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ABSTRACT OF DISSERTATION

High Dimensional Multivariate Inference Under General Conditions

In this dissertation, we investigate four distinct and interrelated problems for
high-dimensional inference of mean vectors in multi-groups.

The first problem concerned is the profile analysis of high dimensional repeated
measures. We introduce new test statistics and derive its asymptotic distribution
under normality for equal as well as unequal covariance cases. Our derivations of
the asymptotic distributions mimic that of Central Limit Theorem with some im-
portant peculiarities addressed with sufficient rigor. We also derive consistent and
unbiased estimators of the asymptotic variances for equal and unequal covariance
cases respectively.

The second problem considered is the accurate inference for high-dimensional
repeated measures in factorial designs as well as any comparisons among the cell
means. We derive asymptotic expansion for the null distributions and the quantiles
of a suitable test statistic under normality. We also derive the estimator of parameters
contained in the approximate distribution with second-order consistency. The most
important contribution is high accuracy of the methods, in the sense that p-values
are accurate up to the second order in sample size as well as in dimension.

The third problem pertains to the high-dimensional inference under non-normality.
We relax the commonly imposed dependence conditions which has become a standard
assumption in high dimensional inference. With the relaxed conditions, the scope of
applicability of the results broadens.

The fourth problem investigated pertains to a fully nonparametric rank-based
comparison of high-dimensional populations. To develop the theory in this context,
we prove a novel result for studying the asymptotic behavior of quadratic forms in
ranks.



The simulation studies provide evidence that our methods perform reasonably
well in the high-dimensional situation. Real data from Electroencephalograph (EEG)
study of alcoholic and control subjects is analyzed to illustrate the application of the
results.

KEYWORDS: Profile analysis, MANOVA, High-dimension, Repeated measure, Non-

parametric, Rank transforms.
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Chapter 1 Introduction

Nowadays, more and more big data arise in various research areas due to the invention
of high-throughput data collection technologies. To cope with the growth of data
volume, there is an increasing demand for efficiently (computationally as well as
statistically) analyzing the high-dimensional data. Throughout the dissertation, by
high dimension is meant that both the sample size and dimension are large but one
could be substantially larger relative to the other.

Existing high-dimensional multivariate methods for comparing groups (treatments
or populations) formulate hypothesis in terms of mean or location vectors. Some of
these results assume multivariate normality (Dempster, 1958, 1960; Fujikoshi et al.,
2004; Schott, 2007a; Srivastava and Du, 2008; Yamada and Srivastava, 2012; Dong
et al., 2017), while others assume existence of higher moments and pseudo-independence
in the sense that higher-order mixed moments can be factored into the product of the
corresponding univariate moments (Bai and Saranadasa, 1996; Chen and Qin, 2010;
Srivastava and Kubokawa, 2013; Hu et al., 2017). A few others require a different
form of weaker dependence but they are still parametric methods (Cai et al., 2014;
Cai and Xia, 2014; Feng et al., 2015; Gregory et al., 2015). The nonparametric meth-
ods (Wang et al., 2015; Ghosh and Biswas, 2016) are also essentially mean based and
assume (generalized) elliptically symmetric populations.

This dissertation aims to solve four distinct but interrelated problems. Two of
them pertain to high-dimensional inference about mean profiles, namely parallelism,
flatness and coincidence of the mean vectors; under high dimensional asymptotic
framework but assume multivariate normality. The other two problems consider
high-dimensional group comparisons, but do not need normality assumption. One of
them is designed for metric type data and the other one is rank-based, and hence,
can be used for non-metric data such as ordered categorical data.

The dissertation is organized in six chapters. In Chapter 2, test statistics for high-

dimensional profile analysis in multi-group are introduced and the asymptotic null



distributions are derived. Here, multivariate normality is assumed but the covariance
matrices can be unequal and unstructured.

The subject of Chapter 3 is high-dimensional asymptotic expansions for the test
statistics derived in Chapter 2. Here, our approach treats factorial designs in a
unified and succinct manner, especially allowing multiple between-subject and within-
subject factors, which may be crossed or nested. The most important contribution
is the high accuracy of the methods, in the sense that second-order accuracy in
sample size as well as in dimension is achieved by obtaining asymptotic expansion
of the distribution of the test statistics, and the estimation of the parameters of the
approximate distribution with second-order consistency.

Chapter 4 is concerned with high-dimensional inference about equality of mean
vectors under non-normality. As mentioned above, recent results for comparison of
the high-dimensional mean vectors under non-normality make strong assumptions
that require the dependence between the variables to be rather too weak (see Bai and
Saranadasa, 1996; Chen and Qin, 2010; Srivastava and Kubokawa, 2013; Hu et al.,
2017). We relax these commonly imposed dependence conditions and broaden the
scope of applicability of the results. The theory is worked out in detail for the two-
group case and, later, extended to the multi-group situation. The extension of the
results for testing hypotheses in profile analysis and factorial mean structures are
formally illustrated.

A nontrivial application of the theory developed in Chapter 4 is provided in Chap-
ter 5. More precisely, we investigate rank-based method for comparing groups (treat-
ments or populations) in the high-dimensional asymptotic setting. As pointed out
above, existing high-dimensional nonparametric methods are essentially mean-based
and they assume (generalized) elliptically symmetric populations (see Wang et al.,
2015; Ghosh and Biswas, 2016). The rank-based test we construct is a fully non-
parametric method. No assumption is made on the distribution except that the
dependences between the variables are required to satisfy some mild conditions. The
method is applicable for ordered categorical, skewed and heavy tailed variables or a

mixture of them. To develop the theory, we prove a novel result for studying the



asymptotic behavior of quadratic forms in ranks.

Appendices containing the proofs and other technical details are included at the
end of each Chapters 2 to 5. Also included in these chapters are simulation stud-
ies to evaluate the numerical performance of the methods; analyses of data from an
Electroencephalogram (EEG) experiment to illustrate the application of the meth-
ods; and possible directions for future research. The findings of the dissertation are

summarized in Chapter 6.

Copyright© Xiaoli Kong, 2018.



Chapter 2 Multivariate Analysis for Repeated Measures in

High-Dimensions with Unequal Covariance Matrices

2.1 Introduction

Consider b measurements taken from n subjects which are classified into a groups.
The a groups may represent naturally existing groups such as gender, geographical
regions or ethnicity. They may also represent between-subject treatment groups as
commonly done in clinical trials. The b repeated measurements could be measure-
ments from b within-subject treatment conditions as in crossover design or from b
different tissues of the body or may simply be repeated measurements over time as
typically arises in time course studies. For the sake of brevity, in the remainder of
this Chapter we will refer to the a groups as the levels of a between-subject factor
(A) and to the b repeated measurements as arising from b levels of a within-subject
factor (B). Research questions (hypotheses) that are typically tested with this type
of data are (i) whether there is interaction effect between the between-subject and
within-subject factors (ii) whether there is a between-subject factor effect and (iii)
whether there is a within-subject factor effect.

Analysis addressing these research questions are also referred to as Profile Analy-
ses in multivariate statistics. Consider a independent b-dimensional normal popula-
tions with mean vectors py, ..., i, and covariance matrices 3, ..., 3, respectively.
Graphically, the profile of the mean p; = (ps1, . .., i) | of population Ny (u,, ;) can
be plotted as a line graph connecting the points (1, 1), ..., (b, ). Profile analysis
is the study of the relationship between these lines. In Figure 2.1 below, the three
hypotheses of interest are shown graphically. In the terminology of profile analyses
the hypotheses (i), (i7) and (7ii) are refereed to as parallelism, level and flatness (see,
for example, Rencher and Christensen, 2012; Johnson and Wichern, 2007). The level
hypothesis is, alternatively, referred to as coincidence hypothesis. The level and flat-

ness hypothesis are typically tested if the parallelism hypothesis holds. This scenario



is clearly illustrated in the alternative hypotheses in Figure 2.1.

Figure 2.1: Graphical display of null and alternative hypotheses in profile. Each line
plot corresponds to mean vector of one group.
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For i =1,...,a, consider n; independent b-dimensional observations are available
from population Ny(p;, ;) denoted by X1, . .., X;,, and assume that the a samples
are mutually independent. The total sample size is n = > . n;. The aim of this
Chapter is to derive tests for the three hypothesis in the repeated measures analysis
(profile analysis) when both the groups sample sizes n; and number of repeated mea-
surements b tend to infinity. The approach followed in this Chapter is multivariate in
the sense that no structure on the covariance matrices are made other than requiring
them to be symmetric positive definite.

Although first analysis of such data dates back to as early as several decades ago,
the methods developed so far assume either fixed and bounded number of repeated
measures or specialized covariance matrices. From mathematical stand point, tests in
profile analysis were first tackled from likelihood ratio point view by Srivastava (1987).
Asymptotic expansions for null distributions of the test statistics in profile analyses
were derived by Okamoto et al. (2006) under elliptical populations and by Maruyama

(2007) under more general populations but both these works focused on the two-group



case. Harrar and Xu (2014) considered asymptotic expansion for the null distributions
of the likelihood-ratio tests in Srivastava (1987) for several sample situation. On
the other hand, Harrar (2009) and Bathke et al. (2010) derived tests for repeated
measures analysis for the case when a is large but n; and b are bounded. Recall
that the hypotheses regarding the within-subject and between-subject treatments are
considered under the parameter space constrained by the no-interaction (parallelism)
hypothesis. Without this constraint, the problem of testing for between-subject factor
level effects is the same as in one-way MANOVA. Harrar and Xu (2014) derived
likelihood ratio tests for the hypothesis of no within-subject factor level effects under
the full parameter space.

In the high-dimensional framework with b/n — ¢ € (0, 1), likelihood ratio test
statistics together with null distributions derived for MANOVA, e.g., Tonda and Fu-
jikoshi (2004), can be used to get valid tests for the interaction hypothesis. Since the
exact distribution of the likelihood ratio test for within subject and between subject
factor level effects are known, the same distribution will hold under high-dimensional
case as long as the degrees of freedom for the within-covariance estimator is larger than
the dimension. For the high-dimensional situation where b > n — a, the likelihood-
ratio tests are not well defined because they involve the determinants or inverses of
the estimate of the within covariance matrix which will be singular. This problem
has been tackled by many authors in the MANOVA context. Among others, Schott
(2007a) and Yamada and Srivastava (2012) developed tests under normality whereas
Bai and Saranadasa (1996); Chen and Qin (2010), and Srivastava and Kubokawa
(2013) derived tests under non-normality. In repeated measures or profile analysis
context, Pauly et al. (2015) consider high-dimensional repeated measures analysis for
one sample situation but with the possibility of several within subject factors. The
two-sample situation was considered by Takahashi and Shutoh (2016) assuming equal
covariance matrices for the two populations. Wang and Akritas (2010a) and Wang
and Akritas (2010b) are also high-dimensional asymptotic results applicable for re-
peated measures but assume that the repeated measurements are inherently ordered

and the dependence between the measurements decays as the separation between



them increases. The present manuscript provides a complete solution to the analysis
of high-dimensional repeated measures design by allowing for several samples as well
as unequal and unstructured covariance matrices. Furthermore, no assumption is
made about ordering of the observations. It bears some similarity with Pauly et al.
(2015) and Takahashi and Shutoh (2016) in the way the tests are constructed.

This Chapter is organized as follows. Section 2.2 introduces the statistical model,
hypotheses and notations used in the remainder of the Chapter. Tests for interac-
tion and main effects under equal covariance matrices assumption are the subject
of Section 2.3. These tests are again studied in Section 2.4 without assuming equal
covariance matrices. Numerical accuracy of the asymptotic results in Section 2.3 and
2.4 is investigated in Section 2.5 for various choices for the parameters of the model.
Also in Section 2.5, the power of the tests proposed in this Chapter will be compared
against an existing method. The application of the results will be illustrated in Sec-
tion 2.6 with data from an electroencephalograph (EEG) experiment. Section 2.7
contains discussions and conclusions. All proofs and preliminary results are placed

in the Appendix.

2.2 Model and Hypotheses

Let
xX=(x/,....x) x). ....x . ..x] ... x 7

1ny» 2ng) als > ang

where X, = (Xig, ..., Xax) . Further let
Y: (7117' .- 771177' e ayalv S 77ab)—r7

and X; = (X;1,..., Xp) ", where X;; = n; ' S0 Xy We assume Xy s Np(pi, ;)
for £ = 1,...,n; and the a samples X;;,...,X;,, for « = 1,...,a are mutually
independent. The usual setting gives the interpretation that Xj;;, is the responses
from the kth subject treated with the ith level of factor A and the jth level of factor
B. The interaction effect will be denoted by AB. In this model X;;; and X, are
assumed to be independent only if i # i’ or k # k' . Otherwise the dependence is

completely unspecified.



Throughout this Chapter, 0 will denote a matrix of all zeros where the dimension
will be clear from the context, and 1; denotes an k-dimensional vector (1, ..., 1)T
consisting of ones. The matrix I is the identity matrix, whereas J; and P, are
defined as Jj, = lkl;gr and P, = I, — k= 1J;, respectively. We will use extensively the
Kronecker (or direct) product A® B of matrices and the direct sum A® B of matrices.
The symbol L. stands as an abbreviation for “converges in distribution to”, L5 for
“converges in probability to” and acronym CMT for “Continuous Mapping Theorem”.
In estimating a sequence of parameters 6, = O(1) by a sequence of estimators T}, ,

consistency is meant in the sense of E(T,,;, — 6,)> — 0 as (n,b) go to infinity.

Note that from the distributional assumption made above

E[Xit] = i = (ftan, - -5 ) "

and Var(X;;) = 3; where ¥; is a b x b positive definite matrix. Let

B = (M117"'7M1b7“'7”@17“'7Mab)—r

and 3 = @;_, =;/ni. Then we have E[X] = p and Var(X) = 3.

The three hypotheses of interest can be expressed as
HY : Ky =0,
for ¢ € {AB, B, A} with
Kiyp=P,oP, Kg=J,8P, and Ks=D,®b 'J,,

where D, = diag{ni,...,n,} —n"'nn", n=(ny,...,n,)  andn=mn; +ny+---+
n,. These null hypotheses correspond to no-interaction effects of levels of factor A
with levels of factor B, no-main effects of factor B, and no-main effects of factor
A, respectively. To see that the hypothesis of no interaction is equivalent to H4Z,

notice that no interaction means

Cl(IJq - Ma) == Cl(lal'afl - Na) =0
<~ ClMC;— = O(bfl)x(afl) <~ (CQ X Cl),u' =



where C; = (I_1,—1,1), Co = (I,—1,—1,_1) and M = (p1,...,,). The matrix
C = C,®C] is a contrast matrix and is full row rank. Clearly, the hypothesis Cu = 0
is equivalent to CT(CC")"'Cu = (P, ® P,)u = 0. The other two hypotheses for

the main effects can also be expressed similarly.

Define,

__ — 1
. = . — . . —_— . T f—
S, E (X — X)( Xy — X;)' and S ——

k=1 k=1

In this Chapter, we introduce test statistics for multi-group high-dimensional repeated
measures analysis. Unlike likelihood ratio tests, our tests do not involve the inverse
of the pooled sample covariance matrix S~!. In the high-dimensional case, more
precisely when b > n — a , the sample covariance matrix S is not invertible, making
the likelihood ratio tests inapplicable. Furthermore, S may not even converge to 3,
the population covariance matrix (see, for example, Chen and Qin, 2010).

We derive the asymptotic distributions of our test statistics for equal covariance
matrices as well as unequal covariance matrices. It should be noted that the results
for the unequal covariance case do not necessarily reduce to the corresponding results
for the equal covariance case by simply setting 3y = --- = 3, = 3. There are some
subtleties which warrant separate treatment of the two cases. First, the results for
the equal covariance case are nice and clean. Instructively, it would make the results
accessible if presented from the simpler to the more complex ones. Second, the proofs
for the unequal covariance results build upon those for equal covariance. Third, the
assumptions for the equal covariance case somewhat differ from those needed for the
unequal covariance case. One assumption A3’ , given in Section 2.4 on page 14, which
requires proportional divergence of individual sample sizes with the dimension is not
needed for the equal covariance case. The equal covariance case only requires the total
sample sizes to grow with the dimension. Fourth, the constant ¢’ (see Theorem 2.4.1)
which contains unknown parameters in the unequal covariance case, will reduce to a
known quantity ¢ (see Theorem 2.3.1) in the equal covariance case. Estimation of ¢
is needed whereas no estimation of the analogous constant ¢, in the equal covariance

case, is needed. In addition, the bounds for ¢’ given in Theorem 2.4.1 do not quite



reduce to those for ¢ given in Theorem 2.3.1. The simplicity of the equal covariance

situation affords us a more precise lower bound for c.

2.3 Tests under Equal Covariance Matrices

In this section, we assume that the covariance matrices 3; are equal and denote the
common covariance matrix by 3. We will construct testing procedures under the

following high-dimensional asymptotic frameworks:
Al: ¢; = tr{(PX)'}/b=0(1) as b — oo for j =1,2,3,4.
A2: n—o00 and b — o0.

Note that 87, = O(1) for j = 1,2, 3,4 is sufficient for assumption A1l to hold where
Pmax = max{fi,...,H} and fy,..., 5, are the eigenvalues of P,%. To elaborate on
the significance of assumption A1, consider ¥ = (1 —p)I, + pJ, for —1/(b—1) < p <
1. This covariance structure is known, in multivariate statistics, as equi-correlation
structure. For this covariance matrix, Al holds because tr{(P,X)’} = (b—1)(1 — p)’
for j = 1,2,3,4. On the other hand, we can write P, = Q"diag{1,...,1,0}Q
where @ is an orthogonal matrix whose columns are the orthonormal eigenvectors
of P,. The covariance matrix ¥ = Q"diag{1,...,b}Q doesn’t satisfy Al because
tr(P,X) = b(b—1)/2.

2.3.1 Test for interaction effect AB

We note that K, gu = 0 if and only if p,TKXBKABu = pn' K pp =0, since Kap
is symmetric and idempotent matrix. Thus, the hypotheses for interaction effect AB

is equivalent to
HOP " Kagpu =0 VS H{P: yu Kapp > 0.

Consider a reasonable estimator of p K app given by HAB) = X' K, X. In The-
orem 2.3.1 below asymptotic sampling distribution of a scaled and centered version

of HAB) ig given.

10



Theorem 2.3.1. If the null hypothesis H{'B holds, then

(2

-1
1 1\ ' <1 D
Usp:=—=< [1—-= — ] HYP _(PX) Y — N(0,2cc,),
oo (73) (Ba) o -wms 2o

under the high-dimensional asymptotic frameworks Al and A2, where

ala —2) 1 1\ 1 1
=(_1)Zn—/(2n—) el

The bounds given for ¢ in Theorem 2.3.1, besides establishing that ¢ = O(1) as

b,n — oo, provide insight into the influence of the value of a on the variance of Uyp.
For example, a = 2 gives the largest possible variance. The variance could potentially
decrease when a gets large. This is somewhat apparent in the simulation study Table
2.1.

The result of Theorem 2.3.1 depends on be; = tr(P,X) and ¢y which are unknown

quantities. For practical applications we need unbiased and consistent estimators of

them. Define
. _ tx(BS) ~ (n—a)® oy L 2
a=—y and ¢y = Wn—a—Dn—at9 {tr{(PbS) }—n_a{tr(PbS’)} }

The next Theorem proves the unbiasedness and consistency of ¢; for i = 1, 2.

Theorem 2.3.2. Fori = 1,2, ¢; is an unbiased and consistent estimator of ¢; under
the high-dimensional asymptotic frameworks Al and A2. Moreover, we have \/1_7(/0\1 —

Cl) i) 0.

Using the results of Theorems 2.3.1 and 2.3.2, we propose a test statistic, namely

fAB, for testing Hy'Z and give its asymptotic null distribution in Corollary 2.3.3.

Corollary 2.3.3. If the null hypothesis H{P holds, then

-1

~ 1 1\ ¢ | D

Tap = — | HWB _pe 0,1
v { () (52) e v

under the high-dimensional asymptotic frameworks Al and A2.

11



For a = 2 the test statistic and results in Corollary 2.3.3 reduce to those of
Theorem 2.1 of Takahashi and Shutoh (2016).

We close this section by mentioning that the proofs we provided do not require any
relation in the rates of divergences of n and b. Please note that Var(¢,) goes to zero as
long as both b and n tend to infinity even at a differing rate. We must acknowledge,

though, that such an assumption is inevitable for the unequal covariance case.

2.3.2 Test for the main effect of factor B

We note that Kppu = 0 if and only if u' K Kpu = p' Kpu = 0 since Kp is
symmetric and idempotent matrix. The hypotheses for main effect of factor B are
equivalent to

HE  w Kpu=0 VS HP:pu Kpu>O0.

Here also, a reasonable estimator of pu" Kpp is HB) = X' K 5X.

Theorem 2.3.4. If the null hypothesis HE holds, then

a

-1
1 1 D
=—0 (> =] HP -uPxT) ) — 2
UB \/[_) (il nz> I'( b ) N(O, 02),

under the high-dimensional asymptotic frameworks Al and A2.

Comparing the results in Theorems 2.3.1 and 2.3.4, the quantity Uyp is less vari-
able than Up.

A consistent estimator of ¢; and ¢y are given in Theorem 2.3.2. Corollary 2.3.5
proposes a test for the main effect of factor B and presents the asymptotic null
distribution of the test statistic under the same asymptotic framework as in Corollary

2.3.3.
Corollary 2.3.5. If the null hypothesis HE holds, then

-1
~ 1 ‘1 D

T = —— E — H® — e —>NO,1,
B 2[)/0\2 (i:l nz) “ ( )

under the high-dimensional asymptotic frameworks Al and A2.

12



The testing problem in this subsection for a = 1 is covered by Pauly et al. (2015)
when the contrast matrix is chosen to be Py, i.e., when C (in their notation) is replaced
with P,. However, they use different consistent estimators for bc; and bey but in the
end our limiting distributions agree for the case tr{(P,X)*} /tr*{(P,X)*} — 0 as b —
oo. It should be noted that assumption A1 implies that tr{(P,X)*}/tr*{(P,X)*} — 0.
When a = 2, the test for no effect of levels of factor B in Takahashi and Shutoh (2016)
were formulated in terms of the weighted group mean vectors where the weights are
the sample sizes of the groups. Our hypothesis is formulated in terms of the simple
average of the group means as a result of which, as one would naturally expect, the
hypothesis does not depend on sample sizes. This difference resulted in different tests

and asymptotic results.

2.3.3 Test for the main effect of factor A

We begin by establishing the equivalence of the hypotheses for the main effects of

factor A expressed in a linear and quadratic forms.
Proposition 2.3.6. The condition K pu = 0 is equivalent to pu" K 4 = 0.

According to Proposition 2.3.6, the hypothesis for the main effect of factor A is
equivalent to

He  p " Kapu=0 VS H':pu Kip>0.

It should also be noted that for any & = (z1,...,2,)" € R,

a a a
x' Dyx = mef - n_l(z nz;)’ = an(iﬂz —-7)* >0,
i—1 i=1 i—1

where T =n"1Y"%  nz;. Thus, K4 = D, ® J/b is positive semidefinite.

Once again we will build our test from a reasonable estimator of " K 4pt, namely
X' K 4X . It may seem that the hypothesis H{' depends on the sample sizes ny, . . . , ng.
Nevertheless, one can easily check that the hypothesis of no main effect of factor A is
equivalent to 1] gy = -+ = 1] u,. This shows that the hypothesis HZ' does not de-

pend on the sample sizes. Furthermore, it is reasonable to use the between group sum

13



of squares for the transformed random variables Y;; = 1} X;; to test this hypothesis.
As it turns out HAW = X' K 41X is the between group sum of squares.

It is easy to show that H* /b is distributed as d;x2_; under the null hypothesis,
where d; = tr(J,X)/b%. Also one can see that (n — a)d; = (n — a)tr(J,S)/b* is
distributed as d;x?_, and that H“) is independent of c/l\l The latter follows because

X is independent of S. Thus, an exact test for Hg' is

~  H@W/bla—1
TA: //\(a >7

dy
which has an exact F,_1,—, distribution under the null hypothesis.

For a =2, D, = (1/n; + 1/ny)71(1,-1)"(1,—1) and

bH@ = vec(X 1, Xa) (Do ® Jy)vec(X 1, X2)

= vee(X 1, X2) (D, ® 1) (I, ® 1] )vec(X 1, X5).

Applying the identity vec(ABC) = (CT ® A)vec(B), we get

1 1\ - =
HWY = - — 4+ — X, — X,) 1%
b(n1+n2> (X 2) 1]

Therefore, our test statistic and that of Takahashi and Shutoh (2016) are equivalent.

2.4 Tests under Unequal Covariance Matrices

In this section, we do not assume that the a populations have equal covariances
matrices. Relaxing the equal covariance matrices assumption necessitates adjustment
of the asymptotic conditions. We will need the following assumptions to construct

testing procedures under unequal covariance matrices.

AV: = (0 1/n) 7 e {(KpE) ) /b= O(1) as b — oo for j = 1,2, 3.
A2 d) = tr(K %) /b= 0(1) as b — .

A3 n; — 00,b— oo and b/n; — & € (0,00) for i=1,...,a.

A4 = (00, 1/ny) P e {(K4pX)?} /b= O(1) as b — oc.

A5 tr(PE)*/b=0(1) asb— oo fori=1,...,a.

14



While assumption A3’ require proportional divergence of the sample sizes ny, ..., n,

and the dimension b, assumptions Al’, A2, A4’ and A5’ require regularity conditions

on the covariance matrices. Some remarks are in order.

(i)

(i)

Stronger but simpler assumptions which together with A3’ are sufficient for A1’

and A4’ are tr(P,X;)/b = O(1), tr(P,X;P,X;) /b= O(1) and
tr(szszEJPbEk)/b = O(l)
as b — oo for all 4,5,k € {1,...,a}.

It can be seen that

(52 S)-H(5) o

=1 i=1

Therefore, since tr(P,3;) > 0 and & > 0 for i = 1,...,a, the condition ¢| =
O(1) and assumption A3 are sufficient for tr(P,%;)/b = O(1) for i =1,...,a.

Similarly,

:(Z&) [thr (PEP}+1 Y equpERs)

Z#J

Since & > 0 and tr(PS,PY;) = tr{(E;/Qpbziﬂ)(E;/QP,,SW)’} > 0, it
follows that ¢, = O(1) and A3’ imply tr {(PX;)*} /b= O(1) fori = 1,...,a.
The manipulations for ¢] and ¢, above make it clear that the proportional-

divergence assumption A3’ can be replaced with
A3" :n; = 00,b — o0 and n;/n — & € (0,1) for i=1,....a
without affecting the validity of the results.

As one can imagine, the assumptions needed for unequal covariance case are
much more involved compared to the equal covariance case. For example, one

can easily verify that

tr{(KBf))j} =tr (i P:LZEZ>J )




for j = 1,2,3. With this simplification if the covariance matrices are equal, i.e.,
¥ = =3, =3, then ¢ = ¢; for j = 1,2. Furthermore, the assumptions
Al', A4" and A4 reduce to Al. On the other hand, proportional divergence of
individual sample sizes with the dimension (assumption A3') is not needed for
the equal covariance. It is adequate if the total sample size diverges with the

dimension (see assumption A2).

To put the assumptions Al’, A2, A4’ and A5’ in perspective, the covariance matri-
ces ;= (1—p)Ly+ pidp, fori=1,...,aand any —1/(b—1) < p; < 1, satisfy these
assumptions because tr(P,%;) = (b—1)(1—p;), tr(PX; P,X;) = (b—1)(1—p;)(1—p;),
(P PE; P Xy) = (b—1)(1 = pi) (1= pj)(1 = pr), tr{(Py2)"} = (b — 1)(1 — pi)*,
foralli,j,k € {1,...,a}, and tr(K %) = Yot (1—ni/n)(1+(b—1)p;). On the con-
trary, ; = p;Q "diag{1,...,b}Q fail to satisfy the assumptions, where the columns

of matrix @ are the orthonormal eigenvectors of P, as equal case.

2.4.1 Test for interaction effect AB

Here also we start by presenting the asymptotic sampling distribution of a centered

and scaled version of H“5) when the covariance matrices are not necessarily equal.

Theorem 2.4.1. If the null hypothesis H{'Z holds, then

1
, 1 “ 1 1 ! ¢ tr(PbZi) D /7
UAB :%<;n—z> {(1—5) H(AB)_Zn—i}—)N(O,QCCQ),

7 i=1

under the high-dimensional asymptotic frameworks Al', A3' and A4’ where

Cala—2) <At (PE)?) “ P\ | |
L w /tr (Z ) =i € |

n
i=1 ? i=1 v

Notice, here also, that the bounds for ¢, besides establishing that ¢ = O(1) under
the asymptotic framework A1” and A3', give insight into how the variance of U5 is
influenced by the value of a.

In what follows, unbiased and consistent estimators of the unknown quantities in

the asymptotic sampling distribution in Theorem 2.4.1 will be given. To that end,

16



let

cli:¥, CQi:M and  co = H(P, 2 b i) for i #4'.

Then we can see that

-1 ~ -1
’ “ 1 tI‘(KBE) ‘ 1 : C14
— J— _ L = J— _— d
o (zZ:; i b =1 ; i "

. 1\ tr KBE - Coi ‘1 ” Coij
e

i=1 i—1 i i=1 " i/

In view of assumption A3’ it suffices to find unbiased and consistent estimators of

C14, Co; and cg;. Denote

. tr(BS,;
o _BS)

b
(1)
i £ P -
__ w(P,S.P,Sy)

Coii/ :T for i 7£ ’i/,

—{t:(RS)}? } and

and define

=1 =1

a 1 -2 4 o a 1 -2 —
LA 2 2ii!
€2 = . ) — and

i <; nl) i=1 n7,2 ( i—1 nz) Z/ n;ny
o - 1= i1
—2
5 _ala—2) za: 1 ° ) 1
(a - 1)2 i1 ni i1 ’]’L?/C\IQ (a — 1)2

Unbiased and consistent estimators of ¢; for i = 1,2 are given in Theorem 2.4.2 below.

Theorem 2.4.2. ¢, ¢, and @ - ¢, are unbiased and consistent estimators of ¢}, ¢
and c - c,, respectively, under the high-dimensional asymptotic frameworks Al’, A3’

and A5'. Moreover, we have \/b(¢, — ¢}) 0.

Asymptotic test for A8 under unequal covariance assumption is devised in Corol-

lary 2.4.3. The proof is analogous to that of Corollary 2.3.3.

17



Corollary 2.4.3. If the null hypothesis H{'® holds, then

—1 a -1
(1 - 1) (Z i) HAB _ iz b 25 N0, 1),

Tp =
AB a : n;
=1

2b @',
under the high-dimensional asymptotic frameworks Al’, A3', A4" and A5 .

It is well known in the low-dimensional MANOVA that the effect of unequal covari-
ance on tests that assume equal covariance is more pronounced when the sample sizes
are different. In particular, the effect gets worse if smaller sample sizes are associated
with large covariance matrices (large in the sense of the eigenvalues). Comparison of
Corollaries 2.3.3 and 2.4.3 reveals that the same phenomena appears to exist in the

high-dimensional tests of this Chapter.

2.4.2 Test for the main effect of factor B

As in the equal covariance case, here also the results for H® follow in a manner

analogous to those of HAB),

Theorem 2.4.4. If the null hypothesis HE holds, then

—1
, 1 (K1 — tr(PX; /

i=1 i=1

under the high-dimensional asymptotic frameworks Al' and A3'.

Therefore, an asymptotic test for the main effects of factor B under unequal

covariance matrices is as provided in Corollary 2.4.5.

Corollary 2.4.5. If the null hypothesis HE holds, then

-1
. 1 ‘1
Th=—— <Z—> H® — e, % 25 N(0,1),

Cy i1 n;

under the high-dimensional asymptotic frameworks Al’, A3' and A5’ .

