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information of Dirac fermions on a 2 dimensional torus in the presence of constant gauge
fields. We derive their general formulas using the equivalence between twisted boundary
conditions and the background gauge fields. Novel and interesting physical consequences
have been presented in arXiv:1705.01859. Here we provide detailed computations of the
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1 Introduction

Quantum entanglement is a fascinating property of quantum theories. The concept of
entanglement entropy associated with a sub-region of space in quantum field theory is
directly related to an observer who can only access the information of the sub-region.
Tracing over the degrees of freedom outside the sub-region introduces a reduced density
matrix, which can be used to compute the entanglement entropy. Exact computations of
the entanglement entropy in quantum field theories are known to be difficult, even in the
free field theories. Nevertheless there have been progresses in 141 dimensions [1-4]. See
also [5]. Sometimes, it is easier to compute the Rényi entropy [6-8], that is also physically
relevant. While the holographic approaches for computing the entropies [9-14] provide
valuable results, they are limited to the strongly coupled regime of the field theories.



Thus exact and analytic results of the entanglement entropy and the Rényi entropy in the
realistic field theory systems are valuable resources for gaining insights on the nature of
quantum entanglement.

Background gauge fields are often useful to manipulate quantum fields and to find
more information about the physical systems that we are interested in. The time and
space components of the 1+1 dimensional gauge potential are called chemical potential and
current, respectively. The entropies of the quantum systems with finite chemical potential
at zero temperature has been studied previously. The results indicate that the entropies
do not depend on the chemical potential for free fermions at zero temperature [15, 16] and
for infinite field theory systems with a single interval [17]. The entanglement entropy with
a current was also considered in a rather different context [18]. These results are certainly
interesting and deserve deeper understanding!

In a recent paper [19], we have provided the general formulas for the entanglement
and Rényi entropies and the mutual information of 2 dimensional Dirac fermions in the
presence of background gauge fields, current and chemical potential. Direct and analytic
computations of them uncovered novel and interesting results in the low temperature and
large radius limits. We summarize the salient results here.

e First, we have shown that the entropies do depend on the chemical potential at zero
temperature. This happens when the chemical potential coincides with one of the
energy levels of the quantum system we consider. This is a non-trivial generaliza-
tion of earlier results [15, 16]. This show that the entropies are useful for probing
the energy spectra at zero temperature. The same properties are true for the mu-
tual information.

e Second, we have shown that the entropies and the mutual (Rényi) information are
the periodic function of the current J in the low temperature limit. When we dial
the modulus parameter @ = 277y, the current J also plays the role of a ‘beat fre-
quency’. We further have shown that the entropies for the periodic fermion on the
spatial circle vanish at zero temperature, while those of the anti-periodic fermion
have non-zero contributions.

e Third, in the large radius limit, the dependences of the entropies and the mutual

information on the chemical potential and current vanish at least as fast as O (¢;/L)?,
where /; is the size of the sub-systems that we measure the entropies inside the total
system with a size 2w L. This supports a recent claim that the entanglement entropy
in an infinite system is independent of chemical potential p [17]. We have generalized
this claim for the mutual information, for the case with the multiple intervals, and

for the systems with the current J as well as the chemical potential p.

e Finally, the total mutual (Rényi) information in general depends on the sizes of the
sub-systems and their separations. Surprisingly, the current and chemical potential
dependent parts of the mutual (Rényi) information only depend on the sub-systems
sizes and are independent of the separation between the disjoint sub-systems.



All these interesting properties are expected to present in general quantum systems
and to have distinctive experimental signatures, which can be easily verifiable. Mutual
(Rényi) information is finite and thus especially relevant for this purpose.

The aim of this paper is to provide the details of the computations in the various limits
explicitly. Here we also perform the computations in a high temperature limit, that has
two non-trivial limits depending on a modulus parameter 7 in 7 = 71 +¢79. Unlike the low
temperature limit, the high temperature limit is largely determined by the combinations
of parameters that are proportional to 1/7. Thus in the high temperature limit, 5 — 0,
we have two non-trivial limits depending on 7.

1 1 —L =0,
—_— = = 2 (1.1)
T TL+H1T e 1 #0.

While the entanglement entropy for 71 = 0 is usually connected to the thermal entropy,
the other case can be interesting as well. Thus we compute both the cases in the high
temperature limit. We also list the entropies and mutual information as functions of the
modulus parameters without the chemical potential and current.

The rest of the paper is organized as follows. In section 2, we consider the Dirac
fermion in a 2 dimensional torus and present the derivation of the partition function in
the presence of constant gauge fields. We did so by exploiting the equivalence between the
twisted boundary conditions and the background gauge fields. Then we review a useful
way to compute the entanglement entropy in section 3.1, followed by the generalization of
the entanglement entropy in the presence of chemical potential and current in section 3.2.
Computations for the various limits, the low temperature limit, the large radius limit,
and the high temperature limit, of the entropies with chemical potential, current, both,
and with only modulus parameters are presented in section 3.3, section 3.4, section 3.5,
and section 3.6, respectively. We also compute the mutual information for those limits in
section 4. We conclude by mentioning future directions in section 5.

2 Partition function in the presence of background gauge fields

We review the construction of the partition function of 1+1 dimensional Dirac fermion
in the presence of the constant background gauge fields, chemical potential u and current
J. The basic properties can be found in [20, 21]. In particular we use the equivalence
between the twisted boundary conditions and the background gauge fields to build up the
partition function for the 2-dimensional Dirac fermion in the presence of the background
gauge fields.

Consider the action with the Dirac fermion v

1 - .
S = Py /dgafj iy (Op +iAu) Y, (2.1)
where ;1 = 0,1 are the time and space coordinates with 70 = o1,y = —ioy in terms of

Pauli matrices and in the matrix form

0 1 0 —1
0 _ 1_



¥ = 1149 and constant background gauge fields Ay = pu, A; = J that are identified as
chemical potential and current.

To compute the partition function, we consider a torus with the modular parameter
7 = 71 +i79. Thus the space of coordinate ¢ = i(s +it) is identified as ( =(+1=(+ 7.

1

The spatial coordinate s = x* is compactified with the circumference 2L (with L = 1

in this subsection), while ¢ is the Euclidean time with periodicity 27nm = 8 = 1/T. We

(0 )

and consider twisted boundary conditions

decompose the Dirac field

VY (t,s) = e ™% _(t, 5+ 27m) = e 2" (t + 2nm2, 5 + 2771) (2.2)
Uy (t,s) = ¥, (t, 54 21) = eZdeur(t + 277, 5 4 277y) . (2.3)

It is useful to consider an equivalent description that has the periodic Dirac fermion with
the following flat gauge connection A,, (different name because we also have the background
gauge fields) on the torus

L ; . b—
A= Aydat = 2 (b - 7a)dC — (b—Fa)dC] —  ads+ —

T2 T2

dt, (2.4)

where the arrow means to take a special case, a = a and b = b. Thus in this equivalent
description, one can identify the relation between the background gauge fields and the twist
parameters a and b.

a=J, b=7J+inj. (2.5)

These equivalences indicate that one can treat the twisted boundary condition and the
constant background gauge fields on an equal footing. Once the partition function with
the twisted parameters are constructed, one can readily generalize that in the presence of
the constant background gauge fields.

The partition function is a trace of the states of the Hilbert space that are constructed
using the twisted boundary condition on s ~ s+ 27 along with the Euclidean time evolution

—2rm2H where H is Hamiltonian. The latter

—2miT1 P

t — t + 27y represented by the operator e
also induces the space tramslation s — s — 277 represented by the operator e
(with momentum operator P) together with phase rotation due to the presence of fermion
e 2mib=1/2)Fa \where Fy = =/ ds(zﬂhmr - wiw_) is the fermion number. Thus

Ziqy = Tr (6727ri(b71/2)FA6727rz'7—1P6727r7—2H> . (2.6)

The last two factors can be rewritten into a useful form e~ 27inPe=2mmH _ ((H=P)/25(H+P)/2

with ¢ = e2™7. The partition function can be written
2
- —a+1/2
Zig = ()2 |0 [2582] ©n)| (2.7)



in terms of the Jacobi theta functions 9 [3] and the Dedekind n(7) function

[e%S)

o n4a)? mi(z n+ao n

93] (z|7) = Zq( +)?/2 2mi(2+B) (n+ )’ n(r) = q1/24 H(l ). (2.8)
nezZ n=1

Focusing on the NS-NS sector, a = 1/2,b = 1/2, with the anti-periodic boundary conditions
of spatial and time circles, the partition function has the form

Zpaagy = W2 S0 (29)

neEL

In the literature, the following notations are also used ¥3(z|7) = V[ (2|7),V2(2|7) =

v [1(/)2] (z]7), Y4(z|T) =0 [192} (z|7), % (z|T) =¥ Eg} (z]7). ¥2(z|7) is related to the peri-

odic spatial circle and anti-periodic time circle. Thus we focus on 3 and 9.
In the presence of the chemical potential p and the current J, the partition function
has the general form

Z[a b] (M’ J) =Tr (627T7:(T1J+i7'2,u,+b71/2)FA6727riT1P6727rT2H> . (210)

This can be understood by examining the Dirac action in the presence of the background
gauge fields as well as the effective flat gauge connection A given in (2.4).

s 1 - , ,
S = o /d2x wpy (BH +iA, + 1A1L> Y, (2.11)
where the Dirac field has the periodic boundary condition. In particular, the mode ex-
pansion of the fermion field depends not only on the twisted boundary condition, but also
on the presence of the current J. For example, the fields obeying the twisted boundary
condition (2.2) is further modified in the presence of the current .J:

o= Y h(t)e™ = > (). (2.12)
reZ+a FeEl+a+J
Thus the presence of current changes the periodicity of the compact fermions, and thus
periodic fermion is no longer periodic in the presence of current. In terms of the Jacobi
theta functions,

Ziay(on 1) = )2 [0 [;2242] O = lnr) 72 [ [3205142) (it
= In(r) 2 [0 [t (rad i) (2.13)
where
ay=a+J, bug=by+impu=0b+7nJ+inu. (2.14)

The periodicity of temporal direction is not modified. This is consistent with imposing the
anti-periodic boundary condition on the temporal direction.



