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ABSTRACT

Traditionally temporal phase unwrapping for phase measuring profilometry needs to employ the phase computed
from unit-frequency patterned images; however, it has recently been reported that two phases with co-prime
frequencies can be absolutely unwrapped from each other. However, a manually man-made look-up table for two
known frequencies has to be used for correctly unwrapping phases. If two co-prime frequencies are changed, the
look-up table has to be manually rebuilt. In this paper, a universal phase unwrapping algorithm is proposed to
unwrap phase flexibly and automatically. The basis of the proposed algorithm is converting a signal-processing
problem into a geometric analysis one. First, we normalize two wrapped phases such that they are of the
same needed slope. Second, by using the modular operation, we unify the integer-valued difference of the two
normalized phases over each wrapping interval. Third, by analyzing the properties of the uniform difference
mathematically, we can automatically build a look-up table to record the corresponding correct orders for all
wrapping intervals. Even if the frequencies are changed, the look-up table will be automatically updated for the
latest involved frequencies. Finally, with the order information stored in the look-up table, the wrapped phases
can be correctly unwrapped. Both simulations and experimental results verify the correctness of the proposed
algorithm.

Keywords: Structured Light Illumination, Phase Measuring Profilometry, Temporal Phase Unwrapping, Co-
prime Frequencies, Geometric Analysis

1. INTRODUCTION

As one of the well known structured light techniques for 3D reconstruction,1,2 phase measuring profilometry
(PMP)3 employs high-frequency sinusoid patterns to achieve high accuracy by suppressing error sources, including
noise, nonlinearity, etc, in real time.4,5 In order to remove ambiguities caused by high-frequency light signals,
wrapped phase must be correctly unwrapped.6 Typically, there are two streams of unwrapping, i.e. spatial7–9

and temporal10–12 methods. Spatial algorithms suffer from phase discontinuities, phase jumps, error propagating,
etc.,13 and temporal methods are more robust and are of higher speed in unwrapping.6

Traditional temporal phase unwrapping needs several groups of phases computed from patterns with different
frequencies, including unit frequency.10 Starting from a unit-frequency phase, wrapped phases with higher
frequency can be unwrapped one by one till the highest-frequency phase is unwrapped to be used for final
3D reconstruction. Obviously, in this way, the wrapped high-frequency phase can be unwrapped as correctly
as possible. However, the cost is that more additional groups of assisting reference patterns are needed and
scanning time is longer.

Recently, Ding et al. have published a series of papers discussing on temporally unwrapping phases by
using sinusoid patterns with co-prime frequencies.14–20 Basically, only one reference phase map with a reference
frequency co-primed to the principal frequency is needed to unambiguously unwrap a principal phase map. The
process of phase unwrapping needs a man-made look-up table (LUT) which stores the corresponding orders of
wraps between the reference patterns and the principal patterns. However, once the principal frequency or/and
the reference frequency is/are changed, the LUT has to be rebuilt in a manual manner.
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Figure 1. Wrapped φ with wraps of f

In this paper, motivated by Ding et al., we propose a universal phase unwrapping algorithm to unwrap phase
flexibly and automatically. We build the geometric models for wrapped phases and can easily determine the
correct orders for wraps by analyzing the geometric models. A LUT is also used in our solution, but, when
frequencies are changed, the LUT can be automatically updated according to the models. Both simulations and
experimental results verify the correctness of the proposed algorithm.

2. METHODS

A group of projected PMP patterns with the same spatial frequency, f , are coded as4

Ipn (xp, yp) = Ap +Bp cos

[
2π

(
f
yp

H
− n

N

)]
, (1)

where Ipn is the pattern intensities at projector coordinates (xp, yp), two constants Ap and Bp hold Ap ≥ Bp, the
integer-valued f is the spatial frequency, the term H is the height of a projector’s spatial resolution, and n and
N (≥ 3) are the index of a phase shift and the total number of phase shifts, respectively. After one pattern is
projected onto a scanned object, a camera immediately captures an image and the patterned image, denoted as
Icn, is modeled as4

Icn (xc, yc) = Ac (xc, yc) +Bc (xc, yc) cos

[
φ (xc, yc)− 2πn

N

]
, (2)

where Ac, Bc and φ are the direct component, the modulation and the phase, respectively, at camera coordinates
(xc, yc). Note that Icn, Ac, Bc and φ are functions of (xc, yc), and henceforth we will remove the coordinates
notations for the purpose of concise expressions. The direct component Ac, acting as the texture for reconstructed
3D point clouds, is computed by

