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HOMOGENIZATION OF STOKES SYSTEMS AND UNIFORM
REGULARITY ESTIMATES*

SHU GUT AND ZHONGWEI SHENT

Abstract. This paper is concerned with uniform regularity estimates for a family of Stokes
systems with rapidly oscillating periodic coefficients. We establish interior Lipschitz estimates for
the velocity and L°° estimates for the pressure as well as a Liouville property for solutions in R4,
We also obtain the boundary WP estimates in a bounded C! domain for any 1 < p < oco.

Key words. homogenization, Stokes systems, regularity
AMS subject classifications. 35B27, 35J48

DOI. 10.1137/151004033

1. Introduction and main results. The primary purpose of this paper is to
establish uniform regularity estimates in the homogenization theory of Stokes systems
with rapidly oscillating periodic coefficients. More precisely, we consider the Stokes
system in fluid dynamics,

(1.1)

Es(us) + Vp: = F,
div(us) =g

in a bounded domain © in R?, where ¢ > 0 and

. 0 af €T 0
with 1 < 4,7, a,8 < d. (The summation convention is used throughout.) We will
assume that the coefficient matrix A(y) = (af;-'@ (y)) is real and bounded measurable
and satisfies the ellipticity condition

(13) gl <aPy)ered < %W for y € RY and £ = (¢%) € R,

where p > 0, and the periodicity condition
(1.4) Aly+2)=A(y) foryeR¥ and » € Z%.

A function satisfying (1.4) will be called 1-periodic. We note that the system (1.1),
which does not fit the standard framework of second-order elliptic systems considered
in [3, 18], is used in the modeling of flows in porous media.

The following is one of the main results of the paper.

THEOREM 1.1. Suppose that A(y) satisfies the ellipticity condition (1.3) and
periodicity condition (1.4). Let (ue,pe) be a weak solution of the Stokes system (1.1)
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in B(xg, R) for some o € R? and R > ¢. Then, for any e <r < R,

1/2 2
(f |Vus|2> + ]f pe — ]f Pe
B(zo,r) B(zo,r) B(zo,R)

1/2
(1.5) <C (f |Vus|2> +119]| Lo (Bwo.R)) + BP[glcor (B(xo.m))
B(Io,R)

1/q
+CR <f |F|q> ,
B(Io,R)

where 0 < p=1— % < 1, and the constant C' depends only on d, u, and p.

The scaling-invariant estimate (1.5) should be regarded as a Lipschitz estimate
for the velocity u. and L estimate for the pressure p. down to the microscopic scale
g, even though no smoothness assumption is made on the coefficient matrix A(y).
Indeed, if estimate (1.5) holds for any 0 < r < R, we would be able to bound

pa(fo) - ][ Pe
B($Q7R)

by the right-hand side of (1.5). Here, we have taken a point of view that solutions
should behave much better on mesoscopic scales due to homogenization and that the
smoothness of coefficients only effects the solutions below the microscopic scale. (See
this viewpoint in the recent development on quantitative stochastic homogenization
in [2, 17] and their references.) In fact, under the additional assumption that A(y) is
Holder continuous,

1/2

Ve (20)] +

(1.6) |[A(z) — Ay)| < 7]z —y* for z,y € R,

where A € (0,1] and 7 > 0, we may deduce the full uniform Lipschitz estimate for u.

and L estimate for p. from Theorem 1.1, by a blow-up argument (see section 5).
COROLLARY 1.2. Suppose that A(y) satisfies conditions (1.3), (1.4), and (1.6).

Let (ue,p:) be a weak solution of (1.1) in B(wg, R) for some zo € R? and R > 0.

Then
Pe — f De
B(Io,R)

1/2
(1.7) <C <f |Vus|2> + 119l oo (B0, R)) + R [9]cor (B(zo,R))
B(Io,R)

1/q
+CR ]f Fle)
B(Io,R)

where 0 < p=1— g, and the constant C' depends only on d, u, X\, T, and p.

