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ABSTRACT OF THESIS

ANALYTICAL AND BOUNDARY ELEMENT SOLUTIONS OF BULK-REACTING

LINED DUCTS AND PARALLEL-BAFFLE SILENCERS

Lined silencers of various configurations are used to attenuate the noise from
building HVAC equipment, gas turbines, and other machinery. First-mode
analytical solutions are presented for sound attenuation along rectangular lined
ducts, parallel-baffle silencers, and circular lined ducts. The sound absorptive
lining is treated using a bulk property model. The analytical solutions entail solving
a nonlinear characteristic equation in the transverse direction after the rigid-wall
boundary condition is applied. The solution is compared to the boundary element

solution and a local impedance analytical solution for several test cases.

KEYWORDS: Boundary Element Method, Lined Duct, Parallel-Baffle Silencer,
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CHAPTER 1 INTRODUCTION

1.1 Introduction

In order to meet regulations and to provide greater customer satisfaction,
industry is investing in efforts to reduce noise from their products. Lined ducts and
parallel-baffle silencers are widely used to guide exhaust gas and to dissipate
sound from large equipment and power plants. Common locations include insertion
into HVAC (heating, ventilation, and air conditioning) ductwork, openings of large
enclosures for power generating equipment, silencers for large engines, and

ducted outlets of gas turbines and power plant cooling towers.

In general, there are two widely used approaches for modeling dissipative
silencers. For cases that require higher accuracy, engineers generally use
numerical simulation including the finite element (FEM) and boundary element
methods (BEM) [4, 5]. For conceptual design purposes, engineers prefer analytical
solutions so that the effect of design changes ca be assessed without the need for
meshing or long model solution times. Sometimes, experimental methods may
also be used to validate analytical or numerical methods. For simplicity, most
analytical approaches use locally reacting method to model sound absorptive lining
where the surface of the liner is modeled as a surface impedance. Wave

propagation through the absorber is not accounted for.

In 1939, Morse [6] developed equations for sound transmission inside pipes

with dimensions large enough to neglect the effect of viscosity. In that publication,



he developed formulas to calculate sound pressure, particle velocity and sound
attenuation in pipes assuming a locally reacting assumption. Design graphs were
provided for quick prediction of sound attenuation. Theories of sound transmission
assuming a locally reacting liner have been studied by several other researchers
with certain success. In 1994, Ingard [7] presented a series of analytical solutions
including the first cut-on mode for sound attenuation along the longitudinal

direction of various lined ducts using the locally reacting approach.

In 1946, Scott [8] looked at the limitations of the locally reacting model and
developed the more complicated bulk-reacting approach. In Scott’s analysis, he
solved the lined duct problem by assuming a separate acoustic wave inside the
sound absorbing material. He also compared the results with available
experimental data as well as Morse’s [6] locally reacting model and discovered that
a locally reacting model was inaccurate at higher frequencies whereas a bulk
reacting model is satisfactory. For rectangular lined ducts, Scott modeled the duct
in two-dimensions and hence only included sound absorption on two sides of the

duct.

Several measurement studies have been performed in the literature. In
1948, Brittain et al. [9] developed experimental curves of sound attenuation for
various duct sizes and different thickness liners. Later, King [10] provided

additional experimental curves for larger ducts and thicker sound absorptive linings.



1.2 Motivation and Objective

Although the numerical methods, such as the FEM and BEM, can provide
more accurate predictions than any of the approximate analytical methods, and
can handle complex geometry, they do require building a 3D mesh first, which is
labor intensive, and the numerical analysis itself at high frequencies can also be

very time consuming.

In industry, it is critical to have a rapid design tool to permit noise engineers
to predict sound attenuation of a specific design before building a numerical
simulation model in three-dimensions. The objective of this thesis is to develop a
set of 2D and 3D bulk-reacting analytical methods to predict sound attenuation in
parallel-baffle silencers as well as circular and rectangular lined ducts.

Frequencies above the first cut-off or transverse mode of the duct are included.

The proposed methods are based on the same first-mode analytical
methods developed by Ingard [7] except that the bulk-reacting assumption is now
used instead of Ingard’s locally reacting assumption. Bulk-reacting results are

compared to the locally reacting results as well as the full 3D BEM results.

1.3Thesis Organization

This chapter briefly introduces the proposed work and includes a brief

literature review. The motivation and objectives for the research are discussed.

Chapter 2 presents the theoretical background and details the approach for

the research.



Chapter 3 details the methodology for the locally reacting and bulk reacting

analytical approaches.

Chapter 4 includes validation studies for the proposed methods as well as

discussions on the results.

Chapter 5 concludes the thesis by summarizing the contributions and

important outcomes, and includes suggestions for future research.

Copyright © Jundong Li 2017



CHAPTER 2 BACKGROUND

2.1 Background

2.1.1 Linear Acoustics in the Frequency Domain

The governing differential equation for linear acoustics in the frequency domain is

the famous Helmholtz equation:
Vip+k’p=0 (2-1)
where p is the sound pressure and k is the wavenumber defined by

k=2
C

(2-2)

in which o is the circular frequency in rad/s and c is the speed of sound.

