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ABSTRACT OF THESIS

SPARSE DIRECT SOLUTION METHODS FOR CAPACITIVE EXTRACTION
PROBLEMS ON CLOSELY-SPACED GEOMETRIES WITH HIGH ASPECT RATIOS

The method of moment (MoM) [1] is a widely used method in electromagnetics to
solve static and dynamic electromagnetic problems on varying geometries. However, in
closely spaced geometries coupled with large aspect ratios, e.g. a large parallel plate capacitor
with very small separation gap, the problem exhibits several challenges. Firstly, the close
proximity of the field and source elements presents problems with convergence in numerical
evaluations of the interactions between them. Secondly, the aspect ratio of the geometry gives
an approximation whereby to far field points, the source contributions from locations that are
far apart appear to cancel each other. This leads to high condition numbers in the system
matrix. This thesis explores the potential solution to these problems as well as the application
of modular fast and direct (MFD) [2] solver to expedite the solution of such problems.

KEYWORDS: S-EFIE, GC Solver, Capacitance Extraction, MFD, AEFIEnH-S,
Preconditioning

Chee Kean Chang

July 6, 2017




SPARSE DIRECT SOLUTION METHODS FOR CAPACITIVE EXTRACTION
PROBLEMS ON CLOSELY-SPACED GEOMETRIES WITH HIGH ASPECT RATIOS

By

Chee Kean Chang

Dr. Robert J. Adams

Director of Thesis

Dr. Caicheng Lu

Director of Graduate Studies
July 6, 2017




ACKNOWLEDGEMENTS

I wish to use this opportunity to convey my sincerest gratitude to all who supported this
effort. First and foremost, to my parents who have been most encouraging and supportive of my
decision to take a break from my career to complete my graduate studies despite their judgment
and concern. They were most concerned with my adjustment from the industry back into the
academia, as well as the financial stresses that my decision may incur.

I would also not have been able to progress towards completing my studies if not for Dr.
Robert J. Adams’ graciously taking me under his wing as his mentee and offering this problem as
a topic of research for me to embark upon. This is despite all the annoyances of having to manage
the fact that | am completing this remotely, thus precluding quick and easy access as any local
student would have been able to afford him. Along the same vine, | want to thank Dr. Caicheng
Lu for guiding me through all official channels in handling my extraordinary student status at The
College of Engineering. | must also mention that | have inherited code from Dr. Lu that has
tremendously contributed to the results of this research.

Thanks also to Dr. John C. Young who served in the thesis committee and shared his vast
knowledge and experience in numerical integration methods. | wish to acknowledge his
infectious enthusiasm in sharing his novel understanding in subjects that may otherwise be quite
opaque to a new graduate student. This is most evident in his prompt responses to my queries and
readiness to provide written explanations despite my queries coming in in the weekends! Many
thanks to Dr. William T. Smith for graciously serving in my thesis committee, as well as starting
my interest in focusing my studies in electromagnetics. Dr. Smith taught me EE522 in spring
2004.

Dr. Stephen Gedney, who is now associated with The University of Colorado at Denver,
has also advised and encouraged me to complete my graduate studies by sharing with me options
to fulfill my curriculum away from Lexington. | must also remark that, like Dr. Lu, Dr. Gedney
has shared his code that contributed to the completion of this written work. Thank you for being a
friend and kind teacher to me while I was in Lexington.

I will be most remiss if | do not also give thanks to the good Lord. Thank You for Your

grace and inspiration.



TABLE OF CONTENTS

ACKNOWLEDGEMENTS ...ttt sttt st bbbt e sbeesbaeenbeebe e iii
TABLE OF CONTENTS . ...ttt st sttt st sbe e sbbeenbeebe e iv
LIST OF TABLES ...ttt sttt b ettt e be e s b e e bt e atbeanbeene e Vi
LIST OF FIGURES ...ttt ettt ettt sb bt sbe st e b b vii
1 INTRODUCTION ...ttt sttt bttt b et nb ettt sb e be e b bt et nbe e 1
2 THEORY ettt bt bbbt et b et btk e st h e bt ekt bt e b e bbb e et e 2
2.1 AEFIENH-S FOrMUIALION. ......ciiiiiiiiiiiitcic s 2
2.1 1 EFIE e 2

2.1.2  Charge CONTINUILY ....cooiiiiiiiiiisie e 7

2.1.3 10  H CONSETAINT ...t 7

2.1.4  SEAtIC EXIFACTION ..ottt 8

2.1.5 Application of Method of MOMENL............cccoiiiiiieiicece e 9

2.2 S-EFIE FOrMUIBLION ..ottt 13

2.3 GC SOIVEr FOrMUIALION ..ot 16

2.4 Numerical Evaluation MethodS ..ot 18
2.4.1  Potential INtEgralS........ccooiiiiiiiieieeee s 19

2.4.2  Extended DUffy TransfOrmM........ccooeiiiiiiinii s 23

2.5  Effects of Far INTEraCtions ..........ccoooieiiiiiiiiciscse s 30

2.6 MFD and LOGOS ......coiiiieieieieeeese sttt sttt e enes 35

3 NUMERICAL RESULTS ...ttt ettt be e 42
3.1 Effects of Combined S-EFIE and GC Solver Formulation on Conditioning................. 42

3.2 Accuracy across FOrMUIALIONS. ..........uiiiiiee ettt s 43

3.3 S-EFIE+GC Accuracy in Relation to Separation Delta.............cccovvvviiinininieninennn 44

3.4 S-EFIE+GC Conditioning in Relation to Separation Delta...........cccocoevivininenenennne 45

3.5 S-EFIE+GC Integrated with MFD Accuracy and Scalability Data..............ccocooerennne. 46

3.6 AEFIENH-S with MFD SOIUtION ACCUIACY .....c.veieiieiiiiisiinie et 48






LIST OF TABLES
Table 1:Definitions of parameters in the local coordinate system defined for each source

triangle edge and the Field POINT..........c.oviiiii e 20
Table 2:Condition numbers of S-EFIE and GC solver for 10m-by-10m parallel plate

capacitor with 0.002m separation delta and 2028 DOFS. ..........ccooviiriieneiecee e 35
Table 3:Result comparison of Q3D Extractor with S-EFIE, GC solver and S-EFIE+GC.

Geometry is a 10m-by-10m parallel square plate capacitor with 0.002m separation delta. .......... 44

Vi



LIST OF FIGURES
Figure 1:Regions V1 and V. have the same constitutive parameters. Surface S is an
imaginary surface DINAING SOUICES J2.......oivireiiieieiiiesies e 2
Figure 2:Surface S+ encloses volume V: and surface S is the surface of the PEC. ............ 6
Figure 3:r," and ry” are the free vertices of fi(r) and T, and T are the positive and
negative triangle cells of fi(r). The same naming convention is used for f(r) and f3(r). ............... 14
Figure 4:Local coordinate system of edge 1 in relation to the field point projection onto
the source triangle plane, which normal is in the z direCtion...........cccccvvive v, 21
Figure 5:Local coordinate system of edge 2 in relation to the field point projection onto
the source triangle plane, which normal is in the z direCtion...........cccccevviiiieiici v, 22
Figure 6:Local coordinate system of edge 3 in relation to the field point projection onto
the source triangle plane, which normal is in the z direction...........cccccevviiivie i, 23
Figure 7:Left is source triangle (LMN) in 3-dimensional global coordinate system and the
right is source triangle (Imn) in 2-dimensional local coordinate system. O denotes the field point
in global coordinates, o denotes the field point in local coordinates. .............ccceovvvririeniienenenns 25
Figure 8:0lm in local coordinate plane (left) maps to o'I'm'o’ in the Duffy plane (right)..27
Figure 9:Field point (O) and source triangle (LMN) in global coordinates (left). Field
point (0) and source triangle (Imn) in local coordinates (right). ........cccocveveve e 29
Figure 10:Sub-trilaterals when field point is not in source triangle............ccccocevirenennne. 30
Figure 11:Parallel plate capacitor with dimensions 10m-by-10m with 0.002m plate
separation. There are 2028 triangles in the mesh; 1012 triangles on the top and bottom and 4 on
the feed between the plates. The bottom and top plates have matching cell arrangements. .......... 31
Figure 12:Effects of high aspect ratio and low separation delta between parallel capacitor
plates on S-EFIE formulation. ... e e 32
Figure 13:Effects of high aspect ratio and low separation delta between parallel capacitor
plates on GC SOIVEr TOrMUIALION. .........cooiiiiiie e e 32
Figure 14:Joint effect of source triangles that are mutual images across the separation
delta on a far field tHANQIE. ........ooveie e e 33
Figure 15:Result of preconditioned S-EFIE system matrix compared to cases of lower
] L= ot I 11 o TSR 34
Figure 16:Result of preconditioned GC solver system matrix compared to cases of lower
] L= ot I 11 oSSR 34
Figure 17:A strip fitted with 3-level grid in MFD LOGOS factorization...............ccc...... 36

vii



Figure 18:The system matrix rearranged to match the LOGOS grid grouping. Localizing
basis functions multiplied with system matrix yield excitation that is localized, non-localizing

basis functions when multiplied result in excitation that reach the entire domain. ....................... 36
Figure 19:Level-3 factorization MatrixX StTUCLUIES. ........cccoiiriririirerieeeeese e 37
Figure 20:Level-2 factorization MatriX StTUCLUIES. .........ccvirirerirrerieeeeese e 38
Figure 21:Steps to build the localizing and non-localizing basis function matrices......... 40

