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ABSTRACT OF DISSERTATION

Orbital Stability Results for Soliton Solutions to Nonlinear Schrodinger Equations
with External Potentials

For certain nonlinear Schrodinger equations there exist equilibrium solutions which
are called solitary waves. Addition of a potential V' changes the dynamics, but for
small enough ||V||L~ we can still obtain stability (and approximately Newtonian
motion of the solitary wave’s center of mass) for soliton-like solutions up to a finite
time that depends on the size and scale of the potential V. Our method is an
adaptation of the well-known Lyapunov method.

For the sake of completeness, we also prove long-time stability of traveling solitons
in the case V = 0.
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Chapter 1 Introduction

1.1 Some Background, Brief History, and the Main Theorem

In physics, solitary traveling waves are an important object of study. Previously
mentioned applications include “propagation of electromagnetic waves in nonlinear
media” [19, [17], “electromagnetic (Langmuir) waves in a plasma,” and “motion of a
vortex filament for Euler equations of fluid mechanics” [17]. From a more theoretical
perspective, it is of interest to note that there exist infinite multi-parameter families of
solitons that are (in some sense) equilibrium solutions of a given nonlinear schrédinger
equation. In particular, soliton solutions of these equations appear closely related
to the problem of Bose-Einstein condensation (according to a presentation by Kay
Kirkpatrick, citing Gross and Pitaevskii, 1961), which may have a part to play in
the search for suitable materials to construct a viable quantum computer. Stability
of these equilibrium solutions is of interest because such behavior is critical for the
modelling of physical phenomena.

This document attempts to broaden what is known about the orbital stability
of solitons in the presence of an external potential V. This is a more robust model
for phenomena than the case V' = 0, given the likely imperfections of a physical
environment. We take as our equation a focusing non-linear Schrédinger equation

W+ A+ f(P) = AV,
(-, 0) = 1o € H'(RY), (1.1)
(r,t) e R x R

with power nonlinearity f(v)) = |¢|* and subcritical exponent k < 2/d, and study
the dynamics of soliton-like solutions to this equation under H'(R?) perturbations of
the initial data. Here V" (x) := V(hz), V € C*(RY), ||V]|r~ = 1, and X > 0 is made
sufficiently small. We view this problem as an extension of the case A = 0, given
below:

iy + A+ f(y) =0. (1.2)

We use notation suggesting a general dimension d, but some existence and coercivity
arguments will require d =1 or d = 3.

Existence of solutions to Equation (|1.2)) was shown by Ginibre and Velo[I1], using
conserved quantities to bound the L? norm of the gradient of the solution.

Theorem 1.1 (J. Ginibre and G. Velo, 1977). Let ¢ be a solution of

ihy = (=A+m) ¢ +g(¥),

where m € R and g is a continuously differentiable, complexr valued function with
9(0) = 0 and having complex derivatives polynomially bounded by the variable with
order less than % for d > 2. Then for initial data vy € H* (Rd), the (unique)

solution ¥ with 1(0) = vy lies in C ([0,00); H' (R?)).



There is also a version of the theorem for d = 1. The theorem is proved in two
steps by applying fixed point methods to the integral equation to show local existence,
and then extending the solution globally by means of conserved quantities. In the
appendix of a later paper [10], the same authors state a result for the case d = 1
(under some slightly relaxed conditions) which is applicable to a power nonlinearity
[Pl with 1 < p <1+ fl. In that same appendix, they claim that a proof would
require only “minor modifications.” In 1988, Y.-G. Oh used the same (fixed point
and conservation law) strategy to achieve global existence for solutions of a cubic
NLS with asymptotically quadratic external potential [I6]. The equation he studies
is equivalent (via rescaling of = and ¢ variables by h) to

1
it + S A+ [ =V, (13)

where 1 <p <1+ %. Here V' is bounded below and |D*V| is assumed to be bounded
for all multi-indices |a| > 2. The global solutions obtained are elements of a class of
functions with finite Hamiltonian energy (roughly HJ(R¢) N LPT(RY)) for ¢ > 0.

The main theorem (Theorem of this document is an adaptation of the work of
Frohlich, Gustafson, Jonsson, and Sigal in [7]. In that paper, they rely on smallness
of the semiclassical parameter h to smooth the potential and gain the desired bounds
on the error. These four authors have more recently specialized their method to the
case of a confining potential in [I5]. In contrast, we weaken the need for small h
(even allowing A = 1) by introducing the small coupling constant A, and we make
no assumptions about the shape of V. Our approach allows us to approximate the
dynamics of a soliton moving in the presence of a (L*-small) random potential.
We anticipate this being a step forward on the path to describing dynamics in the
presence of other random potentials, perhaps those with small expectation values. For
completeness, an extension (from standing waves to traveling solitons) of an earlier
result by M. I. Weinstein [20] is included.

Orbital stability is one of two commonly used notions in the analysis of equilibria
of dynamical systems. Below we give an abstract definition of both orbital and
asymptotic stability.

Definition 1.2 (Orbital and Asymptotic Stability). We say that a solution ¢ €
C(RY H) of a dynamical system is orbitally stable under a metric p: H x H — R
if, given € > 0, there exists § > 0 such that for any other solution ¢ € C'(R%; H),

p(¢(0),¥(0)) <0

implies
p(o(t),v(t) <e

for allt > 0.
We say that ¢ is asymptotically stable if, additionally,

p(o(t),1(t)) =0

ast — oo.
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Figure 1.1: The soliton profile 7, for d =1, k =1, p = 1.

In our search for stable solutions of ([1.2), we look first for what are sometimes
called “standing waves”; solutions that take the form

P(x,t) = ei“tn#(x).

Here p governs the oscillation of the wave through the uni-modular factor e as well
as determine the amplitude of the wave. Supposing that en,(z) solves , we
find that 7, solves

—Am + pn, — f(nu) = 0. (1-4)

The time-independent function 7, is often called a “ground state” of the non-linear
Schrodinger equation, or sometimes a “soliton profile.” As an explicit example in the
case d = 1 with cubic nonlinearity f(¢) = |¢|*¢, the function

nu(x) = v/2p sech(y/jix)

solves Equation (|1.4]) for any p > 0. A graph of such a profile is displayed in Figure
[1.1] Due to a more general theorem from [2], we have the following result:

Theorem 1.3 (Berestycki-Lions (1983)). Let p > 0 and d =1 or d > 3. Then 1),
solving is a positive, radially decreasing function and n, € H'(RY) N C>®(R?).
When d = 1, 1, is unique up to translations.



An equivalent formulation, utilized in [19], is that the ground state 7, is a mini-

mizer of the functional
||V ] [P u] =)

Iu] :=
[devae 7

where || - ||, is the usual L norm and || - || = || - ||2. After a scaling argument, the
condition I'[u] = 0 is seen to be equivalent to equation More details are given in
Appendix D]

Symmetries of the problem give rise to an infinite family of solutions to . In
particular, the equation is easily seen to be invariant under translations and gauge
(phase) transformations

T o u(x,t) = u(r — a,t),

T u(r,t) = eu(r, ),

as well as Galilean and scaling transformations
T u(x,t) — ei(ve=illt),, (x — vt t),

s a1
15 u(w,t) = p2eu (e, pt) .

Proofs of the invariance may be found in Appendix Bl Adding an external potential
as in Equation , however, breaks all except the gauge invariance.

Two comments are in order. First of all, for convenience of notation we take
n1 to be the solution of Equation for p = 1 and let n,(z) = uim(\/ﬁm).
Secondly, we write the Galilean transform as a combination of 7Y, T!, and the boost

transformation 70 : u(z,t) — 20Ty, ).

Tgalu — ei<%v~:p7i|v|2t)u (I’ — vt, t)
= T5[6i<7i|”|2t)u (x — vt, t)].
=TT | [u(x — vt,t)].
(—5lvl?t)

— qbg tr

— TUT(*ﬂth) T(Ut)u.
This refactoring will later yield us a simpler set of tangent vectors, from which we will
write down a basis for the tangent space 7,G (defined in Chapter . Since we study
the tangent space only for each fixed time ¢, the presence of ¢ in the phase change is
not troublesome.

From these symmetries, it is possible to construct a traveling soliton solution 7, ),

determined by time-dependent parameters

a(t) == {a(t), v(t), (1), p(t)}

such that it is now a solution of the original, time-dependent non-linear Schrodinger
equation (still with A = 0). The (soliton) parameters listed above may be interpreted
as position, velocity, phase, and amplitude, respectively. Figure depicts (for fixed
t) the result of one such choice of parameters. The following proposition is proved in

Appendix [B.2}
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Figure 1.2: Fixed time snapshot of a traveling wave and profile for d = 1, k = 1,
=1

Proposition 1.4. Define ¢(x,t) := Lv(t) -z +~(t), and let 0, solve . Then the
traveling soliton '
Moo (2, 1) := €O, (2 — a(t)) (1.5)

with initial parameters og = {ag, vo, Yo, fto} Solves if and only if

a(t) = vt + ag,
v(t) = o,
K= Mo,
V() = (o + 3lvol?) t + 0.
It is this behavior that we wish to reconstruct — up to small errors — for soliton-like
solutions of with the external potential AV".
Our main result (Theorem is inspired by the result of Frohlich, Gustafson,
Jonsson, and Sigal in [7], which is summarized below in Theorem . Both theorems
are fully nonlinear stability results.

Theorem 1.5 (Frohlich-Gustafson-Jonsson-Sigal, 2004). Let ¢ solve with A
fized, and let 1, solve . Let nyu) be a traveling soliton with initial parameters
o(0) = o9 = {aog, vo, 0, o}, and suppose that for some 0 < ¢y <K 1,

Hw(70) - no(O)('ao)HHl < €.



Then for 0 < h < 1, there exists some T > 0 and family of parameters o(t) with
0(0) = {a07 Vo, Y0, /J“O} such that fO’f’ 13 S T (h + 602)717

(5 1) = Moy ()| 3 = O (h + €o)

Furthermore, the parameters o(t) = {a(t),v(t),v(t), u(t)} satisfy some (approxi-
mately Newtonian) modulation equations

with initial conditions o(0) = oy.

The condition h < 1 serves to ensure that V}, is slowly varying with respect to
the scale of the support of the soliton 7,). (In fact, taking the limit ~ — 0 sends
Vi, — V(0).) This ‘slowly varying’ condition also dictates that higher derivatives of
Vi(z) are controlled by higher powers of h.

To deal with potentials having less derivative decay, we introduce a small coupling
constant \ to take the place of the semiclassical control. In this way, we can prove
a stability result similar to Theorem [1.5| even for h = 1. This is stated formally in
Theorem below. There we retain the semiclassical parameter only to illustrate
the possibility for interplay with A for a stability time interval of fixed length. It
should be noted that in our result, the v/ error term in the © equation overwhelms
the A-linear term. This is one of the prices we pay for not requiring h < 1. What we
stand to gain from our approach is the freedom to scale the size of the potential and
discover if there is a transition from stable to unstable behavior as the strength of
the potential increases. A possible direction of research is to seek probabilistic forms
of Theorem over a class of randomly chosen potentials {V,, },ecq with uniform L>
norm by studying random schrodinger operators of the form (—A + p) + AV,

Theorem 1.6 (Main Theorem). Suppose that i € C ([0,00); H (R?)) solves ,
and let n,, with g > 0 solve . Let ny() be a traveling soliton with initial parameters
0(0) = o9 = {aog, vo, Y0, o}, and suppose that for some €y > 0,

[11(0) = Moo ()| < €.

Then there exists some T > 0 and parameters o(t) := {a(t),v(t), y(t), u(t)} such

1

that fort <T (\/ Ah3 + Egpfl)iay
(2, t) = oy + €D (z — a(t), 1)
= =000 Tp (@ — a(t)) +w (z — a(t), 1)]

with

lullin = O ((wﬂ)h%).



Furthermore, the parameters o(t) = {a(t),v(t),y(t), u(t)} satisfy some (approxi-
mately Newtonian) modulation equations

a :v+0<\/W+§),

Lo = —AVVA(a) + O (VAR + 2),

4 :,u—}L|v|2—l—%a-v—>\Vh(a)+O<\/W+§>’
fi :O<\/W+§>a

\
with initial conditions o(0) = oy.

Because of the already mentioned symmetries of the problem, it is useful to intro-
duce an equivalence class, or “orbit”, of solutions generated by the symmetries. We
formalize this notion as follows:

Definition 1.7 (Orbit of a solution). Let U be a group that induces the symmetries
of the problem. Then the orbit of a function 1p (sometimes called the 1)-orbit) is the
set

Gy = {uwy for some u € U}. (1.6)

Since the symmetries can be regarded as changing the frame of reference or per-
spective, it is typically stability of the ¢-orbit that is studied, rather than a single
solution #. In this document we will use the notation G := G, for the orbit of 1, when
U is the group generated by the symmetries T/, T7, 79, and T;. These symmetries
are useful in obtaining the modulation equations of Theorem [I.6] as they give us
parameters for minimizing the norm of w(t) = ¢(t) — n,(t). They play a similar but
less explicit role in the A = 0 case in Chapter [0

There is already a rich literature on the subject of soliton stability. Two papers
of Grillakis, Shatah, and Strauss [12] [13] establish some general criteria under which
a one-parameter family of solutions ¢ of an abstract Hamiltonian system

= JE' () (1.7)

is orbitally stable, for an “energy” functional £ and a skew symmetric operator .J.
More specifically, they assume well-posedness of the problem on an abstract space
X, as well as existence of solutions to and also of equilibrium solutions having
the form u(t) = T'(wt)¢(x) (named “bound states”) where T is a group action induc-
ing the one-parameter symmetry of the problem and w is a real number. Defining
the “linearized Hamiltonian” as H, = &£"(p,) — wQ"(p,) with the aid of another
conserved quantity Q, they prove the following theorem:

Theorem 1.8 (Grillakis-Shatah-Strauss, 1987). Suppose that H, has exactly one
negative eigenvalue and that the rest of its spectrum is positive and bounded away
from 0. Then the bound state u(t) defined above is orbitally stable if and only if H,
is positive in a neighborhood of w.



M. I. Weinstein employs a similar strategy in [20], proving the following stability
theorem for standing solitary waves solving (|1.2)):

Theorem 1.9 (M. I. Weinstein, 1986). Let k < 2/d with d =1 or d = 3, and let
(x,t) be the unique solution of with initial data vy € H*. Let n solve Equation
. and let G, be generated by the group of translation and phase changes T\", 19,
Then for any € > 0, there ezists §(e¢) > 0 so that

p(@ZJO) gn) < 5(6)

implies
p(U(t),Gy) <€
for allt > 0. (In other words, the n-orbit is orbitally stable.)

This theorem was an improvement on the work of Cazenave and Lions in [3],
which was credited by M. I. Weinstein in [20] as the first to prove a fully nonlinear
stability result (in the case of symmetric perturbations of the initial condition). Up
to this point, he notes, stability of NLS solitons had been studied using compactness
[4] and concentration-compactness [5] arguments. Weinstein’s theorem applies to
general H! perturbations of the initial condition and deals with a class of more
general nonlinearities. It is this paper that our stability result for traveling waves
solving closely follows.

Y .-G. Oh’s existence result (mentioned above) was closely followed by a paper [17]
proving stability (instability) of ground states of (1.3)). In this paper, Oh establishes
a correspondence between stability (respectively, instability) and localization of the
initial soliton profile ug at a local minimum (respectively, maximum) of the potential.

Theorem 1.10 (Y.-G. Oh, 1989). There exists some h* > 0 such that the solutions
up, = up + w of the semiclassical problem with perturbed initial value u(0) = ug
are orbitally, or Lyapunov, stable (unstable) if 0 < h < h* and the solutions uy are
localized at a local minimum (maximum) of V.

1.2 Strategy of Proof

We follow the now well-known “Lyapunov” argument in the papers of Weinstein and
Oh we have already mentioned. Treatments of this approach to stability can be found
in chapter V of the Springer-Verlag textbook [3] (by Bahtia and Szeg6) and elsewhere.
The essence of the approach is laid out in the following definition and theorem.

Definition 1.11 (Lyapunov Functional). Let & = f(x) be a dynamical system. A
functional £ : 'V — R on a Banach space V is a Lyapunov functional for an
equilibrium x* of the dynamical system if there exists a neighborhood U C V of x*
such that

o E(x) > E(x*), for allz € U\ z* and

o L[E(x(1)] <0, forallt > 0.



Figure 1.3: A candidate Lyapunov functional with decreasing (blue), non-increasing
(yellow), and uncontrolled (red) orbits.

Theorem 1.12 (Lyapunov Stability). If a Lyapunov functional can be constructed
for an equilibrium x* of the evolution equation & = f(x), then x* is orbitally stable.
If the inequality in the last condition of Definition[I.11] is strict for all t > 0, then x*
15 asymptotically stable.

