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1 Introduction

1.1 The Early Years

When I was approximately 10 years old my parents gave me an electronic learning aid device called

the VTech Precomputer 1000. This device helped teach typing and various science subjects. This

device also teaches the BASIC programming language. The learning manual explained BASIC

commands and gave numerous examples of BASIC code that could be typed directly into the device.

A person could watch code run and display output on the single line alphanumeric screen. I went

from the traditional “hello world” code to writing simple loops that would capture user input and

manipulate it. A family member gave me a book titled “1001 Things to do with Your Personal

Computer”, which contained BASIC code examples that could do various tasks. Eventually, I could

write code containing loops that would exceed the physical limits of the device. My parents decided

to buy a computer which had one of the early pentium class processors. For the first few days

and weeks I could not figure out how to type my BASIC codes into the computer and make them

run. At some point I started learning how to download the compilers from the internet and run the

codes. One day I found a book at the bookstore that had a free installation cd for some unix variant

operating system. The unix style operating system allowed me to run a webserver, which prompted

me to learn PHP and SQL. By the time I was in high school I had a fairly good working knowledge

of C,C++,SQL, PHP, Python and of course BASIC as well as the manufacturer specific languages

used to program microcontrollers.

1.2 Interest in Coding Theory

In college I was introduced to computer algebraic system languages. I enjoyed finding projects that

involved some sort of mathematical computation that required the help of a computer. My goal

was to make a career of combining my programming and math skills. At first it appeared that

many fields of mathematics are too abstract for computer tasks or the combinatorical complexities

quickly grew outside the physical limits of a modern machine. I decided to do an independent

study with Dr. Steve Szabo on coding theory. Coding theory appeared almost like the perfect field

of mathematics to use programming skills. Aside from the applications of coding theory, there is

always a mathematical coding theory problem available that lies just inside the physical limits of a

modern computer. More to the exciting point, there is always a coding problem that appears just

outside capabilities of a modern computer, but with a little mathematical ingenuity those problems
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can become feasible. Dr. Szabo recommended two or three books to learn about coding theory.

Keeping track of the famous open mathematical problems has always been somewhat of a hobby.

Many of the coding theory books make references to unsolved mathematical coding theory problems.

In my opinion, the fascinating aspect that usually accompanies an unsolved mathematical problem

is the ability to describe in detail an object not known to exist or not. Coding theory has many

such unsolved mathematical problems. Certain linear codes (vector spaces) meeting certain criteria

are not known to exist, but researchers can give fairly descriptive details about the vectors and the

coordinates of the vectors. As part of the independent study I gave a presentation on self-dual linear

codes. While researching linear codes I became familiar with what is probably the iconic unsolved

coding theory question, the existence of a type II [72, 36, 16] self-dual linear code. This particular

problem has a monetary prized associated with it. The complete list of prizes can be found in [1].

The problem is really the k ≥ 3 case of a type II [24k, 12k, 4k + 4] self-dual binary code, since

k = 1 and k = 2 are known. If this particular code is found, what about the k = 4 case? This

really highlights the appeal of coding thoery. No matter how many questions are answered, similar

questions are immediately available.

1.3 Motivation for Research

I decided I wanted to make an ambitious leap toward finding the [72, 36, 16] type II self-dual code.

The first, knowingly naive, attempts at becoming familiar with the problem was to simply use

Mathematica to generate random 36×36 binary matrices in order to create random 36×72 generator

matrices of the form [I|A] and study the vector spaces generated by the generator matrices. It was

expectantly rare that a randomly generated matrix would have 36 linearly independently rows, much

less 36 linearly independent orthogonal rows. In fact, it was rare that the rows would even generate

the all one 1 vector. Just to illustrate the ineptness of the attempt, the probability of a 36 × 36

random binary matrix augmented to the 36×36 identity matrix to make a 36×72 generator matrix

of the form [I|A] that would generate the 1 = (1, 1, ..., 1)︸ ︷︷ ︸
72

is 1
68719476736 =

(
1
2

)36
. Every column must

sum to 1. The first 36 columns definitely sum to 1, however the 36 columns of the augmented matrix

can sum to 0 or 1. Clearly, I never expected this approach to be fruitful. Even letting the last row

act as a parity check row, the chances of a set of linearly independent rows that were orthogonal

being generated were low, much less one that would happen to have the correct weight distribution

for a type II code. I did want to see what patterns emerged between the vector space generated

and the augmented matrix of the generator matrix. Early in my research on the [72, 36, 16] type II
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self-dual code I found numerous fascinating facts. The weight distribution is known to be unique

for the extremal code and that the minimum weight codewords generate the code. I found that to

be very interesting to know so much about the code not known to exist or not. The more I read

about self-dual codes the more I realized that the gap between what I know and what I should

know is quite large. I did not feel I could be effective at finding such a large and structured linear

code unless I could strongly and comfortably become familiar with the properties of known linear

codes. Many concepts of linear codes can be appreciated without creating hands on algorithms such

as weight distributions. However, other concepts have properties, such as the t designs embedded

inside linear codes, seem to have a way of validating themselves in several different and interesting

ways. As with many branches of mathematics, pseudo algorithms can be simply written, but in

practice the algorithms may be infeasible due to the exponential growth of the combinatorics as the

parameters change. Many questions can be easily stated and the solution be accurately described,

but actually finding a solution may be nearly impossible to find. Regardless of feasibility, simply

using a computer algebraic system to perform algorithmic computations and comparisons does not

feel like an accomplishment. I want to be able to fully understand and actually recreate functioning

algorithms and perhaps refine and develop algorithms to analyze linear codes.
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2 Linear Codes Introduction

Fq is a finite field where q = pm for some positive integer m and prime p. An n-length code over

Fq is a subset of Fnq . An [n, k] linear code C is a subspace of Fnq with dimension k. This may

also be referred to as an n-length linear code C of dimension k over Fq. A code over F2 is called

binary. In this work, unless otherwise stated, code will always refer to a binary code. Elements of

a code C are called codewords. Most linear codes are too large to explicitly list all the codewords.

The algebraic structure of linear codes provide a concise way to represent them. Since C is a k-

dimensional subspace, there exists k codewords that form a basis. Specific linear codes are typically

represented by just listing a set of codewords that form a basis for the code.

2.1 Generator Matrices

A k × n matrix G is called a generator matrix of an [n, k] linear code C if the rows of G form a

basis for C. Specific linear codes are usually represented by their generator matrices. For example,

consider the [7, 4] linear code shown in example 2.1.

Example 2.1.

(0, 0, 0, 0, 0, 0, 0) (0, 0, 0, 1, 0, 1, 1) (0, 0, 1, 0, 1, 1, 1) (0, 0, 1, 1, 1, 0, 0)

(0, 1, 0, 0, 1, 1, 0) (0, 1, 0, 1, 1, 0, 1) (0, 1, 1, 0, 0, 0, 1) (0, 1, 1, 1, 0, 1, 0)

(1, 0, 0, 0, 1, 0, 1) (1, 0, 0, 1, 1, 1, 0) (1, 0, 1, 0, 0, 1, 0) (1, 0, 1, 1, 0, 0, 1)

(1, 1, 0, 0, 0, 1, 1) (1, 1, 0, 1, 0, 0, 0) (1, 1, 1, 0, 1, 0, 0) (1, 1, 1, 1, 1, 1, 1)

The example shows a popular code called the Hamming code. The code was named after Richard

Hamming, the pioneer of error correcting codes and coding theory. This code has 24 = 16 codewords

and the codewords (0, 0, 0, 1, 0, 1, 1), (0, 0, 1, 0, 1, 1, 1), (0, 1, 0, 0, 1, 1, 0), and (1, 0, 0, 0, 1, 0, 1) form a

basis for the code. The Hamming code can be more concisely represented using the generator matrix

G in example 2.2.

Example 2.2.

G =


0 0 0 1 0 1 1

0 0 1 0 1 1 1

0 1 0 0 1 1 0

1 0 0 0 1 0 1
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In general, generator matrices are not unique. The rows of a generator matrix can be reordered and

the codewords that form a basis are typically not unique. The generator matrix G′ in example 2.3

is just a reordered row version of G in example 2.2.

Example 2.3.

G′ =


1 0 0 0 1 0 1

0 1 0 0 1 1 0

0 0 1 0 1 1 1

0 0 0 1 0 1 1



The generator matrix G′ has a special form to it, namely G′ is the identity matrix I4 augmented with

a 4 × 3 matrix. In matrix block notation, G′ = [I4|A]. A generator matrix of an [n, k] linear code

that is formed by augmenting a k×k identity matrix with an [k, n−k] matrix is called a systematic

generator matrix. This should not be confused with reduced row echelon form. Some linear codes

are not able to be represented by a systematic generator matrix. Consider the codewords of the

[7, 4] linear code in example 2.4.