Figure 22:Condition number comparison for S-EFIE, GC solver and combined S-EFIE
and GC SOIVEr TOIMUIALIONS. .......ocviiiiiieee bbb 43
Figure 23:S-EFIE+GC formulation error relative to Q3D across 3 separation deltas for
the same parallel square plate CAPACITON.........c.ccviviiie i s e 45
Figure 24:S-EFIE+GC conditioning performance as separation delta decreases. ............ 45
Figure 25:S-EFIE+GC with MFD formulation error relative to Q3D across 3 separation
deltas for the same parallel square plate CapaCItOr. ...........cccviieeieie e 46

Figure 26:DOF count versus fill operation scalability of S-EFIE+GC integrated with

MFD compared to S-EFIE+GC dense fills. ..o 47
Figure 27:MLSSM memory usage across different separation delta and DOF count. ..... 47
Figure 28:DOF count versus LOGOS factorization CPU time..........ccccevvvinenenenienienne. 48
Figure 29:DOF count versus LOGOS s0lve CPU tIMe. .......ccooirineiiiiinisesese e 48

Figure 30: AEFIENnH-S dense run and with MFD run against analytical result for 1-m
radius PEC sphere at 1.5m Wavelength..........ccoiiiiiiiiiie s 49

Figure 31: AEFIENnH-S dense run and with MFD run against analytical result for 1-m
radius PEC sphere at 125m Wavelength...........ccocoiiiiiiiii s 49

viii



1 INTRODUCTION

The method of moment (MoM) is a highly versatile method to solve static and dynamic
electromagnetic problems due to its straightforward formulation. For example, in comparison
with finite element method (FEM) [3], MoM does not require boundary truncation treatment like
absorbing boundary condition [3] or perfectly matched layer [3] in open-boundary problems as
the Green’s function treats this. Also, in 3-dimensional problems, MoM can be formulated on
surface discretization whereas FEM requires volumetric discretization. It is also worth
mentioning that MoM affords more flexibility in the choice of basis functions since the
formulation is based on integral equations instead of differential equations, which limits the pool
of basis functions to those that are differentiable in the domain. However, the fact that it relies on
accounting for the effect of a source to field point through convolution with a Green’s function
results in a matrix that is dense and therefore pose a problem on high memory usage to store the
source to field interactions in the system matrix. A dense system matrix naturally implies that
more computation time is spent on filling the matrix entries also. Thus, much research has been
focused on mitigating these 2 problems.

On the aspect of increasing memory savings, solutions to compress the system matrix has
been introduced. Use of modular fast direct (MFD) analysis method to resolve the issue is an
alternative. However, MFD only works well with well-conditioned system matrices.

In this thesis, we focus on a 2 electrically isolated perfect electric conductor (PEC)
capacitance computation problem where the geometry poses several challenges. Firstly, the
conductors are very closely spaced and, secondly, the aspect ratio of the capacitor terminal largest
edge to the terminal separation distance is high on the order of 5000 or more.

The challenges that are immediately at hand are the evaluation of system matrix entries
where the source and field locations are mutually adjacent or separated by a minuscule gap, and
the poor matrix conditioning. The second challenge is a roadblock to the use of MFD to achieve
the goals of compute time and memory savings. Whereas, the first problem was found to be too
cost prohibitive in computation time that even with MFD, the solution is not practically usable.

In this thesis, the first problem is handled with a of couple approaches; one extendable to
allow quasi-static problem solution, and another which is strictly applicable to static problems
only. In order to address the second problem, a preconditioning scheme is being attempted to

address the poor conditioning of the system at high mesh density.



2 THEORY

2.1 AEFIENnH-S Formulation

AEFIENH-S [4] is the augmented EFIE formulation [5]-[6] with a normal magnetic field
constraint and a static charge subtraction from the formulation.
2.1.1 EFIE

This discussion shall begin with a simple derivation of the electric field integral equation
approach using the equivalence surface current and extinction theories [7]. Given the following
physical setup:

Figure 1:Regions V1 and V2 have the same constitutive parameters. Surface S is an imaginary

surface binding sources J..

Maxwell’s equations [1] in the frequency domain with a time dependence of e“* are as
follows:
UXE(#) = —M(@#) — iwpH (7) 1)

VXH#) = J#) + iweE (7) )



v-E@) =2 ‘f) 3)
u
and charge continuity equation,
V- J(®) = —iwpe(?) (%)

After the fact that magnetic current density and magnetic charge are not material, the terms
M(#) = 0 and p,,(#) = 0.

The Sommerfeld radiation condition [3] satisfied when electromagnetic waves propagate
to great distances is as follows:

lim |7 =7 |(VXE(#) + ikPXE(#)) =0 (6)

|F=7r]—>00
This essentially relates that at great distances from the source of propagation the electric and

magnetic fields relations approximate those of plane waves.

The vector wave equation can be derived from Maxwell’s equations as follows:
Vx (vXE(?)) = Ux (—M(F) - iw,uﬁ(?))
UXVXE (7) = —iwuVxH(7)

VXVXE(F) = —iwu(f(?) + iwef(?))

VXVXE(?) — k2E(#) = —iwu] (7) (7)
The Green’s function is a field response of a point source.
E@® = —ion f f J@&) - G@ v ®)
where
B - VvV e—ik|17—17!|
GHEM) =+ ) ——= 9
#r) =0+ k2)4n|F—r’| ©)

is the dyadic Green’s function. It satisfies the Sommerfeld radiation condition and the expression
is as follows [8]:

lim |7~ 7|(VXG@ ) + kixGF 7)) = 0 (10)

|F=71|>00

Given this notion, the Green’s function is expected to satisfy the vector wave equation as follows:



UXVX—iwp f f J#)-GF#)AV' + kZiwp f f J#)-GF #dv'
= iwp f f f J@#) - T8 —#)dv’
UXVXG(7,7) — k2G(#,7) = I6(F — 7") (11)

If G (#,#") is multiplied into (7), and E (7) is multiplied into (11) and then (11) is subtracted from

(7), the following expression results:
UXVXE(F) - G(F,7") — VXVXG (7, 7) - E(F) = —iwu/(F)G(F,7) — §(F —#IEF) (12)

When (12) is integrated over volume V7, the following expression is arrived at

f f f UXVXE(#) - G(# 7") — VXUXG(#,7") - E(F)dV;

= fff —iwu](A)GF 7" — 8(F — #)E@)dV,

f f f UXVXE (7) - G(7 7') — VXVXG(#7") - E(F)dV; = E,(#') — E(7") (13)
where
E.(7) = j ﬂ —iww] ()G F, AV, (14)
and
E@) = f f f 8@ — #E[#)dV, (15)

In the above expression, E(#") is the total electric field in V; and El (") is the electric field in V;
contributed by the source J; () in V5. The left-hand side of (13) may be changed using the
following identity:
V- [EG)XVXG(F,7') + VXE (F)XG(F,7")]
= VXVXE (7) - G(F,7") — VXVXG(7,7") - E(7)
If the divergence theorem is then applied, the final left-hand side becomes the following:
— f f [EG)XVXG#,7") + VXEF)XG(#,7")] - AdSe
- f f [EF)XVXG#,7) + VXEF)XG(F,7)] - AdS

Note that the normal vector 7 points into the region V;, hence the above surface integral
expressions are negated. The kernel of the first term integral in the left-hand side cancels out after

substitution of the Sommerfeld radiation conditions into it as follows:



- f f [EG)XVXG(#,7") + VXEFXG(#,7)] - idSe
= - f f [EG)x(—~ikixG (7, 7)) + (—ik?xﬁ(?)) XG(#,7)] - AdS.,
=— f f [ikPXEF)XG(F#,7") — ikixEF)XG (F,7")] - AdSe
=0
Thus, (13) can now be written as follows:
- f f [EG)XVXG(F, 7)) + VXEFXG(F, )] - AdS = E; (") — E(")
With vector identity manipulations, this expression can be changed to the following:
f f A (E@®x(VxG @, 7)) +7- ((VXE(F)) xG(7, F’)) ds = —E,(*") + EG")
j (VG 7)) - (AXE®)) + 7~ (—iwuH F)XGF, 7)) dS = —E,(7') + EGF")
j f (VXG#, 7)) - (AXE@) + GF7") - (Ax—iwuH (7)) dS = —E;(7") + E(F")

It is recognized that AXE(?) is, by boundary condition, the surface magnetic current density

—M (%), and fix—H (#) is the surface electric current density —/ (7). Hence, the following

expression is arrived at:

f f (VXGF 7)) - (~Ms(®)) - iwpGF,7") - Jy(F)dS = —Ey (7' + EGF)

—iwp f f G# ) Js(F) dS + E,(7) = E(#)
It must be noted from the formulation thus far the vector 7 does not mean the coordinate vector
of sources, but of an arbitrary field point in this case under study; i.e. any pointin V; or V,. The
vector 7 whilst also representing an arbitrary location vector in the setup is limited to be within
the V; region due to the volume limits of the integration. In the interest of minimizing confusion,

the coordinate notations are exchanged. Therefore:
—iwp f f G# 7)) J,(7)dS' + E,(#) = E(®) (16)

Here, E; (7) is the electric field in V; resulting from the sources in V;, fS(F’) is the equivalent
surface current density on the bounding surface S, where 7’ indicates position vectors on the

surface S. This equivalent surface current on the boundary S satisfies the uniqueness of the field



generated by the sources in V, on the boundary and outside it whilst extinguishing fields in V.

