Metadata, citation and similar papers at core.ac.uk

Provided by Western Washington University

AY
"Zf/\ Western Washington University

WESTERN
Western CEDAR
Mathematics College of Science and Engineering
2010

Zeros of Some Level 2 Eisenstein Series

Sharon Garthwaite
Ling Long
Holly Swisher

Stephanie Treneer
Western Washington University, trenees@wwu.edu

Follow this and additional works at: https://cedar.wwu.edu/math_facpubs

b Part of the Mathematics Commons

Recommended Citation

Garthwaite, Sharon; Long, Ling; Swisher, Holly; and Treneer, Stephanie, "Zeros of Some Level 2 Eisenstein
Series" (2010). Mathematics. 106.

https://cedar.wwu.edu/math_facpubs/106

This Article is brought to you for free and open access by the College of Science and Engineering at Western
CEDAR. It has been accepted for inclusion in Mathematics by an authorized administrator of Western CEDAR. For
more information, please contact westerncedar@wwu.edu.


https://core.ac.uk/display/232702236?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
https://cedar.wwu.edu/
https://cedar.wwu.edu/math_facpubs
https://cedar.wwu.edu/cse
https://cedar.wwu.edu/math_facpubs?utm_source=cedar.wwu.edu%2Fmath_facpubs%2F106&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/174?utm_source=cedar.wwu.edu%2Fmath_facpubs%2F106&utm_medium=PDF&utm_campaign=PDFCoverPages
https://cedar.wwu.edu/math_facpubs/106?utm_source=cedar.wwu.edu%2Fmath_facpubs%2F106&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:westerncedar@wwu.edu

PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 00, Number 0, Pages 000-000

S 0002-9939(XX)0000-0

ZEROS OF SOME LEVEL 2 EISENSTEIN SERIES

SHARON GARTHWAITE, LING LONG, HOLLY SWISHER, STEPHANIE TRENEER

ABSTRACT. The zeros of classical Eisenstein series satisfy many intriguing
properties. Work of F. Rankin and Swinnerton-Dyer pinpoints their location
to a certain arc of the fundamental domain, and recent work by Nozaki explores
their interlacing property. In this paper we extend these distribution proper-
ties to a particular family of Eisenstein series on I'(2) because of its elegant
connection to a classical Jacobi elliptic function cn(u) which satisfies a differ-
ential equation (see formula (1.2)). As part of this study we recursively define
a sequence of polynomials from the differential equation mentioned above that
allow us to calculate zeros of these Eisenstein series. We end with a result
linking the zeros of these Eisenstein series to an L-series.

Accepted for publication by the Proceedings of the American Mathematical Society

1. INTRODUCTION

Modular forms are functions defined on the complex upper half-plane, H, that
transform in a nice way with respect to subgroups of SLy(Z). These functions have
proved to be intricately related to deep results in many areas of number theory,
combinatorics, algebraic geometry, and other areas of mathematics (cf. [Ono04]).
For example, modular forms are deeply involved in the proof of Fermat’s last theo-
rem, results in partition theory, and denominator formulas for the monster group.
Eisenstein series are primary components of modular forms. That is, the weighted
algebra of all integral weight holomorphic modular forms for SLy(Z) is generated
by E4(z) and Fg(z), the unique normalized Eisenstein series of weight 4 and 6 for
SLo(Z), respectively. A nice generating function of the classical Eisenstein series
Es(2) is the Weierstrass p function, which is an elliptic function satisfying

(¢'(u)? = 4p(u)® — asp(u) - as,
where a4, ag are scalar multiples of F, and Eg, respectively.

Location of the zeros of Eisenstein series is of fundamental importance. Provided
with such information, Li, Long, and Yang construct noncongruence cuspforms
from congruence Eisenstein series [LLY05]. Additionally, in a paper of Ono and
Papanikolas [OP04], an interesting formula is highlighted which relates the location
of the zeros of Eqi(2) to special values of the Riemann Zeta function ((s):

2 Z
(11) M = 60 N 2k - eTordT(EQk(T))j(T>7
T€H/SLs(Z)

where e; = 1/2,e_,,,=5 = 1/3, and e, = 1 for non-elliptic points, 7.
2
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In [RSD70], F.K.C. Rankin and H.P.F. Swinnerton-Dyer study the location of the
zeros of Foi(z). By using an elementary and elegant argument, they demonstrate
that all zeros of Eyi(z) inside the fundamental domain for SLy(Z) are located on
the arc {z = €, 7/2 < § < 27w/3}. Equivalently, the j-values of these zeros are
all real and are within the interval [0, 1728], where j(z) is the well-known classical
modular function which parametrizes isomorphism classes of elliptic curves. In
[Koh04], Kohnen gives an explicit formula for the zeros of Fax(2).