18



2.4.3 Test for the main effect of factor A

Notice that the rank of K4 is at most a — 1. That is, it does not grow with b and,
hence, it does not make sense to consider large-(b, n;) asymptotic. Instead we consider
an approximation based on matching moments that is known to work well in other
situations (e.g., Brunner et al., 1997). Notice that E [H (A)] = bd}. An unbiased

estimator of d; is

T-3 (1=

i=1
where d;; = tr(J,S;)/b*. Then a reasonable test statistic is

~ HA

T, =

bd
To get an approximate distribution of 7/21, we propose to approximate the distributions
of HW and bc?’l by constant multiples of chi-square distributions. More precisely, we

assume approximately
HW ~ gxfc and bc?’l ~ goxfco

where (g, f) and (go, fo) are found by matching the first two moments. After some

algebra, we get

S (1= 1) 22 Y (1= ) (1= ™) dysdys
f :z{E[H(A)]}2 _ i:l( n) 13 z;’( n) ( n) 141
A a )
Var(H) > (1= %) dh + X M dudi
i=1 i
S (=) 22 (1= ) (1= ") dysdyy
; :Q{E[bdll]}2 :i=1< n) 1 z;,( n)( n) 1t
! a 2 )
Var(bdh) > (=)

and fogo/fg = 1, where dy; = tr(J,X;)/b%.
Now, we approximate the distributions of T\A as

e~ H(A)/fg
TA = =,
bd} / fogo

under the null hypothesis H{'. For practical application of the approximate degrees

~ Ff.fos

of freedoms, we need unbiased and consistent estimators of the quantity dy; and its

square d3; .
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Theorem 2.4.6. Under the asymptotic framework A2 and A3, fori = 1,... a,

unbiased and consistent estimators of dy; and di— are

—  tr(JpS —~ n;—1 —
dli: (b2b) an . =

Although the estimators fand ]?0 of f and fy, respectively, obtained by plugging-
in the unbiased estimators of dy; and d3; are not unbiased themselves, they will still
be consistent and our numerical studies have shown that using such estimators give

much improved accuracies.

2.5 Simulation Study

2.5.1 Size of the Tests

We generate 10,000 replications of data from X, ~ Ny(uly,3;) for p € R. Under
this model, all the three null hypotheses Hg'?, HE and Hg' hold. Since all the three
tests are invariant to the choice of u, the particular value of 1 used is immaterial. For
covariance, we consider the structures 3; = (1 — p;)I, + p;J, and 3; which has ones
for its diagonals and p;|j — j/|~'/* for the (j,j") off-diagonal element. It should be
noted that a covariance matrix 3; = (1 — p;)I, + p;Jp will be positive definite if and
only if —=1/(b—1) < p; < 1. We consider a range of values for p;. We also consider
random ;. Let ¥; = Q] A;Q;, where A; is a diagonal matrix with diagonal entries
taken from Unif(0,1) and Q; is a orthogonal matrix. Indeed, Q; can be defined from
the QR decomposition of a random matrix Z; = (Z;;;;) where Z; ;;; are iid random
variables. Here, we consider three distributions for Z; ;;, namely Z; j;» = 1y;—; with
probability 1, Z; j; ~ Exp(1) and Z; j; ~ N(0,1).

Although the assumed asymptotic frameworks stipulate n;’s to grow proportion-
ally with b in the unequal covariance case, in reality the actual ratio varies from
application to application. To investigate the effect of the various proportionality
of growth, we look at values of several combinations of b, a and n;’s and take the
desired (nominal) type I error rate o = 0.05. For practical reasons, we also consider
small b and large nq,...,n, (and vice-versa) combinations with balanced as well as

unbalanced designs. As far as the number of groups, we will consider a = 2, 3,4, 6.

20



Tables 2.1 and 2.2 present actual type I error rates (test sizes) for the covariance
structure 3; = p; I, + (1 — p;)J, for equal and unequal group covariance cases, respec-
tively. The empty cells in Table 1 and Table 3 correspond to the cases where b and p
combinations do not yield positive definite covariance matrix. In the equal covariance
case, since the test for the main effect of A is exact, it was not necessary to carry our
simulation for this test. From Table 2.1 we see that, as n and b grow together, the
performance of the tests in controlling type one error rates improve consistently for
most of the cases. Table 2.2 seems to exhibit similar patterns in terms of the effects
of the sizes of n and b. More noticeable is the test for the main effect of A appears
to significantly improve as a gets larger. For the other covariance structure (Table
2.3 and 2.4) and the random covariance matrices (Tables 2.5 and 2.6), again similar

patterns are observed with respect to n, b and a.

21



GG

Table 2.1: Achieved Type I error rate (x100%) for testing interaction effect AB and main effect B when sampling from N, (u, ),
where 3 = (1 — p)I, + pdJ,.

PI‘(TAB > Za) PI“(TB > Za)
under Hy'B under HE
a | bn p=—-001 p=0 p=02 p=05|p=-001 p=0 p=02 p=05
2 | 100,(26,26) 5.55 6.16 5.46 5.71 6.00 6.18 5.96 5.86
2 | 200,(51,51) 5.59 5.91 5.55 5.83 5.51 5.58
2 | 400,(51,51) 5.81 5.18 5.21 5.79 5.9 5.16
2 | 400,(101,101) 5.54 5.38 5.12 5.54 5.55 4.90
2 | 100,(12,25) 6.31 5.87 5.98 6.24 6.02 5.82 6.00 6.33
2 | 200,(25,50) 5.91 5.30 5.63 5.74 5.37 5.63
2 | 200,(50,100) 5.83 5.51 5.51 5.41 5.61 5.96
2 | 25,(50,100) 5.88 6.40 6.25 5.90 6.69 6.06 6.54 6.56
2 | 50,(50,100) 6.05 5.95 6.26 6.08 6.21 5.64 6.24 5.97
2 | 50,(100,100) 6.19 6.33 5.91 6.23 5.37 6.15 6.23 5.96
3 | 100,(18,18,17) 5.82 5.93 5.90 6.08 6.02 5.73 6.02 5.86
3 | 200,(35,34,34) 5.75 5.79 5.47 5.87 5.76 5.59
3 | 100,(12,13,25) 5.73 5.82 5.88 5.95 5.78 6.09 6.12 5.78
3 | 200,(25,25,50) 5.66 5.98 5.60 5.74 5.72 5.86
3 | 25,(50,100,100) 6.28 6.20 6.14 6.06 6.24 6.40 6.36 6.25
3 | 50,(50,100,100) 6.20 6.18 6.07 5.98 6.19 5.78 5.87 6.00
3 | 50,(100,100,100) 6.13 5.83 5.73 5.67 6.06 5.65 6.08 5.46
4 | 100,(14,14,13,13) 6.08 6.21 5.82 5.94 5.66 6.08 5.49 5.93
4 | 200,(26,26,26,26) 5.51 5.83 5.89 5.58 5.60 5.68
4 | 100,(12,13,25,25) 5.85 5.97 5.79 5.72 5.73 6.03 6.20 5.69
4 | 200,(25,25,50,50) 5.63 5.66 5.24 5.40 5.65 5.46
4 | 25,(50,50,100,100) 5.67 5.68 5.79 6.19 6.38 6.69 5.98 6.36
4 | 12,(100,100,100,100) 5.93 6.39 6.22 5.68 6.68 6.73 6.11 6.84
4 | 50,(100,100,100,100) 6.01 5.75 5.53 5.77 5.98 5.91 6.11 5.92
6 \ 100,(10,10,9,9,9,9) \ 6.27 6.67 6.25 6.54 6.21 5.98 6.20 6.02




€¢

Table 2.2: Achieved Type I error rate (x100%) for testing interaction effect AB and main effect B when sampling from

Ny(p, 3;), where 2; = (1 — p;) I, + p;Js.

/

a|bmn p Pr(Thp > za) | Pr(Th > 24) | Pr(T) > fo)
under 7—[643 under 7—[(])3 under 7—[64
2 [ 100,(26,26) (0,0.5) 5.85 5.61 4.89
2 | 200,(51,51) (0,0.5) 5.37 5.53 5.21
2 | 400,(51,51) (0,0.5) 5.29 5.64 176
2 | 400,(101,101) (0,0.5) 5.39 5.53 4.97
2 | 100,(12,25) (0,0.5) 6.11 6.18 192
2 | 200,(25,50) (0,0.5) 6.23 5.72 4.62
2 | 200,(50,100) (0,0.5) 5.98 6.12 4.97
2 | 25,(50,100) (0,0.5) 6.81 6.33 5.11
2 1 50,(50,100) (0,0.5) 6.01 6.04 471
2 | 50,(100,100) (0,0.5) 6.09 5.95 5.07
3 [ 100,(18,18,17) (0,0.5,0.9) 5.68 6.57 4.60
3 | 200,(35,34,34) (0,0.5,0.9) 5.44 5.98 4.99
3] 100,(12,13,25) (0,0.5,0.9) 6.79 6.61 431
3 | 200,(25,25,50) (0,0.5,0.9) 5.52 5.60 4.81
3 | 25,(50,100,100) (0,0.5,0.9) 6.69 6.40 4.80
3 | 50,(50,100,100) (0,0.5,0.9) 6.30 6.22 4.58
3 | 50,(100,100,100) (0,0.5,0.9) 5.94 6.00 4.38
4 [ 100,(14,14,13,13) (0,0.3,0.6,0.9) 6.55 5.73 5.30
4 | 200,(26,26,26,26) (0,0.3,0.6,0.9) 5.70 5.81 4.62
4 [ 100,(12,13,25,25) (0,0.3,0.6,0.9) 6.36 6.44 4.25
4 | 200,(25,25,50,50) (0,0.3,0.6,0.9) 5.96 5.82 5.01
1 | 25,(50,50,100,100) | (0,0.3,0.6,0.9) 6.24 6.27 4.94
4 | 12,(100,100,100,100) | (0,0.3,0.6,0.9) 6.27 6.63 4.85
4 | 50,(100,100,100,100) | (0,0.3,0.6,0.9) 5.63 5.83 5.00
6 \ 100,(10,10,9,9,9,9) \ (-0.01,0,0.2,0.4,0.6,0.8) \ 6.60 6.28 5.25
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Table 2.3: Achieved Type I error rate (x100%) for testing interaction effect AB and main effect B when sampling from N, (u, ),
where ¥ = (0j;1), 0;; = 1 and a5 = p/|j — j'|'/* for j # §'.

Pr(Tap > za) Pr(Tg > za)
under H{'P under H{
a | bn p=—001 p=0 p=02 p=05|p=—-001 p=0 p=02 p=05
2 | 100,(26,26) 5.83 6.24 5.56 6.07 5.62 6.05 6.03 6.23
2 | 200,(51,51) 5.68 5.67 6.09 6.19 5.61 5.56 5.57 6.25
2 | 400,(51,51) 5.83 5.95 6.21 5.44 5.34 6.10
2 | 400,(101,101) 5.75 5.14 6.47 5.56 5.58 6.64
2 | 100,(12,25) 6.10 6.29 6.19 6.63 5.95 6.10 6.07 6.78
2 | 200,(25,50) 5.75 5.81 5.84 6.48 5.43 5.71 5.86 6.71
2 | 200,(50,100) 5.49 5.86 6.14 5.74 5.49 6.37
2 | 25,(50,100) 6.22 6.29 6.08 6.53 6.42 6.25 6.39 6.39
2 | 50,(50,100) 6.13 5.94 6.05 6.52 6.11 6.40 6.34 6.21
2 | 50,(100,100) 5.87 6.17 6.04 6.48 6.22 5.95 5.98 6.50
3] 100,(18,18,17) 6.17 6.07  6.47 6.22 6.06 615  6.22 6.82
3 | 200,(35,34,34) 5.29 5.71 6.26 6.07 6.09 6.65
3 | 100,(12,13,25) 6.05 5.82 5.70 7.19 6.27 6.37 6.20 6.96
3 | 200,(25,25,50) 6.00 5.81 6.07 6.17 5.57 5.51 5.75 6.84
3 | 25,(50,100,100) 6.69 6.12 6.13 6.31 6.17 6.87 6.50 6.28
3 | 50,(50,100,100) 5.79 6.51 6.20 6.29 6.41 6.43 6.38 6.84
3 | 50,(100,100,100) 5.89 5.67 5.68 6.50 5.82 6.31 6.07 6.15
4 | 100,(14,14,13,13) 5.64 6.05 5.94 6.47 6.34 6.02 6.28 7.00
4 | 200,(26,26,26,26) 5.30 5.76 5.45 6.01 5.62 5.87 5.65 6.36
4] 100,(12,13,25,25) 5.88 6.09 592 6.57 5.61 553 5.0 6.36
4 | 200,(25,25,50,50) 5.54 5.86 5.85 5.85 5.74 5.53 5.85 6.08
4 | 25,(50,50,100,100) 5.79 6.02 6.29 6.28 6.38 6.30 6.78 6.66
4 | 12,(100,100,100,100) 6.45 5.91 6.07 5.92 6.25 6.55 6.76 7.29
4 | 50,(100,100,100,100) 5.64 5.50 5.63 6.26 6.09 5.66 6.11 6.44
6 | 100,(10,10,9,9,9,9) | 6.51 6.17 6.81 6.85 | 5.97 6.23 6.14 6.39
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Table 2.4: Achieved Type I error rate (x100%) for testing interaction effect AB and main effect B when sampling from N, (u, ;)

where 21 = (Ui,jj’>> Ui,jj =1 and Ui,jj’ = p1/|.] —j/|1/4 fOI‘ j 7£ j/.

a|bn p Pr(Thg > za) | Pr(Th > z4) | Pr(T% > fa)
under Hy'B under H{ under Hg
2 | 100,(26,26) (0,0.5) 6.49 6.17 5.22
2 [ 200,(51,51) (0,0.5) 6.02 6.11 4.78
2 | 400,(51,51) (0,0.5) 5.93 6.00 5.29
2 | 400,(101,101) (0,0.5) 5.71 5.54 5.03
2 | 100,(12,25) (0,0.5) 6.60 6.58 4.79
2 | 200,(25,50) (0,0.5) 6.19 5.80 4.60
2 | 200,(50,100) (0,0.5) 5.57 5.93 5.23
2 | 25,(50,100) (0,0.5) 7.00 6.55 4.57
2 | 50,(50,100) (0,0.5) 6.25 6.19 5.04
2 | 50,(100,100) (0,0.5) 5.99 5.91 5.27
3 [ 100,(18,18,17) (0,0.5,0.9) 6.39 6.19 4.68
3 | 200,(35,34,34) (0,0.5,0.9) 6.45 6.32 4.78
3 | 100,(12,13,25) (0,0.5,0.9) 6.69 6.18 4.41
3 | 200,(25,25,50) (0,0.5,0.9) 6.18 5.87 4.97
3 | 25,(50,100,100) (0,0.5,0.9) 6.28 6.39 4.80
3 | 50,(50,100,100) (0,0.5,0.9) 6.03 6.29 4.97
3 | 50,(100,100,100) (0,0.5,0.9) 5.74 6.26 4.81
4 1100,(14,14,13,13) (0,0.3,0.6,0.9) 6.80 6.77 5.14
4 | 200,(26,26,26,26) (0,0.3,0.6,0.9) 6.42 6.37 5.04
4 | 100,(12,13,25,25) (0,0.3,0.6,0.9) 6.68 5.66 5.04
4 | 200,(25,25,50,50) (0,0.3,0.6,0.9) 6.11 6.40 5.04
4 | 25,(50,50,100,100) (0,0.3,0.6,0.9) 6.20 6.15 4.99
4 | 12,(100,100,100,100) | (0,0.3,0.6,0.9) 6.71 7.14 4.80
4 | 50,(100,100,100,100) | (0,0.3,0.6,0.9) 6.17 6.03 4.89
6 | 100,(10,10,9,9,9,9) [ (-0.01,0,0.2,0.4,0.6,0.8) | 7.02 6.08 4.78
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Table 2.5: Achieved Type I error rate (x100%) for testing interaction effect AB and main effect B when sampling from N, (u, )
where ¥ = QTAQ, Q is defined from the QR decomposition of the random matrix Z = (Z;;) and A is a diagonal matrix
whose diagonal entries are drawn from Unif (0, 1).

PI‘(TAB > Za) PI“(TB > Za)
under H{'B under HE
a b, n’ ij/ ij/
l{j:j’} 5.%‘]9(1) J\/(O, 1) 1{j:j’} gibp(l) N(O, 1)

2 [ 100,(26,26) 6.06 6.22 6.59 5.96 6.21 6.57
2 | 200,(51,51) 5.70 5.60 5.66 5.95 5.74 5.72
2 | 400,(51,51) 5.71 5.60 5.59 5.50 5.61 5.89
2 | 400,(101,101) 5.09 5.80 5.77 5.58 5.45 5.47
2 | 100,(12,25) 6.85 6.44 6.45 6.31 6.26 6.38
2 | 200,(25,50) 5.55 5.91 5.70 5.87 5.64 5.87
2 | 25,(50,100) 6.65 6.53 6.77 6.75 6.47 7.14
3 [ 100,(12,13,25) 6.83 6.43 6.66 6.25 6.19 6.12
3 | 200,(25,25,50) 5.69 5.71 5.61 5.53 5.43 5.50
3 | 25,(50,100,100) 6.53 6.16 6.36 6.57 6.21 6.67
3 | 50,(50,100,100) 5.62 5.90 6.23 6.53 6.15 5.86
4 1100,(14,14,13,13) 6.27 6.67 6.45 5.95 6.43 6.19
4 | 200,(26,26,26,26) 5.20 5.92 5.79 5.72 6.02 5.69
4 | 100,(12,13,25,25) 5.84 6.40 6.28 5.99 5.78 6.33
4 | 200,(25,25,50,50) 5.73 5.52 5.65 5.64 6.15 5.95
4 | 25,(50,50,100,100) 6.23 6.43 5.87 6.25 6.24 6.60
4 | 12,(100,100,100,100) | 6.07 6.14 6.58 7.17 7.12 6.75
4 | 50,(100,100,100,100) | 5.52 6.17 6.31 6.16 6.60 6.08
6 [ 100,(10,10,9,9,9,9) [ 6.30 6.38 6.24 6.43 5.61 6.11
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Table 2.6: Achieved Type I error rate (x100%) for testing interaction effect AB and main effect B when sampling from N, (u, ;)
where X; = QZ-TAiQi, Q; is defined from the QR decomposition of the random matrix Z; = (Z; ;) and A, is a diagonal matrix
whose diagonal entries are drawn from Unif (0, 1).

Pr(T) g > za) Pr(Tg > za) Pr(T) > fa)
under H{'EP under HE under HE
a b, n' ij/ ij/ ij/
l{j:j’} 5;Cp(1) N(O, 1) l{j:j/} 51‘]9(1) N(07 1) 1{j:j’} 5£Cp(1) N(O, 1)

2 | 100,(26,26) 6.43 6.07 6.00 6.15 6.23 6.07 4.91 4.75 4.97
2 | 200,(51,51) 5.68 6.79 5.71 6.02 6.09 5.85 4.57 5.04 5.03
2 | 400,(51,51) 5.67 5.40 5.54 5.20 5.54 5.73 4.89 5.06 5.02
2 | 400,(101,101) 5.69 5.39 5.33 5.26 5.73 5.73 4.97 4.81 5.15
2 | 100,(12,25) 6.50 6.59 6.12 6.38 6.49 6.52 4.55 5.02 5.46
2 | 200,(25,50) 5.66 5.68 5.74 6.11 6.17 6.05 4.78 4.77 4.57
2 | 25,(50,100) 6.62 6.23 6.42 6.74 6.47 6.62 4.91 5.20 4.61
3| 100,(12,13,25) 6.58 7.10 6.26 6.42 6.15 6.11 4.58 4.98 4.72
3 | 200,(25,25,50) 5.84 5.96 6.01 6.05 5.79 5.91 4.82 4.71 4.74
3| 25,(50,100,100) 6.35 6.51 6.52 6.44 6.24 6.46 5.09 5.12 4.97
3 | 50,(50,100,100) 6.11 6.26 6.13 6.28 6.25 5.97 4.53 5.19 5.08
4 | 100,(14,14,13,13) 6.43 6.46 6.22 6.64 6.26 6.04 5.07 4.71 4.93
4 | 200,(26,26,26,26) 5.97 5.51 5.95 5.55 5.55 5.54 4.96 4.75 4.96
4 | 100,(12,13,25,25) 6.51 5.80 6.16 6.37 5.94 6.02 5.34 5.11 4.80
4 | 200,(25,25,50,50) 5.71 6.06 5.78 5.77 5.29 5.47 4.98 4.99 5.44
4 | 25,(50,50,100,100) 6.04 6.15 6.15 6.23 6.11 6.36 5.28 4.89 5.21
4 | 12,(100,100,100,100) 6.35 6.59 6.74 6.58 6.61 6.79 5.43 4.62 5.12
4 | 50,(100,100,100,100) 5.83 5.65 5.67 6.41 6.29 5.99 5.01 5.11 5.14
6 \ 100,(10,10,9,9,9,9) \ 6.49 6.53 6.67 5.93 5.79 6.01 4.92 4.73 5.08




For the covariance structure used in Table 2.1 the assumptions are satisfied uni-
formly in p because ¢; = (1 — p)*(1 — 1/b). Furthermore, as p — 1, the sampling
variability of T4p goes to 0 which could lead to better control of size. On the other

hand, for the covariance structure in Table 2,

¢ =1 (L= p)/m Q_1/m) (1 =1/8) for j=1,2,3

e (Zl 1/7“)_ { <a - 1>3i (1 ;3pi)3 N 6(aa; 1) 5 (1— pgjqij —p)

i=1 i i<j
36 (1= pi)(1 = p;)(1 — pr)
i 1-1
a3 Z NNy }( /)
1<j<k

which are all O(1). What is more, ¢, — 0 as p; — 1. So does the variance of 7 5 and
T}. On the contrary, our numerical calculations of the ratio of the traces to dimen-
sions for the covariances used in the Table 2.3 show that c¢3 and ¢4 diverge as b — oc.
For example, we obtained the sequence (c3,c4) = (.333,.310), (0.649,0.942), (1.295,
3.045), (2.729,10.700), (6.001, 39.616), (13.589, 151.361) for b = 12, 25, 50, 100, 200, 400,
respectively. Similar pattern should exist for the covariances in Table 2.4 as well. Re-
gardless, it is reassuring to see that the effect of the divergence is negligible on the
quality of approximation of our results. As a result of this one may conjecture to drop
these assumptions. There is also another supporting evidence of this phenomena in
Tables 2.5 and 2.6 where random covariance matrices is used. So this again shows

that the choice of the covariance matrix seems to have no effect.

2.5.2 Power Comparison

An approximate yet popular method for repeated measures analysis when the co-
variances are unequal and unstructured is Huynh (1978), later corrected by Lecoutre
(1991). This method performs well when n; are all large. In this section, we com-
pare the power of this method with the methods proposed in this Chapter. For
both methods, the respective approximate null distributions are used to determine

the critical values.
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To keep the comparison manageable, we fix a = 3, b € {10,100,200} and ¥; =
(1—pi)Ip+ pidy, where p; = 0.2, po = 0.5 and p3 = 0.9. In regards to sample sizes and
dimension, we use the combinations (b; ny, ny, n3) = (10; 50, 100, 100), (100; 25, 12, 13)
and (200;50,25,25). For the alternative hypotheses, we take po = p3 = 0 and
consider two structures for py, namely py; = (1 +6) for ¢ odd, py; = (1 — ) for i
even, and p; = (1+6,1] ;)" as d varies from 0 to 1. It should be noted that the later
structure represents a departure that approaches to the null hypothesis at a rate of
b=1/2. More precisely, the scaled departure from the null ||, — 1,]|/(tr(2))/? are |d]|
and |0]/v/b, respectively.

Figure 2.2: Power comparison of the proposed methods and the methods by Huynh
(1978), later corrected by Lecoutre (1991). Data is generated from N(pi, X;). In
the plots, a = 3, 3; = (1 — pi)) Ly + piJp, p1 = 0.2, po = 0.5 and p3 = 0.9 are used. In

both panels, o = p3 = 0. In the left panel py; = (1+9) for i odd, py; = (1 —9) for
i even, and in the right panel g, = (1 46,1, ,)".
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Figure 2.2 shows results for testing the interaction effect. The results for the main
effect of B are similar. The power curves clearly demonstrates that as the dimension
b gets large, the methods proposed in this Chapter show unequivocal superiority over
those of Huynh (1978). The superiority clearly holds when the departure from the null
is very mild. However, for small b and large sample sizes (n1,ng, n3), Huynh (1978)

methods have clear edge which fade away as b gets larger. It is interesting to observe
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Figure 2.3: Power comparison of the test for main effect of factor B (Test for Flatness)
in Section 2.3 and the test by Takahashi and Shutoh (2016) for a = 2. Data is
generated from Ny (p;, X). In the plots, ¥ = 0.8I, + 0.2J), is used. In the left panel,
p1 = 01 @ (1,—1)" and in the right panel gy = §(1,0,...,0)". In both panels,
w2 = p1 + 1y
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that Hynuh’s (Huynh, 1978) methods are very conservative when the dimension is
large. Also the power of our method tends to get bigger as b gets larger even when
the scaled departure from the null does not change with b.

As discussed in Section 2.2, when a = 2 and the covariance matrices are equal, the
tests for interaction effect and main effects of A in the current manuscript and those
in Takahashi and Shutoh (2016) agree. However, the tests for main effects of B are
different. In the remainder of this section, we present simulation results to compare
the powers of these two test.

First, we consider the case where the parameter space is constrained by parallelism
hypothesis. We look at two forms of departure from the null hypothesis (flatness),
namely p; = 01, ® (1,—1)" and pq = 6(1,0,...,0)" for values of § between 0 and
1. In both cases, gy = p1 + 1. For dimension and sample size combinations, we use
(b;ny,n9) = (10;50,100), (100; 12,25) and (200;25,50). For simplicity, we keep the
covariance matrix ¥ = 0.81, + 0.2J,. From the power curves in Figure 2.3, the test

of Takahashi and Shutoh (2016) seems to have a slight edge over ours.
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Figure 2.4: Power comparison of the test for main effect of factor B (Test for Flatness)
in Section 2.3 and the test by Takahashi and Shutoh (2016) for a = 2. Data is
generated from Ny (p;, X). In the plots, ¥ = 0.8I, + 0.2J), is used. In the left panel,
1 =01y ® (1, —1)" + 1, and in the right panel p; = §(1,0,...,0)" + 1;. In both
panels, ps = 0.
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Another common departure from flatness in two group clinical trials is when
the control group maintains flat mean profile but the treatment group may have
fluctuating mean profile. Under this alternative, parallelism is obviously violated
but the researcher may be interested in testing average flatness versus non flatness.
One can make the argument that the test statistic for flatness presented in this
Chapter and that of Takahashi and Shutoh (2016) can be used to detect lack of
average flatness when parallelism is not known a priori. To investigate the powers
of our test and that of Takahashi and Shutoh (2016) for this type of alternative, we
consider two forms of departure from flatness, namely p; = 61, ® (1,—-1)" +1; and
p1 = 0(1,0,...,0)" + 1, for values of § between 0 and 1. In both cases, py = 0.
We keep the the other parameters of the simulation parameters the same as in the
previous paragraph. From Figure 2.4, our test has clear edge over that of Takahashi

and Shutoh (2016).
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2.6 Real Data Analysis

We analyze a publicly available data obtained from the University of California-
Irvine Machine Learning Repository.! The data arose from a large study to exam-
ine Electroencephalograph (EEG) correlates of genetic predisposition to alcoholism.
Measurements from 64 electrodes placed on subject’s scalps recorded 256 times for
1 second. The study involved two groups of subjects: alcoholic and control. Each
subject was exposed to either a single stimulus (S1) or to two stimuli (S1 and S2)
which were pictures of objects chosen from a picture set. In this section, we analyze
the data only for the single stimulus (S1) exposure. The outcome measurements are
Event-Related Potentials (ERP) indicating the level of electrical activity (in volts) in
the region of the brain where each of the electrodes is placed.

We analyze the data from each electrode (location of the brain) separately and
adjust the resulting p-values for multiplicity so that False Discovery Rate (FDR), the
expected proportion of false rejections, is controlled (Benjamini and Hochberg, 1995).
In the notations of this Chapter, this data set has a = 2, b = 256 , nqy = 77, ny = 45
and n = 122. Factor A is the group factor and factor B (the within-subject factor)
is the time.

Indeed, the main hypotheses of interest are whether ERP profiles are similar
between the alcoholic and control groups. If different, to identify for which electrode
(which part of the brain) dissimilarity occurs. In other words, interest lies in knowing
at which electrodes do time and alcoholism interact on ERP outcome. Table 2.7
shows FDR adjusted p-values for testing group-by-time interaction for each of the
64 channels (at FDR = 0.05). The columns in the table contain channel names
(Ch), p-values based on analysis assuming equal covariance (E) and p-values without
assuming equal covariance (U).

Each channel (electrode) has names identifying the location of the electrode on
the scalp. The names are made up of a letter identifying the anatomical location of

the placement of the electrode (F-frontal lobe, T-temporal lobe, P-parietal lobe and

lweb address: https://archive.ics.uci.edu/ml/datasets/ EEG+Database
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O-occipital lobe) and a number identifying the hemisphere of the brain (odd number—
the left hemisphere and even number — the right hemisphere and letter z (zero) is
used for the mid-line) . The name A and Fp identify the earlobe and frontal polar
sites, respectively, whereas C identifies the central location between the frontal and
parietal lobes). Combinations of two letters indicates intermediate locations, e.g.,
FC: in between frontal and central electrode locations (see Figure 2.5 for details).

Table 2.7: False Discovery Rate (FDR) adjusted p-values for testing timexgroup in-
teraction for Electroencephalograph (EEG) experiment involving Alcoholic and Con-

trol subjects. In the table, the columns are channel label (Ch), p-value based on equal
covariance assumption (E) and p-value based on unequal covariance assumption (U).

Ch D) U Ch E U Ch E U Ch E U
AF1 0.054 0.086 | CP6 0.000 0.000 | FC6 0.129 0.236 | P5 0.000 0.000
AF2 0.058 0.098 | CPZ 0.000 0.000 | FCZ 0.000 0.000 | P6 0.000 0.000
AF7 0.716 0.737 | CZ 0.595 0.641 | FP1 0.668 0.701 | P7  0.000 0.000
AF8 0.716 0.741 | F1  0.000 0.000 | FP2 0.716 0.744 | P8 0.000 0.000
AFZ 0.007 0.016 | F2 0.000 0.001 | FPZ 0.716 0.737 | PO1 0.000 0.000

Cl1 0.157 0.147 | F3 0.003 0.005 | FT7 0.595 0.689 | PO2 0.000 0.000

C2 0.013 0.007 | F4 0.120 0.212 | FT8 0.034 0.095 | PO7 0.000 0.000

C3 0.000 0.000 | F5 0.356 0.429 | FZ 0.000 0.000 | PO8 0.000 0.000

C4 0.000 0.000 | F6 0469 0.544 | nd 0.001 0.002 | POZ 0.000 0.000

C5 0.000 0.000 | F7 0595 0.641 | O1 0.000 0.000 | PZ 0.000 0.000

C6 0.000 0.000 | F8 0.716 0.744 | O2 0.000 0.000 | T7 0.000 0.000
CP1 0.000 0.000 | FC1 0.001 0.002 | OZ 0.000 0.000 | T8 0.000 0.000
CP2 0.000 0.000 | FC2 0.079 0.048 | P1 0.000 0.000 | TP7 0.000 0.000
CP3 0.000 0.000 | FC3 0.286 0.410 | P2 0.000 0.000 | TP8 0.000 0.000
CP4 0.000 0.000 | FC4 0.716 0.769 | P3  0.000 0.000 X 0716 0.744
CP5 0.000 0.000 | FC5 0.536 0.640 | P4 0.000 0.000 | Y 0.046 0.034

The channel-by-channel decisions based on our method and that of Huynh (1978)
are displayed in Figure 2.5. The figure depicts the scalp of a human being viewed from
the top, the triangle marking the nose. The locations of the electrodes are indicated
by bubbles. The color of the bubbles indicates whether the brain activity pattern for
that channel is significantly dissimilar (red) or not significantly dissimilar (green).