3 Entropies in the presence of background gauge fields

In this section, we first review the construction of the entanglement and Rényi entropies
using the Replica trick [2—4], followed by their generalization in the presence of the twisted
boundary conditions and also background gauge fields. We then perform detailed compu-
tations of the entropies in the various limits.

3.1 Basics

Let us consider a reduced density matrix for a free Dirac fermion ¢ on an Euclidean
plane by tracing its vacuum state over the degrees of freedom lying outside a given set of
disjoint intervals (ug,vsz), @ = 1,...,p. The density matrix p(1in, Yout) can be written as a
functional integral on an Euclidean plane with appropriate boundary conditions 1 = ¥y,
and Y = 1oy along each side of the cuts (ua, Vg)

(¢1na¢out /D¢6 S[w] (31)

where Z[1] is a normalization factor and gives the density matrix Tr(p) = 1. To evaluate
the Rényi entropy, we consider Tr(p") With n copies of the cut plane by sewing together a
cut (ug, va) with the next cut (ug, va) , for all cuts @ = 1,...,p, and the replica copies
k=1,...,n. The copy n + 1 coincides w1th the first one. The trace of p™ is Z[n] for the
fields, and thus

Tr(p") = Z[n]/Z[1]" . (3.2)

Following [22], we consider n-copies of fermions on a single Riemann surface instead
of a fermion on n-copies of Riemann surfaces.

Y1(z)

where 1, (x) represents the field on the k-th copy. For a fermion, we need to introduce a —
sign for a trace, which is required when we connect the last copy to the first one. Further-
more, each fermion copy requires another — sign due to a 2w rotation before connecting

to the next copy [23]. Putting them together for a single cut (ug,vs) with the n-replica
n+1

nt b requires (—1)"*! factor. In

copies, from the first copy (ua,va)i, to the last one (ug, vs)"
this way, performing the trace for each cut can be described by multiplying the matrix

0 1
01

01
(_1)(n+1) 0

for ug located on one end of a cut and T—! for v; located on the other end of the cut.
By changing a basis by a unitary transformation in the replica space, one can diagonalize



2 (71—1) (n 1) + 1

T. The corresponding eigenvalues of the T are ein , where k = —*=

(n=1)
)

. This reveals that the space is simply connected but the field v is not singled
valued. By diagonalizing the 7' matrix, the problem is reduced to n decoupled fields "
living on a single plane. These fields are multivalued, since when encircling ug or vz they
are multiplied by ein2 or e_’;%%, respectively.

The multivaluedness can be removed by introducing an external constant gauge
field coupled with the fields ¥, which is single-valued. This can be described by the

Lagrangian density
= ikt ( + zAk> L (3.4)

The singular gauge transformation, 1*(z) — exp (—i f;‘; da;/”fll’j(:c/)) V¥ (), would get rid
of the gauge field flﬁ, leaving the fields to be multivalued. Thus the proper boundary
conditions for the a-th cut on the fields ¢* are

) ok ) 2k
7{ dwt Al (z) = - 275 jq{ dut Al (z) = 275 (3.5)
Cu& n C’Ua n

This holds for any two circles going around ug and vz. Putting together, we get

o

e 0, Ak (z = Z x—ug) —6(z —vz)] . (3.6)

3

n-1
The Rényi entropy can be evaluated with Z[n| = Hki (n_1) Zk, Where Zj can be
==z
obtained by the vacuum expectation value in the free Dirac theory

Zy = (¢t ATk ey (3.7)

where JI! and Zlﬁ are is the Dirac current and background gauge field. Z; can be evaluated
using the bosonization technique. Then the current is

1
i 00, (3.8)

where ¢ is a real scalar field. For a free massless Dirac field, L4 = %auw%. Thus

p
Zy, = (¢! Alizzedvoday — <e—z; _ (6(ua)— (va))> = [T(on(ua)o—i(va)) . (3.9)

a=1

where the vacuum expectation values correspond to those of the massless Dirac theory,

k—z in the Z,

and o (uz) and ok (vz) are the twist operators with conformal dimension 5

orbifold theory for free Dirac fermion [24].
Since Ly is quadratic in ¢, one can perform the path integral for the field ¢.
(et [ @@ Py _ (=3 [ J@GCa—y)f(y)d*zdy (3.10)

)



with the correlator G(z — y) = —5= log |z — y|. Thus

acs(ua — uz)(va —vp) ,

[T (an — v7) , (3.11)

2k?
log Z), = —-1
n

where ¢ is a cutoff introduced to split the coincidence points, |ug — ual|, |[va — va] — €. Thus
the resulting entropies diverge as ¢ — 0. Summing over k, we obtain

Su= = ! —1og(Tr (" Z log( ) , (3.12)

S =

‘HM —up)vs - vi’)&?p : (3.13)

(ug — v3)

This agrees exactly with the general formula for the entanglement entropy for conformal
theories obtained in [2].

This basic review teaches us to consider the Z, orbifold theory for the free Dirac
fermion and the correlation functions of the corresponding twist operators [24] to compute
the entropies. We are going to generalize this result to the case with the background gauge
fields on the 2 dimensional torus. For the rest of the paper, we focus on a single interval.
The generalization for the multiple intervals is straightforward [16].

3.2 Generalizations with background gauge fields

We consider two point functions of the k—th twist operators o (u) and o_(v) with confor-
mal dimension % in the Z,, orbifold theory for free Dirac fermion on 2-dimensional torus

with twisted boundary conditions parametrized by a and b introduced in (2.2) [16, 20, 24].

(on(w)o—k(v)ap = 2wy 2 IS (gt i) 2
R T LR ey G O

(3.14)

where the first term is the generalization of the results in the previous section, while the
second one comes into play because of the torus and the corresponding spin structures.

Following section 2, we generalize the two point functions of the twist operators in the
presence of the current J and the chemical potential u.

IV 1Bt T +imaplT) g2

IV )T + imapl )

e 2me)
< k( ) —k( )>a,b,J7lL ﬂ[};g](QnLh))

(3.15)

The first factor is independent of the twisted boundary conditions and the background
gauge fields.

Let us consider a subsystem A, whose size is given by (u — v)/27L. Using the replica
trick, we get the expression for the Rényi entropy

1 n 1 2
Sn = 7, log Tr(pa)"] = 1 — | log I (or@o—i@)aprp| =S5+ 57, (3.16)

gt



The entropies factorizes into two parts, SY and SH SY is independent of the spin struc-
tures or background gauge fields.

n—1
1 °, k2 2mp(r)3 |2 n+1 2mn(7)3
0_ _
Sn_ 1—n Z n210g‘19[1/2](u’u‘ - 12n Og‘,ﬂ 1/2y/u—v ‘ (317)
f=—n=1 120427 7) [1/2](27rL 7)

n—1

We use the sum Zf et Z—i = ”fz_nl that can be done straightforwardly. This contribution
=75

S9 has been analyzed before.
Below we focus on Sﬁ"] that depends on the chemical potential and current

1 O[M2ma I (ku=u 4 1 T 4 i) 2
SHd — b Z ‘ b—1/2 \nozL T 71 2 (3.18)
— ey I[P (T + il )

We note that the Jacobi theta function has k& dependence in the argument, and thus
summing over k£ and taking n — 1 limit to get the entanglement entropy are non-trivial.
We perform explicit computations in various limits, such as the zero temperature limit and
the large radius limit, to show novel and interesting results.

For the high temperature limit, one needs a different form that can be obtained using
a modular transform. One can show the following identity using the Poisson resummation

I3 (/7] = 1/7) = (—ir)\ /2= [r+2miaby [ 6] (2]r) . (3.19)

Using this one can recast the entropy formula (3.18) as

n—1 .
5 ik u—v . 2 1/2—b ku—vl T1J+iTo 1 1
Gt L Z o ‘e i (e it p) ﬁ[l/Q—a—J](nTﬂL e T | 7_) 2
noT 1o 8 e~ i T (rJ+iTap)? ] 1/2—b ](71J+i7'2u| _ l)
k:—% 1/2—a—J T T

(3.20)

Note that 1/7 is everywhere that plays crucial role in the high temperature limit. In
particular, there are two non-trivial limits depending on the presence of 7. The details
can be found below.

Now we have developed the general formula for the Entanglement and Rényi entropies.
We are going to perform the computations in the presence of chemical potential in sec-
tion 3.3 and provide the salient features in that limit. Then we focus on the role of the
current J for the entropies in section 3.4, followed by the discussion with both p and J in
section 3.5. To be complete, we also provide the results for 4 = J = 0 in section 3.6. The
computations in section 3.3 are thorough, while those in the other sections are in general
brief or omitted because they are similar.

Before moving on, let us clarify some of the notations. There are two different period-
icity for both the spatial and temporal directions. We call the NS sector for the fermion
with the anti-periodic boundary condition and the R sector for the case with the periodic
boundary condition. In this paper we only consider the anti-periodic boundary condition
for the temporal direction, NS sector, that is to assign b = 1/2. The NSNS sector means
to have the anti-periodicity for both directions, while the RNS sector to be periodic for the
spatial direction and anti-periodic for the temporal direction.



