the parameters
smoothly to all of R® so that &1 = &2, 1 = P2 and f1 = Sz, outside Q, and so that
& = €0, lj = Mo, Bj = 0, j = 1,2, outside a compact set containing Q. Here,
g0 and Mo are constants. Fundamental to the proof of theorem 2.2 is the following
identity.

Proposition 2.3. Let (Ej, Hj) solve (2.1) for parameters (g, 1, 5, j = 1,2. If
II; =115, then
2.0 (

0]

) =
L —B)H, .E,+H,.E)+( —0)E .E,+(u, —p)H .H =0

Proof. Integrating by parts, and using the definition of IT, we get
r r

iw(e1Ey +p1H) -E2 = — V AH1-E2
Q Q
r r
= — vAH-Ex— Hi- VAE2
o0 F o
= - I1:E1 - B2 — Hip - ia)(IJZHz - ﬂzEz)
Q. Q
and similarly
r r r
iw(eE2 +,32H2) By = - IIE> - Ex — Hy - ia)(p.1H1 - ﬂlEl).
Q oQ Q

Thus
r

o Q((ﬁl — B2)(H1 - E2 + Hz - E1) + (e1 — e2)E1 - E2 + (M2 — pD)H1 - Hz)
’

= (TT2E; - E1 — II1E; - E).
20
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The proposition follows if we show that
r r

II,E, - E1 = Eo - TIE;.
2Q 2Q

Let (Eo, Ho) be the solution to (2.5) with parameters (e2, H2, f2) and with F =
v A E1|sq. Then

r r
(IE; - E1 — Bz - IbE)= _ (WA H2-E1 —E2-v A Ho)
oQ oQ
r
= raQ(—Hz'v/\E()—Ez'v/\Ho)
= Q(V AHo-Eog—Hy- VAEg—Es- VAHo+V AEs-Ho)
r

Q\—ia)(ezEz + f2H2) - Eo — Hz - icw(uzHo — B2E0)

+ E; - iw(e2Eo + f2Ho) + icw(uzH2 — B2E2) - Ho)

O

The remainder of the paper is devoted to constructing sufficiently many suitable
solutions to Maxwell’s equations to conclude from (2.6) the claim of theorem 2.2.
We present now an outline of the proof.

The aim is to use complex geometrical optics in the manner of [12] and many
subsequent papers; that is, we wish to construct exponentially growing solutions
depending on a complex parameter p and to examine the asymptotics as the size
of p gets large. Rather than construct solutions to (2.1) directly, we follow the idea
of O%a and Somersalo in 8]jland introduce a new 8 X 8 system

PV +VIP(V)+VHY =(A+N+Q)Y =0,
whereP (V) andN arefirst order differential operators, andV, V{and Q are matrix

multipliers. We shall do this in such a way that if Y is a solution to this system,
and

X=P(V)+VHy
is such that the first and last components of X are zero, then the vector fields
((X2, X3, X9, (X5, Xs, X7)D) will solve Maxwell’'s equations.

Wethen construct exponentially growing solutionsto (A+N+Q)Y,= 0 of the
form

Yp = e*P(yo,0 + wp)
with p € C®satisfying p - p = w?olo, With Yo, an 8-vector which is constant
in x and chosen to depend on p in a convenient way, and y, constructed so that
wo—>0insomesenseas |p| —> 0. In[8], where chirality wasnot takeninto account

(8=0), the above system included no first order term N, and so the authors were

able to use the methods of [12] to construct exponentially growing solutions to a
Schraodinger equation. When 8 /=0, such a reduction does not seem possible, and
%)

here we must construct solutions to a first order perturbation of the Laplacian. The
techniques employed are those of [5], where Nakamura and Uhlmann constructed
solutionsto a system of a similar form arising from elasticity.
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The final ingredient is to set X, = (P (V) +V HeXP(yo, + wp) and to show that

we can choose Yo, in such a way that X, yields solutions to Maxwell’s equations,
and to use these solutions in (2.6) to prove the claim of theorem 2.2.

3. A Reformulation of Maxwell’ s Equations

In this section we introduce a new system of differential equations, the solutions

of which, under certain restrictions, yield solutions to Maxwell’s equations. We first
introduce the following 8 X 8 operator:

DO v - 0O O
P(WM)=_ Vv 0 vA O

S0 -vA 0 VI
0 0 v- O
The domain of P(V) is DY(R?) x D'(R%)?3 x D!(R%)? x D!(R®). We point out that
P(VIP(V)=A.
Our aim is to find 8 X 8 matrices V and V¢ and write
P +VIP(V)+VH=A+N+Q

with N a first order differential operator, and Q a zero order matrix multiplier.
Thenif Y solves