Recently, there are several results generalizing [RSD70] to Eisenstein series of
other groups [Hah07, MNS07, Shi07, etc.], other modular forms [Get04, Gun06],
and certain weakly holomorphic modular forms [DJO08]. Moreover, Nozaki proves
that the zeros of the classical Eisenstein series Eo(2) interlace with the zeros of
Esj112(2) [Noz08]. Despite these results, many mysteries remain about Eisenstein
series, and their zeros. For example, Gekeler studies polynomials pof(x) which
encode the j-values of the non-elliptic zeros of Eai(z) [Gek01]. He conjectures that
the oy (2) are irreducible with Galois group Sy where d is the degree of @ar ().

In Section 2 of this paper, we define a series of odd weight Eisenstein series
denoted by Gag1(2) for I'(2), the principal level 2 congruence subgroup. In [LY05],
Long and Yang use Gogy1(z) to give a second proof to some beautiful formulae
of Milne [Mil02] on representing natural numbers in terms of sums of squares or
triangular numbers. Our attention was drawn to this family of Eisenstein series
Gap41(z) largely because it has an elegant generating function cn(u), a classical
Jacobi elliptic function [Han58] satisfying

2
(1.2) (dcg‘i“)> = (1= cen?(u) (1= A+ Aen?(u)) .
Here X is the classical lambda function which parameterizes all isomorphism classes
of elliptic curves with full 2-torsion structure. The equation (1.2) gives rise to
recursions satisfied by Gagy1(z). Consequently, one can compute the A-values of
the zeros of Gap41(z) with great convenience and ease. Data from the first few
dozen k values indicates that all A-values of the zeros of Gagy1(2) are real and
are within the interval (—o0,0]. Moreover, this data indicates that the zeros of
Gok—1(7) interlace with the zeros of Gag11(2).

In Section 3 we investigate the location of the zeros of Gaki1(z) within the
following fixed fundamental domain of I'(2) (cf. Figure 1 in Section 2):

D={zeH: -1<Re(z) <1, |z—1/2] >1/2, |z+1/2|>1/2}.
A direct application of the argument of Rankin and Swinnerton-Dyer shows that
at least one third of the zeros of Gaiy1(2) lie in
{zeH: |z+1/2]=1/2},
or equivalently, have A-values in (—oo, 0]. By refining this argument, we will show

the following improvement.

Theorem 1.1. At least 90% of the zeros of Gagy1(2) have real A-values in the
range (—o0, 0].

In addition, by restricting our domain slightly we obtain the following result
about the separation property of the zeros of Gar_1(2) and Gaxy1(z) following an
approach of Nozaki [Noz08]. We state this result in terms of the related function
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FIGURE 1. A fundamental domain for I'(2)

Fokt1(z9) defined in (3.1) where zg := %ew — % Before stating the result, we define

for an integer k > 15 the intervals

. B o om - 2
3:2k=1 = | Qi k (2k +1)(2k — 1)’aj’k (2k +1)(2k — 1)

for each j =0,...,k — 1, where a;  := 2mj/(2k — 1). Furthermore, let

Ipp_1 = UI',Qk—L
J

Theorem 1.2. Let k > 15 be an integer, and Ijor—1, Iop—1 as defined above. Then
the zeros of Fop_1(29) and Fagy1(29) in [7/10,97/10] are restricted to Izx—1 and
Ioi41 respectively (in fact each Ijop—1 and I o1 in [7/10,97/10] contains an odd
number of zeros). Moreover, the intervals are pairwise disjoint, and the I; ox_1 are
separated by the I opq1.

In Section 4, we obtain a formula (Corollary 4.2) similar to equation (1.1) which
relates the sum of the A-values of the zeros of Gax11(2) to the special values of an
explicit L-series.

We note that the properties of our Eisenstein series Gap1(z) are similar to
other families of level 2 Eisenstein series studied by Tim Huber to which we expect
our results can be extended. Furthermore, the behavior of our Eisenstein series
is similar to all other known cases for congruence subgroups of genus zero with
relatively simple fundamental domains. It would be very interesting to know what
to expect for Eisenstein series or cuspforms that are invariant under congruence
subgroups with more complex fundamental domains or higher genus.

The authors would like to acknowledge that this project and collaboration was
initiated at the Women in Numbers Conference at BIRS. The authors thank or-
ganizers Kristen Lauter, Rachel Pries and Renate Scheidler, along with BIRS, the
Fields Institute, Microsoft Research, the NSA, PIMS, and the University of Calgary
for their generous support of this conference.