Example 2.4.

(0, 0, 0, 0, 0, 0, 0) (0, 0, 0, 0, 1, 1, 1) (0, 0, 1, 1, 0, 1, 1) (0, 0, 1, 1, 1, 0, 0)

(0, 1, 0, 1, 0, 1, 0) (0, 1, 0, 1, 1, 0, 1) (0, 1, 1, 0, 0, 0, 1) (0, 1, 1, 0, 1, 1, 0)

(1, 0, 0, 1, 0, 0, 1) (1, 0, 0, 1, 1, 1, 0) (1, 0, 1, 0, 0, 1, 0) (1, 0, 1, 0, 1, 0, 1)

(1, 1, 0, 0, 0, 1, 1) (1, 1, 0, 0, 1, 0, 0) (1, 1, 1, 1, 0, 0, 0) (1, 1, 1, 1, 1, 1, 1)

Even though the linear code in example 2.1 and the linear code in example 2.4 both have the same

length and dimension, they are two distinct codes. The linear code in example 2.4 has a reduced

row echelon form generator matrix G′′ that is not systematic.

Example 2.5.

G′′ =


1 0 0 1 0 0 1

0 1 0 1 0 1 0

0 0 1 1 0 1 1

0 0 0 0 1 1 1
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The generator matrix G′′ is not in the systematic form of [I4|A]. In fact, there is no systematic

generator matrix for the linear code in example 2.4.

2.2 Column Permutation Equivalent Codes

The two [7, 4] linear codes shown in example 2.1 and example 2.4 are very closely related. The

two codes are identical except for the fact that the fourth and fifth coordinates of the codewords

have been permuted. Notice how both codes are called a [7, 4] Hamming code. The designation

represents a family of codes whose properties are similar enough to be called equivalent. Two codes

are said to be column permutation equivalent codes if one code can be obtained by permuting

the coordinates (columns) of the other code. Let σ be an element of Sn and C be an [n, k] linear

code C, then σ(C) represents the permutation σ acting on the code C by permuting the coordinates

of the codewords according to the permutation map σ. This is usually referred to as permuting

the columns of the code. More formally, σ(C) = {(cσ(1), ..., cσ(n)) | ∀(c1, ..., cn) ∈ C}. The codes C

and σ(C) are equivalent codes, denoted C ∼ σ(C). Let C1 and C2 be the linear codes in example

2.1 and example 2.4 respectively. C1 ∼ C2 because σ(C1) = C2 where σ = (4, 5) ∈ S7. There are

other notions of equivalence when dealing with a code over finite fields in general. However, for

binary codes column permutation equivalence is the only notion of equivalence. For the rest of this

paper the term equivalence will represent column permutation equivalence. It may be tempting to

think that the number of equivalent codes will be the same as the size of the permutation group

Sn which is |Sn| = n!. While this could be true in some instances, in general it is not. Some

column permutations will result in the same code. Equality of codes follow the same principle

as equal sets. Namely, C1 = C2 if for every c ∈ C1 implies c ∈ C2. A permutation σ ∈ Sn is

called an automorphism of C if σ(C) = C. The set of automorphisms form a group. The set of

automorphisms for a code is called the automorphism group of the code, denoted AUT (C). The

size of the automorphism group |AUT (C)| for a code must be known in order to compute the number

of distinct codes that are equivalent to the code.

Theorem 2.1. (Number of Equivalent Codes) Let C be an [n, k] linear code. The number of distinct

codes that are equivalent to C is

|Sn|
|AUT (C)|

=
n!

|AUT (C)|

.

Proof. Let σ1, σ2 ∈ Sn. Assume σ1AUT (C) = σ2AUT (C) i.e. they are in the same left cosets of
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AUT (C). σ−12 σ1AUT (C) = AUT (C). This means that σ−12 σ1 ∈ AUT (C). As a result σ−12 σ1(C) = C

implying σ1(C) = σ2(C). This shows that two elements of Sn from the same coset of AUT (C) acting

on a code result in the same code. So the number of distinct equivalent codes must equal the number

of distinct cosets of AUT (C). The cosets form a partition of Sn each having size |AUT (C)|. So there

are n!
|AUT (C)| distinct equivalent codes (cosets).

Researchers typically use a name, set of parameters, or a specific code to represent a whole family

of equivalent codes. Many important properties of codes are invariant to column permutations. A

coding theorist will often analyze equivalent codes using tools that require codes to be in a certain

form. Codes that have a systematic generator matrix are often preferred. While not all codes have

a systematic generator matrix, there is always an equivalent code that has a systematic matrix.

Lemma 2.1. Let C be an [n, k] linear code with generator matrix G in reduced row echelon form

whose columns are denoted g1, g2, ..., gn, let J = (j1, j2, ...jk) be such that gji is the ith column from

the left (of k columns) in G with only one nonzero entry, and define CJ = {(cj1 , ..., cjk) | cji is the

ji coordinate of the codeword c ∈ C} and GJ = [gj1 , gj2 , ..., gjk ] where gji is the jith column of G.

The following are equivalent:

• If v ∈ Fk2 then v ∈ Cj

• GJ is the identity matrix of size k × k

• Let H be a generator matrix of C (not necessarily reduced row echelon form) and let HJ be

defined as the matrix formed from the same columns that make up GJ , then HJ is an invertible

matrix.

Proof. Since G is a k×n matrix in reduced row echelon form, this implies that there are k columns

of G that have only one nonzero entry and since GJ is composed of those columns (in order from

left to right) then GJ is the k× k identity matrix. Since C is the row space of G with 2k code words

then the row space of GJ is CJ with 2k code words and that means CJ = Fk2 . Thus if v ∈ Fk2 then

v ∈ CJ . If H and G are both generator matrices of C then the rows of H can be generated by G

and since H is a generator matrix the rows of H must be linearly independent. Thus there exists an

invertible k × k matrix M such that MG = H. Each row of M creates a linear combination of the

rows of G to form a row in H. Since M is invertible, meaning the rows are linearly independent, the

rows of H are linearly independent. By the properties of matrix multiplication MG = H implies

MGJ = HJ , but recall that GJ is the identity matrix and so M = MGJ = HJ . Thus HJ is an

invertible matrix.
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The set of coordinates defined as the set J in lemma 2.1 are known as the information set. The

set of coordinates that are not part of the information set are known as the redundancy set.

Theorem 2.2. All linear codes have an equivalent code with a systematic generator matrix.

Proof. Let C be an [n, k] linear code with generator matrix G in reduced row echelon form, with

information set J . By lemma 2.1 GJ is the identity matrix. Simply permute the columns of G so

that GJ is the first k columns of the new generator matrix. This will give a column permutation

equivalent code with a systematic generator matrix.

Theorem 2.3. The number of distinct generator matrices for a [n, k] linear code C is equal to the

number of invertible matrices of size k × k over GF (2).

Proof. Let G be a generator matrix for an [n, k] linear code C with information set J and an invertible

k × k matrix M over GF (2). By lemma 2.1 MG = H is also a generator matrix and HJ = M is

unique to choice of M .

Examples 2.1 and 2.4 had generator matrices that were easy to compare and see that they were equiv-

alent codes. The previous theorems demonstrate that showing equivalence by comparing generator

matrices is not feasible due to the large number of potential generator matrices.

2.3 Hamming Distance

The fundamental metric used in linear codes is called the Hamming distance and is defined as

follows. For a code C (not necessarily linear), dH(c1, c2) = |{i | c1i 6= c2i}|. It is simply the number

of coordinates where the two codewords differ.

Theorem 2.4 (The Hamming Distance Is A Metric). The Hamming distance satisfies the properties

of a metric. Let c1, c2, c3 be three distinct codewords of an [n, k] linear code C.

• dH(c1, c2) > 0

• dH(c1, c1) = 0

• dH(c1, c2) = dH(c2, c1)

• dH(c1, c3) ≤ dH(c1, c2) + dH(c2, c3)

Proof. If c1 6= c2 then they differ in at least one coordinate and so dH(c1, c2) > 0. Since order

does not matter dH(c1, c2) = dH(c2, c1). No coordinates can differ if c1 = c1 so d(c1, c1) = 0. The
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Hamming distance can also be considered the number of coordinates that need to be changed to make

two codewords equal. dH(c1, c3) is the number of coordinates that must be changed so that c1 = c3.

All the coordinates needed to change c1 to c2 plus the coordinates that need to be changed to convert

c2 to c3 would also be adding the coordinates that got changed from c1 to c2 and got changed back

to their original value changing from c2 to c3 and so dH(c1, c3) ≤ dH(c1, c2) + dH(c2, c3).