3.3 Chemical potential

In this section, we consider a more familiar case with the chemical potential u by setting
J = 0 and one of the modulus parameter o = 2wr7; = 0. We present the details in the low
temperature limit, the large radius limit, and the high temperature limit in turn. We only
consider the anti-periodic condition of the Dirac fermion for the temporal circle.

3.3.1 Low temperature limit

It has been shown that entropies at zero temperature are independent of a finite chemical
potential [15, 16]. It turns out that there are more on the story. Here we show that
there are more interesting and refined zero temperature limits, 5 — 0o, u — N/2 keeping
B(n—N/2) — const. Then the entropies actually depend on the chemical potential i at zero
temperature. We identify N/2 as the energy levels of the Dirac fermion on a circle. Thus,
when the chemical potential hits the energy eigenvalues of a theory at zero temperature,
the entropies depending on the chemical potential do not vanish. This section contains
the details.
The Rényi entropy Sk, (3.18), reduces to the known form for the anti-periodic boundary
condition for a spatial circle, NS-sector, with a = 1/2 [15, 16].
n—1

2 k 4 Zﬂ#
Sh = 1in 3 1og‘193(”2ﬂfﬂu x 18) 2 (3.21)

V3(551iB)

_—
where we use the notation § = 2719 and ¢, = v — v. The case with multiple intervals

is straightforward to generalize by replacing the sub-system sizes as £, = > 0_, (ug — vq)-
(See e.g. [16]).
Using the product representation

Z‘T _ H 1+qu 1/2)(1_i_y71qul/2)7 q:eQﬂ"L"r & yZeZMZ7 (322)

along with y; = e —Bu2mil ol L, yp = e PH g =e P, we compute the Rényi entropy in the
low temperature limit, 5 — oo,

SH — L Z 10_0[ 1+y1qm 1/2)(1+y—1qm—1/2) 2
. 7nk, - —1 1+y2qm 1/2)(1_|_y g 1/2)
777
e -1
1 = (=) § o o
T > l) [+t~ =10 "By -y s -y g D]
k=— 251 m,i=1
2
7L;1 -
2 3 (=17 —1Bu | lBpY ,—1B(m—1/2 k ly
“1-n Z Z (e71Br yelPr) = tBm=1/2) eos [ = L1} —1
1_nk:—”;1l,m:1 ! n L
N (1) cosh(Bp) 1 [ (4 14
- oL nart) " 2
lzzl I sinh(if/2) 1-n 2L n2r' )" (3.23)
In the second line, we use the Taylor expansion for the log function using the conditions
yl’zqmilm < 1and yi%qulﬂ < 1. This is an exact result, while it is an infinite sum.
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One can obtain the entanglement entropy by taking the limit n — 1.
2 (1)1 cosh(18p) 4 4
H=2 1—-Il—c l— . 3.24
; I sinh(i3/2) 2L ( )

Note that we expand the log terms with the (strongest) conditions |y12¢'/?| < 1 and

]yi%q1/2\ < 1 to get the result. They translate into
e B2 o1 & P2 (3.25)

and are satisfied for —1/2 < p < 1/2. Thus we see that both the entropies, the entan-
glement entropy and the Rényi entropy, vanish at the zero temperature limit. Thus, the
entropies seem to be the same as those without the chemical potential. Nevertheless, this
conclusion is not valid for y = £1/2. We carefully look into the special values.

For this purpose, we consider f(u — 1/2) = M = const. in the limit § — oo and
p — 1/2. The product representation for 93 can have a modified expansion

[e.e]

93(zlr) = 1+ ¢"?) T[] @ = g™ @ +yg™ V21 +y g™ 2). (3.26)

m=1

The front factor is finite. Thus the Rényi entropy is modified to

1 & (1+y;'qY?) 7 L—a™) A +y1g™ V) (1+y; g™ 1/2) 2
T‘Z’Zil Z ) 11 (3.27)

1—|—y2—1q1/2) ot (1_qm)(1+y2qm—1/2)(1+y2—1qm+1/2)

The first part 1n31de the log can be evaluated without assumptions in terms of Pochhammer
symbols, that is written in the appendix section A. For simplicity, we assume that e™ < 1
to evaluate the finite part with y;lql/2 = P=1/2) — ¢M ip the Taylor series. If one wants
to consider the other case, e/ > 1, that can be done similarly. The second part in the log
can be evaluated in a straightforward manner. To do so, note that the following condition
e Prn=B8/2 < 1 and ePr38/2 < 1 can be used to have an expansion at the zero temperature
limit. Those conditions are satisfied for

—1/2 < p<3/2.

Thus one can set © — 1/2 in the entropy formula, and that is more appropriate. Thus
we get

R e S T e P2 1 & 1 4
ﬁ—QZ i [e +sinh(l,8/2) - [SH(QLZ) csc <n2Ll> —n} . (3.28)

=1

The corresponding entanglement entropy is

— (=D | e !0/ by b
H=2 — _— —l—cot |I—= || . 3.29
; ¢ T smase) oL '\ "2r (3:29)
This is very interesting! The results of the entanglement entropy (3. 8) and Rényi

entropy (3.29) reveal that there is a finite contribution for f(u — 1/2) = M = const. as
g — oo and p— 1/2.

Ml 2t “t
Sh e = {1 l2L cot <l QL)] (3.30)
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We identify the chemical potential u(= 1/2) as one of the energy levels of the Dirac fermion
on a circle. We repeat the computations to see the similar results for other values of the
chemical potential that coincide with the energy levels of the Dirac fermion as

2N +1 2N +1
B (u - 2+ ) = const., B—o00 & p— 2+ ) (3.31)

Let us turn our attention to consider the periodic boundary condition on the spatial
circle, R-sector, with a = 0. The Rényi entropy has the form

n—1

1 2 9o (K5t + DL)ip) 12
Sk = > log|—" 2L T (3.32)
l-n =, ‘ a(52)iB)
2

f=—n=1

with the theta function representation
) (o @]
Ya(z|T) = 2e™iT/4 cos(mz) H 1—¢™A 4y (1 +y tg™). (3.33)
m=1

Similar computations show for the entanglement entropy

n—1
rer] £ e fa-eomen ey
=B/ (yy? + ’1/2 . q’” L+ y2q™) (1435 q™)

:zi (_11)1_ (;ﬁl((l?/‘;))em/%relﬁ“) [ l;—L cot (zﬁ)] (3.34)

=1

n=1

The computation is valid for 0 < p < 1. We check that the second contribution in the
round bracket is non-zero for Sy = const. in the limit 5 — oo and g — 0. In fact there
are non-zero contributions in the entanglement entropy when

B(p — N) = const., B—00 & p— N. (3.35)

The integer N is identified as one of the energy levels of the Dirac fermion of a compact
circle with the periodic boundary condition.

Combining the NS and R sectors together, we find the entropies acquire non-zero
contribution when

(3.36)

N N
B(u—2):const., B—>oo&,u%5,

for an integer N. Thus we show that the entanglement entropy at the zero temperature
limit has the ability to detect the energy levels of the underlying theory. We expect this
would happen generically, providing a useful way to probe the energy levels with a varying
chemical potential. For example, consider the anti-periodic fermion in the R-sector at zero
temperature. As one increases the chemical potential, the entanglement entropy picks up
a non-zero value each time the chemical potential passes through the energy level of the
system. It will be interesting to verify these features experimentally.
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3.3.2 Large radius limit

It has been argued that the entanglement entropy is independent of chemical potential for
the infinitely long space [17] based on symmetry argument in 2 dimensional field theory. In
this section we support and generalize the claim by evaluating the entanglement entropy
by taking the hmlt — 0, which can be considered as either an infinite space limit or a
limit of small systems size.

We first consider the fermion in the R-sector with a periodic boundary condition. The
entropy formula (3.18) reduces to (3.32)

n—1

1 2 '192(k Ay _{_ZBN‘ )2
St = log | 220 2 3.37
a2 0
k=—"5~
A slightly modified representation for the theta function (3.33)
Do (2|7) = 2e™7/4 cos(mz) H (1 —q™)(1+ ¢*™ + 2cos(2m2)q™) (3.38)
m=1
is useful along with the identifications z; = zg + ﬁ Qf;L, Z9 = zgﬁf , ¢ = e P. One can have
the following expansion for % <1
1+ ¢°™ 4 2cos(2mz1 ) g™
kt 1 k¢
_ 2m m _ g m M S Ity2
=14 ¢"™ + 2cos(27z2)q 2q <Zn 7 sinh(Bu) + 2(n L) cosh(ﬁ,u)) +---, (3.39)
where we use cos(ifu + £%4) = cosh(Bu) — i£ % sinh(Bu) — $(£4)? cosh(Bu) + -+ . Then
n—1
sh = 1 Z log ’COS(ﬂ'Zl) H§:1(1 - qim + 2cos(2721)q™) ‘2
1-n Mt cos(mze) [ [on_1(1 4+ ¢*™ + 2 cos(2mz2)g™)
=3
anl
1 k ¢, Bu k¢ 2
- 1 ’1 G E 2 panh (22 ’
1-n Zl{og “nar (2) 8<nL>+
k==
k4 kZ
ikl ginh 4 h 2
+zlog\1J bt + JE P o) |
cosh(sm) + cosh(Bu)
n—1
-1 2 k ¢ 9 (B >\ 4+ 4 cosh (Bu) cosh(Bm)
= 1+ tanh? [ 22
1—-n i 2,1 (n 2L> +tan ( 2 )" z:l (cosh(Bm) + cosh(Bu))? +
=_n-1 =
n+1 ¢2 am >, 4+ 4 cosh(Bp) cosh(Bm) \*
= 1+ tanh - . A
12n 4L2 +ran < 2 + Z::l (cosh(pm) + cosh(Bpu))? +O L (340)

This result is valid for % < 1. By taking n — 1, we get
14

[
s 64L2

5u) N i 4 4 4 cosh(Bu) cosh(Bm)

2 — (cosh(Bm) + cosh(Bp))?