For waves traveling only in the x direction, the general one-dimensional solution

to Eq. (2-1) is:

—ikx

p=Ae ™ + Be™ (2-3)
alternatively, in sinusoidal form:

p = Acos(kx) + Bsin(kx) (2-4)

The particle velocity can be derived from the momentum equation and the result

is:



i dp_ 1

— Ae—ikx _ Be+ik>< )
= o dx poc( ) (2-5)
alternatively, in a sinusoidal form:
i dp i :
u, = — =——[Asin(kx) + B cos(kx)] (2-6)
Po@ dx poC

Equations 2-3 through 2-6 are the solutions for one-dimensional sound
propagation in a duct assuming that the cross-sectional area stays the same. As
such, these equations are only valid up to the cut-off frequency which occurs as

the first transverse mode. For a rectangular duct, the cutoff frequency occurs at

c . : . . .
2 where d is the largest duct dimension. For a circular duct, the first transverse

where d is the duct diameter.

mode occurs at ¢
81d

2.1.2 Transmission Loss and Sound Attenuation

Transmission loss (TL) is an important muffler performance parameter, and is
defined as the difference between the incident and transmitted sound power levels

in decibels assuming that the termination is anechoic.

Py

Figure 2.1 Definition of Transmission Loss
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With reference to Figure 2.1, let p, denote the incident sound pressure, p, denotes
the reflected sound pressure, and p, denotes the transmitted sound pressure.
Transmission loss (TL) in dB is defined as:

’s,

il S
| s (2-7)

Pef 2,

TL =10log,,

where S, is the area of inlet and S, is the area of outlet

For large dissipative silencers, there is little reflected sound since most of the
sound energy either is absorbed by the sound absorbing materials or is transmitted
down the duct. Therefore, a simpler performance index called sound attenuation

or noise reduction [1] is often used as an alternative to TL:

Figure 2.2 Definition of Sound Attenuation

0
Attenuation = 20log,, m (2-8)

p()

With reference to Figure 2.2, p(0) and u(0) denote the sound pressure and the

particle velocity at x=0, and p(l) and u(l) denote the corresponding sound

7



pressure and the particle velocity atx =1. For large dissipative silencers, sound

attenuation is almost identical to the TL.

2.1.3 Four-pole Transfer Matrix

The four-pole transfer matrix is a convenient tool for one-dimensional analysis in
acoustics. This matrix relates the sound pressure and particle velocity at two points

in a muffler element.

P P

x=0 x=1
Figure 2.3 Definition of Four-Pole Transfer Matrix

For a straight duct without any lining as shown in Figure 2.3, the four-pole transfer

matrix is

cos(kl)  ip,csin(kl)
Hak H

= Lcsin(m) cos(kl) | u,

0

1

For more complex muffler elements, the four-pole matrix has to be derived by an

approximate analytical solution or by a numerical method.



2.1.4 Locally Reacting Lining and Bulk-Reacting Lining

The dissipation of sound energy in large dissipative silencers is normally
accomplished by adding porous linings on the wall of the silencer. When analyzing
sound propagation inside a lined duct, a locally or bulk reacting lining may be

assumed.

The locally reacting assumption is more common and widely used due to
its simplicity. It assumes that the liner can be treated as a set of parallel capillaries
perpendicular to the wall and any part of the liner is only locally reacting, which
means each capillary behaves independently from any other part of the liner. The
wave component within the material parallel to the surface is attenuated rapidly.
The propagation of sound waves inside the liner is assumed to be only in the
normal direction and can be characterized by a local impedance Z , which is

defined by:
z=-L (2-10)

where u, is the particle velocity normal to the surface.

The bulk-reacting assumption is more complicated, but can produce a more
accurate solution depending on the configuration and frequency. With this
assumption, the three-dimensional sound propagation inside the liner is fully

considered. The sound propagation in the liner is no longer assumed to be only in

the normal direction. A complex speed of sound ¢”and a complex density p are

9



used in the Helmholtz equation to characterize the bulk-reacting material. These
two material properties can be measured by the two-cavity method [11] or the two-

load method [12,13,25].

2.1.5 Local Impedance of aLining

T
— Z —pfgen
Sound P e P>
— b= N
Source uy i uy =0
S

Figure 2.4 Local Impedance of a Lining

Once the two complex bulk-reacting material properties, p and ¢, are measured,

the normal local impedance of a lining can be derived from the four-pole transfer

matrix. With reference to Figure 2.4, the four-pole transfer matrix for the liner is:

P, cos(k't) ip'csin(k) |
{ }: %Sin(k*t) cos(k't) {Uz} (2-11)
Yo,

where k” is the complex wavenumber, and t is the thickness of the liner. Applying

the rigid-wall boundary condition, u, =0, the local Impedance can be calculated

by

Z= % ——ip"c cot(k't) (2-12)

1

10



The local impedance is often normalized by the characteristic impedance pc. In

that case, normalized impedance and admittance can be expressed as the
normalized impedance
_—ipcTcot(kt)

" 2-13
p (2-13)

z

and the normalized admittance

ioctan(k 't
,7:/"3 (k't)

o 2-14
s (2-14)

2.1.6 Empirical Equations for the Bulk-Reacting Material Properties

The two bulk-reacting material properties, p and c¢”, can be estimated by an

empirical equation if the flow resistivity is known. Although there are various
empirical equations for different types of materials, most of them produce similar

results. The empirical equations that follow are the well known [14, 15, 16, 17].