It is clear from the table that there are no evidence in the data to show difference
in the electrical activity patterns between the two groups in the frontal regions of the
brain. Most of the significant differences occur in the central, parietal and occipital

regions. More precisely, there is similarity in the activity patterns for the alcoholic
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Figure 2.5: Channel-by-Channel results for EEG data analysis on testing the similar-
ity in brain activity between alcoholic and control subjects. Left panel contains results
based on our method and right panel contains results from the methods by Huynh
(1978). Red means brain activity patterns are significantly dissimilar at o = 0.05.
Green means that the similarity hypothesis cannot be rejected.
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and control groups in the all of frontal electrodes with the exception of FC1, FCZ, FZ,
F1, F2, F3, FC2 and AFZ. On the other hand, all the other data from all the other
electrodes in the non-frontal with the exception of C1 and CZ. The results distinctly
demarcate contagious similar and non-similar activity regions. In particular, FC1,
FCZ, ¥Z, F1, F2, F3 and AFZ form a isolated region dissimilarity with the frontal
region of the brain (see Figure 2.5). Our method has found two more significant

channels (AFZ, FC2, and Y) than the method by Huynh (1978).

2.7 Discussion and Conclusion

Tests for repeated measures design are introduced when both sample size and the
dimension are large. The tests allow the covariance to be equal or unequal but
otherwise unstructured. To the best of our knowledge, tests for high-dimensional
repeated measures with unequal group covariance matrices did not exist prior to the

current manuscript.
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The equal covariance case has seen some recent advancement in the one-group
(Pauly et al., 2015) and two-group (Takahashi and Shutoh, 2016) cases. The test
statistic in Pauly et al. (2015) essentially differ from ours in the way the asymptotic
variance of Ug is estimated. We make efficient use of all observations which resulted
in the additional assumptions tr{(P,X)*}/b = O(1). Our results for a = 2, however,
corroborate with those of Takahashi and Shutoh (2016) for testing the interaction
(parallelism hypothesis) and the group effect or effect of factor A (coincidence hy-
pothesis). Nevertheless, our tests for the within subject factor or effect of factor B
(flatness hypothesis) differ.

In practical application, one needs to know whether covariances are equal or not
to choose which test to use. This choice could be informed by testing equality of
covariance matrices. Tests for equality of covariance matrix in high dimensional
framework are given, among others, by Schott (2007b) and Srivastava and Yanagihara
(2010). Heuristically, one can also conduct the tests in this Chapter with and without
the assumption of equality of the covariance matrices. If the decisions agree, the
burden of testing equality of variance is removed altogether. Otherwise, caution has
to be exercises to decide which results to use. Cursory inspection of the empirical
covariance matrices could also be a useful guide in some cases. It should, however, be
stressed that the consequence of the assumption of equal variance could be substantial
when the group sample sizes differ largely.

The simulation results suggest that the approximations work only when b is very
large. This may not be practical in some applications. Second order asymptotic
that includes terms of order b=%/2, b=! and so forth have the potential to improve
the approximations. Also discernible in the simulation is that the quality of the
approximation depends on the value of a, the larger the better. Intuitively, this
makes sense because large a means more data under the null hypothesis. This prompts
consideration of an asymptotic framework that allows a to grow together with the
sample sizes and the number of repeated measurements. We defer consideration of
these problems to future manuscripts.

In the proofs, multivariate normality of the repeated measures is mostly needed
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for its nice property of independence up to correlation. Results under statistical
models that include this later assumption has been derived in Chen and Qin (2010)
for two-sample and Srivastava and Kubokawa (2013) for multiple-sample comparison
of mean vectors. In the interest of space, we opted to relegate the investigation of

this model in the Chapter 4.

2.8 Appendix: Proofs
Proof of Theorem 2.3.1. Note that
1 _ _
Usp = %<{tr(PaK)}_1XT(Pa ® P)X — tr(PbE)>,

where K = diag{1/n4,...,1/n,}. Obviously, tr(P,K) = (1—1/a)> ¢ ,1/n;. We
can write P, = LL" and P, = MM " where L,y (4—1) and My, (-1 are full rank
matrices with ranks a — 1 and b — 1, respectively. Under the null hypothesis H{'Z,
(LT @ MT)X ~ Ny(0,(LTKL) ® (MTXM)), whence X (P, ® P)X = {(L™ ®
M) X} {(L" ® M")X}. Notice that the eigenvalues of M ' XM and X!/2P,31/2
are the same. So are that of LT KL and K'/?2P,K'?  Therefore, under the null
hypothesis Hj'Z,

a -1 4 b
1 1 1
UAB = % (1 — 5) <’L 1 n_> ZZO@@YH — tr(PbE) s

i=1 j=1

where ;s are the eigenvalues of K'/2P, K1/2, 8,’s are the eigenvalues of /2P, %1/2,

and Y;;’s are independently and identically distributed as chi-square distribution with

1 degree of freedom for i =1,...,a, and j = 1,...,b. So the characteristic function
of Uyp is
a b —-1/2
2 tayfB; vt tr(PbE)]
1) = Elexp(1 tU5)] = 1_—J> ex {_— ,
() = Blexp(t tUa5) HH( o) e |HD

where 1+ = /—1. Therefore, we have

1 21 tay 3, et tr(BX)
ety == ZZI ( Vb tr(PaK)) Vb

lel
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@t a{(PEPY o (HPl(PE)Y
"2 R (mtrwm}s )

by applying Taylor expansion to In[l — (2¢ ta; ;) )/{V/b tr(P,K)}]. Here

tr{(P,K)*} a(a—2) o
(tr(PK)}2 a—1)2Z /< n> a_12 ©

Since we know that K'/? is symmetric and positive definite matrix, and P, is positive

semidefinite and symmetric, so does K'/2P,K'/?. Thus a; > 0, and at least one «;

bigger than 0. For any k£ > 2, we have

tr{(PaK)k} o Z?:l O‘? <1
{tr(P.K)} (L ai)k =

Moreover, by using Holder’s inequality we have

a a 1/k a (k—1)/k a 1/k
S ()" (S0e) " (s s)
i=1 i=1 i=1

i=1

This proves that the ratio tr{(P,K)*}/{tr(P,K)}* > 1/a*"1. So under the as-
sumption Al and A2, the remainder term of the Taylor series converges to 0 as b
goes to infinity. Also by Holder’s inequality, (-7, 1/n7)/(>"i_, 1/n;)* > 1/a which

establishes the lower bound for c. O

Proof of Theorem 2.3.2. Although a much easier proof will be given in Chapter
3 (Kong and Harrar, 2017), we still include this one since it gives more idea on how to
construct the unbiased estimators. It is obvious that (n;—1)S; ~ W,(3,n;—1), where
W, (2, v) stands for p dimensional Wishart distribution with v degrees of freedom
and scale matrix €. Thus (n — a)S, the sum of a independent W}(X,n; — 1), has
distribution W,(2,n — a). The reminder of the proof is similar to that of Lemma 2.1
of Srivastava (2005). We give sketchy detail below. (See also the Proof of Theorem
2.4.2))
Let T" be the orthogonal matrix such that

r'2psl2rT = A
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where A = diag(A;...,)\,) and \;’s are the eigenvalues of 3'/2P,X1/2. Also let w;
be iid N,,_4(0,1I,,_,) for i = 1,...,b. Then

(n — a)tr(B,S) Z)\Un;

(n —a)*{tr(P,S Z)\Z “+Z)\ Ajv;vj;  and
i#j
(n — a)*tr{(P,S)?*} = Z)\Zvi—l—Z)\)\ v”,
i=1 i#£j

where v;; = wiTwZ- and v;; = w;wj = ijwZ- for i # 7. Thus,

b
1
- - iU d
b(n—a); Vi an

b
1
= )\22
= bn—a—1)(n—a+2) {Z i Vi

i=1

b
+ Z /\ As UU (Z )\?U,i + Z )\,L')\jvn"l}jj) }
i#] B a) i=1 i#]

b

1 2.2
“bn—a)(n—a+2) D A

=1

1 1
A | vE — ——vv55 )
+b(n—a—1)(n—a+2)§ ]<U” n—a. U”)
Finally, we have E[¢;] = ¢;, for i = 1,2. Furthermore, Var(¢;) = 2co/{b(n — a)} and
Ac2 Ac2 12¢2 20¢2 8cy
Var(S,) — 2 2 2 2
ar(c) (n—a)> (n—a) * (n—a)* (n—a) * b(n —a) *

— b
b(n—a)? bn—a)? * b(n —a)? O e +067)0(R e,

under the high-dimensional asymptotic frameworks Al and A2. Applying Cheby-

shev’s inequality completes the proof. O

Proof of Corollary 2.3.3. From Theorem 2.3.2, we know that ¢3/cy L5 1 and
Vb(E — ¢) 4 0. Then the desired result follows by applying CMT and Slutsky’s

Theorem to

. 1 N (1) NG
Tap = — (1 — —) Z — H(AB) — bey —— (/0\1—01).
2bcey (Ca/ o) a — n; 2ceo(Cy/cs)




]

Proof of Theorem 2.3.4. Obviously, tr(J,K) = > , 1/n;. The remainder of the
proof is analogous to that of Theorem 2.3.1. m

Proof of Proposition 2.3.6. Obviously, K'/? ® I is nonsingular. Thus bK ,p =
(D, ® Jp) p = 0 if and only if

if and only if
v 'u' (K'?D, ® Jb)T (K'?D,@ Jy)p=p" (D,KD,® Jy) p=bpu" Kap =0,
since D, = D, KD,,. ]
Proof of Theorem 2.4.1. 1t is easy to see, under the null hypothesis Hj'?
-1 a -1 g a -1
Up=—2(1-2) (2] Say— (Y1) s
we Vb a - v j=1 Y - v ’ ’

where «;’s are the eigenvalues of SUV2K 3l 2 and Y;’s are independently and identi-
cally distributed as chi-square distribution with 1 degree of freedom for j = 1,..., ab.
So the characteristic function of U5 is

-1/2

ab nd

o(t) = Elexp(e Uyp)l = [ [ 1 - 21 toy 1t tr(KpX)

exp |—

i1 \/5(1—1/(1)%,% ‘/Ei%

i=1

Therefore, we have

2 toy ot tr(KpY)
Vo (1-1/a) Y 4 Vb Yo
i=1 i=1 "

(t)? ( e )
= -2y, + O
2 2 Vb (1—1/a)?

ab
In{p(t)} = —% Zln 1-—
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by applying Taylor expansion to In[l — 22 ta;/{Vb (1 — 1/a) 3¢, 1/n;}]. Here note
that

(1-1/a)~> Zﬂi) - ‘ab %2
—(1—1/a)”* i)
SEVOR ) %) [(1 - 2) Zt{(Pj’f)} Ly
(S) e (2] s

where ¢, = O(1) by assumption A1l’. Next we will determine bounds for ¢/. We know

2
‘L Py, L tr{(P,X;)? P, PY,
tr (E il i ) :E —r{( bz)}—l—tr(g il bj).
n; n; nin;

i=1 i=1 i ]

tr{Pb }/ ( ) c0.1]

which implies ¢ € [(a—1)7%1]. Note that the lower end of the interval is close

that

Thus, we have

because the first term in ¢ will be 0 when a = 2. Otherwise, the interval is open
on the left side for @ > 3. Finally, under assumption A4’, the remainder term of the

Taylor series converges to 0 as b goes to infinity. O

Proof of Theorem 2.4.2. In light of remark (ii) in Section 2.3, we see from The-
orem 2.3.2 that ¢;; and ¢y; are unbiased and consistent estimator of cj; and cy;,
respectively, by taking a = 1 (see Srivastava, 2005). Also we have v/b(¢3; — ¢1;) L.
Thus, under the high-dimensional asymptotic frameworks A1, A3’ and A5, ¢ is an
unbiased and consistent estimator of ¢, and vb(¢; — ¢}) - 0 by Slutsky’s Theorem.

Next we will prove that ¢y is an unbiased and consistent estimator of ¢y, It is
obvious that (n; — 1)S; ~ W,(2;,n; — 1). Thus there exists Y; = (Y1, .., Yin,—1),
where y;; are iid N;(0,%;), such that (n; — 1)S; = Y;Y;". Then Y; = ZI/QUZ, where

40



U, = (ui1,...,u;y), and u;; are iid Ny(0,1,). Let I'; and T'y be two orthogonal
matrices such that El/ 2Pb21/ 2 I A;yTy where Ay = diag(Aywr, - . ., Apir) and
Njiir, for j =1,...,b are the square root of eigenvalues of
T
(=R (21°R=)?) =s1"RE.p3.
Obviously, we have
-
s/Ppx? = (z:i/?szil/?) — (F]AuwTy) =TTA,T,.
Thus,

(ni — 1)(ny — )tr(P,S;P,Sy) = tr (BY;Y, BY,Y,")
—tr (P i o B ES 3 vt oft UT21/2>

i (U= REf U Ul s RE ;)

(2

=tr (U;'T] Ay Ty U U, Tj Ay T,U,)
b

E )\j“/wﬂw g AJ“/wﬂ/w>

-8
(

b
A2 w; w wWiw,; + Nt Norer W W W W
it Wi it Wii ji Jii! \glig 7t gil %" 7't )

Jj=1 J#3’

=tr

=tr

where U,'T] = (wy;, ..., wy) and wj; are iid N, _1(0, I,,,_1) and U T} = (wyyr, . .., wpy)

and wj; are iid Nni,_l(O, I,,,_1). Using cyclic commutativity of the trace operator

( — 1)( il 1)tr(PbS PbS )

= Z )\]“/w w]Z /'I,UJZ/ + E )\jll/)\] 7,2’wT w]le/w],z,

J#5’
(@) (%)
- § :/\J“'UJJ UJJ '+ § :)‘J”')‘J i Vg1 Vg0
J#
where v](;-) = w;wﬁ are iid chi-square random variables with n;—1 degrees of freedom,
i il . .
and Uj?, = w;wj/i = w]T,Z'wﬂ and v§j,) = iji,wj/i/ = ij,i,wji/, for any j # j', are

independent and each has mean 0. Thus,

Eltr(P,S;P,S; Z Ay = tr( P P Ey)
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and

E [(tr(PbSinSi/)Q}

2
1
:(ni —1)2(ny — 1)2E (Z Aj "’UJJ ]] )+ Z Ajiit Ayt ”lvjj 3i’ )

J#3’

1 2 (’L 2 2 (’L) (’L)
:(nl — 1)2(’]’1,1-/ — 1)2E Z )\]” Jj + Z )\]u’)\j u/U]J U]] U] ]/'Uj/j/

Lj=1 J#5

D 2NN 0 D 2N A o)

JJ Jii Ji Y33 “33' %53
J#3’ J#3’

- Z 2)\J’L’L/)\3 /U i /U / ,U( ),U('/)

VI X A L A VA Y
J#J’

7,+1 v +1)
En e ZAJZZ’ ( ( i_ ,_1 )Z/\zz’)‘]u’

J#5

since

E[U(z)] = (n; — 1), E[U(.i.)Q] =(n; —1)(n; + 1), E[U(l)?] = (ni — 1)

27

and the last two terms have mean zero. Note that we omitted the terms with three

and four different j’s in our calculations because the means for these terms are zeros.

Thus,

Var (tr(P,S; P,S;/))

b 2
(nZ + 1 n, +1) 5 19
( Z)\ jit! + ( _ 1 o — 1 Z)\]ll’)\] lig! T Z)\jm
J:1 J#5’
b 2
B Z(m + nyr) 2 12
~T= Tt =T (ZA) T~ 1 Z)\J“,AJ i
J=1 J#J

< 2
~(ni = 1(ny —1)

The last inequality follows from

b 2
Z A?zz’A? "5/ < Z A?u’)‘? i = (Z >\jii’> = {tr(PbEinzi’)}Q :

J#3’

{tr(P,X,PX:)} .

Finally, we have E[ Cgii/] = C944/, and

2 2 2 nfz
(ni —1)(n '—1)02" = (ni—l)(ni,—l)CQ =0(n™),

Var(co;r) <
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under the high-dimensional asymptotic frameworks A1’ and A3’. This with Cheby-
shev’s inequality, proves that ;7 is an unbiased and consistent estimator of co;y .
Therefore, ¢, and ¢ - ¢, are unbiased and consistent estimator of ¢}, and ¢ - ¢}, respec-

tively. O]

Proof of Theorem 2.4.6. Observe that

—  tr(J,8) 11
;= = —tr(J,%,)Y;
dh bQ T — 1 btr(Jb z) s

where Y; ~ x2 _,. Thus,

— 1
E(dli) :_tr<Jb2i) = dy;

b2
P (nam) B =Tt
By - I D) g g
Varl ) = = Ol

Copyright© Xiaoli Kong, 2018.
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Chapter 3 Accurate Inference for Repeated Measures in High

Dimensions

3.1 Introduction

As we know, repeated measures data arise in various disciplines of the sciences, so-
cial sciences, engineering and humanities. Study designs such as time course studies,
cross-over designs and split-plot designs naturally lead to repeated measures data.
The distinctive feature of repeated measures data is that the observations from the
same study unit (observational or experimental) are commensurate and exhibit cor-
relations. Analysis of continuous repeated measures data to make inference on the
effects of one or many between- or within-subject crossed or nested factor effects
fall into three broad categories: multivariate analysis, univariate analysis and mixed
model analyses. Mixed model analyses involve some assumption concerning the cor-
relations of the repeated measures. Despite its generality in modeling the correlation
and leading to exact inference, the multivariate method is not applicable when the
number of repeated measures is larger than the error degrees of freedom.

Univariate methods on the other hand focus on adjusting the analysis of variance
(ANOVA) for the within-unit correlation. It is well know that when all observations
are independent, ANOVA test statistics have exact F distribution. In the presence
of the within-unit correlation, the ANOVA tests are valid only if these correlations
satisfy a condition known as sphericity (Bock, 1963; Huynh and Feldt, 1970). Box
(1954) suggested a correction which involves adjustment of the numerator and de-
nominator degrees of freedom of the F-distribution by a constant multiplying factor,
commonly referred to as Box’s €. Since the constant factor € depends on the unknown
within-unit covariance matrix, solution such as using lower bound for £ (Geisser and
Greenhouse, 1958) or estimates of the within-unit covariance matrix in the calculation
of & (Huynh and Feldt, 1976; Huynh, 1978; Lecoutre, 1991) have been implemented

in practical applications. These solutions have been shown to work satisfactorily in
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terms of controlling Type I error rate when the number of repeated measures is low
compared to the degrees of freedom for estimating the covariance matrix. However,
the univariate approach is obviously approximate and Rencher and Christensen (2012,
p. 219) argue that it has no power advantage over the exact multivariate test. They
continue to say “... The only case in which we need to fall back on univariate test
is when there are insufficient degrees of freedom to perform multivariate test...”, i.e.,
when the number of repeated measures is larger than the error degrees of freedom to
estimate the within-unit covariance.

Well before most researchers embarked on the high-dimension-low-sample-size
(HDLSS) problem, Collier et al. (1967), Stoloff (1970) and Maxwell and Arvey (1982)
have numerically demonstrated that the univariate approaches for repeated measures
tend to be very conservative. In an attempt to improve the estimation of € in the
high dimensional situation, Chi et al. (2012) used “dual” forms of the within sum-of-
squares and cross-products matrices . They claim that, besides giving stable estimates
of €, the use of the “dual” version has computational advantage. The approaches of
Brunner et al. (2012) and Happ et al. (2015), on the other hand, overcome the high
dimensional problem by using the so-called ANOVA-type statistic (Brunner et al.,
1997, 1999) and then use F-approximation to their null distribution by matching
first two moments of the numerator and denominator quadratic forms with that of a
scaled-gamma distribution, an approach shown to be successful in a related problem
by Brunner et al. (1997). Again, these approaches although were shown to be nu-
merically satisfactory, they are only approximate solutions. On the other hand, by
deriving asymptotic distributions of some suitable statistics in the high-dimensional
asymptotic framework, Pauly et al. (2015), Takahashi and Shutoh (2016) and Harrar
and Kong (2016) (as given in Chapter 2) devised asymptotically-valid tests. Pauly
et al. (2015) consider high-dimensional repeated measures analysis for one sample
situation but with the possibility of several within subject factors. The two-sample
situation was considered by Takahashi and Shutoh (2016) assuming equal covariance
matrices for the two populations. More generally, Harrar and Kong (2016) addressed

the multi-group as well as the unequal covariance cases. Other works such as Wang
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and Akritas (2010a,b) and Wang et al. (2010) are also high-dimensional asymptotic
results applicable for repeated measures but assume that the repeated measurements
are inherently ordered and the dependence between the measurements decays as the
separation between them increases. High-dimensional asymptotic mean vector com-
parisons have recently received attention in the statistics literature (see Bai and
Saranadasa, 1996; Chen and Qin, 2010; Katayama et al., 2013; Cai et al., 2014, and
the references there in) under assumptions different from that of Pauly et al. (2015),
Takahashi and Shutoh (2016), and Harrar and Kong (2016). However, these recent
results are asymptotic and are not applicable in the repeated measures setting.

More specifically, Harrar and Kong (2016) have proven asymptotic normality for
their test statistics under certain assumptions on the covariances. In their simulation
study, Harrar and Kong (2016) noticed that the error of approximation from these
asymptotic distributions could be considerable unless both the number of repeated
measurements and replication sizes are large. The present Chapter aims to derive
second order asymptotics for the tests considered in Harrar and Kong (2016). In
addition, the results in the current Chapter are more general in the sense that they
are applicable in situations where there are multiple within and/or between unit
crossed and/or nested factors.

This Chapter is organized as follows. Section 3.2 introduces the statistical model,
hypotheses and notations used in the remainder of the Chapter. Test statistics for
the various effects are presented in Section 3.3 together with asymptotic expansions
for their null distributions. The asymptotic power are derived in Section 3.4. Nu-
merical studies are carried out in Section 3.5. First, Monte Carlo simulations are
used to show the gain in accuracy from the asymptotic expansions for a selection of
covariance matrices and wide choices of values for the number of repeated measures
and replication sizes. Data from a large Electroencephalogram (EEG) study of alco-
holic and control subjects is used to illustrate the application of the results in Section
3.6. Also, simulation results by generating data with similar design parameters as
the real data is considered later in the section. Section 3.7 contains discussions and

conclusions. All proofs and preliminary results are placed in the Appendix.
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3.2 Model and Hypotheses

Suppose n; independent b-dimensional observations; for i = 1,...,a; are available
from multivariate normal populations N, (u;, ) denoted by X1, ..., X;,, and assume
that the a samples are mutually independent. The aim of this Chapter is to derive
second order asymptotic result for testing hypotheses in repeated measures analysis
when both the total sample size and the number of repeated measurements tend to
infinity.

Let

X=(x/,....x) . x), ... X, ... x], ..., x 7

Iny» 2n9? al» ang
where Xy, = (X, - .., Xie) T Further, let

X:(Yl,...,ya)—r,

where X; = nl-_l Zz;l Xir. The usual setting gives the interpretation that X is
the responses from the kth subject treated with the ith level of factor A and the jth
level of factor B. In this model X;;;, and X are assumed to be independent only
if i 27 or k # k' . Otherwise the dependence is completely unspecified.

Note that from the distributional assumption made above

E[Xm] = MK = (Mﬁ, cen >Mib)T

and Var(X;;) = X, where ¥ is a b x b positive definite matrix. Let

= (:ulb'"7M1b7"'7lua17"'7:uab)T

and ¥ = @, %/n; = D ® X where D = diag(1/ny,...,1/n,). Then we have

E[X] = p and Var(X) = 3.

The hypotheses of interest can be expressed as
Ho: Kp=0 VS H, : Kp#0 (3.1)

with K = T} ® Ts, where T7 and T5 are a X a and b x b matrices respectively. We

require that the two matrices T} and T5 are symmetric and there exist positive definite
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matrices G;, such that T;G,T; = T; (G; = I if T} is idempotent). Actually, we can
apply the linear transformation Gfl/ ’® G, /2 6n the data X and use the symmetric
and idempotent matrix G, / ‘T,G) /? instead of T;. With this manipulation, the new
K still defines the same hypotheses as in (3.1). Therefore, without loss of generality,
we can assume that 77 and T5, are symmetric and idempotent matrices directly. For
such T;, K is positive semidefinite matrix. The Rank(T,) may be finite or grow with
b at the rate O(b). In the following Theorem we establish an equivalent quadratic

form expressions for the hypotheses (3.1).

Theorem 3.2.1. The null hypotheses (3.1) are equivalent to
Hy: ' Kp=0 vs. Hy ' Kp > 0.

The above setup may give the impression that this Chapter is dealing with
one between-subject and one within-subject factor with levels a and b, respectively.
However, the indices ¢ = 1,...,a and 7 = 1,...,b are to be viewed as lexico-
graphic order of the between-subject factor level combinations and within-subject
factor level combinations, respectively. Therefore, the setup covers repeated mea-
sures in factorial designs with crossed and nested factors. The factors T} and Ty of
matrix K can be viewed as parts of the contrast matrix concerning the between-
subject factors and the within-subject factors, respectively. More specifically, suit-
able choices of T} and T3 can allow between-subject and within-subject mean com-
parisons. For a concrete example, consider a factorial design in which there are
two between-subject crossed factors, say A and C' with a and c levels, respectively,
and two within-subject factors, say B and D, where the levels of D are nested
within that of B (see also other specific designs considered in Section 3.5). Sup-

pose B has b levels and the jth level of B has d; levels of D nested within it. The

mean vector in this set up would be g = (u{}, ..., 1o . )y, 1)) T where
Bit = (Bipars- - Bigagys - - Bigpts - - - Bigea,) - TO test the interaction effect of A

and B, for instance, we would use T} = P, ® ¢ 'J. and T, = Q(Q'Q) Q" where
Q=P d;'14,) ® P, and (QTQ)™ is the generalized inverse of QTQ. Further,

Jj=1"J
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the set up above can be reset accordingly. For example a would be replaced by ac,

. -1
and D = diag{ni1,..., M, Naly -+, Nac} -

3.3 Higher-Order Asymptotic Tests

We have seen in Theorem 3.2.1 that Kp = 0 if and only if u" Ky = 0. A reasonable
estimator of u' K is given by H = X KX. Now, define

o = tr(TE)" = tr(ZV2TLEY2)E,
fork=1,...,8 and n =3 , n; — a. In this section, we will devise a test for
HO : K[,l, =0

under the following high-dimensional asymptotic framework, when the rank of T

grows with b:
B1: cg/c3 =0O(b73) as b — oo.
B2: n— oo and b — oo such that b/n =~ — v € (0, 00).

It is well known that (e.g. Yang et al., 2001)
tr(AB)™ < {tr(A*)tr(B*™)}1/2,

for any positive semidefinite matrices A and B. Assumption Bl is a sparsity condition

on the covariance matrix. Using the trace inequality above we have
o/ = O > 1) as b — oo for any 1 < k < 7.

For example, if k = 4, then ¢; < (cg-b)"/? and if k = 6, cg < (cseq)'/?. There-
fore, cy/c3 = O(b™') and ¢/c3 = O(b™2). Assumption B2 is weaker than the usual
requirement that each of sample sizes to diverge and have the same relation with b.

First, we assume 3 is known. A centered and suitably-scaled version of H given

by
H — tr(TyD)e,

V2tr(T1D)?cy
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yvields a reasonable test statistic for testing Ho. Let &, = tr(TyD)*/{tr(T1D)}"
for k = 2,3,4. Since T} is a symmetric and idempotent matrix, one can see that
0 < 6 < 1 and, hence, §; = O(1) as n — oco. In order to generalize the test statistic
T for the unknown covariance case, we need to estimate ¢; and ¢y to the appropriate

order. The estimators ¢; and ¢, defined by

—~ - n’ o 1 2
¢ =tr(T3S) and ¢ = CENICES) {tr(TQS) — E{tr(TQS)} } : (3.2)
where
1 ¢ 1 — T
k=1 P =

have desirable asymptotic properties given in Theorem 3.3.1. Here, it should be noted
that ¢; and ¢, are unbiased estimators of ¢; and c¢s, respectively (Srivastava, 2005;

Harrar and Kong, 2016).

Theorem 3.3.1. Under the high-dimensional asymptotic frameworks B1 and B2,

the estimators ¢, and ¢y have the following asymptotic properties:
(i) Asymptotic equivalence: (¢ — c1)/\/Ca = Op(b7Y2) and (¢ — c3)/ca = O,(b71).
(ii) Ratio consistency: Cafcy 2> 1.

Next we study the asymptotic sampling distribution of the test-statistic,

f _ {tI‘(TlD>}_1 H — /C\l
vV 262/6\2

which is obtained from T' by replacing ¢; and ¢y by their empirical counterparts.

It is shown in the Appendix that T can be expanded as

where
\/5(51 - 01)
vV 2(52C2

are O,(1) by Theorem 3.3.1. The characteristic function of T can be expanded as

V= and W =b(cy — ¢3)/ca,

given in the following Theorem.
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Theorem 3.3.2. If the null hypothesis Hy holds, then under the high-dimensional
asymptotic frameworks B1 and B2, the characteristic function of T can be expanded

as

(f) = 30t 1 43 L 50 444 6,613 —3/2
b7(t) = e2 {L+v@ %ﬁ—“ tz%%wt7)+zt 2y+0@ )},

h 4b1/2(53C3 2b54C4
where N3 = ————== an = —.
T 3(20,00) (NCTAR

Note that, by Assumption B1, n3 and ny are O(1). Inverting the characteristic
function term by term, we get asymptotic expansion for the distribution function of

T as follows.

Theorem 3.3.3. If the null hypothesis Hy holds, then under the high-dimensional

asymptotic frameworks Bl and B2, the distribution function of T can be expanded as
Fi(z) = Gp(w) + O0~*?),
uniformly in x where

2
L3O () + 0@ () + 20O (1)}

Cr(a) = B(x) — - ®(2) + 7 !

NG b 124,

and ®Y)(z) is the jth derivative of the standard normal cumulative distribution func-

tion ®(x).

More specifically, Theorem 3.3.3 states that sup,cg |Fz(z) — Ga(x)] = O(b~3/2).
The function G#(x) can alternatively be expressed as

1
\/1—7773 2

where ¢(x) is the standard normal density functions and h;(z) is the ith Hermite

+ {—hl —|—774h3( )+n—§h5(l‘)}

Grlz) = () - o() s :

polynomial. The first five Hermite polynomials are:
hi(x) =2, hy(x) = 2> — 1, hs(z) = 2° — 3z,
hy(r) = 2* — 622 + 3 and hs(x) = 2° — 102° 4 152.

It should be emphasized that when the terms of orders b=/2 and b~ are ignored,
assumptions B1 and B2 can be relaxed as: (i) the assumption of proportional diver-

gence of n and b in B2 is not needed (Harrar and Kong, 2016) and (ii) the sparsity
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condition on the covariance matrix (assumption B1) is needed only for c4/c3 = o(1),
in which case, the assumption reduces to that of Chen and Qin (2010).

Let u(z) be defined by P(T < u(z)) = P(Z < z) where Z is a standard normal
random variable. In what follows, asymptotic expansion of u(z) in terms of z known

as Cornish-Fisher expansion (Hill and Davis, 1968) is given in Corollary 3.3.4.

Corollary 3.3.4. If the null hypothesis Hy holds, then under the high-dimensional
asymptotic frameworks Bl and B2, u(z) = ua(2) + O(b~/?) where

ual2) = 2+ () + {7t () + mha(2) + ha(2) = 2ndha(2) (Gla(:) ~ 2},

The expansions G#(z) and ua(z) are approximations for the CDF and quantile,
respectively, of T under the null hypothesis. In these approximations, 73 and 7,
depend on ¢y , ¢3, and ¢4 which are unknown quantities. Therefore, for practical
applications, we need an estimated version of the expansions which is uniformly
correct up to O,(b~%2) in the sense that sup, g |[Fa(z) — Fa(z)] = 0,(b~3/2) where
]3?(95) is the estimated version of Fz(x). To that end, let ¢, and ¢, be as defined in
(3.2) and define ¢3 and ¢y as

4

2
& =2 ltr(TQS)?) — %tr(TQS)Qtr(TQS) + S{tr(T9)}°|  and

my
. n’(n*+n+2)

|jﬁI'(T25)4 — %tI'(TQS>3t1"(TQS)

Cy
mo
2n* +3n—6 2(5n +6)
- {tr(Th8)*) + —————tr(T8)*{tr(TpS)}?
n(n2+n+2){r( 25)7) +n(n2+n—|—2) H(T25)"{tr(T25)}
5n + 6

{tr(Tzsnﬂ |

n2(n2+n+2)
where m; = (n — 2)(n — 1)(n + 2)(n + 4) and my = my(n + 1)(n — 3)(n + 6).
These estimators are unbiased and enjoy some higher order asymptotic properties

that makes them suitable for use in asymptotic expansions.