We remark that for the standard second-order elliptic system L.(u:) = F, uni-
form interior Lipschitz estimates as well as uniform boundary Lipchitz estimates with
Dirichlet conditions in C1'® domains were established by Avellaneda and Lin in [3],

I Vucll Lo (B(wo, R 2)) +

L= (B(zo,R/2))

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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under conditions (1.3), (1.4), and (1.6). Under the additional symmetry condition
A* = A, the boundary Lipschitz estimates with Neumann boundary conditions in
C1® domains were obtained by Kenig, Lin, and Shen in [18]. This symmetry con-
dition was recently removed by Armstrong and Shen in [1], where the uniform Lips-
chitz estimates were studied for second-order elliptic systems in divergence form with
almost-periodic coefficients.

The proof of Theorem 1.1, given in sections 3 and 5, uses a compactness argument,
which was introduced to the study of homogenization problems by Avellaneda and Lin
[3, 4]. Let (ue,pe) be a weak solution of the Stokes system (1.1) in B(0,1). Suppose

that
1/2 1/q
max <][ |“a|2> , <f |F|q> aller oy ¢ <1,
B(0,1) B(0,1)

where p = 1 — g > 0. By the compactness argument with an iteration procedure,

which is more or less the L? version of the compactness method used in [3], we are
able to show that if 0 < & < 8¢~ ¢y for some ¢ > 1, then

1/2
(1.8) ][ lue — (PP(x) + ex? (2/0)) EP(e,0) — G(e, ) dz | < 0°0+),
B(0.6% J J j

where 0 < 0 < p, and Ef(s, (), G(e, ) are constants satisfying | Ef (¢, £)|+|G(e, £)| < C
(see Lemma 3.4). In (1.8), PjB(y) =y;(0,...,1,...) with 1 in the Sth position and
X = (Xf (y)) is the so-called corrector associated with the Stokes system (1.1). We
remark that estimate (1.8) may be regarded as a C*“ estimate for u. in scales larger
than . This estimate allows us to deduce the Lipschitz estimate for the velocity u.
down to the scale € (see section 3). Moreover, by carefully analyzing the error terms
in the asymptotic expansion of p., the estimate (1.8) also allows us to bound

f De — ][ DPe
B(zo,r) B(zo,R)

and to derive the L estimate for the pressure p., one of the main novelties of this
paper (see section 5). We remark that the control of pressure terms usually requires
new ideas in the study of Stokes or Navier—Stokes systems. In our case, p. is related
to Vu. by singular integrals that are not bounded on L°°; Lipschitz estimates for u.
in general do not imply L® estimates for p.. Also, observe that our L? formulation
in (1.8), in comparison with the L setting used in [3, 18], appears to be necessary,
as the correctors are not necessarily bounded without smoothness conditions on A.
We further note that as a consequence of (1.8), we are able to establish a Liouville
property for Stokes systems with periodic coefficients (see section 4). To the best of
authors’ knowledge, this appears to be the first result on the Liouville property for
Stokes systems with variable coefficients.

In this paper, we also study the uniform boundary regularity estimates for (1.1)
in C' domains. The following theorem, whose proof is given in section 6, may be
regarded as a boundary Holder estimate for u. down to the scale e. We emphasize
that, as in the case of Theorem 1.1, no smoothness assumption on A is required for
Theorem 1.3.

THEOREM 1.3. Suppose that A(y) satisfies conditions (1.3) and (1.4). Let Q be a
bounded C' domain in R%. Let xo € 9Q and 0 < R < Ry, where Ry = diam(Q). Let

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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(ue, pe) be a weak solution of

Lo(us)+ Vpe =0 in Bz, R)NQ,
(1.9) div(ue) =0 in B(xo, R) N Q,
us =0 on B(xg, R) N 9.

Suppose that 0 <e <r <R and 0 < p < 1. Then

1/2 ) 1/2
o
(1.10) ]f vaP)  <c, (%) ][ A
B(zo,r)NQ R B(zo,R)NQ

where C, depends only on d, j1, p, and 2.

Theorem 1.3 is also proved by a compactness method, though correctors are not
needed here. The scaling-invariant boundary estimate (1.10), combined with the
interior estimates in Theorem 1.1, allows us to establish the boundary W' estimates
for Stokes systems with VMO coefficients in C' domains.

Let B*4(9Q;R?) denote the Besov space of R¥-valued functions on 92 of order
a € (0,1) with exponent ¢ € (1,00). It is known that if u € W14(Q;R?) for some
1 < ¢ < o0, where  is a bounded Lipschitz domain, then u|sq € Bl_%’q(aQ;Rd).