(3.1 A+N+Q)Y =0

0
U

and we put
X=(P(V)+VHy,

we would like (3.1) to imply that in some sense X solves Maxwell’s equations. The
advantage of this reformulation is that we are in the position of seeking solutions
to (3.1), for which a method is known.
We introduce some notation: for X € DH(R®) x DI(R3)® x DY(R?)? x D(R?®) we
shall write
X =(a,A B,

In order to have X a solution to Maxwell’s equations, we will find Y in such a way
that a = b = 0; for the moment assume that this is the case. We must choose V
so that (3.1) implies (2.1) and (2.4); in particular, the central 6 rows of (3.1) must

imply (2.1) and he first anci last rows must imply (2.4). };et I
Vo Va3 els Pl
Vi =V, Vi and L=iw g5 wla

where Vjk are the 3 X 3 blocks in the center of V and Iz is the 3 X 3 identity matrix.
If in fact (A,B) are taken to be (E,H) (that is, we don’t rescale the fields in any
way), then (3.1) is equivalent to

\ \
0=C van Ce
~-VAE =7Vm 4
and soj taking Vm =}, we obtain (2.1|). Now set I I I
—pIzs i3 M Vg Vu- Viz Vi3
M = ’ \v/ . = , Vo =
els  PIs Ve- \JE Va2 Va3
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where vi2 is the 3-yector (viz, Vi3, V14), Viz = (Vis, Vig, V17), Vaz = (Vs2, Vg3, Vga),
and Va3 = (Vgs, Vgs, Ve7) in V. Notice that under the condition that eu +ﬂ32 /8=

M is invertible. Conditions (2.4) are equivalent to

M(V-E\ Ce N v-E\ . CeN
VoH O fVM- o T gy =oMTEVM

and (P(V)+ V)X =0 implies

V-E\ C E \_0
vV-H +Vo H ’
so putting :
Vo=M1lyM-=_1 WVe+pVp) - (VB —-pVW -

su+f?  (PVe—eVP -  (VU+pVp) -
we have (2.4). At this point, assuming the first and last components a and b of
X are zero, we have determined the central 6 columns of V; so (3.1) implies that
the fields (A, B) satisfy (2.1). We now remove the assumption that a=b =0 and
choose the rest of V and all of V¢ in such a way that the equation
PV +VIP(V)+VH=A+N+Q
hasassimpleafirstorderterm N aspossible. This termis determined by P(V)V{+

V P(V); analyzing this row by row and making choices to eliminate first order terms,
we find that we may choose
0

U O H
o ol V12 vis  iof - [ —iwe 0 0 —iof
V= 0 iwe iwfp 0 1, Vi=. 0  —iop —iwfp 0 &
o0 —iof iop 0 L0 iof  —iwe 0 .
—ioff Va2 Va3 iwe iof 0 0 —iop
andobtainthefirstorderterm
0 O
[Vlz'v —vi3- VA vi2- VA viz* V
N = 0 0 0 0 A
no0 0 0 0 .

Vao: V. =z VA Vgo-VA Vg3V

Weremark that N has compact support since its components consist of derivatives
of the parameters, which are constant outside of a compact set. The zero order
term Q can be calculated easily, but as it will not be needed here we shall not

present it explicitly. We shall use the fact that Q — w?eopol has compact support.

Remark. A natural question to ask is, by rescaling the fields (E, H) can a system
be found that has no first order term, in which case we would have a Schrodinger
equation? Such a system was achieved in [8] for a non-chiral body by rescaling the
fields. For a chiral body, however, the answer to this appears to be no; suppose
that we write (A, B) = R(E,H) for spme invertible matrix R of the form

rials  rool
r= fuls rls
rl r |
2103 223
and weset | I I I
—Vs2 —Vs3 and BI
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Then we find that to satisfy (2.1) we must set
¥n = —VRAR!-RRRT,
Vo = —VR-R1+RM7!VM-R!

(the notation should be interpreted in the way that makes sense), and this results
in a first order term whose non-zero components are given by the components of

—2VR:RT+RM™IVM R}

we conjecture that there is no choice of matrix R which makes this zero. In [8] the
rescaling matrixis
| I
R= & 01
0 M2

and an easy calculation shows that the first order term vanishes when f = 0.
An interesting observation is that no matter what choice of R is made, the sys-
tem obtained by following this construction alwaysleadsto solutions to Maxwell’s
equations. The proof of this is more involved than what is presented here, but the
same program carries through.

4. Construction of Solutions - Intertwining Operators

Recall that we wish to constryct solutions tg (A+N+Q)Y =0 with Y of the
form Y =e*P(ygp+ z//p%. For p € C° with p - p = w?eopo we define the operators

Ap = e XPA(EP-) and N; = e XP(N + Q — w?eopo)(eXP +),
and so we wish to solve
(4.1) (Ap + NP (yo,p + wp) = 0.