Theorem 3.3.5. Under the high-dimensional asymptotic frameworks B1 and B2,

the estimators ¢y, 3 and ¢4 have the following properties:

(1) Unbiasedness: E[c;] = ¢; fori = 2,3,4.
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pL/2¢, pl/2 be, b
(11) Asymptotic equivalence: 3/53 = 3/53 + 0,(b™") and % = % + 0,(b7h)
Cy Cy 2 2

Now, by using Theorems 3.3.1 and 3.3.5, we know that

. 4%8se T _

3 = ?%ngg)?% =13+ 0,(b71), 5 =15+ O0y(b7")
~ 2bé4c. _

and 7y = ﬁ =11+ O, (7).

Therefore, we can define the estimated version @f(x) of G#(z) of Theorem 3.3.3 by
replacing n3 and 7y with 773 and 7, respectively.

Before closing this section, we provide an approximate solution in the situation
where the rank of T, does not grow with b. Note that if T, has finite rank, under the

null hypothesis, we may use the approximations

approx tr(T1.D)d2cy _ approx 'y,
~Y —_—m ~Y

H Xt /ey B0 €1 Xt fes

C1 (&1
These approximations are obtained by matching the first two moments with that of
a scaled Chi-Square distribution. Further, it is known that H is independent of ¢;.
Thus, a test statistic for H is

H

T=—
tI‘(TlD)El’

and its distribution may be approximated by F.2/( ne?fe, distribution under the

262),
null hypothesis. In the case when the rank of Tb is 1, it turns out that ¢y = 2
and the distribution of 7 can be approximated by Fiss, ,. A matrix of special
interest in testing the equality of mean vectors given that they are parallel is T =
diag(ny, ..., na) — (n1, ..., na) " (n1, ..., na)/(n+a). In this case, T has exact Fo_y »
distribution (Harrar and Kong, 2016). In the more general case, we need to estimate

2 /¢y consistently under the asymptotic frameworks B1 and B2. From Theorem 3.3.1,

we know that ¢2/¢; = ¢ /cy + O, (b7Y/2). So we can use ¢2/¢; to estimate it.

3.4 Asymptotic Power

In this section, the asymptotic powers are derived using the methods similar to Chen

and Qin (2010). Under the alternative hypothesis H;, the expectation and variance
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of H are
E(H) = tr(TyD)c;, + p ' K and

Var(H) = 2tr(T1D)?cy + 4p' (T DTY) @ (TyXTh) e,
respectively. We derive the asymptotic power under the local alternatives
B3 : {tr(TyD)}?u" (T\DT)) @ (ThXTh)pu = o(dacy),
B4 : 6y = o({tr(T1 D)} 2u" (TyDTY) @ (ThXTo) ).

A standardized version of H is

T H —tr(TyD)c; — p"Kp
1= :
V2Uu(TiD)2es + 4p (T DTY) © (I5Th)

Asymptotic distribution of 77 is established in Theorem 3.4.1.

Theorem 3.4.1. Under the high-dimensional asymptotic framework Bl and B2, and
either the assumption B3 or B4, T =N N(0,1).

It turns out that the power functions under the local alternatives B3 and B4
depend on the mean vectors through A = pu"Kpu. Specifically, define the power
function of 7' by

B(A) =P(T > z4).

Then, by using Theorem 3.4.1, we can obtain the power functions under the local

alternative B3 and B4 as given in Corollary 3.4.2.
Corollary 3.4.2. Under the assumption B1 and B2,

(a) if B3 holds, the power function is

BA) = G ({tr(TlD)}‘lA - Za)

vV 2(5202

(b) if B4 holds, the power function is

A
e (\/4.UT(T1DT1) ® (Tzsz)N) -
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The power under B4 in (b) of Corollary 3.4.2 tends to 1 because

MT(TlDTl) & (TQZTQ)IJ/ S {tl"(TlD)}lLTKpl,\/ 5202 = {tI‘(TlD)}A\/ (5202.

Note that when a = 2,T; = P,, Ty = I, and n; and ny are of same order, the power
functions have the same form as in Bai and Saranadasa (1996) and Chen and Qin

(2010).

3.5 Simulation Study

To exhibit the improvement resulting from the asymptotic expansion and, hence,
facilitate comparison with the limiting distributions in Harrar and Kong (2016), the
simulation study will mainly focus on the model where there is one between- and
one within-subject factors. We generate 10,000 replications of data from N (u, X).
Although the assumed asymptotic frameworks stipulate n to grow proportionally with
b, in reality the actual ratio varies from application to application. To investigate the
effect of various proportionality of growth, we look at values of several combinations
of a, b and n}s. For practical reasons, we also consider small b and large ny,...,n,
(and vice-versa) combinations with balanced as well as unbalanced designs. For the
number of groups (number of levels of factor A), we will consider a = 2,3,4,6. and
we set o at 0.01 and 0.05.

Tables 3.1-3.5 present actual Type I error rates (test sizes) for the covariance
structures X = pI, + (1 — p)Jy, T = (p=7'1) and T = (p/(j — j')'/*), respectively.
We consider a range of values for p. For the first covariance structure, the assumptions
in B2 are satisfied uniformly in p because ¢; = (1 — p)*(b— 1). However, for the other
two covariance structures these assumptions do not hold except for p = 0. Especially,
when p is close to 1, the quantities b%cg/c3 and bPcg/cj diverge very fast. To see the ex-
tent of the violation of the assumption for the third covariance structure, for example,
1)3/205/(33/2 = 3.0,6.6,16.6,46.1,133.5,392.6 for b = 12,25, 50, 100,200,400 and p =
0.5. These numbers for b3cg/cj are 302.7,1349.7,6311.9, 33055.1, 190299.6, 1182934
for p = 0.9. It should be noted that the covariance matrix structure ¥ = pI+(1—p)J,
will be positive definite if and only if —1/(b — 1) < p < 1. The empty cells in Tables
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3.1 and 3.5 correspond to the cases where b and p combinations do not yield positive
definitive covariance matrices. In all the three tables we consider the contrast ma-
trices Ty = P, or J,/a and Ty = P,. Another contrast matrix of particular interest
in repeated measures analysis is To = J,,/b. However, the distribution of T in this
case does not depend on b. Hence, we do not carry out simulation for this contrast
matrix.

First and foremost, comparing Table 3.1, 3.3 and 3.5 (results for a = 0.05) with
the results in Harrar and Kong (2016), one can clearly see a marked gain in accuracy
resulting from the inclusion of higher-order terms in the asymptotic expansion. We
can see in Table 3.1 that for both tests (i.e. T} = P, and J,/a), a large number
of the achieved error rates are within a tenth of the actual values. This phenomena
happens more for weaker correlations than for stronger ones. Further, it is clear
from the Table that the performance of the tests in controlling Type I error rates is
excellent when either the sample sizes or the dimension is large. It seems also the case
that when n;’s are small, the tests control Type I error rate better as a gets larger.
For example, looking at the rows for a = 6, performance appear to be satisfactory for
small sample sizes but large dimension. Tables 3.3 and 3.5 seem to exhibit similar
patters and behaviors. Likewise, for a = 0.01, the asymptotic expansion provides a

gain in accuracy in controlling Type I error rates (see Tables 3.2, 3.4 and 3.6).
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Table 3.1: Achieved Type I error rates (x100%) for the testing procedures when
T, = P, and sampling from N,(p, X) where ¥ = (1 — p)I, + pJ,. The nominal size
is a = 0.05.

T1 = Pa T1 = Ja/a
pP= p=
a | b (ni,...,mq) —0.01 0 0.2 0.5 | —0.01 0 0.2 0.5
2| 12 (50,100) 5.19 498 4.84 4.99 5.10 5.12 5.35 5.05
2|12 (100,100) 4.96 494 512 491 4.65 5.43 4.78 4.98
2|25 (50,100) 5.12 4.83 5.04 4.90 5.02 4.81 4.84 4.80
2125 (100,100) 5.20 4.95 5.08 5.14 5.25 5.16 4.93 5.25
2] 50 (50,100) 4.73 5.25 5.06 5.30 5.01 497 541 5.14
2| 50 (100,100) 4.82 4.89 5.04 4.96 4.65 5.00 497 4.33
2 | 100 | (12,13) 5.11 5.56 5.08 5.22 5.30 4.94 531 5.58
2 | 100 | (12,25) 5.02 5.10 5.11 5.42 5.08 5.10 5.02 4.97
2 | 100 | (25,25) 4.96 5.35 4.75 4.83 4.89 4.85 5.06 4.79
2 | 100 | (25,50) 5.28 5.31 520 5.21 4.61 5.18 528 4.97
2 | 200 | (25,25) 4.87 495 5.06 5.36 5.33 5.04
2 | 200 | (25,50) 5.24 523 4.69 498 4.92 495
2 | 200 | (50,50) 5.08 4.99 498 4.98 545 4.96
2 | 200 | (50,100) 5.20 4.97 4.89 496 491 5.13
2 | 400 | (50,50) 4.98 498 4.71 4.79 5.01 4.81
2 | 400 | (50,100) 481 4.96 4.95 493 4.74 495
2 | 400 | (100,100) 5.04 491 5.07 5.36  5.53 5.19
2 | 400 | (100,200) 5.04 457 5.35 5.07 519 5.31
3| 12 (50,100,100) 5.15 5.08 4.82 4.92 4.81 4.61 4.73 5.19
3| 12 (100,100,100) 4.80 490 5.05 5.15 4.88 492 5.02 485
3| 25 (50,100,100) 5.15 5.06 5.11 5.20 5.14 520 4.84 5.16
3125 (100,100,100) 4.79 487 494 5.20 4.87 487 550 4.92
3| 50 (50,100,100) 5.06 5.63 5.03 5.18 4.82 4.78 490 4.80
3| 50 (100,100,100) 5.15 5.18 5.15 4.72 4.66 5.13  5.22 497
3 | 100 | (16,17,17) 4.95 5.27 4.87 5.19 4.99 5.32 5.23 5.07
3 | 100 | (16,17,33) 4.86 521 4.85 5.46 4.70 5.18 5.17 5.01
3 | 200 | (33,33,34) 5.18 5.20 5.29 5.09 5.09 5.32
3 | 200 | (33,34,67) 4.53 5.10 5.17 499 5.10 5.19
3 | 200 | (50,50,50) 4.62 4.88 4.86 5.02 492 5.08
3 | 200 | (50,50,100) 4.85 5.03 5.10 4.60 4.68 5.20
4| 12 (50,50,100,100) 5.13 520 5.32 4.96 4.93 5.05 5.12 5.57
4| 12 (100,100,100,100) 5.01 5.04 494 5.08 5.03 4.77 5.23 5.06
4| 25 (50,50,100,100) 4.81 4.64 499 4.65 5.26 5.27 5.01 5.11
4 | 25 (100,100,100,100) 5.19 5.14 4.89 5.05 4.99 5.14 470 5.33
4 | 50 (50,50,100,100) 5.36 5.10 4.70 5.06 5.22 492 5.04 5.08
4| 50 (100,100,100,100) 5.11 5.32 5.29 5.08 5.06 4.95 494 493
4 | 100 | (12,12,13,13) 502 538 5.63 497 | 536 5.16 520 b5.43
4 | 100 | (12,13,25,25) 5.02 5.29 498 5.27 5.11 5.33 5.03 5.12
4 [ 200 | (25,25,25,25) 519 5.17 4.34 482 472 461
4 | 200 | (25,25,50,50) 496 4.89 5.17 4.89 5.04 4.52
4 | 200 | (50,50,50,50) 531 4.84 5.66 5.07 5.09 4.91
4 | 200 | (50,50,100,100) 497 495 4.76 471 474 5.14
6 | 100 | (8,8,8,8,9,9) 4.98 5.57 5.7 534 5.07 5.46 5.22 4.83
6 | 100 | (8,8,9,16,17,17) 513  5.08 4.78 4.74 | 4838 489 5.07 5.18
6 | 200 | (16,16,17,17,17,17) 497 513 5.15 539 4.74 5.25
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Table 3.2: Achieved Type I error rates (x100%) for the testing procedures when
T, = P, and sampling from N,(p, X) where ¥ = (1 — p)I, + pJ,. The nominal size
is a = 0.01.

T1 = Pa T1 = Ja/(l
p= p=
a | b (ni,...,mq) —0.01 0 0.2 0.5 | —0.01 0 0.2 0.5
2| 12 (50,100) 1.00 099 1.00 1.13 1.03 1.27 081 0.95
2|12 (100,100) 1.16 0.91 1.01 1.07 1.06 092 1.00 1.05
2|25 (50,100) 0.99 1.06 1.10 1.10 1.04 1.08 0.99 1.01
2125 (100,100) 0.95 0.76 0.96 0.96 1.10 1.14  1.12 1.00
2] 50 (50,100) 1.27 1.02 1.03 1.04 0.84 1.01 094 1.01
2| 50 (100,100) 1.04 1.09 0.84 1.05 0.96 0.89 1.04 0.89
2 | 100 | (12,13) 1.17 1.02 1.22 1.07 1.24 1.01 099 1.21
2 | 100 | (12,25) 1.06 1.02 093 0.94 1.14 098 1.00 1.16
2 | 100 | (25,25) 1.07 1.04 095 1.01 1.15 1.14  1.07 1.04
2 | 100 | (25,50) 0.91 1.03 0.9 0.98 1.12 0.93 1.01 1.08
2 | 200 | (25,25) 1.17  0.85 1.07 1.00 1.06 1.11
2 | 200 | (25,50) 0.95 0.85 1.00 1.00 0.99 0.94
2 | 200 | (50,50) 1.03 0.92 1.03 0.98 1.05 1.06
2 | 200 | (50,100) 1.02 1.30 1.07 095 0.95 0.88
2 | 400 | (50,50) 1.01 1.22 094 0.95 094 0.88
2 | 400 | (50,100) 1.06 0.95 1.10 1.07 1.04 0.98
2 | 400 | (100,100) 0.92 1.03 0.92 1.06 094 0.85
2 | 400 | (100,200) 1.08 1.08 0.82 1.11 1.04 0.92
3| 12 (50,100,100) 1.08 1.13 1.19 1.04 1.09 1.17 097 0.96
3| 12 (100,100,100) 0.94 1.11 1.10 1.03 0.92 1.00 0.99 0.99
3| 25 (50,100,100) 1.07 094 096 1.14 0.93 1.12  1.02 1.05
3| 25 (100,100,100) 1.07 1.13 0.79 1.05 1.08 0.81 1.04 0.84
3| 50 (50,100,100) 1.00 0.78 0.92 0.97 1.19 1.02 0.82 1.00
3| 50 (100,100,100) 1.16 094 1.12 1.10 0.94 1.04 0.76 0.93
3 | 100 | (16,17,17) 1.06 092 1.13 1.13 1.09 094 1.10 0.95
3 | 100 | (16,17,33) 1.17 1.16 092 0.91 1.17 1.04 1.03 1.06
3 | 200 | (33,33,34) 091 1.17 0.98 097 1.00 1.13
3 | 200 | (33,34,67) 094 091 0.84 1.08 099 1.15
3 | 200 | (50,50,50) 0.86 1.07 1.09 092 0.85 1.01
3 | 200 | (50,50,100) 0.98 1.01 1.02 1.16 0.95 1.12
4| 12 (50,50,100,100) 0.71 0.97 0.92 1.09 0.99 1.00 1.01 0.96
4| 12 (100,100,100,100) 1.06 1.04 1.03 1.07 0.98 1.09 1.09 0.90
4| 25 (50,50,100,100) 1.00 1.08 1.01 1.21 0.89 1.07 0.90 0.87
4 | 25 (100,100,100,100) 088 091 0.72 0.95 0.92 1.09 1.07 0.89
4 | 50 (50,50,100,100) 1.00 095 1.08 1.09 1.11 0.92 1.12 0.96
4| 50 (100,100,100,100) 1.04 1.02  1.07 1.24 0.93 1.11  1.00 0.90
4 | 100 | (12,12,13,13) 1.04 086 1.14 1.16 1.05 1.03 080 0.97
4 | 100 | (12,13,25,25) 1.07 0.99 1.04 1.12 1.02 1.03 1.03 1.03
4 | 200 | (25,25,25,25) 1.04 0.95 1.02 0.84 0.96 1.10
4 | 200 | (25,25,50,50) 1.02 1.06 1.07 095 1.19 1.09
4 | 200 | (50,50,50,50) 1.06 0.95 1.02 0.98 1.00 1.25
4 | 200 | (50,50,100,100) 0.95 1.11 1.12 0.96 091 0.98
6 | 100 | (8,8,8,8,9,9) 1.03 091 1.21 1.23 0.99 1.07 099 0.98
6 | 100 | (8,8,9,16,17,17) 0.86 1.12  1.26 1.16 1.01 1.08 098 0.95
6 | 200 | (16,16,17,17,17,17) 1.00 1.11 1.07 099 094 093
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Table 3.3: Achieved Type I error rates (x100%) for the testing procedures when
T, = P, and sampling from N(p, ¥) where ¥ = (p=71). The nominal size is

a = 0.05.
T1 = Pa T1 = Ja/(l
p= p=
a | b (ni,...,mq) —0.01 0 0.2 0.5 | —0.01 0 0.2 0.5
2| 12 (50,100) 4.78 5.10 5.08 4.69 4.89 5.72  5.33 4.69
2|12 (100,100) 4.84 5.04 529 5.34 5.00 5.07 494 5.01
2|25 (50,100) 4.83 4.92 531 4.79 5.23 5.08 5.07 5.31
2125 (100,100) 527 489 5,51 5.04 4.89 5.28 5.09 4.87
2] 50 (50,100) 4.48 482 5.34 541 4.98 485 4.86 4.85
2| 50 (100,100) 4.93 448 5.31 5.20 4.81 5.34 4.73 5.12
2 | 100 | (12,13) 5.24 5.04 5.04 5.46 5.61 5.18 5.29 5.30
2 | 100 | (12,25) 4.99 547 493 5.08 5.11 5.28 488 5.19
2 | 100 | (25,25) 5.01 5.13 4.67 5.12 5.56 5.12 4.88 4.78
2 | 100 | (25,50) 5.03 5.11 4.92 497 5.23 4.77 493 5.19
2 | 200 | (25,25) 5.65 5.33 4.66 4.98 4.96 5.33 5.36 4.58
2 | 200 | (25,50) 4.53 5.00 4.72 4.89 5.01 5.18 5.06 4.94
2 | 200 | (50,50) 5.17 5.09 5.12 481 5.22 492 522 5.12
2 | 200 | (50,100) 5.20 4.67 4.85 5.29 5.16 4.90 5.28 4.82
2 | 400 | (50,50) 4.86 474 5.03 5.15 4.92 494 499 4.99
2 | 400 | (50,100) 4.91 5.03 5.02 441 5.10 497 5.08 5.07
2 | 400 | (100,100) 4.83 5.10 5.37 4.87 4.76 5.29 469 5.19
2 | 400 | (100,200) 5.05 5.08 5.42 4.60 5.18 4.74 451 5.19
3| 12 (50,100,100) 4.95 5.32 4.63 4.61 4.79 5.14 490 4.89
3| 12 (100,100,100) 5.10 5.11 5.05 4.75 5.18 4.62 4.79 4.70
3| 25 (50,100,100) 4.95 4.78 4.58 5.24 5.13 5.04 530 4.73
3| 25 (100,100,100) 497 493 5.17 5.01 5.28 5.03 5.17 5.06
3| 50 (50,100,100) 5.03 4.66 4.86 5.09 5.08 5.23 480 5.05
3| 50 (100,100,100) 5.23 479 478 5.09 5.32 5.02 479 5.24
3 | 100 | (16,17,17) 5.35 5.12 5.04 5.15 4.90 5.02 493 5.35
3 | 100 | (16,17,33) 5.39 5.12  5.27 4.83 5.26 5.03 498 5.09
3 | 200 | (33,33,34) 5.43 5.23 5.19 5.39 5.16 5.12 5.16 4.80
3 | 200 | (33,34,67) 497 518 5.32 523 5.04 495 5.12 497
3 | 200 | (50,50,50) 4.74 5.11 492 5.35 4.98 5.34 5.08 4.98
3 | 200 | (50,50,100) 5.01 5.18 5.39 5.00 5.38 5.01 5.06 4.98
4| 12 (50,50,100,100) 5.02 4.97 5.03 4.95 4.87 483 4.68 5.22
4| 12 (100,100,100,100) 5.17 5.34 449 5.16 4.75 4.83 4.66 4.62
4| 25 (50,50,100,100) 5.06 5.10 5.16 4.67 5.47 5.03 5.13 5.13
4 | 25 (100,100,100,100) 5.38 5.52 438 5.13 4.74 499 5.22 4.77
4 | 50 (50,50,100,100) 5.02 5.11 476 5.12 5.15 5.15 5.03 5.05
4| 50 (100,100,100,100) 4.88 483 5.01 4.78 4.76 494 496 5.07
4 | 100 | (12,12,13,13) 5.31 5.26 4.64 4.99 5.12 5.17 491 5.35
4 | 100 | (12,13,25,25) 5.27 524 545 5.2 5.36 5.38 4.89 5.11
4 | 200 | (25,25,25,25) 5.15 526 4.88 5.01 5.18 5.07 5.03 5.15
4 | 200 | (25,25,50,50) 4.98 5.26 493 5.00 5.03 490 493 5.53
4 | 200 | (50,50,50,50) 5.26 5.11 4.70 5.02 5.30 4.92 478 494
4 | 200 | (50,50,100,100) 5.58 5.10 4.84 5.30 4.81 5.13 493 5.22
6 | 100 | (8,8,8,8,9,9) 5.54 496 529 5.38 5.37 5.02 5.29 5.38
6 | 100 | (8,8,9,16,17,17) 528 4.76 5.0l 5.04 | 480 b5.11 5.17 5.23
6 | 200 | (16,16,17,17,17,17) || 5.12 4.97 5.28 508 | 492 520 4.75 5.15
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Table 3.4: Achieved Type I error rates (x100%) for the testing procedures when
T, = P, and sampling from N(p, ¥) where ¥ = (p=71). The nominal size is

o = 0.01.
T1 = Pa T1 = Ja/(l
p= p=
a|b (ni,...,mq) —0.01 0 0.2 0.5 —0.01 0 0.2 0.5
2 12 (50,100) 1.12 0.96 1.11 1.07 1.07 1.00 0.95 1.05
2|12 (100,100) 1.23 1.03 0.94 0.89 0.98 1.08 1.04 0.99
2 | 25 (50,100) 1.01 1.05 1.12 1.22 1.04 1.01 099 1.03
2125 (100,100) 1.00 1.20 0.95 0.86 0.93 1.00 1.01 1.02
2 1 50 (50,100) 0.79 0.86 0.93 1.00 1.13 1.01 096 0.79
2 | 50 (100,100) 0.98 0.81 1.23 0.96 0.99 1.00 1.04 0.78
2 | 100 | (12,13) 1.17 1.17 1.01 1.26 1.17 1.17 1.14 0.97
2 | 100 | (12,25) 1.18 1.16 091 1.36 1.13 1.22 1.02 1.05
2 | 100 | (25,25) 1.07 0.95 1.18 0.98 0.91 0.90 1.15 0.98
2 | 100 | (25,50) 1.00 0.92 0.93 1.19 1.15 0.90 0.81 1.04
2 | 200 | (25,25) 0.95 0.95 1.08 0.87 1.12 1.01 095 0.97
2 | 200 | (25,50) 1.11 1.04 0.92 1.07 1.00 0.89 1.14 0.85
2 | 200 | (50,50) 1.04 0.94 1.02 0.92 1.01 1.04 0.98 0.86
2 | 200 | (50,100) 0.85 1.13 1.02 1.06 1.01 0.85 0.93 1.05
2 | 400 | (50,50) 1.09 1.09 1.04 1.08 0.98 1.06 1.12 0.86
2 | 400 | (50,100) 1.07 1.02 1.04 0.83 1.10 1.05 0.87 0.92
2 | 400 | (100,100) 1.01 1.01 1.12 1.07 1.00 1.06 1.03 1.12
2 | 400 | (100,200) 0.97 0.96 0.88 1.06 1.06 0.98 1.02 1.04
3| 12 (50,100,100) 0.92 0.98 1.18 1.09 0.93 1.07 1.09 1.05
3| 12 (100,100,100) 0.82 1.24 099 0.94 1.10 0.89 0.99 0.92
3| 25 (50,100,100) 0.90 0.95 1.05 0.99 1.09 098 0.84 0.96
3| 25 (100,100,100) 1.00 1.25 1.08 1.04 1.00 1.15 0.91 1.06
3 | 50 (50,100,100) 1.05 1.12 0.92 097 1.02 0.82 1.04 1.08
3 | 50 (100,100,100) 0.85 091 1.11 0.90 1.01 0.88 1.06 1.04
3 | 100 | (16,17,17) 1.11 0.92 1.29 1.02 1.07 0.84 0.93 0.98
3 | 100 | (16,17,33) 1.14 1.28 0.98 0.95 1.03 1.01 1.07 1.28
3 | 200 | (33,33,34) 1.26 1.11 097 1.12 1.07 0.99 1.04 0.93
3 | 200 | (33,34,67) 1.06 1.04 0.99 1.05 0.99 099 1.02 0.99
3 | 200 | (50,50,50) 1.01 0.95 1.04 1.09 1.12 1.06 1.10 1.12
3 | 200 | (50,50,100) 0.99 1.03 0.87 1.26 1.11 1.06 0.98 1.08
4 | 12 (50,50,100,100) 0.79 1.02 1.10 0.85 1.08 1.03 1.17 1.03
4 | 25 (50,50,100,100) 1.08 0.90 1.36 0.92 1.12 0.87 1.09 0.95
4 1 25 (100,100,100,100) 0.89 1.23 1.11 1.08 0.99 1.14 1.12 0.96
4 | 50 (50,50,100,100) 1.02 0.97 0.87 0.96 1.22 0.98 1.01 0.95
4 | 50 (100,100,100,100) 0.97 1.03 1.04 0.92 0.98 1.13 1.29 0.92
4 | 100 | (12,12,13,13) 1.06 1.07 1.16 1.03 1.09 1.03 1.08 1.01
4 | 100 | (12,13,25,25) 0.97 1.04 1.10 1.12 1.19 0.93 1.03 0.91
4 | 200 | (25,25,25,25) 1.01 0.99 1.00 0.99 0.90 0.95 0.96 1.00
4 | 200 | (25,25,50,50) 0.91 1.05 0.90 1.04 0.72 1.08 0.94 0.95
4 | 200 | (50,50,100,100) 0.93 0.88 1.04 1.08 0.84 0.87 1.06 0.88
6 | 100 | (8,8,8,8,9,9) 1.11 1.24 1.14 1.33 0.99 0.92 1.14 1.00
6 | 100 | (8,8,9,16,17,17) 1.16 1.05 0.95 1.29 1.04 091 1.04 1.19
6 | 200 | (16,16,17,17,17,17) 1.12 1.05 0.90 1.05 0.99 1.05 0.99 0.90
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Table 3.5: Achieved Type I error rates (x100%) for the testing procedures when
T, = P, and sampling from N;(u, 2) where 3 = (p/(j — j/)'/*). The nominal size is

a = 0.05.
T1 = Pa T1 = Ja/(l
p= p=
a | b (ni,...,mq) —0.01 0 0.2 0.5 | —0.01 0 0.2 0.5
2| 12 (50,100) 5.04 5.06 5.28 5.41 540 495 5.63 4.92
2|12 (100,100) 5.12 4.83 5.55 4.88 5.13 4.82 529 4.84
2|25 (50,100) 5.24 520 4.90 5.02 5.23 5.25 4.89 442
2125 (100,100) 5.15 5.00 4.97 4.63 5.05 4.68 5.26 4.48
2] 50 (50,100) 524 495 5.06 497 4.80 497 4.83 4.70
2| 50 (100,100) 4.85 4.69 5.42 5.15 5.06 5.46 5.13 5.11
2 | 100 | (12,13) 4.88 546 5.05 5.58 5.51 5.07 5.25 5.23
2 | 100 | (12,25) 4.94 4.72 5.08 5.15 4.44 5.00 5.24 4.64
2 | 100 | (25,25) 4.94 4.57 5.01 4.45 5.90 5.18 5.18 5.12
2 | 100 | (25,50) 5.32 485 5.19 4.98 4.76 5.59 4.87 5.28
2 | 200 | (25,25) 5.12 5.45 5.19 4.88 5.05 499 5.18 5.03
2 | 200 | (25,50) 5.07 490 490 5.21 5.28 5.20 5.12 499
2 | 200 | (50,50) 5.24 5.32 520 4.60 4.93 5.46 4.42 5.01
2 | 200 | (50,100) 4.53 5.32 5.14 497 4.99 5.18 491 4.46
2 | 400 | (50,50) 5.45 4.74 4.73 4.70 513 4.33
2 | 400 | (50,100) 5.10 4.85 4.65 5.50 5.06 4.84
2 | 400 | (100,100) 493 4.88 4.87 491 4.87 494
2 | 400 | (100,200) 4.77 5.17  5.09 4.61 4.83 4.68
3| 12 (50,100,100) 4.97 5.10 4.89 4.71 4.87 5.18 5.21 5.43
3| 12 (100,100,100) 4.83 4.61 5.18 541 4.84 4.75 4.88 4.84
3| 25 (50,100,100) 5.42 4.71 512 521 4.92 4.64 5.35 4.97
3| 25 (100,100,100) 5.13 5.05 5.06 4.69 5.29 4.72 4.83 4.77
3| 50 (50,100,100) 5.12 476 5.26 4.96 5.02 521 489 5.12
3| 50 (100,100,100) 4.89 5.11 5.06 5.06 5.36 5.12 541 4.63
3 | 100 | (16,17,17) 4.70 5.15 5.03 5.33 4.69 5.15 4.97 4.90
3 | 100 | (16,17,33) 5.11 5.18 5.26 5.35 4.99 4.74 5.05 5.07
3 | 200 | (33,33,34) 5.00 491 5.12 5.04 4.86 5.15 5.01 4.88
3 | 200 | (33,34,67) 480 491 5.00 441 5.29 5.14 5.03 4.78
3 | 200 | (50,50,50) 5.22 4.65 4.67 4.99 5.23 5.10 5.35 4.75
3 | 200 | (50,50,100) 493 492 475 5.29 5.32 498 5.13 481
4| 12 (50,50,100,100) 4.72 5.04 4.86 5.26 5.14 5.05 4.64 5.05
4| 12 (100,100,100,100) 5.41 5.01 5.30 4.90 4.97 4.74 515 4.85
4| 25 (50,50,100,100) 498 497 481 5.46 5.38 4.93 4.66 4.75
4 | 25 (100,100,100,100) 5.19 457 516 4.75 4.79 5.06 5.24 481
4 | 50 (50,50,100,100) 487 513 474 494 5.25 5.18 5.38 4.75
4| 50 (100,100,100,100) 5.41 5.63 5.32 5.20 5.54 5.03 480 4.89
4 | 100 | (12,12,13,13) 5.43 5.39 522 4.93 5.13 5.24 5.07 5.07
4 | 100 | (12,13,25,25) 5.21 497 5.07 5.16 5.24 5.12 497 4.76
4 | 200 | (25,25,25,25) 4.78 534 4.86 5.07 5.14 5.08 5.32 5.10
4 | 200 | (25,25,50,50) 497 483 490 4.83 4.85 5.11 483 4.72
4 | 200 | (50,50,50,50) 496 4.68 5.23 5.00 4.93 5.33 497 5.12
4 | 200 | (50,50,100,100) 4.95 4.92 4.88 4.76 4.95 5.15 5.01 4.87
6 | 100 | (8,8,8,8,9,9) 5.27 476 5.19 5.57 5.35 5.33 5.12 5.25
6 | 100 | (8,8,9,16,17,17) 527 491 490 5.30 | 502 5.17 501 4.92
6 | 200 | (16,16,17,17,17,17) 527 5.06 493 5.36 4.78 520 4.72 4.84
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Table 3.6: Achieved Type I error rates (x100%) for the testing procedures when
T, = P, and sampling from N;(u, 2) where 3 = (p/(j — j/)'/*). The nominal size is