E (%) is the total field observed in V;.

This concept can then be applied to a setup depicted in Figure 2.

Figure 2:Surface S. encloses volume V, and surface S is the surface of the PEC.

In this case, E; (7) is the electric field contributed by 7, and is the incident electric field,
Einc_When Einc impinges on the perfect electric conductor (PEC), a surface electric current
density, Js, is induced on S. The effect of [ in the V; region can be generated by an equivalence
surface current on S, that is just large enough to bound surface S, which will be denoted fSeq, in

place offs. Expression (16) can be used in this context as follows:
—lwp f f G(F7") - Jseq(FAS} + EMC(#) = E(P)
where 7 € S.

In this case, the integral term is the scattered electric field, ES¢%¢. The boundary condition

on a PEC dictates that on S, E¢(#) = 0. Therefore, ES¢att(#) = —E¢t(#). Such an arrangement

allows the PEC to be removed without affecting the field in 17;. After the fact that S, is very close

t0 S, Jseq is effectively Js. This is the EFIE formulation. Therefore,

t
i f j GG ) -Jo(#)dS' = Bnet(s) (17)



Note that this formulation is applicable to closed as well as open surfaces as long as no magnetic
current density is present on the boundary; implying continuous tangential electric field across the
boundary.

The dynamic EFIE formulation in expanded form from (17) is as follows:

o [[ 6¢.#00as + L [[0(v e m)as = Erery a9

However, to express (18) in terms of the whole electric field instead of just its component that is

tangential to the incident surface, it can be written as:

fwuix f f G(F,?’)]}(F’)ds’+éﬁx f f V(v TG ))dS' = AxEm @ (19)

where
e—Lle—r/l
7T = 20
6T Am|7 — 7| (20)
The charge continuity equation can be substituted into (19) and give:
- 1 =
fouix [[ 66 7sGds"+ x| V(p GG, )dS” = AxEn()
> SINT /o ’ ~ > > o 7 1 A~ T -
ikt X ﬂ G, 7)]s(7)dS" + ciix ff V(pe(F)G(#,7))dS’ = o AXETE(@)
2 1 .
lkﬁX Jf G(F, F,)js(F,)dSI + CﬁX ff pe(F’)VG(F, F’)ds’ = EﬁxElnC(F) (21)

2.1.2 Charge Continuity
In order to form the Augmented EFIE formulation, the charge continuity constraint (5) is
also enforced in addition to (21). In the interest of improving the conditioning of the system

- o

matrix, constraint (5) is convolved with the Green’s function G (7,7"). Thus giving,
f f GV - Jo(F)ds' + i f f G 7)p. (F)ds' = 0 (22)

2.1.3 - H Constraint

TheA - H component of AEFIEnH-S is derived from (21) by taking its divergence:

v (ikﬁx jf G(F,F’)fS(F’)dS’> +V- (cﬁx f J V(pe(F’)G(F,?’))dS’)

1
=V (—ﬁxElnC(F)>
n



_ikfi- (Vx ff G(F,F’)fS(F’)dS’> —cﬁ-(Vx f f V(pe(F’)G(F,F’))dS’)

= —%ﬁ - (VxEne ()
4 \7>< ff G F’)]S(F’)ds) Fine ()

f f VG(# 7 - (Ax]s(F))dS' = fi - H™(#) (23)
Charge neutrality is also enforced on all electrically isolated surfaces.
2.1.4 Static Extraction
The -S component originated from a problem found where AEFIENnH vyields high

condition numbers at low frequencies for multiply connected geometries. As seen thus far, the

AEFIE formulation used does not place a ik multiplier on the current density as in [5]-[6], but

remains with the vector potential term of (21). The 7 - H constraint is actually intended to counter
the problem by constraining the current densities in the absence of the vector potential term of
EFIE. However, it is also reported in [9] that the constraint has a null space on cases with
multiply connected geometry. Therefore, uniqueness is not guaranteed and is manifested as high
condition number. Close observation of the problem at frequencies approaching zero however
indicates that the problem starts to resemble a static field problem. Therefore, to equalize the
contribution from the charges on the scalar potential term with the current density on the vector
potential term, the contribution from static charges are deducted from the system.

As such, the incident electric field and charge density in the system are decomposed into

dynamic and static components. The static incident electric field is denoted EX"¢(#) and is

cancelled by a static scattered electric field E3°(#) at the PEC boundary that is generated by a

static surface charge density on the PEC denoted as p, (7). Since this is a static field case, this
phenomenon can be summarized by expression (21) with k = 0, p,(7') = po ("), and E™¢(#) =

Elnc(#), thus giving:
1 -
cAix f f po(FIVG,(#,7)dS" = EﬁxEénc(F) (24)

where

1

6o 7) = g

(25)

The ultimate intention is to have an expression that accounts for the current density that yields the

dynamic scattered electric field to cancel the dynamic incident electric field Emc (7) at the PEC



boundary as the excitation frequency diminishes. To this end, the total incident electric Eine @)
field is expressed as:

E™Me(#) = ikEnc(#) + EInC(7) (26)
In such an arrangement, as the excitation frequency diminishes (i.e., k — 0) E™¢(#) ~ E&(#).
The object is to have (21) solve for excitation Eme(#) — F?(‘;”C (#) on the right-hand side. Thus,
(21) needs to have (24) deducted from it. Before this can be done, the charge density needs to be
redefined as being constituted from static charge density, which yields the static scattered electric
field to counter the static incident electric field on the PEC boundary, and dynamic charge density
P (7", which represent the moving charges that give rise to the charge continuity constraint in

dynamic cases. Thus,
pe (") = ikp (7') + po (") (27)
Much like the excitation, as frequency diminishes (i.e., k = 0) p. (") = po(#'). With these

premises, (21) is rewritten as follows:

ikiix j f GE s (F)dS' + chix j f (ikp ) + po(#))VG(F 7)dS”

1 = =
= Zfix (ikE,;"C (7) + Einc (F))

=

Aix f f GG, )]s (7)dS’ + Aix f (corFN)VG(F, 7)dsS’
) ) (29)

= Bmey Ly f f oo FIVG(F,7)dS"

ikn ik ’

Note that the new representation of p, (") affects the charge continuity constraint (22) as follows:

f f GH V- Jo()ds' + iw f f G, 7 (ikp () + po))ds” = 0
j f GFE Y - Jo(F)ds’ +%“’ f f GG, 7 (ikepe () + cpo))ds’ = 0

f f G# 7V - Js(F)ds' — k2 f f G(#, 7 cpe(FNds' = —ik f f cpo(FNG(#,#)ds’  (29)

Thus, expressions (23), (28), (29) along with the charge neutrality constraints for each electrically
isolated surface conclude the necessary constraints to construct the AEFIEnH-S system.
2.15 Application of Method of Moment

The method of moment is then used to solve for the current densities and dynamic
charges. The subject geometry is first approximated with a mesh of N; triangles with each

triangle denoted as T,, where n = 1,2, ..., N;. In this approximate geometry, N, internal edges are



defined. An internal edge is defined as an edge that is shared by a pair of triangles. fS(F) is
approximated by a summation of RWG [10] basis functions. RWG functions are defined for
internal edges that are shared by a couple of triangles. One of the triangles in the triangle pair is
designated as the positive triangle, T;f, and the other designated the negative triangle, T;; . There
is 1 free vertex associated with each of the triangles in the pair and is the triangle vertex that is
not shared with the other triangle in the pair; designated 7" and 7;; for the positive triangle free
vertex and negative triangle free vertex respectively. The formal definition of a RWG function,

fn(?), is as follows:

e, (7 —7;)

] AT rETT
24;,
0, elsewhere
> Ne -
5@~ ) Jnfa) (31)
n=

where e, is the length of internal edge n = 1,2, ..., N,. p.(#") shall be approximated with a

summation of subdomain pulse basis functions, h,, (), defined as:

1
, —, reT,
ha(® ={4, " (32)
0, 7e¢T,
Nt
pe) = ) auhn () (39
n=1

qr is therefore the total charge in T,,.
The constraints are then tested with a set of test functions to yield a set of linear algebraic
equations. If W (#) and X (#) are scalar functions where W (7) is the test or weighting function

and X (7) is the basis function, the testing procedure is defined as
wx@ = [[ wirxaas (34)
If the test and basis functions are vector functions, the procedure is as follows:
(W (@), X)) = f W(@®) - X(#)dS (35)
The EFIE constraint is tested with N, RWG functions, the charge continuity constraint is tested

with N; pulse basis functions, and the 7 - H constraint is tested with N, divergence of the Buffa-

Christiansen(BC) [11] functions which is denoted as f,,bl (7). The charge neutrality constraint is

10



not tested and is simply a function indicating that the sum of charges on an electrically isolated
surface total to zero. Hence, the following expressions result:

Ne
ﬂ (ﬁxfm(?))-<ﬁx ff G(F,F');jnfn(;f) ds") s
N¢
+ﬂ (ﬁxfm(F))-<ﬁx ﬂc;qknhn@') va(?,;')d5f> ds
= % f f (A% @) - (AXE™ (7)) dS
Ny
_%ﬂ (ﬁxfm(F)).(ﬁx ﬂc;quhn(F')vg(f,?')dS/)dS
Ne
ﬂfm(ﬂ'ﬂ G(F,F’);jnfn(?') ds’ ds

+ff fm(F)-jfciqknhn(?’) VG, 7)dS' dS

- %ff fin(P) - EME(#)dS
_%ff fm(f)-ffanZ:quhn(?') VG 7)dS' dS
Ne
[| 7| G(ﬁf’);jnfn@') s’ ds

—ffV-fm(F) ﬂciqknhn(?’)G(F,F’)dS’dS

_ 1 £ o= "inc-’d
—ﬂf ) - Fne(®)ds

+%ﬂv'fm® ﬂCqunhn(?’)G(?,F’)ds’ds

11



Ne
nlen ﬂ.fm(f))ff G(T,7)f,,(7)dS' dS

e [ 00 [t i a

= i [ Fn®- EreGiras
+%:Zlcq0n [ 7 [[ a6 725 as
e
[ || G(N')v-;jnM') s’ ds N
~ [[ hn [ G(F,:')c;qknhn(?') s’ ds
= =ik [[ 1 || c;thn@')amf')dyds
e
ZJ [ > || G(:.F')v-ﬁ(?')dS'ds
- k2 nzz;chn | @ [[ 6. 790" as @7)
- —ik;cq(m | @ [[ har6G:72ds as
.
[[v-72@ ([ vei.m- (ﬁx;jnﬁl@'))ds*'w = [[v-i2@n- Are@as

Ne
nlen ffv.fn’i(F) ﬂ VG(#,7) - (ﬁxfn(?’)) ds'ds = jfv.frg(F)ﬁ_Hmc(?)ds 38)

(36)

These expressions form a system of equations that can be represented in matrix form as follows:

IrLA qu ]l bee L,

b, -kl 7_1(1| 0 _[_kzn

Q 0 q|[ch] ik (n liknbm{‘ 0 4 [cq0]> (39)
l o Ng 0 | 0 ]
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where L, and Q are N, XN, matrices, Lq is a N, XN; matrix, Dy is a N, XN, matrix, Dq is a
N¢ XN, matrix, by and b,y are N, X1 vectors, and gy and qq are N, x1 vectors. Ng is a N, XN,

matrix, where N, is the number of electrically isolated surfaces in the geometry.

The definitions of the submatrices’ elements are as follows:

el = || Fn®)- || 670772 as (40)
Ladn = = [[ 7@ [[ GGG 7ds" s (41)
Pbn = [[ 1@ || 66797 o' ds (@2)
Paln = [[ 1@ || 667 9hads" ds (43
Qb = || 772 || 76677 - (axf67) ds' ds (49)
M =fl TS
eel = || Fn) - Ee@)as (46)

Buth = [| V- 2 Fine s (@1)

All constituent elements of the AEFIEnH-S have now been defined, except for qq which
needs to be solved beforehand to complete the formulation. The solution of the static charges and,
indirectly, solution of capacitance extraction problems using AEFIEnH-S’ static charge solution
mechanism, which is henceforth termed static-EFIE(S-EFIE), is the focus of this thesis with an
emphasis on closely-spaced geometries with high aspect ratios. S-EFIE is coupled with another
formulation termed conductance and capacitance (GC) solver.

2.2 S-EFIE Formulation

The S-EFIE formulation has its physical premise on expression (24). In capacitive
problems, there is no incident electric field stimulus. However, in the case of PEC, the boundary
condition is such that the scattered and incident electric field cancel each other. Hence, the

expression is rewritten as
1 5
—ciiX jf po (VG (7, 7')dS' = Eﬁng“‘t(F) (48)
This expression can be adapted to capacitive problems by adding a feed to the geometry and

applying a delta gap source [12] at the feed. The scattered electric field shall equal the delta gap

13



source and when tested with a weighting function yield a voltage equivalent to the intended
stimulus voltage for the capacitive problem. For the choice of testing function, star function [13],
used in S-EFIE, we have

Ege(F) = —6(F — 75)Vs (49)
where Vg is the intended input voltage at the feed and 75 is the position vector where the input
voltage is intended to be enforced, this should be an internal edge in the context of S-EFIE.

The method of moment is used and the subject geometry is approximated with a mesh of
N, triangles with each triangle denoted as T,, where n = 1,2, ..., N;. The static charge densities are
approximated by a summation of subdomain pulse basis functions as in expressions (32) and (33).
The choice of weighting function in this case, however, is chosen to be the star function which
are based on RWG functions.

The star test function is defined for every triangle and is the sum of the RWG functions
that the subject triangle is associated with, but with the RWG functions divided by their
corresponding edge length and their orientation changed so that the subject triangle is the positive
triangle in the RWG triangle pair. By this definition, the star function, ﬁn(F), associated with T,
in Figure 3 is as follows:

LD, LG f0

€1 é; es

IAGES

.
'3

R —
LT T T e

(1)

f2

Figure 3:r1* and r1” are the free vertices of fi(r) and T1" and T1™ are the positive and negative

triangle cells of f1(r). The same naming convention is used for f»(r) and f3(r).
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Using the testing procedure in expression (35), the following expression is arrived at

- ﬂ (ﬁXﬁm(F)) ' ﬁxvﬂ Go(7,7") nNZ: cqonhn () dS’ dS

_ g f f (AxEn(®) - (AxEs(™) ds

- f f E. () -V f f GO(F,F’)nNZtlchnhn(F’) ds’ds = 1 f f Fyn(#) - Es(®ds  (50)

After using the vector identity V- (WA) = Vi - A + ¢V - A on (50):

080 [[ > camtras s

B U ﬂ v (Fn(®)Go7) i CGonhn (7))dS" dS

= o | B Esds
The second term on the left-hand side evaluates to 0 by virtue of the nature of the divergence of

RWGs (i.e. the divergence of a RWG is 0 for the triangle pair) which also applies to the star

function. Thus, the formulation for the system matrix after testing is

ﬂv-ﬁm(f) ff GO(F,F’)ichnhn(?’) ds'ds = n‘lﬂ Fn(7) - Es(¥)dS

anZ:qon ffV-ﬁm(?) ff Go G 7Y, (F)dS' dS = n‘lﬂ B (D) Bs(Pds  (51)

However, this is not complete as the formulation when used, as it is, to construct a system matrix
leaves a non-trivial nullspace yielding non-unique solutions to g,,. This has been explained for
EFIE tested with RWG test functions [6]. The same applies in this context as well. After the fact
that RWG function divergence is triangle-wise constant (i.e. it is constant on the positive and
negative triangles), the fact that the basis functions are constant throughout the source triangle,
and that each neighboring test triangle pairs have an RWG in their star test function that negate
each other, one can see that the possibility for a non-trivial solution to the system matrix exists. If
the same logic from Chew and Zhou [6] was applied in this case, then the incidence matrix, D, is

square and will be defined as follows to conform with star functions:
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-1, Triangle m is negative part of star n's contituent RWG
[D]nn =4 1,2,3, Triangle m = n.Value is the number of n's internal edges  (52)
0, Triangle m is not part of star n

It can be seen that a vector of 1s is also in the nullspace of DT. In order to resolve the problem of
the nullspace, a charge neutrality constraint is introduced into the system matrix for each
electrically isolated surface and takes the same form as (45). The excitation vector also has the
same number of 0s as charge neutrality constraints appended. Thus, the final system of equations

in matrix form is
—1 thO
[ [Peeo] (53)

where Lgg is a N XN, matrix, and bygg is a N, X1 vector and the matrix elements have the

following definitions
[Leo] = = j f V- E,(7) j f Go (7, 7" )Ry (F)dS’ dS (54)