The minimum distance dmin of any code C is dmin = min{dH(x, y) | for all x, y ∈ C}. It is the

smallest distance between any two codewords in the code. This definition applies to any code linear

or not. The hamming weight of a codeword c = (c1, ..., cn) in an n-length code C is defined as

WH(c) = |{i|ci 6= 0}|, the number of coordinates with nonzero values. Let C be an n-length code.

Let A be a list of integers such that Ai = |{c|c ∈ C and WH(c) = i}|. The list of integers A is

known as the weight distribution of C. Linear codes provide an algebraic structure that allow

very convenient and strong properties to be assumed. In fact, linear codes make calculating the

minimum distance of a code much easier. Instead of calculating the Hamming distance between

every possible combination of two codewords, a researcher can appeal to the group properties of

linear codes and just consider the Hamming weights of a linear code.

Theorem 2.5 (Minimum Distance of a Linear Code). Let C be an [n, k] linear code with weight

distribution A. The minimum distance of C is

dmin(C) = min{dH(c, 0)|∀c ∈ C} = min{WH(c)|∀c ∈ C} = min{i|0 < i ≤ n,Ai 6= 0}

Proof. C is a subspace of Fn2 and thus the codewords of C form a group under addition Let y ∈ C.

The minimum distance between all pairs of codewords is min
y∈C

min{WH(x) | x ∈ y + C}. Since y ∈ C

then y + C = C and that implies min{WH(x) | x ∈ y + C} is invariant to the codeword y. Thus

min
y∈C

min{WH(x) | x ∈ y + C} = min{WH(x) | x ∈ C} = min{i|0 < i ≤ n,Ai 6= 0}

Linear codes often have a third parameter to list the codes minimum distance. An [n, k, d] linear

code is a [n, k] code with minimum distance d.
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3 Self-Dual Codes

Linear codes over finite fields possess strong and interesting properties. Careers can be made by

studying special families of linear codes. Coding theorists have written entire books on self-dual

codes.

3.1 Special Sets of Vectors

In order to understand self-dual codes some nomenclature has to be established. Let v = (v1, ..., vn) ,

w = (w1, ..., wn) ∈ Fnq . The dot product is a function · : Fnq ×Fnq → Fq defined as v.w =
∑n
i=1 viwi.

Two vectors are said to be orthogonal if v.w = 0. Let V ⊂ Fnq be a set a vectors such that x.y = 0

when x 6= y for all x, y ∈ V . The set V is called an orthogonal set. The definition of orthogonal

sets makes no condition on the dot product of a vector with itself. It is important to note that

orthogonal does not imply linear independence in fields with nonzero characteristic. Consider the

vectors in example 3.1.

Example 3.1.

(1, 0, 0, 0, 0, 1, 1, 1)

(0, 1, 0, 0, 1, 0, 1, 1)

(0, 0, 1, 0, 1, 1, 0, 1)

(0, 0, 0, 1, 1, 1, 1, 0)

The vectors form a basis for a [8, 4] linear code. However, notice that (1, 0, 0, 0, 0, 1, 1, 1)

+(0, 1, 0, 0, 1, 0, 1, 1) = (1, 1, 0, 0, 1, 1, 0, 0) is also orthogonal to all the vectors. Clearly, by definition,

(1, 1, 0, 0, 1, 1, 0, 0) is not linearly independent to the vectors listed in example 3.1. Notice that the

vectors in example 3.1 are orthogonal to themselves. An orthogonal set of vectors that are orthogonal

to themselves, x.x = 0, are said to be an self-orthogonal set. self-orthogonal vectors have some

very powerful properties.

Theorem 3.1 (Span of self-orthogonal vectors). Let S be a self-orthogonal set of vectors over Fnq .

If x = (x1, ..., xn), y = (y1, ..., yn) ∈ S and let z = x+ y. Then z.x = z.y = z.z = 0.

Proof. Let S be a self-orthogonal set of vectors over Fnq and let x = (x1, ..., xn), y = (y1, ..., yn) ∈ S
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and also let z = x+ y. Then

x.z =

n∑
i=1

xi ∗ zi

=

n∑
i=1

xi ∗ (xi + yi)

=

n∑
i=1

xi ∗ xi + xi ∗ yi)

=

n∑
i=1

xi ∗ xi +

n∑
i=1

xi ∗ yi

= x.x+ x.y

= 0 + 0

= 0

The proof for y.z is similar. Now

z.z =

n∑
i=1

xi ∗ zi

=

n∑
i=1

(xi + yi) ∗ (xi + yi)

=

n∑
i=1

(
xi ∗ xi + 2 ∗ xi ∗ yi + yi ∗ yi

)
=

n∑
i=1

xi ∗ xi + 2

n∑
i=1

xi ∗ yi +

n∑
i=1

yi ∗ yi

= x.x+ 2 ∗ x.y + y.y

= 0 + 2 ∗ 0 + 0

= 0

Corollary 3.1 (Linear Codes Generated by self-orthogonal Codewords). Let C be a linear code

generated by self-orthogonal codewords. Then x.y = 0 for all x, y ∈ C.

For completeness, if S is an orthogonal set of vectors such that x.x = 1 for all x ∈ S. Then S is

called an orthonormal set of vectors.
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3.2 Parity Check Matrix

The number of codewords of an [n, k] linear code C over Fq is equal to qk, which can be large as

the dimension of the code grows. It would be infeasible to determine if a vector was a codeword of

a code by checking every codeword in the code. Fortunately, the algebraic structure of linear codes

will assist in making this process much easier with less resources and time. Linear codes have a

parity check matrix that is used to determine if a vector is a codeword of the linear code. Let C

be an [n, k] linear code over Fq with generator matrix G. Let H be an [n − k, n] matrix such that

GHT = 0. H is a parity check matrix for C. If v ∈ Fnq is a codeword of C then HvT = 0.

Parity check matrices play an important role in both the applied and algebraic aspects of coding

theory. Properties of the parity check matrix are directly related to the minimum distance of a linear

code.

Theorem 3.2 (Parity Check Matrix and the Minimum Distance of a Linear Code). Let H be a

parity check matrix for an [n, k] linear code C over Fq. C has minimum distance d if and only if

every set of d − 1 columns of H are linearly independent. Furthermore, H must have at least one

set of d columns that are linearly dependent.

Proof. Assume to the contrary that there exists m < d linearly dependent columns of H. Since

the m columns are linearly dependent there exists a nonzero vector a = (a1, ..., an) ∈ Fnq such that

WH(a) = m and aHT = 0. The product aHT represents a linear combination of the columns of

H with the scalars as the coordinates of a). However, aHT = 0 implies that HaT = 0 (Note that

0 is a zero vector whether it is a column or a row vector) and that means that a ∈ C. This is a

contradiction since WH(a) = m < d. Now let H be such that every d− 1 set of columns are linearly

independent and let c ∈ C and so HcT = 0 which implies that cHT = 0. As before cHT represents

a linear combination of the columns of H with the coordinates of c as the scalars. Every set of

d−1 columns of H is linearly independent and by definition of linear independence there is no linear

combination of d− 1 columns or less that could equal the zero vector. Thus c must have at least d

coordinates that are nonzero and so WH(c) >= d. Since C has minimum weight d there must be a

codeword having weight d. There must be a linear combination of d columns of H that are linearly

dependent.

Parity check matrices can be fairly straight forward to construct if the generator matrix of a linear

code is in systematic form.
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Theorem 3.3 (Constructing Parity Check Matrix from Systematic Generator Matrix). If C is an

[n, k] linear code with systematic generator matrix G = Ik|Ak×n−k where Ik is the k × k identity

matrix and Ak×n−k is a k × n− k augmented matrix then the parity check matrix H = −AT |In−k

where In−k is the (n− k)× (n− k) identity matrix.

Proof. Let C be defined as it is in the theorem. Then GHT = Ik(−A) + AIn−k = 0. Thus H is a

parity check matrix by definition.

3.3 Dual of a Code

The orthogonal complement of a linear code C is called the dual and it is denoted as C⊥. The

algebraic structure of C⊥ provides many power tools for analyzing C. The dual of a n-length code

C over Fnq is defined to be C⊥ = {v | v ∈ Fnq , c.v = cvT = 0 ∀c ∈ C}. Nearly every branch

of mathematics has a set of classical constants and equations. One of the classical vector space

equations illustrates the connection between the dimension of C and C⊥.

Theorem 3.4 (dim(C) + dim(C⊥) = n). Let G be a [n, k] linear code over Fq with dual C⊥. Then

dim(C) + dim(C⊥) = n.

Proof. Let C be a [n, k] linear code over Fq with dual C⊥ and generating matrix G. Note that xG ∈ C.