We specify y, later by prescribing its asymptotic behavior. Generally speaking,
our approach is to construct pseudodifferential operators Ap, By and C, of order
zero and depending on the parameterp so that

(Ap+NAL(Y0,0+ wp) =Bp(Ap+Cp)(yo,p+ wp).

For sufficiently large p, Ap is invertible, and we shall always take our operators to
be properly supported, so that there is no problem defining compositions. This
reduction to a zero order perturbation of the Laplacian enables us to use the ex-
tensive literature on constructing exponentially growing solutions. Such solutions
have been used extensively in identifiability results, starting with the conductivity
result of [12].

We introduce the class thesre “Intertwining operators” belong to. Let Z =
p€C3| |p|l =1, p-p=w?opo, and denote by L°(R3,Z) the Shubin class of
order zero (see [10], section 9). We refer the reader to [5] for a discussion of the
Shubin class of operators, and repeat some important properties here. Most im-
portantly we define the symbol class of LO(R3, 7).

Definition 4.1. Let p € Z; then ay(x,¢) € S°(R?,2) if and only if
1. ap € C®(R® x R?) for each fixed p € Z, and

2. for any multi-indices «, 6 and compact set K C R?, there exists a constant
Casx > 0 such that
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sup |6§“6)fap(x,é‘)| < Caox(1+]&|+[p~1a
xeK

for any £ € R8, p € Z.

. We say that ap is the full symbol of A, in the same way as for usual pseudo-
differential operators. We say A, € LO(R®,Z) is properly supported if there exists

a closed set H ¢ R® X R® such that the support of the Schwartz kernel of A, is
contained in H for all p € Z and the projection of H onto each factor R® is proper.
We note that if A, € L°(R3,Z) is properly supported, then we may expand the

symbol & (Ay)(x, &) of Ap asymptoticslly as

g(Ap)(x, & ~ 109D%p(X, Y, &) |y=x.

¢y
g o

Proposition 4.2. Let ¢ € C§°(R3) be such that ¢ is identically one on Q. Then
there exist operators Ao, B, and C, in L°(R3,2)8*8 such that

(4.2) (Ap +NA, = Bp(Ap + ¢Cpgp)
Weleave the proof of this to a later seation. Let
L2 2 3 2 25 2 r

st e LoR): f o= (+1x]) |f00] dx<oo |

and for s € R let HS goe the associated weighted Sobolev space. Assuming (4.2),
we have the following proposition:

Proposition 4.3. Let —1 <§ < 0, and let yg, be an 8-vector constant in x and
bounded in p. Then for sufficiently large |p| there exist a yp, € HAR%® and a
constant C, depending only on ¢, ¢ and Cp, such that

(Ap + ¢Cpp)(Yo,p0 + wp) =0

and
C

(4.3) Vo He S —-
lpl
Proof. We have Apywp = —¢Codyop — dCodyps by [10], Cp : HA(R3)® — H2(R3)®
continuously with operator norm independent of p, and since ¢ is compactly sup-
ported, ¢Copyop € H%:1(RE. Let ro > 0; by [12], if |p| > ro > 0, we may
solve
A0~ —¢Copyo,p

for y© e H2(R®)8, and, from the estimates for A~* in [12],

o 5 P
©) C(ro.0)
Yo Hz < #CpdYo,0 HZ, -
In general, for any j, ¢Cp¢l//(j_l) € H?2 (R®8, and so for |p| > ro we solve
P o+1
Ay (-1
o o = _¢Cp¢‘//p
with
0 Cro.o Cctig,c
pe < 7008 M AP -0l GCohYo00 He S

74
Ip Ip]
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choosing |p| large enough and putting y, = oo wY, we have y € H2(R3?8 for
j=0 P P 5
sufficiently large |p|, and .

C
Yo H2 =
[
ol
Furthermore, (Ap+ ¢Cpp) (Yo,0+ yp) = 0. |

Thus we have a means to construct solutions to (3.1). We have
(Ao + NDA(yo,0 + wp) = 0,
andintroducing a cut-off to gain compact support, we put
(4.4) Yo =eXPpAs(yo,0 + yp)s
then in Q we have (A+N +Q)Y,=0. In order to construct solutions Y, so that

Xo=(P(V)+V)Y, are solutions to Maxwell’s equations, we must ensure that the
first and last components of Xp, namely (a,b), are zero. Weintroduce the notation

P(p) to be the 8 X 8 matrix where p replaces V in P(V).