2. T(2) AND ITS MODULAR FORMS

Let T'(2) be the principal level 2 congruence subgroup consisting of matrices
which become the identity under the natural modulo 2 homomorphism. This group
is of genus 0 and has a fundamental domain shown in Figure 1. Let ¢ = ¢*™*; the
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Jacobi theta functions are defined by
2(2) 1= ¢!/* Y q" I, Oa(2) == ¢/, and O4(2) = Y (—1)"g" .
neZ neZ nez

The square of each of the above series is a weight 1 modular form for I'(2). The
©5(2)

classical lambda function is defined as A(z) := —3
03(2)

and it generates the field of

meromorphic modular functions for I'(2).

2.1. Some odd weight level 2 Eisenstein series. We now focus on a particular
family of Eisenstein series of odd weight on I'(2) investigated in [LLY05]. To begin,
we define the character

-1
=x(d) = —
x(7) == x(d) ( yi )
ab

where v = (c d) and (_Tl) denotes a Legendre symbol. We now define

1 _
o4 (2) = 3 Z x(d) - (cz + d)~2F+D),
(e,d)=(0,1) (2)
(e,d)=1
and recall some results about Eai1,,(2) (see [LLY05, Lemmas 5.2 - 5.5.]).

00
€En

Lemma 2.1. Define the nth Euler number e, by sec(t) = Z —t". The function
n!
n=0
Eok11,4(2) is a modular form of weight 2k + 1 on I'(2) with Fourier expansion at
oo given by
7"2qu/2

17(]7"/2.

4(-1)F &
Eori1x(2) =1+ (e%) > x(r)
r=1

For any integer k let

1
(2.1) Sk(a, B) = Sk(a, B)(2) = 72 (z+dF
(e t=(o8) (4

By the explicit description of x,
1
Eory1x(2) = 3 (S2k+1(0,1) + Sax11(2,1) — S2x+1(0,3) — Sax+1(2,3)) -

Recall that if f is a meromorphic function on H, v = (Z Z) € SLy(Z), and k is
an integer then the slash operator in weight k is

F@)y = (cz + d)7*f(72).

We use f|, to denote f(z)|x 7. The following lemma for odd k follows analogously
from Lemma 3.3 in [LLY05].

Lemma 2.2. If v € SLo(Z), and Sy, is defined as above for odd k, then
Sk(a, B) |y= Sk((e, B) -7)  (mod 4))

where (a, B) -y (mod 4) denotes matriz multiplication modulo 4.
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2.2. A generating function. Recall that cn(u) is a classical Jacobi elliptic func-
tion which satisfies (cf. [Han58, pp. 256])

kK <2Ku) qcosu \Vq cos3u v q cos5u
—cn =

27 T 1+g¢ 14 ¢3 1+¢° ’
©2(2z) 2 Q2
where /k = 03(22) (cf [Han58, pp. 241]) and hence A\(2z) = x* and K = 503(2z2).

For the remainder of this section we simply write A for A(2z). To see how the family
of Eisenstein series Fog41,, relates to cn(u), we consider the expansion of Fagi1
at the cusp 1, given by Eogt1 |, Where v = (% ’01). The previous lemma allows
us to easily calculate Eagq1.y |4, in terms of the Sy, which brings us to the following
conclusion.

1
Eokt1,x |’Yo (z) = D) (SQkJrl(l»O) + S2k+1<3, 2) — Sgk+1(3, 0) — SQkJrl(L 2)) .

It is this function Gag1(2) := Eoky1,y |+, (2) whose zeros we study. It has been
shown ([LY05] Lemma 5.5) that

4(_1')2147-4-1 0 (27"— 1)2kq(2r—1)/4

Gart1(z) = e A 14 qCD2
In particular, Gy (z) = —i©3(2) (cf. [LYO5] Lemma 5.4).
2n
Using the series expansion cos(z) = ;(—1)"%, we have

K 2K 1 k 2k (2r—1)/2 ]
BB e (224 = g E q u?*
27 T Pt (2k)! — 1 + g?r—1
> Z€2k 2k
= E 7G2k+1(2z)u .
|
= 4(2k)!
As an immediate consequence, we have the following proposition.