Let y ∈ C⊥ and so c.y = cyT = 0 for all c ∈ C. Thus 0 = cyT = xGyT =
(
(yT )TGTxT

)T
= (yGT )xT

for all x ∈ Fkq . It must be the case that yGT = 0 which implies GyT = 0. This implies that y

is in the null space of G. The null space of G is C⊥. G is a k × n matrix and by linear algebra

dim(NULL(G))+dim(Col(G)) = n where NULL(G) is the nullspace of G and Col(G) is the column

space of G. Recall lemma 2.1 states that every generator matrix of a [n, k] linear code will have k

columns that form an invertible matrix whose transpose is also invertible and so GT will have an

invertible matrix. This implies that the dimension of the row space of GT which is the column space

of G is k. Thus dim(NULL(G))+dim(Col(G)) = dim(C⊥)+k = n implying that dim(C⊥) = n−k.

Thus dim(C) + dim(C⊥) = k + n− k = n

It is not coincidental that the dimension of C⊥ is the same as the number of rows of the parity check

matrix. In fact, recall that that every vector space is the kernel of some linear transformation.

Theorem 3.5 (The parity check matrix generates C⊥). Let C be an [n, k] linear code with generator

matrix G, parity check matrix H. The dual C⊥ is generated by the parity check matrix H.
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Proof. Since HcT = 0 for all c ∈ C then C is the kernel of the linear transformation. Thus H

generates C⊥. H is an [n− k, n] matrix. aC⊥ is a code with dimension n− k. The rows for H must

form basis for C⊥. Thus H is a generator matrix for C⊥.

Corollary 3.2 (The Dual of the Dual of a Linear Code). If C is a linear code then
(
C⊥
)⊥

= C.

It follows that the theorems can be slightly rearranged to represent a linear transformation mapped

by G where C⊥ is the kernel. Thus G is the parity check matrix for C⊥ and thus G generates

C =
(
C⊥
)⊥

.

Theorem 3.6 (The Dual of a Code is a Linear Code). Let C be a code, not necessarily linear, then

C⊥ is a linear code.

Proof. Let C be an n-length code with dual C⊥. Let x = (x1, ..., xn), y = (y1, ..., yn) ∈ C⊥ ⊂ Fnq . The

dot product of 0.c =
∑n
i=0 0∗xi = 0 for all c ∈ C implies 0 ∈ C⊥. Since (x+y).c =

∑n
i=1 ci∗(xi+yi) =∑n

i=1 ((ci ∗ xi) + (ci ∗ yi)) = (
∑n
i=1 ci ∗ xi)+(

∑n
i=1 ci ∗ yi) = c.x+c.y = 0+0 = 0 then (x+y) ∈ C⊥.

Let k ∈ Fq. kx.c =
∑n
i=1 ci ∗ kxi = k

∑n
i=1 ci ∗ xi = k ∗ 0 = 0 and so kx ∈ C⊥. Thus C⊥ meets all

the requirements of a subspace and so it is a linear code.

Notice that C was not restricted to a linear code. Interestingly, C⊥ is a linear code regardless of

whether C is a linear code. The hull is defined to be the intersection between C and C⊥. Since the

intersection of two vector spaces is a vector space the hull is linear code. The hull often provides a

much lower dimension linear code for algorithms to run through in order to categorize linear codes

and check for equivalence. Many, if not most, linear code algorithms have timing that are polynomial

with respect to length and exponential with respect to dimension. If two codes are equivalent their

hulls will be equivalent and often times much lower in dimension.

3.4 Self-Orthogonal and Self-Dual Linear Codes

If C ⊂ C⊥ then C is said to be self-orthogonal. If C = C⊥ then C is self-dual. Self-dual and self-

orthogonal codes represent an interesting family of codes. They possess strong algebraic properties

and books have been written about them. They are at the center of many open unsolved coding

theory questions. Research on self-orthogonal codes started as early as the 1950’s by Reed in [2]

and more in depth in the early 1960’s by Massey in [3] and then by Robinson and Bernstein in the

middle 1960’s in [4]. Example 3.2 shows a self-orthogonal code over F2.
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Example 3.2.

(1, 1, 1, 1, 1, 1, 1, 1) (0, 0, 0, 0, 1, 1, 1, 1) (0, 0, 1, 1, 0, 0, 1, 1) (1, 1, 1, 1, 0, 0, 0, 0)

(1, 1, 0, 0, 1, 1, 0, 0) (0, 0, 1, 1, 1, 1, 0, 0) (1, 1, 1, 1, 1, 1, 1, 1) (0, 0, 0, 0, 0, 0, 0, 0)

All the codewords in example 3.2 are self-orthogonal and pairwise orthogonal. However, notice that

the vector (0, 1, 0, 1, 0, 1, 0, 1) is also orthogonal to all the codewords generated by the basis, but not

part of the code. So the code is completely contained inside C⊥ but there exist codewords in C⊥

that are not codewords of C. Self-orthogonal codes have very defined properties.

Theorem 3.7 (Code words of a binary self-orthogonal linear code must have even weight). Let C

be a linear self-orthogonal code of length n with weight distribution A = (A0,A1, ...,An) where Ai

is the number of codewords of weight i for i ∈ {0, 1, ..., n}. If i mod 2 6= 0 then Ai = 0.

Proof. If c is a codeword of a linear binary self-orthogonal code then c.c = 0. That could only

happen if the number of nonzero coordinates are even.

Theorem 3.8. If C is a binary self orthogonal of even length n then 1 ∈ C⊥.

Proof. All the codewords of C must be even since C is self orthogonal. Since WH(1) = n is even

then c.1 = 0 for all c ∈ C and so 1 ∈ C⊥.

If the length of a binary self-orthogonal code is even then the all one 1 codeword will be part of the

dual. Binary codes that contain the all one vector have nice properties.

Theorem 3.9 (Binary Codes Containing 1). If C is a binary linear code of length n with weight

distribution A and 1 ∈ C then Ai = An−i.

Proof. Let C is a binary linear code of length n with weight distribution A and 1 ∈ C. Let c ∈ C

and WH(c) = i. Since 1 + c turns all zero coordinates to 1 and all nonzero coordinates to 0 then

WH(1+c) = n−WH(c) = n− i. Since this is true for all c ∈ C then Ai = An−i for i ∈ {0, ..., n}.

Self-dual codes are self-orthogonal codes.

Theorem 3.10 (Length and Dimension of Self-Dual Codes). If C is a self-dual code of length n

then n is even and C is an [n, n2 ] linear code.

Proof. By definition C = C⊥ and so dim(C) = dim(C⊥). Since dim(C) + dim(C⊥) = dim(C) +

dim(C) = 2dim(C) = n then dim(C) = n
2 . This implies that n must be even.

Corollary 3.3. If C is a binary self dual code than 1 ∈ C.
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The systematic generator matrix is the parity check matrix since the linear code and the dual are

equal (generated by same matrix).

Theorem 3.11 (Augmented Matrix of a Binary Self-Dual Binary Code Systematic Generator Ma-

trix). Let C be a binary self-dual code with systematic generator matrix G = [I|A]. The augmented

matrix A must be an orthogonal matrix.

Proof. Since C = C⊥ the generator matrix G generates both the code and the dual. Thus G is also

the parity check matrix and so GGT = I ∗ IT +A ∗AT = I +AAT = 0 which implies AAT = I. By

definition A is an orthogonal matrix.

Notice that the systematic generator matrices of self-dual codes are basically two augmented invert-

ible square matrices. Self-dual codes always have two disjoint information sets. The hull of self-dual

codes by definition is the entire code itself. This makes many algorithms poorly suited for self-dual

codes.
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4 Weight Distribution and Weight Enumerators

The weight distribution of a linear code is probably one of the most important characteristics of

a code. Sometimes the weight distribution can uniquely identify a linear code but in general two

codes can not determined to be equivalent based on the weight distribution. One key important fact

about weight distributions is how they are linked to the dual.

4.1 Weight Distributions of Binary Self-Dual Codes

The weight distribution A = (A1, ...,An) of a linear code C simply shows the number of codewords

of a particular Hamming weight in the code. The weight distribution is invariant to column permu-

tations. The weight distribution of the [8, 4, 4] self-dual code is (1, 0, 0, 0, 14, 0, 0, 0, 1) and the weight

distribution for the extended binary Golay [24, 12, 8] is

(1, 0, 0, 0, 0, 0, 0, 0, 759, 0, 0, 0, 2576, 0, 0, 0, 759, 0, 0, 0, 0, 0, 0, 0, 1). The extended binary Golay code

was named after Marcel Golay, who wrote one of the leading papers in coding theory back in 1949.