THEOREM 1.4. Let Q be a bounded C* domain in R? and 1 < q < co. Suppose
that A satisfies conditions (1.3) and (1.4). Also assume that A € VMO(R?). Let
f=(f*) € LUQ; R g € LIQ), and h € Bl_%’q(BQ;Rd) satisfy the compatibility
condition

(1.11) /Qg—/[mh-nzo,

where n denotes the outward unit normal to 0Q. Then the solutions (ue,pe) in
Wha(Q;R?) to the Dirichlet problem

Lo (us) + Vpe = div(f) in €,

(1.12) div(ue) =g in Q,
u: = h on 0S)
satisfy the estimate
(1.13)
Ve[| Lago) + ‘ Pe — fﬂpa o) <Gy {||f||Lq(Q) +11gell Lage) + ||h||31;,q(m)} ;

where Cy depends only on d, q, A, and Q.

The proof of Theorem 1.4 is given in sections 7 and 8. We mention that W1
estimates for elliptic and parabolic equations with continuous or VMO coefficients
have been studied extensively in recent years. We refer the reader to [10, 8, 24, 20,
19, 9, 13] as well as their references for work on elliptic equations and systems and to
[3, 6, 10, 26, 18, 15, 14] for uniform WP estimates in homogenization.

We end this section with some notation and observations. We will use f;. f =
ﬁ / /| to denote the L' average of f over the set E. We will use C' to denote
constants that may depend on d, A, or §2, but never on . Note that our assumptions
on A are invariant under translation. Finally, the technique of rescaling (or dilation)

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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will be used routinely in the rest of the paper. For this, we record that if (uc,p.) is a
solution of (1.1) and v(x) = u.(rz), then

114) {zi(u)fw: G,
div(v) = h,
where
(1.15) m(z) = rp-(rx), h(z)=rg(rz), and G(x)=7r*F(rz).

2. Homogenization theorems and compactness. In this section, we give
a review of homogenization theory of the Stokes systems with periodic coefficients.
We refer the reader to [7, pp. 76-81] for a detailed presentation. We also prove
a compactness theorem for a sequence of Stokes systems with (periodic) coefficient
matrices satisfying the ellipticity condition (1.3) with the same p.

Let Q be a bounded Lipschitz domain in R%. For u,v € H(;R?), we set

_ [ gon(m)Qul v
(2.1) as(u,v)—/;laij (8)8xj e dx.

For F € HY(Q;RY) and g € L?(Q), we say that (uc,pe) € H'(Q;R?) x L3(Q) is
a weak solution of the Stokes system (1.1) in Q if div(u.) = g in @ and for any
p € Co(LBRY),

ae(ue, ) — /Qpa div(p) = (F, ¢).

THEOREM 2.1. Let Q be a bounded Lipschitz domain in R%. Suppose that A
satisfies the ellipticity condition (1.3). Let F € H-Y(;R%), g € L?(Q), and h €
HY2(00;RY) satisfy the compatibility condition (1.11). Then there exist a unique
ue € HY(Q;RY) and p. € L*(Q) (unique up to constants) such that (u.,p.) is a weak
solution of (1.1) in Q and u. = h on 0. Moreover,

pa_][pa
Q

where C' depends only on d, u, and €.

Proof. This theorem is well known and does not use the periodicity condition of A.
First, we choose h € H'(Q; R?) such that h = h on 9Q and [|h| 1oy < C |1kl g1/2(50)-
By considering u. — 7L, we may assume that h = 0. Next, we choose a function U(x)
in H}(;RY) such that div(U) = g in Q and |U||g1a) < C|lgllz2). (See [12] for
a proof of the existence of such functions.) By considering u. — U, we may further
assume that ¢ = 0. Finally, the case h = 0 and g = 0 may be proved by applying the
Lax—Milgram theorem to the bilinear form a.(u,v) on the Hilbert space

(2:2) el o) + \ < C{I1F N0 + I8l 2000 + gl 2o |-

L2(©)

V ={ue Hy(%RY) : div(u) =0 in Q}.