The intuition motivating the definition and theorem is that as long as the solution
x originates sufficiently close to x*, its energy £(x) can never increase, and so it can
never flow over the lip of the £-bowl or wander far from the local minimum of £ at
x*. The desired behavior is illustrated by the blue and yellow solution trajectories
in Figure [1.3] The red trajectory in the same figure illustrates the increasing energy
behavior that a Lyapunov functional cannot allow. Because of the last condition, it
is natural to construct such a functional from conserved quantities of the problem.

In each of the (Lyapunov) stability results of Weinstein and Oh, the key to es-
tablishing the second condition for the Lyapunov functional is spectral analysis of
the Hessian £ := £” at the ground state 1. Theorem from [12] does the same
in a more general setting for £ := £(-) —wQ(+) , showing that this quantity is con-
served in time and is locally convex at the bound state (and critical point) u(¢). In
this manner, it is shown that £ has only one negative eigenvalue, which can then be



avoided due to some orthogonality conditions arising from the symmetries discussed
above. The Lyapunov functional is thus shown to be convex enough to guarantee
the second condition. The FGJS approach in [7] is of the same Lyapunov flavor, but
more attention is given to the parameters o, and only “approximate” conservation of
an energy functional is used. This approximation is enough to guarantee stability for
finite time, but it is an artifact of the argument that letting V' = 0 does not recover
stability of solitons for all time.

There are two conserved quantities in the problem , the Hamiltonian energy
of the system,

Halw)i= 5 [ (V6P + AVPI0P) do— F0),

and the square integral (usually interpreted as particle mass) of the solution,

N @) = 1[9l5.

Here F'(u) is a functional with Fréchet derivative F'(u) = f(u). Proofs of the conser-
vation laws may be found in Appendix[B] For the case A = 0, the Lyapunov functional
we construct is a weighted sum of these two quantities:

(1) = Ho(®) + (@) = 5 [ (VP + uldP) do = F(w).

By use of Equation and integration by parts, we find that &£,(n,) = 0. For the
case A # 0, H, (1) is easily seen to be conserved in time, but it is no longer translation
invariant. For this reason, following [7], we retain £, as an “approximately conserved”
energy functional. While this choice of functional allows us to retain the basic shape
of the Lyapunov argument, it breaks the last two conditions in Definition [I.11] This
is why we do not obtain global-time orbital stability in Theorem [1.6]

1.3 Related Research in Asymptotic Stability

All of the above results have concerned orbital stability, but some researchers are
studying asymptotic stability as well. In 2013, Scipio Cuccagna and Dmitry E. Peli-
novsky proved asymptotic stability (in L> norm) of soliton solutions for the following
cubic NLS:

iy + Uge + 2|u?u = 0, u(0) = ug.
In their paper [6], they employ a steepest descent method attributed by them to Deift

and Zhou, as well as scattering and inverse scattering transforms. They obtain both
positive and negative time asymptotics, with fixed symmetry parameters.

Theorem 1.13 (Cuccagna-Pelinovsky, 2013). Fiz s € (1/2,1], d = 1, let ¢ > 0
be given, and consider an initial value u(0) = ug perturbed by at most € in L*°
norm from a traveling soliton ., with some initial parameters oy. Then there exist
constant asymptotic parameters o1, close to those of the original soliton ¢ such that
for £t > T >0, .

[u(t) = oso|Looray < Celt| 2.

10



Here the L** norm is just

1fllze =1l (VI+2) fllee

Z. Gang and I. M. Sigal studied ‘trapped’ solitons (those localized near a minimum
of the potential) of Equation in [8, 9] with various conditions on the potential. By
working in weighted L? spaces they obtain asymptotic stability of solitons, showing
that excess energy from perturbations is radiated to infinity. Whether soliton solu-
tions of (for A = 0 or otherwise) or related NLS are asymptotically stable in an
unweighted L? norm does not appear to be known at this point.

1.4 Document Structure

The structure of this document is as follows. Chapter [2| sets the stage for spectral
theory of the Hessian form &}(n) in both the A > 0 and A = 0 problems, beginning
with a quick review of Fréchet derivatives and critical points of £,. Chapter [5|contains
the specialized coercivity result for A > 0, after Chapters [3]and [ have introduced the
necessary orthogonality conditions and local existence of the time-dependent param-
eters o(t) governing the traveling soliton 7, ;. Chapter @ decomposes the solution v
into a soliton 7,(;) and an error term w according to these orthogonality conditions
and gives estimates on the deviation of the parameters o(t) from those of a free soli-
ton. It is the concern of Chapter [7| to show that the time dependence of &,(v(t)) is
negligible on the time scale we consider, while Chapter [§ draws all preceding chapters
together and closes the proof of the main theorem.

Chapters [J] and [10] are devoted to proving the extension of Weinstein’s stability
result, with some rehashing of spectral analysis that was not compatible with Chapter
. We have already asserted in the introduction (it is proved in Appendix that
the energy &, of the system is conserved for A = 0. According to the definition and
theorem of the Lyapunov method, it remains to show that 7, is a local minimum of
&

The appendices contain a proof of Ehrenfest’s Law, as well as some elementary
calculations and proofs deemed too unwieldy to include in the body of this document.

1.5 General Notation

Regarding notation, we follow the standard || - ||, and || - ||z for LP and Sobolev
norms respectively. As a shorthand we set

A= 11 Ml

and we recall that
Nl = [[Vul® + [Jul]*.

We use both the standard L? complex inner product

(u,v) := /uz_) dx,

11



as well as a real-valued version
(u,v) = Re/u@ d®x

that is distinguished by its angle brackets. From the latter, we construct a symplectic
form

w(u,v) == Im/u@ dz = <u, J_1v>,

which we employ frequently throughout the paper. Now and hereafter, the operator
J indicates multiplication by 71

Copyright© Joseph B. Lindgren, 2017.
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Chapter 2 Preliminary Spectral Analysis of £,

As already mentioned, our project is to prove a fully nonlinear stability result. This
notion differs significantly from linear stability, so we present the reader with a brief
comparison of the main ideas. In linear stability analysis, negativity of the real parts
of all eigenvalues of the linearized operator indicates linear stability of an equilibrium.
If Ais a linearized operator with eigenvalues );, then the linearized problem

b= Ay

is formally solved by combinations of exponentials of the form e*?. If the real parts
of the eigenvalues are negative, the exponentials will decay in time. The perturbed
solution thus relaxes to the equilibrium, indicating linear stability. In contrast, each
negative eigenvalue of £//(7,) in the orbital (nonlinear) stability setting represents a
collapse of the Lyapunov functional £, in some direction. This prevents the func-
tional from having a local minimum at the soliton profile 7,, and so there is nothing
preventing nearby solutions from escaping to infinity. For an illustration of this, see
Figure 2.1} In this figure, one can observe that a solution with energy trajectory on
the red line is not trapped by the functional, while one with trajectory remaining
on the green line is trapped. In order to salvage the argument, we must obtain con-
straints on the perturbation of ¢ from 7, that forbid evolution of the solution % into
the negative eigenspace of £,. Here we are saved by the manifold of infinitely many
equivalent ground states, which allows us to choose parameters for a traveling soliton
that closely approximates the perturbed solution v and stays out of the negative
eigenspace of L,.

Our approach to the A = 0 problem (1.2)) (seen in Chapters [J] - follows [20],
choosing traveling soliton parameters a, v,~ so that the time evolving perturbation is
minimized (in a modified H! norm) for each ¢ > 0. Because the minimization prob-
lem constrains certain inner products to vanish, these constraints are often known as
orthogonality conditions. For the A > 0 argument, our approach follows the similar
methods of the Frohlich-Gustafson-Jonsson-Sigal paper [7], but there the symplectic
form w is introduced first and the minimization is obtained by imposing a decom-
position into a soliton and an error function w(x,t) that is skew orthogonal to the
the tangent space of the soliton manifold G (Chapter [3). In each approach, these
orthogonality conditions allow us to avoid the single negative eigenvalue of L,).

In the current chapter, we establish basic facts about (Fréchet) derivatives of &,,.
We determine the negative eigenvalues and nullspace of the Fréchet Hessian operator,
which we write as £, := £. On the way, we observe that 7, is a critical point of
E,. Since &,(1) is polynomially bounded in ¢ in H'-norm, it can be expanded in a
Fréchet power series around some function n € H! as below:

Eu(n+8) = Eun) + E,mE) +E (&) + ...

Thus, to show that 7 is a local minimum of &,, it suffices to prove that & (n) = 0
and &/(n)(§,€) > 0 in a neighborhood of 7.

13



Figure 2.1: “Bad” direction(s) of the energy functional &, near 7, correspond to a
negative eigenvalue of £”. Shown are directions with upward (green) and downward
(red) concavity of £, on H'(R?).

We do not forget that since H, is not a conserved quantity of , the case
A # 0 requires careful, time-dependent analysis. Instead, facts about &, in the zero
potential case provide a starting point for the careful estimates made later in this
document.

One last comment should be made. In the calculations and proofs of this chapter,
we concentrate on the soliton profile (or ground state) 7, instead of the traveling
soliton 7,. This is due to a direct calculation showing that

Eu(o) = Eurvor (M) = Eup 1 ww2 ()- (2.1)

All that is involved in showing the above formula is translation invariance of the
Lebesgue integral on R, the observation that (in,, Vn,) = 0, and the definitions of
£, and the phase function ¢(z,t). Because of this formula, calculations done for 7,
carry information also about 7.

2.1 Fréchet derivatives of &,

We turn now to straightforward calculations of the Fréchet derivatives of £,. Recall
that we have defined

Eu(u) = %/(lVUlQ + plu?) dz — F(u).

14



Then & (u) is the (linear) operator K that satisfies

lim |Eu(u+w) — Eu(u) — Kwl|| _
lJewl] 10 [[w|| g

0.

To discover K, we expand the difference £,(u 4+ w) — &, (u) as follows:

Eu(u+w) — Eu(u)

2

5 (19 4 ) ds = P

:1/ [Vl + 2Re(VuVw) + o (juw]* + 2Re(uw))]

1
:—/[|Vu+Vw|2+u|u+w|2] dr — F(u +w)

2
= [Fu+w) = F(u)]
1

:5/ [|Vw|2 — 2Re(Auw) + p (2Re(uw)) + O(wQ)} dx — [F(u+ w) — Fuj

:/ [—Re(Auw) + p (Re(uw))] + O (|Jwl|7p) dx — [F(u+ w) — Fu].

Thus, Kw = Re [[ (-A+ p)w — F'(u)w] = ((=A+ ) u — f(u),w), or alternately,
Ei(u) = (=A+ p)u— f(u).
Note that for u = 7, being a soliton profile with energy u, we have
Sﬂ(m) =0

by Equation (|1.4]).
Now we compute the second Fréchet derivative, 5;’ . This is the linear operator L

satisfying

1€, (u+w) — & (u) — Lwl||

lim =0.
] 10 [l
After some easy cancellations, we obtain
0— lim 1€, (u+w) — & (u) — Lwl||
[l 10 [l
o A ) @)« futw) (A ) ()~ ()]~ Lul]
]l 10 [|wl] g
o A e () — () — Lu]
1wl 10 [l
and so

EMuwyw=Lw=(—A+u— f(u))w.

“w
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We will refer often to this second derivative evaluated at the function uw = 7, by the
name

Ly=E () = (=A+p— f'(u) 1,

Here the explicit form of f’(u) is given by the following calculation:

P = | _oT 0+ )

(e ) a2)

= (k| + €| (0 + €€)2Re(nE) + |+ e[ "¢)
= [n]™ (2kRe(§) +¢)

It can be determined by direct calculation that £, is the linearized operator for
the stationary equilibrium soliton e, of the problem . We remark also that
since L, is visibly self-adjoint, its eigenvalues will be real numbers.

The spectral analysis of £,, is a well-known but lengthy argument which we take
mostly from [19], [20], and [7]. Since the analysis is completely independent of the
external potential, we present it here in Chapters [2] - [5

e=0

2.2 Negative Eigenvalues of £,

To show that there exists only one such eigenvalue, we repeat here the statement and
proof of an abstract proposition given in [7], but then immediately specify the result
to our setting.

Let X be a Banach space, let K € C? (X,R), and define

M:=ker K ={ue X : K(u)=0}.

Further, let £ be a C? functional on X. Now assume there exists a Hilbert space H
such that X is a dense subset, and that the Hessian quadratic form Hess E(u) (o, /)
defines a self-adjoint operator £”(u) on H such that

(a, " (u)B) = Hess E(u) (o, )

foralla € X and g € D (£") C X.

Here the first Fréchet derivative £'(n) : T,M — R is a functional acting on the
tangent space of the manifold M, while the Hessian can be viewed as a bilinear form
E"(n) : T,M x T,M — R or as a map into the dual of the tangent space of M as
below:

E"(n) : TyM — (T,M)".

In any case, the tangent space 7, M is given by local coordinates as

TUM = {85n5|510 *Ms € Cl ([076]7 M) y Ns=0 = 77} .

Then we have the following result:

16



Proposition 2.1. If n is a minimizer of £ on the set M C X, and K'(n) # 0, then
the Hessian operator £"(n) has at most one negative eigenvalue.

Proof. We first show that T,M = {£ € X : (K'(n),£) =0} =: K'(n)* by a double
containment argument. Note that by hypothesis, £'(n) = 0 and £”(n) > 0.

[C]: Let £ € T,M. Then by the previous characterization of the tangent space
there exists 7, such that & = 0s|s—0ns, and further, 7, takes values in M. Thus, by
the chain rule for Fréchet derivatives

0=20;(0)|s=0 = 0K (ns) | = (K" (0s) |s=0, Osns|s=0) = (K'(n), &).

s=0

[D]: Let € € X satisfy (K'(n),£) =0, and define
1
f(a,s):= ?K (77 + 56+ S2CLK/(77)) )
Expanding s?f (a, s) in a power series, we obtain

$*f (a,8) =K (n+ s& + s°aK'(n)) |s=o + sd% (K (n+ s&+ saK'(n))] |s=o
2

+ 52% (K (n+ s&+ s*aK'(n))] |s=0 + O(s”) (2.3)
=K (n) + s (K" (n) &)
42 [(K (), [6) + (), aK' )] + O(s°).

Here we have used a consequence of the chain rule on second derivatives

C I (als))] om0 = [K7(a(0) - [ O + K(a(0)) - ¢(0)]

to obtain the last equality above. Thus, (2.3) becomes

S2f (a7 S) =K (77) +s <K, (77) ’§> |s:0
+ 57 [(K"(n), [€]°) + (K'(n),aK'(n))] + O(s°)

and by our assumptions on K and £, we find that

s’ f(a,8) =0+s-0+ s> [(K"(n),[*) + (K'(n), ak’(n))] + O(s?)

f(a,s) = (K"(n), [€]°) + (K'(n), aK'(n)) + O(s).
Choosing
LK)
[ ()] |2
now yields
f(b,0)=0

17



and

0 (b,0) = Tim 5 (K (5 + 56 + K (n)) . 5K'(n))
= lim (K" (n + s§ + s"0K'(n)) , K'(n))
= [|K" () |]”
20,

Finally, invoking the implicit function theorem yields a map s ~ a(s) so that
f(a,s) =0. Thus 1, :== n + s + s”a(s)K'(n) satisfies

Ns=0 = 1],
83775‘320 = 57
and
K(ns) = s2f (a,s) =0,
as desired.

Having established
T77M = K/(W)L>

we can rewrite £”(n) > 0 for n € M as

inf (£, €"(n)€) > 0.

EEK!(n)+

Applying the max-min principle, we find that the number of non-positive eigenvalues
of £”(n) is no greater than the co-dimension of K'(n)*, which is 1.
O

With the proof complete, we now specify X = H'(R?), H = L?(R?), and € = £,
recalling that we have previously defined

&(w) =5 [ (VUF +uluP) do— Fv).

2

Using the scaling transformation 7% from Chapter (1| to write 1, (x) = p'/?*n; (u*/?z),
we quickly obtain via chain rule (and integrate by parts in the second term of the
penultimate line)

0 [ @ =0, [ W )
(On 1/’“)/[771( V7)) +u1/k/a (p2z)]?
= (k) [ )+ [

1/k, ,Ul/k 1 / 1/2 0

18



>0.

Thus we find, by using Theorem 3 of [I2], that n minimizes &, with respect to the
constraint K (u) := %f lu|? dz — m = 0. Applying Proposition we see that
L, = &/(n,) has at most one negative eigenvalue.

Moreover, since £,0,n = —n, we have

1
(0um, Ly,0um) = /(M-(—n) = —§3u/n2 <0,

and so we know that £, must also have at least one negative eigenvalue. Hence L,
has exactly one negative eigenvalue.

2.3 The Null Space of £,

A non-trivial zero eigenvalue of £, is no safer than a negative one, since this admits
degenerate local minima in the form of level troughs leading to infinity. We must
therefore identify the nullspace of £, and introduce more orthogonality conditions to
keep our solution of from falling into it. To this end, we pick a natural basis
for C = R? and decompose complex-valued functions v € L? (Rd; C) as uy + iug for
uy,up € L2 (]Rd;]R). This allows us to split our operator into actions on real and
complex parts as follows:

Lo — Ll 0 Uy . L1U1
e 0 L2 U2 N L2U2 ’

Li=-A+p— (2k+1n*

where

and
Ly = —A + pu—n*.