4
1 + tanh? ( +0 <lz> . (3.41)
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Thus we have demonstrated that the entanglement and Rényi entropies vanish as fast as
2 S
(%) for the large radius limit, % < 1.
We also demonstrate this for the Dirac fermion in the NS-sector with an anti-periodic
boundary condition. The entanglement entropy is given by (3.21)

k ¢ B ;
gh— 1 > log‘ﬁ?’("?’ftL.Jr%'zﬁ)‘Q
l—n &, I5('92iB)
2

(3.42)

n=1

A slightly modified representation for (3.22) is useful as J3(z|7) = [[_;(1 —¢™)(1 +
R4
*™ 1 + 2cos(2m2)¢™/?) along with the notations y; = 6_5‘””%%, yp=e P qg=eF.

Thus

[e.9]

_ g 2 1 + cosh(Bu) cosh((m —1/2)p) é 4
T Zl (cosh((m — 1/2)B) + cosh(Bu)2 * © (L> : (3.43)

where we again use a series expansion for % < 1. Thus the entanglement entropy vanishes
at least as £7/L? as the size approaches infinite space limit. These results confirm the earlier
claim [17] and extend the results for the multi-interval case in a straightforward manner.

3.3.3 High temperature limit

The high temperature limit of the entropies shows quite different behavior compared to
that of low temperature. It turns out that the limit is sensitive to the value of « due to
various arguments proportional to % in the ¥ functions. In the high temperature limit
8 — 0, we get

B
2n a#0.

o

— = — —
T Ti4ie a+if

1 1 2 —i2r =0
T { g T (3.44)

Thus we explorer these two different cases separately in general. Due to the reason we
focus on J = o = 0 in this section. We consider this case first and comment about the

other later.

a = 0 case. Using (3.20) and focusing on the case o = 27w = J = 0, one can see that
the entropies in the NSNS sector, with anti-periodic conditions both on the spatial and
temporal circles, reduces to the formula

" 17 Z log Bu? 2mi . (345)
_ p—_n=1 e 2 03(/},’7)

Here we note that the high temperature limit for the NSNS sector has the same as 93 that
is used in the low temperature limit.
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Using the product representation in (3.22), we get the Rényi entropy as

n—1

5 2n? kg Bu
~ 1 2 _T(n%L"' o0 m—1/2y(1 4 o~ Lgm—1/2) 2
Sk = g log ‘6 X H —q")(L+y19 1/2)( + yl—lq 1/2)
l=-n =, e m=i ( qm Lt yoqm 1 2) (L +yy g 1/2)
- 2
— Tl
n+11 Et COS(QWZM) 1 Slnh( l)
= 2 4
B Gl Z S/ T 7 | sy "] (3:40)

2
) k4t . _4n”
miut BnLl yg =X and g=c¢€ 7 .

where we use the following identifications y; = e
Here we use the high temperature expansion, 5 — 0. The computation is similar to that
in the low temperature limit.

By taking n — 1 limit, we get the entanglement entropy in the high temperature limit,

a2 0 —t cos(2mlp) 7l by ml by
S =352z 12 Z smh(27r21/5) {1 5L <6L>} ' (3.47)

Here we comment on the results (3.46) and (3.47). We focus on the chemical potential
dependent part of the Rényi and entanglement entropies, and these results are explicitly
evaluated in [15, 16]. If we set u — 0, the result reduces to that given in [24], which
also points out that the total entanglement entropy (including the chemical potential in-
dependent part) is the same as the thermal entropy. Note that the properties in the high
temperature limit is quite different because there is no non-trivial limit that facilitates the
interplay between the chemical potential and the energy levels of the Dirac fermion on
a circle.

We also consider the high temperature limit of the R-sector. The general formula (3.20)
in the RNS sector, with a periodic boundary condition on the spatial circle, reduces to

n—1 _2n2, kb 2 k0
~ 1 2 e B (n27rL+ 271') ’194( Eﬁf| )
# - 1—n log ‘ Bu? 27i . (348)
2 i D)

2

We note that the differences between ¥3 given in (3.22) and 94 are a couple of signs.

1—g™A—yg" (A -y g ). (3.49)

8

Va(27) =

m=1

The entropies are similar to those of the NSNS sector. For example, the entanglement
entropy is

- 2 07 1 cos(2mlp) 7l 4 7wl 4
p= b 9N o T ot [ —— )] . .
35017 T2 2 T snh(2n2/ ) [ 51" (ﬂ L)] (3:50)

There is a relative sign between the two terms that comes from the sign of 4. Thermal
entropy is also sensitive to the sign as mentioned in [24].
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o # 0 case. Before moving on, we would like to mention that (3.47) and (3.50) are not
the only possible behaviors of the entropies in the high temperature limit, while they are
directly related to the known thermal entropies. Recall the two limits given in (3.44). We
compute the entropies for a # 0 case in the high temperature limit, 5 — 0.

Consider (3.20) and J = 0. Now in the presence of non-zero a = 277, we can set
8 — 0 to compute the dominant contribution. The NSNS and RNS sectors are similar for
the high temperature limit, we consider them together.

n—1

kil 1 2
i L 3 gl izl D)
! 1_nk _n-1 193,4(0|—%T)
- 2
n—1
2 = 1ﬂ:cos(2—"[m_l]_lkﬁ)
= lo o 2 an L 351
1—nZ Z_ 5 1+ cos([m — 1)) (3.51)
m—lk:—ﬂil p 5

Where the indices 3, + and 4, — indicate NSNS and RNS sectors, respectively. Even though
we are not able to sum over the index k explicitly, it is clear to see that the Rényi entropy
is oscillating function of o and the sub-system size /.

3.4 Current

To appreciate the qualitative effects of the current J, it is useful to consider the twisted
boundary condition (2.2) as well. The mode expansion of the Dirac fermion has the form

b= > Y(t)e™. (3.52)
re€l+a+J
It is clear that the presence of current changes the periodicity of the compact fermion.
Note that one can change the periodic fermion into the anti-periodic fermion by changing
the strength of the current J. For a = 0, the fermion is periodic with J = 0, while it is
anti-periodic with J = 1/2. One can expect that this would produce physical effects on
the entropies.

Even before performing any more computations with current, we can appreciate the
physical effects of the current based on the computations done already in the previous
sections. Consider one of the simplest cases for a = 2771 = 0 and pu = 0 at the zero
temperature limit T" — 0. Let us choose ¢ = 0 and increase the current from J = 0 to
J = 1/2 for the fixed anti-periodic boundary condition for the temporal circle. This changes
the boundary condition in the spatial circle from the periodic one to the anti-periodic
one. The corresponding entanglement entropies have been already computed in (3.24)
and (3.34). By setting p = 0, we get

oo (=Dt 2 2 _
2305 ( z) sinh(llB/Q) [1 =135 cot (I5)] J =0,
5= (=1)'! cosh(15/2) / ¢ (3:53)
230 sy 1L lagcot (I57)] J=1/2.

At zero temperature, the entanglement entropy vanishes for J = 0, while it has a non-zero
contribution for J = 1/2. Thus dialing current brings visible effects in the entanglement
entropy. It will be interesting to consider some experimental realizations of these effects.
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One can consider more general boundary conditions by including both a and J. We
are going to study a +J = 0 and a + J = 1/2 separately below. We postpone the study
for the more general boundary conditions for 0 < a+ J < 1/2.

3.4.1 Anti-periodic fermion

Let us consider first the anti-periodic fermion, that satisfies a +J = 1/2. From (3.18), one
can get the Rényi entropy formula with the current dependence

n—1

1 2 193(E57t_|_7—1<]|7-) 2
J n 2wl
= 1 ’ .54
Sr 1 " En_l og ENES P , (3.54)

2
where we set ;= 0 for simplicity. We study the entropies as a function of the current J
for fixed a + J = 1/2 in the low temperature limit, in the large radius limit, and in the
high temperature limit in turn. The computations are brief because they are similar to the
previous sections.

Low temperature limit. We compute the entropies (3.54), in the low temperature
limit 8 — oo, by using the product representation (3.22). The details are similar to those
in (3.23) by using the notations y; = em‘]”%%, yo = €', q = 2™ = "B The Rényi
entropy reads

7 = (=) cos([m — 1/2)ad) cos(aJl) 1 (b 14\
Sy, =4 Z ;i = 1/2)1 - sin 2Ll csc n2Ll n| .