The characteristic Impedance of the material at room temperature, Z, = p'c’, can

be calculated by

Z, = R+iX (2-15)

f 0.754
R= p{1+ 0.0571{2—) } (2-16)
1

11



X = pc[o.osm[/;—f) ] (2-17)

1

where pis the air density in kg/m3, ¢ is the speed of sound in air, f is the
frequency in Hz, and R, is the flow resistivity in Rayl/m. The propagation constant

b can be calculated by

b=a+ip (2-18)
a= %lo.lsg(’;—f] | } (2-19)
b= %!u o.0978(g—fj | ] (2-20)

The complex wavenumber of the material is:

K" =—ia+p (2-21)

The above empirical equations are accurate in the flow resistivity range of

0.01£££1 (2-22)

12



At high temperature, there is also correction factor that can be applied to the
equations. This is significant since very few labs in the world have the capability

to measure the sound absorption at elevated temperatures.

2.2 Bulk-Reacting vs. Locally Reacting

Figure 2.5 shows a typical parallel-baffle silencer in 3D. Although the silencer itself
is a 3D design, it can commonly be simplified to a 2D problem for modeling
purposes. Figure 2.6 shows the two representative 2D models for the 3D parallel-
baffle silencer. Figure 2.6(a) and 2.6(b) show the respective local and bulk reacting
models. Before investing the time to develop a bulk-reacting analytical solution in
this thesis, boundary element method (BEM) simulation was used to compare
predictions using three different models. These include the 2D locally reacting
BEM model, the 2D bulk-reacting BEM model and the full 3D BEM model. Since
the BEM code used in this study is in three dimensions only, a 1-inch thickness

sample is assumed in the normal direction for both 2D models.

13



2D Sample—"|
\
\K & &
\.
17| - ")
i L1 247 Parallel Baffles -

Figure 2.5: Geometry of the full parallel-baffled silencer model

7
() inlet 4" outlet
z
4” el 36,’ el 4” [
V|"‘! Ll | Ll
| |
(b) inlet 4" 8" outlet
A 4
A 4
‘4 g 36" PR

Figure 2.6: Layout of the local-reacting model (a) and the bulk-reacting model (b)

Figure 2.7 compares the BEM TL solutions of the full 3D model (Figure 2.5),
2D local impedance model (Figure 2.6(a)), and 2D bulk-reacting model (Figure 2.6

(b)). Although both 2D solutions compare fairly well with the full 3D case, the bulk-

14



reacting approach does provide better accuracy than the local impedance

approach especially at the low frequency range.
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10
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Frequency (Hz)

Figure 2.7: TL of 2D models vs. TL of 3D model
2.3 Perforates

2.3.1 Perforate Panels

Perforated panels are widely used between the air channel and the sound
absorbing materials to protect and support the materials and improve the acoustic
performance. Empirical equations for calculating transfer impedance developed
over the past decades are employed as a simplified method to model the

perforated panels.

15



Sullivan and Crocker [18] developed an empirical equation for perforated panels

under room temperature and with no flow:
E=(1/pco)2.4+i0.02f) (2-23)

where o is the ratio of the open area, which is also called porosity, and f is
frequency in Hz. £ =z, / pc is the dimensionless or normalized tranfer impedance.

This equation is the simplest but is still widely used.

For improved accuracy, a more detailed one was developed by Sullivan [19, 20]:
& =(1/5)0.006 +ik(t, +0.75d, )) (2-24)

This equation takes into consideration the hole diameter d, and the panel

thickness t, .

Coelho [21] developed an alternative expression:

£=(1/ pe)(R, +iX,) (2-25)
where
R, = L/ 6)[p(d"/ d,)WBvw + (p/8c)(d, )] (2-26)
and
X, =(wplo)(d"+(d'/d,)V8v/w) (2-27)

16



with
d'=t, +d, (2-28)
and
d"=t +(8/37)d, (1-0.74/o) (2-29)
where v is the kinematic viscosity of air, and @ = 24f .

2.3.2 Microperforate Panels (MPP)

Microperforate panel (MPP) absorbers have recently become a popular alternative
to conventional perforated panels. They are lightweight and can effectively prevent
fibers and other sound absorbing materials from being blown away by strong
airflow. One potential downside is that the much smaller holes of MPP absorbers
are more easily plugged by solid particles or grease mixed in the exhaust gas is
the case for conventional perforates. If the exhaust gas is relatively clean, such as
that generated from gas turbines or downstream of a perforate, the MPP may
substantially improve the lifetime of silencers. The MPP can also be used to avoid
the harmful effects of fibrous materials, especially in heating, ventilation, and air-

conditioning (HVAC) systems.

Similar to the modeling of the conventional perforated panels, empirical
equations have also been developed to model MPP. Based on Maa's work [22],
Allam and Abom in 2013 [23] have developed equations for MPP absorbers which

include flow and nonlinear effects.
17



For MPP absorber with circular holes:

A~ -1
i5ca)(l+ |uh|j
oc (2-30)

4

+

+
opc ot ocC

_lat, [1_ 2 Jl(K\/—_i)]_l 20R, +M
ot ki JO(K‘\/—_i)

where « =d,/@/4v is the dimensionless shear wavenumber, &, =0.85d, is the end
correction term, |0h| is the absolute value or the peak particle velocity inside the

holes, R, =%1/277pa) is the surface resistance, vis kinematic viscosity, and 7 is

the dynamic viscosity.

For MPP absorber with slit-shaped holes:

g

: 6.\
. N\ .. 10,0 1+
iot, [ tanh(x+/i )J 20R, [0 ot (2-31)
= 1- + +—+
ot i opc ot ot

where ¢, =0.85d, is the end correction term computed by an equivalent

diameterd, =2+ A/ 7, and Ais the hole area.