See [5] for more information. Typically, a coding theorist will just refer to these codes as “the”

extended Hamming code or “the” extended binary Golay code because these two codes are unique

up to equivalence. All codes having those parameters are equivalent. In general codes are not unique

for a given set of parameters, although not incredibly rare. Since a binary linear code of length n

contains 1 then the weight distribution is symmetric in that Ai = An−i for i ∈ {0, 1, ..., n2 }. Self-dual

codes must contain the 1 codeword. Appendix A shows all the possible weight distributions for a

length 36 self-dual binary code. These are not just feasible weight distributions, these are weight

distributions such that at least one code exists for each of the weight distributions. The far left

column shows how many distinct self-dual codes of length 36 have that specific weight distribution

up to equivalence. You will notice that some weight distributions only have one code meaning any

self-dual binary code of length 36 that has that weight distribution must be equivalent to that code.

Other weight distributions can have 14000+ codes. You will notice some patterns in the weight

distributions. Notice how codewords of weight 4, 8, 12, and 16 move in tandem. Linear codes and

their duals share common characteristics in regard to their weight distributions. This relationship

is so strong, systems of linear equations can be developed which give insightful detail about the

weight distributions. In the case of self-dual codes, the entire weight distribution can be directly

and uniquely calculated. In situations where the weight distribution is not unique the weight distri-

bution can be reduced to a few parameters subject to integer constraints. Notice the alpha, beta,
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gamma, and delta parameters in appendix A. Those are the parameters that determine the weight

distribution for the length 36 self-dual binary codes. The weight distribution is determined by the

following equations.

A0 = A36 = 1

A2 = A34 = α

A4 = A34 = 12α+ β

A6 = A30 = 64α+ 6β + γ

A8 = A28 = 33 + 196α+ 11β + 64δ

A10 = A26 = 3168 + 364α− 4β − 6γ − 384δ

A12 = A24 = 7059 + 364α− 39β + 832δ

A14 = A22 = 30336− 38β + 15γ − 512δ

A16 = A20 = 58443− 572α+ 27β − 896δ

A18 = A18 = 64064− 858α+ 72β − 20γ + 1792δ

It will be shown how to derive these equations, but they are listed in [6] where the length 36 self-dual

codes are classified.

4.2 Type I and Type II Codes

Some codes have special restrictions on their weight distributions. A codeword with a weight that

is a multiple of 2 is called singly even and called doubly even if the weight is a multiple of 4.

Binary self-dual codes that contain singly even codewords are called Type I and binary self-dual

codes that contain only doubly even codewords are called Type II. A binary self-dual code must be

type I or type II. Type II linear codes often place a much greater restriction on weight distribution

parameters. If a length 36 self-dual code had to be type II then the following system of equations
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would be necessary to determine the weight distribution.

A2 = 0 = α

A4 = 12α+ β = β

A6 = 0 = 64α+ 6β + γ = 6β + γ =⇒ γ = −6β

A10 = 0 = 3168 + 364α− 4β − 6γ − 384δ = 3168 + 32β − 384δ =⇒ β = 12δ − 99

A14 = 0 = 30336− 38β + 15γ − 512δ = 30336− 38(12δ − 99)− 512(−6)(12δ − 99) = 36408δ − 270030

δ =
270030

36408
=

45005

6068

0 > β = 12δ − 99 = 12
45005

6068
− 99 /∈ Z =⇒ A4 /∈ Z

The results A4 = β /∈ Z and A4 = β < 0 provide two failing results for a weight distribution. The

parameters must yield a positive integer only weight distribution, thus it is impossible for a self-dual

code of length 36 to be type II. In general a type II code can only exist for lengths that are divisible

by 8 due to the all one codeword creating symmetry in the weight distribution.

Theorem 4.1. A binary self-orthogonal code C is doubly even if and only if the rows of the generator

matrix G are doubly even codewords.

Proof. Let a = (a1, ..., an), b = (b1, ..., bn) be doubly even codewords of a self-orthogonal code C of

length n. Notice that WH(a) + WH(b) = WH(a + b) only if {i | ai 6= 0} ∩ {i | bi 6= 0} = ∅. In this

situation WH(a+ b) = WH(a) +WH(b) = 4n+ 4n = 8n for some n ∈ Z which implies WH(a+ b) is

doubly even. Now assume that S = {i | ai 6= 0}∩{i | bi 6= 0} 6= ∅. Since C is self-orthogonal then |S|

must be even else a.b 6= 0. Let c = (c1, ..., cn) = a+ b. It must be the case that ci = 0 for all i ∈ S

since C is a binary code. Thus WH(c) = WH(a) + WH(b) − 2|S| = 4n + 4n − 2(2m) = 8n − 4m =

4(4n−m) > 0 where n,m ∈ Z. By definition c = a+ b is a doubly even codeword. This means that

linear combinations of doubly even codewords must be doubly even. Thus if the generator matrix G

of a self-orthogonal code C is comprised of doubly even codewords then they only generate doubly

even codewords and so C is doubly even. If C is a doubly even code then generator matrix G can

not have a singly even codeword as a row.

4.3 MacWilliams Identities and Pless Power Movements

A quick look through any textbook, article, or website discussing self-dual codes would lead anyone

to believe that self-dual codes have some property that allows their weight distribution to be known
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without knowing anything about the code. One of my first goals in researching self-dual codes

was to understand how this was accomplished. I first read about the Pless Power movements in the

textbook [7] written by Vera Pless. Originally called the Power Moment Identities in her 1963 article.

They are the connection between the weight distributions of the linear code and the code’s dual.

The Pless power moments are now called the Pless power movements. The Pless power movements

are among the most powerful tools in analyzing linear codes, especially self-dual codes. The power

movements can be used to determine the existence of a linear code requiring certain parameters on

the weight distribution. The first Pless power movement P1 is

n∑
j=0

jrAj =

min(n,r)∑
j=0

(−1)jA⊥j

 r∑
v=j

v!S(r, v)qk−v(q − 1)v−j
(
n− j
n− v

)
where S(r, v) = 1

v!

∑v
i=0(−1)v−i

(
v
i

)
ir, q is the size of the finite field, Ai is the number of codewords

of weight i in the code, and A⊥i is the number of codewords in the dual of weight i. This equation

holds for 0 ≤ r. This is an incredibly powerful equation when applied to self-dual codes since

Aj = A⊥j and Aj = 0 when j is odd. Notice that up to n seperate equations can be developed for

a chosen r ∈ Z and r ≤ n. These are the very equations used to develop a system of equations

dependent on α, β, γ, δ that create the weight distribution for the length 36 self-dual binary codes.

The Pless power movements are actually equivalent and derived from the MacWilliams equations

named after Florence Jessie Collinson MacWilliams (for more information see [8]) and published in

[9]. The development of the MacWilliams identities were such a break through for coding theory

they practically appeared in every article dealing with weight distributions after the publications of

MacWilliams and Pless in 1963. William Wesley Peterson published a well known book in 1961 titled

“Error Correcting Codes” (see[10] for more information). This book was really the first publication

that collected all the large amounts of information about error correcting codes and combined it

into one single source. The book was considered so well written that James L. Massey said in a

book review for the second edition “...Like most coding theorists, my own education in the field

came largely from the 1961 first edition, which I consider one of the most extraordinary technical

books ever written...” (read the full review at [11]. The second edition [12] nearly doubled in size

and was co-authored by E.J. Weldon Jr. Massey later mentions the MacWilliams weight identities

as a welcomed addition. The book does not mention Pless power moments. It seems that the Pless

power movements were a bit slow to catch traction in the literature. In 1979, the article [13] by

Mark G. Karpovsky presents an alternative proof to what he calls the Pless ith power moment. I
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mention some of the chronology of linear codes because in my early days of researching the topic

I was not aware of some of the interchangeability of the terms and their relationships. I decided I

would read the articles in their original form and read the most relevant articles I could find that

improved on the topic. Basically, I felt that it would be best that I learn the topics just like the

early coding community learned the topics only in a much more condensed time frame.

4.4 Weight Enumerators, Cosets, and Direct Sums

Weight distributions can often be represented as polynomials known as a weight enumerator. Let

C be a length n code with the typical weight distribution A where Ai is the number of codewords

of C of weight i. The polynomial WC(x) = Anxn + ... + A1x + A is the weight enumerator of C.

During the early stages of my research into linear codes it was not obvious to me why a person would

want to represent the weight distribution with a polynomial. Weight distributions and polynomial

addition can be represented easily enough without complicating the notation as a polynomial. So

my intuition was that the properties of polynomial multiplication must provide a tool for comparing

or combining linear codes. At the time, I was still fairly new to linear codes and was exploring

many topics at the same time. Trying to understand all the benefits of the weight enumerator were

put on hold. In pursuing my goal of finding or disproving the existence of a Type II [72, 36, 16]

code I starting trying to manipulate existing codes and somehow glue them together to make new

codes. Since linear codes are groups under vector addition all the tools of cosets are available. Just

like codes, the cosets have a weight distribution and a a minimum weight. A vector in a coset with

minimum weight is called a coset leader. If the weight distribution of the cosets are known then the

resulting weight distribution of increasing the dimension of a linear code by one is straightforward.