This is done by using the explicit form f/(u)¢ = ‘u|2k (2kRe(§) + &) from 1' Then
by calculations done in Chapter [3, we have

Ly o]Jo] [ o] =
E”Z”_[O Lz-[n}_[hnl—o

and

which imply that the nullspace Null(L,) of L, contains [ 2 ] and [ Dl ] . In fact,
we can show that this spans Null(L,).

Proposition 2.2. Null (L,) = spang {(0,7), (0:,1,0)}.
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Proof. Since n € L*(R%), 0,.n has at least one zero, and so (by oscillation theory) L,
has at least one negative eigenvalue. Hence, L, is a non-negative operator.

Proving Null (L,) = Cn is more complicated, so we give a proof for the case
d =1 and for other dimensions refer to [20] and [7]. Note that for d =1, Lyw = 0 is
a homogeneous ODE, so we may use a special case of Abel’s identity,

W (g1, 9) (&) = W (2, 92) (o) - exp ( [ e da) ,

Zo

to compute the Wronskian of two solutions of the DE, where for us p (§) = 0. Hence
the Wronskian is independent of x. Supposing then, that v were another element of
Null(Ly), we obtain

T—00

/
WWW) = det |: :77// 5/ :| :77,7/_7/77”: lim (77,7/_7/77”) =0.

Separating variables in this new equation, we find that

or
Inv=1In(n")+C,

for some C' € C. This last equation forces v = Cn' € Cr'.
O

Now that we know L, has a negative eigenvalue and nullspace Null(L,) =
{(0,7), (0x,1,0)}, we can take steps to avoid these bad directions. It turns out that
skew orthogonality to the tangent space of G at n (via the symplectic form w) is a
sufficient condition. In the next chapter, we introduce this tangent space, and in
Chapter |5 present proof of a coercivity estimate on L£,).

Copyright© Joseph B. Lindgren, 2017.
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Chapter 3 The Tangent Space T,G

As mentioned in the introduction of this document, we wish to choose the represen-
tative of G closest to the solution v of . Recall that G := G, is the notation we
use for the manifold of equivalent solitons generated by the four symmetry groups
discussed (just after Theorem in the introduction. Figure The current chap-
ter is devoted to constructing a basis for the space 7,G of functions tangent to the
manifold of solitons G at the representative 1 and to identifying the actions of L,
on this basis. We will use this basis in Chapter 4| to obtain parameters ¢ that de-
scribe a decomposition of the solution v of Equation into tangent and normal
components.

In Chapter @ this information and the actions of £, on the basis of 7,G will
be useful in achieving a factorization of that reveals the potential-modified
equations for the parameter family o(t).

3.1 The Tangent Space to the Manifold of Solitons

Because G is completely determined by the symmetries it describes, its tangent vectors
at the representative 7, € G can be easily computed. These tangent vectors define
local coordinates for G via the cotangent bundle TG, allowing us to simplify the task
of minimizing over a set of parameters to management of a collection of orthogonality
conditions (see Chapter [4)). We define the relevant directional derivatives and include
the direct calculations below:

Zt ::Va (T(anM) |a:0 = va [nﬂ(w - a)] |a:0
= - Vn/u

0 0 r,i
Zg ::8_7 (T9nu) =0 = oy [ nu()] |y=o0

=My,

1 i toz—1|v|?
=2 =V (T9"ny) lo=o4=0 = Vo [e (Gre=ilP) (@ = vt) [izo| vmo

2
=V, [, (@)] |
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Figure 3.1: Parameters o(t) chosen locally on 7;, G, to minimize error |[¢)(t) — 1o |2
(shown in red).

Credit for the original image is due to www.researchgate.net/figure/228371900_|
figl_Figure-1-Optimization-on-a-manifold-The-tangent-space-T-M-x

Note that when we write V,, for (y1,92,...,y4) =y € RY, we mean
Vy = (ayvayw S 7ayd)‘
We are now ready to claim and prove the following proposition.

Proposition 3.1. The set {2, 24, 2, 25} forms a basis of T,,G.

Proof. Due to the limited number of parameters, {z, z,4, 2y, 2} must be a spanning
set of T,G. By observing that Vn and ixzn are odd functions, while 9,7, and in
are even, and that in each of these pairs one function is real while the other is pure
imaginary, we conclude that {z, z,, 2, 25} is also a linearly independent set, hence a
basis of T,,G.

O

Remark: In an abuse of notation, we consider z; and z, as sub-collections of
linearly independent functions, so we really have a basis of 2d + 2 functions.
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3.2 Actions of £, on T,,G

The current stability approach depends heavily on the nature of £, = & and its
coercivity. For technical reasons, it will be useful to know how £, acts on the tangent
space of the manifold of solitons. Recall that in the last chapter, we defined

Loyu:=Ej(n)u = (=A4p— f'(n.)u

We record the following identities:

Lz =0,
Lyz5 =0,
Lz, =212,
Lyzs =124.

It is also worth noting that
E%zb = L,(—2iz) =0, E%zs = L,izy = 0.

Below are included the explicit calculations. In the second and third calculations, we
use Equation (2.2)) derived from the explicit form of the nonlinearity.

Loz =(=A+pu) (=Vn) — f'(n) (=Vn)
==V (=A+pu)(n)+V(fn)

=V ((=A+p)n—f(n)
=0.

Because 7 is real-valued, the explicit form of f’(n)in yields

Lyzg =(=A+ ) (in) — f'(n)in
=i (A + )y —iln|™ - (n)

=i (=A+p)n—if(n)
=0.

Using —A(ixn) = —2iVn — izAn and applying Equation (2.2) once more, we obtain

Lyzp = (=A+ p) (izn) — f'(n) (izn)
= (=4 + p) (izn) — izl
=iz (A + p)n — iz f(n) — 2iVn
=iz ((=A+p)n— f(n) —2tVn
=—2iVn

:2'&Zt
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Using 0, (un) = n + pd,n, we obtain

Lz =(=A+ ) (9un) — f'(n)0un
=(=A+ ) (Gun) — 9uf(n)
=0, [(=A+p)n—fn)] —n
:8u [O] -1

=1zq.

These formulas will be used in Chapter [6]

Copyright© Joseph B. Lindgren, 2017.
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Chapter 4 Orthogonal Decomposition

In this chapter, we utilize the variational characterization of an L?-norm minimizer.
For n € G to minimize the L? distance to 1, the first (Fréchet) derivatives of
||t/ — 1| r2(ray With respect to ¢ must vanish. A quick calculation shows that this is
equivalent to the condition

(z,m) =0 (4.1)

for all z € T,,G. For our purposes, however, we prefer to equip the manifold G with
a symplectic form via its cotangent bundle T*G. To define the cotangent bundle, we
refer to [II, p. 202]. For any n € G, define the cotangent space T*G, of G at n to be the
collection of all 1-forms acting on T'G, (the dual of T'G,)). Then the cotangent bundle
TG is the union over all n € G of the coordinate pairs (n,7*G,). Note that 7*G has
dimension

2dim(TG) = 2dim(G) = 2(2d + 2).

As a vector space of even dimension, T*G can be equipped with a symplectic form to
define its geometry. Using local coordinates, an identification can be made between
n and T*G,. The following definition is taken directly from [I4] p. 290].

Definition 4.1 (Symplectic Form). Let F' be a vector space. A symplectic form w is
a real-valued bilinear form w : F x F' — R that is anti-symmetric and non-degenerate.
That is, for any v,w € F,

e w(v,w)=—w(w,v)

e and the linear map v — D, (v)(w) := w(v,w) is an isomorphism between F and
its dual F™*.

In place of the real inner product condition, we take instead the symplectic form
w(v,w) := (v, J'w) defined in the introduction and construct a collection of skew

orthogonality conditions
w(z,w)=0,Vz € T,G. (4.2)

It is important to note that w is extended from T,,G x T,,G to H' x H' via projection
of H' onto T,G in each input. The orthogonality conditions then ensure that the
components of w in T,G are parallel to each of the tangent vectors z. But this is
only possible if the projection of w onto T,G is zero! Hence condition yields
a formulation of orthogonality equivalent to condition ([£.1)). We shall see later that
condition (4.2)) is convenient to work with.

In Section we obtain a matrix representation (2, of the symplectic form w in
the basis {2, 24, 2, 25 }. In Section [£.2]we use the invertibility of €, in a neighborhood
of n to establish local existence of the parameter family o that achieves the desired
orthogonal decomposition of .
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4.1 Matrix representation of the symplectic form (2,
Our symplectic form, as defined in the introduction, is
w(u,v) = (u, Q,v) .

In this section, we take the collection of tangent vectors {z;} as our basis and compute
the matrix representation of

=)

entry by entry. Note first that because of the operation of complex conjugation on 4,
the matrix will be anti-symmetric.
For convenience, we define
1 2
m(p) = 5l

but sometimes omit the p subscript. We regard z: = 21,4 and 2z, = zgqy1,. 24 as
d-dimensional vector quantities. Finally, let €; be the j' standard basis vector in R?

and
1 ifi=y
5ij = . .
0 otherwise

Then for any 4,5 € {1,...,d}, we have

(& - 2, T ) =Re ( [ &z ) = 5, Re (—i / W)

=0,

<€j 2, JTrE - zb> =Re (/é} - 241€; - zb) = Re (/ —nzjiixkn) = Re (/ Ty nzjn>
1 2
= — Re 5 (SU|T]| = —5Z~jm,
(where we integrated by parts to obtain the penultimate equality).
<€j - 2, J_lzg> =Re (/é} . ztE> = Re (/ —nzj%)
=Re (/mm) = Re (—/nmj) =0,

IBP

<éf7 © Z, J7125> :e_} - Re (/ Zt%) = Re (/ —nzji@m#) = Re (Z/?]xjalﬂ?#>

=0,
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In the second row, we have
N 1= = 1=
<ej -~ 2y, J € - zt> =— <ej c 2y, € zb>

=0ijm,

(€ -z, J '€ - z) =Re (/5] + 2pi€ - Zb) = Re (/ Z'l’jﬁimk??)
xjxklﬂ\2>

/ g zbzzg> ~ Re ( / z'a:jn%) — Re (—z‘ / $j|77’2)

/ € zb%) = Re ( / z‘xjnum> = Re ( / xjnuaﬂnu)
Jaint) o,

where the Vanishlng of the integral in the penultimate line follows from spherical
symmetry of 1,. The third row consists of the following entries:

=Re

< 2y, zg> =Re

7 N\ 7~ N\

< <2y, J zs> =Re

7 N\

=0

VRS
N | —

(29,718 2) = — (& 2, T ' zg)

=0,
(29, '€ zy) = — (& - 2, T '24)
=0,
(zg,J '24) =Re (/ zg@> = Re </ ZT]%) = Re <—Z/ |77|2)
=0,

(29,7 '2.) =Re (/ ZQE) = Re (/ in%)
—e ( [on) =0, (3 [ k)

=m/(p).
In the last row of the matrix, we have

(20 I8 20) = = (- 2,2
:07

(20, 7€) 20) = = (& 2, T 25)
:O’

(2, T 2g) = = (29, ' 25)

= —m'(p),
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<Zsa Jﬁlzs> =Re (/ Zs%) = Re (/ aunuiaunu) = Re (_iHalmqu)

=0.

Putting this all together in matrix form, we have

0i; —0oym 07 07

- oo dijm 0i; 6T 6T

Qlzy = (2, J " 2) = Re (/ Zﬂzk) B jﬁ (Tj 0 m
6 6 —m/ O

We will make extensive use of this operator and associated notation in Chapter [0}

4.2 Local Existence of the Parameter Family o

We now investigate the existence of the parameter family o for solutions ) not far
from 7 in a sense that we make precise below. Let I C RT be closed and bounded,
with an interior interval Iy C I\OI also closed, and let Bx C R? be bounded. Define
the space of all possible parameters

Y =R xR x [0,27) x I

and a subset of X
Yo :=R% x Bk x [0,27) x I.

These sets are spaces in which the parameter family {a,v,v,u} = o lives. Finally,
we define the tube set

Us == {weﬂl coinf [ — e | §5}
o€

of functions within 6 > 0 of some representative 7, € G. We now use this formulation
of closeness to guarantee existence of o for ¢ that deviate by no more than ¢ from
the orbit of equivalent solitons G. Note that v € By forces limited speed of the
soliton, keeping the problem physically meaningful. The limitation p € I is key to
invertibility of €2,, which is a central element of the proof of the existence theorem
below:

R

Proposition 4.2. There exists 6 < inf ey m/ (1) and a unique o = o () € C1(Us, X)
such that for each ¢ € Us,

w (¢ = Mo, 2) =0,

1.€.,

(V0 =Ny, '2) =0,¥z €T, G (4.3)

Proof. Let z,; = Sauy2u,j, Where

{017 s a02d+2} = {CL,U,’)/,,U},
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l

{Zu,la S :Zu,2d+2} = {Zt7 Zby g 23} = {_vnu: 23377u> im, 8u77u} )

and
Ok := 0y, Yk e {d+1,...,2d 4 2},

1
O := &,k + §0k+d802d+1,Vk € {1,,d}

Note that the z,; span 7, G and are linearly independent (though not all mutually

orthogonal). Also, set

1

so that

o=y (r — a).

The calculations below verify that {z,;}, being a basis of T;,G implies {25}, is
a basis of T}, G.
Calculations:

For k € {1,...,d},

Noe = Scw’ynu = ei

1
Mo = {aak + 5%87} No

1 ,
= {&lk + §vk&y} [, (z — a)]

. 1 .
= O,, [ew(x—a)m(x —a)] + 5@,687 [ew(x_a)nu(x —a)]

1 ip(x—a ip(x—a 1 - ip(x—a
= {151};96 & )nu(x —a)—e ¢(z—a) (M), (x —a)| + §Uk [ze ¢ )nu(x — a)}

=~ (3,), (2~ a)
= Sav'y [_ (nu)k} )

so for k = {1,...,d} (viewed as a d-tuple),

ancr = Oavvy~<t-

We calculate the tangent vectors corresponding to the remaining values of k below:
k={d+1,...,2d} (also viewed as a d-tuple):

Viile = Vi [€9nu(x — a)] = (V@) 15 = %ixm = Sam%ixm = Savy 2,
k=2d+1:
Okno = 0y [€nu(z — a)] = (8,0) s = iNfo = Suvyin = Savyzg,
k=2d+2:

kMo = Oy [ei‘z’nﬂ(:z; - a)} = eid)au Mu(x — a)] = Say Oy = Savy2s.
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Thus, {2}, is a basis of T}, G, since T,,,G = Sz, 13, 0.
Now we use the implicit function theorem on G : H! x ¥ +— R2%+2 given by
Gi(¥,0) = (=10, J '2;) Vje{l,...,2d+2}
to obtain o (¢0). We check that
e Gis C'in ¢ (G is linear in ¢) and o (since 7, and z,; are C* in o, so is G),
e G (1)y,,00) =0 for any oy € X (this is by definition of G),
e and 0,G (Ny,,0) !U:go is invertible for any oy € ¥ (we check this below).

For any 1 < 5,k < 2d + 2,

8ij (77007 U) ‘ 0 =0 <7700 — o, J_IZUJ> ‘0:00

=— <8k77m J_lzg,j> }U:UO + <ngo — Nos J_18k207j> |

= — (oot T 03) |y + (oo = 00 T O |,y )
= — <Zao,k> J712007j> -+ 0
= — <Z007k, J712007j>

== <Zu07k> J712u07j>
== (Qno)kj J

0=0|

o=00

, L . 2442
where ), is represented by a matrix with respect to a basis {z,,},—, . Given our

assumptions on 7y, we find that €, is invertible for any oy € X, and so also is
035G (M54, 0) ‘0200' Thus, there exists § > 0 satisfying

¢ < inf {m/(p), m(p)} < inf m/(p)
nelp IS

(see more on invertibility of €2, in Section so that there is a unique C' map
o = o (¢) satisfying G (¢,0 (¢)) = 0 for each ¥ € Bs(1,,) C V,,. (Here B,(x)
denotes a ball of radius r centered at the point x while V,, denotes a neighborhood of
X.)
Now, set g9 = {0,0,0, o} and for any ¢ € Uy, note that there exists {n, ug} :=
{a,v,7, 1o} so that
1% = Mg pop |1 < 0.

(This is because ¥ is a closed set and bounded in all directions except the one
corresponding to a € R?. Since a is merely a translation and the profile 7, is localized,
the minimizing parameter @ must sit inside a bounded subset of R?. Hence the subset
of Xy on which we locally seek the minimizing parameters {n, uo} is a compact set.)
Then

18,70 = ol = 118, = ngo oy llemn < 6,
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g,

and we can find a unique o = o (S, ') so that for all z € T,, (s14)

w (S;liﬁ ~ No(si14) z> = 0.