I,m=1

(3.55)

The corresponding entanglement entropy is

7 2 (1) cos([m — 1/2]ad) cos(auJl) b 4
§T=4) /D L=y eot (50 )| (3.56)

I,m=1
The entropies depend on the current J non-trivially. That is markedly different from the
dependence of the entropies of the chemical potential p. Furthermore it is more interesting
to note that the entropies depend on the parameter o = 277 in two different ways with
two cosine functions.
To see the effects of J and « more clearly, we consider the case I = m = 1 which
provides the dominant contribution to the entropies in the low temperature limit.

se5 cos(a/2) cos(a) {1 - j—zcot (;Zﬂ . (3.57)

For a fixed a = 2771y, the change of current produces an oscillating behavior of the entropies
by the cosine function. When we dial the parameter « for a fixed J, the product of two
cosine functions produce an ‘interference pattern.” The interference pattern would produce
the following beat frequency f; depending on the strength of the current as

beJ/Tr, J<1/2,

cos(a/2) cos(aJ) —
fo=1/2n, J>1/2.
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The beat frequency is easy to measure! In this way one can identify the current J and the
dependence of J in the entropies.

Large Radius limit. In turn, we compute the entropies (3.54) in the large radius limit,
¢;/L — 0. We use the modified product representation (3.22) that is written around the

L . .
equation (3.43) along with the notation y; = gl +in 3 , Yo =€ g =¥ = el b,

oo

SJ:(n—i—l) 02 [ [cosh([m—3]3) cos([m— 3]a)+1] cos(a])
" 3n  4L? ¢ [cosh([m — 1]B) cos([m— 3]a)+cos(a])|2+sinh?([m—1]3) sin® ([m — 1]a)
([COSh([m—llﬁ)COS([m—*] ) +cos(a)]? —sinh® ([m — §]8) sin®([m — §]a)) sin? (o))
([cosh([m—3]B) cos([m— 3] )—l—cos(on)]Q—i—sinh2([m—%]B)suﬁ([m—%]oz))2

+o(”). (3.58)

Taking n — 1 limit is straightforward. Whi21e the result is a little bit messy, it is clear to
check that the entropies vanish at least (’)(%)2 as we take the large radius limit ¢;/L — 0.
The result extends the earlier claim [17] in the presence of current. It is straightforward to

generalize the result for the multi-interval case.

High temperature limit. We compute the entropies (3.20) that is valid for the high
temperature limit 5 — 0. We set a +J = 1/2 and p = 0 for simplicity. Then we get

n—1
7 1 i log | £ F Gt gy (R 1+ Bl - 1) (3.59)
og e .
L-n S, 1 @I (%]~ )

The limit is sensitive to the presence of a. Thus we study two cases @« = 0 and o # 0
in turn.
For a = 2771 = 0, we set 7 = i/3/2m. Thus

n—1
. 1 X Lk 2 O3(—i% L L]i%F) |2
§J = 1og( 2 () nLplp ‘ (3.60)
L—n k§—1 193(0|2%r)

2

C(n+1) & K-t 2 L I 212 4y
308 4L2+Z l sinh(gl)l—n[ <5Ll> <,BnLl> }

=1

It is straightforward to get the corresponding entanglement entropy by taking n — 1 limit.
The first term needs to be included to S° to see the full entropies. The second term depends
on J through the boundary condition a + J = 1/2 and thus the Hilbert space.

Now we turn to o £ 0 case. Due to the presence of «, one can take the zero temperature

limit in a straightforward manner as % = aif; 5 = 27;(20:558 ) %’r Thus
n—1 on2 kb | o 2 ¢
37 _ 1 i log e "o Gaar taxd) ﬁg(%fé—lﬂﬂ—%) 2' (3.61)
"ol-n 222 (2 )2 Js(J] — 2)

__n—1
k= 2
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The first factor inside the log is pure imaginary and would not contribute. The Rényi
entropy reads

cos(2m) + cos(Efm — 4] = 1)

cos(27J) + cos(E[m — 3]

(3.62)

Unfortunately, the sum over k is not easy to evaluate. There are further sub-leading
contributions as 8 — 0. It will be interesting to perform a numerical study for this limit.
3.4.2 Periodic fermion

Let us consider the periodic fermion that satisfies the condition a + J = 0. From (3.18),
one can get the Rényi entropy with the current dependence

2 Vo n%L—l—T1J|T)
z;,l log ‘ o T , (3.63)
where we set © = 0. We study the entropies as a function of the current J in the low
temperature limit, the large radius limit, and the high temperature limit in turn for a4 J =
0. There are interesting physical differences between the periodic and anti-periodic fermions
that come along from the difference between ¥2 and ¥3. 2 (3.33) has a front factor in
addition to the infinite product.

Low temperature limit. The computation for the entanglement entropy (3.63) for
f — oo is similar to that of the anti-periodic fermion done in (3.55). The difference is to
use the Y9 given in (3.33) instead of ¥3. Thus

2 (—1)t cos(mad) 1 s 1 4
=2 E 1 E 2 — - .
i cos(aJl) + ol 1~ sin 2Ll csc n2Ll -n

- (3.64)

The entanglement entropy has the form.

ZQi(_ll)l cos(aJl) <1+ 22‘3036”:’;?‘1 ) [ zﬁ cot <z£t>] . (3.69)

=1

The entropies have a non-trivial dependence on current J, only on the combination of a.J,
in the zero temperature limit. The contributions with the sum over m have the similar
properties such as beat frequency compared to those of the anti-periodic fermion mentioned
in the previous section.

The first term in the round brackets in (3.64) and (3.65), coming from the front fac-
tor of the 9, gives a distinct physical significance. It is actually non-vanishing at zero
temperature as we discuss already for the second case in (3.53).

cos(a.Jl) [1 —z;i <z€t>] . (3.66)

o0

ST(T = 0) _22
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We note that the entropies oscillate as we change aJ. Thus they can become negative.
Of course, we need to include the entropy S° that is independent of chemical potential
and current.

Large radius limit. In the large radius limit, ¢;/L — 0, the entropies (3.63) can be
evaluated similar to the previous case with the anti-periodic fermion (3.58) to give

247 [cosT[Y] [cosh(m) cos(ma) + 1] cos(a])
Si= 34L2 ( o Z [ cosh(mf3) cos(ma) + cos(aJ)]? + [sinh(m) sin(ma)]?

([cosh(mfB) cos(ma) + cos(a.])]? — sinh?(mf) sin?(ma)) sinQ(aJ)}
([cosh(mpB) cos(ma) + cos(a])]? + [sinh(m ) sin(ma)]?)?

+0O <ﬁ>4 . (3.67)

Once again, the first term is an additional contribution compared to the anti-periodic
fermion given in (3.58). That comes from the cosine factor in the 3. Nevertheless, all the

. . . 02
contributions vanish as fast as O(7)?.

High temperature limit. We compute the entropies (3.20) that is valid for the high
temperature limit 5 — 0. We set a +J = 0 and p = 0 for simplicity. The Riyi entropy
can be computes as

n—1
g 1 & e TG g (ke 1y mT| L
= E n2nl T p=
n 1—n i - log‘ e (T1J)2 ( TJ ’ %) (368)

Similar to the anti-periodic case, there are two different non-trivial limits depending on «.
For a = 27w =0, we set 7 = i/3/2m. Thus

n—1

~ 1 N 2194( Ll’ZQJ) 2
"o 1-n Z gle 194(O|i%”)

k:_L—l

n+l 0 X1 2 1 , 212 4 212 4
= N h( =51 esch | =— =1 . (3.69
303 AL2 ; sinh(Z20) 1 —n [Sm < 3L )"\ Bn L (3.69)

This is similar to that of the NSNS sector. It is straightforward to get the corresponding

entanglement entropy by taking n — 1 limit.
Now we turn to o # 0 case. The Rityi entropy has the form

n—1

> j2r2 ( key +2 )2 kit 1 _ 2
§/- % 1og\ T il da PR )
1 —n —i25 (55 )2 a(J] =)

2

Similar to the NSNS sector, the first factor inside the log is pure imaginary and would
not contribute. Due to the presence of «, one can take the zero temperature limit in a
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straightforward manner as = —> < similar to the previous case. The Rényi entropy reads

cos(2mJ) — cos(zﬂ[m %] _ é%&)

Sy 1—n2 Z log cos(2mJ) — cos(Z[m — 3])

m=1f—

(3.71)

The result is similar to that of the anti-periodic fermion given in (3.62). Only difference
is the relative sign between two cosine terms in the log. While the sum over & is not easy
to evaluate, it is clear that the individual term contributes with the periodic behavior.
There are further sub-leading contributions as § — 0. It will be interesting to perform a
numerical study for this.

3.5 Chemical potential and current

In this section we consider both the current and chemical potential to compute the entropies
for the anti-periodic and periodic fermions. We are going to check that the results reduce
to the previous ones in the appropriate limits.

3.5.1 Anti-periodic fermion

Let us consider the anti-periodic fermion first, that has the condition a + J = 1/2.
From (3.18), one can get the entropies with the current and chemical potential depen-
dences

n—1

1 22: o ‘193(225& + 711J +irop|T) |2

1—n I3(11J + iTop|T)

__n—1
k= 2

Shd = (3.72)

The computations are straightforward and we quote the results for the appropriate limits.

Low temperature limit. For the low temperature limit, 8 — oo, the Rényi entropy is

-1
Sil = 9 Z l(l)l/z)m [ Bt cos(ad(J — m + 1/2)) + e cos(al(J +m — 1/2))
em

y ﬁ [sin <2£Zz> csc <1€tz> ] , (3.73)

where we use the product representation (3.22) along with the notation y; =

k 4
y Y2

75/,L+’LCMJ+Z = — e—ﬁu+iaJ 2miT —
The entanglement entropy is give by taking n — 1 limit

q=c¢e = '8 to follow the previous computations.