[bugolm j f B (P) - Bs(P)ds (55)

This defines the S-EFIE formulation.
2.3 GC Solver Formulation
Consider the potential difference that’s constructed by a point charge at the origin. By

Coulomb’s Law,

DN o testqo
F(r) = “amer? | (56)
2.5 90
E() = yp—t) (57)

where 7 is the radial distance between point 7 and q at the origin. The potential difference at 7,

relative to point 7, in the presence of a point charge g at the origin is defined as

>

Ta_, R R
V(@i)s, = —f E(7)-dr

p
Note that because E (7) is directed radially away from the positive point charge or radially
inward, if the point charge is negative, only the radial component of the displacement between 7,

and 7, will contribute to the inner product. Therefore,

>

Ta
V(e = — f E@# - drf
b
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a do

= — f s dr
7 Amer
b

o

Ta

do
dmerly,

do 9o

4mer,  4men,

If , — oo, i.e. potential difference, V (7;,),, is now defined as the energy to move a unit charge
from infinite distance to 7, then

qo

(ra)rb 47T£Ta

which we henceforth generalize 7, to 7 and denote as

do

Ve = Amer

When the point charge is removed from the origin, r = |7 — 7’| where #' is the position vector of
the point charge q.

do

V r == on
™) dme|r — 7|

(58)

If, rather than a point charge, a distribution of charges on a surface is present, then (58)
can be modified to the following surface integral to account for the contribution of all the charges

in the distribution on the potential difference at 7

ff 4nz(|)1gr ) s

1
- - f f po(F)Go 7, 7)dS’ (59)

where p, (7") is a surface charge density distribution function in (59).

The object is to solve p,(7"). The same discretization method is employed in this case in
that the geometry is approximated by triangles and subdomain pulse basis functions as in
expressions (32) and (33) are used to approximate p, (7"). The system matrix is formed by
substituting (33) into (59) and testing the resulting expression with N; linearly independent
weighting functions to form a system of N; equations with N, unknowns or degrees of freedom
(DOFs). In accordance with Galerkin’s method, the weighting functions shall be the same as the

basis functions. The result is

= [[ 1 [[ G062 *')qu 26 ds" a5 = [ hn @IV S
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%i don f f hon () f f Go (7, ) hn(7')dS" dS = f f ho FIV (P)dS (60)
n=1

1
2 [Z1[90] =V (61)
where Z is a N, XN, matrix and V is a N, x1 vector with the following definitions
Zln = [[ 1@ [ G072 Gds" s (62)
Wi = [[ hmV s (63)

This constitutes the GC formulation.

2.4 Numerical Evaluation Methods

The choice of geometry for the study was chosen to be parallel square plate capacitors
with very small spatial separation and high aspect ratios, which in this context is defined as the
ratio of the largest plate dimension to the separation space between the plates. The aspect ratios
that were studied were 5000 or greater.

Generally, quadrature evaluations of surface area for triangles that do not overlap are
performed using Gaussian quadrature for triangles and for self-interactions (i.e. the source and
field triangles are the same) Duffy transforms [14] are used to evaluate the same. Immediately the
challenge at hand was quadrature evaluation convergence.

For example, it was found that in excess of 99.6% of adaptive quadrature evaluation
computations for 1 field triangle in a 900-patch parallel plate capacitor with dimensions
10mx10mx0.15m were directed at computing interactions with itself, source triangles that are
neighbors sharing an edge or its translational image across the separation space and its image’s
adjacent neighbors.

This is largely attributable to the singularity in the Green’s function. As the distance
between the field point and source triangle diminishes, successive adaptive quadrature

evaluations tend to show large differences and hence force more quadrature evaluations.
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Two methods were used to mitigate this problem. One uses potential integrals [15] for
uniform and linear source distributions on polygonal and polyhedral domains. This method,
however, is limited to static cases only. The second method is termed extended Duffy transform
[16], which, in summary, extends the Duffy transform usage from only being applied to self-
interaction quadrature evaluations to include interactions between field triangle points and source
triangles where the projected distance of the field point on the source triangle plane is within a
given tolerance.

2.4.1 Potential Integrals
The expressions (54) and (62) have integrands that are of the form

[[ Las o

due to the static Green’s function. The potential integrals method makes use of the divergence
theorem to reduce the surface integral into a contour integral that is analytical in the limit that the
field point, in the case of self-interaction, is confined to an area that approaches zero.

In this thesis’ context, the analytical formulation makes use of a 2-dimensional
coordinate system that is local to each edge of the source triangle to enable its use in computation.
The following parameters (magnitudes and vectors) are defined in Table 1 for each edge of the

source triangle in relation to the field point:
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Table 1:Definitions of parameters in the local coordinate system defined for each source triangle

edge and the field point.

Parameter

Definition

A unit vector in the source triangle plane that is perpendicular to edge i or its
extension that originates from the field point’s projected image on the source

triangle plane and terminates at a point on edge i or its extension.

A unit vector in the source triangle plane that is perpendicular to edge i and
directed outside of the source triangle.

The line in the source triangle plane that is perpendicular to edge i or its
extension and joins the field point’s projected image on the source triangle plane
to a point on edge i or its extension. This line forms an axis of edge i’s local
coordinate system in relation to the field point. Edge i and its extension is the
other orthogonal axis in this local coordinate system. P also denotes the

magnitude of this line.

The distance between the field point and the terminal point of edge i, where the
initial and terminal points are determined in a right-handed sense in relation to

the source triangle plane’s normal vector.

The distance between the field point and the initial point of edge i, where the
initial and terminal points are determined in a right-handed sense in relation to

the source triangle plane’s normal vector.

The position of the terminal point of edge i on a coordinate axis with origin at
the intersection of P? and edge i or its extension. The positive direction of this

axis points from the initial point to the terminal point of edge i.

The position of the initial point of edge i on a coordinate axis with origin at the
intersection of P? and edge i or its extension. The positive direction of this axis

points from the initial point to the terminal point of edge i.

The distance between the field point and its projected image on the source

triangle plane.

The distance between the field point and the origin of the local coordinate

system. i.e. R = /Pioz + d?
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Figure 4, Figure 5, and Figure 6 illustrate the local coordinate systems for the 3 edges of
a source triangle from a 2-dimensional view with the normal of the source triangle plane in the

positive Z direction.

3_5 T T T T T T T T T T
field point
3L % projection |
| on source
| triangle plane
25 | 7
|
|
2r | 7
|
L | 0 i
= 1.5 IFf
|
1r | 1
|
|
051 | 7
|
of "_l_ -
Py

Figure 4:Local coordinate system of edge 1 in relation to the field point projection onto the source

triangle plane, which normal is in the z direction.
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Figure 5:Local coordinate system of edge 2 in relation to the field point projection onto the source

triangle plane, which normal is in the z direction.
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Figure 6:Local coordinate system of edge 3 in relation to the field point projection onto the source

triangle plane, which normal is in the z direction.

With these parameters defined, (64) can be analytically evaluated as follows:

3
1 ~ Rf +1} pPoit PRl
ﬂ—ds'= E P? - 9;(PIn————= — |d|(tan"! ——————— tan"} —————)) (65)
R o R +1; R + |d|R} RO +|d|R;

Note that if the Green’s function was dynamic, then potential integrals would not work. However,
for capacitive extraction problems where it is static, this method is highly scalable and precludes
the need to perform adaptive quadratures on the source triangle, thus, translating into

computational savings.

2.4.2 Extended Duffy Transform

The Duffy transform seeks to eliminate the singularity in integrals of the following kind:
1 xr .
J f JSay) dy'dx’' (66)
00

The domain of integration is a right triangle in the x’-y’ plane. By parametrization:
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s=x' (67)

t=2 (68)
X
Thus, (66) becomes:
([ (s [ fGs.5t)
S,S S,S
= 69
Of Of 1oz Of Of s (%9)

which is no longer singular. Hence, allowing faster convergence. (69) can be computed using
Gaussian quadrature for quadrilaterals on a reference plane and then transformed back to the
original plane by multiplication with Jacobians linking the plane coordinate systems. This
transformation maps a trilateral into a quadrilateral.

The process of using Duffy transforms in quadrature evaluation begins with mapping the
source triangle from the global 3-dimensional coordinate system, to a local 2-dimensional
coordinate system where the vertices of the source triangle are mapped into vertices with
coordinates (0,0), (1,0), and (0,1) assuming a right-handed orientation and the normal of the
surface pointing in the positive Z direction. The source triangle is now a right triangle in the local
coordinate system. The Jacobian that maps from the local coordinate system to global coordinate
system is twice the area of the source triangle in the global coordinate system. The global
coordinates can be mapped into the local coordinates using normalized area coordinates [10] as

follows with reference to Figure 7:

AONL
O = (70)
¢ ALMN
AOLM
oy = (711)
7 ALMN
0= (1—-o0— o,,)z + oeﬁ + onﬁ (72)
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Figure 7:Left is source triangle (LMN) in 3-dimensional global coordinate system and the right is
source triangle (Imn) in 2-dimensional local coordinate system. O denotes the field point in global

coordinates, o denotes the field point in local coordinates.