Ac =
1

N

N−1∑
n=0

Icn, (3)

the modulation component Bc, significantly efficient for removing shadow noise,4 is computed by

Bc =
2

N

√√√√[N−1∑
n=0

Icn sin

(
2πn

N

)]2
+

[
N−1∑
n=0

Icn cos

(
2πn

N

)]2
, (4)

and the most important term φ, used for 3D reconstruction, is computed by4

φ = tan−1

[∑N−1
n=0 I

c
n sin

(
2πn
N

)∑N−1
n=0 I

c
n cos

(
2πn
N

)] (5)
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(a) Order of wraps
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(b) Unwrapped phase

Figure 2. Order of wraps and unwrapped phase

which is mapped to [0, 2π] as required in this paper.

In practice, we prefer to use a high frequency, i.e., in Eq. (1), let f > 1, to suppress various errors,5 e.g. noise,
nonlinearity, etc. Thus, the phase φ, computed by Eq. (5), is exactly wrapped by the factor f , i.e. the wraps of
φ equals to f , and need to be unwrapped to cancel ambiguities. For the wrapped φ shown in Fig. 1, from left to
right, its wrap order is k = 0, 1, · · · , f − 1, respectively. Once the order k is correctly determined as shown in
Fig. 2(a), the absolute phase Φ can be then correctly unwrapped through

Φ =
φ

f
+ k

2π

f
(6)

as shown in Fig. 2(b). In order to temporally unwrap φ, we can employ a reference phase, denoted as φr,
generated by another group of PMP patterns with a different frequency fr. The reference frequency fr need to
be a prime number, including 1, to the wraps of φ.14,15 In Fig. 3, the dash-dot line is φr with wraps of fr = 5 as
example. Note that φ and φr can actually unwrap each other, and we call them as ‘phase’ and ‘reference phase’,
respectively, just in order to clearly describe the process of automatical unwrapping next. From Fig. 3, for the
originally computed φ and φr, it is difficult to visually figure out their relationship. However, from the view of
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Figure 3. Wrapped φr with wraps of fr
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(b) ∆̂(x)

Figure 4. The difference between φ̂ and φ̂r

1-D geometry, we know the equation for the curve of φ is

φ (x) = 2π
f

L

(
x%

L

f

)
(7)

= 2π
[(
f
x

L

)
%1
]

= 2π (ft− bftc)

and similarly, the equation for the curve of φr is

φr (x) = 2π (frt− bfrtc) , (8)

where integers x ∈ [0, L− 1] and t = x/L, the symbol % is defined as the modulo operator, and b·c is the floor
operation. With rescaling φ and φr by

φ̂ (x) =
fr

2π
φ (x) (9)

= fr (ft− bftc)

and

φ̂r (x) =
f

2π
φr (x) (10)

= f (frt− bfrtc) ,

respectively, we then have the difference between φ̂ and φ̂r as

∆ (x) = φ̂r (x)− φ̂ (x) (11)

= fr bftc − f bfrtc

which are integers over [−fr + 1, f − 1] as shown in Fig. 4(a). Within each interval [kL/f, (k + 1)L/f) (k =
0, 1, · · · , f − 1), the values of ∆(x) may look different, but they are equivalent and can be unified by

∆̂ (x) = ∆ (x) %f (12)

= (fr bftc) %f

= (kfr) %f,
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Table 1. A LUT automatically built with f = 8 and fr = 5.

(kfr) %f 0 1 2 3 4 5 6 7
k 0 5 2 7 4 1 6 3

for k = 0, 1, · · · , f − 1, as shown in Fig. 4(b).

For Eq. (12), although we can solve k from ∆̂(x) by using analytical mathematical methods, e.g. Chinese
remainder theorem,12 an alternative method, i.e. a LUT-based solution, is more efficient in practice. With
known f and fr, a LUT with length of f can be automatically built as

LUT [(kfr) %f ] = k (13)

for k = 0, 1, · · · , f − 1. With ˆ∆(x) computed via Eq. (12) and the LUT previously built by using Eq. (13), we
can access k by looking up the LUT immediately as

k = LUT
[
∆̂(x)

]
, (14)

and φ is finally unwrapped by using Eq. (6). Again, once f or fr is changed, we can automatically update the
LUT by using Eq. (13), and don’t need to manually fill out a LUT. Finally, we summarize the procedure of the
proposed unwrapping as follows:

1) Given a principal frequency f and a reference frequency fr, we build a LUT with Eq. (13). For example,
if f = 8 and fr = 5, the corresponding LUT is shown in Table. 1.

2) For φ and φr computed by using Eq. (5), we rescale them by using Eqs. (9) and (10), respectively.