To transform back, we choose n = {a,0,7} = {a,v,y+ av} so that S;S;' = id,
yielding a unique & =70 o (S, '¢) so that for all zZ = Sz € T, (s~8_1w)g =T, 9

W (¥ = Moy, Saz) = w <8;1¢ - na(sglw),z) = 0.

Since

(Savy ¥, Sapyw) = (v, w)
for any v, w € HY(R?), Proposition (4.2)) quickly yields the following corollary:

Corollary 4.3. Given the hypotheses of Proposition , there exists a C' map
o(t) = {alt), v(t), 1(£), p(t)} 50 that

(5.

avy

Y =1y, J’lz> =0,vVzeT,g. (4.4)
If we define w(x,t) :== S, 0 — 1, we have
w(w,z) ={(w,J'z) =0, V2 € T,,G. (4.5)

Here we have indicated the dependence of 77, and z on u(t). The study of o € C*
continues in earnest in Chapter [6f Meanwhile in Chapter [5] we establish useful lower
bounds on the bilinear form (-, £,-) for functions orthogonal to the tangent space

T,,,G in the sense of Proposition .

Copyright© Joseph B. Lindgren, 2017.
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Chapter 5 Coercivity of £,

In this chapter, we give a preview of the coercivity results used later to close stability
arguments Chapters [§ and [9] Here we use information about the spectrum of £, and
tangent space T,G from Chapters |2 and , respectively. These coercivity results are
key in obtaining lower bounds on the energy functional £, which in turn are critical in
trapping the deviation 1) — n,. Recall that the orthogonality conditions w (w, z) = 0
were developed in Chapter {4f to avoid the negative eigenvalue of £,. The following
proposition is the fruit of careful calculations which follow the methods of Weinstein
[20, 19] and FGJS [7]:

Proposition 5.1. There ezists p' > 0 such that if w (w,z) =0 for all z € T,,G, then
(w, Lyw) = p'||wl[Fn

To avoid exhausting author and reader alike, we have divided the proof of Propo-
sition [5.1] into three steps. Each step builds on the one before until the proof is
complete. Since the first step figures prominently in the stability analysis for the
A = 0 as well, we dignify it with a separate proposition, stated below. The proof of
Proposition [5.2]is given in Appendix [D] where an alternate formulation of the ground
state 1 is brought to bear along with explicit but tedious variational calculations.

Proposition 5.2. Let X; := {w € H': ||w|| = 1,{(w, (n,0)) = 0} be the set of all
complez-valued H' functions with unit L? norm that are real-orthogonal to n. Then

inf (w, L,w) = 0. (5.1)

weXq

We now proceed to prove Proposition [5.1}

Proof of Proposition [5.1]
Step 1 See Proposition [5.2]

Step 2

We now modify the space X; by adding the remaining orthogonality conditions from
Equation (4.5)) to construct

X :={weH (R,C) : ||w|]|=1, w(w,z)=0,VzeT,G}.
We now wish to show that

(w, Lyw) > 0. (5.2)

« = inf
weX

To this end, recall that w (w, z) = (w, J~'z), while (0,n) € T,G, so that w (w, (n,0)) =
Jw(0,7) = 0. Now consider the Euler-Lagrange equations corresponding to (5.2)),
which are

Lyw = ow + Z Vied 2.
k
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By construction we have X C X;. Thus o« > 0. There are three possible cases, the
first two of which we show are impossible:

(i) =0 and v; # 0 for at least one j
(i) o =0and v; =0 for all j
(iii) a > 0.
If (i), then for at least one 2, € T,,G,

<Zk, an> =0 + Z’V] <Zj, J,Zk>

J
=Y Re ( / sz_zk)
J
=3 ke (_ / zjj—lzk)
J
== (%I )
J
= <_ Zr)/jzja ank>
J
= (=525, Uy zi)

£0

by direct observation of the matrix form of €2,. This contradicts (by orthogonality of
w to z and/or by L, 2, = 0)

(21, Lyw) = (L2, w) = 0,VEk.
If (ii), then w € Null (L,). Recalling Proposition we observe that
Null (‘Cn) = {(07 77)7 (8j777 0)j=1 ----- d} - Tng‘

Thus we must have
0=w(w,z)=w (Z @‘szk) = Bu (2, J ™ 2) = Bul |l
J

for all k, which contradicts ||w|| = 1. Thus, (iii) must hold, and so a > 0.
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Step 3
Step 2 implies that there exists p” > 0 depending on pu such that
(w, Lyw) > p"[Jw]]*. (5.3)

We improve this L? bound to H! as follows:
Let 0 < 0 < 1, and rewrite (5.3)) as

(w0, Ly} > (1= 8) [l 2 + 0 (w, Lyw)
By using the explicit form of £,, we obtain
(w, L) > [Vl = ] 2.
where C), = sup, (#+ |f'(n)]). Then

(w, Lyw) = (1= 08) p"||w]]* + 6 (|[Vw]]* = Cullw]?)
= (p" = 0p" = 6C,) [lwl[* + o] [ V] [*

= dlwllZn,

where we now specify ¢ € (0, 1) solving 6 = p"” —p” —dC,, to obtain the last equality.

In other words, we set
/!

P
(1+p"+C,)

Copyright© Joseph B. Lindgren, 2017.
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Chapter 6 Frame Transformed NLS and the Equations of Motion

In this chapter we derive the approximate modulation equations (the first two being
Newton’s equations) for the perturbed solution. We have already laid the groundwork
in Chapter [4] for a parametrization {o(t), w(t,x)} for the solution ¥(¢,x) of
satisfying

(¥ —n,) L J'T, M.

The family of parameters o(t) = {a(t),v(t),¥(t), u(t)} describes the evolution of the
perturbed soliton initial condition 1y, while the error function w(t) tracks the skew-
orthogonal deviation of 1(t, z) from the traveling soliton 1, (¢, z). This parametriza-
tion is well-defined for v € Us, that is, for @ near the soliton orbit G, as detailed in
Section Having established existence and uniqueness of these parameters in
Chapter [4] we now seek to express o and w as solutions of coupled ODEs. These
will be important in establishing an upper bound on the second variation of &, in
Chapter [7, which makes possible the conclusion of the argument in Chapter [

To obtain o and w, we make a transformation S,,~ : H' — H' to a frame of
reference in which we view the profile 7, of the soliton 7,. That is, we define

Saku = 6i¢(~—a(t),t)u(_ - CL),

so that

Ny = 3&;177707

and we set
w =8, (1 —1,). (6.1)

Lemma below is simply Equation (1.1]) rewritten in this frame, with transformed

solution u := S, L 1.

Remainders of the Nonlinearity

For the sake of brevity, we also introduce notation for the remainders of various order
|u|2k+2

2k+2 ’
follows, the superscript n in R™ indicates the order (in w) of the remainder:

approximations of the nonlinearity F(u) = [ an antiderivative of f. In what

R (w) :=F (n+w) — F (n) = (F' (1) ,w),
RS (w) =F (0 +w) ~ F (n) ~ (F'(n) ,w) ~ 3 {F" () w,w),

and
Ny (w) :=F"(n+w) — F'(n) — F" (n) w.

We note that
N, (w) = RGY (w). (6.2)
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Estimates

For any n € H*(R?) and w € H*(R?) with ||n||g: + ||w||g: < M, the above nonlin-
earities satisfy the following bounds:

[RP (w)] < e(M)]Jwl][3,
[R® ()] < e(M)][wlf3n,

and
[Ny ()| -+ < C(M)]|w][F1.

The first two inequalities follow directly from the fact that R® and R® are
(Fréchet derivative) Taylor sums of first and second order in w, respectively. The last

bound follows directly from identity (6.2)).

6.1 Frame Transforming the NLS

Recall that we have taken the power nonlinearity f(u) = ‘u!Qk - (u), and that the
modified potential A\V" satisfies V' € C? and ||V||z~ = 1, with A € R chosen suf-
ficiently small. Recalling also the definition of the set Us from Section 4.2, we now
state and prove the following lemma:

Lemma 6.1. If ¢y € Us solves , then u = 5;)171# satisfies
t=J(-A+p)u— f(u) +a- - Ku+ JRywu, (6.3)

where
Ryn = A[V"(z+a) — V"(a) = hVV"(a) - ] = O (Ah*2?)
and K is a tuple of carefully chosen linear operators to be specified later.
Here we are using the shorthand notations

2d+2

a- K= Z OZJ'IC]', (64)
j=1

and indicate spatial translation of a function v by

Yo(x) == U(z + a).

Because the choice of the linear operators K; is one of convenience, we will introduce
their definitions in the body of the proof. We will also use the notation

o] = max{a, }2%32 (6.6)

in many future estimates. In the proof, as in some of the following chapters, we
suppress the time dependence of the parameters o to avoid unnecessary notational
clutter.
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Proof of Lemmal6.1. First, consider the solution ¢ of (1.1]) when viewed in the mov-
ing frame. Then from

¢ = Sow’yu = ei(%v'('*a)Jr’Y)u(_ - a)7

we obtain »
u(w) = e By (e 1 a),

or

1 —id
Sav'y’l/} =u==e€ wtu (67)
where, as before, we take
1
8e) = 50T+
and use the notation f, := f (- + a) for translation of any function f by a in the

spatial variable.
We use spatial translation to obtain

i (x +a) = — [AY (x + a) = AV + f (¥a)] (6.8)

from Equation (1.1]), which yields the third equality in the calculation immediately
following.
Differentiation of results in

= z% (eii‘ﬁ) Ve + ’ieid)% (1q)
—i [—z'q'se*%a b eV, - G+ e (- a)}

= du+ie OV, - a— e (Ahy — AV + f (1)) + (1w — pui]

N——

. , , =0 6.9
e T+ e (A WV — ) 4 [ — ]

— e (S AV o — S () Hie T i+ (= )
=f(u)
= e (A + 4+ AV]) tha — fu) +ie” Vi, - a+ (ciﬁ - u) u,

with a quick nod to the explicit form of the nonlinearity in simplifying
ef (W) = e " (W) = e (e700) = [ul™ - (w) = flw).
Now, for clarity of presentation, we note that by the product and chain rules
e VY, = V (e71,) 4+ iVe i, (6.10)
Further, since V¢ = v/2 is independent of z,

V (=iV¢-e ) = =iV -V (e7"%,),
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and so
A (e7,) = V2 (e7,)

=V (=iVge ™, + e V,)
=—iV¢ -V (e7U,) + V (e7V,)
= —iV$-V (7)) — iV - e Vi, + e A,

(using the product rule on the middle term)
= =iV V (e7a) =iV (V(e79%a) +iVe - e70h0) + T AY,
= —2iV¢ -V (e7u) + Vo[ - €7 + e Ae)y (6.11)

We can rearrange ((6.11]) so that it takes the form
e A, = A (e7,) +2iVe -V (e7,) — Vo[ e ", (6.12)
Now we can rewrite Equation as

i = (—e P AY) + (i + AV w— f(u) + eV + (- ) w
= — [A(e7a) +20V¢ - V (e7%) — [Vo?e 0] + [+ AV, ] u — f(u)
h usin;r ’
+ia [V (e7%%a) + Ve “ta] + (& - u) u
using
=— [Au+2iV¢ - Vu— Vol u] + [p+ AV} u— f(u)

+ia [Vu +iVou] + ((b — ,u) u.

Dividing both sides by i and observing that ¢ = %1’; -x+7 and Vo = %v, we find that
uw=J(—Au+ pu— f(u)) — (2Vep —a) - Vu
+J(|V¢\2+A%h—v¢d+¢—u)u

=J (—Au+ pu— f(u)) — (v—a)-Vu (6.13)
|v|2 n U. 1. .
+J<4 + AV, 2a—|—2v T+y—p)u.

Now, expanding V" in a Taylor series about a as

V(2 4 a) = VI'(x)
= A\V"(a) + \bVV"(a) - 2 + A\R2D*V"(a) - 2% + \RE2D3V"(a) - 2% + ...
= V"a) +hVV"a) -z + Ryn(z)

and collecting like terms in (6.13)) leads us to

o =J(—Au+ pu — f(u))
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—Vu-(v—a)
— Jau - (—%@ - /\hVVh(a))

1 .
—Ju <,u — —|v* + G AV (a) — ﬁ)
4 2
+ JRyn(2)u.
Finally, we define the (anti-self adjoint) operators

/Cj = —8%., ICd+j = —J{Bj, IC?d—i—l = —J, K2d+2 = 8,“ v] € {17 s ,d},

and the corresponding coefficients

CY]‘ = Uj —aj,
1.
ad—l—j = — §Uj — 8ij(a),
1 9 1. .
Qodyr = p = U +§a-v—V(a)—fy,
Qad+2 = — [,

also for all j € {1,...,d}. In this way we obtain
u=J(—Au+ pu— f(u)) + - Ku+ JRywu,

which is Equation (6.3)). The size of Ry (z) of follows from the Taylor series expansion
of V.
O

It may be of interest to note that the KIC; act on 7, to generate the basis vectors
{#;} of the tangent space T,,G as below:

The «; are coefficients of the error terms which are not due to the potential AV".

6.2 Solving for w

Now that we have achieved the change of frame, it is time to solve for the skew-
orthogonal error w and the (so far) implicitly defined parameters o.

This project is founded upon the following three facts: (i) v = n+w by (6.1]), (ii)
&(n) =0 (by n being an energy minimizer of &£,), and (iii)

—Au+ pu — f(u) =&, (u)
=&, (n+w)
=E,(n) + & (Mw +wE (nNw + ...
=0+ Lyw +wF" (nw+ ...,
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=Lyw + (F'(n+w) — F'(n) — F'w),
=Lyw + Ny(w).

(To get this last equation, we recall the definitions £, = £(n) and N, the latter
being given earlier in this chapter). By the chain rule, we also have

. .on .
U=1n+w = i+,

O
and so we can rewrite (6.3) as
0

u% i = JLyw + TNy (w) + - K (7 +w) + JRyn - (n + w) | (6.15)

or, alternately, as
w=JL,,w+ JNy(w)+ q(o), (6.16)
where
L= Lyw~+Rynw+J 'a- K,
Ny(w) = F'(n+w) — F' (n) = F" (n) w,

and

q(o) == a-Kn+ JRyun.
Thus we have implicitly defined w by the (nonlinear) ODE (/6.16]).

6.3 Solving for o

To derive the ODE for the collection of parameters o, we need to use the skew
orthogonality condition (4.3)) and Equation (6.15)) above. We will also make use of
the following short lemma, whose proof is postponed until Section |6.5¢

Lemma 6.2. For z € T,,G, with L, and w as already defined,
(Jz, JLyw) = 0.

Moreover, differentiating the skew orthogonality condition and using product and
chain rules, we obtain

d . .
0= E(Jz,w) = (Jz,w) + 1 (JOuz,w) . (6.17)

Now, integrating ((6.15)) against Jz yields

(Jz, 1Om) + (Jz,w) = (Jz, JLyw) + (Jz, INy(w)) + (Jz,a - K (1 + w))

2 TRy - (4 w)
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or, after applying (6.17) to the left hand side and (Ja, Jb) = (a,b) to some terms on
the right hand side, we have

iz, 0m) — 1 (JOuz, w) = (z, Ny(w)) +a-(Jz, Kn)+a-(Jz, Kw)+(z, Ryn - (n+ w)) .
Rearranging terms, we obtain

f1(Jz,0un) —a-(Jz, Kn) = 1 (JOuz, w)+(z, Ny(w)) +a-(Jz, Kw)+(z, Ry - (n + w)) .

(6.18)
Now we use that Kogro = 0, and aggio = —fi, and recall from Equation (6.14)) that
z; = K;n for each j to rewrite the left hand side of (6.18)) as

— a2 (J2, Kogron) —a - (Jz, Kn)
=—a-(Jz,Kn)

:—Z<JZ, 2i) Q.

We observe that K is visibly anti-self-adjoint and commutes with J. We also recall
the notation used for the basis vectors of the tangent space (introduced in Chapter [3))

22d+1 = Zg :inm
22d+2 = Zs :a,unu-
Then making the substitution
L(JOuz,w) + a- (Jz, Kw) = a - (Kz, Jw)

into the left hand side of Equation (6.18)) and choosing in particular z = z; for any
k, we obtain

— Z (2, J '2j) 05 = — Z (Jziy 2) @
J

j (6.19)
= {2k, Ny(w) + Ryn - (n + w)) — a - (Kzp, Jw) .

Invoking the matrix representation 2, for w(zy, z;) = (2, J '2;), we find that

0O —-ml O 0 o1,.d —m - Qgy1,...2d
ml 0 0 0 Agi1,...2d m-oq,..d
Qn‘{zk}&] = ’ — , ’
0 0 0 m 2d+1 m - Qigqio
0 0 —-m" 0 Q242 —m' - g1
6.20)

Finally, we observe that because n and Ry are real, the terms (Jn, Rynrn
(xgn, JRyrn) are both zero.