Copyright © Jundong Li 2017
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CHAPTER 3 FIRST-MODE ANALYTICAL SOLUTIONS FOR LINED DUCTS

In this chapter, first-mode analytical solutions are derived for rectangular and
circular lined ducts. The lining in the rectangular ducts can be on one side, two
sides, or four sides. The one-side case is just a special case of the two-side case
if the two linings are symmetric with respect to the centerline. Both the one-side
and two-side solutions are two dimensional, while the four-side solution is three-
dimensional. As described in Chapter 2, the 2D solution for the rectangular lined
ducts is actually a simplified solution for the full 3D parallel-baffle silencers. In all
cases, both the locally reacting and the bulk-reacting solutions are presented,

although the focus of this thesis is on the bulk-reacting solutions.

3.1 Rectangular Duct Lined on One Side

The simplest lined duct is the one-side lined duct. The liner is placed on one side
of the duct only. The general schematic is shown in Figure 3.1. Let t denote the
thickness of absorbing material, h denote the height of air channel, and b denote
the width of the duct. Let x—y plane denote the cross section and z denote the
axial direction. Between the air channel and the absorbent material part, perforate
panels are usually used to support the absorbent materials and they can improve
the overall acoustic performance. Since the problem is two-dimensional in the

y—2z plane by nature and b can be assumed very small, there is no variation in

the x direction.
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Figure 3.1 Schematic of 1-side Lined Duct

3.1.1 Locally Reacting Method

In the locally reacting method, the straight-duct four-pole transfer matrix [T] is
employed in the y direction of the air channel, which means sound pressure
distribution in the y direction is not uniform and the wavenumber k can be
decomposed into the y and z directions. The boundary condition at y=h is

described by a uniform local impedance Z that does not change along the z

direction. The value of Z is the sum of the local impedance of the liner material

itself and the transfer impedance z, of the perforated panel.
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Figure 3.2 Schematic of 1-side Locally Recating Model

Therefore, from position 1 (y = 0) to position 2 (y = h), the four-pole transfer matrix

is

cos(kyh) if—wsin(kyh)
[T1=|, ’ (3-1)

ik, .
p—;sm(kyh) cos(kyh)

where k, isthe y-component of the wavenumber, pis the density, ® =27 isthe

circular frequency, and i=+/-1.

Applying the rigid-wall boundary condition at position 1 and the local

impedance boundary condition at position 2:

u =0
P2 _ Z+1, (3-2)
u2

the characteristic equation can be obtained:
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i(Z +z,)k, tan(k h) + po =0 (3-3)

In some literature, the normalized admittance 7 :% is used and the characteristic

eguation can be rewritten as:
A+&n) k, tan(k,h) —iknp =0 (3-4)

The above equation can be solved for ky by using a nonlinear equation solver.

According to Ingard [7], the initial guess to the nonlinear characteristic equation
can be obtained by solving an approximate equation which ignores the transfer

impedance of the perforated panel. The low frequency approximation is

(k,h)? ~—ikhzy (3-5)

The high frequency approximation is

k.h=

NN

(3-6)
With the relationship,
kZ+k? =k? (3-7)

k, can be obtained afterwards. Sound attenuation in dB at a distance z can be

found from
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201log,, p— =—-20log,,(e)k,z ~ —8.72k,;z (3-8)
z

where p(0) and p(z) are sound pressure at the inlet and at distance z , respectively,

and k, is the imaginary part of k, .

3.1.2 Bulk-Reacting Method

The four-pole transfer matrix is employed in the y direction for each component
in the bulk-reacting method. The method is applied to the 2D case with the
absorbent liner on one side. The 2D bulk-reacting method models the silencer in

the y and z directions. Figure 3.3 shows a schematic of the bulk-reacting model.

I | = [T,
— I_'—------_____:_I_ I.:

§ N o T
Y h Perforate Panel (2,.) -
| 1]

b > i @

—.x

Figure 3.3 Schematic of the One-Side Bulk-Recating Model

The transfer matrix [Tl] and [Tz] are used to model the air channel and the

absorber , respectively, in the y direction. [Tl] and [TZ] can be expressed as
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cos(kyh) i’E—wsin(kyh)

[Tl] ik ’ (3-9)
—ysin(kyh) cos(kyh)

cos(k't) %sin(k;t)
T.1=| - N (3-10)
p*zasin(kyt) cos(kyt)

where k;is the y —direction wavenumber in the absorber, d is the thickness of

the absorber, p* is the complex density of the absorber, pis the density of air, D

is the width of the air channel, ky is the y—direction wavenumber in air, @ = 2af

is the circular frequency, and i =+/—1.

The behavior of the perforate panel between the air channel and the absorber is

presented by a transfer impedance matrix [Ttr]:

1 ZII’
1= {o ) } (3-11)

Multiply the above three matrices together to obtain the resultant transfer matrix

[T]relating position 1 to position 3:
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P, _ P; _ t, 1, P,
R Y

where [T]z [Tl][Ttr ][TZ], p, and U, are the sound pressure and particle velocity at

position 1, and p, and U, are the sound pressure and particle velocity at position

3.

Apply the rigid-wall boundary condition at positions 1 and 3:
u,=u; =0 (3-13)

Then, the characteristic equation can be found by setting t,, to be zero. In other

words,
ok tan(k t) + ik k z, tan(k h)tan(k;t)/ o + p'k tan(k h) =0 (3-14)
ki +k; =k* (3-15)
k2 +k?=k" (3-16)
and the continuity of the wavenumber in the z —direction (Selamet et al. [24]):
k! =k, (3-17)

ky becomes the only unknown and can be solved by a nonlinear equation solver.