Next, the trilateral in the local coordinate system needs to be broken into sub-trilaterals
where each trilateral has the field point and 2 of the source trilateral vertices for its vertices. Note
that if the field point is a vertex of the source trilateral, then there is only 1 sub-trilateral (the
source triangle itself), and if the field point is located on a source trilateral edge, then there are
only 2 sub-trilaterals that can be defined. Note that the field point is the point where the
guadrature evaluation is singular.

Next each sub-triangle is mapped into a Duffy plane quadrilateral, wherein Gaussian
guadrature for quadrilaterals is evaluated. Note that the Jacobian mapping from the Duffy plane
to local coordinate plane is dependent on which 2 adjacent vertices of the quadrilateral the field
point is mapped to. Points on the Duffy plane can be mapped back to the local coordinate plane
using nodal shape functions [17] for quadrilaterals. If the axes of the Duffy plane are labeled s
and t (henceforth also known as the s-t plane), then the nodal shape functions and their uses to

map back to the local coordinate plane (the e-n plane) are:
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Ni(s,t) =(1—s)(1—1t) (73)

Ny(s,t) =s(1—1t) (74)
N5(s,t) = st (75)
Ny(s,t) = (1 —9s)t (76)

Using Figure 8 for an example, the mapping will work as follows to define the relationship
between an arbitrary point p'(s, t) in the s-t plane to p(e,n) in the e-n plane:
Pe = Nyo. + Nyl + Nym, + Nyo,
= (1—-15)oc +s(1—1t)l + stm,
py = Nyo, + Nyl + Nam,, + Nyo,
=1 —5s)o, +s(1 —t)l,; + stm,

By definition, the Jacobian is defined as:

de dn
ds ds
de dn (77)
dt dt

Therefore, the Jacobian mapping from s-t plane to e-n plane in this case

Jac =

Jac = |(—oc + (1 — )l + tm)(—sl, + smy)
— (=sle + sm)(—o, + (1 — D)L, + tm,))|
The final step is to perform the Gaussian quadrature for quadrilaterals in the Duffy plane
and multiply the result by the Jacobians mapping from the Duffy plane to the global coordinates.
This needs to be repeated for all the sub-trilaterals and then summed together to get the final

result.
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= 0.2

Figure 8:0lm in local coordinate plane (left) maps to o'I'm'o’ in the Duffy plane (right)

This is in general how the Duffy transform would be performed and used. The extended
Duffy transform extends this capability by allowing the field point to lie outside the source
triangle. The field point may also not be on the same plane as the source triangle. The vertices of
the source triangle are mapped from x-y-z to e-n the same way as the Duffy transform, but the
sub-trilaterals cannot be formed if the field point is not on the same plane as the source triangle.
Therefore, the field point must be projected onto the source triangle plane. It is for this reason that
the ratio of the distance between the field point and its projected image on the source triangle
plane to the largest dimension of the source triangle must be within a tolerance. This capability
requires that the field point be projected onto the e-n plane accurately. Note that in extended
Duffy transform, the field point may lie outside the right triangle in the e-n plane. Also, a scheme
must be present to ensure that the summation of the quadrature results of the sub-trilaterals
account for the effects of the source triangle only and not any part outside it on the field point.

After the fact that the field point may not be on the same plane as the source triangle,
normalized area coordinates and its mapping expressions (70), (71), and (72) between the global
and local coordinates are not valid. In this case, a mapping using Dupin coordinates [16] is
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proposed. In this approach, the local coordinates are augmented from R? to R3, where the 3™
coordinate is in the direction of the surface’s normal and is denoted by symbol ¢. § = 0 means
that the point lies on the plane of the source triangle. Unitary vectors need to be determined.
These are essentially vectors that relate the change in the position vector in x-y-z to changes of
the same position vector in the €, n, and & directions in the local coordinate system. Hence, as an
example, the unitary vectors, with reference to Figure 7, are

N
LA
17 e M L
- d? - -
2= =Ty — 1,
dn
- dF -
as d—f—al a;

If the field point in e-n-¢ is denoted by column vector [p(e, n, ¢)] and the corresponding field
point in x-y-z is denoted by column vector [#(x, y, z)], and d,, d,, and d5 are column vectors as
well, then
[d, dr as]([p(e+61,m+ 82,§ +83)] — [Ble,n, D
= [F(x + A,y + 43,2+ A3)] — [F(x, ¥, 2)]
This suggests that Newton’s method may be used to iteratively solve for the field point’s mapping
in e-n-& by achieving the goal of finding the zero of the expression [7(x,y, z)] —
[(x + Ay, y + A,z + A3)]. Thus, the Newton’s method expression to use is
[B(e,n, )] =[B(e + 81,m + 82,¢ + 85)]

—[dy dy ds3]7N([F(xy, 2)] = [Flx + Ay + Ay, z + A3)])
Once p(e,n,€) is found, its & coordinate is set to 0. This effectively projects the field point onto
the source triangle plane.

(78)

28



The mapped field point in the e-n plane may resemble that in Figure 9. In such a

scenario, the sub-trilaterals would be as depicted in Figure 10.

Figure 9:Field point (O) and source triangle (LMN) in global coordinates (left). Field point (0)

and source triangle (Imn) in local coordinates (right).
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Figure 10:Sub-trilaterals when field point is not in source triangle.

Hence, care needs to be taken when the contributions from the sub-trilaterals are summed. In this
example, the correct result comes from adding the contributions from the leftmost and rightmost
sub-trilateral and subtracting the contribution from the center sub-trilateral. This complexity can
be handled by not taking the absolute value of the Jacobian mapping from the s-t plane to the e-n
plane, and adopting a consistent order in mapping the vertices of the sub-trilaterals in a right-
handed sense relative to the normal of the source triangle in the e-n plane.
2.5 Effects of Far Interactions

In the course of the investigation, it was found that the geometry under study exhibited an
interesting behavior in its system matrix singular value distribution that contributed to high
condition numbers for both the S-EFIE and GC solver formulations. As an illustration, Figure 11,
a 10m-by-10m parallel square plate capacitor with 0.002m separation with the following meshing

where the top and bottom plates have matching cell arrangements.
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Figure 11:Parallel plate capacitor with dimensions 10m-by-10m with 0.002m plate separation.

There are 2028 triangles in the mesh; 1012 triangles on the top and bottom and 4 on the feed

between the plates. The bottom and top plates have matching cell arrangements.

The same geometry is used as input to the S-EFIE and GC solver formulations and the
singular value distributions were observed. Figure 12 and Figure 13 exhibit the data and show a
sudden drop in the middle of the descending order distribution of the singular values.

The hypothesis for the root cause of this behavior is that as the separation between the
plates decreases and the aspect ratio of the geometry increases interactions between a field
triangle and distant source triangle pairs that are translational images of each other across the
separation delta appear to cancel each other. This translates to the system matrix being rank
deficient and exhibit high condition numbers. This is largely a problem caused by the physics of
the geometry. Hence, to prove this hypothesis, the geometry in Figure 11 is varied by changing
the separation delta from 0.002m to 0.02m and then to 0.2m and repeating the formulation

31



evaluation on each variation and then observing the distribution of the singular values. The results
are detailed in Figure 12 and Figure 13 and appear to support this hypothesis.

S-E1FDIF Singular Value Distribution for 2028 DOFs of 10m*10m Parallel Square Plate Capacitor with Varying Separation &
E T T T T T T T T T T3
2 —§=0.002m

—_— —_omo0am

10% ﬁ —§=0.2m

107 |

I I I I | | | | I I
0 200 400 600 800 1000 1200 1400 1600 1800 2000
i

Figure 12:Effects of high aspect ratio and low separation delta between parallel capacitor plates

on S-EFIE formulation.

GC Solyer Singular Value Distribution for 2028 DOFs of 10m*10m Parallel Square Plate Capacitor with Varying Separation &
10°E T T T T T T3

—5=0.002m |
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Figure 13:Effects of high aspect ratio and low separation delta between parallel capacitor plates

on GC solver formulation.
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This observation motivates a preconditioning method that seeks to amplify the
differences in interaction between a field triangle and a source triangle and the interaction
between the same field triangle and the translational pair of the source triangle across the
separation delta. Thus, a simple preconditioning method is tested in a dense fill evaluation of the
same geometry (i.e. 10m-by-10m with separation delta 0.002m). In order to facilitate the
description of the preconditioning method, Figure 14 shall be used for illustration. TF'¢ denotes

the field triangle, th,rpc and T;1¢ denote the top and bottom source triangles respectively. The
preconditioner adds the interaction of Tj,¢ with T to the interaction of T5¢ with T*'¢ and
subtracts the interaction of Ty, with TF!¢ from the interaction of Ty, with T*!¢. This
effectively means adding the column vector associated with T3¢ to the column associated with
Ttay and subtracting the column vector associated with T;%) from the column vector associated
with Tg2¢ in the system matrix. The preconditioned matrix is then iteratively scaled using the
diagonal scaling algorithm in [4]. The results of the preconditioned system matrix are shown in
Figure 15 and Figure 16.