Proposition 4.4. If yop is chosen so that the first and last components of
E’(p)A)pyo,p are zero, then the first and last components (a,b)f of X, =

P(V)+V )Y, are zero.
Proof. Since (P(V)+V)X,=0, computing
\—imwe V- 0

iofp 0 V- —iop

we obtain ( ,
(a\ , M~ g 2¢p \(a\ ~
Ay *to -z w—p b =0
Now
Xo = (P(YV)+VHY,=P(V)+VHEPPAu(yo,p + wp)
= eXPP(p)pApyop+P (p)lgsprp +P(V)gAp(yo,p+ wp)
+V A (yo,p+yp)
r
= ex'p{P (P pAsYop+ Xs , say.
Writing
C_\ «_ \ C \1
& —exp B0 Y4 % g :
b bo bs
we have C\
(A+ w2sopo + Q) ? =0,
with
(6 —p? 2¢ef
=2 “ , wzsouo
—2uf  eu—p

having compact support. Thuswehave

C N\ ( \=—g( \
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2 _(R%® and has compact support, so in particular (as, bs)t € LAR??2.
By [12], (as, bs) is the unique solution in LZ(R®)?, and since (ao, bo)t = (0, 0)¢, the
proposition follows. O

Now Xs € L2

We will show later, in the proof of proposition 4.2, that the symbol ap(x,¢) of
Ao is of the form

; a;p  app o+ a7 asg 2
8 0o -.. 0 o
] Ie : ik
0 0 0 .
dgy dgx ' dAgy dgs

where lg is the 6 X 6 identity matrix, and that ac(x,¢) is homogeneous of degree

zero in ¢ and p. Thus

D‘ p (yz, Y3, Y4) B
P(pdApyop =¢ (@1 -Yoplp +p A (ys,¥6,y7) =
(@s- - yop)p —p A (y2,y3,ya)
p - (ys, Y6, y7)

where yj are the components of yo, and ai1- and as. are the first and last rows of

ap. To satisfy th conditions of p{Oposition 4.4 we must therefore choose yo so
that p -2, ¥3,y4) = p - (ys,y6 y7) = 0.

5. Proof of Theorem 2.2

We first investigate the asymptotics in p of Ap.
Proposition 5.1. If f € L2(Q)8, then, for all x € Q,

Aof () = ap(x, 0)F(x) + Rpf ()

modulo smoothing, and
C

1+|p|

for a constant C > 0 independent of p and f. Recall that a,(x, &) is the symbol of
Ap.

Proof. Let y € C2(R3) be such that y() =1 on {|x| < 1}, () =0on {|x| = 2},
and let 5(y) € CZ"(R?’) be such that

oy)=1lon{y| I xe Qwith y(x—y)/=0}.

Rof L2Q) = f L2(Q2)

Forx € Q,
r
Aof(x) = e NS (x — yap(x, HF(y)dy d&
r
+  @NEI — p(x — yapx, HF(y)dy d&
r

= ei(x_y)"f)((x — yap(x, H(af)(y)dy dé + g1(x),
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where g1 € C*°(R%)8, since the second integral is smoothing. Here we have used

=1, where y(x —y) /=0. Expanding y in a Taylor series about y =X, we have,

modulo smoothing,
r

Apf(x) = e Sa,(x, &) (af) (y)dy d&
r

= e™%ay(x,HEN (S,

where® denotes the Fourier transform of g. We now expand ay(x,¢) in a Taylor
series about ¢ =0 to obtain
-

Aof(x) = e*¢a,(x,0)G)(Ode
r 3 r
) 1
+ exeT g5 (9gap)(x t)dteh)(ds
=1 0

= ap(x, 0f () + RM (/) (x)

modulo smoothing. Let E(RS)) denote the symbol of RY; on the one hand, since

0
ap € S%R3,2)8*8, we have

Cl<l

|5(R;1))| _2 & r 1(66_ a)x dt <

-1 o 1+p|

for some constant C > 0; but on the other hand, since #¥R®) =a (x,&) —a (x,0),
p P p

it 1s homogeneous of degree 0 in & and p, and so

C
|[5RD)| <
P 1+ |p]
Therefore,
R® (af) < c < c
f) L) < of L2rsy < T L2
g T+p) 1+ o]
p
We have denoted Ro(f) = R (af). O

We will need to know the asymptotics of derivatives of Xp, and so will use the
following corollaries.