The low frequency and high frequency approximations are the same as the locally

reacting method. And sound attenuation in dB at a distance z is
25



20log,, 1P =-20log,,(e)k,z ~-8.72k ;2 (3-18)

| p(2)]

where p(0) and p(z) are sound pressure at the inlet and at distance Z respectively,

and k,is the imaginary part of k, .

3.2 Rectangular Duct Lined on Two Sides

3.2.1 Locally Reacting Method

The layout of the problem is shown in Figure 3.4. Also, the four-pole transfer matrix

is only employed in the air channel.

T_--_-' -----------E.__.E.__.

| 7 :
nl . i Perfq_r‘_':lFfe_l?anel (Zer) N~ : ______ - [T]
] i o

L &8 &8 _§ & | I---------

— X |

Figure 3.4 Schematic of 2-side Locally Recating Model

From position 1 (y =0) to position 2 (y = h), the four-pole transfer matrix is
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cos(kyh) i"k)—wsin(kyh)
1=, ' (3-19)

ik, .
p—;sm(kyh) cos(kyh)

Apply the boundary conditions at position 1 and position 2:

PPz, (3-20)
—U u,
and the following characteristic equation can be obtained:
k k 7 2in
—tan(k h) + tan(k,h)— - =0 (3-21)

k k, A+&n)? 1+én

According to Ingard [7], the initial guess to the nonlinear characteristic equation
can be obtained by solving an approximate equation which ignores the transfer

impedance of the perforated panel. The low frequency approximation is

Ky 2 L Z2n (3-22)
k) kh
The high frequency approximation is
2i
kh=7z-——- -

Afterwards, sound attenuation in dB at a distance z can be obtained as usual.
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3.2.2 Bulk-Reacting Method

The four-pole transfer matrix is employed for each component in the bulk-reacting

method. Figure 3.5 shows a schematic of the two-side lining model.

| @ : T
t : L o« L' 3]
DY R o g s
T | Epefforéﬁ?_??“e' (érr)\ ..... i 1 F:Tz__
J—J'——————- _—————————@i-——-i-—{_Yj[r_
_ _ o uiy
M. b R — | !

Figure 3.5 Schematic of the Two-Side Bulk-Recating Model

The transfer matrices [Tl], [Tz]and [T3], are used to model the absorber parts and

air channel in the y direction. [T,], [T,]and[T,] can be expressed as

_ cos(kt) %sin(k;t)_

rJ=ml=] y (3-24)
" sin(k't)  cos(kt)
P ' o

cos(kyh) i'E—a)sin(kyh)
.= y (3-25)
ik
—ysin(kyh) cos(kyh)
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The behavior of the perforated panel between the air channel and the absorber is

represented by a transfer impedance matrix[T, | :

[T, ]= {1 Z"} (3-26)

0 1

where z, is the transfer impedance of the perforated panel.

Multiply the five matrices together to obtain the resultant transfer matrix [T] relating

position 1 to position 4:
pl} [ ]{ pA} |:tll t12 :|{ p4}
=T = (3-27)
{ul u4 t21 t22 u4

where [T]z[Tl][Ttr][Tz][Ttr][Tg], p, and U, are the sound pressure and particle

velocity at position 1, and P, and U, are the sound pressure and particle velocity

at position 4, respectively.

Apply the rigid-wall boundary condition at positions 1 and 4
u=u,=0 (3-28)
and the continuity of the wavenumber in the z —direction (Selamet et al. [24]),

k) =k, (3-29)
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Afterwards, the characteristic equation can be obtained by setting t,, to be zero.

The low frequency and high frequency approximations are the same as the locally

reacting method. After solving the nonlinear characteristic equation forky, k,can

be found from

k, =k - ks (3-30)

and sound attenuation in dB at a distance z can been obtained as usual.
3.3 Rectangular Duct Lined on Four Sides

The more complicated problem is the four-side lined duct problem. The schematic
of a typical four-side 3D rectangular lined duct is shown in Figure 3.6. The 3D
rectangular lined duct can be modeled by a combination of two 2D lined ducts in

the x and y directions, respectively.

i .
[, i
- —r-1 :_---------------I
T | | iPerforate Panel (ztr)/ ______ B
gy \ -----
‘;.b_.}‘f"‘_ —z
X

Figure 3.6 Schematic of 4-side Lining Lined Duct
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3.3.1 Locally Reacting Method

The layout of the 3D locally reacting problem is shown in Figure 3.7. The four-pole

transfer matrix is applied in the air channel in x and y directions, respectively.

~ Perforate Panel (z,)

Figure 3.7 Schematic of 4-side Locally Recating Model

In the y direction, from position 1 to position 2, the four-pole transfer matrix is
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cos(kyh) i"k)—wsin(kyh)
=1k, y
p—;sm(kyh) cos(kyh)

Apply the boundary conditions at position 1 and position 2:

P_P_g,
—U u,

tr

Then, the following characteristic equation can be obtained:

k
?ytan(kyh) +tan(k, h)

where 7 is the normalized admittance defined previously:

_ipctan(k’t,)
77 - p*c*

kot 2ip
k, A+&n)* 1+&n

(3-31)

(3-32)

(3-33)

(3-34)

ky can be solved from the characteristic equation using a nonlinear equation

solver.