Theorem 4.2. Let C be a [n, k] binary linear code over with weight enumerator WC(x) and minimum

weight d and generator matrix G whose rows are g1, ..., gk. Let a ∈ Fn2 such that a /∈ C. Let the

coset a+ C have a weight enumerator of Wa+C(x) with minimum weight s. Let C∗ be the [n, k + 1]

linear code with generator matrix G∗ whose rows are g1, ..., gk, a. Then the weight enumerator of C∗

is WC∗(x) = WC(x) +Wa+C(x) and the code will have minimum weight of min(d, s).

Proof. Let AC+a be the weight distribution of the coset a + C, A be the weight distribution of C,

and A∗ be the weight distribution of C∗ = C ∪ (a + C) where AC+ai , Ci, and A∗i is the number of

codewords of weight i in a+C, C, and C∗ respectively for all i ∈ {0, ..., n}. The linear code generated

by the matrix G∗, which is the generator matrix G with the vector a appended as a new row, is the

same code as C ∪ a + C. Since the cosets form a partition of Fn2 and C is actually the coset 0 + C
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then C ∩ a + C = ∅. Thus A∗i = Aa+Ci + Ai for all i ∈ {0, ..., n} and so W ∗C (x) =
∑n
i=0A∗i xi =∑n

i=0

(
Aa+Ci +Ai

)
xi =

∑n
i=0A

a+C
i xi +

∑n
i=0Aixi = Wa+C(x) + WC(x). Since the cosets form

disjoint sets each with 2k codewords then C∗ has 2k + 2k = 2 ∗ 2k = 2(k+ 1) codewords. Thus C∗ is

a [n, k + 1] linear code generated by G∗.

One of the main benefits of constructing linear codes from other linear codes is the ability to

fully predict the new weight enumerator and control the minimum weight. When classifying self-

dual codes it is often necessary to build them from self-orthogonal codes by adding one coset at

a time. There is another very useful technique of creating linear codes from other linear codes

that predictably changes the length, dimension, and minimum weight. The direct sum technique

of creating codes from other codes is probably the primary tool used to classify linear self-dual

codes. Let C1 and C2 be [n1, k1, d1] and [n2, k2, d2] linear codes with generator matrices G1 and G2

respectively. The direct sum C1⊕C2 is a [n1 + n2, k1 + k2,min(d1, d2)] linear code generated by the

block generator matrix 
G1 0

0 G2


Expressing the weight distribution as a polynomial provides a very convenient approach to calculating

the weight distributions of direct sums.

Theorem 4.3 (Weight Enumerator of a Direct Sum). Let C1 and C2 be [n1, k1, d1] and [n2, k2, d2]

linear codes with weight enumerators WC1(x) and WC2(x) respectively. The weight enumerator of

C1 ⊕ C2 is WC1⊕C2(x) = WC1(x) ·WC2(x).

Proof. Let C1 and C2 be defined as above with generator matrices G1 and G2 respectively. The

generator block matrix G∗ for C∗ = C1 ⊕ C2 is

G∗ =


G1 0

0 G2


Let AC1 , AC2 , AC∗ be the weight distributions for C1, C2 , and C∗ respectively. Moreover, let AC1i ,

AC2i , AC∗i be the number of codewords of weight i in C1, C2 , and C∗ respectively. Let c1 ∈ C1 such

that WH(c1) = i and c2 ∈ C2 such that WH(c2) = j. Notice that (c1,0) (codeword right padded

with n2 zeros) and (0, c2) (codeword left padded with n1 zeros) are codewords C∗ with Hamming

22



weights i and j respectively and (c1,0) + (0, c2) has Hamming weight i+ j. So AC∗i = AC1j ∗A
C2
k for

all j, k such that j + k = i. AC∗ is the result of a convolution of the weight distribution vectors AC1

and AC2 . Polynomial multiplication is exactly this type of convolution. Thus

WC∗(x) =

n1+n2∑
i=0

AC
∗

i x
i =

∑
j+k=i

AC1j x
j ∗ AC2k x

k =
∑
j+k=i

AC1j ∗ A
C2
k x

j+k = WC1(x) ·WC2(x)

There is some shorthand notation involved with direct sums, namely repeated summands. For

example
3⊕
i=1

C = (C ⊕ C)⊕ C = 3C
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5 Classifying Self-Dual Codes

The motivation for studying linear codes came from the open problem about the existence of a Type

II [72, 36, 16] linear code. I became interested in the classification of self-dual binary codes in order

to understand known self-dual codes. To completely classify all the binary self-dual linear codes

of a certain length usually requires a firm understanding of direct sums, gluing techniques, linear

algebra, and a solid process to identify unique linear codes to avoid repeats. Classifying binary

self-dual linear codes at times may rely on a bit of crude searching and luck. The process of luck

has even been documented in articles such as the one by John Conway and Vera Pless where they

write ”If we can then locate by any means whatever (not excluding divination!)...” (see [14] for more

information).

5.1 Mass Formuala

Despite whether binary self-dual linear codes of a certain length are found using prescribed searching

techniques, direct sums, or by supernatural influence the mass formula is the tool used to verify

completion.

Theorem 5.1 (Mass Formula). Let S be a set of self-dual codes containing one representative from

every possible family of equivalent self-dual codes of length n. Then

∑
C∈S

n!

|AUT (C)|
=

n
2−1∏
i=1

(2i + 1)

where |AUT (C)| is the size of the automorphism group of the self-dual linear code C.

Proof. As shown earlier, for every C ∈ S there are n!
|AUT (C)| distinct equivalent codes to C. So∑

C∈S
n!

|AUT (C)| equals the number of distinct self-dual binary codes of length n.

Let C1 = {0,1} ⊂ Fn2 . Notice that C1 is the only [n, 1] self-orthogonal code containing the all

one vector 1. If n = 2 this is the only [2, 1] binary self dual code. Assume n > 2 and let v1 ∈ C⊥1 \C1

and C2 =< v1, C1 > (the code generated by C1 and v1). The vector v1 is linearly independent to all

the codewords in C2 and so C2 is an [n, 2] self-orthogonal code. Continuing this process where Ci is

an [n, i] self-orthogonal code generated by < vi−1, Ci−1 > and vi−1 ∈ C⊥i−1\Ci−1 until i = n
2 . Since

Ci ⊆ C⊥i (Ci is self-orthogonal) then dim(C⊥i ) ≥ dim(Ci), with equality when C is self-dual. The self-

orthogonal code Ci is self-dual when the equivalent conditions of Ci = C⊥i , dim(Ci) = dim(C⊥i ) = n
2 ,
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and C⊥i \Ci = ∅ hold. This chain building process produces the chain C1 ⊂ ... ⊂ Cn
2

= C⊥n
2

. Notice

how each step adds a linearly independent vector and increases the dimension by one.

Now given a self dual code C, C has a generator matrix containing the all one vector 1. Using the

rows of the generator matrix v1, ..., vn
2

we can use those vectors to build a chain as described above.

Every length n self-dual code has a generator matrix composed of n2 linearly independent codewords.

The rows of the generator matrix can be used to construct a self-orthogonal subcode chain, like the

one described. Hence, every self-dual code can be constructed by the self-orthogonal subcode chain

process.

Let Si = 2n−2(i−1)−1
2i−1−1 Si−1. It will be shown that Si is the number of binary length n self-orthogonal

codes of dimension i containing 1. Since the [n, 1] self-orthogonal code containing 1 is unique,

S1 = 1. Now, choose v1 ∈ C⊥1 \C1 such that C2 =< v1, C1 > is an [n, 2] binary self-orthogonal

code. At this point, dim(C⊥1 ) = n − 1 and so |C⊥1 | = 2n−1. However, C1 = {0,1} ⊂ C⊥1 , and

so |C⊥1 \C1| = 2n−1 − 2. Choosing vectors from the same coset will yield the same code. There

are 2n−1

2 = 2n−2 − 1 cosets in C⊥1 \C1. Thus there are 2n−2 − 1 ways to pick v1 and so there are

S2 = 2n−2(2−1)−1
22−1−1 ∗ 1 = 2n−2 − 1 binary [n, 2] self-orthogonal codes containing 1. Assume that Sk is

the number [n, k] binary self orthogonal codes containing 1. Assume that the formula holds for all

k = {1, ..., n2 }. Consider the binary [n, k + 1] self-orthogonal code Ck+1 =< vk, Ck > where Ck is a

binary [n, k] self-orthogonal code ,vk ∈ C⊥k \Ck, and 1 ∈ Ck+1. Since dim(C⊥k ) = n− k, |C⊥k | = 2n−k.