Proposition 2.3. Let k = 0322 4nd K = 203(22). We have that

03(2z)
s 2k+1
1€ T G2k+1(22j) 2%k
(2.2) enfu) = 30 BT O
k=0
From cn(u) satisfying (1.2) (cf. [Han58, pp. 247]), we have that
u2 'u,4 ’LLG
(2.3) en(u) =1 = op + (1 40) = (14 440+ 160%) (5 +

Note that the choice K = 5©3(2z) aligns the constant terms of equations (2.2) and
(2.3). We have that

(—1)ki7r2k+1€2k G2k+1<22) (—1)ki€2kG2k+1(22) (—1)k62kG2k+1(22>

22k+1 K2+l 0%k(22)02(22) ©%(22)G1(22)
is a modular function for T'(2) which is holomorphic everywhere except possibly a
pole of finite order at the cusp infinity coming from ©3%(2z). Consequently, for
k > 11t is a degree (k — 1) polynomial in terms of A, denoted pog+1(A), having the
same zeros as Gapy1 in the fundamental domain. We list the first six below.
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p3(A\) =1, Po(A) = 1+ 408\ + 91222 + 643,
ps(N) =1 4+4), p11(N) =14 3688\ + 3076412 + 15808\3 + 25614

There are k — 1 nontrivial zeros counting multiplicity, in addition to the trivial
zeros of Gapy1 at the cusps. Calculations for 2k + 1 < 51 reveal some striking
numerical trends. The A-values of the zeros of Gog41 all lie in (—o0,0). We list the
numerical zeros of the first few pogy1(A) below.

k=2 {—0.25} k=4 {=0.0025, —0.4598, —13.788}
k=3 | {—.0229, —2.7271} || k=5 | {—.00027, —.1280, —1.8792, —59.7425}

Moreover, the A-zeros of por_1()) interlace with the A-zeros of pory1(A). In ad-
dition, the polynomials pait1(A) are irreducible with Galois group S;_1 for k < 9.

3. LOCATING THE ZEROS OF Gogy1(2)

Based on the numerical evidence above, we now turn our focus to the A-values
of the zeros of Gagy1(2). Proving that the A-values lie in (—o0,0] is equivalent
to proving that the zeros of Gaogy1(2) lie on the line Re(z) = 1, a boundary arc
of the fundamental domain for I'(2). This, in turn, is equivalent to proving that
the zeros of Gogy1 |4, (2), where 1 = (9 7'), lie on the arc |z + 1| = 1, as we
mentioned in Section 1. Our main strategy is to generalize the approach of Rankin
and Swinnerton-Dyer. In particular, we will need to refine estimates of the terms
arising in this approximation.

We first find, using Lemma 2.2, that

1
Gart1 |y, (2) = 3 (S2r41(0,3) + Sor41(2,1) — Sor41(0,1) — Sox41(2,3)) -

We now wish to count the number of zeros of Gax41 |4, (2) that must lie on the
11
arc |z 4+ 3| = 3.

0

Lemma 3.1. Let o be even and zg = %ei - % Then

Sule B)(z0) = Sk (5:8—5) () + 5 (5 +2.8-2-F) ().

Proof. The lemma follows by separating the terms in Sy («, 5)(z¢) for pairs (¢, d)
according to the two possible values of § modulo 4, and by the fact that (c,d) =

implies (c,d) = (5,d — §).

1
.
By Lemma 3.1 and the observation that Si(—a, —b) = —Sk(a,b), we have
Garrt by (20) = (S2r41(0,3) + Szrr1(1,0) + Sarr1(2, 1) + Szkr1(3,2)) ().

We next factor out (e )~2*=1 following [RSD70] and define

0

(3.1)  Forri(zp) := (€72 ) 2 Gopy1 |y (20)
= <§2k+1(0, 3) 4 Sors1(1,0) + Sorr1(2,1) + Sari1(3, 2)) 0),

where B
Sk(a, B)(0) == > (e de )R,

(e:d)=(,f) (4)
(e, d)=1
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From equation (3.1) we see that Fai11(2g) is purely imaginary by noting that
Fop11(Z9) = —Fort1(29), as conjugation interchanges each pair of sums. Moreover,
in each sum ¢ and d have opposite parity.

A direct application of the analysis in [RSD70] shows there are exactly the right

number of zeros when 6 ranges through [Z, 2T]. In other words, one third of the
T 27

3073
zeros are expected to be on the above arc with 8 in [Z,=F]. The real difficulty

3073
comes from the analysis when @ is close to 0 or .

3.1. Extraction of the main term. To begin our analysis of Gax11 |4, (26) on
the arc |z + 3| = %, we first extract the two terms for which ¢? + d*> = 1 (one

occurring in each of Saj41(0,3) and Sor41(1,0)) to create our main term,

(€F) 721 — (e7) %1 = _2isin (9(2]“; U) .