Corollary 5.2. If f € H2(Q)8, then there exists a constant C > 0, independent of
f and p, such that
)

POVIALGR = P(V)ag(, 0DF() +ap(x, OPTIP (0
+Ro(P (V)H)(x) + REF(X)
modulo smoothing, and with
Ro L2z + R C
R
o 2 2 <

Here - |2q) 12 denotes the operator norm.
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Corollary 5.3. If X, = (P(V)+ V)Y, and Y, is as in (4.4), then in Q,

Xo = €*P {P (p)ap(x, 0)yo,p + P (p)Rpyo,p + P (p)ap(x, 0)yp
+(P(V)ay(x,0))yo,p + V tas(x,0)yo o + Wp }

and there is a constant C > 0 such that

Cc
Wo 2@ = —-

Iol
Let F1 and F2 be the projections so that F1X = E = (X2, X3, X4) and F2X =
H = (X5,X6,X7). We compute the terms of order |p| and |p| in X,. Since

ap(x,0) =a%Q(x,0) +0(|p| Y, we may write

P (p)ap(x, 0)yo,0+P (0)Rpyo,0+P (p)as(x, 0y +(P (V)ap(x, 0)yo o +V tap(x, 0)yo,p

=P (p)a{?(x,0)yo,p + P (p) (W1, wp, wa, Wa)* + P (p) (1, Uz, us, ua)’
+P(p)a@(x,0)(y1, v, ys, wa)t + (P(V)a@(x,0))yo 0
o o

+V ta@®x,0)yo,0+0(|p| ™,
where all of wj, uj, yj are O(|p|™Y). Computing the F1 and F, projections of this,
we find that thelfields are of the form
(5.1) E=€P a1 -y Jp+pAy +(w +u +@ ‘w)p
(. op 567 1 1 1 p

|
+p A (W3 + Uz +y3)+ Vai. - Yop — ioly23s — iwfyser + O(|p|~ J)
and |

(5.2) H=€e*P ag-y )p—pAy +(w +u +@@ v )p
(. op 234 4 4 8 p

|
—p A (W2 + Uz + yw2) + Vag. - Yo + iofy2ss — iweyser + O(|p|~ j

We have used Y234 = (gz, y3,y4)t and Ys67 = (y5,y6,y7)t. We now make some
choices for pj. Fixk € R®, and for s € R, s> 0, let 7, ¢ € R® be such that

(k)= (n.¢) = (k<) =0,

ln]?= _ +s%+w% U,
4 00
<12 =1.
Set
pr=n+i k+sé
2k '
= —p+1i —
p2 nEl 5 =sc,
sothat
(5.3) p1+p2 =ik,
pi* pj = ®%eofo,  j=1,2.
Define 7j = lims— pj/s and observe that 1 = —72. The parameter s controls the

growth of |p|; thatis, |p| = o ass—> oo,
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Wemust compute the highest order termsin the dot products of the fields to use
in the identity (2.6). Each field is of order one, and so we might expect order two
termsin the products; this fails to be the case for the following reason. Ifyg p, and
0,02 %re chosen to satisfy the condition of proposition 4.4 and y1 = (yo,p,)234, Y2 =

2

Y0,0,)234 for example, then yj - pj =0 and we find that
pLep2 = O(|p|0),
p1-(y2 Apa) = O(|p|0),

(pl A Y1) . (pz A YZ) = (pl 'pz)()/1 . YZ) - (pl . YZ)(pz . Y1)
= (p1 - p2(y1 - y2) — ((ik — p2) - y2)((ik — p1) - y1)

= 0(|p|9.

Thus the terms which appear to be of order two are in fact of order zero.

Wemusttherefore compute the orderone termsin the products of the fields. We
shall choose Yo, of the form yo,5, = (61,0, 0, 52)" with 6 € {0, 1}. This simplifies

the expressions (5.1) and (5.2) for E and H. Choose first Yo, =Yo,0, = (1,0,0, 0)t.

Then

.1 i

lim Ei-Hy = e*¥alr-Va2 +a%n-Vall,

$>00 S 11 gL 81 11
.1 o

lim Ez-Hi = ¥ k[a2 n-Vval +al - Va2 ],

5003 1 gl 8l 11
.1 .

lim Ei-E; = e*K[al ¢ -Va? +a%rn-Vvall,
s>c0 S 11 11 1 11
.1 o

lim Hi-Hx = e K[al 1 -Va? +a? rz-Val],

sso0 s 81 81 81 81

where aéj is the ij component of a,(,?)(x, 0). Now 71 = —12 and, by (7.2) from the
proofofproposition 4.2,

- VaO9(x,0) = —n; aO(x, 0),
P2 2 P2

where ny, =lims—soo Np,/25. Thus

1 - Va2 = (n; a@x, 00 and - Val =, a®(x, 0)).
ij 2 P2 U] 1 p1
If vi} denotes the ij component of Vo for parameters &, W, £ (see section 3), and
T =11 = —1, then
m 1 ( )
lim = (B1 — p)(H1 - E2 + Hz - E) + (61 — £2)E1 - E2 + (U2 — p)H1 - Ho' dx