Perform the same procedure in the x direction. From position 1 to position 2, the

four-pole transfer matrix is
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cos(kyb) i’li)—a)sin(kyb)
[T1=]. ! (3-35)

ik, .
p—;sm(kyb) cos(kyb)

Apply the boundary conditions at position 1 and position 2:

P _ P

=7Z+1z -
“u, tr (3-36)

and the characteristic equation can be obtained:

k p*  2ip
k, Q+&n)? 1+én

%tan(kxb) + tan(k,b) (3-37)

Therefore, a set of two independent characteristic equations can be obtained.

Solve the two equations separately for k, and k, using a nonlinear solver, and Kk,

can be calculated from the following equation:
k? —ki—k; =k; (3-38)
Sound attenuation in dB at a distance z can be found by using

20log,, :p(_O)l =-20log,,(e)k,z~-8.72k, z (3-39)

p(2)]
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where p(0) and p(z) are sound pressure at the inlet and at distance z , respectively,

andk,; is the imaginary part of k, .

3.3.2 Bulk-Reacting Method

. Perforate Panel (z,-)

Figure 3.8 Schematic of 4-side Bulk-Recating Model
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The layout of the 3D four-side bulk-reacting problem is shown in Figure 3.8. In the

y direction, the transfer matrices|[T, |, [T,]and[T,], are used to model the absorber

parts and the air channel. [T,], [T,]and[T,] can be expressed as

_ cos(kt) i’i:wsin(k;t)
r]=[ml=| - / (3-40)
%, sin(k't)  cos(kt)
P ' o

cos(kyh) i’E—a)sin(kyh)
[Tz ] ik ’ (3-41)

p—;sin(kyh) cos(kyh)

The behavior of the perforated panel between the air channel and the absorber is

represented by a transfer impedance matrix [Ttr]:

[T]—1 f 3-42
tr_o 1 (' )

where z, is the transfer impedance of the perforated panel positioned between the

air channel and the absorber.

Multiplying the five matrices together, a resultant transfer matrix [T ] is generated to

relate position 1 to position 4:
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Pl Pal _ by P,
RN

where [T]z[Tl][TU][TZ][Ttr][TS], p, and U, are the sound pressure and particle

velocity at position 1, respectively, and p, and U, are the sound pressure and

particle velocity at position 4, respectively.

The decomposition of wavenumber in the air channel is:
ki+kj+k?=k* (3-44)
Similarly, the decomposition of the wavenumber in the absorbing material is:

K4k 4k =k (3-45)

X y z

For the absorbing material layer at the top and the bottom, if we remove the four
corners and apply the rigid-wall boundary condition, the first-mode solution

requires.
k :Z _4
=1 (3-46)

The wavenumber in the Z direction is the same for both the absorbing material

and air. In other words,
k, =k’ (3-47)

Therefore,
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K = \/ K™ —k2+Kk2+K? —(%)2 (3-48)

In the y direction, the transfer matrices [Tl], [Tz]and[Tg], are used to model the

absorber parts and the air channel. [T,], [T,]and [T3] can be expressed as

cos(kt) i'igsin(k:t)

[Tl]:[TS]: " " (3-49)
ik, . « .

p*wsm(kxt) cos(kxt)

cos(k,h) i/;a) sin(k,h)

[TZ]: ik " (3-50)
xsin(k,h)  cos(k,h)

PO

The behavior of the perforated panel between the air channel and the absorber is

simulated by the by a transfer impedance matrix|[T, |:

=
rl™— 0 1 (3'51)

Multiplying the five matrices together, a resultant transfer matrix [T]is generated to

relate position 1 to position 4 in the x direction.
p Y t, t p
ul u4 t21 t22 u4
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The decomposition of wavenumber in the air channel is:
ki+k7+k?=k* (3-53)
Similarly, the decomposition of the wavenumber in the absorbing material is:
ky +k; +k; =k” (3-54)

For the absorbing material layer at the left side and the right side, if we remove the
four corners and apply the rigid-wall boundary condition, the first-mode solution

requires
K =% (3-55)

The wavenumber in the Z direction is the same for both the absorbing material

and air. In other words,
z z (3'56)

Therefore,

<

- \/k*z —k?+ k2 +k? - (%)2 (3-57)

The rigid-wall boundary conditions require t,, of the resultant [T] in the y direction

and t,, of the resultant [T] in the x direction to be zero at the same time. Therefore,
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a set of two characteristic equations can be obtained. Solve the two equations

simultaneously for k, and k, . After that, k,can be calculated from Equation (3-49).

Sound attenuation in dB at a distance Z can be found by using

20log,, PO _ —20log,,(e)k,z~—-8.72k,;z (3-58)

| p(2) |

where p(0) and p(z) are the sound pressure values at the inlet and at a distance z,

respectively, and k, is the imaginary part of Kk, .

3.4 Circular Lined Ducts

Perforate Panel (z;,-)

! : z

Figure 3.9 Schematic of Circular Lined Duct

The schematic of a typical circular lined duct is shown in Figure 3.9. Let r,denote
the air channel radius, r,denote the outer radius of the liner, and t denote the

thickness of the sound absorbing liner.

39



3.4.1 Locally Reacting Method

Figure 3.10 Locally Recating Model of Circular Lined Duct

The sound pressure in the air channel part in the radial direction can be expressed

as:
p=AJ,(kr) (3-59)
and the corresponding patrticle velocity is:

— 1Ak
u= =Jy(k.1) (3-60)
PO

where J, is the O™-order Bessel function of the 15t kind, J, is the 1%-order Bessel
function of the 15t kind, k, is the wavenumber of air in the radial direction, and ris

the radial coordinate of the field point.