o = 0.01.
T1 = Pa T1 = Ja/(l
p= p=
a|b (ni,...,mq) —0.01 0 0.2 0.5 —0.01 0 0.2 0.5
2 12 (50,100) 1.03 1.10 0.97 1.01 1.17 0.93 1.02 0.90
2|12 (100,100) 0.91 0.86 1.02 0.89 1.26 1.11 093 1.12
2 | 25 (50,100) 1.32 1.13 0.86 0.99 1.14 1.08 1.15 0.92
2| 25 (100,100) 0.93 1.04 0.95 1.12 1.04 1.08 1.07 0.97
2 1 50 (50,100) 0.99 091 094 1.04 1.06 1.07 097 1.09
2 | 50 (100,100) 1.11 0.97 1.13 1.06 1.13 1.00 1.02 0.78
2 | 100 | (12,13) 1.10 1.09 1.15 1.13 1.04 1.22 119 1.24
2 | 100 | (12,25) 1.23 1.04 1.01 1.02 0.93 1.02 1.01 1.26
2 | 100 | (25,25) 1.03 1.05 0.93 1.11 1.08 0.97 1.08 1.00
2 | 100 | (25,50) 0.96 1.08 0.98 1.03 1.00 0.92 1.14 1.21
2 | 200 | (25,25) 0.96 1.09 0.71 0.90 1.02 1.02 1.07 1.12
2 | 200 | (25,50) 0.94 1.03 1.02 0.95 1.13 1.05 1.09 1.08
2 | 200 | (50,50) 1.00 1.02 0.84 1.02 1.03 0.98 1.14 1.06
2 | 200 | (50,100) 0.88 1.20 0.98 0.94 1.21 0.99 0.99 1.20
2 | 400 | (50,50) 1.14 1.02 0.87 1.14 1.06 0.91
2 | 400 | (50,100) 0.98 1.04 1.00 0.85 1.02 0.94
2 | 400 | (100,100) 1.10 0.91 1.07 090 1.11 0.86
2 | 400 | (100,200) 0.93 0.97 0.78 0.87 1.04 0.89
3| 12 (50,100,100) 1.01 1.22 0.83 1.00 1.05 0.92 1.00 0.86
3| 12 (100,100,100) 0.86 1.26 1.09 1.12 0.96 0.84 1.08 0.87
3| 25 (50,100,100) 1.03 1.16 1.15 1.06 1.00 094 094 1.02
3| 25 (100,100,100) 1.09 1.02 0.93 0.99 1.12 1.06 0.99 0.87
3 | 50 (50,100,100) 0.98 1.05 1.11 1.06 0.99 1.06 0.92 0.99
3 | 50 (100,100,100) 1.13 1.22 1.18 1.20 1.05 1.02 1.10 0.63
3 | 100 | (16,17,17) 1.13 1.21 1.11 1.08 1.04 0.98 0.97 0.96
3 | 100 | (16,17,33) 1.12 1.05 1.14 1.23 1.11 091 0.96 0.90
3 | 200 | (33,33,34) 1.15 1.02 1.10 0.90 0.98 0.95 1.22 0.90
3 | 200 | (33,34,67) 0.97 1.04 0.98 1.03 0.98 0.92 1.06 1.06
3 | 200 | (50,50,50) 1.19 0.83 1.11 0.95 0.98 098 1.19 0.97
3 | 200 | (50,50,100) 0.84 1.10 1.03 1.09 1.06 1.18 1.19 1.07
4 | 12 (50,50,100,100) 0.98 1.02 1.10 1.07 1.05 1.05 0.94 0.89
4 | 12 (100,100,100,100) 0.89 0.95 1.02 1.13 1.06 1.01 1.16 1.07
4 1 25 (50,50,100,100) 1.05 1.02 097 0.99 1.16 0.95 1.00 0.97
4 | 25 (100,100,100,100) 1.15 1.00 1.09 1.10 1.15 0.93 1.01 0.90
4 | 50 (50,50,100,100) 0.98 0.97 1.11 1.10 1.00 1.12 0.95 0.87
4 | 50 (100,100,100,100) 1.04 1.08 0.85 0.94 1.17 0.85 0.97 091
4 | 100 | (12,12,13,13) 0.91 1.16 1.02 1.36 1.07 0.96 1.21 1.20
4 | 100 | (12,13,25,25) 0.85 1.15 091 1.08 1.10 1.01 1.07 1.09
4 | 200 | (25,25,25,25) 1.12 1.01 1.00 1.08 1.20 1.02 1.12 1.03
4 | 200 | (25,25,50,50) 1.07 0.82 1.21 0.90 1.02 1.04 1.16 0.85
4 | 200 | (50,50,50,50) 0.89 0.77 1.00 0.99 1.00 0.92 0.85 0.83
4 | 200 | (50,50,100,100) 1.05 1.06 1.03 1.07 0.98 1.03 0.89 0.95
6 | 100 | (8,8,8,8,9,9) 0.96 1.08 1.09 1.22 1.02 0.91 1.01 1.18
6 | 100 | (8,8,9,16,17,17) 1.11 0.97 1.15 0.97 0.89 0.98 1.02 1.04
6 | 200 | (16,16,17,17,17,17) 0.98 1.05 1.02 1.33 1.20 1.09 1.04 0.93

To investigate performance in terms of power, we compare the power of the method

by Chi et al. (2012) with the methods proposed in this Chapter taking T = P, and
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setting T3 to either P, or J,/a. To keep the comparison manageable, we fix a = 3 and
3 = pl,+ (1 — p)J,, where p = 0.2. In regards to sample sizes and dimension, we use
the combinations (b;ni,nge,n3) = (10;5, 10, 10), (10; 50, 100, 100), (100; 5, 10, 10) and
(1005 50, 100, 100). For the alternative hypotheses, when T} = P,, we take po = pu3 =
0 and consider two structures for p;. The first one represents a dense alternative,
namely py; = (1 + ) for ¢ odd and py; = (1 — §) for i even, and the other one
represents a sparse alternative, namely p; = (1 + 6,1, ;). In both cases § is made
to vary from 0 to 1. When Ty = J,/a, we take iy = 1, 4+ po, po = pg and consider
two structures of po representing dense and sparse alternatives. For the first one,
we take po; = 0 for i odd and po; = —0 for ¢ even, and for the second one we take
p2 = (0)_,,9)". Here also, § varies from 0 to 1. The later structure for both values of
T, represent departures that approach to the null hypotheses at the rate b'/2. More
precisely, the scaled departure from the null |[p; — 1p]|/tr(X)Y/? are 6 and |8]/v/D,
respectively. Figures 3.1 and 3.2 show power results for Ty = P, and T} = J,/aq,
respectively. For dense alternatives (left panels), our methods has a clear advantage
in all cases. More pronounced dominance is observed, in particular, when n is small.
Both methods perform comparably well for sparse alternatives (right panels) except

Chi et al. (2012) has an edge when b is large.
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Figure 3.1: Power comparison of the proposed methods and the test by Chi et al.
(2012) for Ty = P, and T, = P,. Data is generated from N,(u;, X), where X =
0.81,+0.2J,. In the both panel of the plot, g = 3 = 0. In the left panel py; = (140)
for i odd, py; = (1 — 6) for i even and in the right panel p; = (14 4§,1, ,)".
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Figure 3.2: Power comparison of the proposed methods and the test by Chi et al.
(2012) for Ty = J,/a and T, = P,. Data is generated from N(p;, X), where X =
0.81, 4+ 0.2J,. In the both panel of the plot, 1 = 1, + po and ps = ps3. In the left
panel pg; = § for i odd and pe; = —4 for i even and in the right panel p, = (0] ,,9)".
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3.6 Real Data Analysis

In this section, we analyze a publicly available data obtained from the University
of California-Irvine Machine Learning Repository!. The data arose from a large
study to examine Electroencephalograph (EEG) correlates of genetic predisposition to
alcoholism. Measurements from 64 electrodes placed on subject’s scalps were recorded
256 times for 1 second. The study involved two groups of subjects: alcoholic (n; = 77)
and control (ny = 45). Each subject was exposed to either a single stimulus (S1) or
two stimuli (S1 and S2) which were pictures of objects chosen from a picture set. The
sixty-four electrodes (channels) are divided into groups based on their location on the
scalp (frontal, temporal, parietal and occipital lobes). To illustrate the application
of the methods concisely, we focus the analysis on data from the stimulus S1 and
the seventeen frontal-lobe channels. The outcome measurements are Event-Related
Potentials (ERP) indicating the level of electrical activity (in volts) in the region
of the brain where each of the electrodes is placed. This repeated measures data
has two within-subject factors (time and channels) and one between-subject factor
(alcohol use). The within-subject factors time and channel have 256 and 17 levels,
respectively.

The main research questions of interest are: (Hgp;) whether the ERP profiles over
time differ between channels and groups (three-way interaction: alcohol x time x
channel); (Ho2) whether ERP profiles are similar between the channels when averaged
over groups (similar time profiles for all the channels); (#o3) if the time profiles of ERP
are similar between the two groups averaged over channels; (Ho,) whether the ERP
profiles are constant (flat) when averaged over channels and groups. For describing
the contrast matrices, we assume the data vectors from each subject are arranged
by grouping the 17 channels within each time point, i.e. the data vector from the
jth subject in the ith group is X;; = (Xiji1, -« Xij117s - - » Xij256,1, - - - » Xi7.256.17) -
In the notations of this Chapter, the four hypotheses of interest, viz. Hg; for i =
1,2, 3,4, can be tested by using the contrast matrices T} = P and Ty = Pssg ® Pi7;

lweb address: https://archive.ics.uci.edu/ml/datasets/EEG+Database accessed on May 5, 2016.
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T, =Jy/2 and Ty = P56 @ Pi7; Th = Py and Ty = Pysg ® J17/17; and T = J5/2 and
T, = Py @ Jy7/17, respectively. The results of the analysis are presented in Table
3.7. Overall time-profile similarity across groups (averaged over channels) cannot be
rejected (p- value = 0.205). In fact, channel-by-channel similarity of time profiles of
ERP across groups cannot be rejected (p-value = 0.196). However, the flatness over

time is rejected overall for all channels as well as channel-by-channel.

Table 3.7: Analysis for EEG data in frontal channels (a = 2, b = 256 and d = 17).

Hypothesis | T T T | p-value
Ho1 P, Pssg @ Py 0.535 0.196
Hoo J2/2 Pyss @ Pyy 26.252 0
Hos P, Pyse @ J17/17 0.489 0.205
Hoa J2/2 | Posg ® J17/17 | 42.430 0

As a way of ascertaining the reproducibility and reliability of the results in Table
3.7, we conducted a simulation study using parameters similar to that of the EEG
data. For table 3.8, we generate 1000 replications of data from N(0,3;). We look
at values of b = 256, d = 17, a = 2 and ny = 77 ny = 45 and take @ = 0.05.
Table 3.8 present actual Type I error rates (test sizes) for the covariance structures
3 = ply + (1 — p)dy, for p = 0.2 and random matrices X; for i = 2,3,4 defined
as follows. Let ¥; = Q] A;Q;, where A; is a diagonal matrix with diagonal entries
taken from Unif(0,1) and Q; is orthogonal matrix. Indeed, @; can be defined from
the QR decomposition of a random matrix Z; = (Z; ;) where Z; ;;; are iid random
variables. Here, we consider three distributions for Z; ;;, namely Z, j; = 1{;—;y with
probability 1, Z3 ;;» ~ Exp(1) and Zy;;» ~ N(0,1).

Table 3.8: Achieved Type I error rates (x100%) for the testing procedures with
parameters similar to EEG data, i.e. a = 2,b = 256,d = 17,n; = 77,ny = 45.

T T, Y| Bo | X3 | X4
P, Poss @ Py7 5.0 159 |45 |58
J2/2 | Pysg ® Py7 45 4.0 | 54 | 5.8
P Pysg @ J17/17 | 4.6 | 46 | 5.4 | 54
J2/2 | Pysg @ J17/17 | 5.6 | 4.8 | 5.2 | 4.6
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It is clear from Table 3.8 that the achieved Type I error rates are satisfactorily

close to 5% regardless of the covariance matrix assumed.

3.7 Discussion and Conclusion

This Chapter derives approximations for the null distributions and quantiles of some
test statistics in repeated measures. The approximations ensure the errors to be
of order O(b~3/2) where b is the dimension, i.e. the number of repeated measures.
Factorial designs are treated in a unified manner where multiple between- and within-
subjects factors which may be crossed or nested are allowed. General covariance
structure is allowed where no pre-determined sequence is assumed among the repeated
measurements. Therefore, the repeated measurements could be over time or under
different treatment conditions.

The asymptotic results require some regularity condition on the covariance matrix.
Such assumption appears to be inevitable as long as one prefers to consider unstruc-
tured covariance matrix. Our observation from the simulation is that this assumption
does not appear to restrict the utility of the results for application in more general
situations. Nevertheless, we made somewhat milder requirements compared to simi-
lar works (see, for example, Bai and Saranadasa, 1996; Takahashi and Shutoh, 2016).
Indeed, one may conjecture to drop these assumptions. This Chapter also assumes
proportional divergence of the sample size and dimension, i.e. n/b — v € (0,00),
but otherwise either one can be larger than the other. We should point out that this
assumption can be relaxed to cover other cases, namely n = O(b¢) for e > 1 or e < 1.
However, the expanded cumulative distribution function may have terms with order
different from b=7/2 for j = 1,2, ... in which case the standard Cornish-Fisher formula
for the quantile will not apply. Non standard expansions will need to be derived for
the quantiles. Regardless, our impression from the simulation is that the effect of
these terms may be insignificant. In the interest of avoiding complications we did not
pursue these cases further.

The development of this Chapter is under normality. We recommend testing the

validly of this assumption before applying the methods. Transformation that im-
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prove normality could also be attempted in the event non-normality is detected or
suspected. In the proofs, multivariate normality of the repeated measures is mostly
needed for its nice property of independence up to correlation and independence of
some linear and quadratic forms. Limiting distribution results under statistical mod-
els that include independence up to correlation assumption have been derived in Bai
and Saranadasa (1996) and Chen and Qin (2010) for two-sample and Srivastava and
Kubokawa (2013) for multiple-sample comparison of mean vectors. In the interest of
space, we opted to relegate the investigation of these models for limiting distribution

as well as asymptotic expansion to a follow-up manuscript.

3.8 Appendix: Proofs

Lemma 3.8.1. If the null hypothesis Ho holds, then under the high-dimensional
asymptotic frameworks B1 and B2, the characteristic function of T can be expanded

as

242 1 1
or(t) = 2! {1 + %Z s + E<Z4t4774 + 45193 /2) + 0(6_3/2)} .

Proof of Lemma 8.8.1. Let Z = £~Y/%(X — ). Then

{tr(TyD)} ' ZTSYV2 K32 Z — ¢

T pumm
vV 25262

The characteristic function of T is

- \/%)E[exp {\/Z—t_{tr(Tl

(- \/Z;g—lc) (2m) b/ exp{ — ZTMZ}dZ
202

ey _1
= — M|~1/?
exp (— —5 52(:2) [ M|,

where M = I — 24 A= {r(TiD )IS2K 2 and | M) is the determinant of M.

D)}*lzTil/szll/QZ}]

Let a;’s be the elgenvalues of Ty D, 3;’s be the eigenvalues of X/2Ty31/2 then

M| = HH {tr(Tl )} i)

=1 j=1
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Thus by Taylor’s series expansion, we have

oM =~ 35 g (1 2 um))tas,
=1 j=1
> 9k/2-1 5
= L (at)* k/l;CZ/z
k=1 0y’ "

t 1 1 1
=1 +5 22+ —=2 5 + 'ty + 0072,

\/ 2(52C2 \/Z_) b

So the characteristic function of T' can be expanded as

1
or(t) = e = ezt {1 + —=2*tn3 +

Vb

1
g(z4t4n4 + %502 /2) + O(b3/2)} )

Proof of Theorem 3.3.2. Denote H* = {tr(T\ D)} 'H. Note that

/C\Q 1 61 —C \%
2 =14-W and =
C2 b o V2059 \/5

By Taylors’ expansion, we have

~\ —1/2 1
(Cﬁ) =1— —W+0,(b7?).

Co 2b
Then
f:H*_/c\lz(H*_cl)_(/c\l_cl)
V202> \/mv 62/02
(H*—cl)—(/c\l—cl){ }
= — —W +0O,(b~
vV 2(5202 2b ( )
V T™W
=T — — — —— + 0, (b3
\/5 2b + p( )7
H* — BN
where T = ( o) So the characteristic function of T is

vV 25202 .

gbf(t) :E[eztf] - E leth ) ezt(— \/B\/‘;;TQ_TQ%V"‘OP(VMQ))]
1 Vv wTW Z2t2v2 j
=K |:6tT‘ {1—%— 5% + 7 +Op(b 3/2)}:|
22t2

BT + 0,

:E[eth] +
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since T' is independent of with both (V, W) and E[V] = E[W] = 0.
Finally, using Lemma 3.8.1 and the fact that

b b v
E[V? = Var(c;) = — = —
[ ] 252(32 ar(61) n52 52
(by the Proof of Theorem 3.3.1), we have the desired result. n

Proof of Theorem 3.3.1 and Theorem 3.3.5. We know that nS ~ W,(X, n),
where W, (2, n) stands for b-dimensional Wishart distribution with degrees of freedom

n and scale matrix X. Denote a; = tr(TyS)* for k =1,...,8 and define

ko k-2 T ko k-2
br,s = (¢f,¢{ “co,...,cx) and bps = (aj,a) “as,...,a

)T
to be the vector of traces of the kth order moments. That means, for each partition
of k, for example k = vy + - - - v, where v; <--- <y, and ¢ < k, we include ¢, ... ¢,
and ay, . ..a,, to the vectors br,5 and br, s, respectively, at same position. It is known
(Fujikoshi, 1973) that E(br,s) = Fibr,s, where the matrices Fj, have been calculated
by Fujikoshi (1973) up to k = 6 and by Watamori (1990) for k£ = 7,8. Using these it

can be shown that

E[/C\k] = Ck;,fOI" k= 1,2,3,4.

Further, under the high-dimensional asymptotic frameworks B1 and B2 and after

lengthy algebra, it can be seen that

Var(%) :% =0(n™ 1),
Var(Z—z) :n(n — 1)Ztn + 2)c3

Var < \/563 ) 6b

R = [nQCg +3n(n — 1)(n 4+ 4)c2 4+ 3n(n® 4+ 3n — 12)cacy+
2

[ncg + (2n® + 3n — 6)04} =0(n?),

nmsc3

(3n' + 15n° — 2002 — 1200 + 160)%} —O(n?) and
bey 8b? 4 2 2 2
Var(—2> = 1 [f102 + facacs + facoes + facy + fscses + fecacs + f708]

70



where

fi=n*(n*+n+2), fo=8n*(n+1)(n—3)(n+6),

f3 = 2n*(2n® + 11n* — 47n + 54),

f1 = n(6n° + 40n* — 850> — 631n” 4 726n + 1224),

fs = 8n(n+1)(n — 3)(n + 6)(n? + 4n — 16),

fo = 4n(n® + 10n* — 11n® — 220n% + 276n + 480) and

fr =2(2n" + 23n° 4 38n° — 423n* — 992n° + 4066n> — 420n — 5040).

See also Srivastava (2005) and Hyodo et al. (2014). O

Proof of Theorem 3.4.1. Using similar techniques as in the proof of Lemma 3.8.1,
T, — H —tr(TyD)c; — p"Kp
\/ 2r(T1D)2c, + 4T KEK p
 {t(TD)y (ZTEVPKEV2Z +2u K3V2Z) — ¢
\/ 20505 + A{tr(Ty D)} 2 u T KS K |

Denote 02 = 2855 + 4{tr(T1D)} 2T KX K pi. The characteristic function of 7} is

e 1t _ ~ ~ ~
b, () =exp (— a—ll)E[exp {An(mD)} (278K 7 Q,HKEWZ)}]

22

t t? = =
? Cl) {tI‘(TlD)}_2HTK21/2M1_221/2K/J/},

2
07

2
:exp(— |M1|_1/2exp{

01

where My = I — 2{tr(Ty D)} "'SV2K SY2. Further,

o1

_1/2 1 <n 2t . ey Pt205¢
log | M| :—EZng 1—0—1{tr(T1D)} ;B ) = — 4+ ——— +o(1).

o o
i=1 j=1 1 1

Under assumption B1, B2, B3 or B4, We can prove that:
1 ~ -
—2{tr(TlD)}’QM’KEl/QMfQEI/zKu} — o(1),
01

Since

42°t?
2
07

2t S
M'=1+ U—Zl{tr(TlD)}_lzl/QKElﬂ +

{tr(T\D)} SV’ KSKSY? + ...
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12:2¢2
o}

dat e
M2=1+ U—Zl{tr(TlD)}_lzl/zKEl/2 +

Now, under either B3 or B4, we have

AV 5202

3
01

1 - _
—{t(TiD)} ' KEKXKp < {tr(T'D)} *pu" KX Kp = o(1),
1

and
1 P 5 <~
F{tr(TlD)}“‘uTKEKEKEKu < ;—Zg{tr(TlD)}‘QuTKEKu = o(1).
1 1

Therefore,

21212 < =
eXp{ 2 {tr(Tlp)}—Q,JKEWM;?EWKM}

2
1

21
:exp{ =
1

2t2

{tr(TlD)}‘zuTKflKu} Fo(l) =1,

and the characteristic function of T} is ¢r, (t) = exp(%) +o(1).

Copyright© Xiaoli Kong, 2018.
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Chapter 4 High-Dimensional Inference Under Non-normality

4.1 Introduction

In recent years, there is an increasing demand for effectively analyzing of high-
dimensional data. In the bid to cope with this rising demand, comparison of high-
dimensional mean vectors has received a renewed attention in the last two decades.
High-dimensional means both the sample size and dimension are large but one could
be much larger than the other without any restriction. Early theoretical attempts for
analyzing high-dimensional data in the context of the sample size being larger than
the dimension date back to the late fifties (Dempster, 1958, 1960).

For the sake of simplicity, we introduce the problem in the simplest case of com-
paring two mean vectors and extensions to more general cases will be outlined later.
Consider two mutually independent random samples X;q,..., X;,, € RP for i = 1,2,
which have means py = (p11, ..., pt1p) " and po = (pa1, . .., f12p) " and positive definite
covariance matrices 3, and X, respectively. Other than existence of the first two
moments, no parametric structure is assumed among or within the mean vectors nor

the covariances of the populations. Define the sample summary statistics as

_ 1 & 1 .
X;=—> X; and 8= d (X - X)X - X)T
n; 4= j an (X (X5 )

fori=1,2.

Consider testing the following high dimensional hypotheses:

H() L = M, VS H1 VA 7é Ha. (41)

Bai and Saranadasa (1996) proposed high-dimensional test for (4.1) assuming ¥; =
35. More recently, Chen and Qin (2010) proposed and studied the test statistic

TCQ(X> = (71 — Yg)T(Yl — 72) — nfltr(Sl) — n;ltr(SQ)
_ Z:L;i] X;;le ZZZ; X2TiX2j 2 2?211 2321 X;;XQJ'
nl(nl — 1) Tlg(ng — 1) ninq

Y
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(see also Hu et al. (2017) for multi-group test) weakening the equality as well as
other regularity assumptions on the covariance matrices. The first two moments of

the statistics Teq are
E{Tcq(X)} = (1 — p2) " (p1 — p2)  and Var{Teq(X)} = 07, + o7,

where

2
On nl(nl _ 1) I'( 1) +

2 4
tr(23) + —tr(X:;3,) and

ng(ng — 1) n1n9

02y = 4dny (e — p2) TS (g — po) +4ng (e — p1) T o (pe — pa).

Many papers (one, two or multiple groups) have investigated this test or its mod-
ified version (e.g., Chen et al., 2010; Wang et al., 2015; Ghosh and Biswas, 2016; Hu
et al., 2017; Zhou et al., 2017). There are also other mean-based tests that assume
weak dependence (e.g. Srivastava and Kubokawa, 2013; Cai et al., 2014; Cai and Xia,
2014; Feng et al., 2015; Gregory et al., 2015).

Chen and Qin (2010) (also, Bai and Saranadasa, 1996; Hu et al., 2017) required

the following conditions.

C1: For i =1or 2, assume X;; = I';Z;; + pu;, for j =1,... ,n;, where I'; isa p x m
matrix for some m > p such that I‘iI‘iT = 3; and Z;; are m-variate identically

and independently distributed random vectors.

C2: The components of Z;; = (Zij1, ..., Zijp) " satisfy E(Z;;) = 0, Var(Z,;) = I,
and E[Z}

el =3+ A < oo and

B(Z, -+ Z51,) = BZG,) - BUZg)

for a positive integers ¢ such that 1 <[} <lpy <--- <l <pand > | o <8

(C3: The sample sizes diverge proportionally, i.e. ny/n — k € (0,1), where n =

ni + na.
C4: The covariance matrices satisfy the regularity condition

(2,2, 3, 5:,) = o [tr*{(B1 + 22)*}] for iy, is, 13,44 € {1,2}.
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C5: The mean vectors p; and py satisfy (g — po) "3 (p1 — pe) = o [tr(2; + X9)?].

Whereas there is essentially no restriction imposed by conditions C'1, condition C'3
is mild and reasonable. The local alternative condition C'5 is automatically satisfied
under the null hypothesis. There is, however, redundancy in condition C'4. Indeed,

we only need

tr(X7) = o [tr*{(Z; + 2,)*}] , fori = 1,2,

while others can be derived using that. For example, from the result in Yang et al.

(2001), it follows that
tr(27%3) < {(SHe (S} = o[tr*{(Z1 + E2)*],

1 {(3:32)*} < {tr(B)tr(S)}? = oftr*{(31 + )],

and that

w(23) <[22 mm ) a(sh)]

= [0r{(Z12)*}tr(ZH]? = o[tr*{(Z + 29)%Y-

Condition C?2 requires existence and factoring of mixed moments up to the eighth
order. This requirement is unnecessarily strong. Indeed, this condition is close to the
assumption of normality. For example, it does exclude spherically-contoured mod-
els for Z;;. Spherically-contoured distribution is a popular semi-parametric model
that covers the multivariate normal as a special case (Fang and Zhang, 1990). It
also covers models that are lighter and heaver tailed than the normal distribution.
Examples include the multivariate ¢, multivariate Laplace and multivariate Logistic
distributions, to mention a few. When Z;; is spherically distributed, it can be shown,

for example, that
E(Zizjkzizjl> . CP2

E(Z2)E(Z)  plp+2)
for k < [ provided the expectations exist (see Fang and Zhang, 1990; Anderson,

2003) where ¢ depends on the specific spherical distribution. For example, ¢ = p(p +

1)/p? for multivariate normal distribution and factoring the expectation E(Z7,Z7;) =
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E(Z?

ijk

VE(Z?

lﬂ) happens only for this value of c. It should also be noted that the lack
of factoring can occur also for mixed moments of order six and eight.

The two-sample results of Chen and Qin (2010) were recently extended to the
one-way MANOVA layout in Hu et al. (2017). The assumptions are essentially the

same as C'1-C5 except that the indices 1,11, 79, 13,74 Tun from 1 to a where a is the

number of samples. The test statistic considered is a formal extensions of Ttq given

Tupww (X) = Z<X’ — X)) (X = Xp) = (a=1)) n'tr(S))

— tr (ﬁTRX —(a—1) Z n;15i> (4.2)

where X = (X4,...,X,)" and P, = I, — a'1,1]. The later form hints a formal
extension of the statistic for a general factorial design where the appropriate projec-
tion matrix that target the hypothesis of interest should be used in place of P,. To

see why this may work in the general case, denote

H=XPX=>(X:-X)X,-X)T and G=(a—1)> n'S
=1 =1
where X = a~ Z?Zlyi. Here, H may be viewed as the between sum of squares
and crossproducts matrix in MANOVA but using unweighted average for the overall

mean (Harrar and Bathke, 2008). Similarly, G can be viewed as the within sum of

squares and crossproducts matrix. It is easy to verify that
EH)—-E(G)=0 ifandonlyif p =...= pu,.

Therefore Thpww (X ) defines a reasonable test statistic.

The aim of this Chapter is to broaden the scope of applicability of pertinent high-
dimensional tests for mean vectors by replacing stringent assumptions with realistic
ones. This allows, for example, application of the theory for rank-based methods
(Kong and Harrar, 2018b, as given in Chapter 5), where the assumption of existence
of higher order moments are not needed. To that end, this Chapter is organized as

follows. Some preliminary results on the order of quadratic form of high dimensional
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random vectors are presented in Section 4.2. This section also states general regularity
conditions on the dependence among the multiple variables and points out some
realistic scenarios that lead to the assumed dependence models. Section 4.3 deals
with asymptotic distributions of the test statistics under the null as well as local
alternatives. Also considered in Section 4.3 are various consistent estimators of the
asymptotic variance. Section 4.4 provides some details on the multi-group extension.
The numerical accuracy of the results are investigated in Section 4.5 with simulation
studies that mimic realistic data generation mechanisms. The methods are applied to
an Electroencephalograph (EEG) dataset in Section 4.6. Discussions and concluding
remarks will be the provided in Section 4.7. All proofs and technical details are placed

in the Appendix.

4.2 Model for Dependence

In this section, we present model on the dependence of the multivariate data that
improves condition C'2 in two important ways. First, the assumption of factoring
of mixed moments up to the eighth order are removed and only the fourth order
mixed moments are regulated without factoring requirement. Our condition is sig-
nificantly milder than C'2 in that it is satisfied by popular multivariate distributions
(Elliptically-Contoured) and fairly weak but realistic model for dependence such as
a-mixing (strong-mixing). Another significant improvement pertains to making the
regularity condition on the original variables rather than on the normalized versions
(Z;;). The significance of this improvement is that the model in C'1 is not quite
natural for common type of dependence conditions (e.g., mixing condition) or they
are not convenient for rank-based applications (Kong and Harrar, 2018b) because
original observations are ranked rather than their normalized versions. To facilitate
ease of presentation, in this section we drop the subscripts (7 and j) that identify the

sample and the subject to which the vectors belong.

C6: Suppose Z = (Zy,...,Z,)" be a centered p-variate random vector. Let {px}32,

be a non-increasing sequence of nonnegative number, such that, for all &1 < ky <
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ks < ka,

|COV(Z/€17 Zkzzk3Zk4)| < Pko—k1s |COV(Z/€121€2Z/€37 Zk?4)| < Pka—kszs (4 3)
|COV(Zk12k27 Zk32k4)| < Pks—kas and |COV(Z/€17 Zk‘2)’ < Pko—ki -

Also, let {¢x }52, be a sequence of nonnegative number, such that, for all k1 < ko
Cov(Z;, Z3) < bryiy- (4.4)
C7T: Assume &gy, ®; and ¢, are bounded where

Dy = s%p{E[Z,;*]}, O =) ko, and Py=> ¢
k=1

k=1

For simplicity, we can further assume that E(Z?) < 1, as this can always be
achieved by rescaling the variables. These assumptions deal with covariances of Z;’s
products up to the fourth order only and are closely related to the classical fourth-
order cumulant condition for a stationary time series (see Theorem V.4 in Hannan
(1970) and Assumption A in Andrews (1991)). Clearly, condition C2 implies con-
dition C6 and C'7, with ¢, = ¢p = 0 for £k = 1,2,.... We give two examples in
the remarks below to illustrate that conditions C'6 and C7 taken together are much

milder than condition C2.

Remark 1. Suppose Z has spherical distribution with finite fourth moment (see, for
example Fang and Zhang, 1990). Conditions C6 and C7 hold automatically by the

symmetry of the distribution with ¢, = 0 and proper ¢ since
COV(Z]?l, Z]?Q) - O(p_2)

Remark 2. Suppose the component random variables in Z with zero mean, and
bounded moments of order 40 for some § > 1, constitute an a-mizing sequence with
mizing coefficients {ag, k =1,2,...}, as p tends to infinity, that means,
sup |P(ANB) — P(A)P(B)| < oy, as k — oo,
A€ A, BeB, €Lt
where

Al = J{Zla ) Zl}> Bl,k = J{Zl+ka Zl+k+17 .. }
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and o(-) denotes the o-field generated by the random variables. This model for de-
pendence is particularly attractive for repeated measures data. In this case, a-mixing
condition basically requires the dependence between observations from the same subject

to decay as the separation between the observations increases. With the coefficients oy

(nonincreasing) condition C6 holds for ¢, = ¢ = Da,(f_l)/é and large enough D > 0

(see, for example, Corollary A.2 in Hall and Heyde, 1980; Yaskov, 2015). Condition
C7 is satisfied for some ay, for example ap = O(k™°) when § > 5/4.