41



With all these tools in hand, and cancelling factors of J and ¢ wherever possible,
we rearrange ((6.19) and view the right hand side as an error term commensurate with

||w||gr. For the tuple k = (1,...,d), the left hand side of (6.19) becomes

—M - Qg41,..2d = <Z1 ..... d,Nn(w) + Ryn (77 + w)> - <7C21 ..... ds Jw)
<_V77a N77<w) + thw> + <—V77a R\/hn> +oa- <’CV777 JU}>
or (since agt1,. 24 = —%?'J —VV(a)),
1

m<lu) [<_V777 Nn(w) + RVhw> + <_V777RV“7> +a- <ICV77’ J'lU>] .

(6.21)
For the tuple k = (d+1,...,2d), we have

m-oq, g =24+

,,,,, 2d Nn(w) + th : (77 + W)> — <sz+1,...,2d7 Jw)
= (izn, Ny(w) + Ryrw) + (izn, Rynn) — a - (Kizn, Jw)
or (since oy, 4 =1v — a),

= (m(u) ™" [{wn, TNy (w) + JRynw) + (w1, JRyun) + - (K, w)]

(6.22)
For k = 2d + 1, the left hand side of (6.19) becomes
m/ * dod+2 = <Z2d+17 Nn(w) + th . (7] -+ w)> — - <K:ng+1, JIU>
= <“77 Nﬂ(w) + thw> - <ICZ777 JU}>
or (since aggio = —f1),
— i1 =04 (m' ()" [(n, TNy (w) + JRynw) + o - (Kn,w)]. (6.23)

And finally, for & = 2d + 2, the left hand side of (6.19)) becomes

—m' - aogr1 = (z2d42, Ny(w) + Ryn - (n + w)) — a - (Kzagi2, Jw)

or (since aggy1 = f — % + %U —V(a) —7),
. v G

+ (m/(ﬂ))_l [(Dun, Ny(w) + Rynw) + (9un, Rynn) — - (KO, Jw)] .

(6.24)

Collecting (6.21)), (6.22)), (6.23]), and (6.24]) together as a (2d + 2)-vector equation
and abbreviating this as

oc=Y(o)—0Y(o,w),
we arrive at the following equation:

2d+-2

5Y; (0,0) = 3 (7)., B [z Ny(w)) + (e R - (0 + w)) — a (K, Juw)],
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where 5; = —1if j € {d+1,...,2d} and 3; = 1 otherwise. (3, is introduced purely
to solve the notational issue of mismatched signs amongst the a; used above.

We note that [|Rynzg|| = O (AR?). Thus, by (i) ||N,(w)|| < ¢||w||3: for ||w|[m <
1 and (ii) using the notation |a| := max; |a;| from (6.6]), we obtain

oY < 1, (Il + AP* + |af - [lw]])
< B ([[wlli +Ap* + ol - [[w]]) ,
where ||Q,!|| < B is a bound on the operator norm of Q.
6.4 Estimating [|Q, ||

We choose 0 < R < pg so that I} := [1g — R, o + R] C Iy. To enforce pu(t) € Ij), we
choose t so that

u(t) — ol < sup [l -t < R (6.25)
s€(0,t)

Then using the matrix representation of the operator, the operator norm is bounded
by the maximal eigenvalue of €2 L

19,1 <mox {

ol

1
<C'- max {—, v o + R}
Vo — R
We note that this last expression is finite, and abbreviate this bound as
|]Q;1|| < B < .

We will see in Chapter [8] that (6.25]) is of the same order (in the relevant param-
eters) as the stability time bound given in Theorem

6.5 Proof of Lemma [6.2]

Proof. We recall first that £,u = (—A + p) u— |77’2k (2kRe(u) + u). By the following
argument, £, is a self-adjoint operator on our inner product space:

Let ¢, be any two elements of H'(R?). Then, integrating by parts twice in the
first term and shuffling some ¢ and ¢ factors between the nested Re(-) operations in
the third term, we obtain

(¢, LqC) =Re ( / @ |(=a+ T [n]" (2kRe(©) +7)| d:r;)

:/ Re [ip (A +p)C] = Re [oln|™ (2kRe(©) +0) | da
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:/Re[g( A+ p) } [C| ‘ (2kRe(p) + gp)} dx

=Re (/ [(—A +p)p— |77‘2’C (2kRe(p) + go)} ¢ dx)
- <£77()07 <> .
Further, JJ = |J|> = 1, and so

(Jz, JLyw) = (z, L,w)
=(Lyz,w)

= Z ¢ (Lyzi,w)

le{t7g7b7s}

for any z = 3 ¢;2; € T,,G with coefficient ¢ € R?***2. Now we invoke the known zero
eigenvectors and “zero modes” from Section

L,z =0,
Lyz5 =0,
Lz =2z,
Lyzs =izg,

to get

Z ¢; (Lnzi, w) =040+ ¢ (2izy, w) + ¢ (2izy, w)
i€{t,g,b,s}
=2¢ <J_1zt, w> + 2¢, <J_lzg, w>
=0.

The last step follows from the skew orthogonality condition (J 'z, w) = 0 for any
2e€T,G.
O

Copyright© Joseph B. Lindgren, 2017.
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Chapter 7 Approximate Conservation of Energy

The main result of this chapter is Proposition[7.1] given below. This proposition shows
that while the energy functional is not conserved, it is slowly varying in time relative
to the current deviation from the traveling soliton 7,(). This will be an important
ingredient (see Lemma in guaranteeing that the evolving solution 1 remains close
to the traveling soliton. Key to this “approximate conservation” is the smallness
of the coupling constant A and the assumption V € C° N L. The semiclassical
parameter is unnecessary. Further, the constant C' in Proposition [7.1| depends on the
size of integrals against VV'| not norms of VV'. Thus, large discrepancies in the scale
of variations between factors in these integrals may cause the average value of the
potential to be a bigger determiner of stability time scale than an L* norm of V.
Recall that when a solution ¥ (t) € H' (¢ fixed) of Equation lies inside the
tubular neighborhood Uy (defined at the outset of Section we have local existence
of the parameters o(t) = {a(t), v(t),~, (t)u(t)}. Recall further that we have given the
name w(t) to the (skew orthogonal) deviation of the frame transformed solution

u(t) = S (1)
from the (time independent) soliton profile
Ny = ;;17770 (),

and that |«|(t) defined in Section [6.1| bounds the eccentricity of the parameters o(t)
away from their free, traveling soliton trajectories. With this notation in force, we
now can precisely formulate our “approximate conservation” result.

7.1 Main Estimate

Proposition 7.1. Let ¢ € Us solve Equation . Then
d
dt

where X\ and h are the coupling constant and semi-classical parameter in , Te-

spectively.

[£:(u) = Eu(m)] < C (la] - [[wllzn + Allw][zn + AR [wl[a) |

In the proof of this result we will make use of the following lemma, which is in-
dependent of the specific choice of external potential AV". In much of this chapter,
therefore, we use the more general notation V in place of A\V" for the external po-
tential. We will continue to use the notation f,(x) := f(z + a) to indicate spatial
translation of a function.

Lemma 7.2. Let V' be the external potential in Equation . Then

3 a0) = Sl = { (504 9V, ) i, V).
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Here some tools from Chapters [4] and [6] are brought to bear, and we exploit the
similarities between two Hamiltonians H, and H, defined in the introduction. We
rely on the following minor lemma.

Lemma 7.3. Let ¢ solve Equation . Then

% {/v|¢|2 dx} = 2((VV) i, Vi)

We prove the main result modulo these two lemmas, giving their proofs in Section
2
Proof of Prop. [T Since 1) is stationary, the definition

1

5H(¢) = 5

/ (VP + o) dz — F()

yields
d R P IR
%&(n) = 2/M'rzl dr = 2anH :

We now rely on Lemma as follows (and write V = AV") to obtain

d 1. 1 . 1
- (Eulw) = Eu(n,)) = §M||U||2 - <(§v + VVa) w7vu> - §u|!nl|2

1 1 1
= gl = il = ( (50 + 9V ) .9
=: —B

We now deal individually with the expressions marked as A and B. Noting that
u =1+ w, while
(w,n) = —(w,izg) = — <w, J_129> =0

due to Proposition and || = |aggs2| < |af, we obtain
A= illull? = il
= S (1l + hell?) = SalbalP?
— Sillul?
< C-lal - [Jwl].
Applying another orthogonality condition from Proposition (.3}, we have
(in, Vw) = (iVn,w) = (iz;,w) =0, (7.1)

and because of the real inner product (-, -), also

(ign, Vip)y =0
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for any ¢ € L*°. So, once again decomposing u = 1 + w, we get

B = < (%v + V%) i(n+w), (Vn+ Vw)>

— < (%v + vv;) iw, Vw> + ((VVa) in, Vw) + ((VV,) iw, Vi) .

Employing a “put-and-take” trick on the first term and using equation (7.1} once
more to get
(VV(a)) - (in, Vw) = 0 = (VV(a)) - {iw, V) ,

for use in the second and third terms, we obtain
1
B = < (Ev +VV(a)+VV, — VV(a)) iw, Vw>
+((VVa = VV(a))in, Vw) + (VVa = VV(a)) iw, Vi)

_ < (%v + VV(a)) i, Vw> + (VV, = VV(a)) iw, Vo)

-~

O(lalwli, ) Ol )
+ ((VVa = VV(a)) in, Vw) + (VV, = VV (a)) iw, V1) .

-~

O(A2[w]| 1)

Thus,
B < C(la] - llwllzn + Mllwllf + A0 |w]|) -

The underbraces indicate the upper bounds term-by-term that establish the esti-
mate given in Proposition [7.1} They are obtained by applying

(i) the Taylor series expansion of V = AV" at a along with the hypothesis V € O
and bounds
1DV || < CARPL, VB € N,

(ii) compactness of the support of 7, and

(iii) the estimate
1
|§1'J + VV(a)| < |a]

obtained from —agyy; = 30; + 0;V (a).
By putting together the estimates on A and B we finally obtain
A+B < C - (laf - [[wl[zp + AhlJwl[p + A2 [[w]]g)

as desired.

What now remains is to return and prove supporting Lemmas [7.3] and [7.2]
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7.2 Proofs of Supporting Lemmas

The techniques used in these proofs are elementary, but the calculations are somewhat
tedious. We use the notation V" as shorthand for (V' (z))".

Proof of Lemma[7.5. We integrate Equation (1.1)) against Vit as follows to obtain:

0 = (ithy, Vi) + (A, Virh) + (=Vap + f(1), Virh)

(e, Vo) = = (A, Vi) = (=Vip + f(¥), Vie) .

Noting that 4 5 (W, V) = 2 (¢, Vih) and deleting imaginary terms below leads to the
desired result

4 (5 [ver) =55 wve
~(dw, Vi) + Re [ (V210 + V(@)D)
—(duVie) + Re [ 1 (VIR VIg* - ()9)

~
€R

— (AY, Vi)

(V%ZV (Vap))

=(V,i (VV) ¢+ VV))

= (V1,1 (VV) ) +(Vy,iVVy)
(Y, (V) i) —Re/i(V|V¢|2)

——
€R

=V, (VV)ii).
[l

In the proof of Lemmal[7.2|below, we use Lemmal[7.3] as well as the definition of Hy
(from the introduction), the phase function ¢(z,t) (first introduced in Proposition
of n,, and Ehrenfest’s theorem (stated and proved in Appendix |A]). This last
ingredient, which could be colloquially referred to as “a Newton’s law for quantum
mechanical expectation values,” allows us to convert a specific integral of V¢ into an
integral of VV.

Proof of Lemma[7.4 Note that
1S I1* = [0 (7.2)

/V\SMWP :/Va!w\z- (7.3)
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From the definition of H), we obtain
2H (Sa_v%y ) =2H, <€_i¢¢a)
= / IV (e7%4,) 7+ V]e 4, |* du — 2F (e71h,)

|2k+2

e

_ o —i¢ —i¢ 2 2 5
/| iNoe ), + e N, |* 4+ V]| dx 2/ %+ 2

- / IV tiul? + 2Re (—=iVéthn - Viba) + Vbl + VI[thal? do

2k+2
[

2k +2

Since V¢ = v/2, and the integral is invariant under the mapping of functions f, — f,
we determine that

2k+2
2Hy (Sihat) = 1l — v (9 w>+/|w Vi de 2 [ 1%
avy 4 a as a a a 2k+2
2 2k+2
_ v 2_ 5 2 2 9. Y]
=11l zv<w,vw>+/|w| + Vgl dz — 2 o

U2
= ZIWII2 —iv (1, Vi) + / V|2 + Viog|h? do — 2F (1)

,02
= I = i 0,90 + 280 () + [ (V0= V) o
Thus
2
25 (Sihw) = 2 () + LIIGIP — o 0, 90) + [(Vou= V)P do. (1)

Then using the definitions of £, and Hy to get
26, () = 26, (Suhv) = 20 (S:40) + ISl = [ VISP o

and substituting Equations ((7.2)), (7.3]), and (7.4 into the right hand side of this

equation we obtain
2
26,(u) = (205 (0) + L IOIF = i0 6, 90) + [ (Vea = V) 0P o]
 alll? — / V_olf? da

2
2t (0)+ (5 ) I = 0 (0,900 = [ Vvl d

Now FEhrenfest’s theorem (see Appendix decrees that

d

- (. =iVY) = = (4, (VV) ). (7.5)
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Recalling from Chapter [1] above that H, (1) and |[¢||* are conserved quantities, we
see that

d Vo 9 d d 2
26) = (i) 1P = 0 (0,90 = 0 590 = 5 { [ viep ac)

(“2” + u) 17 = it {46, Vo) + 0 (0, (VV) ) = 2((VV) ith, Vo)

vy . -
= (5 i) IOl = 8 (0, 90) + 0 (TV) 0 = 2TV 0,9
where the (%) term comes from applying Ehrenfest’s theorem ([7.5) and (%) is from

applying Remark .
Now we collect (% + VV) terms as follows:

226,(0) = (”2” ¥ u) [1° = 0 (&, V) + 0 {(VV) ,0) = 2{(VV) e, Vo)
il + o (3,0~ 2 (156, ) + 0 (TV) 0] = 206 (TV) 0, 0)
il o { (5 9v) o) -2(i (3 49V ) .0
=4 [Y[]* + <<§ + vv) v¢,¢> + <(§ + vv) 2@'w,¢>

il + ( (5 + V) -0+ 29) ) 0).

where the penultimate equality follows from complex conjugation of Vi) in the last
inner product. Now making the replacement ¢ = Sy u = €"®u_, and cancelling the
uni-modular factor |¢|?, we see that

2%&!(“) =fuful® + <(E + VV) (v +2iV) (eu_y) ,ez¢u_a>

=] |u||* + <(§ ) ve'u_q 4 2i [iVpe'Pu_, + €"Vu_,]), ei¢u_a>
=1l | + <(g + vv) Vg + 20 [iVu_q + Vu_a]), _a>

=il |ul|? + <(g +vv;> (v + [~2Vu + 2iVu)) u>

=gu||ul|* + <(g+vv> (vu + [ vu+2z’Vu]),u>

=4l|ul]? + (i (& + 2VV,) Vi, w)

Here the last few steps involve invariance of the inner product under the mapping of
the integrand by = — (z + a) and the substitution 2V¢ = v.
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Now, since (0 +2VV,) € L*(RY) is real-valued for each ¢t € R, we can move
complex conjugates once more to obtain

d
2 8u(u) = pllul? = {(0 + 2V Va) i, Vu)

which completes the proof. O

Copyright© Joseph B. Lindgren, 2017.
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Chapter 8 Short Time Orbital Stability For 0 < \ <« 1

In this chapter, we conclude the stability argument for soliton solutions of Equation
(1.1). Of critical importance are the following two propositions, the first of which
relies heavily on spectral analysis from Chapters [2] -

Proposition 8.1. Let ¢ solving be decomposed according to Proposition as
Y =n,+w, with Equation holding. Then there exist uniform, positive constants
p and c such that

P
(Eu(nu +w) = Eulnu)) | 2 §||w||§{1 — clJwlfz. (8.1)

Proof. By Proposition [5.1] there exists p’ > 0 such that if w L T;,G, then
(w, Lyw) > pl[w]|F.
Computing, then, we find that

2 (Su(nu +w) — g,u(nu))
- / (1901 + ) + g+ wl?] dz — 2F(5 + w) [ / (1991 + ulnf?] de — 2F(n)
=[2(Vn, Vw) + (Vw, Vw) + 2 (n,w) + p (w,w)] — 2[F(n +w) — F(n)].

we obtain (via integration by parts, the Taylor expansion of F'(u) and the equations

for n and L))

2 (Eu(nu +w) = Eu(nu) =[2(Vn, Vw) + 2 (n,w) + 2 (F'(n), w)]
+ [(Vw, V) + p (w, w) = (F" (n)w, w)]
+O(|[wl[3n)
=0+ (w, (A + p — f'(n) w) + O(||w|[3,1)
= (w, Lyw) + O(|[w|[3)

Hence we obtain
(Eulnp+w) — Eu(nu)) | = pllw| 7 — cllw]l3,

for some ¢ = ¢(n) > 0, as desired. O

As noted above, to avoid confusion we will use dY instead of § X for the difference
6 —Y (o). We define

X = |||wl|||g := sup ||w(s)]||x:- (8.2)

s€(0,t)

Then we have the following proposition, which will be used to impose a uniform
bound on X for ¢ less than some T'(e, A, h):
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Proposition 8.2 (9.2). Let p be the coercivity constant given in Proposition. There
exists a constant ¢ independent of A and €y, such that for ||w||g < 1,

plllwlllzn < ceg + ct (AR[[[wll|zr + Arll[wlllZ + lefo - [[wl][7) + clllwl[[z - (8:3)

We establish two ancillary lemmas and then proceed to the proof of [8.2]

8.1 Supporting Lemmas

Define
AE = 5#0 (u0) = Enp (M) 5

where o := p(0), ug := awl/}‘t 0 &

Wo = U — Mu(0) = S(Z;ly (@D(O) - 770(0)) .
Lemma 8.3 (9.1). |AE| < cék for some ¢ > 0 independent of €y and .