This completes the proof. a
Let Y = [0,1)%. We denote by H],.(Y;R?) the closure in H'(Y;RY) of C52 (Y RY),
the set of C* 1-periodic and R%valued functions in R¢. Let
B, VP 06*
Aper ¢a¢ :/ ai‘ﬁ Yy ——dy7
per ) y 7 ) dy; Oyi

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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where ¢ = (¢*) and ¥ = (¥%). By applying the Lax-Milgram theorem to the bilinear
form aper(?, ) on the Hilbert space

Voer(Y) = {u € H) (Y;RY) : div(u) =0in Y and / u = 0} ;
Y

it follows that for each 1 < j, 5 < d, there exists a unique X? € Vper(Y) such that

apcr(X?a d’) = _apor(PjBa d’) for any (b S Vpcr(Y)v

WhereP'-BzP'-B():yjﬁ:yj(O...1. ,
result, there exist 1-periodic functions (x s ﬂf ) € HL (REGRY) x L2
called the correctors for the Stokes system (1.1), such that

.,0) with 1 in the Sth position. As a
(R%), which are

);
Li(x] +PP)+Val =0 inR?,

(2.3) div(y§) =0 in R,
/szOand / X?zO.
Y Y
Note that
(2.4) X ez vy + 175 | 2y < €

where C' depends only on d and j. Let A = (ai; "), where

(2.5) @l = aper (X + P/ XT + PP,

The homogenized system for the Stokes system (1.1) is given by

Lo(ug) + Vpg = F
(2.6) 0(uo) ' Po
div(uo) = g,
where Lo = —div(ﬁV) is a second-order elliptic operator with constant coefficients.
Remark 2.2. The homogenized matrix A satisfies the ellipticity condition
(2.7) ulél? <a@fere] < el

for any ¢ = (¢2) € R4 where p1 depends only on d and p. The upper bound is

a consequence of the estimate |\fo||L2(y) < C(d, i), while the lower bound follows
from

Aaﬁg 5’8 = apcr((Xj + Pﬁ)f 7(Xia + Pza)fza)
> /Y V(G + Pen?

> plgf.

Remark 2.3. Let x* = (X;B) denote the matrix of correctors for the system (1.1)
with A replaced by its adjoint A*. Note that by definition, x;ﬂ € Voer(Y) and

a5 (X7, 0) = —al(P),6)  forany ¢ € Vier(Y),

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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where a5, (1, ¢) = aper(¢,9). It follows that
@y = apcr(X? + PJ'B’X? +P) = apcr(X? + PJ'B’ Py)
(2.8) = Gper (Xf + Pjof, XF 4 pl_a) = a}’;er (X;ﬂa + pl_a,Xf + Pf)
= a;cr(X;'m + Pia? P_yﬁ) = a;;or(xra + Pia? X;ﬁ + P]ﬁ)

This, in particular, shows that (,Z)* = A"
THEOREM 2.4. Suppose that A(y) satisfies conditions (1.3) and (1.4). Let Q be
a bounded Lipschitz domain. Let (ue,p.) € HY(;RY) x L2(Q) be a weak solution of

L.(u:)+Vp. =F mn €,
div(us) =g in €,
ue =h on 0L,

where F € H-Y(;RY), g € L2(Q), and h € H'/2(0;R?). Assume that [, pe = 0.
Then as € — 0,

ue — ug strongly in L*(Q;RY),

ue — ug weakly in H'(Q;R?),

pe — po weakly in L*(€Y),
A(z/e)Vue — AVug weakly in L*(Q; R

Moreover, (ug,po) is the weak solution of the homogenized problem

EQ(UO) + Vpg=F mn €,
div(ug) =g in €,
ug =h on 0.

We remark that Theorem 2.4 is more or less proved in [7], using Tartar’s testing
function method. Our next theorem extends Theorem 2.4 to a sequence of systems
with coefficient matrices satisfying the same conditions and should be regarded as a
compactness property of the Stokes systems with periodic coefficients. Its proof follows
the same line of argument found in [7] for the proof of Theorem 2.4 and also uses the
observation that if {wy} is a sequence of 1-periodic functions with ||wy|z2yvy < C
and e — 0, then

(2.9) wi(x/er) — fy wy, — 0 weakly in L*(9)

as k — oo.