Figure 14:Joint effect of source triangles that are mutual images across the separation delta on a

far field triangle.
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Figure 15:Result of preconditioned S-EFIE system matrix compared to cases of lower aspect

ratio.
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Figure 16:Result of preconditioned GC solver system matrix compared to cases of lower aspect

ratio.
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Table 2:Condition numbers of S-EFIE and GC solver for 10m-by-10m parallel plate capacitor
with 0.002m separation delta and 2028 DOFs.

S-EFIE GC Solver
Condition number without | 1479018.695248549 5180.316405943132
preconditioning
Condition number with 27237.43512851236 144.9657994147753
preconditioning

2.6 MFD and LOGOS

MFD makes use of local global solution (LOGOS) [18] modes to factor a system matrix
recursively into a sparse matrix. The concept seeks to fit the physical geometry into several grid
levels of cuboids in the 3-dimensional case (called an oct-tree), rectangles in the 2-dimensional
case (called a quad-tree), or line segments in the 1-dimensional case. The mesh cells are grouped
by the grid location that they belong in and their column and row vectors within the system
matrix are re-arranged to reflect the same. Based on this re-arranged system matrix, localizing
basis functions are found and, with them, projection matrices are found in order to project what
remains to be non-localizing basis functions on the current level of the grid to the next level (a
coarser grid), where the process is repeated.

A 1-dimensional example shall be used to illustrate the concept. Suppose the subject
geometry is a strip and 3 levels of grid is fitted onto the geometry as in Figure 17. At level-3, the
triangles, which correspond to DOFs, are grouped into the 4 groups in the level-3 grid. The
system matrix is re-arranged to reflect this and the basis functions, denoted by A", that would

give rise to the excitation pattern in Figure 18 are found.
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Level 1 r |

Level 2

Level 3

Figure 17:A strip fitted with 3-level grid in MFD LOGOS factorization.
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o
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Figure 18:The system matrix rearranged to match the LOGOS grid grouping. Localizing basis
functions multiplied with system matrix yield excitation that is localized, non-localizing basis

functions when multiplied result in excitation that reach the entire domain.

Starting from the finest level, i.e. level-3, once the localizing (A%) and non-localizing
(AY) basis functions are found and letting A3 = [A%  AY], a projection matrix, P; = [P} P}],
is found such that expressions (79) and (80) are true:
Z =173 = P3Z3A3" (79)
1oz

- [0 ng]

This requires that P} and PY be mutually orthogonal and that P be unitary with respect to Z5 A%,

(80)

R I (PYHHZ,AN
Z3=P¥Z3A3z|: (3) 3413

0 (PYHMZ3AY

Therefore, the convenient method to find P is to take a QR factorization of Z3 A and thus
resulting in a Q matrix that is constituted from mutually orthogonal column vectors and because
of the structure of Z3A%, which is highly localized, the R upper triangular matrix becomes block

diagonal instead. P¥ will be the Q matrix column vectors that form the basis of the column space
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of Z3 A%, denote as Qq, whereas PY will be the remaining Q matrix column vectors, denote as Q.
The purpose of the projection matrix is to project the resulting non-localized excitation to a
coarser level of grid, level-2 in this discussion, to be factorized in (80) using the same procedure.
Such an arrangement while not immediately evident in its usefulness at only 3 levels of grid will
become crucial as the subject problem scales up in DOF count and require more grid levels.
Figure 19 and Figure 20 illustrate the structure of the matrices. Note that at level-1, no further

factorization is possible as the domain of the source and the excitation are in the same group.

Z=1, AL AY Ei=Z;x A EY =7, xA¥
[ T 1

Level 3

Py =[P} Pi]=[Q Q]

Py

o ™

I Z%"] _ Il (P)"Za%
0

e

Figure 19:Level-3 factorization matrix structures.

(PY)"Zo0Y

37



Z3" A5 A EY = Z3" x A}
I [ ]

Level 2 4 =

E: [Qy Qg 0

P, =[P PJ]=[Q Q]

Lo pi LA
= X
I Z3| |1 (P3)¥Z,43 (P3)" Z[A5 A7
0 z¥ |0 (PM)HZ,AY (PY)H

Figure 20:Level-2 factorization matrix structures.

With these constructs in place, the inverse of the system matrix can be found using the

following expressions:

~ _gLNTT1 0
271 = A [3 T ”0 (z?”)-l] Py (81)
where
~ _7LNTTI 0
@t =zt=naly F o P (&)

The localizing and non-localizing basis functions can be found using the procedure
outlined in [19] and is summarized here. The procedure starts with partitioning the re-arranged
system matrix by the column groups. Using the level-3 example in this discussion, the re-
arranged system matrix would be partitioned into 4 sub-system matrices where each sub-system

matrix has 4 row groups and 1 column group. Each sub-system matrix evaluation yields the
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localized and non-localized basis functions associated with the column group denoted A%(l) and
A?'(l) respectively, where i is the group in grid level-[ for both cases. A QR factorization is first

performed on the sub-system matrices to yield the Q; and R; matrices. The sub-matrix within Q;
that corresponds in location and structure with the self-term in the sub-system matrix is then
picked out for a singular value decomposition operation. Due to the fact that column vectors in
the Q; matrix are mutually orthogonal, the singular values in of the Q; sub-matrix will be less
than but approaching 1. A tolerance value, ¢, is set to shortlist the singular values from which
their corresponding V singular vectors will be picked out to constitute a new matrix denoted ¥.
The following inequality is used as the criteria to shortlist the singular values:

s; > 1—0.5¢? (83)
where s; denote the singular values sorted from maximum to minimum. Once V is determined

from the shortlisted singular values, A%(z) and )Ji"(l) are found by the expressions (84) and (85):
r
My =ar=[a1 Wy][y] (85)
The basis function matrix A%(l) is built by constructing a matrix of zeros with row count equal the

sub-system matrix row count and column count equal the column count of A}(l) and then

substituting A}(Z) into the rows of the structure that correspond with the self-term in the sub-
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system matrix. Ali"(,) is constructed from A{-“(l) in the same way. Figure 21 summarizes the

procedure.

IIX

Find A}5) by qr factorization of A7, Find A5 5, by qr factorization of 435,

Level 3

x..

= X

Ali 3 Al: 3 A]’;'(3) Ag(:-l)

[1] 0 0 1]

X

Figure 21:Steps to build the localizing and non-localizing basis function matrices.

While this procedure results in easier system matrix inversion and, thus, shortens solve
time for the charge distribution of the problem at hand, the operation to find the localizing basis
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functions is an expensive one since it requires seeking orthogonal column vectors spanning the
sub-system matrices using QR decomposition. For this reason, MFD exploits a system matrix
compression algorithm termed MLSSM [20] along with the OR factorization [21] scheme. The
reader is referred to the bibliography for the details of the implementation of MLSSM. Briefly,
MLSSM represents a re-arranged system matrix, where DOFs that are physically close are
grouped together, with the following recursive expression: (assuming a 4-level grid is imposed)
Z=27,+U,ZVH
=24+ Uy(Z3 + U3 Z, VIV
= 24 + Us(Z3 + Us(Z)VEHV! (86)

In (86), the Z; terms refer to system matrix terms that represent near neighbor interactions in
level-i groups. The Z; terms represent compressed far group interactions in level-i + 1. The U;
and V! terms are block diagonal matrices that expand the Z;_, term to have the same row and
column dimensions as Z;. The near interaction terms at the finest level groups are filled directly.
The far interactions are filled using ACA [22] where an outer product is obtained. The outer
product is manipulated to give a form that resembles a SVD form. The fact that ACA is used to
perform far interaction fills imply that not all system matrix terms are necessarily present and
avoids the need for a dense fill which would have resulted in 0(n?) complexity. The use of
MLSSM for compression also translates into savings in memory to contain the system matrix.