Proof. Using
‘9,20 (Wo) =0,
R (w) := F(n +w) — F(n) — (F'(),w),
and
[RP (w)| < e(M)[[w]|F,
we obtain (using the stationary Equation to remove cross terms in the fourth
step)

AE =&, (ug) — &y (Wuo)
=Epop (Wo + M) = Eno (o) = (Epg (o) 5 Wo)
= [[IV (wo + 140) |* + pol[wo + 77u0||2 — F(wo + 1,0)]
— 11V + 101461 = F(ag) ] = ( Loy (o) > w0)
= [[[Vwol|* + pollwo| [} — [F(wo + 1uy) = F (1) = (F" (1) » w0)]
=[[Vwol* + polwol[* — R (wp).

Mo
Hence,

AE] <[[Vuwo|[* + pol[wol [* + Cllwol [z

<éllwol[7

To finish the proof, recall that |vy| < B, for some 0 < K < oo, while wy =
up — 1-(0). Hence, invoking spatial translation invariance of the integral and later
dropping the unimodular phase factor, we obtain

||w0‘|12111 H avy ( 770(0)) ||?¥1

77,’[}

=[le"2"7 (g — (o)) 1711
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—ilu(0)x zv
=1e= 3=y — noio)) I3 + IV [ 5O (thg = mogo))| 11
=10 = 100 I3

1
+ || —i—U(O) 29O (4 — o)) + €7 2UOTV (g — 1(0))|I2
—||(¢o—% B
1
+ 1 = i50(0) (Yo = o)) + V(%o = o(0))I2-

Now, applying the triangle inequality, we see that
[lwol[7 <%0 — 10013

i (@H(% — No))]2 + ||V (3o — na<o>)||2)
< (1 + %v(O)) (%0 — Noo)) |15

Thus we obtain
[Jwol [ < (1 +v(0)]|v0 — Mooyl

Moreover, by continuity of the map o : Us — ¥ (See Proposition 4.2)) there exists
C > 0 such that

| (Mo0) = M) |71 < Cla(0) — ool

Finally, recalling the notation o(0) = o () and oy = 0(1,,), and noting that deriva-
tives of the map ¢ are uniformly bounded in the closed set Us, we obtain

|0(0) = a0 < Clltho = a2 < Clltbo = o2

Using the triangle inequality to put these last three estimates together, we find that

[[wol e <(1+v(0)[[¢0 = 7o) |
<(1+(0)) [[[t0 = Moo llzrr + 00 = o) 121]

<C'- (14 v(0))]tho — oy || 111
<C'- (14 v(0))eo

Thus, at last we have

|AE| < cel,
for ¢ := (C'- (14 v(0)))*. O

Lemma 8.4. Forn,, w, A\, h, and o defined above,

(& +w) = Eu(ma)) | < g + et (M2[[[w]] [+ Ml [[w]] [ + el - [[[ew]][F)
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Proof. From the modified Proposition 7.1 given above, we obtain
40+ 0) = Eu0) | < 1881+ et (Wl + Mlfull B + o )

by integrating on the time interval s € (0,¢) and taking a supremum on the right
hand side over the same interval. By Lemma we have |AE| < ce3 for some ¢
independent of €y and A. Thus, taking suprema over s € (0,t) on the left hand side
as well, we obtain

sup
s€[0,t]

(Eu(nu + w) = Eulnu)) ’ < ceg + ct (M2|[[wl[lm + M [[wllfEn + el - [w]][7)

[]

Proof of Proposition[8.9. Taking suprema on both sides of the coercivity estimate
(8.1)) given above bounds the left hand side from below. The lower (coercive) and
upper bounds together immediately yield inequality [8.3] O

8.2 Proof of Main Theorem

Recall that we have 7, solving Equation, a traveling soliton 7, (t) with initial
conditions oy = {ag, vo, Y0, to}, and the orthogonal decomposition ¢ = 7, + w of
the solution of Equation . Moreover, the parameters o(t) are governed by the
approximate Newton’s equations (see the main theorem|1.6|), with error terms of order
|a]. It now remains to show that ||w(t)||g and |a| remain small for t < T (g, A, h).
Put another way, X () and ||, must be small for the same time bound, where ||
is the notation we will use for |a|q 1= sup,c 4 |al-

The critical inequality

Suppose that for the modified potential AV" (that is, satisfying V € C2, ||V]|L~ = 1,
and A\ € R sufficiently small), we have

pX? < ceg 4 ct [APX + (Ah + |a)o) XP] + cX? (8.4)
and
5Y:O(||w||§{1 + \h? + |a|||w||) . (8.5)
Now, suppose that for large enough K,
1_0p
t (AR 2 < — .
ct (A + || o) S K% (8.6)
and K
(M + |afe)? < 5 (8.7)

Then from (8.4) and we obtain
0 <cep + ctAR’ X + ct (M + |alo) X? — pX? 4 cX?
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<cé + %)\%h%X + % Mo+ Jaloo)? X2 — pX2 4 eX?

(and by assuming X < 1 and the implicit time bound )
< <ce(2) -+ %\/W) — ng + X3,
Rescaling ¢ yields
0< (ceg + sz—lx/W) — pX? 4 eX3, (8.8)

and we define the right hand side of the last inequality (8.8) as a polynomial P(X).

The first positive root of P(X)

Nearly all that remains to be shown is that the quantity X is bounded by the first root
of P(X), so long as time constraints and hold. The following lemma es-
tablishes the approximate location of the first root, subject to smallness assumptions
on the parameters ¢y and \.

Lemma 8.5. For any 6 > 0, there exist constants q,q > 0 so that for ¢y and \ both
sufficiently small, P(X) has a root in the open interval

WNE @ ) ) 0,9). (8.9)

’ 2\/)\h3+6_0 q
) K \/ﬁ

KT

Proof. Set a* = e2p~! and v* = 2K ' Ah?. Then P(X) = p(ca® + b*) — pX? + cX?
Define X, = ¢ - (b+ a), with ¢ > 0 to be determined. Then

q q
= pX? (—1 + %Xq)
= p¢’ (a+b)* (—1+?q(b+a))
<-1/2

and choosing a and b small enough (done by choosing €, and A small enough), we
can force the last factor to be less than —%, so that

—2p¢> (b2 + a2) < —pg? (b2 +a® + 2ab)

= —pq” (a+1b)°
< P(X,) — p (ca® + %)
2
<2 (a+b)?
2
<),
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or
2
p(ca® + 1) = 200" (1 +a?) < P(X,) < p (ca® +7) — B (a? +1?)

Now choose ¢’ so that

p (ca® +b%) —2p ()’ (b*+a%) >0
and ¢ so that

p (ccc2 + 62) — 271 pg? (a2 + 62) < 0.
Then, by the Intermediate Value Theorem, there exists a root r of P(X) in the desired
interval (X, X,). All that is required for this interval to be contained in (0, ) is to
choose the parameters A and ¢y smaller still. O
Conclusion of the argument

To conclude the argument, we look to Figure [8.2 There, we name the first positive

Figure 8.1: The first positive root r of P(X).

root of P(X) to be r and observe that the first interval on which the inequality
holds is [0, 7). If X(0) lies in this interval, there is no way for X (¢) to escape past r
so long as inequalities and hold. This is due to continuity of X in time,
which comes from the local existence of o as a C* function of t. More formally, what
this means is that if we choose

w0l < Xg <,
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then we obtain via that

2/
+ -0 (8.10)

KU

lw(®)lln < X() <r <X, <q

for all ¢ satisfying and (8.7)).

We require r < § in order to utilize the results from preceding chapters, beginning
with the local existence of o(t) from Proposition
Now, by recalling that « = 6 — Y (o) = —0Y and using ({8.5)), we see that

la| < |6Y] = Be (||w|[Fn + AR + |a|jw]]) (8.11)
Solving for ||, moreover, we have
o (1 = Bel[wl]) < Be (|[wl[z + Ah?) (8.12)

and letting ||w|| < (2Bc)™", we can force (1 — Bel|w]|) > 1 and then take a supremum
on each side to obtain

+ 2+ AR

o (8.13)

ENVEI
la]oo < 2Bc (X?+ AR?) < BC ( ‘ ) ,

for ¢ still satisfying and additionally (6.25)). (Notice that we have used r < § for
small (A, h, €9) again to obtain positivity of the coefficient of || in Estimate (8.12)).)
Since ) is assumed to be small and h < 1, we have A\h? < vV Ah3 |, and so

~ A/ 3 2 2
o] < C ( lih + %) —C <\/)\h3 + %0) — A (8.14)

NI

Finally, we can simplify our time scale bound by noting that ¢ < C' (A + |or|s) 2 8
1
implied by t < C' (A + A)"2. Thus (provided Ah < VAh3, that is, A < h), we end

up shortening the time interval to

NI

1 2\ - 1
t<OMR+A) =0 (Ah VRS £ 6—0) ~0 (th + egp—l) . (8.15)

p

under which, of course, the result (8.10) will still hold. We note here that (i) up a
constant and (ii) for the small ||« we consider, this is less generous than the bound
(6.25)), which now turns out to be

-1 _
tSR-(sup |,u|) §L

s€(0,t) |a|oo

Hence pu(t) € Iy, the argument is closed, and we have “soliton stability” for times

satisfying (8.15]).
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8.3 Norm-changing Perturbations of 1

If ||¢o|| # ||In]| (the difference being at most ||wp|| < €), we use the rescaling
oz, t) = )\ei(’\zt)n (Ax)

to obtain

1] = [[eall = Al[nl]
with

lox = nl[m < Oe).

Note that n,(z,t) = @2 n(r — a(t)) solving (for fixed p) is equivalent
to
—pn + An+ f(n) =0,

while ¢, solving is equivalent to

—(p+ A)px + Ay + f(pr) = 0.

Now, choosing A > 0 so that [[1)|| = |[pal| = Al|n]|, we reapply the “equal norm”-
limited proof of Theorem [9.1| to show that p(,4x2) (¢ (+,t),G,,) < €. Finally, we use
the triangle inequality and inequality (9.5)) (in the penultimate inequality) to get

pu ((1),Gy) <N gy (1) — 1l
<[ E Doy (1) — @all + [loa = 1l m
<||€i¢(:v,t)¢a(t) (z,t) — || + €
<C(p+ N)pusrey W (1), Gpy) + €

<(Clp+X)+1)e

Copyright© Joseph B. Lindgren, 2017.
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Chapter 9 Global Time Orbital Stability For A =0

For the sake of completeness, we note that in the absence of an external potential we
get global time orbital stability for traveling solitons. This is not at all obvious from
the above result, as setting A = 0 in Theorem fails to recover global stability. A
shorter argument that follows papers [19, 20] of M. I. Weinstein (and which does not
obtain explicit modulation equations) is used instead.

9.1 The A =0 Setting

As mentioned in Chapter , setting A = 0 reduces the problem (|1.1)) to (1.2), a
focusing NLS with nonlinearity f. This equation is recalled below:

iy + A+ f(¥) =0,

with initial data
¥W(0) =y € H' (RY) .
Many of the calculations can be done for arbitrary dimension, but in some cases
we must restrict to the sub-critical case k < 2/d in order to make use of a scaling
argument. We also inherit the limitation d € {1, 3} from Proposition [5.2]
Well-posedness of this problem for H! initial data was obtained by Ginibre and
Velo (see Theorem [L.1). As was mentioned in the introduction, M. I. Weinstein

employed a Lyapunov argument to show stability of standing solitary waves solving
Equation (1.2)), that is e, (z), where 1, solves Equation (1.4) as follows:

—(A+p)n. + f(n.) =0.

The Lyapunov functional that (following Weinstein) we employ is identical to the
one in the A # 0 case. To condense some later notation we introduce

A&ulw,n) = 2(Eulp) = Eu(n)) -

where (as before)
Eun(p) :=Holp] + nNlg]

—5 [ (96l + lel?) dz = Fo),

where p > 0. Since H[p] and N[yp| are conserved in time for A = 0 (see Chapter [1] or
the proofs in Appendix, the second Lyapunov condition %gu[go(t)] = 0 < 0 holds.It
remains to verify that the first condition in Definition [1.11]is satisfied: &,(¢) > &,(n,)
for any ¢ in some punctured neighborhood of 7,. Recall the calculation , which
says

5#(770) = gu+\V¢\2(77u) = 5u+|v|2/4(77u)7 (9-1)
linking energies of soliton and ground state. We will use this in the proof of Theorem
9.1| (stated in Section to make our estimates in the moving frame of reference.
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9.2 Definitions and Notation

We recall from an earlier chapter that, given a certain conditions on a(t),v(t) € R¢
and y(t), u(t) € R for each t € R,

Yiawmyn (@, 1) = 6i(%v(t)(w—a(t))+w(t))m (z — a(t))
is a ground state of Equation ([1.2). Recall also that we employ the notation

1

o(z) = Ev-:c—l—’y

and
Yo(x) == (z + a).

For convenience, we define a modified H' norm
1/ [z ey == 2l A2 + IV FIL2,
and sometimes use the shorthand

A1 == 1112
Finally, we specify Definition [I.7] so that
Gy :={e"Y(-+a) : a€eR)y€eR}, (9.2)

and we measure stability using the metric p,, defined as follows in terms of the H ;
norm introduced earlier:

o (000, G 1= inf {lle“va(t) = nllfy } (9.3)

a€R? ~veR

Later, we will choose a = a(t) and v = 7(t) so that this infimum is attained for
each t. In the absence of an external potential we hold parameters v and p constant.
We note in passing that by translation and phase invariance of Lebesgue integrals,

Pu (1/]’ gn) = Pu (777 gw)

Copyright© Joseph B. Lindgren, 2017.
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9.3 Sketch of the Proof

For clarity of presentation, we give a sketch of the basic Lyapunov argument first,
devoting later sections to filling in the details surrounding the assumption (9.4). In
doing so, we closely follow the structure of presentation given by Weinstein in [20].

Theorem 9.1. Let k < 2/d with d =1 or d =3, let n, solve Equation , and let
Gy, be generated by translation and phase symmetries Tk, 19.
Then for any € > 0, there exists 6(€) > 0 so that for any ¥(z,t) solving with
initial data vy € HY(R?),
pu(0, TI"Gy,) < 8(e)
implies
pu (V(1), T2G,,) < ¢
for allt > 0. (In other words, the n,-orbit is orbitally stable.)
Proof. (Sketch) We choose a = a(t) and v = 7(t) to minimize p, (¥(t),G,) for each

t, and write
-1 _—ip(z,t) _
Scw')ﬂb =e ¢a(l‘7t> - 77@) + w(x,t).

Here w is the perturbation of ¢ from G, (see the definition of p, ), which we decompose
as follows:
w=:71+15.

Now, if we have
A& [(1): o) = Dlwlffp — D'O (J[wl[3) (9-4)

for p* = p — %, 6 > 0, and for perturbations w of the ground state n that do not
change the L? norm of v, we can close the Lyapunov argument.

Noting that the deviation p, (¢(t), T¢"'G,) is by definition controlled by ||w(t)||m
as follows:

Vmin{g, B wt)|lm < p (0(1), TIG,) < /max{p, T}|Jw(t)]]m, (9.5)
we see that
AE[(t), 10n)] = g (pp ($(1), TIGy))

where g(§) = k6% — O (62*7) with all constants positive. Now, invoking continuity
of £ : HY(R?) — R and the control given by (9.5)), we conclude that for any € > 0,
there exists 0 > 0 such that

pu (100, TIG,) < 6
implies
9 (pu (V(1),T9G,)) < A& [Y(1), 16 (1)] = A& [0, M0o) < g(e€). (9.6)

Since ¢g(0) = 0 and ¢(§) > 0 (even ¢'(0) > 0) for 6 > 0 sufficiently small, we see
that g must be increasing somewhere near 0. (See Figure for a sketch of these
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g(€)

X

Figure 9.1: The “trapping” region of g(z) near 0 corresponding to stable perturbations
of initial data ).

features.) Hence ¢ is monotone increasing on an interval [0, «) for some a > 0, and
so for small enough e,

pu (V(1), T{"G,y) <,

for all t > 0.
O

We now provide more details concerning the lower bound (9.4]) on the difference
AE,+. In the calculations that follow, we make the now familiar decomposition

-1 __—ip(x,t) _
Sa,v,7¢(x7t) =€ ( @Z)a(l‘, t) - 77(55) + QU(ZL‘7t),
where w = r + is is the perturbation of ¢ from the ground state . We observe, for
convenience of calculation, that for any p,q € H'(R?),
1o+ allz =11V + Val[* + pllp + gl
=|IVpl[* +2(Vp,Va) +[IVal* + pllpl* + 20 (p, @) + pllal®  (9.7)
i3 + llaliZ + 2 (Vp, Va) + 24 (p,a).