THEOREM 2.5. Let {A*(y)} be a sequence of 1-periodic matrices satisfying the
ellipticity condition (1.3) (with the same ). Let € be a bounded Lipschitz domain in
Re. Let (ug, pr) € H (R x L2(Q) be a weak solution of

—div(A*(z /) Vug) + Vi, = Fp,
div(uk) = Jk

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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in Q, where e, — 0, Fr € H-Y(Q;R?), and g, € L*(QY). We further assume that as
k — oo,

Fj, — Fy strongly in H™1(Q; RY),

gr — go strongly in L*(S2),

up — ug weakly in H'(Q; RY),

pr — po weakly in L*(Q),

Ak s A0,

where A is the coefficient matrix of the homogenized system for the Stokes system with
coefficient matriz AF(x/e). Then, AF(x/e))Vuy — A°Vug weakly in L?(Q;RI*9),
and (ug,po) s a weak solution of

m .

—div(A°V Vpo = F
(2.10) iv(A"Vuo) + po = Fo,
div(uo) = go

Proof. Let AF = (a fo‘ﬁ) and

oul
a _ ghal —k
@ =aly” () Gk

Note that [[(§x)§[|z2(q) < C. It suffices to show that if {{} is a subsequence of {&.}
and & converges weakly to & in L2(Q;R4*9), then & = A°Vug. This would imply
that (uo,po) is a weak solution of (2.10) in 2. It also implies that the whole sequence
& converges weakly to A°Vug in L2(Q; R4*%).

Without loss of generality, we may assume that & — & weakly in L2(Q;R?¥9).
Note that

(2.11) (&, V@) = (Fi, @) + (pr, div(¢))
for all ¢ € H}(Q;R?). Fix 1 < 4,8 < d and ¢ € C}(Q). Let

o) = (P (@) + 2™ (/er) ) v(@),

k(3

where xf*'g (and m; " used in the following) are the correctors for the Stokes system

with coefficient matrix (A%)*(z/¢), introduced in Remark 2.3. A computation shows
that

(€, Vor) = (A" (@ /er)Vur, V(P + exx;™ (x/e1)) - )
<Ak(x/5k)Vuk,(P’8+5kxk*B x/ek)) V)
= (O(Vug), (A¥)* (w/ex)V (P] + exx (x/e ))>
(2.12) + (A* (z/er) Vuy, (Pﬁ+skxk*5 (z/er))Vip
= (V(Yur), (A*)*(z/ex)V (Pﬁ+skx’“*‘3(ar/sk))>
— (V) ur, (A*) (/) V (P + erx™ (a/er)))
+ (G (P + ey (2 /1)) V).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Since
—div ((Ak)*(x/ak)v [PB +enx P (J’/ak)D -V [ bxf (x/sk)} in RY,

it follows that the first term in the right-hand side of (2.12) equals

(70 (@ /en), divivur) ) = <ﬂf*ﬂ<x/sk> —]{V wf*ﬁ,div<wuk>>.
Using the fact that div(yuy) = Vb - ug +1gr — Vb - ug +1bgo strongly in L?(Q) and
Wf*ﬁ(x/ak) — ]{/ Wf*'g — 0 weakly in L?(9),
we see that the first term in the right-hand side of (2.12) goes to zero. In view of the
estimate
o <C A <C
Hékxj (x/ﬁk)Hp 51@HXJ HL2 s Ceg,

it is easy to see that the third term in the right side of (2.12) goes to (&, Pszﬂ).
To handle the second term in the right-hand side of (2.12), we note that by (2.9),

VB (AF) (2/e1)V (P] +enx™ (/en))

converges weakly in L2(Q) to

lim [ VP (Ak)*(y)V(PB + Xk*ﬁ( ) dy = hm arte = g,

k—oo Jy 7 7

where AF = (Ako‘ﬁ ), AY = (a ?f‘ﬁ ), and we have used the observation (2.8). This,

together with the fact that uy — wuo strongly in L2(€2;R9), shows that the second
term in the right-hand side of (2.12) goes to

g0 ug = a2 / 20
7t 8:51 ox;

where we have used integration by parts. To summarize, we have proved that as
k — oo,