Conditions C'6 and C7 afford us an inequality on the variance of quadratic forms

which was established in Yaskov (2015).

Theorem 4.2.1. (Theorem 2.2 of Yaskov, 2015) Under condition C6, there is a

universal constant C' > 0 such that for all p X p matrices A,
Var(Z"AZ) < C(dg + &1 + Oo)tr(AAT).

When the component random variables in Z are uncorrelated, it can easily be

verified that condition (4.3) in C'6 can be reduced to
‘E[Zklzkzzk:sZ’%” < Hlin{(ka_kl, 90k3—k2790k4—k3}7 k1 < ko < ks < ky. (45>

A version of the inequality in Theorem 4.2.1, which is convenient in light of condition

C'1 together with condition C'6 is as follows.

Corollary 4.2.2. Let Z be centered orthonormal random variables satisfy condition

C6. There is a universal constant C' > 0 such that for all p X p matrices A,
Var(Z'TTATZ) < C(dg + &1 + )tr(TAXAT), for i = 1,2,

where ¥ =TT,
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4.3 Main Results

4.3.1 Asymptotic Results

For the two-sample testing problem, it was proved in Chen and Qin (2010) that under
conditions C'1-C5,

Tog(X) — |1 — pol 2y N0, 1)
O_n ) )

as p,n — oo. (4.6)

2

~ needs to be consistently

In order to formulate a test procedure based on (4.6), o
estimated. A few unbiased and ratio-consistent estimators of tr(3?) and tr(X;X,),
and hence of o2 are available in the literature (Bai and Saranadasa, 1996; Chen
and Qin, 2010; Chen et al., 2010; Li and Chen, 2012). While the estimator of Bai
and Saranadasa (1996) is designed for 3; = 3, case, it has the advantage that it
is uniformly minimum variance unbiased under normality and is easy to compute.
The other estimators (Chen and Qin, 2010; Li and Chen, 2012) are asymptotically

equivalent and designed for the unequal covariance case.

The estimators of Chen and Qin (2010) are

ng

—_~— 1 - -
(22) = mu{ 3 (Xt — Xie) X (Xt — X)X } (4.7)
i\ kAl
and
(%) = — tr{ SN (X~ Xi) X (Xt — Yg(l))X;} (4.8)
12 o1 =1

where Yz‘(k,l) is the ith sample mean after excluding X, and X;; and Yi(k) is the ith

sample mean after excluding X;;. Under conditions C'1-C'5,

(=) p (3 %) p
| d ————— —1 — 0. 4.9
tr(X?) W HE D) A8 p oo (4.9)

Therefore, a ratio-consistent estimator of o2 under Hy is

2 —_—~— 2 —_~—— —_~—
02 = ————tr(3?) + ————tr(22 tr(35,3s).
5 () + e (5D + (i)

nq (n1 — 1)
The estimators in Li and Chen (2012) (see also, Chen et al., 2010, for a = 1)

also satisfy (4.9) under C'1-C5. These estimators can be conveniently expressed as
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U-statistics:

ng

D

4 by kol £l

tI‘{ (szl

and

o —

tI‘(Elzz)

Z Z tr{ Xk, —

2 kit £l

— X)) (Xin, — Xir,) "
(X, = X)X, = Xi) T} (410)
X)) (Xigy — X))
(X, — Xop,)(Xoy, — leQ)T}v (4.11)

where (n;)r = n;!/(n; — k)!.

In the following theorems, we establish that (4.6) and (4.9) hold when assumption

C?2 is replaced by the weaker assumptions C'6 and C'7.

Theorem 4.3.1. Under conditions C1, C3— C7, the asymptotic normality result

(4.6) holds.

Theorem 4.3.2. Under the conditions C'1, C3-C7, the consistency result (4.9) holds
for the estimators defined from (4.7) and (4.8) or for (4.10) and (4.11).

4.3.2 Computational Formulae for the Ratio Consistent Estimators

—

For ease of proving Theorem 4.3.2, we can rewrite tr(3?) and tr(El\Zg) as follows:

2

— 1
§ : X, Xir,)? —
( ik k) (nz)g

(3?) =
I( ) (nz>2 =

1
o 2

4 oy ko thgAha

1
t XT X -

k1=1ko=1

Z (Xl—lzl X'Lk2>(XZ—Ir€1 X'Lk3)
k1#£ka#ks

(X’LTkl XikQ ) (XZT’C:), Xik4 ) ‘

Z Z (X Xogy) (X1, Xog,)

2 ki=1 kaks

. ﬁ >0 3 (X0 X)X, i)

k1 #k‘z ks=1

t Z Z (X, Xy ) (X1, Xk, )

(11)2(n2)2

k1 ko kaAks
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These forms of the estimators have also been used in elsewhere (Chen et al., 2010; Li
and Chen, 2012; Zhang et al., 2018, etc...). From Hu et al. (2017) and Zhang et al.

(2018), the estimators can be further rewritten as

tr(X?) = L 2(n = 1)

(ni)4

1

2 2
e,||% -
e oF

11©il[17 > + —-[1©:][3 (4.12)

and

—

tr(Elzg) = tl”(Sl SQ),

where ©; = X' X; — diag(X,' X;), and X; = (Xi1,...,Xin,) be a p x n; matrix.
For any matrix A = (a;;)mxn, we denote

m n

Al = {323y}
and -~ )
1Al = [ { Sws)}™]™

Note that if all a;; > 0 or for even number ¢, these are entrywise norm and L, ; norm
of A.
Another expression of the estimator (4.10) of tr(X?) was given in Himeno and

Yamada (2014) as,

() = sl = ) = (S +1%(S) Q).

where Q = (n; — 1)7' 377",

Using the same method, we also give the simple form of estimators (4.7-4.8) in

| X — X"

Chen and Qin (2010), which can be rewritten as:

— 1 on; — 5
tr(X2?) = X! X )? — : X! X (XD X
) =gy & kKo~ T e, 2 (K X)X X
1 2 1 2 3
1
+ (ng)(n; — 1)(n; — 2)? Z <X;’;1Xik2)(X;f3Xik4>
LA ¢ k1#ko#ks#ka
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and

o 1 ni n9 . ) 1 ni no - -
tr(X:3,) = kZlkZl(Xszkz) REERITAN kzlk; (X, Xy ) (X, Xk )
1=1 ko= 1=1 ko#ks

ng ni
1

() (1) Z Z(XZ'Tnglkl)(XnggXle)

(n1)2(n2) T
1

ni n9
—E § X' X WX Xon).
+(”1)2(n2)2k¢kk ( 1k 2ks ) ( 1ko 2%4)
17#k2 k3#ka

After much simplification and rearrangement, these estimators have simplified forms:

1
(n:)3(ni —2)

tr(3?) =

)

277/2‘ —

1) 2 1

n;(n; — 2)

11©41]3 2+ 11©4][3. (4.13)

and

—~—

tr(X,3,) = tr(S1S2),

respectively. Examining (4.12) and (4.13), it is easy to see that the simulation com-
putation will be substantially improved by using the rewritten form for both the
estimators of Chen and Qin (2010) and Li and Chen (2012). The calculations for the
original forms cost O(n}), but for the simplified forms cost only O(n;). Comparing
(4.12) and (4.13), the simplified forms of the two estimators of tr(3?) share the same
leading order term which was also noted by Li and Chen (2012), and the estimators
of tr(3;X,) are the the same.

4.3.3 Other Conditions
4.3.3.1 Assumptions on Original Observations

In Theorem 4.3.1 and Theorem 4.3.2, the dependence conditions C6 and C7 are
assumed on Z;;, which is defined in condition C'1. For some type of dependence (such
as a-mixing) or for some applications (Kong and Harrar, 2018b), making assumptions

on Z;; may not be realistic. For these situations we require two new conditions.
C8: The covariance matrix X;, 1 = 1,2, satisfies tr{(2; + 33)?)} — oo as p — .

C9: p/n—n € (0,00) as n,p — oo.
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Condition C8 is rather mild. We know that tr(X?) = > | A7 where \j,..., ), are
the eigenvalues of 3. Then, condition C'8 holds, if infinite number of the eigenvalues
remain bounded away from zero as p — oo. If condition C8 holds, it is easy to verify
that

n2o? > tr(23) + tr(B3) + tr(T1Xs) = tr{(Z; + X2)?)} = oo

Condition C'9, which stipulates the same rate of growth for n and b, is not new (e.g.,
Bai and Saranadasa, 1996).

The following theorems state asymptotic results for To(X) by using conditions
C8 and C9 instead of C'1. More precisely, the dependence is assumed only on the
centered original variables, i.e. we assume conditions C6-C7 on Z;; where X;; =

Zz'j + M.

Theorem 4.3.3. Under conditions C3-C9, the asymptotic normality result (4.6)
holds.

Theorem 4.3.4. Under conditions C3-C9, the consistency result (4.9) holds for the
estimators defined from (4.7) and (4.8) or (4.10) and (4.11).

Note that Theorems 4.3.3 and 4.3.4 can be directly applied by assuming the
sequences {Xj;1, Xjjo, ...} to be a-mixing sequences for all 7 and j with some depen-

dence coefficients «;, such that conditions C'6 and C'7 are satisfied.

4.3.3.2 Assumptions on Quadratic Forms

Throughout the proofs of Theorem 4.3.1 and Theorem 4.3.2, we note that Corollary
4.2.2 plays a crucial rule. Apparently, condition C'10 is sufficient to prove Theorem

4.3.1 and Theorem 4.3.2 instead of the conditions C'1, C'6 and C'7.

C'10: There are universal positive constants C' and D, such that for all pxp symmetric

real matrix A,

Var(X;; AX;;) < Ctr{(A%;)’} + Dtr*(A%).
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Conditions C'1 and C2 imply C10, since (see Auxiliary results in Zhang et al.,
2018)

The beauty of this condition, besides being weaker than C2, is that it doesn’t regulate
the dependence based on the separation between the variables within the observation

vectors. For example, Elliptically-Contoured populations satisfy condition C'10, since

(Mathai et al., 1995)
for k; < oo, where k; = p~'(p+2) 'E(X X1 X;;)? — 1.

Theorem 4.3.5. Under conditions C3— C5 and C10, the asymptotic normality result
(4.6) holds.

Theorem 4.3.6. Under conditions C3— C5 and C10, the consistency result (4.9)
holds for the estimators defined from (4.7) and (4.8) or from (4.10) and (4.11).

4.3.4 Test and Asymptotic Power
Theorems 4.3.1 (4.3.3, 4.3.5) and Theorem 4.3.2 (4.3.4, 4.3.6) lead to the test statistic
Qn="Tco(X)/on I N(0,1), as n,p — oo,

under Hy and assumptions C'1, C3-C7 (or C3-C9, or C3-C5 and C10), where a

ratio-consistent estimator of o2 is defined to be

2 —— 2 —— —
2= — " (34— tr(X2 tr(3, 2 4.14
(o nl(nl — 1) I'( 1) + 712(712 — 1) I'( 2) + n1Mo I‘( 1 2)’ ( )

by the estimators tr(3?) and tr(X;X,) defined from (4.7) and (4.8) or (4.10) and
(4.11). Our proposed test with an « level of significance rejects Hy if @, > &,,
where &, is the upper a quantile of standard normal distribution. Also Theorems

4.3.1 (4.3.3, 4.3.5) and Theorems 4.3.2 (4.3.4, 4.3.6) allow us to discuss the power
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properties of the proposed test under assumption C5. The power under the local

alternative C5 is

N ni(l = k)|l = pol?
Junlllpe = pall )_®< St \/2tr{(1—/1)21+/-€22)}2> ,

where ® is the cumulative function of standard normal distribution. This indicates
that the proposed test has nontrivial power under the alternative hypothesis under

assumption CH as long as

nk(1— k)| — pol|?
V2t {(1 — k)31 + X}

does not vanish to 0 as n,p — oo.

4.4 Extensions

4.4.1 Extension to Multi-Group Equality Test

Suppose there are a(> 2) groups and, fori = 1,..., a, let the ith sample X1, ..., X,
be iid with mean vector p; and covariance matrix 3;. The test statistic Tog was

generalized to multiple groups by Hu et al. (2017) for testing the hypotheses:
Hy:py=---=ps VS Hy:p; # py, for some i # iy. (4.15)

In order to generalize the asymptotic results in Section 4.3 to the multi-group case, we

first reformulate the assumptions by making the necessary notational modifications.

C1: Fori=1,...,a,assume X;; =I',Z;;+p;, for j =1,...,n;, where I'; isapxm
matrix for some m > p such that I‘J‘ZT = 3J; and Z;; are m-variate identically

and independently distributed random vectors.

C3': The sample sizes diverge proportionally, i.e. n;/n — k; € (0,1) fori=1,...,a

where n =n; + -+ -+ n,.
C4’: The covariance matrices satisfy the regularity condition
(2,3, %5,3,) = o [tr*{(Z1 + -+ + T,)*}]

for il,ig,ig,i4 € {1, c. ,a}.
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5" For any u,1y, 1z € {17 SRR } (IJ’ “11>T212(“ ﬂ'u) =0 [tr(zl +-t Ea)2]7

C8': The covariance matrix X;, i = 1,.. ., a, satisfies tr{(X; +--- + 3,)?)} — oo as

p — 0.

The test statistic in (4.2) can be expressed as (Hu et al., 2017),

et Xt Xix Dy Yoy X Xk
D
i=1 ! ! 1<i1 3!

Note that when a = 2, this statistic reduces to Tzg. The mean and variance of

THBWW are

E{Thpww(X)} = |lmi — pi, |, and  Var{Tupww(X)} = 02, + 00,

1<t

where

2(a —1)?
2 _E E
O-na_' m + trEZ) and

z<21

o= A (S o) 3 (zu“ ).

i1=1 i1=1

Using the same technique as Theorem 4.3.1, we can prove the following theorem.

Theorem 4.4.1. Under the assumption C1’, C3'-C5 C6 and C7,

THBWW(X) - Z?@‘l ||/—Lz Mz1||2

Una

— N(0,1), as p,n — oo.

The asymptotic normality in Theorem 4.4.1 can also be proved under the cond-
tions C3'-C5" C6,C7,C8 and C9, where C6 and C7 are made on Z;; = X;; — p;,
or under conditions C'3'-C5" and C10.

In multiple groups case, we can similarly construct the ratio-consistent estimator

of o2, as follows:

(=Z0),

22
znz_l

=1 'L<11

where tr(/E\f) and tr@l) are defined in (4.7) and (4.8) or as in (4.10) and (4.11)
for i # iy € {1,...,a}. The proofs are exactly the same. These lead to the test
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statistic
Qna(X> - THBWW(X)/ETLCL i> N(O7 1)7 as n,p — 00, (416)

under assumptions C'1’; C3'-C%" C6 and C7 (or under C3'-C5" C6,C7,C8 and C9,

or under C'3'-C5" and C'10). Our proposed test for an « level of significance rejects

Hy if Qng > &a-

The power of the proposed test for the multi-group case can also be derived under
assumption C5 . From the above discussions, under the local alternative C5', the

power function is

a L . 2
ZZ<Z1 HI""T l"l'll|| ) +0(1)

Una

(2 s = ) = @ (=6 +

1<11
4.4.2 Extension to Multi-Group Parallelism Test

In related works, Harrar and Kong (2016) and Hyodo (2017) considered comparison
of mean profiles in multiple groups for normal and Elliptical populations, respectively,
under high-dimensional frameworks. The test statistic investigated in this Chapter
can also be manipulated for use in testing parallelism of the mean profiles in different

groups. The hypothesis of parallelism is
H(()P) D Vi, i — po = i1, for 4, € R, VS Hl(P) 230, i — pg # il Vs € R(4.17)

To deal with that parallelism test, we can transform the random vector first in such
a way that the parallelism hypothesis reduces to equality of mean vectors for the
transformed random vectors. The parallelism hypothesis can equivalently be stated
in terms of equality of Pu;, where P = I, — J,/p (e.g., Harrar and Kong, 2016;
Hyodo, 2017),

Hy: Ppy=---=Pp,, VS Hy:3i#4, Pu; # Pu,,. (4.18)

Therefore, we can transform the data by setting X;; = P Xjj;, which has the mean
Pp; and covariance matrix PX;P"T. Then we can use the test statistic Qn.(X’) in

(4.16) defined on Xj; to test the hypotheses (4.18). It can be shown that Hyodo
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(2017) studied the same test statistic as Chen and Qin (2010) (or Hu et al., 2017) but
under Elliptical populations. It is well noted that estimators used in Hyodo (2017)
are exactly the same as the estimators (4.10) and (4.11) defined on X;.

4.5 Simulation Study

Numerical performance of Chen and Qin (2010)’s method has been investigated in
many papers (e.g. Srivastava et al., 2013; Cai et al., 2014; Feng and Sun, 2015; Feng
et al., 2016; Hu et al., 2017). Here, we focus the simulation on the test for parallelism
to evaluate and compare numerical performances of the tests in Chen and Qin (2010)
with asymptotic variance estimators constructed from (4.7) and (4.8) (hereinafter
referred to as CQ); the test Chen and Qin (2010) with asymptotic variance estimator
constructed from (4.10) and (4.11) (referred to as CQ1) and the test in Harrar and
Kong (2016) (referred to as HK). Note that, CQ1 and the test in Hyodo (2017) are

exactly the same. For the simulations, we generate data from
(i) Multivariate normal distribution with p; and X;, N (u;, %;).

(ii) Multivariate ¢ distribution with p; and 3; and degrees of freedom v; = 6 and

1/2:8.

(iii) Multivariate contaminated-normal distribution which has density function

filxe|pi, i, a5, m) = qip(|pi, i) + (1 — o), 1 %5)

with parameters p; and ¥; where ¢(x|p, ) is the pdf of the multivariate
normal N (u,X). For the other parameters, we fix n; = 5, a; = 0.5, 79 = 3,

and ay = 0.1.

Note that populations (ii) and (iii) do not satisfy conditions C'2. However, since these
populations are Elliptically contoured, they satisfy condition C'10.

The empirical size of CQ, CQ1 and HK are presented in Tables 4.1-4.3 where we
set py = (fa1, - -+, fap) |5 fh1; i Uniform(0, 1) and po = py + 1,. We investigate the
effects of there different types of 3;:
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(1) =y = 0.5I, + 0.5J, and S5 = 0.9T, + 0.1J,,,
(2) 391 = (0.5F771) and yy = (0.17771l) and
(3) X1 = (0.5]7 — /1| 7V/?) and By = (0.1]5 — 71| /?).
The sizes are calculated with 10,000 replications for the significance level a = 0.05.

Table 4.1: Achieved Type I error rate for multivariate normal distribution with p; =

(1, -+, pp) ", where g % Uniform(0, 1), po = p1 + 1,, and three different pairs of
> and X,.

211 and 212 221 and 222 231 and 232
p (n1,n2) CQ CQl HK CQ CQl HK CQ CQI HK
(50, 90) 0.056 0.056 0.058 0.061 0.061 0.062 0.061 0.061 0.062

50  (100,150) 0.056 0.056 0.056 0.063 0.063 0.063 0.060 0.060 0.060
(200,240) 0.060 0.060 0.060 0.060 0.060 0.060 0.058 0.058 0.058
(50, 90) 0.058 0.058 0.059 0.062 0.062 0.063 0.061 0.061 0.062

100 (100,150) 0.059 0.059 0.060 0.061 0.061 0.061 0.061 0.061 0.061
(200,240) 0.059 0.059 0.059 0.057 0.057 0.057 0.060 0.060 0.060
(50, 90) 0.057 0.058 0.059 0.057 0.058 0.058 0.059 0.059 0.060

200 (100,150) 0.054 0.054 0.055 0.058 0.058 0.059 0.059 0.059 0.060
(200,240) 0.053 0.0563 0.053 0.056 0.056 0.056 0.062 0.062 0.062
(50, 90) 0.056 0.056 0.058 0.059 0.059 0.060 0.060 0.060 0.061

400 (100,150) 0.052 0.052 0.053 0.060 0.060 0.060 0.059 0.059 0.060
(200,240) 0.056 0.056 0.056 0.057 0.057 0.057 0.057 0.057 0.057

Table 4.2: Achieved Type I error rate for multivariate ¢ distribution with p; =

(f1, -y ptp) ", where i b Uniform(0,1), pe = p1 + 1,, degrees freedom v, = 6,
vy = 8, and three different pairs of 3; and 3.

211 and 212 221 and 222 231 and 232
p (ni,n) CQ CQl HK CQ CQl HK CQ CQl HK
(50, 90) 0.059 0.059 0.031 0.064 0.064 0.048 0.062 0.062 0.050

50  (100,150) 0.055 0.055 0.036 0.059 0.059 0.050 0.062 0.062 0.053
(200,240) 0.065 0.065 0.051 0.066 0.066 0.060 0.060 0.060 0.055
(50, 90) 0.057 0.057 0.020 0.058 0.058 0.035 0.089 0.059 0.037

100  (100,150) 0.058 0.058 0.026 0.058 0.058 0.043 0.059 0.059 0.045
(200,240) 0.055 0.055 0.036 0.057 0.057 0.047 0.057 0.057 0.049
(50, 90) 0.055 0.055 0.004 0.057 0.058 0.020 0.061 0.061 0.026

200 (100,150) 0.0564 0.054 0.013 0.057 0.057 0.031 0.059 0.059 0.036
(200,240) 0.0563 0.053 0.023 0.064 0.064 0.045 0.058 0.058 0.042
(50, 90) 0.056 0.056 0.002 0.058 0.058 0.007 0.060 0.060 0.014

400 (100,150) 0.055 0.055 0.005 0.055 0.055 0.013 0.059 0.059 0.024
(200,240) 0.053 0.0563 0.011 0.0567 0.0567 0.027 0.055 0.055 0.034
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Table 4.3: Achieved Type I error rate for multivariate contaminate normal distri-
bution with g = (p1,...,u,)", where u;; w Uniform(0,1), po = p1 +1,, ;1 =5,
a; = 0.5, 79 =3, as = 0.1, and three different pairs of ¥; and X,.

211 and 212 221 and 222 231 and 232
p (ng,n) CQ CQl HK CQ CQl HK CQ CQl HK
(50, 90) 0.061 0.061 0.057 0.066 0.066 0.064 0.062 0.062 0.061

50  (100,150) 0.060 0.060 0.059 0.065 0.065 0.065 0.062 0.062 0.061
(200,240) 0.061 0.061 0.060 0.056 0.056 0.056 0.060 0.060 0.059
(50, 90) 0.059 0.059 0.052 0.058 0.058 0.054 0.062 0.062 0.060

100 (100,150) 0.061 0.061 0.057 0.056 0.056 0.054 0.057 0.057 0.056
(200,240) 0.058 0.058 0.056 0.056 0.056 0.055 0.063 0.063 0.062
(50, 90) 0.060 0.060 0.045 0.056 0.056 0.047 0.061 0.061 0.055

200 (100,150) 0.055 0.055 0.047 0.060 0.060 0.055 0.062 0.062 0.059
(200,240) 0.054 0.054 0.050 0.059 0.059 0.055 0.057 0.057 0.055
(50, 90) 0.053 0.054 0.029 0.055 0.056 0.039 0.062 0.062 0.049

400 (100,150) 0.053 0.053 0.036 0.057 0.057 0.045 0.059 0.059 0.052
(200,240) 0.053 0.053 0.043 0.055 0.055 0.049 0.058 0.058 0.054

From Table 4.1, we note that the performances of the three tests are about the
same under normality. For the heavier tailed populations (Tables 4.2 and 4.3), HK is
not performing well as expected. In particular, it is too conservative for large p but
its performance improves as n increases. The tests CQ and CQ1, which are designed
to work under non-normality, perform well for all the three distributions. In fact, CQ
and CQ1 are nearly identical. As the asymptotic framework suggests, the quality of

the asymptotic approximation substantially improves when both n and p are large.

4.6 Real Data Application

In this section, we analyze the Electroencephalograph (EEG) data for the single
stimulus (S1) exposure only to compare the results with that of Harrar and Kong
(2016). Event-Related Potential (ERP) measures the level of brain activity. The EEG
data! found at the University of California-Irvine Machine Learning Repository was
from a large study to examine EEG correlates of genetic predisposition to alcoholism.
Sixty-four electrodes were used to measure ERP and recorded 256 times for in one
second. Each channel (electrode) has names identifying the location of the electrode

on the scalp. The names are made up of a letter identifying the anatomical location

'Web Address: https://archive.ics.uci.edu/ml/datasets/EEG%2BDatabase
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of the placement of the electrode (F—frontal lobe, T—temporal lobe, P—parietal lobe
and O-occipital lobe) and a number identifying the hemisphere of the brain (odd
number — the left hemisphere and even number — the right hemisphere and letter z
(zero) is used for the mid-line). The exception to this naming rule is that, due to their
placement and depending on the individual, the “C” electrodes can exhibit /represent
EEG activity more typical of Frontal, Temporal, and some Parietal-Occipital activity.
ERP reading from an electrode indicates the level of electrical activity (in volts) in the
region of the brain where the electrode is placed. There are two groups of subjects
in the study: alcoholic and control. Each subject was exposed to either a single
stimulus (S1) or to two stimuli (S1 and S2) which were pictures of objects chosen
from a picture set. In this Chapter, we analyze the data only for the single stimulus
(S1) exposure. For a more detailed account of the EEG data, see Harrar and Kong
(2016). The main objective is to compare CQ1 and HK for testing whether Event-
Relates Potential (ERP) mean profiles are similar between the alcoholic and control
groups.

Table 4.4 shows FDR adjusted p—values for testing equality and similarity (par-
allelism) of ERP mean profiles for each of the 64 channels (at FDR = 0.05). The
columns in the table contain channel names (Ch) and p-values for testing equality
(E) and Similarity (P). The channel-by-channel decisions based on the CQ1 method
for similarity (parallelism) are displayed in Figure 4.1 panel (b). The figure depicts
the scalp of a human viewed from the top, the triangle marking the nose. The loca-
tions of the electrodes are indicated by bubbles. The colors of the bubbles indicate
whether the brain activity pattern for that channel is significantly dissimilar (red)
or not significantly dissimilar (green). Also shown in Figure 4.1 (panel (a)) is the
significance results for equality hypothesis, i.e. whether the mean activity levels are

equal between the two groups.
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Table 4.4: False Discovery Rate (FDR) adjusted p—values for testing equality and
parallelism of mean profiles for Electroencephalograph (EEG) experiment involving
alcoholic and control subjects. In the table, the columns are channel label (Ch) and
the p-value for equality (E) and parallelism (P) group mean profiles.

Ch E P Ch E P Ch E P Ch E P
AF1 0.007 0.071 | CP6 0 0 FC6 0.370 0.236 | P5 0 0
AF2 0.018 0.08 | CPz 0 0 FCz 0 0 P6 0 0
AF7 0.805 0.761 | Cz 0.468 0.643 | FP1 0.786 0.716 | P7 0 0
AF8 0.805 0.763 | F1 0 0 FP2 0.812 0.768 | P8 0 0
AFz 0 0.010 | F2 0 0.001 | FPz 0.787 0.761 | PO1 0 0
C1 0.672 0.140 | F3 0 0.005 | FT7 0.747 0.693 | PO2 0 0
C2  0.040 0.005 | F4 0.057 0.208 | FT8 0.449 0.092 | PO7 0 0
C3  0.367 0 Fb5 0.197 0.424 | Fz 0 0 POS8 0 0
C4  0.002 0 F6 0.439 0.543 | nd 0.064 0.002 | POz 0 0
C5  0.094 0 F7 0.468 0.643 | O1 0 0 Pz 0 0
C6 0 0 F8 0.770 0.768 | O2 0 0 T7  0.217 0
CP1 0 0 FC1 0 0.001 | Oz 0 0 T8 0.065 0
CP2 0 0 FC2 0.003 0.037 | P1 0 0 TP7 0 0
CP3 0 0 FC3 0.018 0.407 | P2 0 0 TPS8 0 0
CP4 0 0 FC4 0.805 0.768 | P3 0 0 X 0.770 0.768
CP5 0 0 FC5 0.568 0.640 | P4 0 0 Y 0 0.028

Figure 4.1: Channel-by-Channel results for EEG data analysis on testing the equality
(panel (a)) or similarity (panel (b)) in brain activity between alcoholic and control
subjects. Red means brain activity patterns are significantly unequal or dissimilar at
a = 0.05. Green means that the similarity hypothesis cannot be rejected.

(a) Equality hypothesis
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Comparing the significance results in panel (b) of Figure 4.1 with the correspond-
ing Figure in Harrar and Kong (2016), we note that the results for testing similarity
in mean brain activity levels between alcoholic and control subjects for CQ1 are same
as HK test. It is clear from both panels (a) and (b) of Figure 4.1 that there are no
evidence in the data to show difference in the mean electrical activity nor in the pat-
terns between the two groups in the central frontal region of the brain. Most of the
significant differences occur in the temporal, parietal and occipital lobes. Of note,
the results clearly demarcate contagious similar and non-similar activity regions of

the brain.

4.7 Discussion and Conclusion

Recent high-dimensional tests for mean vectors in two or multiple groups are exam-
ined. In particular, several realistic and milder conditions are provided to replace
existing conditions and the entire theory is reproved under these new conditions.
Specifically, the standard assumptions do not cover common multivariate models for
dependent data. For example, the simple and popular models for dependent data
such as elliptically-contoured and a-mixing are excluded. Further, the methods im-
pose near-independence conditions on the normalized versions of the observations.
Some authors refer to these restrictive conditions as pseudo-independence. Besides
being strong, making assumptions on normalized versions may not be realistic.

The simulation study investigated the empirical sizes by generating data that vi-
olate dependence assumptions imposed in the existing works. No prior simulation
study investigated the tests under these models. The numerical results suggest that
the finite-sample approximations of high-dimensional asymptotic results are excel-
lent. The application of the results for conducting profile analysis are illustrated via
simulated as well as real data set. The formal extension of the methods to a factorial
design is also indicated in the manuscript. The detail of such extension is postponed

for a future investigation.
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4.8 Appendix: Proofs

Conditions C6 and C'7 have implications in regulating the trace of the powers of

covariance matrices.

Lemma 4.8.1. Assume C6 and C7 hold on Y; and Ys, where Y, and Yy are inde-
pendent and centered p-variate random vectors with covariance matrices 3, and X

respectively. Then tr(3?) = O(p) fori=1,2 and tr(X;3s) = O(p).

Proof. Note that Var(Yj;) is bounded by ¢y = max{1 + ®¢, ¢ }. By condition (2),
|Cov(Yik, Yi)| < @ik—y, for i = 1,2. Then we have

1 1 p 1 p p
];tr(E?) = Z Var(Yix)? + ’ Z Z |Cov (Y, Ya)|?
k=1

k=1 =1
1 PP = p—1
SBZZ%_” = Z;Z(p—k)wi < ¢p < oo
k=1 I=1 k=0 k=0

It is easy to see that tr(3;X5) = O(p) since tr(%;3;) < {tr(E%)tr(E%)}l/Q.