- i (1)1 cos(al[J —m+3]) 1+6—2lﬁncos(al[‘]+m—%]) [ —lﬁ (l&ﬂ
l;m=1 ! e(m=3—w5l cos(al[J—m—+ %D '
(3.74)

For J = 0 and a = 0, the result reduces to (3.24). For u = 0, it is also consistent with (3.56)
after a small algebra. The result is valid for —1/2 < pu < 1/2. For other values of u, one
can recompute the entropies similar to that of (3.28). This confirms that the entropies at
zero temperature has a non-trivial chemical potential dependence when it coincides with
one of the energy levels of the theory.
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Large radius limit. In the large radius limit ¢;/L < 1, the computation is rather

involved, and thus we provide more details here. We use the product representation (3.22)

. A . .
with ¢y = 675‘””‘”’%%, yp = e Prtiad g — ¢ia=B  The key element comes from the

following observation
(14+y1g™ V) A4y g1 ?) _ cos([m—1/2][a+iB])+cos(a +ifBu+E L)
(14y2qm1/2) (1 4y Lqm—1/2) cos([m—1/2|[a+if])+cos(a] +ifu)

%%sin(aJ—l—iﬁu)—i—%%i—%cos(on—i—zﬂu) A
— cos([m—1/2][a+if])+cos(a+ifu) <L>

(3.75)

This is an argument of log and has the following expansion log(1 + z) = >";°, %xl.

The linear term proportional to ¢;/L vanishes with the sum over k, and thus the first
non-trivial order starts with (¢;/L)%. After adding the complex conjugate part and using

n—1
1 2 k21— —(n+1)/(12n), we have

ﬂ[ k=—2s1 ?]

o/ _ (n+1) ﬁ > [Dl x cosh(Bp) cos(a) + Dy x sinh(Bpu) sin(aJ)
S P D? + D3
le(Dfpg)J\@xDlng] <€?>4
+ +o(L) , (3.76)
(D} + D3)? L?
where

Dy = cosh([m — 1/2]B) cos([m — 1/2]a) + cosh(Bu) cos(aJ),

Dy = sinh([m — 1/2]8) sin([m — 1/2]a) + sinh(Bu) sin(a]) ,

Ny = cosh?(Bpu) sin?(aJ) — sinh?(Bu) cos?(a) = [1 — cosh(28u) cos(2a.])]/2,

Ny = 4sinh(Bu) cosh(Bu) sin(aJ) cos(a) = sinh(26u) sin(2a.]) . (3.77)

The entanglement entropy can be obtained by n — 1. Now one can check that this reduces
to the case with current (p = 0) evaluated in (3.58), not to mention to the case with only
chemical potential (a = J = 0) evaluated in (3.43).

Thus the entropies vanish at least as £?/L? as the size approaches the infinite space
limit. These results confirm the earlier claim for a single interval in the case of the entan-
glement entropy [17] and extend to the case with both the chemical potential and current
and for the multi-interval case. As we see below, the same is true for the periodic fermion
as well.

High temperature limit. We compute the entropies (3.20) for the anti-periodic bound-
ary condition a + J = 1/2 in the high temperature limit § — 0. We consider the high
temperature case with more general setting. As we briefly mention before, the high tem-
perature limit is sensitive to the parameter «. For the limit 5 — 0, we get

= — = — —
T T4in  a+if

- - o o, (3.78)

o ?

1 1 o {—ﬂg, a=0,
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We first consider oo = 277y = 0 limit. Then
E 7\'2 .

- og - ‘

e SEE )

—_n—-1
k= 2

St =

(3.79)

It looks like that the dependence of J disappears as we set & = 0. The current dependence
is still there with the condition a + J = 1/2. The Rényi entropy has the following form.

_ 2 (1)1
St — (nt1)1 & + Z (1)~ cosf2miu] 4 [Sinh <7Tl£t> csch <7Tl€t> —n] .

" 3n B4L? S le%(mfl)l 1—n

2

(3.80)

This result is consistent, after summing over the index m, with (3.46) and (3.60) with ;= 0.
We turn to o # 0 case. We can get the dominant contribution by taking # — 0. Thus

n—1 i ) 9
> log | B Ch
= BET (-5

__n—1 a
k=-%5

+J| =27 2

Shvd = a’l, (3.81)

This dominant contribution turns out to be the same as the case with current because the
chemical potential dependence disappears with 8 — 0. Thus the Rényi entropy reads

(2nJ) +c05(27r[m — l] _ l&&)
St = cos -1k, o
n 1—nmzlk Z { cos(27TJ)+COS(%”[m—%]) ( )

This result is consistent with (3.51) with J = 0 and (3.62).

3.5.2 Periodic fermion

Let us consider the periodic fermion, a +J = 0. From (3.18), one can get the general
formula for the Rényi entropy with the chemical potential and current dependence

n—1

S‘u’] _ 1 i o ‘192(1225:[/ +7’1J+i7’2/ﬁ|7’) 2
n 1—n Vo (11 + iTopu|T)

__n—1
k= 2

(3.83)

Here we also note the 92 (3.33), compared to 93, has extra cosine factor that contributes
to the entropies.

Low temperature limit. For the low temperature limit, 8 — oo, the Rényi entropy is

cale )G -] o

~1 cos(ad[J—m]) ~21,, 208(d[J +m))
+2 Z e [He QWCOS(al[J—ml)]

o))

Wl — (=1)!7! —uBl
St —2271 e cos(aJl)
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The result is valid for 0 < g < 1. We note that the first line gives a non-vanishing
contribution for uf = const. for 4 — 0 and § — oco. One can repeat the computation
for 0 < p < 2 with a slightly modified theta function as above. And the entanglement
entropy is

22 e Ml cos(al) [1—1& (z&)} (3.85)

”l;l L cos(al[J — m)) [1+6_216#cos(al[,]—|—m])} [15& <l£t>]

e(m—p)pl cos(al[J —m])

Extending the computations to the other values is straightforward and reveals a new result
as discussed in the previous sections. For J = 0 and a = 0, the result reduces to (3.34).
For p =0, it is also consistent with (3.65).

Large radius limit. For the large radius limit ¢;/L < 1, the computation is similar to
that of the previous section. Thus

g n+10 1 —1/2(cosh(28u) + cos(2a.]))
nT o 12n L2 4 4(cosh(Bu) + cos(aJ))?

Dy x cosh(Bp) cos(an]) + Do x sinh(Bpu) sin(])
D? + D3
Ny x (D} = D3) — Ny x Dy x D 2\*
Jr1><(1 ~2)~2>< 1 X Dy (9(2), (3.86)
(D} + D) L

3

m=1

where

Dy = cosh(mp) cos(ma) + cosh(Bu) cos(aJ),

Dy = sinh(mp) sin(ma) + sinh(Bpu) sin(aJ),

Ny = cosh?(Bu) sin?(a.J) — sinh?(Bu) cos? (o) = [1 — cosh(28u) cos(2a.])]/2,

Ny = 4sinh(Su) cosh(Sp) sin(aJ) cos(aJ) = sinh(25p) sin(2a.]) . (3.87)

One can notice the first line that is different from the result (3.76). This is due to the
cosine factor in front of the theta function (3.33). Now one can check that this reduces to
the case with current (u = 0) evaluated in (3.40), not to mention to the case with only
chemical potential (o = J = 0) evaluated in (3.67).

High temperature limit. We compute the entropies (3.20) that is valid for the high
temperature limit 5 — 0. We set a + J = 0 for the periodic boundary condition. Then

n—1
R - T +iTap k& 1 mJtimau) 1
S’%J — L Z IOg‘ ‘T n2ﬂL i 194(71 2wL T + T ’ 7—) 2 (3 88)
" I—n —i 7 (1S +iTap)? Oy (T2 _ 1y : :
k=—n=1 p -

2

Due to the presence of «, one can take two different high temperature limits.
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For a@ = 0, we have the Rényi entropy with the similar computations done is the
NSNS case.

2 o)
s -1t L G 4 1 cosmly] T (Thh LU
Sh 3B A2 1-n ] a1 sinh 51 csch 5 In n| . (3.89)

mil=1 € P 2

This reduces to (3.50) for n — 1 limit and (3.69) for u — 0, and serves as consistency checks.
For a # 0 case. We take 8 = 0 to get the dominant contribution. The Riyi entropy
has the form

n—1 _2L Iy )

T T L Aada 11 -t Sk 2] Y

noT og 222 & 2 o ) (3.90)
-n p—_n=1 e~ 2= (5 ) Va(J| — U)

2

Similar to the NSNS sector, the first factor inside the log is pure imaginary and would

not contribute. Due to the presence of «, one can take the zero temperature limit in a

straightforward manner as % — %ﬁ The Rényi entropy reads

(3.91)

=) z

m=1f—

cos(2mwJ) — cos(%[m — %] _ clnyZLt)]
cos(2mJ) — cos( T [m %])

The result reduces to (3.51) and (3.71), and is similar to that of the anti-periodic fermion.
Only difference is the relative sign between two cosine terms in the log. While the sum over
k is not easy to evaluate, it is clear that the individual term contributes with the periodic
behavior. There are further sub-leading contributions as 8 — 0. It will be interesting to
perform a numerical study for this limit.

3.6 With only modulus parameters

For completeness, we present the results without the chemical potential and current p =
J = 0, yet keeping the modulus parameters 7 = 7 + ity = %(a +i8) # 0. Here we
only consider the entanglement entropy, while it is straightforward to generalize to the
Rényi entropy.