(2.13) (6, Vor) = (0. P/ V) + a3 / waaf

Finally, since ¢5, — Pjﬁ¢ weakly in H}(Q; R?) and F), — Fj strongly in H~1(€; R9),
we have (F, ) — (Fo, Pf¢>. Also, since div(xf) =0 in R,
(pr. div(@n)) = (prsdiv (P/w) ) + (pr ex ™ @/20) Vi) = (po, div (PP ).
Thus, the right-hand side of (2.11) converges to
(Fo, PJw) + (po,div (Pv) ) = {60,V (PPv) ) = (0, PIVY) + (€0,0VP)),

where the first equality follows by taking the limit in (2.11) with ¢ = Pf . In view
of (2.13), we obtain

a%%e / ¢887f = (&0, 0VP).

Since 1 € C} () is arbitrary, this gives (fo)f = ajo-fo‘%i, i.e., & = A'Vug. The proof
is complete. 0
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3. Interior Lipschitz estimates for u.. For a ball B = B(zg,r) = {z € R? :
|z — x0| <7} in RY, we will use ¢B to denote B(z, tr), the ball with the same center
and t times the radius of B.

We start with a Cacciopoli’s inequality for the Stokes system, whose proof may

be found in [16].
THEOREM 3.1. Let (uc,p.) € H'(2B;R?) x L%*(2B) be a weak solution of

L.(us) + Vp. = F+div(f),
div(ue) =g

in 2B, where B = B(xo,7), F € L*(2B;R%), and f € L*(2B;R¥*9). Then

/|VU5|2+/ pa_][pa
B B B
1
sofg [k [ e [ apen [ pe)
™ JoB 2B 2B 2B

where C depends only on d and p.
LEMMA 3.2. Let0 <o <p<landp=1-— g. Then there exist €9 € (0,1/2)
and 0 € (0,1/4), depending only on d, u, o, and p, such that
ouf

Ue — u—P'-é)—i—sX@xa][
]{3(0,9) : fB(0,0) e ’ j( /e)) B(0,0) OT;

1/2 1/q
< ' max <][ |U€|2> ; (f |F|q> Mgllee oy ¢
B(0,1) B(0,1)

whenever 0 < € < g¢, and (ue,p:) is a weak solution of

2

(3.1)

9 1/2

dx

(3.2)

(3.3) Lo(us)+Vp.=F and div(us) =g
in B(0,1).
Proof. We prove the lemma by contradiction, using the same approach as in [3]

for the elliptic system L. (u.) = F. First, we note that by the interior C1* estimates
for solutions of Stokes systems with constant coefficients,

(3.4)
B
() —][ ug — PJB f %
B(0,6) B(0,6) Ox;

fB(Oﬁ)

< C O lugllcre(p0,1/4))

1/2 1/q
< Cp 0" max <][ |U0|2> ; <][ |F0|q> s lgollce(B(0,1/2))
B(0,1/2) B(0,1/2)

for any 6 € (0,1/4), where (ug, po) is a weak solution of

o\ 1/2

(3.5) —div(AOVuo) +Vpo=Fy, and div(ug) = go
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in B(0,1/2) and A° is a constant matrix satisfying the ellipticity condition (2.7). We
emphasize that the constant Cj in (3.4) depends only on d and p. Since 0 < o < p,
we may choose 6 € (1/4) such that

(3.6) 29CH0” < 6°.

We claim that there exists €y > 0, depending only on d, u, o, and p, such that the
estimate (3.2) holds with this 6, whenever 0 < € < gg and (ue, pe) is a weak solution
of (3.3) in B(0,1).

Suppose that this is not the case. Then there exist sequences {e}, {4*(y)},
{ux}, and {py} such that e, — 0, A*¥(y) satisfies (1.3) and (1.4),

(3.7) —div(A*(v/ex)Vur) + Vpr, = F,  and  div(ug) = gx  in B(0,1),
1/2 1/q
(38)  max (7/ |uk|2> (f |Fk|q> Ngelessony ¢ < 1.
B(0,1) B(0,1)
and
) 1/2

dx > gtto,

(3.9) ]{3(079)

where (x?'ﬁ ) denotes the correctors for the Stokes systems with coefficient matrices
Ak (z/e). Note that by (3.8) and Cacciopoli’s inequality (3.1), the sequence {uz} is
bounded in H'(B(0,1/2);R?). Thus, by passing to a subsequence, we may assume
that u, — ug weakly in L2(B(0,1);RY) and uj, — ug weakly in H'(B(0,1/2);R%).
Similarly, in view of (3.8), by passing to subsequences, we may assume that gy — go in
L>=(B(0,1)) and Fj, — Fy weakly in LI(B(0,1);R?). Since A* satisfies the ellipticity