4.8.1 Proof of Theorem 4.3.1 and Theorem 4.3.3

Note that
To(X) — |[1 — pal]? = To(X€) + Tr2(X°),

where

9 n1 _ TXC' 2 n2 _ TXC‘
2(Xc) _ Ez:l (l’l‘ln “2) 14 + Zz:l (”I‘Qn I’l’l) 24 7
1 2

1,

and X7 = Xi; — g, fore =1,2and j =1,...,n;. It is easy to show that
E[T,(X)] = E[Th2(X°)] = 0,

and

Var(T,,(X¢)) = 02 Var(T,2(X°)) = o2,

Thus, under assumption C3,

Tn(X> - ||N1 - N2||2 _ Tn(Xc)
Var(T,,(X) Tn

+Op(1).
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Next, we will prove the asymptotic normality of 7},(X ) under assumption C'1, C'3-
C'7. Without loss of generality, we assume that gy = py = 0. Let Y; = X, for
j=1,...,n,and Y, +; = Xy, for je1,...,nyo. Let g(i) =1,if 1 <i <mny, or 2 if
ny <t <n,and let ¢;; = cin;TY;, for 1 <i < j <n, where

2n M nyp —1)7Y if0<i<ji<m
cij =19 205t (ng — 1), ifny <i<j<ng+ny

—anlngl if0<i<ni<j<ng+ns

For m = 2,...,n, define V,, = Z:’:ll Gim and define F,p = {0,Q} and F,, =
o{Y1,...,Y,,}, which is the o algebra generated by {Y7,...,Y,,}. Then, it is clear

that
fnogfnlggfnn
Note that
m—1 m—1
E[Vnm’fnmfl] = E[¢zm‘fnmfl] = Z Clm}/;TE[Ym] = 07
i=1 =1

m—1 m—1
EVZ) =Y B, V.Y, Y] = Y &, n{Ey, Y, EYY,T]}.
=1 =1

When m < nq,

2(m —1)
BVZ2] = 5 —5tr(2]
[ nm] n%(nl . 1)2 I'( 1)7
and when n; < m <n,
4 4(m —ny — 1)
E[V2 | = tr(X; 2 tr(X2).
[ nm] nln% I'( 1 2>+ ng(n2_ 1)2 1"( 2)

S0 {Vium, Fum iy is the sequence of square-integrable martingale difference. Fur-

thermore, we have
Tu(X) =Y Vim.
m=2

To prove Theorem 4.3.1, we only need to prove the following Lemma 4.8.2 and the
Lindeberg condition Lemma 4.8.3. Then, the desired result follows by the martingale
difference central limit theorem, see Shiryaev (2015) or Hall and Heyde (1980).
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Lemma 4.8.2. Under the assumptions C1, C'3—- C'7,

0> Z E[V2 | Frnm-1] 51, asn— oo

m=2
Proof. First,
n m—1 4
ZE el Fama1] =00 =Y > CimeimY; Sym)Y; — 0% _ZBk,
m=21,j=1

where

< ni(n — 1) ' ]mHnQ(ng 124
ni ny 1—1
B Y, 35,Y; — tr(T, %) Y

Bgzzz; 81 >)YTZY+ Z Z n2_1 — =Y, 5,Y;,  and
p

1=2 j= nl( i=n1+2 j=n1 +1
B4:i i MYTEQY-
i=1 j=ni+1 s (ng — 1) "

From this decomposition, it is easy to check Zizl E[B;] = 0. By Holder’s inequality,

var<§n:E[v,3m|fn,m ) =F [ZBk] <4 zi: 1B2].

Therefore, we only need to prove 0,43 _; E[B?] = o(1). Under assumptions C'1 and

C6, and by Corollary 4.2.2, for i,i; € {1,2} and j # j; € {1...,n}, we have
Var(Y;' 3,Y;) < C(®y + O3 + 3)tr{(Z:2(;))*}
and

Var(Y;' 3,Y;,) = E(Y;' Y, Y, 5,Y)) = tr(: 5,5 Zi g (1))

J1 g1
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Consequently, under assumptions C'3, Cy and C'7, we have

E[B}] = nz (—?;Var(Y;TZHYQ) + i MV&r(YTEQE)

4
=1 (

< Z an D) ————2LC(P1 + Py + 3)tr(E7) = o(0)h/n),

—1)3
ni 16 ny 1—1
BB =) ; Var (¥, 5,Y) + ) Z Var (Y, %,Y;)
i=1 1 i=2 j=1
16 32(ny — 1
<20 0@+ @y 4 D) r{ (5157 + %u{(m#} — ol /n),
ny 1—1 . n 1—1 .
64(ny — i)? T 64(n —4)? -
i=2 j=1 11 i=n1+2 j=ni+1 2\ 2
2
16(ni — 2) 4 4
= ; —Snf’(nz — 1)2tr(2i) =o(o,) and
N~ 16(n—j)? 8(2ny — 1)
E[B]] = — 5 Var(Y; 5,Y)) = ——————tr(2,%3) = o(0,,).
D=2 2 e 17 T Ot
That finishes the proof. ]

Lemma 4.8.3. Under the assumptions C1, C3- C7,

‘4ZE{ I(|Vim| > €)|Fm_1} —= 0, as n — oo, Ve > 0.
Proof. Since
ZE{ I(Vam| > €)|Fpm—1} < " qZE V| Frm—1),
m=2

for some ¢ > 2. By choosing ¢ = 4 the conclusion of the lemma is true if we can

prove
Y B )} = SR = k)
Note that N -
v =B (mX_j Gun) } = m_ E(h,) + 6 mZ B (6.

98



Now, for 1 <7 # j < m, under assumption C'l and C'6

m

B(64,) =cha B [B{ (Y, Yo 1P 1} | = b, BB (Y, YiY, Y2 o1}
= | [Var(yaniYiTmefnm_l) + trQ(YiYiTEamﬂ]
<ch {1+ C(®g + ®; + <I>2)}E{ (Yfzg(in)Z}
<t {14 C( + &, + cbg)}{\/ar(YiTEg(in) + tr2(29<z‘>29<m))}
<cha {14+ C(@0 + @1 + @)} [C(Dg + By + B)tr{ (S Zyimy)*)

+ tr2(29<i>zg<m>)] )
and

B(03,0%) =E{ E(03,0%, 1 Fam 1)}

=c2 . E{(Y, V.Y, Y,.) (Y, ;Y. V)| Frum1 )}

m-im

=c? 2 E{COV(YW—{KKTYTR, YWI}/}}/}TYm)Lan—l)

—Mimjm

+ (Y, gm0 (VY B |

<22, {1+ C(@o + 01+ 02) JE{ (¥ Sy YO (¥, Zgm ¥5) }

<o {1 4+ C(Po + D1 + o) Hr (i) Bgm) )t1(Zg(5) Zg(m))-

Thus, under assumption C'3, C'4 and C7, we have

n m—1 n m—1

S CEWVm]=> ) E(¢),) +6> ) E(¢},45,)

m=2 i=1 m=2 i<j
2

§{1 + C (Do + 0 + @2)} {Z mtﬁ(zf)
1 e
3

nin; nini(ng — 1)

+ZO{%} +O{M} = o(0y,)-

ning

1=

tr2(2122)tr(2§)}

]

Theorem 4.3.3, we just need to prove that Lemma 4.8.2 and Lemma 4.8.3 hold
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under assumptions C'3—C9. From the above discussions, it suffices to prove
4 n
Y E[B]]=o(oy), and Y E[V]=o(op).
k=1 m=2
In fact, by Theorem 4.2.1, under assumption C'3-C'9, we have

2 n

E[B}] = '"1 %V&r(i’fﬂlﬁ) + Z MV&r(YTEQE)

= Z nzﬁ((zn-z_ 11))30@)1 + 5 + y)tr(37) = o(0,),

16 Mol 6y
BB} =) — i SVar(Y, S.Y;) + > Y — ow; SVar(Y;' %,Y;)
i=1 1772 =2 j=1 172
16 32(n
<= 20(<I>1 + @y + 3)tr(23) + gtr{(ElZz) }=o(a}),
ni 2 n1n2
ni -1 _
n — Z
ZZ Var(YTz Y;) Z Z iy 1) ar(Y;TZQYj)
=2 5=1 i=ni1+2
2. 16(n
Z (= 2tr(24) =o(o}) and
N~ 16(n—j)? 8(2ny — 1)
E[B]] P Var(Y,'5,Y) = — (X, X3) = o(0?).
;] ;1 nlng(nQ —_ 1) ( i 2 ]) 3711”%(”2 _ 1) ( 1 2) ( n)

Further, for 1 <17 # j < m, under assumption C6,

) = E[E{ V4 Frm 1}] — cglmE[E{(Ynjn}fym)?mm_l}]
—ch B[ Var (VI Y, Yol P 1) + 603 (Y, )|
< E{C(@o+ By + @) (YY) + (Y g ¥7)*}
< [C(cpo + By + By) {Var(Y;TY;) + tr2(Sy) }
+ Var(Y,, 3 Yin) + tr2(29<z‘)29(m>)}
4 2 2 4 2 2

+ ot (g (i) Zgm))
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and

B (05071 =E{E<¢%m¢§m|fnm_1>} = G B{ (Y VY, Yo (Y Y)Y Y0 | P }
=c ¢ {COV(YTYKTYm, Y,,IleijYm)|-7'-nm—1)

im ]m

T (%Y, )G, Zgim) b
im“jm

<22, B{C(@ + @1+ ©2) (VYD (¥, X)) + (¥ Syom) YD (¥ Sy ¥5) }

<Cim ]m{C (Po + 1+ P2)tr (g (5)) tr(Zg () + tr(zgng(m))tr(Engg(m)}-

Thus under assumption C'3—C'9, we have

n n m—1 n m—1
DCEWVLI=D D E(gh,) +6> > E(,
m=2 m=2 i=1 m=2 i<j

< i Mtﬂ(z?) + 31— QtrQ(z )
= 2n}(n; — 1)* ' nin o

5 12(3, ) tr(52) +ZO{L4))}

nin3(ng — 1) n(n; —1)3

Fof "B LS o s of £

=o(al).

The last step is following from condition C'8 and C9 as
1
tr(B)tr(X)) < o{or*(3) + 0*(3)} < plor{ (Z0)*} + tr{(22)°}]
< ptr{(Z) + 29)?} = o(n’a),

for any i,j € {1,2}, and p = o(n°c).

4.8.2 Proof of Theorem 4.3.2 and Theorem 4.3.4

For Theorem 4.3.2, we will only present the proof of the ratio-consistency of tr(X%)
in (4.10) under assumptions C'1, C3-C7 as the proofs of the others follow along the
same lines. The proof of Theorem 4.3.4 proceeds along the same steps and, therefore,
is omitted. For notational convenience, we denote Xy; — p; as X, py as p, 35 as

3 and nq as n, since we are effectively in the one-sample situation.
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Proof of Theorem 4.3.2. It suffices to show that

— o ——

E{tr(X?)} = tr(X?) and Var{tr(X2)} = o(tr*(X?)).

Note that
—— 1 2
tr(%?) = > (X[ X;)? - s > (X X)X X))
2 it 3 itjtk
L L Y XX )X X)) = A+ A+ A
(n)4A : i J k l 1 2 39
i Ak
where
1 n
A=—)Y XX, XX,
1 (n)2 ; 7 J 7

and A;,7 = 2,3 are defined to be the corresponding terms in the equation.

It is obvious that E{tr/(-E\Q)} = tr(X?), since the E(Ay) = E(A43) = 0 and E(4;) =
tr(X%?). To prove Var{t@} = o(tr?(X?)), it is enough to show that E(A?) =
tr2(2?)(1 + o(1)) and E(A?) = o(tr?(X?)) for i = 2, 3. Indeed, under conditions C1,

C3-C,

1 " 2
2 T T
E(A2) :n2(n—_1>2E<ZXj X, X, Xj)
i#]
1 - T T 2 - T T T T
a 1>2E[Z2(Xj XXX+ 34X XX X, X X, X X,
i#j ik
+ Y XXX XX X,.X] Xl]
ik
2n —5 2 2 4 (n=2)(n=3) 5 o
—0{ 170 L2y {—}t > (S
O{n(n—l)}r( )+ 0 n(n —1) () + n(n—1) ()
=tr*(2%)(1 + o(1)),
E(A2) :LE( Zn: X.TX-XTX<)2< 1 E{Xn:n< Zn: XTXXTX.)Q}
2 {(n)3}2 =, [ J k ? = {(n)3}2 i AT 7 J k [

8 n n
:ﬂn—Z,}QZ S E(XiTXjX,IXi)Q)
i k(D)

:O{ (n— 1)1(n —2)

}tr2(22) = o(tr*(X?)),
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and

B(4) :{(7’34}2]5(#;#1 XiTXijTXl)Q
SWE{ in(n - 1)( i XZTXJ-X,IXZY}

77 k()
_2ln-1) 5~ N g XX, X, X))?
{(n)a}? ;#;ﬂj) < l >
1 2 2\ 2 2
:O{ TR }tr (X?%) = o(tr*(X?)),

the inequalities in the proof arise from application of Hélder’s inequality.

Copyright© Xiaoli Kong, 2018.
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Chapter 5 High-Dimensional Rank-Based Inference

5.1 Introduction

High-dimensional data have been the subject of theoretical and applied investigations
in the last few decades sparked by advance in technology that allowed large number of
observations to be collected from each analysis unit (subject). For example, genomic
studies, satellite imaging, modern diagnostic and intervention modalities generate
high-dimensional data. To analyze these data, in particular in the context of group
comparison or treatment efficacy, the asymptotic theory requires both the sample
size and dimension to diverge. Sparsity conditions that characterize the nature of the
within-unit dependence are also needed to establish the results. Some of these results
assume multivariate normality (Dempster, 1958, 1960; Fujikoshi et al., 2004; Schott,
2007a; Srivastava and Du, 2008; Yamada and Srivastava, 2012; Dong et al., 2017),
while others assume existence of higher-order moments and pseudo-independence in
the sense that higher order mixed moments factor into the product of the correspond-
ing univariate moments (Bai and Saranadasa, 1996; Chen and Qin, 2010; Srivastava
and Kubokawa, 2013; Hu et al., 2017) or other forms weaker dependence (Cai et al.,
2014; Cai and Xia, 2014; Feng et al., 2015; Gregory et al., 2015). The nonparametric
methods (Wang et al., 2015; Ghosh and Biswas, 2016) are essentially mean based and
also assume (generalized) elliptical populations.

In this Chapter, we pursue a fully nonparametric approach for high-dimensional
comparison of population or treatment groups in which neither existence of moments
nor pseudo independence assumptions are required. For brevity, we focus on the
two-group situation and extensions to more general cases will be outlined later.

For each i = 1,2, j =1,...,n; , assume X;; = (Xjj1,...,Xijp) to be identically
and independently distributed observations with marginal distributions X;;, ~ Fi,
which are assumed to be non-degenerate. Denote the total sample size by n =

n1 + no and let N = np be the total number of observations. Here, we are using the
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normalized version of distribution function, which is defined by

Fule) = S{Fi (@) + Fa(e)} = P(Xax < 2) + 3 P(Xa = 0

where Fji(z) = P(Xax < x) and Fj () = P(X;1, < z) are, respectively, the right-
and left-continuous versions of the distribution function. Using normalized distribu-
tion function allows us to treat the discrete and continuous cases in a unified manner

(e.g., Akritas et al., 1997). Define the nonparametric relative summary effect by
e = EUH (X)) = [ HdF,

fori =1,2and k = 1,...,p, where H(z) = N~' 37 _ {n1Fix(x) + naFor(z)}. Let

Z ~ H be a random variable, then it is an easy matter to show that
1

Therefore, w; indicates the tendency of observations on the k-th variables from group
i to be larger (smaller) than observations on a random variables from the average
distribution according as w;;, > 1/2(< 1/2). In view of this, we consider the testing
problem

Ho LW = Wo VS H1 LW # Wwa, (51)

where w; = (wj1,...,w;)" for i = 1,2. That is, the hypothesis is stated in terms
of wik, a quantity that does not involve any parameter nor require existence of any
moment. Besides these obvious advantages, the hypothesis in terms of the relative
summary effects does not impose equality of marginal nor joint distribution under the
null hypothesis. The significance of this versatility is that the treatment groups could
be different but in ways that are not interesting to the researcher. It can easily be seen
that hypotheses of equality of all marginal distributions or joint distributions between
the two treatment groups imply wip = wor for £ = 1,...,p. Mean vectors are not well
defined when some of the variable are measured in ordinal scales, rendering recent
high-dimensional parametric tests for comparing mean vectors: Bai and Saranadasa
(1996); Chen and Qin (2010); Srivastava and Kubokawa (2013); Ahmad (2014); Cai
et al. (2014); Feng and Sun (2015); Feng et al. (2015); Gregory et al. (2015); Xu
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et al. (2016) and nonparametric ones (Wang et al., 2015; Ghosh and Biswas, 2016)
inappropriate.

This Chapter is organized as follows. Asymptotic equivalence theory for quadratic
forms in ranks is developed in Section 5.2. Also in this section, a result on the trans-
fer of dependence on original observations to Asymptotic Rank Transforms (main
asymptotic tool of this Chapter) is stated. Section 5.3 introduces the test statis-
tic and develops asymptotic normality result for it. The extension of the methods
to mulit-group case is taken up in Section 5.4. A simulation study is carried out
in Section 5.5 to numerically show the performance of the new test in comparison
with competing methods. Section 5.6 uses high-dimensional Electroencephalograph
(EEG) data to illustrate the application of the new rank-method. Discussions and
some conclusions are summarized in Section 5.7. All proofs and technical details are

placed in the Appendix.

5.2 High-Dimensional Quadratic Forms in Ranks

The approach we follow in this Chapter seeks rank-based estimate of the relative
summary effects and uses these estimates to construct a high-dimensional asymptotic

test. It would be natural to estimate w;; by
Wik, = / HdFy,

where Fy, = %(Z?ZZ —i—]/fi;) where I/*T,g and ]31.; are the right- and left-continuous versions
of the empirical distribution function and H(z) = N~ izl[nlﬁlk(x) + noFop(2)].
More specifically, Fy,(z) = n; ! % c(r — Xij) where c(u) = {c (u) + c¢"(u)}/2,
¢ (u) = I(u > 0) and ¢t (u) :]_(1u > 0) are the normalized, left-continuous and
right-continuous, respectively, versions of the counting function.

Define the asymptotic rank transforms (ART) Y;; and rank transform (RT) }A’ij
by Yiy = H(X;j;;) and ?ijk = f[(Xijk), respectively. Let R;jr be the (mid-) rank of

Xijr among all the IV observations

{X1117 ... 7X1n117 X2117 CRC 7X27L217 o 7X11p7 s 7X1n1p7 X21p7 s 7X27L2p}'
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It is easy to see that the rank transforms are related to the ranks by the relation
}Afijk = NN Ry, — %) After some simplification, the estimator &;, can be expressed

as

_ IO 1 —
wik:nilznjk:N(Ri.k—l/Q)
=1

where R, = n; ! R;:r. It can be shown that @;; is Ly consistent for w;; under the
7 J

n;
j=1
asymptotic framework that n; and ns diverge but p is fixed.

Suppose T'(R) is a test statistic defined in terms of the ranks R, j; and let T(Y) and
T(?) be the same test statistic calculated based on the asymptotic rank transforms
Yijr and rank transforms S/}ijk, respectively. For our purpose, the test statistic will
be a quadratic form in R. To achieve weak convergence, we need the within-subject
dependence to be regulated. Using a regularity condition on dependence, we prove
a general result, which is useful to establish asymptotic equivalence of quadratic

forms in rank transforms )A/ijk and the analogous quadratic forms in asymptotic rank

transforms Y;;; under the high-dimensional asymptotic framework.

5.2.1 Regularity Condition on Dependence

A sequence of random variables X7, X, ... is said to be an a-mixing (strong mixing)
sequence (process) with mixing coefficients {ay, k = 1,2,...}, if

sup |P(ANB) — P(A)P(B)| < ay, as k — 0.
AGAZ,BEB;CJ,ZEZA'

where

./4[ = O'{Xl, Ce ,Xl}, BkJ = U{Xl+l<:aXl+l<:+1a .. }

and o(-) denotes the o-field generated by the random variables. Although this model
for dependence is particularly suitable for repeated measures data, it can also be mo-
tivated for more general data (Xu et al., 2016). In repeated measures data, measure-
ments corresponding to different subjects are independent and those corresponding
to the same subject are assumed to satisfy an a-mixing condition. The a-mixing
condition basically requires the dependence between two observations from the same

subject to decay as the separation between the observations (k) increases.
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Assumed a-mixing property on the process { X,k = 1,...,} for any 4, au-
tomatically transfers over to the process {Yj;x,k = 1,...,}. This fact, proved in
Bradley (2005), is summarized in Lemma 5.2.1 for convenience. As multiple a-
mixing sequences are involved in the lemma, we use identifier of the sequence in
the notation for the mixing coefficient ay. as a(X, k) for a given a-mixing sequence

X = {Xj. k € Z}, where Z is a countable index set.

Lemma 5.2.1. (Theorem 5.2 in Bradley, 2005) Suppose that X; = { Xy, k € Z,}
is a sequence of a-mixing random wvariables, for each i = 1,2,3,..., and they are
independent of each other. Suppose that for each k € Z, hy : RXRXR x--- - R
is a Borel function. Define the sequence U = {Uy, k € Z} of random variables by
Uk = he( X1k, Xok, Xak,-..), k € Z. Then for each m > 1, the sequence U is a-mizing
with mizing coefficient a(U,m) < 2, a(X;, m).

In applying this lemma to our situation, by its almost everywhere continuity, the
function H(z) is a Borel functions with a single argument. Therefore, the sequence
of ARTs {Yjx,k =1,...,} is an a-mixing process with the same mixing coefficients

as {Xijp,k=1,...,} foreachi=1,2and j=1,...,n,.

5.2.2 Asymptotic Equivalence of Quadratic Forms

Due to their simple linear relationship, a test statistic in terms of ranks can be
equivalently expressed in terms of the rank transforms (RT). The ART are asymp-
totic versions of RT at least for large n but fixed p in the sense that the two are
asymptotically close in probability (e.g., Brunner et al., 1999). The next theorem
will characterize the closeness (in the sense of Ly-norm) between quadratic forms in
ART and RT for the high-dimensional situation. The principal utility of this result
is that studying the asymptotic properties of quadratic forms in ARTSs is relatively

less involved because they are independent for different units (subjects).

Lemma 5.2.2. Suppose that for each i = 1,2,3,..., X; = { Xy, k =1,...p} is a
sequence of a-mizing random variables with ax = O(k™>). Suppose these sequences

X;,2 = 1,...n are independent of each other with marginal distribution X;, ~ Fj,
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fork=1,...,p. Let X = (Xy,...,X,)" be an xp matriz and Y and Y be the
corresponding matriz of same dimension whose components are the asymptotic rank
transforms and rank transforms, respectively, defined in Section 5.2. Let C = (ci)
be an n X n symmetric matrix with diagonals c;; = 0. And let

De = ZZ lci| and Se¢ = ZZ Z |carcal + Zcfk

i=1 k=1 i=1 k=1 I=1 i£k

Furthermore, let

Ty = tr(Y, CY,) = Vec(Y,) (I, ® C)Vec(Y,)
and

Vi = tr(Y,CY,) = Vec(Y,,) " (I, ® C)Vec(Y,,)

be two traces of p X p-matrices of quadratic forms generated by matriz C, where

Y, =Y —w, }A"w =Y —w and w is the n X p matriz of the expectations wy, = E(Yix)
foro=1,....n,and k=1,...,p. Then,

E{(Ty — Vn)*} = O(Dg/n*) + O(Sc/n),
as n,p — oo, while p/n — n € (0,00).

The zero diagonal condition on the quadratic matrix C typically holds for quadratic
forms arising from asymptotic manipulations of MANOVA and ANOVA decompo-
sitions (e.g., Akritas and Arnold, 2000). Asymptotic equivalence between quadratic
forms of RT and ART has been considered by Bathke and Lankowski (2005) for
univariate case and Bathke and Harrar (2008) in the multivariate case but small
and bounded p. The major improvement established in Lemma 5.2.2 is covering the

high-dimensional situation.

5.3 Test Statistic

A popular nonparametric test statistic literature (Brunner et al., 1997, 1999) is
the ANOVA-type statistic. The test considers N||@; — @s||? . More precisely, the
ANOVA-type statistic is defined by

L= = 2
Q= NHRL — R, ||

109



where R; = (R;y,...,Ri,)". Besides its simplicity, the ANOVA-type test has fa-
vorable small sample properties in terms of controlling Type I error rate and having
power advantage over the popular Wald-type test (Brunner et al., 1997). When the
dimension p is fixed, asymptotic theory seeks to establish root-n asymptotic equiva-
lence between centered versions of @ and averages of independent random variables
where standard limit theorem are applied on the later (e.g., Akritas et al., 1997;
Brunner et al., 1997, 1999). This manipulation is not applicable when the dimension
as well as sample size go to infinity.

In the high-dimensional inference, the ANOVA-type test as defined above is not
particularly convenient to work with. Let R = (Ryy,..., Ry, Ro1, ..., Ra,,) where
R;; = (Rij1,...,Rijp)". Harrar and Bathke (2008) studied the difference between
the rank-based quadratic forms H(R) and G(R), where

2 2
1 1
H(R)=R [(@ n_1n> P, (@ n_l’:’>] R" = RC\R" and
1 i;l ' 1 i=1 " (5.2)
= — E— L T

G(R) =R [@ e r— n] R" =: RC,R

,
to construct a valid nonparametric test. Here, @ A; is the block-diagonal matrix
i=1

whose diagonal blocks are Ay, ..., A,. Interestinglgf, 2tr(H(R) — G(R)) is the same

as the test statistic

n T n T n n T
T.(R) = Zz;ij R R, n Zz;] R, Ry; B 221-:11 Zjil RliR2j7

ni(ny — 1) ns(ng — 1) niNoy
studied by Chen and Qin (2010) but defined on (mid-) ranks. When applied to
the original data set X, Chen and Qin (2010) noted that the L, based statistic
of Bai and Saranadasa (1996) and the ANOVA-type statistic contain terms that
are not useful for testing mean differences in high dimensions but rather complicate
theoretical derivations. Therefore, the difference in 2tr(H — G) exclude terms that
are asymptotically negligible, whereby making the asymptotic manipulation tractable
without adverse consequence on performance. Furthermore, F(H(X) - G(X)) =0

if and only if E(Xy;) = E(X2;). Motivated by these, we adapt the test statistic of
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Chen and Qin (2010) and define it in terms of (mid-) ranks to make it useful for the
nonparametric hypothesis.

Unlike most high-dimensional tests, no assumption on the covariances nor higher
moments of the data are required in this Chapter. Indeed, none of the moments have
to exist for the validity of the asymptotic results derived in this Chapter. To establish
the weak convergence theory, however, we require the dependence among the different
variables to be regulated by imposing a local dependence structure in the form of a
strong mixing condition. Similar assumptions are also required, for example, in Cai
and Xia (2014); Gregory et al. (2015); Xu et al. (2016) among others. Of particular
note, Xu et al. (2016) provide a motivation for such type of condition in context of
Genome-Wide Association Studies (GWAS).

Using the assumed regularity condition on the dependence, we establish a general
result useful to establish asymptotic equivalence of quadratic forms in terms of the
RT }A/;jk and the analogous quadratic forms in ART Yj;, under the high-dimensional
asymptotic framework. This result will be instrumental because it allows us to estab-
lish the equivalence between the rank-based statistics 7,,(R) and its analog based on
the asymptotic rank transform 7,,(Y). Note that the later one is a function H(X,j;),
for all 4, j, k which are independent over for different values of ¢ or j. Furthermore, H
is the average of all marginal distribution functions. That is, it is uniformly bounded
by 1, which guarantees the existence of all its moments. These two facts make 7,,(Y")
amenable for treatment by existing high-dimensional results (e.g., Chen and Qin,
2010; Hu et al., 2017) under the relaxed conditions given in Chapter 4, cited as Kong
and Harrar (2018a).

Denote w; = E(Y;) and X; = Var(Yj;) for i = 1,2. Defining Y
?Zj = )A’Zj —w; and Rf; = R;j — wg,;, where wg; = E[R;;] = Nw; — 31,. Let

02 = Var(T,(Y°)) = #tr(Zf) +

2
tr(32) +
nl(nl . 1) ( 2)

HQ(TLQ — 1) nin9

tr(ElZJQ).

It is obviously that
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Before we state the asymptotic results for the rank-based test, we list some con-

ditions below for ease of reference.

D1: As p — o0, X;; = {Xjju,k = 1,...,p} is an a-mixing random vector with

= O0(m™) as p — oo.

D2: The sample sizes diverge proportionally, i.e. ni/n — k € (0,1), where n =

ny + no.

D3: The covariance matrices satisfy the regularity condition tr(3;3;,3,,%;,) =
0 [tr2{(21 + 22)2}] for il, ig, ig, i4 S {1, 2}

D4: The mean vectors w; and wy satisfy (w; —wy) " X;(w; —ws) = o [tr(T; + o).
D5: The covariance matrix 3;, i = 1,2, satisfies tr{(2; + X3)?)} — oo as p — oc.
D6: p/n — n € (0,00) as n,p — 0.

As it turns out, assumption D1 and D6 are sufficient to establish high-dimensional
asymptotic equivalence between the test statistics defined in terms of ranks and de-

fined in terms of ARTs.
Theorem 5.3.1. Under assumptions D1 and D6,
Tn(f’c) —T,(Y®) = 0y(0y,), as n,p — oo.

Recall that, for each ¢ = 1,2, Y;; are iid with mean w; and covariance X; for
j = 1,...,n;. The components of Y;; are bounded random variables and, hence,
moments of any order exist. Therefore, by applying Theorem 4.3.3 (Theorem 3.3 of
Kong and Harrar, 2018a), we get asymptotic normal distribution for 7'(Y*).

Theorem 5.3.2. Under assumptions D1-DG6,
o\ T,(Y°) 25 N(0,1), as n,p — .

Theorems 5.3.1 and 5.3.2 afford us asymptotic normal distribution for the rank

based test statistic T(R).
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Theorem 5.3.3. Under the null hypothesis and assumptions D1-DG6,

T,(Y
) i>J\/’(0,1), as m,p — oo.

0-77/
In terms of the ART vectors Y;;, unbiased and consistent estimator of o2 can be
constructed by consistently estimating tr(3?) and tr(3;3;). These estimators can

be obtained by using the results in Kong and Harrar (2018a). Define

ng

(n) Z tr{(xkl - Kkz)(xleﬁ - Yik2>T
/4 k1#ko#l #l2

— 1

(2?) =

(Ya, = Yau) (Y, = Ya) "}, (5.3)

and
— 1

(2, 3,) = ———— t{Y Y ) (Y — Vi) T
r(X;3) (n)a(n2) k;ﬂgb rq (Y, 1) (Yik, \ks)

(Yo, = You) (Yo, — Ya) T}, (54)
where (n;)r = n;!/(n; — k)!.

Theorem 5.3.4. An unbiased and, under assumptions D1-D6, a ratio-consistent
estimator of a2 is
9 2 — 2 — —=

= tr(¥? —tr(X2 tr(:3,).
9 nl(nl—l) I'( 1)+n2(n2_1) I'( 2)+n1n2 r( 1 2)

The fact that the ART random vectors Y;; are unobservable limits the application
of this estimator in practice. A reasonable approach to fill the gap is to replace the
ARTs Y;; by the RT ﬁj, their empirical version, to get a computable estimator. The
resulting estimator of o2 will be denoted by 3,21(?)) Therefore, for an approximate

size o test, we propose the test that rejects Hy if T,,(Y))/Gn(Y)) > 2o where 2, is

the 1 — a quantile of the standard normal distribution.

5.4 Multi-group Test Statistic

To facilitate a formal extension of the two-group test to a multi-group situation, we

recall that the two-group test statistic can be expressed as T,,(R) = 2 tr(H(R) —
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G(R)) where H(R) and G(R) are as defined in (5.2). The matrices C; and C, can

be formally extended to the a-group situation as

a a T a
- (@) (@) e (-D@imign 0

i=1 =
Now let X;; = (Xjj1,...,Xijp)" be the jth observation vector in the ith group and
assume Xj;; are iid with joint distribution Fj fori=1,...,a and j =1,...,n;. With

the matrices in (5.5), it can be shown that a formal extension of the test statistic to

the a-group situation is

Ton(R) = a tr(H(R) — G(R))

T n;
:(a_l)zzk;iszk 1l ZZ 1 11R1Tk i1l
ni(n; — 1) ning,
1<
where Rz'j = (Rz’jla R 7R¢jp)—r and Rijk is the (Iﬂld—) rank of Xz‘jk among all N =n XDp
observations and n = n; + - - - + n,. Along the same lines we get asymptotic normal

distribution analogous to Theorem 5.3.2 in the a-group situation with o2 defined by

a

2(a —1)? ‘L4
2 — . tr(32? —tr(3;32,).
On ; nz(nz . 1) I‘( 1) + ; nins I‘( ])

where ; = Var(Y;), Y = (H(Xin), ..., H(X;1,)) " and

k=1 i=1

2

With estimator of o also defined analogously, an approximate size « test can be

constructed.