3.6.1 Anti-periodic fermion

Let us consider the anti-periodic fermion first, a = 1/2. From (3.18), one can get the
entanglement entropy with current dependence

n—1

1 2 193(k2£tL|7') 2
S g _2;71 o8|~ Ja0]7) | B (3:92)

o
For the low temperature limit, 8 — oo, the entanglement entropy reads

Sy =4 Z Cos(eo(‘ﬁl/ml/z]) [1 - lﬁ <l€t>} : (3.93)

I,m=1
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We note that the entanglement entropy has separate contributions from both the modulus
parameters « and j.
For the large radius limit ¢;/L < 1, we also compute the entanglement entropy as

:gﬁ S cosh([m — &]8) cos([m — 5]a) + 1
3 4L2 — [cosh([m — 218) cos([m — 3]a) + 1]2 + [sinh([m — £]B) sin([m — 3]a)]?
2
+0 <1€2> : (3.94)

Thus it still vanishes as O i—i) in the large radius limit. This tells that the entanglement
entropy is actually independent of the spin structures or twisted boundary conditions at
infinite space limit. This is also true for the periodic boundary condition. It will be
interesting to explorer this for more general twisted boundary condition when 0 < a < 1/2.

For the high temperature limit, the Rényi entropy for e = 0 is given by

= (m+D1 2 & (-t 2 [ _ <7rz £t> (ﬂ A > ]
Sp = ——= + sinh| ——]csch| —— ) —n| . (3.95
3n [4L? lz;lsinh(ﬁhﬁﬁl)ln 8L 6 nL ( )

This result is consistent with (3.80). Entanglement entropy is straightforward to evaluate.

For a # 0, we can get the dominant contribution by taking 8 — 0. Thus the Rényi
entropy reads

~ cos( 2%J)+cos(2”[m_%]_é%%)
cos(2mJ) + cos(27r [m — %])

(3.96)

m:
This result is consistent with (3.82).

3.6.2 Periodic fermion

Let us consider the periodic fermion, a = 0. From (3.18), one can get the entanglement
entropy with the chemical potential and current dependence

n—1
1 2 o(E b |7y 2
— 1 ’ n 2wl ‘ ) .
S=1Tn 2 B 0a(00) (3.97)
k:—% n=1
For the low temperature limit, 3 — oo, the entanglement entropy is given by
e (-t >, cos(adm) 4 4
S_QZT 1+2m§::1€mm —lopeot (I )| (3.98)

=1
Thus it has non-vanishing contribution at zero temperature.

For the large radius limit ¢;/L < 1, the entanglement entropy is

22 (1 & cosh(mp) cos(ma) + 1 02
T 3412 (4 * mz:l [[cosh(mﬁ) cos(ma) + 1]2 + [sinh(mp) sin(ma)]Q] ) +0 <L2>
(3.99)

2
Thus it still vanishes as % in the large radius limit.
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We compute the entropies (3.20) that is valid for the high temperature limit 5 — 0.
We set a = J = p = 0 for the periodic boundary condition without background fields.
Then

n—1
~ 1 2 T 2194(E€7tl| _ ,) 2
S, = log‘e_zr(n%L) n2nlrl —7)|% (3.100)
n 1—nk:an 94(0| —%)

Due to the presence of o, one can take two different high temperature limits. For a = 0,
we have the Rényi entropy with the similar computations done is the NSNS case.

R _;kl 1.2
S, = : 1 Z 10g‘€_2g(ngfrtL)2194(7927’6L2ﬁﬂ-’Z/8)‘2
nk__% a( ’Z?)
n+1 62 2 =1 1 [ (ﬂft) (ﬂ et> }
— -t _ ———  _|sinh| —==)ecsch|{ —— | — n| . 3.101
3nB 4L2 1-—n ; ! sinh (2%21) B L B Ln ( )

This is consistent with (3.89).
Now we turn to a # 0 case. To get the dominant contribution, we take § = 0. The
Riyi entropy (3.100) has the form

n—

_ 3 log [ —cos(e [m _ %] - i%)] . (3.102)

m

The result is consistent with (3.91) by setting the background fields to vanish y = J = 0.
While the sum over k is not easy to evaluate, it is clear that the individual term contributes
with the periodic behavior. There are further sub-leading contributions as § — 0. It will
be interesting to perform a numerical study for this limit.

4 Mutual information

Mutual (Rényi) information measures the entanglement between two intervals, A and B,
of length ¢4 and ¢p separated by {¢. It is given by

(A, B) = Sp(A) + Su(B) — Sp(AUB). (4.1)

This is a finite quantity, free of UV divergences. Mutual (Rényi) information turns out to
share the same functional dependences on the current J and the chemical potential p as
those of the Rényi and the entanglement entropies.

Using (4.1) and the results given in section 3.2, we can obtain the general formula
for the mutual Rényi information in the presence of the background fields. Similar to the
entropies, the mutual information factories into two different contributions.

I.(A,B) = I°(A,B) + I/ (A, B). (4.2)
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The first contribution is independent of the background fields [16].

n—1
(A, B) = — 22: log‘ﬁ[iﬁ](“?&%! 7) I (55 17) 225
T S A

ol ’ﬁ[}jéx“#f;‘ﬂ ) [}ﬁ](Mm’

6L oA (ae m) 905 (B )

(4.3)

27 L 1/21\ 2xL
This has been studied, and we focus on the other contribution. The second one has all the

dependences on the current and chemical potential.

e Z

1 2 —J . 1/2—a—J .

[l/b{ ;;;] (r1J +iraplr) ﬂ[“ﬁ:ﬁ;ﬂ(%%ﬂﬂ Fimaplr)

(4.4)

It is interesting to note that the parts of the mutual information that depend on the
current and the chemical potential are actually independent of £¢, the separation distance
between the two sub-systems. This is even more clearer when we evaluate the information
explicitly below. We note that it would be interesting to find out some special cases where
Ik /" dominates over I?, so that the chemical potential and current dependences would be
clearly visible.

We provide detailed studies of it for the Dirac fermion as a function of chemical poten-
tial or/and current on a torus in the low temperature, large radius, and high temperature
limits, in turn. For each limit, the computation is similar to the previous cases, and we fo-
cus on the results and their physical properties. We organize each sub-section by presenting
the results for NSNS sector, followed by RNS sector.

4.1 Low temperature limit

In this section, we consider the mutual information of the Dirac fermion in the low tem-
perature limit, 8 — oo. We evaluate the NSNS sector and RNS sector in turn.

Anti-periodic fermion. In the low temperature limit, we compute the Mutual Rényi
information for the NSNS sector for both the anti-periodic boundary conditions on spatial
and temporal circles. We use the formula (4.4) with b = 1/2,a+ J = 1/2 and take the low
temperature limit § — oo.

kL k¢ ,
I#’J(A’B):i 22: lo ’193(”27& +T1J+’”-2/’L‘T)kqj3(7g27rBL+7'1J.+ZT2,U/|T)’2
1- I3(T1J +iTop|r) 93(EAtis w7 T rimyu|T)

—1
k’:—"2 n 2nL

2 o DTN s 1
== Z ToAlm=173) |© " eos | al m—g +alJl
m,l=1
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This result is valid for —1/2 < p < 1/2. For other values of u, one can get modified results
similar to those of the entropies. The computation is straightforward. The corresponding
mutual information can be evaluated by taking n — 1 limit.

0 -1
ot 2y D ol 1 Bl Y
I"7(A,B)=2 > ToBlm=1/2) [e cos (al [m 5 +aJl |+e’ cos(al |m 5 alJl
l 104 g [(La+0B)
X|:1_2I,{€ACOt <2L>—|—€Bcot <M>—(€A+£B)C0t (211 . (46)

There are several interesting observations to make here. First, we confirm that the mutual
(Rényi) information I/ (A, B) is independent of ¢, and thus the separation between the
two sub-systems, while the part I°(A, B) depends on £¢. Second, I#’J(A, B) has the same
functional dependences on p and J as the entropies. This can be explicitly checked with
the results given in (3.73) and (3.74). Third, we compute the mutual information for the
special case £4 =l = Zt,

2L (1) cos(al[J —m+3]) —apu cos(all +m—5)) b £
I — 9 ( 20 | 142080 : I=i7 T
2. =it | cos(allT—m+ 1)) LT\

I,m=1

(4.7)

This can be compared with (3.74). The mutual information is identical to the entanglement
entropy, except the dependence on the subsystem sizes.

For the special case J = o = 0, we get the chemical potential dependent part of the
Mutual Rényi information.

i 9 X (—l)l_lcosh(lﬂu) Siﬂ(%—’*) sin(%) sin(l(é“QzZB))
R T ) | () () e (L)

=1

The result is only valid for —1/2 < pu < 1/2. For the other values of p, it is straightforward
to evaluate following the previous discussion. On the other hand, the current dependent
Mutual Rényi information can be obtained by u = 0.

I;{znfl i ze(ﬁl_hln)ili’z) cos <az [m—ﬂ)cos(aﬂ){n—-.l, (4.9)

m,l=1

where the - .- represent the same dependence of sine function given in the Mutual Rényi
information in (4.5). We find that the mutual (Rényi) information has the same dependence
on p and J as the entropies.
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Periodic fermion. The Mutual Rényi information for the RNS sector for the periodic
boundary condition on the spatial circle can be computed in a similar way. We use b =
1/2,a+J =0

119 ( 4, B) = 1 i ‘ n2ﬂL+7'1J+272u\7') 792(n27rL+7‘1J+z7‘2u|7')’
1— Do (1 T +imop|T) O2(EUTEE L0y T 4irou|7T)
1 105
2 i (o[ sin(5z) sin(5) | sin (472 (410)
= n— — .
n—1l— l sin(flg’z) sin(%g—}i) sin(%ief‘;LéB)

. [B con(aTl) + 3. e e~ cos(allm +.7) o7 C°S<“”m‘”)}] |

m=1

This result is valid for 0 < p < 1. The corresponding mutual information can be evaluated
by taking n — 1 limit.