So |C⊥k \Ck| = 2n−k − 2k. However, every vector in C⊥k \Ck belongs to a coset of Ck in C⊥k . Choosing

two vectors from the same coset will produce the same code. The number of distinct codes that can

be produced is 2n−k−2k
2k

= 2n−2k− 1. Binary [n, k] self orthogonal codes containing 1 are not unique

for k > 1. The chain C1 =< 0,1 >⊂ C2 =< v1, C1 >⊂ ... ⊂ Ck =< vk−1, Ck−1 >⊂ Ck+1 =< vk, Ck >

creates the [n, k + 1] code Ck+1 generated by < 1, v1, ..., vk−1, vk >. The same code is generated

by < 1, vk, ..., vk−1, v1 > (swap v1 and vk) built by the chain C1 =< 0,1 >⊂ C∗2 =< vk, C1 >⊂

... ⊂ C∗k =< vk−1, C∗k−1 >⊂ Ck+1 =< v1, C∗k >. Notice that Ck+1 =< v1, C∗k >=< vk, Ck > but

C∗k 6= Ck. There are 2k − 1 distinct subcodes of Ck+1 that contain 1. So there are 2n−2k−1
2k−1 ways to

develop a chain to create an [n, k+ 1] self-orthogonal code containing 1. By mathematical induction

Sk+1 = 2n−2k−1
2k−1 Sk holds for k = {1, ..., n2 }. The recursive formula gives

Sn
2

=
22 − 1

2
n
2−1 − 1

· · · 2
n−6 − 1

23 − 1
∗ 2n−4 − 1

22 − 1
∗ 2n−2 − 1

21 − 1
=

∏n
2−1
i=1 2n−2i − 1∏n

2−1
i=1 2i − 1
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Reordering the product yields

∏n
2−1
i=1 2n−2i − 1∏n

2−1
i=1 2i − 1

=

∏n
2−1
i=1 22i − 1∏n
2−1
i=1 2i − 1

=

∏n
2−1
i=1 (2i − 1)(2i + 1)∏n

2−1
i=1 2i − 1

=

n
2−1∏
i=1

(2i − 1)(2i + 1)

2i − 1
=

n
2−1∏
i=1

2i + 1

Both sides of the mass formula count the number of distinct binary self-dual codes of length n.

As with many problems in mathematics stating the problem and outlining a pseudo code algorithm

is much simpler than implementing the algorithm. The algorithm to classify self-dual linear binary

codes of a specific length is as follows:

• Find a self-dual code that is not equivalent to any self-dual code already found.

• Compute the size of the automorphism group for the code.

• Compute how many codes are equivalent to the new self-dual code found.

• Add up the total number of equivalent codes for all non equivalent self-dual codes found.

• If the total is equal to the right hand side of the mass formula then you have classified all

self-dual linear codes. If not, then keep searching.

The key is being able to compute the size of the automorphism group for each code. This is not a

simple task. Software packages that can compute the automorphism group of a linear code likely uses

a verison of an algorithm created by Jeffrey Leon in 1982. The pseudo code can be found in [15]. The

pseudo code for Leon’s algorithm is roughly 200+ lines and the actual computer implementation

using the C programming language is 2000+ lines of code. The same algorithm is used to also

compute the automorphism groups of t-designs.

5.2 Demonstration of Binary Self-Dual Code Classification

To demonstrate how the classification process works I will classify a few small length binary self-dual

codes. The first step in classifying self-dual codes is to classify all the decomposable codes. Recall,

that decomposable codes are codes that are created from smaller length codes using direct sums.

Decomposable codes have very predictable automorphism group sizes.

Theorem 5.2. Let C1 and C2 be non-equivalent self-dual codes of lengths n1 and n2 respectively

and with automorphism groups of size m1 and m2 respectively. The size of the automorphism group

of C1 ⊕ C2 is m1 ∗m2.
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Proof. Let C1 be a self-dual binary linear code of length n1 and have an automorhpism group of

size m1 and C2 be a self-dual binary linear code of length n2 and have automorphism group of size

m2. Consider the standard direct sum generator matrix outlined earlier. Any permutation in the

automorphism group of C1 applied to the first n1 columns of C1⊕C2 is an automorphism of C1⊕C2.

Likewise, any permutation of the automorphism group of C2 applied to the last n2 columns of C1⊕C2

is an automorphism of C1 ⊕ C2. So every permutation pair (σ1, σ2) ∈ AUT (C1) × AUT (C2) is an

automorphism of C1 ⊕ C2. The size of AUT (C1)×AUT (C2) is m1 ∗m2.

If the direct sum involves self-dual codes that are equivalent then the size of the automorphism

group is just as predictable.

Corollary 5.1. Let C be a linear self-dual code with automorphism group size of m. The size of the

automorphism group of
⊕n

i=1 C is n! ∗mn

Essentially the repeated direct sum is the same as the normal direct sum except all the summands

can be permuted in n! ways. The rest of this section is basically an actual classification process of

self-dual linear codes. Let Cn,m be the mth distinct indecomposable binary self-dual linear code of

length n. For n = 2 the right hand side of the mass formula is defined to be 1. There is only one

self-dual binary linear code of length 2. So C2,1 is unique with

[
1 1

]

as the generator matrix. This code has automorphism size of 2. There are 2!
2 = 1 equivalent codes,

the code itself. Below is a table of computed values for the right hand side of the mass formula.

Table 5.1: Total Number of Distinct Self-Dual Codes By Length

SD Code Length Num of Distinct Self-Dual Codes

2 1

4 3

6 15

8 135

10 2295

12 75735

14 4922775

16 635037975
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Below is a series of tables of linear codes with their contributions to the left hand side of the mass

formula.

Table 5.2: Classification of Length 2 Self-Dual Binary Codes

Self-Dual Linear Code Automorphism Group Size Distinct Equivalent Codes

C2,1 2 2!
2 = 1

Total Accounted Distinct Self-Dual Codes 1

Since the total left hand contribution equals the right hand contribution of the mass formula, the

length 2 self-dual binary codes have been classified. The classification for the binary self-dual codes

of lengths up to 16 are given. The binary self-orthogonal and self-dual codes of length 20 or less

were classified in [16] by Vera Pless in 1972.

Table 5.3: Classification of Length 4 Self-Dual Binary Codes

Self-Dual Linear Code Automorphism Group Size Distinct Equivalent Codes

2C2,1 2! ∗ 22 = 8 4!
8 = 3

Total Accounted Distinct Self-Dual Codes 3

Table 5.4: Classification of Length 6 Self-Dual Binary Codes

Self-Dual Linear Code Automorphism Group Size Distinct Equivalent Codes

3C2,1 3! ∗ 23 = 48 6!
48 = 15

Total Accounted Distinct Self-Dual Codes 15

Table 5.5: Classification of Length 8 Self-Dual Binary Codes

Self-Dual Linear Code Automorphism Group Size Distinct Equivalent Codes

4C2,1 4! ∗ 24 = 384 8!
384 = 105

C8,1 1344 8!
1344 = 30

Total Accounted Distinct Self-Dual Codes 135

In the classification of length 8 self-dual binary codes it is shown that there exists one indecomposable

code C8,1. Recall that there are two types of binary self-dual codes. In a Type I code all codeword

weights are divisible 2. In a Type II code all codeword weights are divisible by 4. Type II codes can

only exist for lengths that are a multiple of 8.
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Theorem 5.3. A length n self-dual Type II linear code C can only exist for n ≡ 0 mod 8.

Proof. Let C be a Type II code. Assume to the contrary that n 6≡ 0 mod 8. A self-dual linear binary

code must contain the all one vector 1 which has Hamming weight n. Let c be a codeword in C with

Hamming weight m ≡ 0 mod 8. The codeword 1 + c is also a codeword of C. The Hamming weight

of 1 + c 6≡ 0 mod 8. This a contradiction that the code is Type II. Thus for a code to be Type II

the length must be a multiple of 8.

This is the first instance where the length might yield a type II code. Recall from earlier that if a

generator matrix is comprised of doubly even codewords then the code is doubly even. A generator

matrix that meets this criteria can be easily constructed as

C8,1 =


1 0 0 0 0 1 1 1

0 1 0 0 1 0 1 1

0 0 1 0 1 1 0 1

0 0 0 1 1 1 1 0


.

This is actually the only [8, 4] extended Hamming code.

The mass formula is satisfied and so there is one type I and one type II length 8 self-dual code. In

many instances it may be worth looking at another mass formula.