The following boundary condition represents the dimensionless normal admittance

atr=r,
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n =ity k),

O k) (3-61)

where according to Ingard [7]

e ()Y (k) = 3 (K, )Y, (KT, )
i Qo (kYL (K]T) = 3, (KT Yo (k)

(3-62)

According to Ingard [7], the initial guess to the nonlinear characteristic equation
can be obtained by solving an approximate equation which ignores the transfer

impedance of the perforated panel. The low frequency approximation is

(k,1,)* = —i2kry (3-63)

The high frequency approximation is

37r i
K r 1—— -

Therefore, k. can be obtained from the characteristic equation (3-61). Afterwards,
k,can be obtained from

k?+k>=k? (3-65)
Sound attenuation in dB at a distance z can be found by using

| (O : = —20logy, (e)k,;Z ~ —8.72k ,Z (3-66)

0)
20log,,
T
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where p(0) and p(z) are the sound pressure at the inlet and at a distance z,

respectively, and k, is the imaginary part of Kk, .

3.4.2 Bulk-Reacting Method

®

--------------®

Perforate Panel (z;-)

—z

Figure 3.11 Bulk-Recating Model of Circular Lined Duct

As shown in Figure 3.11, position 1 refers to the central axis of the air channel,
position 2 refers to the perforated panel between the air channel and the sound
absorbing layer, and position 3 refers to the exterior boundary of the circular duct.

Sound pressure in the air channel in the radial direction can be expressed as
p=AJ, (k) (3-67)
The corresponding particle velocity is
i dp i

=——=—Ak, (-J,(k -
U=y = o M k) (3-68)

Sound pressure in the sound absorbing material is
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p =BJ,(k'r)+CY, (k') (3-69)
The corresponding particle velocity is

. i dp” iBk’ - ick” "
u = PP g ey S v k) (3-70)
podr po L @

where k' is the wavenumber in the absorber in the radial direction, Y,is the 15-

order Bessel function of the 2" kind. The following boundary conditions are then

applied:

P, — p; =Z,U,
U, = (3-71)
U, =

This results in the following matrix equation:

Bk + 2503 (k) = 3,(0) —Y (ki)
po Al (0
y * *
’;k: 3,k 1) 3,(r) (k) [1Bt=10 (3-72)
0 L) o) () O

By setting the determinate to zero, a characteristic equation can be obtained and

k, can be solved from the characteristic equation. The low frequency and high

frequency approximations are the same as the locally reacting method. Afterwards,

k,can be obtained from
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k, = JkZ—K? (3-73)

Sound attenuation in dB at a distance z can be found by using

0
20log,, % =-20log,,(e)k,z ~—-8.72k,z (3-74)

where p(0) and p(z) are the sound pressure at the inlet and at a distance z ,
respectively, and k, is the imaginary part of Kk, .

The methodology of the 2D bulk-reacting analytical solutions for rectangular lined
ducts with lining on one side and two sides, as well as 3D bulk-reacting analytical
solutions for rectangular lined ducts with sound absorbing material on four sides

and circular lined ducts has been presented in this chapter. The locally reacting

method has been reproduced at the same time.

Copyright © Jundong Li 2017
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CHAPTER 4 VERIFICATIONS AND DISCUSSIONS

In this chapter, the first-mode analytical solutions developed in Chapter 3 are
compared to the direct mixed-body boundary element method (BEM) [4] solutions.
Since the BEM used in this study is three dimensional, a one-inch thickness is
assumed in the 3D BEM models when compared to the 2D analytical solutions for
rectangular ducts lined on two sides. For rectangular ducts lined on all four sides
and circular ducts, the analytical solutions themselves are three-dimensional
already. If the cross section of a duct becomes large enough so that higher-order
modes begin to emerge, a so-called “impedance-to-scattering matrix method” [5]

is also applied in the BEM to calculate the TL at high frequencies.

It should be noted that the analytical solutions developed in this thesis are the first-
mode solutions only while the BEM can theoretically include all higher-order modes.
In addition, the analytical solutions calculate sound attenuation while the BEM
calculates TL. As mentioned previously, these differences may become negligible

for large dissipative silencers with a simple and uniform cross section.

4.1 Rectangular Ducts Lined on Two Sides

Both the locally reacting and bulk-reacting analytical solutions are compared to the
corresponding BEM solutions. The first two test cases are the rectangular lined
ducts modeled by the local impedance approach. The lining has a flow resistivity
equal to 16,000 Rayls/m and test case (a) is covered by a 30% porosity perforated

panel while test case (b) is covered by a 15% porosity perforated panel. The

45



temperature is set at room temperature. The geometry of the test case is shown in

Figure 4.1.