5.5 Simulation Study

In this section, we report results of simulation study intended to compare the empir-
ical sizes and powers of the rank-based test, the CQ test defined in Chen and Qin
(2010) and the SK test defined in Srivastava and Kubokawa (2013). Data for the ith

group is generated from:

(i) Multivariate normal distribution with mean p; and covariance X;, N (w;, ;).
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(ii) Multivariate ¢ distribution with location vector w;, and scale matrix 3; but

degrees of freedom fixed at 1y = 6 and v = 8 in groups 1 and 2, respectively.

(iii) Contaminated multivariate normal distribution with pdf

filz|pi, i, a5, m) = aip(| i, i) + (1 — o) o, 1:%5)

where ¢(x|p,X) is the pdf of the multivariate normal N (u,X). The other

parameters are fixed at n; =5, oy = 0.5, 92 = 3, and ap, = 0.1
(iv) Multivariate Cauchy distribution with location vector p; and scale matrix ¥;

These distributions represent light, moderately-heavy and very-heavy tailed distribu-
tions with the possibility of getting outliers.

The empirical size of the rank-based, CQ and SK tests are presented in Tables
5.1-5.4 in which we fix g1 = po = 0, and consider three settings for 33; and X9, here
in after denoted by 3;; and 35, respectively, for [ = 1,2, 3. The three settings are:

| =1: ¥, =051, +0.5J, and X1 = 0.9, + 0.1J,,
| =2: 39 = (0.5V7711) and Zgy = (0.10771]),
[ =3: 331 = (0.5)5 — j1|~"?) and 3y = (0.1]5 — 71| 7/?).

The sizes as well as powers are calculated for 10, 000 replications and the actual level
of significance is set at a = 0.05.

From Tables 5.1-5.4, the performance of CQ and the new rank-based method are
about the same for all covariance structures and population distributions except that
the rank method show a liberal tendency when the covariance between observations
is constant or decays at a slow rate (k~'/2). Regardless, the quality of approximation
generally improves as the sample size and dimension increase. The hypothesis for the
CQ method is equality of mean vectors where means do not even exist for the Cauchy
distribution. Despite all the strong moment assumption made, its performance in
terms of the empirical size is comparably well to the rank-based method. SK is

designed for equal covariance situation. However, it showed reasonable performance

115



Table 5.1: Achieved Type I error rate for multivariate normal distribution with p; =
p2 = 0, and three different pairs of (2;1,%;,) for [ =1,2,3.

211 and 212 221 and 222 231 and 232
P (n1,n2) CQ SK  Rank CcQ SK  Rank CcQ SK  Rank
(50, 90) 0.074 0.089 0.077 0.061 0.062 0.063 0.062 0.069 0.061

50  (100,150) 0.068 0.059 0.071 0.059 0.055 0.057 0.068 0.068 0.067
(200,240) 0.072 0.042 0.078 0.055 0.047 0.057 0.063 0.058 0.062

(50, 90) 0.074 0.074 0.075 0.057 0.060 0.060 0.059 0.069 0.061
100 (100,150) 0.072 0.056 0.076 0.061 0.061 0.063 0.065 0.070 0.064
(200,240) 0.066 0.028 0.070 0.059 0.054 0.059 0.060 0.057 0.059

(50, 90) 0.072  0.057 0.075 0.058 0.061 0.061 0.066 0.082 0.067
200  (100,150) 0.071 0.040 0.074 0.058 0.058 0.057 0.063 0.070 0.062
(200,240) 0.070 0.023 0.074 0.057 0.053 0.058 0.068 0.067 0.069

(50, 90) 0.077 0.049 0.079 0.056 0.057 0.055 0.064 0.082 0.062
400  (100,150) 0.073 0.031 0.077 0.055 0.056 0.055 0.057 0.069 0.059
(200,240) 0.070 0.017 0.074 0.057 0.053 0.057 0.060 0.062 0.059

(50, 90) 0.073 0.032 0.076 0.052 0.050 0.053 0.060 0.075 0.058
800  (100,150) 0.066 0.021 0.070 0.055 0.054 0.057 0.060 0.071 0.060
(200,240) 0.069 0.010 0.073 0.056 0.052 0.054 0.061 0.063 0.061

(50, 90) 0.077 0.024 0.080 0.0563 0.047 0.052 0.059 0.075 0.061
1600 (100,150) 0.075 0.015 0.077 0.053 0.050 0.051 0.061 0.072 0.061
(200,240) 0.072 0.007 0.076 0.049 0.045 0.049 0.059 0.059 0.057

Table 5.2: Achieved Type I error rate for multivariate ¢ distribution with p; = ps =
0,, degrees freedom vy = 6, v, = 8, and three different pairs of (X;1,%;,) for [ = 1,2, 3.

211 and 212 221 and 222 231 and 232
P (n1,n9) cQ SK  Rank cQ SK  Rank CcQ SK  Rank
(50, 90) 0.073 0.091 0.077 0.060 0.064 0.061 0.069 0.076 0.065

50  (100,150) 0.071 0.065 0.075 0.064 0.064 0.065 0.065 0.068 0.064
(200,240) 0.069 0.041 0.073 0.064 0.057 0.064 0.063 0.057 0.063

(50, 90) 0.077 0.078 0.075 0.063 0.065 0.062 0.068 0.079 0.066
100 (100,150) 0.071 0.0563 0.078 0.061 0.061 0.061 0.059 0.067 0.059
(200,240) 0.072 0.036 0.081 0.059 0.051 0.058 0.061 0.055 0.062

(50, 90) 0.069 0.055 0.074 0.059 0.048 0.057 0.064 0.071 0.064
200  (100,150) 0.070 0.041 0.076 0.059 0.052 0.060 0.061 0.062 0.059
(200,240) 0.070 0.025 0.073 0.059 0.046 0.062 0.065 0.057 0.066

(50, 90) 0.073 0.048 0.076 0.057 0.033 0.057 0.068 0.060 0.063
400  (100,150) 0.071 0.031 0.080 0.056 0.039 0.059 0.059 0.055 0.061
(200,240) 0.071 0.018 0.074 0.055 0.036 0.051 0.059 0.049 0.062

(50, 90) 0.073 0.033 0.074 0.056 0.013 0.054 0.058 0.036 0.058
800  (100,150) 0.071 0.022 0.074 0.053 0.018 0.054 0.058 0.042 0.056
(200,240) 0.067 0.010 0.073 0.055 0.018 0.054 0.056 0.037 0.056

(50, 90) 0.077 0.023 0.080 0.052 0.004 0.052 0.060 0.020 0.060
1600 (100,150) 0.075 0.013 0.075 0.050 0.005 0.048 0.063 0.028 0.062
(200,240) 0.068 0.007 0.075 0.052 0.006 0.053 0.059 0.024 0.058
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Table 5.3: Achieved Type I error rate for multivariate contaminate normal distribu-
tion with py = e = 0,, 1 =5, oy = 0.5, n, = 3, ap = 0.1, and three different pairs
of (3;1,%,) for i =1,2,3.

211 and 212 221 and 222 231 and 232
P (n1,n2) cQ SK  Rank CcQ SK  Rank cQ SK  Rank
(50, 90) 0.072 0.110 0.078 0.063 0.276 0.066 0.073 0.219 0.079

50  (100,150) 0.069 0.075 0.078 0.066 0.189 0.067 0.067 0.151 0.073
(200,240) 0.068 0.043 0.080 0.066 0.102 0.064 0.062 0.085 0.071

(50, 90) 0.071 0.096 0.075 0.065 0.391 0.065 0.065 0.284 0.070
100 (100,150) 0.073 0.067 0.082 0.056 0.243 0.056 0.067 0.187 0.073
(200,240) 0.069 0.036 0.081 0.060 0.120 0.060 0.060 0.093 0.069

(50, 90) 0.071  0.079 0.079 0.057 0.543 0.058 0.066 0.393 0.071
200  (100,150) 0.072  0.050 0.079 0.059 0.356 0.058 0.062 0.253 0.073
(200,240) 0.071 0.028 0.082 0.060 0.144 0.058 0.064 0.113 0.073

(50, 90) 0.079 0.069 0.087 0.054 0.739 0.054 0.062 0.538 0.070
400  (100,150) 0.073 0.040 0.081 0.057 0.521 0.058 0.063 0.344 0.070
(200,240) 0.070 0.020 0.076 0.059 0.189 0.057 0.061 0.135 0.068

(50, 90) 0.073 0.047 0.079 0.053 0.896 0.057 0.059 0.711 0.065
800  (100,150) 0.072 0.028 0.077 0.049 0.702 0.052 0.064 0.482 0.070
(200,240) 0.070 0.011 0.078 0.054 0.247 0.054 0.064 0.168 0.072

(50, 90) 0.072 0.033 0.078 0.047 0.978 0.049 0.061 0.876 0.065
1600 (100,150) 0.071 0.016 0.081 0.054 0.882 0.053 0.060 0.654 0.066
(200,240) 0.066 0.007 0.076 0.052 0.316 0.049 0.059 0.209 0.065

Table 5.4: Achieved Type I error rate (x100%) for multivariate Cauchy distribution
with gy = poy = 0,, and three different pairs of (3;;,%,) for I = 1,2, 3.

211 and 212 221 and 222 231 and 232

P (n1,n9) cQ SK  Rank CcQ SK  Rank cQ SK  Rank

(50, 90) 0.071 0.010 0.070 0.056 0.000 0.060 0.057 0.001 0.066
50  (100,150) 0.071 0.006 0.070 0.051 0.000 0.065 0.056 0.000 0.066
(200,240) 0.070  0.003 0.073 0.053 0.000 0.066 0.060 0.000 0.062

(50, 90) 0.071 0.007 0.070 0.051 0.000 0.060 0.053 0.000 0.063
100  (100,150) 0.073 0.005 0.075 0.049 0.000 0.061 0.056  0.000 0.059
(200,240) 0.073 0.003 0.074 0.051 0.000 0.059 0.0564 0.000 0.063

(50, 90) 0.075 0.004 0.075 0.048 0.000 0.057 0.054 0.000 0.057
200  (100,150) 0.075 0.002 0.073 0.049 0.000 0.057 0.054 0.000 0.058
(200,240) 0.074 0.001 0.075 0.048 0.000 0.056 0.055 0.000 0.063

(50, 90) 0.072 0.004 0.074 0.046 0.000 0.055 0.054 0.000 0.061
400  (100,150) 0.074 0.001 0.072 0.049 0.000 0.058 0.054 0.000 0.064
(200,240) 0.073 0.000 0.069 0.048 0.000 0.056 0.049 0.000 0.055

(50, 90) 0.069 0.001 0.076 0.045 0.000 0.052 0.051 0.000 0.063
800  (100,150) 0.079 0.001 0.074 0.046 0.000 0.052 0.051 0.000 0.058
(200,240) 0.071 0.001 0.073 0.046  0.000 0.056 0.054 0.000 0.056

(50, 90) 0.075 0.001 0.075 0.046 0.000 0.053 0.051 0.000 0.060
1600 (100,150) 0.072  0.000 0.072 0.044 0.000 0.053 0.051 0.000 0.059
(200,240) 0.068 0.000 0.071 0.046 0.000 0.049 0.054 0.000 0.057
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for the lighter tail (multivariate normal and ¢ with df > 6) distributions but can not
be recommended for heavy tailed populations.

The power plots of the rank-based test, CQ test and SK test are displayed in
Figures 5.1-5.3. To keep the investigation manageable, while showing the essential
features, we limit the power plots to multivariate ¢, multivariate contaminated-normal
and multivariate Cauchy populations. For the alternative points, we consider p; = 0,
and py = (a1, ..., figp) | Where pgy are iid Uniform(0,d) for 6 € {0,0.1,0.2,...,1}.
In the left panel of each figure, the covariance structure [ = 2 (¥; = 39 and
3y = ¥99) are used and in the right panel the covariance structure | = 3 (£, = 3,
and ¥y = ¥35) are used. The sample sizes will be fixed at n; = 100 and ny = 150,
but three different dimensions p = 50, 100 or 200 are investigated.

Figure 5.1: Power comparison of the test for the locations when a = 2, for p =
50,100 or 200, and n; = 100 and ny = 150. Data are generated from multivariate ¢
distribution with u; and ¥; with degrees of freedom v; for ¢« = 1,2. In both plots,
w1 =0, and po = (Ua1,. .., piop) " where gy are iid Uniform(0,4); v, = 6 and vy = 8.

In the left panel, ¥, = (0.5V=711) and ¥, = (0.1V771) are used. In the right panel,
2, = (0.55 — j1|7Y?) and £y = (0.1]5 — 51|/?) are used.
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Figure 5.2: Power comparison of the test for the locations when a = 2, for p =
50,100 or 200, and n; = 100 and ny = 150. Data are generated from multivariate
contaminate normal distribution with p;, 3;, n; and «; for + = 1,2. In both plots,
w1 =0, and py = (pa1, ..., fizp) " where pgy are iid Uniform(0,6); 7, = 5 and 0y = 3;
a; = 0.5 and ay = 0.1. In the left panel, 3; = (0.5F=71l) and ¥, = (0.17791) are
used. In the right panel, 3; = (0.5]5 — j1|7/2) and 2y = (0.1]5 — j;|7/?) are used.
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It is clear from Figure 5.1 that the performances of all the three methods (CQ, SK
and rank-based) are comparably well for the lighter tail (multivariate ¢ with df > 6)
distribution, but rank-based method has a slight edge. For the contaminated-normal
distribution (Figure 5.2), SK shows a liberal tendency (see also Table 5.3), but the
other two perform well. Here, rank-method has a more pronounced edge over CQ.
For Cauchy distributions, the rank-based method which does not require existence
of any moments of the population shows an overwhelming power advantage over the
other two methods. For all the three distributions, the faster decaying covariances in
structure [ = 2 yield higher power compared to the slower decaying ones in structure
[ = 3. Furthermore, for the alternatives considered in this simulation, larger values

of p lead to higher powers than a smaller value of p.
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Figure 5.3: Power comparison of the test for the locations when a = 2, for p = 50, 100
or 200, and n; = 100 and ny = 150. Data are generated from multivariate Cauchy
distribution with p;, 3;, for i = 1,2. In both plots, gy = 0, and g = (a1, . . -, fi2p) "
where fip; are iid Uniform(0, ). In the left panel, X; = (0.597911) and Xy = (0.19751])
are used. In the right panel, 3; = (0.55 — j1|~%/?) and Xy = (0.1]j — j;|7Y/?) are
used.
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5.6 Real Data Application

The Electroencephalograph (EEG) data® found at the University of California-Irvine
Machine Learning Repository was from a large study to examine EEG correlates
of genetic predisposition to alcoholism. Sixty-four electrodes were used to measure
Event-Related Potentials (ERP) recorded 256 times for one second. Each channel
(electrode) has name identifying the location of the electrode on the scalp. The
names are made up of a letter identifying the anatomical location of the placement
of the electrode (F—frontal lobe, T—temporal lobe, P—parietal lobe and O-occipital
lobe) and a number identifying the hemisphere of the brain (odd number — the left

hemisphere and even number — the right hemisphere and letter z (zero) is used for

'Web Address: https://archive.ics.uci.edu/ml/datasets/EEG%2BDatabase
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the mid-line). The exception to this naming rule is that, due to their placement and
depending on the individual, the “C” electrodes can exhibit/represent EEG activity
more typical of Frontal, Temporal, and some Parietal-Occipital activity.

ERP reading from an electrode indicates the level of electrical activity (in volts)
in the region of the brain where the electrode is placed. There are two groups of
subjects in the study: alcoholic and control. Each subject was exposed to either a
single stimulus (S1) or to two stimuli (S1 and S2) which were pictures of objects
chosen from a picture set. For a more detailed account of the EEG data, see Harrar
and Kong (2016). In this Chapter, we analyze the data only for the single stimulus
(S1) exposure using CQ and the rank method.

FDR adjusted p-values for channel-by-channel results of CQ) test and rank-based
method are displayed in Figure 5.4. In the left panel, bar plot of the FDR adjusted
p-values are shown. The horizontal reference line (black dashed line) marks a = 0.05
level of significance. From panel (a), we note that the rank-based method declares the
brain activity of one more channel to be significantly different compared to the CQ
method. Considering the power advantage the rank-method demonstrated in the sim-
ulation study, its results are more reliable and trustworthy. The minor disagreement
aside, the locations where differences are detected by rank-method are displayed in
panel (b) to put the results in perspective. The picture depicts the scalp of a human
viewed from the top, the triangle marking the nose. The locations of the electrodes
are indicated by bubbles. The color of the bubbles indicates whether the brain ac-
tivity pattern for that channel is significantly dissimilar (red) or not significantly
different (green).

Interestingly, the results show a markedly-distinct patch of significant difference
in brain activity in the central part of the frontal lobe of the brain. This section of
the frontal lobe is responsible for cognitive function, emotion control, self awareness,
judgement and talking — activities known to be affected by alcohol at least temporar-
ily. No significance difference was found in the outer peripheral channels of the frontal
lobe. Significant difference occurs only on some the C channels. No significant differ-

ence was detected on the C channels that are expected to show frontal-type activity
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Figure 5.4: Channel-by-Channel results for EEG data for testing equality in brain
activity between alcoholic and control subjects. (a) Bar plots of FDR adjusted p-
values for CQ and rank-based methods (b) Locations (on the scalp) of significant
results for rank-based method. Green (Red) means that the the difference between
the two groups is statistically significant (insignificant).
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except on channels C4 and C6. However, there is always significant difference on
channels where parental or occipital type activity is expected. With the exception
of T7, the other three temporal lobe channels (T8, TP7 and TP8) are showing sig-
nificant difference. The activity levels in all the parietal or occipital lobes channels
are significantly different between the two groups. These two lobes largely control
temperature, taste, touch, movement and vision functions — functions that are likely
to sustain effects from alcohol use. In summary, except in the peripheral areas of
the frontal lobe, alcohol use is associated with change in the electrical activity of the

brain.

5.7 Discussion and Conclusion

A fully nonparametric high-dimensional rank-based method for comparison of treat-
ments or populations is developed. No assumption is made on the distribution of the

population except that the dependence between the variables are required to satisfy
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some mild conditions. The assumptions, for example, hold for linear process type
dependence or dependence that decays polynomially fast. The numerical results have
unequivocally shown that when data has heavy tails to preclude existence of mo-
ments, then the rank-method has a superior power. From data analysis perspective,
the application of this method would be a safe strategy when data is in ordinal scale
or exhibits outliers. From theoretical stand point, when none of the moments can
be assumed to exist, formulation of hypothesis in terms of mean vectors does not
make much sense. This Chapter formulates hypothesis in terms of the nonparametric
measure of effect, which is always well defined whether the moments or densities exist
or not.

The theory is worked out in detail for the two-group (two-sample) situation and
the extension to the multi-group case is outlined. The detail derivation in the later
case essentially follows along the same lines. The formal extension to a factorial
structure is not difficult to envision. The details, with the necessary assumptions,

need to be carefully examined. We defer this topic for a future investigation.

5.8 Appendix: Proofs
For notation simplification, denote X, as X; and Xy; as X, ;. Let
91(Xir) = H(Xix) — wie,  92(Xar) = ﬁ(sz) — H(Xa),

and

1
G(Xik7Xi1k1) = N{C(Xi’ﬁXilkl) - E1k1 (XZ )}

It is obvious that

n p
92(Xit) = D) G(Xip, Xiyr)»

i1=1 k=1
g1 and gy are bounded by 1 and G is bounded by 1/N. The mean of ¢;(X;;) is 0 and
that of G(X;k, Xi,k, ) can be found by considering the following three cases:
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(i) If i # 4y, then

E{G( ik Zlkl)} = %E |:E{C<Xik7Xi1k1) - Fi1/€1 (Xlk)|sz}]

= NE{QP(XMI = Xie| Xir) + P(Xiyr, < Xir|Xir) — E1k1<Xik)}

1
= NE{Filkl(Xz‘k) — Fik, (X))} =0

(i) If i =4y and k = ky, then G(X, Xir) = 5 — Fir(Xix), which has mean 0.

1
2
(iif) If ¢ =4, but k # ki, then G(Xy, Xyx,) is bounded by <, so is its mean.

Proof of Lemma 5.2.2. Using a decomposition similar to Bathke and Lankowski

(2005) (seel also, Wang and Akritas, 2010b),

Ty = Vee(Y,) (I, ® C)Vec(Y.)
—Vee(Y - Y +Y —w) (I, e C)Vec(Y —Y +Y — w)
— Vy +2Vee(Y = Y) (I, ® C)Vec(Y — w) + Vee(Y —Y) (I, ® C)Vec(Y —Y)
=Wy +20{(Y - Y) CY —w)} +t{(Y - Y)'C(Y - Y)},

we have
E{(Ty — Vy)?} < 8E [u?{(f/ YY) C(Y - w)}] +2F [n?{(ff Y)Y ey - Y)}].
Therefore, it will be sufficient to show that

E [uﬁ{(ff )oY - w)}] = O(D%/n?) + O(Sc/n), (5.6)
and

E[trQ{ Y -Y) o - Y)}} = O(D%/n?) + O(Sc/n). (5.7)

To prove (5.6), observe that

E [trg{(f,— _ Y)TC(Y _ w)}} = E[{ i Cij igl<Xik)92(Xjk>}2:|

i#£j k=1
< Z |C”LJ| |Cl1]1|E{Zgl ik g2 Jk Zgl 21k1)92(XJ1k1)}
i#J,41751 ki=1
=Y el 3 3 B0 (X (Ko )G X G (Xt X))

i#£5,51 751 k,k1,k2,k3 j2,73
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Note that the summation of the expectations is zero if the number of different indices

in the set {4,11, 7, j1, J2, J3} is five or six. We consider several cases to evaluate the

term in the square bracket,

Case 1:

Case 2:

Case 3:

p
Z Z E{gl (Xik)gl (Xi1k1)G(Xjk7 Xj2k2)G(Xj1k17 stks) }

k k1 ki ks G2,
If 75, 73 are both equal to one of the indices i,41,5 or j; and ,1y, 7, 7; are all
different. The summation of expectations vanishes except when {j, = 7, j3 = i1}
or {j» = i1,73 = i}. For each of these situations, the summation is O(1/n?)

because

p
Z E{gl (Xik)gl (Xilkl)G(Xjkv X’ikz)G(lek‘u Xi1k3)}

k,k1,k2,k3
p
= Z E[E{gl(Xik’)G(Xjk?XikQ)gl(Xilkl)G(lek’uXi1k3)|Xjk7Xj1k1}:|
k,k1,k2,k3
& 1
<16 Z a|k2—k‘a‘k3—k1|ﬁ = O<p2/N2> = O(l/n2)’

k,k1,k2,k3

where the last inequality follows from Lemma 2 of Billingsley (2012, Section
27).

If jo, j3 are both equal to one of the indices 7, i1, 7 or j; and there are three differ-
ent numbers in {1,171, j, j1}. We breakdown this case into two sub-cases: i = i;
or ¢ # i1. In any these cases, we can prove that the summation of expectations

(with their respective coefficients c;;¢;j,, ¢ijciyi or ciiy ¢y i) s O(p*/N?) = O(1/n).

If j5, 73 are both equal to one of the indices i, i1, j or j; and there are two different
numbers in {4,141, 7, j1}. Itt must be that ¢ = iy and j = j;, or i = j; and j =iy
because i # j and 7, # j1 (¢;; = 0 and ¢;,;, = 0). There are four different
possible values for j5 and js: {jo = j3 =i}, {jo = js = j}, {jo = 4,43 = j}, or
{j2 = j,j3 = i}. For each combination, the summation of expectations (with
their corresponding coefficients ¢; or ¢;;c;;) is O(p?/N?) = O(1/n) . To see this,

we only prove here the case when i = j1,1; = j, 72 = J,J3 = t and k, ky, ko, k3 are

125



all different. The proofs of the other cases follow along the same lines. Indeed,

p

> g1(Xi) G ( Xy Xty )91 (X )G (X, Xy
ktk1 £ko£ks

p
= > B{a(XG(Xay, Xa) FE{ 01 (X506 (G0, X)
k£k1 £koA£ks

p 2

24

< > ~z -k = O(W°/N?),

k#k1#kaFks

while the last inequality follows because

E{g1 (Xik)G(Xikl ) Xikg)} = %E [E{gl(Xik)GQ(Xikla Xik3)|Xik> Xiky }]

1 24 1,

= NE[gl(Xik){FXik3|Xik,Xikl (Xir,) — Fikg(szl)H S N ki

by Lemma 3 of Billingsley (2012, Section 27).

Case 4: When j, equals one of the indices 1,41, 7, j1, but j3 is different from all of them,

then X i, is independent of the others, so the summation of the expectation

sks

vanishes since

E{G( 31k17Xj3k3>} =0, for j3 7é jl-

Case 5: When both the indices j, and j3 are different from ¢, 41, j and j;, the expectation
vanishes again, except when j, = j3. In the later case, since g;(X;;) has mean
0, we need to look at the cases {i = i;} or {i # i1, ¢ = j1, i1 = j}. In both of
these cases, we have the summation of the expectations to be O(1/n). To see

this, if i = i1,

Z E{gl (Xik)gl (XUﬂ) Z G(Xjk7 Xj2k2)G(XJ1k17 Xj2k3)}

k,k1,ko,k3 J2¢{i,5,51}
<4Zauﬂ WY Z k] = O(np?/N?) = O(1/n).
k,k1 Jzé{wﬂ}k’z’%

On the other hand, if ¢ # i1, i = j1, iy = j, then j # j;. Therefore, for ky # k3,

Z E{gl(Xj1k)gl<Xjk1) Z G(Xjk7Xj2k2)G(lek17Xj2k3)}

k,k1,ko ks J2#{d.d1}

Z Z a\ks k2|E{91(Xj1k>gl(Xjk1)} =0,

k.k1,k2,k3 jog{j, J1}
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and for ky = k3,

p
Z E{gl(Xj1k>gl(Xjk1) Z G(Xjk7Xj2k2)G(Xj1k1’ijkz)}
k,k1,k2 ]2%{]7]1}

_ Zp: S E[E{m(lek)a(lekl,XijQ)\Xm}

k.k1k2 jod {751}

. E{g1(Xjk1)G(Xjk> Xj2’f2)|Xj2k2}]
P

< > 641+ 2/N)ay, i = O(np®/N?) = O(1/n).

k.k1.k2 jog{j.j1}

Combining the five cases completes the proof of (5.6)
For the proof of (5.7), we first prove that E{g,(X;)*} = O(1/N?). Note that

E{g2(Xir)'}

n p
= > Y B{G0 Xak) G Xk, Xk )G (K, X )G (Xt Xior) }

11,12,i3,14 k1,k2,k3,ka

P
:[ Z E{G(XikaXz’kl)G(Xik;Xik2>G<Xik7Xik3)G(XikaXz’k4)}]
k1,k2,k3,ka

n p
+[Z Z E{G(Xik:aXilkl)G<XikaXi1kg)G(XikaXilkg)G(XikaXi1k4)

171 ki,ko,k3,ka
+ 4G (Xig, Xiny )G (Xi, Xy )G (Xi, Xiy )G (Xik, Xiy)
+ 6G(sza X’Lk‘1>G<XZk7 X’Lkg)G(X’Lk‘a lek‘3)G<Xlk7 X11k4) }]

+ [3 i i E{G(Xik;Xilkl)G<Xik7Xi1k2)G(XikaXigkg)G(XikaXi2k4)}:|

i1#i0#1 k1,k2,k3,ka

= [A] + [B; + B2 + B3] + [C].

The first summation A is at most O(p*/N*) = O(1/n*) = O(1/N?) since n/p —
n € (0,00).
The second summation By + By + Bz is O(np3/N*) = O(1/N?) if the number
of different elements in set {kq, ko, k3, k4} is at most three. If all ki, ko, k3, ky are
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different, then

n p
Bl = Z Z E{G(szaX11k1>G<X7,k,lek2)G(sz,lekd)G(Xlk,lek4)}

i1#1 ki1,k2,ks kg

n p
=23 Y B{G(Xuk Xik )G (Kt Xigh) G (X, Xiv1) G (X X |

1171 k1<ke<ks<kg

n D ' 1
< 962 Z mln{ab_kl,am_@}m = O(np®/N*) = O(1/N?),

171 k1 <ko<ks<ks

B=0{> Y minfor s ) g ) = O /NY) = O(1/N?),

il#i k1¢k2<k‘3<k‘4

and

n P
B3:O{Z Z ak4—k3%} = O(np’/N*) = O(1/N?).
i171 k1F#ke#ks<ka

The last summation C is O(n%*p?/N*) = O(1/N?), if the number of different
elements in set {kq, ks, k3, k4} is at most two. If the number is three, without loss of

generality, we can assume k| = k9 and

n

p
C= > Y B{G(Xu Xin)G (X, X )G (Xt X)) G (Xits Xk, |
i1 F#i#l k1#ks#ka

n p
= Z Z E[E{G(XZk’Xllkl)G(XlkvXz1k1)G(sz7Xz2k3)G(XZk:7Xzzk4)|sz}}
nFisFi kiFks#ks

n p
1
<4 Z Z Olka—ks| N = O(n’p*/N*) = O(1/N?).
i1 k1#k3F#ka

If all {ky, ko, k3, ky} are different, then
n p
C=> Y B{GXuk Xk )G (Kt Xigh) G (X, Xt G (X, X, |
1179271 ki#ke#ksF#ka

n p
< 4 Z Z E[E{G(XikaXi1k1)G(Xik7Xi1k2)

1F#i9#£t k1 <koFks<ka

-G ( Xk, Xighy )G (X, Xi2k4)|XikH

n p
DI a,m_kl%_kg% — O(n2p2/NY) = O(1/N?).

i1#027#1 k1 <ke#ksz<ka
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Finally, the result (5.7) can be easily shown by Cauchy-Schwarz inequality as follows:

B[ {(Y - Y) c(¥ - V)}| =B[{ zn: i zp:QZ(Xik)QZ(Xjk>}2]
itj k=1

< 3 el leanl 3 {BloX) Y E{0(0 E{0(X0k) VB0 (G) |

#8175 kk1=1

= O(Dgp®/N?) = O(Dg/n?).

O
Proof of Theorem 5.3.1. Since
T,.Y) - T,(Y°) = 2tr{H(Y) — G(Y)} — {(H(Y) — G(Y)},
where G and H are given in equation (5.2). By Lemma 5.2.2, we have
B{T.(Y*) = T,(Y)} = O(Dg/n*) + O(Sc/n).
where
1 1 . 1
C=2 —1,. | P. —1, || - — P, |.
D) 2Bt | (B
It is easy to calculate that De = 6 and S¢ = n11—1 + n21—1 + nllm. Therefore,
1 9, 9 1
—HO(DR/n2) + O(Sc )} = O(— ) = ol1)
under assumption D5 and D6. That finishes the proof of
1 AC &
ATY) = Tu(Y7)} = 0p(1).
O

Copyright© Xiaoli Kong, 2018.
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Chapter 6 Summary

In this dissertation, new high-dimensional methods for profile analysis of mean vectors
of repeated measures were introduced. The tests allow the covariance to be equal
or unequal. The methods have favorable numerical performance especially when
the dimension is large. A more general and flexible test statistic was proposed for
a high-dimensional factorial design setting that can be used to make comparisons
among cell means (including profile analysis). We also derived a second-order accurate
asymptotic null distribution and upper quantiles of it. Simulation results clearly
demonstrated the gain improvement from the second-order asymptotic expansions
compared to the first-order (limiting distribution) approximation. The methods work
well under rather general covariance structures.

By dropping the normality assumption, high-dimensional inferential procedures
were proposed and studied in the parametric (mean-base) as well as non-parametric
paradigms. The high-dimensional methods of testing equality of mean vectors under
non-normality were closely investigated. We relaxed the commonly imposed depen-
dence conditions and broaden the scope of the applicability of the results. The theory
is worked out in detail for the two-group situation and the extension to the multi-
group was shown to follow along the same lines. The results can also be formally
extended to multivariate factorial designs. In fully-nonparametric approach, no as-
sumption is made on the distribution of the population except that the dependence
between the variables are required to satisfy some mild conditions. The methods
are rank-based and can be applied for variables that are binary, ordered categorical,
skewed and heavy tailed. The numerical results have clearly shown that when data
comes from distribution with tails too thick for moments to exist, the rank-method

has a superior power.

Copyright© Xiaoli Kong, 2018.
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