Theorem 5.4 (Type II Mass Formula). Let S be a set of all possible inequivalent Type II codes

length n. Then ∑
C∈S

n!

|AUT (C)|
=

n
2−2∏
i=0

(2i + 1)

where |AUT (C)| is the size of the automorphism group of the self-dual linear code C.

The proof of this theorem is much like the proof for the standard mass formula, except cosets of

doubly even vectors are selected at each iteration.

Table 5.6: Classification of Length 10 Self-Dual Binary Codes

Self-Dual Linear Code Automorphism Group Size Distinct Equivalent Codes

5C2,1 5! ∗ 25 = 3840 10!
3840 = 945

C2,1 ⊕ C8,1 2 ∗ 1344 = 2688 10!
2688 = 1350

Total Accounted Distinct Self-Dual Codes 2295
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Every time a new indecomposible code is added to the list of classified codes, the new code becomes

a critical part in classifying new codes.

Table 5.7: Classification of Length 12 Self-Dual Binary Codes

Self-Dual Linear Code Automorphism Group Size Distinct Equivalent Codes

6C2,1 6! ∗ 26 = 46080 12!
46080 = 10395

2C2,1 ⊕ C8,1 2! ∗ 22 ∗ 1344 = 10752 12!
10752 = 44550

C12,1 23040 12!
23040 = 20790

Total Accounted Distinct Self-Dual Codes 75735

The length 12 self-dual codes added another indecomposable code C12,1. This code has generator

matrix

C12,1 =



1 0 0 0 0 0 1 0 1 1 1 1

0 1 0 0 0 0 1 1 1 1 1 0

0 0 1 0 0 0 1 1 0 0 0 1

0 0 0 1 0 0 0 1 1 0 0 1

0 0 0 0 1 0 0 1 0 1 0 1

0 0 0 0 0 1 0 1 0 0 1 1


.

Table 5.8: Classification of Length 14 Self-Dual Binary Codes

Self-Dual Linear Code Automorphism Group Size Distinct Equivalent Codes

7C2,1 7! ∗ 27 = 645120 14!
645120 = 135135

3C2,1 ⊕ C8,1 3! ∗ 23 ∗ 1344 = 64512 14!
64512 = 1351350

C2,1 ⊕ C12,1 2 ∗ 23040 = 46080 14!
46080 = 1891890

C14,1 56448 14!
56448 = 1544400

Total Accounted Distinct Self-Dual Codes 4922775

The classification of the length 14 codes revealed another indecomposable code C14,1 with generator

matrix
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C14,1 =



1 0 0 0 0 0 0 1 1 0 1 1 1 0

0 1 0 0 0 0 0 1 1 0 0 0 0 1

0 0 1 0 0 0 0 0 1 0 1 1 1 1

0 0 0 1 0 0 0 1 0 0 1 1 1 1

0 0 0 0 1 0 0 0 0 1 0 1 1 0

0 0 0 0 0 1 0 0 0 1 1 0 1 0

0 0 0 0 0 0 1 0 0 1 1 1 0 0


.

Table 5.9: Classification of Length 16 Self-Dual Binary Codes

Self-Dual Linear Code Automorphism Group Size Distinct Equivalent Codes

8C2,1 8! ∗ 28 = 10321920 16!
10321920 = 2027025

4C2,1 ⊕ C8,1 4! ∗ 24 ∗ 1344 = 516096 16!
516096 = 40540500

2C2,1 ⊕ C12,1 2! ∗ 22 ∗ 23040 = 184320 16!
184320 = 113513400

C2,1 ⊕ C14,1 2 ∗ 56448 = 112896 16!
112896 = 185328000

2C8,1 2! ∗ 13442 = 3612672 16!
3612672 = 5791500

C16,1 73728 16!
73728 = 283783500

C16,2 5160960 16!
5160960 = 4054050

Total Accounted Distinct Self-Dual Codes 635037975

The length 16 self-dual codes show that there are two indecomposable codes. One is a Type I code

with generator matrix

C16,1 =



1 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0

0 1 0 0 0 0 0 0 1 1 1 1 1 1 0 1

0 0 1 0 0 0 0 0 1 1 1 0 1 1 1 1

0 0 0 1 0 0 0 0 0 1 1 1 1 0 1 0

0 0 0 0 1 0 0 0 1 1 0 1 1 0 1 0

0 0 0 0 0 1 0 0 1 0 1 1 1 0 1 0

0 0 0 0 0 0 1 0 0 0 0 1 0 1 1 0

0 0 0 0 0 0 0 1 0 0 0 1 0 0 1 1


.

The other is a Type II code with generator matrix
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C16,2 =



1 0 0 0 0 0 0 0 0 0 0 0 1 1 0 1

0 1 0 0 0 0 0 0 1 1 1 1 1 1 1 0

0 0 1 0 0 0 0 0 1 1 1 1 1 0 1 1

0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 1

0 0 0 0 1 0 0 0 0 0 1 0 0 1 0 1

0 0 0 0 0 1 0 0 0 1 0 0 0 1 0 1

0 0 0 0 0 0 1 0 0 0 0 1 0 1 0 1

0 0 0 0 0 0 0 1 0 0 0 0 0 1 1 1


.

This is a classic example where the type II mass formula is useful. The decomposable codes come

up short on both the Type I and Type II mass formulas. The amount that they fall short by are two

different amounts. This implies that there is at least one Type I indecomposable code and a Type

II indecomposible code. The classification process just continues in like fashion. To date, all binary

self-dual codes up to length 40 have been classified. Table 5.10 gives an overview of the total number

of Type I and Type II of codes that have been classified to date. Understanding the algorithms of

the classification process and being able to actually implement them are two separate ventures.

Many of the algorithms consume a significant amount of computational resources. The algorithms

also require a certain amount of technical skill to execute them in a feasible time frame. Some of

the techniques I used to implement the algorithms include parallel computing with GPU processors,

storing results in relational databases, and writing program scripts using lower-level architectural

dependent computer programming languages. As an exercise to strengthen my understanding of

the classification process I reclassified the length 36 self-dual codes. There are 519492 of them so it

would be unfeasible to list them all. I did list all weight enumerators and the number of codes that

have that specific weight enumerator in appendix table A.
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Table 5.10: Classification Self-Dual Binary Codes Up to Length 40

Length Type I Type II Total

2 1 0 1

4 1 0 1

6 1 0 1

8 1 1 2

10 2 0 2

12 3 0 3

14 4 0 4

16 5 2 7

18 9 0 9

20 16 0 16

22 25 0 25

24 46 9 55

26 103 0 103

28 261 0 261

30 731 0 731

32 3210 85 3295

34 24147 0 24147

36 519492 0 519492

38 38682183 0 38682183

40 10200655 94343 10294998

5.3 Conclusion

I would like to thank Dr. Steve Szabo for all his patience and help. If I were asked to compose a list

that itemized everything I had to be grateful for, I would absolutely feel obligated to crediting Dr.

Szabo for introducing me to coding theory toward the top of the list. I could not imagine finding

a field of mathematics that better suits my skill set. Coding theory has developed into somewhat

of a hobby. It is truly a good feeling to have a working knowledge of such a strong and broad field

of mathematics. I enjoy knowing that I am able to read journal articles in the field and be able to

understand a fair amount of the content. The learning curve for coding theory, in my opinion, can

be as steep as you want it to be. Coding theory forces a person to understand the physical and

computational limits of a computer, and require more thoughtful programming. Coding theory also
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forces a person to learn many other fields of mathematics such as t-designs, combinatorics, vector

spaces, and linear algebra just to name a few. Writing this thesis has been one of the greatest and

most challenging and rewarding endeavors I have attempted. I look forward to furthering my career

and educational goals with coding theory.
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Appendices

A Length 36 Self Dual Weight Enumerators

The table in this appendix lists all the possible weight distributions for the length 36 binary self-dual

codes. There are 519492 binary self-dual codes of length 36. It would be not be feasible to list them

all in this appendix, and so they are grouped by weight distribution. The table gives the number of

codes, up to column equivalence, that share the same weight distribution. Symmetric weight values

are grouped in the same column. The following equations

A0 = A36 = 1

A2 = A34 = α

A4 = A34 = 12α+ β

A6 = A30 = 64α+ 6β + γ

A8 = A28 = 33 + 196α+ 11β + 64δ

A10 = A26 = 3168 + 364α− 4β − 6γ − 384δ

A12 = A24 = 7059 + 364α− 39β + 832δ

A14 = A22 = 30336− 38β + 15γ − 512δ

A16 = A20 = 58443− 572α+ 27β − 896δ

A18 = A18 = 64064− 858α+ 72β − 20γ + 1792δ

show that the weight distribution for binary self-dual codes of length 36 can be parameterized by

the four variables α, β, δ, and γ.
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