S S Q

ol
eX k(B — po)a® (@t v +al vi) —al @ v? +a?v?)
81 11 12 81 13 11 42

11 81 43
+aZ @ vt +atvl)—al @ v? +a?v?)] ¢
11 11 42 81 43 81 11 12 81 13
+(—e)@® @ vi+alvl)—al @vZ+a2v?)]-¢
11 11 12 81 13 11 11 12 81 13 r
+ (2 —pla? @' vt +alvli) —at @ v2 +a?v?) -7 dx=0.
81 11 42 81 43 81 11 42 81 43

The integration extends to all of R® since the parameters have been extended to
agreeoutside Q. Thisidentity holdsfor anyk € R, and so the Fourier transform of

the integrand, and hence the integrand itself, is zero. Repeating these calculations
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for the choices
Yoo, =(1,0,0,0), Yoe, =(0,0,0,1);
Yoo, =(0,0,0,1), Yo, =(1,0,0,0);
Yoo, =(0,0,0,1), Yop, =(0,0,0,1)

and rearranging, we obtain the identity

( NCC, 2 12
abt ShUTNR VY VTV g gy
gg Qg 21 — V21 (11‘1’22 \
v
+ vlllizvlzl —V122 -~ (e1 — &2)
(_ 1( az. \
+ sz V22 = V22 (2 — ) 231 28 —o.
21 g1 dgg

The two matrices involving the a|, j are invertible by construction, and may be

removed from the identity. If any one of the pairs of parametersis equal, then this
systemimpliesthat theothertwoare equal throughout Q. Weillustrate thisinthe
practically most applicable case, when U1 = 2. Assume now that g1 = (2 = W
we obtain the following four equations. Let Dj = gju + [)’Z,j and for simplicity of

exposition, let ususe V:for V 7. Then

(5.4) (D1(UVre2 + 2V B2) — Daler Vi + p1 Vi) (B1 — f2)
—Do(uVip1 — f1Viw(er —e2) =0,
(5.5) D1V B2 — p2Vr) — DUV 1 — pLVer) (1 — B2) = 0,

(5.6) (D1(B2Vrea — €2Vif2) — Da(B1Vier — &1 Vi 1)) (B1 — o)
+(D1(UVre2 + B2V B2) — D2o(uVier + 1 Vi) (e1 — e2) =0,
(5.7 (D1(e2 Vi + 2 Vi f2) — D2(UVrer + 1 Vi 1) (B1 — B2)
+D1(UVif2 — foVi(e1 —e2)  =0.
Lemma 5.4. For all x € R3, V;log(D1/D>) = 0.

Proof. Case |. Assume that f1(x) — f2(x) = 0 (we shall suppress the explicit
evaluation at x). If also &1 — &2 = 0 then we are done; otherwise, (5.4) and (5.7)
imply uV;8 = pV;u. Now since V:Dj = & Vi + uVig + 26 V: 5, (5.6) gives

D:1(V;D; — e Vil — ﬂvrﬂ) — D2(V;D1 — aVig — ﬂvrﬁ) =0,

and expanding the D1 and D7 in this we obtain

D:1V:;D2—D;V;D1 = (e1—e)BVin—uV:ip)

= 0.
Thus Vrlog(DllDz) =D1V;D2 —D2V;D1=0.
Case II. If p1 — 52 /=0, then (5.4)+(5.7) gives
(D1V;D2 — D2V:D)(B1 — f2)

= (D2(uV;p1 — p1Viw) — D1(UVif2 — 2 Vi)(er — e2) = 0

by (5.5). Thus again Vi log(DllDz) =D1V:;D2 —D2V;D1 =0. O
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Finally, we must show that lemma 5.4 finishes the proof of theorem 2.2. Since
V:log(D1/D2) = 0in R3, D1/D> is constant, and hence D1 = D> since this is true
outside Q. Now (5.4)+(5.7) together with D; =Dz implies
(5.8) (WViB1 = BLVil — UV B2 + B Vi (e — e2) = 05

1f HvTﬂl _,Bl VTH = HVT,BZ _,BZ VTH, then
2 b 2 b
pe Vi u VRAVA e
and so (81 — f2)/Y is constant. This constant is zero since f1 = 2 outside Q,
and hence f1 = 2 everywhere. Then (5.6) implies that pV(e1 —&2) = 0, and
so, similarly, &1 = 2. On the other hand, if in (5.8) &1 = &, then by (5.6)

eVif1— p1Vie = V2 — f2Vie and, in the same manner as above, (61 — f2)/e is
constant and again 1= /f».