P

Uk —][ U — (PJ'.B + EkX?'B(ft/Ek)) ][
B(0,0) B

(0,0) Ox;

condition (2.7), we may further assume that A* — A° for some constant matrix A°
satisfying (2.7).
Since exx}” (x/2x) — 0 strongly in L2(B(0,1);R?), by taking the limit in (3.9),

we obtain
b B
(3.10) ][ o —f ug — PP f Y%
B(0,0) B(0,0) B(0,0) 9%;

Also observe that (3.8) implies

1/2 1/q
(3.11) max (f |U0|2> ; <][ |F0|q> Ngolleemoy) ¢ < 1.
B(0,1) B(0,1)

Finally, we note that

Hpk - ][ Pk
B(0,1/2)

9 1/2

dx >0t

< C|IVprlla-1(B0,1/2))
L?(B(0,1/2))

< O{Hvuk||L2(B(071/2)) + |‘FkHH*1(B(O,1/2))}
<C,
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where the first inequality holds for any p; € L*(B(0,1/2)), and we have used the
first equation in (3.7) for the second inequality and Cacciopoli’s inequality for the
third. Clearly, we may assume fB(071/2) pr = 0 by subtracting a constant. Thus,

by passing to a subsequence, we may assume that py — po weakly in L?(B(0,1/2)).

This, together with convergence of uy, F), g, and A%, allows us to apply Theorem
2.5 to conclude that —div(A°Vug) + Vpo = Fy and div(ug) = go in B(0,1/2). As a
result, in view of (3.4), (3.10), and (3.11), we obtain

1/2 1/q
pito <y 01 +P max <f |u0|2> ) <][ |F0|q> ) HgOHCP(B(O,l/Q))
B(0,1/2) B(0,1/2)

< 2¢Cy917,

which contradicts (3.6). This completes the proof. O
Remark 3.3. It is easy to see that estimate (3.2) continues to hold if we replace
JCB(O g Us by the average

ou
uE—Pﬁ—i—s Blx/e ][ E}dw.
fB(Oﬁ) { (B +ex; (2/2)) B(0,0) 0%

This will be used in the next lemma.
LEMMA 3.4. Let0<o<p<landp=1-— g. Let (g9,0) be the constants given

by Lemma 3.2. Suppose that 0 < & < 8*~'eq for some k> 1, and
(3.12) Le(ue)+Vpe=F and div(u.) =g in B(0,1).

Then there exist constants E(e,€) = (Ef(s,é)) € R4 for 1 < ¢ <k, such that

(3.13)
9 ) 1/2

(fB(ow)
1/2 1/q
< 0*0T7) max (f |Us|2> ; <][ |F|q> slgllerB(o,1))
B(0,1) B(0,1)

Moreover, the constants E(e,l) satisfy

1/2 1/q
(3.14) |E(e, )] < Cmax <][ Iusl2> (][ |F|q> Mallero.1)) ¢
B(0,1) B(0,1)

|E(e,4+1)—E(e, 0)|

1/2 1/q
(3.15) < €6 max (f |us|2> (7[ |F|q> Ngllorzon b
B(0,1) B(0,1)

where C' depends only on d, u, o, and p, and

d
(3.16) ;Eg (g,0) :7{3

ue — (P +ex](x/e)) E (e, 0)

(0,0%)
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Proof. The lemma is proved by an induction argument on ¢. The case ¢ = 1
follows directly from Lemma 3.2, with

oub
E}(e,1) :][ Tle
B(0,0) 97;
(see Remark 3.3). Suppose that the desired constants exist for all positive integers

up to some ¢, where 1 < ¢ < k — 1. To construct E(e,{ + 1), we consider

w(z) = ue(0'e) — {pf(e%) + axf(efx/a)} El (e, 0)