Thus, we have
. (0(2k+1
(32) Farra o) = ~2isin (") 4 R o)

where Rogy1(z9) or simply R(zg) is purely imaginary and denotes the error term
obtained by summing over all remaining terms.

3.2. Bounding the error term. We now turn to bounding R(zg). Here we will
consider the contribution of terms satisfying ¢? + d?> = N, for N > 1. We take
advantage of the symmetry in our remaining terms and define the following partial
sum. For each ordered pair of nonnegative integers (a, b) chosen such that a is odd
and b is even to avoid double-counting, define

(3-3) P(a,b)(0) = Z (ce®/? 4 de10/2)=2k=1
(lel,ldD)=(a,b) or (b,a)

where the sum contains only terms occurring in Fby41(2¢). For example,

P(3,0) = ((—3&9/2)‘2’“—1 + (3e—“’/2)—2k—1> . (9(% + 1)) .

T 32k+1 2
Due to symmetry, each partial sum P(a,b) is purely imaginary as before.
3.3. The case when N < 100. We now give upper bounds on the terms for which
1 < N <100. We assume that 2k + 1 > 51 as we have numerically verified the

location of zeros for low weight cases.
When b = 0 we have the following cases:

(a,b) €{(3,0),(5,0),(7,0),(9,0)}.

2 ((2k42r1)9>

a2k+1

Here,
2
= 51"
a

|P(a,b)(0)] =

The contribution from these terms to the error term is smaller than
4

2
Ei=) ————— <1072,
! Z (2n + 1)1 <10

n=1

When b # 0, then for each term in P(a,b) we have

|cei9/2 + de*i0/2| = |aei9/2 + be*i9/2| or |bew/2 + ae*i9/2|.



8 GARTHWAITE, LONG, SWISHER, TRENEER

In the first case,
lae™/? + be= /2| 72k =1 = |(a + b) cos (0/2) + i(a F b) sin (6/2)| 2

(34) _ {(<a )2 1 dabeos? (6/2)) V2
((a —b)? + dabsin® (6/2))

if +,

TRy

By symmetry, the second case yields the same result. When a and b are nonzero,
P(a,b) contains four terms, two of each type in (3.4). Therefore,

2 2

PO S o+ s @72 (o~ 02 + dabeo G/

Note that
max(cos?(0/2),sin?(6/2)) > 1/2.
Moreover, if we limit our choice of § to the interval (0.05m,0.957) then
min(cos?(A/2),sin?(6/2)) > (.079)%
Hence we conclude that when b is nonzero,

2 2
(@ — D)% 1 4ab(0T92)F  ((a —b)% + 2ab)F”

(3.5) |P(a,b)] <

Now consider the cases

(a7b) € {(1’ 2)7 (3’ 2)’ (374)’ (5’ 4)7 (5’ 6)’ (77 6)}7

with |a — b| = 1. Summing the bounds in (3.5) for the six pairs (a,b) listed above
yields that the contribution from these terms is smaller than

FE5 = 0.656.
The remaining cases with N < 100 are

(a7 b) € {(17 4)7 (1’ 6)7 (1’ 8)7 (37 6)7 (37 8)7 (57 2)7 (57 8)7 (77 2)7 (77 4)7 (97 2)7 (97 4)}
For these we note that |a — b| > 3. Reasoning as above yields

4

Hence, the total contribution to the error term is bounded by

4 4 10
By =11 o < o5 <1071,

In total, we have

Y. P(a,b)| < By + By + 3 < 0.657.
a2+b2<100
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3.4. The case when N > 100. We now consider terms ¢ +d? = N with N > 101,
again assuming that 2k + 1 > 51. The number of terms satisfying ¢? 4+ d?> = N is
at most 2(2N'/2 + 1) < 5N'/2. Note that

|lce?/? 4 de /2|2 = ¢ 4 2¢d cos O + d2.
If we restrict ourselves to 6 values with |cos | < «, for some o € (0,1), then
4+ 2cdcosf 4 d? > (1 — a)( + d?).

Thus, we have

o0
|R(z9)| < 0.657 + Z 5N1/2((1 _ a)N)—k_l/Q.
N=101

By bounding this latter sum with an appropriate integral, we have

5
[R(z0)| < 0.657 + (1 — )%~ (k_l . 100k+1> .

We pick oo = .9877, which corresponds to 6 € (0.05m,0.957). Then |R(zg)| < 2.