6. Appendix A

Proof of Theorem 2.1. We define the function spaces

- 2(0)3 2(0)3
H(V A) {(E € LXQ)® | VAEEeL Q) },r 1
H(VA) = EeH(VA)| VAE:-F= E-VAFforallFeH(VA) .
Q Q
We shall use the equivalent Born-Fedorov formulation
VAE = liofH + ia)ﬂ(?v /\H'
VAH = —iwE —iwi_ E,
VA
which, following the presentationof [11], we ma<write as
Ce ™,
L—w-—B) H
where 1 I
3 —iVA 0 L 2 3 2 3
B = —2<— 1 _H
%P -1 & 1

The domain of L is D(L) =H (V A) X H(V A); on D(L), L is self-adjoint. In order
to solve Maxwell’s equations with

1
v AE|oa =F € THg;, (0Q)
we write E= E —RF, where Ris the right inverse of the tangential trace mapping

1
tr : HY(Q)3 — TH 3, (6Q), tr:E 1= v AE|sq.
Thentheboundary value problem maybe written

(L—a)—B)( E\_( & \

where

K= omr=1RF

3=m2 c
J=iV ARF +%‘8—RF, e
© 1
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Lemma 6.1. The range of L, R(L), is closed, the mapping L™ : R(L) = R(L) n
D(L) exists, and L™ is continuous and compact.

This is proven in [3]. From this we have
L2(Q)® x L2(Q)® = Ker(L) ® R(L),

and there is a discrete set S C R containing no limit points such that (L — @)1

exists and is compact for all w € C¥S. The compactness follows from
L-w?t=L1+oL (L-—w?

and the compactness of L™1. Forw /€ S, we want to solve
C ~\ C .\

( ) =t D

I-L-w™B | - "
Recall that 02g§2 —1/=0forw €e A=C¥{w | v € R, |o| = wo}: soon A¥S, B
is analytic and (L—w)~?! exists; at ® =0 we have B = 0, so by the analytic

Fredholm theorem (for example [9]), | — (L — w)~1B’ " exists for all w € A¥(S
U SY) for some discrete set St containing no limit points in A¥S. The theorem
follows withD=S U St, O

7. Appendix B
2 2
Proof of Proposition 4.2. Let Sp=Char(Ap) ={¢€ R® | —|&| +2ip-é—w eopo =
0}. In a neighborhood of Sp, we will construct A, = By, and so in such a neigh-
borhood, (4.2) is equivalent to

(7.1) [Ap, Aol + N;Ap — ApgCpgp = 0.

We define A, by defining its symbol ap(x, &) € SUR3 X R3x Z)8%8 an 8 X 8 matrix.
Write
p =n + ik, with n ke RS

Computing terms of homogeneity of order 11in ¢ and p in (7.1), we have

1
(7.2) Ly +iLaf) + grrnaf® =0,
where a© is the principal symbol of A |
2 P
3 )
L=1> 9 Lo=1 "+ 2,
1j Oxj Oxj

ol o1,y
and np is the principal symbol of N;. Observe that so long as L1 and L are

linearly independent, thereis a chalege of variablqs mapping L1+ilL2to d where

- 1
0= a+ii;

2 El Ox2
in some of the proofs that follow we shall assume that L1 +iL; = 0 to simplify

the exposition. It is easy to see that L1 and L2 are linearly independent on and
hence near Sy, which for fixed p = 5 + ik is the circle orthogonal to # of radius

|k| —w?eopo and center —k (we take |p| sufficiently large so that |k | — w?eopo > 0).
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We now describe a partition of unity of R3%space which depends smoothly on p,
and which dividesthe spaceintoatubularneighborhood of Spand the complement.

Let
( 2 1 0 ( 1 1
Uip= éeR3||5—8p|<7—|p| , Ulp™= éeRsllé—Sp|<T|p|
¢ 312 1 ) ( '
Uz p= 5eR3||g—sp|>7—|| , U2p= ¢eR¥||¢— sp|>7—||

For |p| = 1 let {$r0, P20} be a partition of unity subordinate to the open cover
{U1p,U2,p} of R% depending smoothly on p, and such that

0 =1on Ufp and @20 =0 on Uﬁp.
Then {¢ | $10(8) =1 and (&) = 0} is a tubular neighborhood of S, of radius
|p|/3 2. On this neighborhood, L1 and L; are linearly independent. Now extend

0 to all of R® X Z to be homogeneous of degree zero in (¢, p) for |p| > 1 say, and
arbitrarily for ], | < 1; thatis, define

)
Fp =g o (—"

el |pl
SO

Proposition 7.1. let —1 < ¢ < 0. There is ainique 30,0 e s°R3,2)
solving (7.2) with a — 1 € LAR?); furthermore, a is |nvert|ble or Iargep
6 X

Proof. We shall only need the solution on the support of ¢1,0 where L1 and L are
linearlyindependent, and so we shall prove the result for 0:

PO IR C)

+
(7.3) P Tzpe
Write a® =d + I, and d =4d ; thus we must solve
[ P J2 P
(¢ _\
(7.4) I+ zl_npa—l d=—_1 n,.
Pl 21p]

We shall need the following lemmas.