Summarily, in order to compute AL-LU) and then A%(l) requires a QR decomposition of the
sub-system matrix to find the upper triangular matrix R; and the segment of Q; that concerns
A%(l). However, if R; is available, then the relevant segment of Q; can be computed. For example,
referring to Figure 21, if R4 is known, then Q, can be found as Z;;R7. The OR algorithm
makes use of MLSSM’s representation of a sub-system matrix. For instance, the sub-system
matrix associated with group 1 in level-4 is Z; 4y = Zy(4) + UsZ3Vy{y) + UsUsZ,V3' Vil in
MLSSM. Ry can be found from QR decompositions of the Z; 4, Z3V{{), and Z,V3'V{l,, terms,
where the second and third terms are a lot smaller than that in the expression for Z; 4y and hence

allow savings in the QR decomposition operations.
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3 NUMERICAL RESULTS
In this chapter, an observation of the effect of adding the S-EFIE and GC solver
formulations on accuracy and condition numbers is first discussed. Next, the new combined
formulation accuracy is compared to an industry software evaluation alongside S-EFIE and GC
solver. The combined formulation accuracy is also examined across different separation delta.
The effect of varying the separation delta on the condition numbers of the combined S-EFIE and
GC solver formulation is then considered. Finally, the scalability of MFD in the solution of the

geometries discussed in this thesis is considered.

3.1 Effects of Combined S-EFIE and GC Solver Formulation on Conditioning

The results in Table 2 show that the condition numbers of S-EFIE and GC solver could
be significantly decreased using the precondition strategy in Effects of Far Interactions.
Nonetheless, the condition number for S-EFIE is still very high to be of good use, whilst GC
solver has a condition number that is relatively good. A combined formulation was explored to
see if the conditioning could be enhanced. Thus, the S-EFIE and GC formulation system matrices
were added term-by-term with the charge neutrality constraint for S-EFIE removed. Thus, the
resulting combined system matrix is square. The combined system matrix is then preconditioned
and scaled.

The resulting system matrix is examined for its conditioning behavior in relation to mesh
density compared to S-EFIE and GC solver formulations. The results are shown in Figure 22. The
results indicate a conditioning that is superior to S-EFIE or GC solver alone. This suggest the
combined S-EFIE and GC solver formulation as a better alternative pairing with MFD which

benefits from a low condition number formulation to perform optimally.
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DOF Count vs. Condition Number
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Figure 22:Condition number comparison for S-EFIE, GC solver and combined S-EFIE and GC

solver formulations.

3.2 Accuracy across Formulations

The industry software package Q3D Extractor is used as a benchmark to check the
accuracy of the capacitance computation using S-EFIE, GC solver and the combined S-EFIE and
GC solver formulation, which is henceforth referred to as S-EFIE+GC. The geometry considered
is a 10m-by-10m parallel square plate capacitor with 0.002m separation delta. Therefore, the
aspect ratio is 5000. Q3D Extractor was set to evaluate the capacitance of this geometry with
19448 DOFs and the resulting capacitance is taken as benchmark to compare against the
formulations for accuracy. The resulting capacitance was 443.25nF.

In this investigation, it was found from dense fill experiments that both S-EFIE, GC
solver, and S-EFIE+GC formulations yield results that are in very good agreement with that of
the Q3D Extractor software package from ANSY'S. Note also that S-EFIE, GC solver and S-EFIE
+GC are in very good agreement. The differences are tabulated in

Table 3. The observation is also that the error trends lower as the mesh density, i.e. DOF

count, increases in all 3 formulations.

43



Table 3:Result comparison of Q3D Extractor with S-EFIE, GC solver and S-EFIE+GC.

Geometry is a 10m-by-10m parallel square plate capacitor with 0.002m separation delta.

DOF Q3D Result (nF) Error (%)

Count (nF) S-EFIE GC S-EFIE+GC | S-EFIE GC S-EFIE+GC
494 443.25 443.02 | 443.02 443.02 0.05080 | 0.05080 0.05080
1042 443.25 443.04 | 443.04 443.04 0.04688 | 0.04688 0.04688
2022 443.25 443.06 | 443.06 443.06 0.04239 | 0.04239 0.04239
4174 443.25 443.08 | 443.08 443.08 0.03746 | 0.03746 0.03746
8046 443.25 443.10 | 443.10 443.10 0.03350 | 0.03350 0.03350

3.3 S-EFIE+GC Accuracy in Relation to Separation Delta

Q3D Extractor is again used as benchmark and 3 separation deltas were considered,;

0.002m, 0.001m and 0.0002m. The parallel square plate size remains at 10m-by-10m. Hence, the

aspect ratios are 5000, 10000, and 50000. The DOF count for the geometries are respectively
19448, 23340, and 19416. The capacitance, through Q3D Extractor, were 443.25nF, 885.91nF,
and 4427.7nF respectively.

The DOF count vs. percentage error is graphed for S-EFIE+GC for the 3 separation

deltas and shown in Figure 23. The Q3D Extractor and S-EFIE+GC are seen to converge as DOF

count increases also the results are better as the separation delta decreases.
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Figure 23:S-EFIE+GC formulation error relative to Q3D across 3 separation deltas for the same

parallel square plate capacitor.

3.4 S-EFIE+GC Conditioning in Relation to Separation Delta
The conditioning of S-EFIE+GC as the separation delta decreases is also explored. Figure

24 shows the relation.
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Figure 24:S-EFIE+GC conditioning performance as separation delta decreases.
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3.5 S-EFIE+GC Integrated with MFD Accuracy and Scalability Data

The accuracy is first explored. Q3D Extractor values and methodology from S-EFIE+GC
Accuracy in Relation to Separation Delta are replicated in this section. The results are shown in
Figure 25. The trend from dense fill seems to carry to integration with MFD. It must be remarked
that the results published here are the results of MFD integrated with S-EFIE+GC formulation
without preconditioning. Therefore, the results may not be at the optimal. The preconditioning
that has been proposed thus far is easily implemented on a dense fill execution. However, in
integration with MFD, a separate mechanism that allows MFD to discern whether a pair of source
and field interactions approximate that explained in “Effects of Far Interactions” remains to be
implemented in MFD. This may be possible to integrate in the near fill step of MLSSM in MFD.

Next, the fill operation count versus DOF count between a dense fill run of S-EFIE+GC
and a S-EFIE+GC with MFD run is shown in Figure 26. The dense fill operation naturally scales
as 0(n?). The S-EFIE+GC with MFD seems to suggest a 0(n) scalability. This is followed by
the memory usage of MLSSM in Figure 27.

The LOGOS factorization time follows a O (n*) trend where x < 2. This is shown in

linear scale in Figure 28. The LOGOS solve time is shown in Figure 29.
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Figure 25:S-EFIE+GC with MFD formulation error relative to Q3D across 3 separation deltas for

the same parallel square plate capacitor.
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Figure 26:DOF count versus fill operation scalability of S-EFIE+GC integrated with MFD
compared to S-EFIE+GC dense fills.
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Figure 27:MLSSM memory usage across different separation delta and DOF count.
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Figure 28:DOF count versus LOGOS factorization CPU time.
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Figure 29:DOF count versus LOGOS solve CPU time.

3.6 AEFIEnH-S with MFD Solution Accuracy

As an added consideration, AEFIEnH-S is also examined. The bistatic RCS for a PEC
sphere of 1-meter radius due to an incident uniform plane wave electric field with incident
direction —2 and polarization in the X direction at 2 incident wavelengths 1.5m and 125m

computed analytically [23] were used as benchmark. The results of an AEFIEnH-S dense fill run

48



and AEFIEnH-S with MFD run were compared to the benchmark and shown in Figure 30 and
Figure 31.

70 BiRCS of 1-meter PEC Radius Sphere at ¢=0 and A=1.5m
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Figure 30: AEFIEnH-S dense run and with MFD run against analytical result for 1-m radius PEC
sphere at 1.5m wavelength.
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Figure 31: AEFIENH-S dense run and with MFD run against analytical result for 1-m radius PEC
sphere at 125m wavelength.
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4  CONCLUSION

The genesis for the work underlying this thesis was the problem encountered by the
industry when dealing with geometries with high aspect ratios. In the investigation, 2 main
problems were found that needed to be resolved to move forward. These were the slow
convergence of the adaptive quadrature evaluations on interactions between triangle patches that
are very closely located. The high conditioning of the system matrix for the formulations was
another obstacle towards integration with MFD which thrives on formulations with low
conditioning.

The first problem was resolved by using potential integrals in the static case. The
extended Duffy transform whilst slower in comparison to potential integrals allows the potential
to apply the formulations to quasi-static cases where the excitation is non-static.

The investigation also led to an understanding of the underlying physics that is causing
the poor conditioning of the system matrices for such geometries. That is, as the field point is far
removed from the source triangles that pair up and appear to cancel each other in charges, the
system matrix will appear to look rank deficient and hence contribute to a singular matrix. The
preconditioning strategy has seemed to prove the hypothesis in dense fill scenarios and motivate a
preconditioning strategy in MFD as MLSSM fills are being done to alleviate the problem.

Finally, the pairing of MFD with the S-EFIE+GC formulation seem to show significant
savings in memory usage as well as fill operations which remains to be the main time-consuming
operation. The solve and factorization time of LOGOS seem to scale in 0(n*) where x < 2. It
must be noted that at the time of the posted results, the preconditioning strategy has not been
implemented in MFD. Thus, this suggests that with preconditioning developed into MFD the

results may exceed the performance reported to date.
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