3.5. Proof of Theorem 1.1. Following [RSD70], we consider the values 6 for
which 2 sin ( w> = 142 and then apply the Intermediate Value Theorem to the
function iFogy1(2¢). In doing so we conclude that this function, and hence also
Gak+1 |y, (%6), must have at least 1 zero in each interval of the form
[ Ar (A+2)7
2k+1" 2k+1

C (0.057,0.957),

where A is an odd positive integer. We also recall that Gax41 has altogether k& — 1
nontrivial zeros. Thus, having previously considered 2k + 1 < 51 computationally,
we can now verify that at least 90% of the zeros of Gaxy1(2) do indeed lie on the
boundary Re(z) = 1, and hence have real A-values in (—oo,0]. This concludes the
proof of Theorem 1.1.

3.6. Proof of Theorem 1.2. Now that we have pinpointed the location of the
zeros of Gak11(z), we turn our attention to the relationship between the zeros of
Gap—1(z) and Gog41(2). Numerical evidence suggests that the zeros of Fa,_1(z9)
and Fs,11(29), the shifted Eisenstein series, interlace in the same manner as demon-
strated by Nozaki for the classical case with Ej(z) and Ej112(z). We now follow
Nozaki’s strategy by relating the zeros of Foiy1(zg) to the zeros of the main term
of this series, a well-understood trigonometric function with regularly spaced zeros.
We then show that the additional error terms for the Eisenstein series will not cause
the zeros of Foi1(2p) to stray far from the zeros of the main term.

We must first strengthen the bounds on the error estimates given in the previous
section. In order to do this we will need to change our lower bound on sin (6/2)
and cos (0/2) near the cusps # = 0, 7. Thus, we narrow our focus to theta values
in the range [7/10,97/10].

Recall that the main term of Foj11(2p) given in (3.2) is

a@k+n).

f2k+1(9) = —2¢sin ( B)
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Let a;k denote the zeros of for_q1 on (0,7), that is,

27y .
Qj k= m,j :177143—1
Note that a; g1 < o < g1 k41 for j=1,...,k -1, and

1 . 27

3 =i des =B B - i} = Grm ey
Our aim is to show that the zeros of Fhr_1(z¢9) and Fbpi1(29) are within this
distance of o and «; jy1, respectively.

We now revisit the error estimates for (3.3) specifically for the range ¢ € [7/10,97/10].
We start by choosing a parameter v = 0.1562 in order that 1 4+ 8y2 > 1.195. Note
that for 6 € [7/10,97/10] we have both sin(6/2), cos(0/2) > ~.

Next note that in terms of k, the contribution of |P(a,b)| from the terms

2 8
{(3,0),(5,0),(7,0),(9,0)} is smaller than e; = E T < e We
2o (2n + 1)2RFL T 3P

now use our new # bounds to strengthen the bound on the second error term aris-
ing from the set of pairs of the form (a,a & 1) with N < 100. Replacing 0.079 with
v in (3.5) yields

P(1,2)] < 2 + 2

| ’ ~ 1.195F © Bk°
The contribution from (3,2), (3,4), (5,4), (5,6), (7,6) is smaller than

10 10
1585F  13F
Thus the total contribution from these terms is less than
2 2 10 10
~ 1105k "5 T Tasr T I3E
We again note that the contribution from the remaining cases with N < 100 is
e3 < 3—3. Similarly, the contribution from terms with N > 100, is

€2

o0

1

_ /2001 _ —k—1/2 _ oy —k—1/2 —k+1
ex= Y 5N'*((1-C)N) <5(1-0) 100
N=101
500 2283
< (100(1-C)) < — 2
(k—1)V1— & 100 ) (k — 1)(4.8)F
where C' = .952, so that |cos(6)| < C on (7/10,97/10).
Putting the error terms altogether, we have
8 2 2 10 10 44 2283

11058 5k T isesr Tz TR T (k—1)(4.8)F
Note that the value of g(k) goes to 0 rapidly when & gets large.

We now return our focus to the relationship between the zeros of Fy; 1 and the
zeros of fory1. Let

[Rok+1(z0)| < g(k) :== 32k+1 +

2 273
S 2r+1 622 +1

h(x) E gz —1).

.

prESE
k > 15 we have h(k) > 0. Similarly, note that as sin(z) > z — % for any 0 <z < 1,

Note that % + g(x —1) decays more rapidly than hence, we see that for
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we can conclude that

T 27 273
. - - _ N
28m<2k5+1> Z k41 GEkr1p Mo tgl =)

Consider an interval
ool 2T
g2kl (O‘J”“ k-0 Y T e @k =)
about ok, a zero of fop—1. We want to show that a zero of Fy;_; lies in this

interval. By construction, I or—1 N I;op+1 = () for any integers 1, j.
Note that

> N [x/10,97/10]

- 2w
ifor—1 (ajvk + (2/‘5+1)(2k—1)> B

in(jrt— ) =2(—1) T
251n<j7r:|:2k+1> 2(-1) sm(j:2k+1).