Lemma 7.2. If —1 <6 <0, then

o2 RY-L2 (RY)
2|p| o+1 X o+l X
is compact.
Proof. From [6], Theorem 2.1 (withn=3, p=pt=2, p=5, m=1, r=0), for
v € CP(R?) we have
\' H1 <C 5V L2

o+1
and since H1 is the completion of C°°(R3) in this norm, the same estimate holds

for allv e Hl(R3) such that dv € L20 . Thus

61 L2 1
s+1 > Hs
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continuously. Since n, is compactly supported (in x), we have

) 3-1 1 Ne 1 incl 2 incl 2
L —>Hs —>H (supp(np)) ——>L (supp(ny)) —>L
o+1 cts o cts P compact P cts o+1
O
Lemma 7.3. The equation
C o, o\
+-—npo 1t =
I 2P|np8 dp=0

has only the trivial solution in L2, (R3).

Proof. With dp = 5_15 , we show that d =0 is the unique solution in L2 to
P P 6
= 1
adp_'_ _npdp =0.
2|p|

Since supp(ny) € {z | |z| < R}rfor some R, dp is analytic for |z| > R. From

do(2) :__1_' 1 npwWdpoW) g A dwy

270 sz —w  2|p]

it follows easily that do(z) decays to all orders at infinity; since d, is also analytic
in a neighborhood of infinity, it follows that dp(z) = 0 in a neighborhood of infinity.
Now by (Cor. 5.3.8, [14]) unique continuation implies do(2) is identically zero. [
ngfrgaai@g @bayedpmmas %i’t%@dh@malﬁeﬁeﬁt&% thare:1s AR GUEh )
P P 5 x P
solves (7.3).
To prove that a(g) is invertible we exploit the structure of n, (seesection 3):

0 O

viz- (p+id) —vizsAp+id  vi2 Alp+id) viz-(p+id)
_ 0 0 0 0 B
No= 0 0 0 0 :

V42'(p+if) —V43/\(p+if) V42/\(p+idf) V43'(p+if)
This implies that 8 is of the form -

0 © ©
B p,ll ap,lz ---------- a.p,lg
U . O
ER . 0o -
: | L
: Gt
. 0
0700 0
a® © ©)
pygl ap,82 ---------- a.p,88
where lg is the 6 X 6 identity ma‘trix. It followslthat
© a® o 50
det(ap ) = det a,?o}l o8 = det( p ), say,
0,81 9pas
and &) satisfies I
P 1 npu npig |
55O P11 Mo1s " 4o
ot o =0,

2|P| Nps1 Npss P
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and so det(@)) satisfies |

|
— n n
(7.5) o det@)+ tr P PP get@@) =0
Npog1 Np,ss
Furthermore, a° LZ(R3) implies |deta(0) 1| —0as |x| = 0. By this and the

compact support of ny (7X5) has a uniqueSolution with det@®) — 1 € L2(R) given

by det(a f)) =e77, where 07 = (1/2|p|)(n +n ) Thus ﬁeta@ =de ta(o)/—
and apo is invertible. The smoothness of ap follows from dlfferentlatlng equatlor_l
(7.3) and from the fact that the change of coordinates transforming L +ilL, to 0
is smooth. _

We define aé” for j <0 iteratively to be homoegeneous of order j in &, and p
by considering terms of homogeneity j + 1in (7.1), and write a, as an asymptotic

sum of the a . This completes the proof of proposition 7.1. O

Recallthat wehavebeenrestrictingourselvestoanei hborhoodofSpwherewe
may con51der L; +iL2 to be 05 now define a, on all of R® x R® X Z, by taking
~ a +¢@ |. Abusingnotation, we shall caﬁ thisa. Slncé&’) <°are ﬁomogeneous

ofl degree n ¢ and p, it follows that a, € S%(R? x ﬁ?’ X Zp).
To achieve (4.2) we now define C, € L%(R?,Z) by

(7.6) AopCpd = [Ap, Apl + NS A,
for large |p|, so that A, is invertible. Next we define B, € L°(R®,Z) by
(7.7) Bp = $1,0A0 + $2,0(Ap + NDA(Ap + $Cp) ™1,

observing that Ap + ¢Cp¢ is invertible on suppd,p, which is disjoint from S,. To
summarize, where ¢, = 1, A, = B, and we have (4.2) via (7.1); where @, = 1,
(7.7) gives (4.2), and in between,

Bo(Ap+¢Cop) = $rpAo(Bp + $Cpd) + F2.0(Ap +NHA,
= (@rp+ d2,0) (Ao + NA,
by (7.6). This completes the proof of proposition 4.2. O
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