3) We compute the difference between φ and φr by using Eq. (11) and then unify the difference by using
Eq. (12) to obtain ∆̂(x).

4) We use the values of ∆̂(x) as indices to access orders, k, of wraps stored in the LUT built in Step 1).

5) With the orders k, we finally unwrap φ by using Eq. (6).

6) If f or fr is not changed, repeat Steps 2)-5) for incoming φ and φr; otherwise Step 1) is needed.

(a) Experimental Setup (b) Wrapped φ for f = 16

Figure 5. Experimental setup and wrapped phase
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(a) fr = 1 (b) fr = 3 (c) fr = 5 (d) fr = 7

(e) fr = 9 (f) fr = 11 (g) fr = 13 (h) fr = 15

Figure 6. Each reference phase φr

3. EXPERIMENTAL RESULTS

In this section, we conduct eight groups of experiments to verify the proposed algorithm. As shown in Fig. 5(a),
our PMP scanner consists of a Casio XJ-M140 projector working in spatial resolution of 800× 600 and an AVT
Prosilica GC650 camera working in spatial resolution of 640× 480 and grayscale mode; rather than a white flat
board, we use a white plaster human statue as the scanned object for a greater challenge; and the controller is
an ordinary desktop computer and the software is programmed by using C++ language. The basic settings for
generating PMP patterns with Eq. (1) are Ap = 127.5, Bp = 127.5, and N = 16; the principal frequency, i.e.
the highest one, finally used for 3D reconstruction is f = 16 and the corresponding phase, computed through
Eq. (5), is shown in Fig. 5(b); and the reference frequency fr is one element of {2r − 1|r = 1, 2, · · · , 8} and
the corresponding phase, also computed through Eq. (5), is shown in Figs. 6(a)-6(h), respectively. The shadow
noises in the principal phase and each reference phase are removed by using Bc computed through Eq. (4) with
a threshold of 10.4

(a) Using fr = 1 (b) Using fr = 3 (c) Using fr = 5 (d) Using fr = 7

(e) Using fr = 9 (f) Using fr = 11 (g) Using fr = 13 (h) Using fr = 15

Figure 7. Unwrapped phase Φ
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(a) Front view (b) Side view

Figure 8. Reconstructed 3D point clouds.

Following the proposed unwrapping procedure summarized in the end of the previous section step by step,
we can unwrap the phase φ for f = 16, shown in Fig. 5(b), with the each reference phase φr for fr = 2r − 1,
respectively, and the each unwrapped phase Φ is shown in Figs. 7(a)-7(h), respectively. In Step 3), for computing
the difference ∆(x), roundoff operation must be used to guarantee that ∆(x) is integer-valued. Finally, the front
view and the side view of the 3D point clouds reconstructed from Φ unwrapped via φr with fr = 15 are shown
in Figs. 8(a) and 8(b), respectively.

Because noise always exists, more or less, there are wrongly-unwrapped Φ. If we employ a phase unwrapped
by using traditional multi-frequency PMP as the ground truth, the numbers of wrongly-unwrapped Φ for each
fr are counted and listed in Table. 2 from which we can see that the largest number is for fr = 1 and the
least number is for fr = 15, and the number of the wrongly unwrapped is nearly monotonously decreasing with
increasing fr. In our investigation, most of the wrongly unwrapped pixels are actually located at the edges of
shadows, and the real wrongly unwrapped are at the face area around the nose of the statue, as obviously shown
in Figs. 7(b)-(e). In this paper, although we haven’t theoretically analyzed errors, caused by noise, nonlinearity,
etc., yet, from Table. 2, it seems that we can simply or temporarily conclude that the optimal reference frequency
for a principal frequency f is fr = f − 1. In the future, in our next study, we believe that an optimal reference
frequency can be worked out in theory.

4. CONCLUSION

In this paper, we propose a universal phase unwrapping algorithm to unwrap phase flexibly and automatically.
We build the geometric models for wrapped phases and can easily determine the orders for wraps with analyzing
the geometric models. A LUT is employed in the solution and, when frequencies are changed, a new LUT
can be automatically updated without involving manual operations. Both simulations and experimental results
verify the correctness of the proposed algorithm. In the future, we will work on a more practicable model with
considering the effects of error sources.
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Table 2. The number of wrongly unwrapped φ for each φr

fr 1 3 5 7 9 11 13 15
# of the wrongly unwrapped 3907 2256 2870 1740 1652 1335 891 117

Percentage 1.35% 0.78% 0.99% 0.60% 0.57% 0.46% 0.31% 0.04%
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