Hence for even j,

iF. ot ) Zosin (=) +iR ( )
PR R Gk —1)) T 2k 1) TR Vst et

>2sin (%i 1) —g(k—1) > h(k),

which is positive. Similarly, iFo_; (aj _ W) < —h(k) is negative. Like-
wise when j is odd, ¢F5;—1 has opposite signs at the endpoints of I; 2_1.

It follows that Fy;_; has an odd number of zeros within I; 2,—1 as long as it is
contained in [7/10,97/10]. Moreover, since the error term iRo,_1(29) is strictly
less than the value of |2sin(6(2k + 1)/2)| outside of the intervals I 2,_1, we can
conclude that Fa_1(2) has no zero in [7/10,97/10] \ U;I; 2x,—1. The analogous
result holds for the zeros of Fy41 with respect to the intervals I op+1. As in the
classical case, we can conclude that within [7/10,97/10], the zero intervals I; o1
for Foy,—1(2e) are separated by the zero intervals I; o1 for Fogy1(2e).

As mentioned in Section 1, our method can be generalized to some other families
of Eisenstein series, in particular if the zeros of the family under consideration are
expected to mainly locate on some fixed hyperbolic line. However, careful analysis
is needed to handle the error terms in a more general setting.

4. ZEROS OF EISENSTEIN SERIES AND SPECIAL VALUES OF L-SERIES
We now relate the Eisenstein series Ea11 4 (2) defined by (2.1) to special values
of a particular L-series by defining
4(=1)F 2(—1)F 2k+1
(4.1) P ) (=1) (”) .
eak (2K)IL(2k + 1, %)

We have the following result in the style of (1.1).

2

Theorem 4.1. Let k > 0 be an integer. Then

2(—1)k m 2k+1 B
OISR (3) =4ek+1-16 eﬂ%@) ord, (Eas1.)

L
AT)’
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Proof. We start by building the function

~ Eopi1,5(2)
Pl ey

By [LY05, Lemma 2.2], ©% has the same character as Fogy1.y, thus Eogyqy is a
modular function on I'(2). By examining the poles of Es;41,, we conclude that it
is a monic polynomial in 1/X of degree k. We write

(4.2)  Eayiy(2) = (Mlz) - A(i@) ()\(12) - A(i@) (A(1Z) - Aé%)) '

Since ©, and O3 are holomorphic on H, the «; are exactly the zeros of Eop 1y
in H, with multiplicity. Expanding the product in (4.2), we have

b () = (£ aty) ()0 ()

Comparing the coefficients of the ¢~ *~1)/2 we have
k
-1 1 -1 1
167%(C — 4 —8k) = = d,(E —
CHO— =80 = g D 3y T er 2 Pl 3
j=1 TEH\T'(2)
Solving for C' and using (4.1) yields the desired result. |
We note that the set of zeros of Gagy1(2) = Eart1,¢(2) |70 is given by
{7’ = 7617-0 1 To € H\F(?),Engrl(To) = 0}
Therefore, we have the following corollary.
Corollary 4.2. Let k > 0 be an integer. Then
2(—1)k (77)2k+1 1
= =42k +1) =16 > ord-(Garr1.x) -
' El
(2E)\L(2k +1,x) \2 @) A(yo7)
Proof. This follows directly from Theorem 4.1 and the comment above. O

We now consider Eisenstein series of even weight for I'(2). With Si(x,y) defined
as in (2.1) and k > 1 an integer, we define

Ef(2):= %(SQk(o, 1) £ S5x(1,0)).

These are modular forms of weight 2k for I'(2) with trivial character xq. In [LY05],
Long and Yang show that E;}C and £, have the Fourier expansions

(27Ti)2k e ,’,,qur/2

Ey(z) =1+ .
2k (2) 4KT(2k) L(2k, x0) “= 1+ F(=1)7¢"/?