A
\4

Figure 4.1 Geometry of 2D test case

Figure 4.2 compares the locally reacting analytical solutions to the corresponding
BEM solutions for two different designs. In both designs, the locally reacting

analytical solutions agree very well with the corresponding BEM solutions.
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Figure 4.2: Comparisons between the local impedance analytical solutions and

the corresponding BEM solutions.
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Figure 4.3 compares the bulk-reacting analytical solutions to the corresponding
BEM solutions for two other designs. The temperature is also set at room
temperature. In both designs, the bulk-reacting analytical solutions compare

favorably with the corresponding BEM solutions.
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Figure 4.3 : Comparisons between the bulk-reacting analytical solutions and the

corresponding BEM solutions.
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In Figure 4.4, the locally reacting and bulk-reacting analytical solutions are
compared against each other for several different designs. Figure 4.4 (a) and
Figure 4.4 (b) compare the models for two different spacing values, Figures 4.4 (a)
and Figure 4.4 (c) are for two different flow resistivity values, and Figures 4.4 (a)
and Figure 4.4 (d) are for two different lining thickness values. It is noticed that
there are some differences between the locally reacting and bulk-reacting solutions.
In general, if the lining has thicker or denser sound absorbing material, the

differences between these two approaches are less noticeable.
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Figure 4.4: Comparisons between the locally reacting and the bulk-reacting

analytical solutions.
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4.2 Rectangular Ducts Lined on All Four Sides

1 —Sheet Metal Duct

¥

Perforate Panel

Acoustic Liner-Sound Absorbing Material

Figure 4.5 Geometry of a typical rectangular duct lined on all four sides

Figure 4.5 shows the geometry of a typical rectangular duct lined on all four sides.
Figures 4.6 compares the bulk-reacting analytical solution of test case 1 to the
corresponding BEM solution, and the dimensions are shown in the plot. Figure 4.7
shows the comparison for another design, with dimensions shown in the plot. As
shown in both figures, the bulk reacting analytical solutions compares fairly well

with the corresponding BEM solutions.
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Figure 4.6 Comparison between the Bulk-Reacting Analytical Solution and the

BEM Solution
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Figure 4.7 Comparison between the Bulk-Reacting Analytical Solution and the

BEM Solution
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4.3 Circular Duct

Sheet Metal Duct
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Figure 4.8 Geometry of a typical circular lined duct

Figure 4.8 shows the geometry of a typical circular lined duct. Test case 1
simulated a circular lined duct with dimensions shown in the plot. The result was
shown in Figure 4.9. As is shown in the plot, the bulk reacting analytical solution
compares with the BEM solution very well. The analytical result provides a very
accurate solution in the low to middle frequency range, though some disagreement

shows up at the high frequency range.
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Figure 4.9 Comparison of Bulk Reacting Analytical Solution with BEM Solution of
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Figure 4.10 Comparison of Bulk Reacting Analytical Solution with BEM Solution
of Test Case 2
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Another design has also been performed. Test case 2 is a circular lined duct with
thicker sound absorbing liner. The result was shown in Figure 4.10. As can be seen
from the plot, the bulk reacting analytical solution agrees well with BEM simulation.
Therefore, results demonstrate that the bulk reacting analytical model provides

acceptably predicts the duct attenuation.

Results of using different types of empirical formulas for perforates are also
generated as well, which is shown in Figure 4.11. The simulation of this test case
is based on a circular lined duct with a micro-perforated panel tube between the

air channel and sound absorbing material. The porosity of the perforated panel is

1%.
50
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30 e S|DLAB
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= 20
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10 L=0.3048 m
5 R,=16000 Rayls/m
0

0 200 400 600 800 1000 1200 1400 1600 1800 2000
Frequency (Hz)

Figure 4.11 Comparisons of Different Empirical Formulas for Micro-perforated

Panels
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As can be seen from the plot, different empirical equations work differently with
micro-perforated panels. It was proved by Allam and Abom that while dealing with
problems with Micro-perforated tubes inside, the traditional empirical equations will

be less accurate. The equations developed by Allam and Abom was recommended.

Copyright © Jundong Li 2017
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CHAPTER 5 CONCLUSIONS AND RECOMMENDATIONS FOR FUTURE

RESEARCH

5.1 Conclusions

Two-dimensional and three-dimensional bulk-reacting analytical methods for
rectangular and circular lined ducts are presented. Each method is validated by
comparing to the corresponding BEM solution. It has also been demonstrated that
there are differences between the bulk-reacting and locally reacting models. The
developed analytical models will be useful as a means to rapidly assess the
acoustical performance of lined ducts in HVAC systems and parallel-baffle

silencers commonly used in gas turbines.

A BEM model for a full 3D parallel-baffle silencer is also constructed to
compare to the simplified 2D locally reacting and bulk-reacting solutions. 1t is
found that the simplified 2D bulk-reacting model can produce a decent solution

very close to the full 3D parallel-baffle silencer BEM solution.

The presented work provides the bulk-reacting analytical solutions for
different lined ducts. The proposed method shows more accurate solutions when
compared to the local impedance method. Results of the test cases have
demonstrated that this bulk-reacting analytical method can provide a rapid and

accurate alternative to the full BEM solution for lined ducts.
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5.2 Recommendations for future research

The following are the recommendations for future research:

1. Small-scale experiments should be performed in the lab for further

validation, since full scale on-site measurements are difficult.

2. Temperature correction factor on the material properties should be

investigated.

3. The nonlinear solver used in this thesis to solve the characteristic equations
can be refined to avoid failing to find the correct first-mode root in rare and extreme
designs, such as very thin liners in a large cross section. General guidelines
should also be developed to let users know the dimensional limits for which the

solver will be able to converge.

4. It would be beneficial to develop a GUI program for user-friendly

applications.

5. More research can be performed to study the effects of using different sound

absorbing linings in parallel-baffle silencers and rectangular lined ducts.

6. Normalized design curves should be generated as quick design references.

Copyright © Jundong Li 2017
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