I*7(A,B) zgi (_11)1—1 [Coi;ifl) + f: e PimLe=Prl cos(al[m+.J])+e M cos(al[m—J])}]
=1

i foneon (1) tmen (1) s ameo ()] ay

The mutual (Rényi) information I/ (A, B) is independent of £¢ and has the same func-

m=1

tional dependences on u and J as the entropies, similar to the anti-periodic case.

Compared to the mutual (Rényi) information of the NSNS sector given in (4.5), that
of the RNS sector has a distinct contribution that is proportional to cos(a.Jl) in the first
line. Interestingly, this term provide a non-zero contribution in the zero temperature limit,
Bu = M = const. for 5 — oo, u — 0.

Qi )” COSeMl JD) [1 {E cot( )—MBcot (MB) (La+¢p)cot (%)H )
(4.12)

The mutual (Rényi) information turns out to be non-zero for

N

5 (4.13)

IU/ =
which can be identified as the energy levels of the Dirac fermion on a circle. This is
explained in detail in the previous section 3.3 with p # 0 and J = 0.

For the special case J = a = 0, we get the chemical potential dependent part of the
Mutual Rényi information.

B . 18 -
e? sinh(3 sin (%—j{) sin (%—ﬁ) sin (LZAMB)

(4.1

IH — 2153(—1)!—1 <€—5ul+cosh(lﬂu))) . sin (%‘) sin (lif) Sm(l(zAMB )

N/
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The result is only valid for 0 < p < 1. For the other values of p, it is straightforward
to evaluate following the previous discussion. On the other hand, the current dependent
Mutual Rényi information can be obtained by p = 0.

X qy\-1 0o
= n f 1 Z ( 1l) (COS(OZJZ) + 2 Z e Blm cos(adm) cos(aJl)) [n — .. } ., (4.15)

=1 m=1

where the - - represent the same dependence of sine function given in the Mutual Rényi
information in (4.5). We find that the mutual Rényi information has the same dependence
on p and J. The first term in the bracket is special for the RNS sector.

4.2 Large radius limit

The large radius limit of the mutual (Rényi) information is straightforward to evaluate. The

computation becomes much more complicated compared to the entropies. It is relatively

easy to see that the Mutual information also vanishes at least O ((%‘)2, ( %B)Q, E‘}J‘;B ) We

are not going to explicitly write the result here.

4.3 High temperature limit

For the analysis in the high temperature limit, the general formulas (4.3) and (4.4) can
be rewritten by using the modular transformation. The mutual information (4.3) that is
independent of the background gauge fields slightly change

= im 2 . 1/2 _
P et SO o i 17 L -z e et 17 L% e
n( ’ )__ 6N og _il(ZA-MC)Q_il(éBHC)Q 791/2 Catlo | —1 291/2 P
e T 27 L T 2L [1/2]( 2w LT |7) {1/2]( LT |7)
(4.16)

The high temperature limit is sensitive to the parameter o = 27w7. For a # 0, it is

: I e 1 _ 27 2
straightforward to evaluate the zero temperature limit 8 — 0 by using - = - B o
We get

jo__nt 1 1 [sin(ﬂeAJrf;iMC) sin(m ﬁ%)

" 6n sin(mtatte ) sin(r totlo)
Lat+lp+e 4 2
[ cos(2mtatiptio) — (:05(47r )] [ cos(2m %) — cos(42-)] (4.17)
[cos(27re“+ec) cos(47r )] [cos(QWM) — Cos(ﬁ)] '
Lo La a
For a = 0, the oscillating behavior changes into a decaying one. Thus we get
. La+lp+l

0 n+1ll4lp n+1, [sinh(rfaHBHe)sinh(r1S)

L) = o0 B IZ  on lo  Tatlo (7 Lo (4.18)

sinh(m=475<) sinh(7 =277 )

Lp

[cosh(ZTrEALJr;C) - cosh(%)] [cosh(27r£3+€c) - cos( 2

[COSh(QWw) — cosh ﬁ m)] [cosh(QwLﬁ) — cosh (4%~ B )]]
)]

Lp
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The chemical potential and current dependent mutual information has further contri-

butions as
n—1 )
= 1 2 T (n 27rL +r1d i p)? —%(%%-Fﬁz]ﬁ-iﬁuﬁ ( )
i = 3 log‘ 4.19
tolen A4 I (o) = (5 AT oy iy

2
19[ 1/2—b Kk ba + TlJ—:—iTz,u|—T1) 19[ 1/2—b ](k Ip TlJtiT2/J«|%1) 9

1/2—a—J \n2nL7 1/2—a—Ji\n 2nLT
1/2—b J+i _ 1/2—b o latt N —
o, 7 BT T o] I[P (ke ¢ e )

We study this mutual information in some details in this section.

Anti-periodic fermion. For the anti-periodic fermion in the NSNS sector, we have
a+J =1/2,b = 1/2. For a = 0, we have the following result for the mutual Rényi
information

wil N+t 1120445 > (—1)171 ar2;

A T +4 fe_T cos[2mul]
m,l=1
sinh (3£> sinh (3£> sinh (ﬁl(fAHB))
x s |n- - i gL 4.20
-1 " |4 10 + 1 0a40 ( . )
" sinh (Eﬁf) sinh (%E%) sinh (g% AT B)
The mutual Rényi information for « = 0 decays except the first term, which can be

combined with that of (4.18). The corresponding mutual information is straightforward to
compute. For a # 0, we get different results.

IN%J:L = & lo [COS(27T[J+nka€f])+COS(4 )] [COS(2W[J+HIZ%§])+COS(4W ))]]
: 1_";;1:“ g[ [cos(2m ) +cos(*5)] [cos(2m [T+ 3k AT ]) +-cos(*27)]

(4.21)

Periodic fermion. For the periodic fermion in the RNS sector, we have a + J = 0,b =
1/2. The exact expression is similar to the NSNS sector. The only difference comes from
the sign change between the ¢35 and 4. Thus for @ = 0, we have the following result

n+112040p _an?%
Iy = “1on B 12 4 Z fe "B cos[2mpl]
m,l= 1
1 sinh (%MT) sinh (%%) sinh (%l(fAz-fB))
Xn—l e h Tl la N h 7l lp + h 71 atls (422)
s (g7 ) smb{gpz ) smhigy—T

ud 2 SNEI o [cos(27r[J+n’2€f]) 0205(4 )] [cos(27T[J+nka€f]) cos(f))]]
Z [ [cos(27J) —cos(*2-)] [ co (2W[J+%%])—COS( )]

(4.23)

This also need to be combined to have the full result with (4.17). The mutual (Rényi)
information is an oscillating function of the current J.
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5 Outlook

In this paper we carry out explicit and detailed computations of the entanglement entropy,
the Rényi entropy and the mutual information of the 2-dimensional Dirac fermions in
the presence of the background gauge fields. We summarize the salient features in the
introduction and also previously in [19]. Here we comments on some future directions.

First of all, it would be interesting to perform similar computations for discrete mod-
els (for example, [25-28]) with some background gauge fields for appropriate boundary
conditions to check whether they would bear similar physical properties such as chemical
potential and current dependences of the entropies at zero temperature, beat frequency,
and more. Precise computations of the entropies and especially the mutual information
emphasizing the dependence on the background fields and the boundary conditions would
be helpful to identify them in available experiments [29].

In the presence of a current J, we have computed the entropies and mutual information
for definite spin structures of the Dirac fermion by taking a periodic or anti-periodic bound-
ary condition. These are the natural physical boundary conditions. It will be interesting
to understand how the entropies interpolate these two different behaviors as a function of
a parameter, the current J, that connects those two boundary conditions. To do so, we
need to reformulate the entropies and the mutual information for 0 < a + J < 1/2. This
turns out to require numerical approach that is beyond the scope of this paper.

It is also interesting to study the role of the parameter « in the entropies. At the high
temperature limit, there are two equivalent behaviors for the entropies depending on the
presence or absence of the parameter. It is well known that o = 0 is connected to the
usual thermodynamic entropy at high temperature. It is natural to ask whether the other
limit with « # 0 is physical or not. Apparently, there is no reason to consider that case
as unphysical. Thus it is reasonable to investigate this case more carefully. Especially,
one can ask how these two different limits are connected to the low temperature limit,
where taking @ — 0 or &« — o0 is a smooth limit. This is even more curious once we
remind ourselves that the low and high temperature limits are equivalent because they are
connected by modular transformation or Poisson resummation. Due to technical reasons,
investigating this also requires a numerical method.
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A

A finite contribution for 8 — oo

We quote the answer for the sum over the index k in the expression (3.27)

n=1 B n—1 M—2onikt
1 22: log‘(1+y11q1/2)‘2: 1 22: bg‘(l*e "L>‘2
1 -n n—1 (1 + y2_1q1/2) 1 - n—1 (1 + eM)
h=—"5~ h=—"5~
1 nM wi(n—1) £ il
= log 5, QPochhammer [—eM_ n ft,eQTft,n}
I—n (14 enM)

wi(n—1) £ il
x QPochhammer [—e_M_ o Lt,eQnLt,n}] , (A.1)

where the Q@ Pochhammer|a,q,n] symbol is given by

(H?:_(}(l_aqj)7 7’L>0,
1, n=0,
QPochhammer|a,q,n| = i ' (A.2)
j:l(l —aq 7)1, n <0,
H;’;O(l—aqj), n=o00.
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