Theorem 4.3. Let k > 1 be an integer. Then

(27i)%k
4RT(2k)L(2k, x0)

1
= +4(2k) +F16 > ord.(Ey)—~

rEH\T(2) A7)
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Proof. To prove the first result, we set
= B3y (2)
E (2) = (29 e
2

Then E;k (z) is a modular function for I'(2) and is a monic polynomial in 1/X of
degree k. Arguing as in the proof of Theorem 4.1, we have

TEH\T'(2)

Equating the coefficients of ¢~(*~1)/2 on either side, we find that

(4.3) 167* (2m)** —8k) =-16"""D 3" ord,(Ej,).
4FT(2k)L(2k, x0) o
TEH\T'(2)

Solving (4.3) yields the formula for E;}C The one for E,, is similarly obtained.
O

Theorem 4.3 leads directly to the following surprising identity.
Corollary 4.4. Let k > 1 be an integer. Then

_ 1
k= > (ordT(E;k)—i—ordT(EZk))m
TEH\I'(2)

1
= Y ordT(E;rkEQk)m.
TEH\I'(2)

REFERENCES

[DJO8] W. Duke and Paul Jenkins, On the zeros and coefficients of certain weakly holomorphic
modular forms, Pure Appl. Math. Q. 4 (2008), no. 4, part 1, 1327-1340.

[Gek01] E. U. Gekeler, Some observations on the arithmetic of Eisenstein series for the modular
group SL(2,Z), Arch. Math. (Basel) 77 (2001), no. 1, 5-21.

[Get04] J. Getz, A generalization of a theorem of Rankin and Swinnerton-Dyer on zeros of mod-
ular forms, Proc. Amer. Math. Soc. 132 (2004), no. 8, 2221-2231 (electronic).

[Gun06] S. Gun, On the zeros of certain cusp forms, Math. Proc. Cambridge Philos. Soc. 141
(2006), no. 2, 191-195.

[Hah07] H. Hahn, On zeros of Fisenstein series for genus zero Fuchsian groups, Proc. Amer.
Math. Soc. 135 (2007), no. 8, 23912401 (electronic).

[Han58] H. Hancock, Lectures on the theory of elliptic functions: Analysis, Dover Publications
Inc., New York, 1958.

[Koh04] W. Kohnen, Zeros of Fisenstein series, Kyushu J. Math. 58 (2004), no. 2, 251-256.

[LLY05] W. C. Li, L. Long, and Z. Yang, On Atkin and Swinnerton-Dyer congruence relations,
J. of Number Theory 113 (2005), no. 1, 117-148.

[LY05] L. Long and Y. Yang, A short proof of Milne’s formulas for sums of integer squares, Int.
J. Number Theory 1 (2005), no. 4, 533-551.

[Mil02] S. C. Milne, Infinite families of exact sums of squares formulas, Jacobi elliptic functions,
continued fractions, and Schur functions, Ramanujan J. 6 (2002), no. 1, 7-149.

[MNS07] T. Miezaki, H. Nozaki, and J. Shigezumi, On the zeros of Eisenstein series for I'§(2)
and T'§(3), J. Math. Soc. Japan 59 (2007), no. 3, 693-706.

[Noz08] H. Nozaki, A separation property of the zeros of Eisenstein series for SL(2,Z), Bull.
Lond. Math. Soc. 40 (2008), no. 1, 26-36.

[Ono04] K. Ono, The web of modularity: arithmetic of the coefficients of modular forms and
q-series, CBMS Regional Conference Series in Mathematics, vol. 102, Published for the Con-
ference Board of the Mathematical Sciences, Washington, DC, 2004.

[OP04] K. Ono and M. A. Papanikolas, p-adic properties of values of the modular j-function,
Galois theory and modular forms, Dev. Math., vol. 11, Kluwer Acad. Publ., Boston, MA,
2004, pp. 357-365.



14 GARTHWAITE, LONG, SWISHER, TRENEER

[RSD70] F. K. C. Rankin and H. P. F. Swinnerton-Dyer, On the zeros of Eisenstein series, Bull.
London Math. Soc. 2 (1970), 169-170.

[Shi07] J. Shigezumi, On the zeros of the Eisenstein series for T§(5) and T'§(7), Kyushu J. Math.
61 (2007), no. 2, 527-549.

BUCKNELL UNIVERSITY, LEWISBURG, PA 17837
SHARON.GARTHWAITEQBUCKNELL.EDU

DEPARTMENT OF MATHEMATICS, IOWA STATE UNIVERSITY, AMES, IA 50011
LINGLONG@IASTATE.EDU

OREGON STATE UNIVERSITY, CORVALLIS, OR 97301
SWISHERH@MATH.OREGONSTATE.EDU

WESTERN WASHINGTON UNIVERSITY, BELLINGHAM, WA 98225
STEPHANIE. TRENEERQWWU.EDU



	Zeros of Some Level 2 Eisenstein Series
	Recommended Citation

	tmp.1566407300.pdf.xxuJ2