Using phase and translation invariance and time independence of £, we obtain first

A&+ [0, Mo o)) =2 (e (V(1)) = Epr(Mow)))
=2 (Ee7 0o (-, )] = Eulnu(-)])

=2(Eu(nu +w) = Euln))
and then, applying (9.7) and expanding F'(1, + w) in a power series,
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A&y, No0)) = [/ |V, + Vwl* + |, + w|? dr| — 2F(n, +w)

- / (10 + | de] — 2F ()

:||77u + w“l%l}t - ||77u||§{;

—2[F(n, +w) — F(n,)]
=|lwlly +2 (Vi., V) + 24 (., w)

—2wwmwwwwwmmm+0(/mﬂ
il +2 (T, Vi) + 24 (,10)

—ﬂﬂmmw—wmmmw+o(/m@.

After some rearrangement, along with use of Equation (1.4 and the definition of £,),
this becomes

A&, 00, o()] = [2 (Vnu, Vw) + 20 (0, w) — 2(f(n,), w)]

+ Ikl = (7w w)] + (/wﬁ
=0+ (L,w,w) + O (/ |wy3) :

Finally, decomposing w = r 4 is and letting
Ly =—A+p— (2k+ 1)),

L2:—A+u—'r}ik

just as in Chapter 2 we arrive at

A&+ (b0, o)) =0 + (Lyw, w) + O (/ |w|3>
= (Lyr7) + (Los, s) — / O (u?) da.

Spectral analysis of the operators L, is now required to establish estimate (9.4]), but
under slightly different orthogonality conditions than those in our A # 0 approach,
as is dictated by the minimization problem in the first section of the next chapter.

Copyright© Joseph B. Lindgren, 2017.
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Chapter 10 Variational Arguments for Coercivity of L,

This chapter is devoted to establishing estimate (9.4) via careful analysis of the op-
erators Ly, Ly defined above. Since L, has no negative eigenvalues, we quickly obtain
a lower bound on (Lgs,s). Due to its negative eigenvalue, the corresponding esti-
mate for the operator L; requires much more work, including Lagrange multiplier
and compactness arguments to construct a minimizer of (L7, 7).

10.1 Minimization Problem

Critical to these estimates are orthogonality conditions ([10.2)) and ((10.3)) obtained by
choosing a, v so that the infimum in the definition of p, (¢)(t), G,) is attained. We use
a calculus of variations approach.

Recall the definitions .

o) = 2oz o,
Yo() == Y(x + a),
and
e g =t n(w) +w(z, t) =0+ +is,

and vary the parameters a,~y so as to find a minimizer of

inf {le 4, — i, (10.1)

(a)eR2+1

where as before
lully = [ 1Vl + P

By calculations carried out in Appendix [C] we arrive at the following minimizing
constraints, or orthogonality conditions:
From varying ~, we obtain

(f(n),5) =0 (10.2)

From varying a, we get
or (after applying Equation ((1.4]) )

(V(f(n),r) = (f'(n)Vn,r)=0. (10.3)

These two constraints are critical to the following analysis of L.
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10.2 Analysis of L,
We have already shown in Section that L, is a non-negative operator, i.e.,

inf (Lgs,s) > 0.

I8l 1 =1

If this minimum were attained by s = 7 subject to the constraint (s, f(n)) = 0, then
we would have

O :(L2777n)
=/!V77|2+W72 — ()"’

C()lInllar — (0, f(n))
=C(w)||nl#r,

a contradiction. So by the non-degeneracy of n, we must have
inf {(Las, s) : (s, f(n) = 0, [[s][gr = 1} > 0.
Hence (Lgs, s) /(s,s) > Cy > 0, or
(Lgs,s) > Cy(s, s).

Now, noting that

(Lasis) = [0 452 = @ = [19s+ (1= 0))

we see that

ol = [ V5P +1sP

= (Lgs, ) /|7] s)?

< (Lss.s) + sup () - (5.9
<Cy(Las, s)
for some Cy > 0, which is the uniform H' bound we wanted.
10.3 Analysis of 1,
Ly is more difficult to handle than Ly was, since L has exactly one negative eigenvalue

(see again Section [2.2)). First, we invoke Proposition [5.2| and reformulate it as follows
by rewriting the orthogonality condition (w,n) = 0 in terms of the L? inner product

(.7.);
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Proposition 10.1. Let k < 2/d. Then for any £ € H'(R%R) with (€,7) = 0, we
have the lower bound

For now, we assume that
ol = ol = [Inll, (10.4)
and for convenience ||n|| = 1. This quickly yields the formula (via ||n+w||> = |[¢|]* =

[Inll?), '
(rm) = — 5l
We also that recall from Section that the nullspace of L; is

Null (Ly) = span {azjn,w <j< d} )

Now, to preserve the flow of the argument we present a proposition and defer the
proof until the next subsection.

Proposition 10.2 (L; constrained coercivity). Let k < 2/d. Then subject to the
constraints

(7“, 77) = Qa
(r,V(f(n)) = 0,

we have x )
rlergl (r,7) =

for some A > 0.
With this result, we are now ready to finish the coercivity argument for L;.

Proposition 10.3 (Prop. 3.3). For r satisfying the condition (r, Vf(n)) = 0 and
[l = [Inll,

(Lyr,r) = DlJr|[z — D'lJwlfzp — D"||wl |-
Here D, D', and D" are positive constants.
Proof. Decomposing r =7 @ r = (r,n)n ® r— (r,n)n, we see that
(Lyr,r) = (Lyry,ry) +2 (L17“||,7"¢) + (Lerarn) :

We estimate each term on the right hand side individually. For the first term, we
refer to Proposition [10.2] Thus we find that (since we assumed ||n|| = 1)

(Lare, i) =D|lro|f®
=D [[r|* = [Iry[”]
=D [|lr|* = (r,n)* |InlP?]
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1
=0 [l - Fllolt]
As for the other terms, we have

(Lyry ) = (r,n)* (Lin, n)

1
=7 (Lan,m) ||w][*

> — D'fjuwll*,
since (L17n,n) is bounded below, and

(Lyry,re) = (r,m) (Lin, o)
> — D"||w|f?,

where the last line, seen below, follows from Cauchy-Schwarz and the orthogonal
decomposition r = 1| ®ry:

(Lin,ri) =(=An+n—(2k+1)f(n), 1)
=(=An—(2k+1)f(n),r1)
=—(An+(2k+1)f(n),r1)
<|[An+ 2k + 1) f)]] - [lrL]l,

(10.5)

and
o] < e[l < [lw]].

Note that in the first line of estimate (10.5), we used (r;,7) = 0. Collecting the
estimates for each of the three terms, we find that

(Lar,r) = Dljr|[* = D'l[w]]* — D"||wl["

By a similar argument used for promoting the bound on (Lsv,v) from L? to H', we
can replace ||r||* by ||r[|3,: in this last inequality, which completes the proof.
O

Proof of Proposition [10.2

In this subsection we prove Proposition [10.2] The proof is adapted from Proposition
2.9 in [19]. First we prove that A\ = 0 implies a non-trivial admissible minimizer
exists (Step 1). Then we rely on a Lagrange multiplier argument to show that this
minimizer cannot satisfy the given constraints (Step 2).

Proof of Proposition[10.9. We suppose that A = 0 and seek a contradiction.

Step 1:

Choose a sequence of real-valued functions {f,},oy such that |[f,|| = 1, the
orthogonality constraints

(fasm) = 0,

—

(fn, V(f(m)) = 0
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hold, and (L f,,, fn) 4 0 as n — 0o. Then using the definition of L; to get

(Lafo ) = ol — / Pl

we find that for any € > 0 there exists N € N so that for any n > N,

1z — / PR < e

and by n € L™,
1 falli < €+ /J”(??)IJ%I2 < e+ C)llfall*. (10.6)
Since ||fa|| = 1, we have the uniform bound
0<1<||fullip <e+Cy (10.7)

This implies that we can choose a subsequence {f;,} that converges weakly Hj to
some f, € H'. Weak H} convergence suffices to establish that the orthogonality
constraints above hold also for f,.

It remains to show that (L, fi, fx) = (L, fs, fo) as k — oo, (with || f,]| = 1).

We begin by showing that the nonlinear terms converge. That is, we show that
as k — oo,

/f’(n) (ff—f2) —o. (10.8)

First, let ¢ > 0 be given and choose R > 0 sufficiently large enough to guarantee
that [, f'(n) = [,.(2k + 1)n* < § for U = Bg(0), U° = RN\U. Thus we have

| [rw -2 = [ o=+ [ s 2)
< [ rl= £+ 5 QAP+ 12IP)
<[ rwlg-r

+ €

Thus, applying Rellich-Kondrachov compactness (L*(U) cC Wh3(U) = H'(U)) to
the bounded sequence {f,}, we obtain strong convergence in L?(U) of a subsequence
{f&,.}- In other words, ||fx,, — fllz2@) — 0 as m — oo, and hence

Jin | [ (2 -2 < Jm [ rwl, - 2

< lim |l 2o foo + Fll2@) | fin = fellraw) + €
<0+e.
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Since € was arbitrary, we can take the limit ¢ — 0 obtain

i | [ ) (7, ~ £2)| = 0. (10.9)

m—ro0

We use this to estimate the nonlinear term of (L f,, f.). To show (Lifs, f«) =0,
it remains to bound the other two terms. Take a function ¢ € L? with unit norm,
and observe that by the weak convergence f, — f., Fatou’s Lemma, and also the use
of Cauchy-Schwarz,

(C.V£) = liminf (¢, V£,) < [[C]|- liminf [V, | = liminf [ V£,
Setting ¢ = V f./||V f.|| yields
|V fill §lirginf\\an|]. (10.10)

Putting together estimates (10.9) and (10.10) and assuming || f.|| = 1, we obtain
(L1 fe, fo) <liminf (Ly f,, fn) = 0.
n—oo

and Proposition now forces (L fs, fi) = 0, as desired.
Note: Although we do not know if ||f.|| = 1, we can apply Fatou’s lemma once
more to obtain

1/l < liminf [| f,[]* = 1. (10.11)

If the inequality is strict, we simply rescale so that f, has unit norm. Then f, is
admissible (it satisfies the specified constraints) and it is a minimizer of (Ly f, f).
Step 2:
Since the infimum is attained at an admissible function f,, the statement of Propo-
sition is equivalent to only having a non-trivial solution (f,, A, 3,7) of the La-
grange multiplier problem

<T7 77) =
(r,V(f(n))) =

Il =1,
(Li =N r= Bn++V(f(n),V8 e R,y € R

in the case A > 0. This is because (due to our constraints)

(Ly =N)rr) = B () + 7 (V(f(n)n,r) =0,

— oo

(10.12)

and so

(Lyr,r) = A (r,r) = A\

To show coercivity of Ly, we continue to seek a contradiction to the supposition A = 0.
That is, we assume a non-trivial solution of

(r,n) =0,
(r, vV (f (7|7|))|)| = (1)

Lir= Bn+V(f(n),
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in the variables r, 3, . Integrating the last equation against Vn, we obtain

(Lyr, V) = (Bn+~V (f(n) ., Vn)
=0+~ (V(f(n),Vn).

-----

0,

(Lyr, V) = (r,L1Vn) = (7", 6)
and we briefly calculate
(V(f), V) = (f'(n)Vn, Vi) = (2K + 1)V, V) = (2k + 1)|Jn" Vn|[* # 0.

Thus, v = 0 is forced, and we move on to determine the values of r and § from the
simplified equation

Lyr = Bn.
Letting g = —% (n+kx-Vn)+60-Vn for any § € R? we show by direct
calculation that
Lipg = .

Moreover, these ¢y are the only functions to do so, since we have a complete descrip-
tion of the kernel of Ly above. In the calculation we use the facts 6 - Vg € Null(L)
and the Equation ((1.4) solved by 7:

Lipo = {—=A+ 1 — 2k + 1)n** } v

:_%{—A+u—(2k+1)772k}(77+kx-V77)

_ B 3
=~ 2 {—An+pn— 2k + 1) *} — o {—-A+p—2k+ 1)} (x- Vn)

=- g {—2kn* 11} — % {=A(x-Vn) +p(x-Vn) — 2k + 10 (z - Vn)}

:§n2k+1 _ % {— (2An+z-VAn) +2-V(un) —2-V (n2k+1)}
_B B

= (" + An) — 2"V (=47 + pn — )

_B kp

=L () = -V (0)

=P
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It remains to discover the parameters § and 6 for which the two orthogonality con-
ditions hold. To this end, we observe that

(- Vn,n) ZZ/JJ (0nn) m da
=— Z/@ci (zim) n dz

:_Z/nzdz—Z/lﬂiaxi(n)ndx
Z—ZIIUIF—(%WW%

or

only if § = 0 (assuming d # 2). Here we have used (0 - Vn,n) = 0, which is shown
below via integration by parts:

0-Vn,n) =) /77&%77 =— Z/(me) Oin = —(0-Vn,m).
Finally, we check (p, V (f(n))) = 0. To this end, we calculate

(00 () = (=5 (142 9) +0- V0,9 () )

B

== 5 V() =5 (@ V0,V (f0) + (8- V.V (f(n)).

But
0.5 G = [ a9 (o )
——/In\%-(n)vn

— et [ v ()

1

7 (LY (@)
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implies
(n,V (f(n))) =0, (10.13)
and by spherical symmetry of 1 (hence also of (V ((Qk + 1)772’“))2),

(x-Vn,V Z/:cl V) f'(n)Vn dx
= 2k + 1) (V)? d
Z/fv( + 1™ (Vn)® da (1014
2k+1 1\ 2
—Z/ L (V) da
Calculating
0-Vn,V = H/V'r]V = 6/ (2k + 1) (V) = (2k + 1)0||nVn| |,
(10.15)
and putting this together with ((10.13]) and (10.14)) we find that
(00, Y (F0) = = 5 (0, (7)) = 5 (- 9,9 (7)) + (8- 0, 9 (£ ()
=040+ (0-Vn, V(f(n))
=(2k + 1)8||n" V][
(10.16)

Thus 8 = 0 is also forced. Hence we must have r = ¢y = 0, and thus the only
solution of the Lagrange multiplier problem for A = 0 is the trivial one (r = 0,5 =
0,7 = 0). But this contradicts our assumption that ||r||, = 1, and hence we must
have A > 0.

O
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Chapter A Ehrenfest’s Theorem

What follows is a proof sketch of Ehrenfest’s theorem. The theorem is stated for
Y € H', but we assume two weak derivatives for the sake of the sketch. The authors in
[7] assert that standard approximation arguments can remove this extra assumption.

Theorem A.1. For ¢(z,t) in H'(R?) solving (1.1)),
00 46, —iV) = — (1, (VV) ).
Proof. Let I(t) := (¢, —i0,,1) . Then
OLy(t) = (O, —i0 ) + (10, —i00, 00) = ((104) , O ) + (0, — 0%, (100))
and using i = (—A + V) — f(t) we obtain
DLyt = ((=A+ V)Y — F(8), 0 0) + (1, —00, (A + V) — F()
— Re [ A5+ VB0 ~ {00+ [0, (B0 Vi F(0)]

= Re / — AP0y, b +V 0y, — [(¥)0n,00 + 05, AY =10y, Vb + 40y, f (¥)

_ Re / Vil — 40, VT
~ Re / V0,0 =WV, — 1 (9,,V) §

~ Re / (8, V)T
= (=, (0,,V) ¥),

which is what we wanted to show. O
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Chapter B Miscellaneous Calculations

This appendix is contains several calculations that are straightforward but too tedious
to include in the body of this document. Proofs in order of appearance are for (i)
invariant transformations of solutions to Equations and , (ii) Proposition
7 and (iii) conservation of quantities H, and A for Equation (1.1]).

Here, as elsewhere, we indicate translation of a function f by f.(x) = f(z + a).
However, a t subscript always means a time derivative.

B.1 Invariance Proofs

Invariance for all A € R

Proposition B.1. Equation is invariant under the gauge transformation

T u(r,t) = eTu(z, ).

Proof. 1t suffices to show that substitution of the transformed solution
p(x,t) = TY(x,t) = (1)
into Equation yields Equation once more, as follows. If
i (€M), + A (") 4| (e7Y) PF (e70) = AV ()
then (since v is a constant) we obtain
(i) €7 + (Ap) e + ([¢|*) e = (AV ) €7,

and cancelling the factors of € yields Equation ((1.1).

Invariance for A =0

Proposition B.2. FEquation 15 invariant under translation, scaling, and
Galilean transformations recalled below:

T o u(x,t) = u(r — a,t),
5 u(w,t) = /pu (i, pt)

T u(w,t) ¢l(zva=iblt),, (x —vt,t).

Proof. As before, we simply substitute into the relevant equation. In this case, we
recover Equation (|1.2]).
1) Translation invariance: We substitute the transformed solution

90(1'7 t) = %(iﬂat) = ¢(x + a7t)
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into Equation to get
i (%), + A (Ya) + | () I () = 0.
Passing derivatives leads directly to
(ivr), + (D), + ([U[*9), =0,

and translating the equation by x — x — a we obtain Equation (/1.2 once again.
2) Scaling invariance: We substitute the transformed solution

1
p(r) = p2ru (uz, pt)
into Equation (1.2)) to get

iy (T, ) + s A (T, pt) + [pE e (i, i) | pas (i, pt) = 0,

since
pi(r) = Mﬂiwx\/ﬁx?/ﬂ)
and
Ap(x) = ppar Av( /i, pit).
Then cancelling the common factor uui , we get

(b + A + [0]2) (Ve pt) = 0,

and and scaling /px — x and pt — t yields Equation ((1.2).
3) Galilean invariance: We take

QD(I, t) = eié(r,t)w(x - Ut? t)a
with { = vz + %t. Noting that V& = v/2 and & = —|v|?/4 we get
ez, t) = [i&(x, 1)elS@Dy(z — vt, t) + @iy (2 — vt, t) — VEHEITY (2 — vt, t)]

[o]*

—it) {—i%@b(x — vt t) + bz — vt t) — %W(w —ut, t)}

and

Ap(z,t) =[A (eig(’:’t)) Yz —vt,t)+V (eig(x’t)) V (¢(x — vt, t))
+ eS@DA (p(z — vt, t))]

2
it [_ (@) Ul — vt ) + SV — ot 1) + (e o, t)]

2
—ei(@t) {_%zp(x — vt t) + ing(x —ut,t) + AY(x — vt t)} :
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Thus, when substituting ¢(z,t) into Equation (1.2]), two pairs of terms cancel so
that we are left with
e (i + Ay + [¢|*) (x — vt t) = 0.
Then cancelling e and translating x — vt — 2, we have Equation (1.2)

W+ Ay + [ =0,

as desired.

B.2 Proof of Proposition

Proof. We use the notation ¢(z) := v -z + 7, take u(z,t) := @9y, (z — a) to be
our traveling soliton, and calculate the relevant quantities from Equation (1.2)) (NLS
with A = 0) below. Observe that

d
E((b(x —a)) =v/2 (z) +v/2- (=ar) + 7,
V(p(z —a)) =v/2,
and
A((z — a)) = 0.
Then

iy —z de=aly (r— a)]

d —a ip(x—a
[ d_ (z — @), (z — a) + €97V, [, (x - a)] -

e (T, — a) - (—ar)]
_ gt E (o) + 20 (—a) + %} Hulz — a)

i€ (9, [ (e — )] - e+ (Vo) (& — a) - (—ay)],

Au=A (D) n, (v — a) + 2V () V (n,(x — a)) + A (n,(z — a))
— | V| ', (x — a) + 2iVee IV () (@ — a) + VA ®,) (z — a)

—¢i¢(@—a) [ [v JQnM(x —a)+ 21 <2> V() (xz—a)+An)(z—a)|,
and

’2k ‘Zk

[ufu = 4y, (z = )P, (@ — a).
Now, since the traveling soliton u is supposed to solve Equation (1.2)), we obtain

0 =ity + Uge + |u[*u
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e [1 1
— — ¢i¥le) S0 (x —a)+ 3V (—a) + ’yt} nu(x — a)

+ie [0, nu(x — a)] - e+ (V) (@ — a) - (—ay)]

et | PR o6+ (2) Vi) — )+ A — o

4
+ D (@ - )P (e - a),

v

2

or, after cancelling factors of €’?®*~® and regrouping terms in a natural way,

[0]”

O=—17+ %v - (—ar) + %} (= a) + Aln) (@ — @) + |nu(x — @) *n,(x — a)

1 . ,

= U (@ = a)nu(e = a) + 0, [nu(x — )] + 1 (v — ) V) (@ — a).

Observing that the right hand side is zero if and only if the coefficient of 1, (z —a)
is —p (see equation and each of the coefficients of the 7, terms on the second line
are zero (by linear independence of the T;,G, basis functions established in Proposition
, we conclude that the parameters of a traveling soliton constructed above must
satisfy the following system of ODEs:
ﬁ — l/U - a + —
4 2 t Yt 2

—sv - (@ —a) =0,Vz R,

iﬂt =Y

ilv—a) =
This is equivalent to

ar =0,
V¢ :O,
e =Y,

— [o?
Vi ,LL-{— 4 0

B.3 Conservation Laws for Equation (1.1

Proposition B.3. Let ¢ solve . Then the quantities

Ha(w) =5 [ V0P + AV do— F(0)
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and
N (@) == l¢l]3

are conserved in time

Proof. Hx (1) is seen to be conserved in time by direct calculation and use of Equation

and the definition F'(¢) := f(¢):

d d |1
a0 = S [L [ 9ol 0ol e P3|

= Re / VUV 4+ ANV b — f(0), da
- Re/wt (—A_w PV — W) dz

:Re/z/}t (ﬂ) dx
= —Im|[¢y|?
= 0.

To see conservation of N (1), integrate Equation ((1.1]) against the solution 1 as
below

(it + DAY + f(¥) = AV, ) = 0

and rearrange to get

(i, ) = (=AY — [P + AV, ) .

(Here we used the explicit form of the nonlinearity f(¢) = [1)|?*4.) After integration
by parts, the right hand side of this equation is the real-valued expression

[ V0P AV — 2 do.

Thus the left hand side, (i), 1), is also real-valued, and so we see that

d d

aN(Tﬂ) =£|W||2
Z/@WH@
_QRe/wt
=2Im (i), 1)
=0.
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Chapter C Variational Calculations for A =0

In this appendix, we derive the two constraints ((10.3)) and (10.2]) on the error w = r+is
for the case A = 0. The strategy, as already mentioned in Chapter is to choose
parameters a,v in such a way as to minimize the H} norm of w(t) for each time ¢.
After sorting through real and imaginary parts and using Equation , we arrive
at the claimed equations.

Recall the decomposition

e—id’wa — 77 + U}7
and that for p,q € H'(R?),

1P+ allzy, =11Vp + Vall* + ullp + gl
=|IVpll* +2(Vp,Va) +|Va|[* + ullpll* + 20 (p, q) + pllg|l*
=llpllz: + llallz +2(Vp,Va) + 20 (p,q) -

Varying v by dvy
Let ¢(d7y) = ¢ — v, and consider the difference
Ay = 1m0y, — gl 2 — [l — .
Letting p = e ), — e7*®1), and ¢ = e 1, — n = w, we find that

A, =|lp+ all — llall
=|lpl\% +2(Vp, Va) +2u(p,q) .

Expanding €7 in a power series, as below

: 1
éM:1+wy—§ww?+

we see that
p =e 0Ny, — 7%y,
=e 1), [ezév }
=e "1, [i6y + O (67)°]
— (n+w) [i6y + O (67)] ,
and thus,
%3:§;Mwym+wnmﬁ+ﬂva&wn+MLVw>

20 ((i6y (4 w)) w) + O(57)?]
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Now setting lims.—o % = 0 to reflect minimization (of (|10.1))) over v, we obtain the
constraint

=[2GV (n+w),Vw) +2u (i (n+w), w)]
=2[Im (Vn+ Vw,Vw) + uIm (n + w,w)]
=2Im [(Vn, Vw) + i (n, w)]

=2Im (—An + pn, w)
—21m( f(n),w)
2(f(n),s)-

In the last calculation we used
Im (w,w) = Im|jw|]* = 0 = Im||Vw||* = Im (Vw, Vw)
and Equation ((1.4)).
Varying a by da
Consider the difference
Aq = le™ Yarsa — 0z — lle™ % — nllF,-
Letting p = e 4150 — € %1, and ¢ = e 1), — n = w, we find that

Ao =llp + qlligy, — llalli
=|lpll% +2(Vp, Va) +2u(p.q).

This time, expanding 1,5, in a power series as below

Varda = Vo + 6aVihy + O (5a2) ,

we see that
p :e_i(b(&a)waﬂ-&z - 6_i¢wa

=6aVe”" + O(6a?)

=0a [V (oe™"?) — ¥,V (e7?)] + O(6a®)

=da {V (ae™™) — zba?e_w} + O(da?)

=da [V (n+w)— % (n+ w)] + O(6a?)
and thus

A

. v R
2 =52l [ ) = -+ w)] By + 50000
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v

+ %2 <(5aV {V (n+w) i (n+ w)} + O(6a?), Vw>

+$m«&{vm+w%j3m+wﬂ+0@ﬂm>

Now, noting that
(Vw,w) =0 = (Aw, Vw),

tracking down imaginary components, integrating by parts, and recalling Equation

below
(=A+p)n—f(n) =0,

we obtain (in the case of minimizing a)

2([a0+0) - FVa+ | o)+ (Yot -5 o] o)

2
=2 {An — %Vn] ,Vw> +2u < {Vn — %n] ,w>

w w
-V {An - gvn} + 1 {Vn - 577] ,w>

or
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Chapter D Proof of Proposition

In this appendix we give a proof of Proposition |5.2|derived from the paper [19] of M. I.
Weinstein. The strategy of proof is to use the following alternate characterization of
the ground state profile n (quoted as Proposition 2.6 in [19] and proved as Theorem
B in [1§]):

Theorem D.1 (Weinstein, 1983). The “ground state” n, is a minimizer of the func-

o [l P4
Vu w||F e
Iu] := (2k +2) 5iTs ,
lull3ks
where || - ||, is the usual LP norm and || - || = || - ||2. [[

It can be shown that the (first variation) condition that

d

EI [7701,,3 + 66] L:O =0

is equivalent to the statement that 7, s satisfies

—Anap + as = f(Ma,8) = 0.
The coercivity of L; comes from the concavity (second variation) condition

d2

79 I(%,ﬁ + 65) > Oa
de?|._,

the orthogonality assumption (w, (7,0)) = 0, and the subcritical exponent k& < 2/d.
Here, (n,c, ) — nap(x) := an(fz) is a scaling carefully chosen so that the co-
efficients here match those in the stationary Equation (1.4). We claim that I[-] is
invariant under this scaling; this invariance will be shown in the course of the proof.

Proof of Proposition[5.3. As mentioned in the proof of Proposition 2.2, L, is a non-
negative operator. By the diagonalization

| L 0
“=[5 5
also introduced in Chapter [2] it thus suffices to show

inf (r, Lyr) =0,
reXy
where X; := {w € H (R%R) : ||w|| = 1, (w, (,0)) = 0}.
In the next two subsections, we compute the first and second variations of I at 7.
We use the short-hand notation f'(u)¢ := %|_of(u + €£) when computing Fréchet
derivatives.

!The constant factor 2k + 2 is only included in this definition to simplify later notation.
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The first variation of the functional /

We rewrite
Fw) Il 5613
where
Hw) = [|Vul[*, G(u) = |Ju|***9,
and 1 et2 [+
() = 5 B = [ 55

is simply the previously introduced antiderivative of the nonlinearity f(u).
For convenience, we write down

H'(u)¢ = kd||Vu|[*"2(Vu, VE),  G'(w)€ = (2+ k(2= d)) [[ul"* (u,€)
before computing

(F(w)* - (I'[u], &) = [H'(w)eG(u) F(u) + H(w)G' (w)¢F (u) — H(w)G(w)F' ()]
=kd||Vul[*? (Vu, VE) ||u| D F (u)
IVl 2 + k(2 = d)) [Jul " (u, ) F(u)

— IVl [*] [l =D (w), €) -

Rewritten, this becomes

(F(u)®

[V 542 ][}~

- (I'ul, €) = kdl[ulPF (u) (Vu, VE)
N————

Ak,d,u
+(2+k(2—d) || Vul|[*F(u) ()
Brgu
= [IVul?Jul]? (F"(w), &)
C

= <(—Ak?d,uAu + Bk,d’uu - Ck,d,uF'(u)) ,£>
Thus we see that the equation 1 must solve is
—Ak,d,uAu + Bk,d,uu - Ck,d,uF/(u) =0. (Dl)

Rescaling (1 — 1,5) and letting I be minimized at 7 gives us (since ¢ is arbitrary)
the equation for the ground state

—An+pn— f(n) =0,

as expected.
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The second variation of the functional /

To simplify future notation, we call
(F(u))?
Diu| .=
U e
Ak.d = kd,
bk,d :2+/{3(2—d),

and
Ckd = 2k + 2.

Since the first variation is zero at u = 7, we can use product rule to obtain

. 9) _ppyy - (17nie, ) + (D'l ) - (1, €)

- Dy NSlLIAT

= (D[] - I'm&) ¢
= [ar.a (Vn, VE NP F (1) + bial[V0l* (n,€) F(n)
—[[nlPInlPF (€] ¢
=ara [(VE, Vo) [[nl|*F(n) + (Vn, VE) 2 (n, ¢) F(n)
+ (Y, VE Il (F'(n), $)]
+ bra [2(V0, Vo) (n,€) F(n) +[|[Vnl]? (€, ) F(n)
+IVnll? (n, &) (F'(n), )]
— [2(Vn, Vo) Inll* (F' (), ¢
+[[Vallnll? (" (n)¢, €)

)+ 1Vll* (n, ¢) (F'(n), €)
J
By the constraint (r,n) = 0,

(I"[n]r,7)
Dn

=aq [(Vr, V) [In[2F(n) + 0+ (Vn, V) |Inl* (F'(n), )]

+ bra [0+ [[Vnl* {r,7) F(n) + 0]
— [2(Vn, V) [l (F'(n),7) + 0+ [Vl [nl* (F" (n)r, 7)]

Noting that by (D.1)) and the constraint (r,7) = 0 we have

Cra (F'(n),7) =[IVn] P[0l (F'(n), 7)
= ((—Ak,anAn + Branm),7)
:Ak,d,n <V77, V?">
=ayq||n||*F(n) (Vn, Vr).

Thus defining Ly, 4, = —Ak.ayA + Bran — CranF"(n), we obtain

L) e, o T, 90 WP + (Y0, Vr) (aallnlPF ) (9, 97 [ V9]12)]

Din]
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+ b [|[Vl? (r,r) F(n)]
— [2(Vn, Vr) (aralnl P F(n) (Y, Vr) ||Vl 72)
IVl Plnll? (F" (n)r,r)] -
= (Lianr,r) + (aka — 2) (Y, Vr)* (aral[nl PF )|Vl )]

Finally, forcing (I”[n|r,r) > 0 yields

0 < (Lranr,7) + (ara — 2) [(V0, Vr)? (apal[nl[PF0)|[Vnl|7%)]

or
(Lranr,r) > (2= kd) (Y, V)" agal [l F () || Va2
Ag.,d,n

Thus, the stipulation that k£ < 2/d yields ‘specialized’ (i.e., constrained) coercivity.

As we have seen above, each of the operators Ly 4, are coercive under orthogo-
nality and dimensional constraints, but for various ground states 1. To obtain the
coercivity we desire for L; = —A + p+ f'(n), we must ensure that the ground state
71 solves the correct equation. It is necessary, therefore, to rescale coordinates in the
Equation (hence in 7 itself). To justify this, we must show that the functional
[ is invariant under such scalings. The calculations are given below.

Making the replacement n(z) — an(fz) =: ang =: 1,4 for a, f € R, we obtain
(by a change of variables, y = B, dy = f%dz)

2
1] I? = / lan(Ba)? dr = o / () de = 55 / in(y)[? dy
=a’B~4|n|?

2 2
Vsl = /|V{anﬁx)}l2dw—a/|ﬁvn (Bo)|? de = f@/wn )2 dy
282 -|Vn?

a?k:-l—?
gl 252 = / lan(Ba) 52 da = o+ / (B) 2 do = / In(y) P+ dy

:&2k+267d| ‘m ’2]{2"!‘2

242
Thus,
I0,3] 11V 10 5l 22
2k +2 oI35

232 E kd _a) 5 2+k(2—d)
_(a?8787) 7 |Vl (a®8~) [Inl|

(a2+25-4) ||| 513

—kd? —kd o—kd r—d okd _
( kd ghd g =4 )ande <a2k+2 kd g—kd 3—d g*4 >||n||2+k(2 d)

(a2+25=4) ||nl|5: 15
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_ 1)
2k + 2

We can now choose the two independent parameters v and 8 so that the rescaled
ground state 7 := 1, g solves (D.1)) with coeflicients

Apan =1,
Bk,d,n I,
C]{;7d777 —1

Thus, for k < 2/d (and (r,n) = 0), we have
(Lyr,r) > (2 — kd) (Vn, Vr)? || V|| > 0. (D.2)

Since this was all that remained to be shown, the proof is now complete. ]
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