—][ {u — (PP ex’ (/) EY (a,e)] .
B(0,0%)
Note that by the rescaling property of the Stokes system,
Lo (w)+V {9%5(9%) — 7B (0% )e) EP (e, e)} = 0 F(0'x),

(3.17) -
div(w) = 0°g(0°x) — 0" " El(e, 1)

j=1

in B(0,1), where 77? is defined by (2.3). Since (¢/60°) < (¢/6%~1) < go, we may apply
Lemma 3.2 to obtain
(3.18)

< ]{3(079)

owP
w — P'—8+6‘4£x’3 0z /e ]/ —
(P 7 (0°x/e)) >

B(0,0) Ox;
1/2
< 07 max ][ Jw|? , ][
B(0,1) B(0,1)

s

2 1/2
dx)

1/q
|Fe|qd37> s div(w)|lee(B0,1)) ¢ 5

where Fy(z) = 62‘F(0'z).
We now estimate the right-hand side of (3.18). Observe that by the induction
assumption,

1/2
£
B(0,1)
1/2 1/q
< 0*+%) max (f |Ua|2> ,<][ |F|q> Nalleeso,1))
B(0,1) B(0,1)

(3.19)

)

Also note that since 0 < p=1— g,

1/q 1/q
]/ 0% F (6" x)|9dx < 940 ]/ |F|? .
B(0,1) B(0,1)

In view of (3.17) and (3.16), we have

iv(w) = 0° fr) —
div(w) = 0 {g(e ) ][B(O_W)g},
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which gives

14p

[div(w)ller0.1)) < 0“2 \lgllcr(B(0.1)-

Thus, we have proved that the right-hand side of (3.18) is bounded by

1/2 1/q
gUrDUT) max (J/ Iue|2> ; <][ |F|q> MNgllero,1)
B(0,1) B(0,1)

)

Finally, we note that the left-hand side of (3.18) may be written as

(]{B(o,ew)

ue— (P} +ex(x/e)) Ef (,0+ 1)

2 1/2
_][ [us — (Pf + sx?(x/s))Ef(s,é + 1)] da:)
B(0,00+1)
with
(3.20) E(e,t+1)=E’(c,0)+ 07" 3_“’[3'
7 I B(0,0) 0%;

Observe that by Cacciopoli’s inequality (3.1),

|E(,0+1) — E(s,0)|

1/2
<f* ][ |Vw|?
B(0,0)
1/2 1/2
< CO~" max ][ w2 ][ 2P )2 |
B(0,1) B(0,1)
1/2
£ v
B(0,1)
1/2 1/q
< C0% max (7[ |u5|2> (f |F|q> Nollorsony b
B(0,1) B(0,1)

where we have used the estimates for the right-hand side of (3.18) for the last inequal-
ity. This, together with the estimate of E(e, 1), gives (3.14) and (3.15). To see (3.16),
we note that by (3.20) and (3.17),

d d
S Bl t+1)=) FEle, )+ 6 7[ div(w) = ]/ g(0'z) dzx
= = B(0,6) B(0,6)

(

B(0,6¢+1)

This completes the proof. a
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The following theorem may be viewed as the Lipschitz estimate for u., down to
the scale . We use [g]co.»(g) to denote the seminorm

lg(z) —g(y)| .

[9]co.r(B) zsup{ P x,yEEanda:yéy}.

THEOREM 3.5. Suppose that A(y) satisfies the ellipticity condition (1.3) and is
1-periodic. Let (ue,pe) be a weak solution of

(3.21) Lo(us)+Vp.=F and div(us) =g

in B(xg, R) for some o € R? and R > 2¢. Then, if e <r < (R/2),

1/2 ) 1/2 1/q
foowal) <odp(f k) wr(f g
B(zo,r) R\ JB(z0,R) B(xo,R)

(3.22)
+ 19/l Lo (B(z0,R)) + Rp[g]covﬂ(B(rg,R))}a

where p € (0,1), p=1— g, and C depends only on d, u, and p.

Proof. By covering B(xo,r) with balls of radius e, we only need to consider the
case r = . By translation and dilation, we may further assume that =g = 0 and
R = 1. Thus, we need to show that if 0 < e < (1/2),

(3.23)

1/2 1/2 1/q
(7[ |Vua|2> <c (f w) +(7/ |F|q> +lgler o
B(0,e) B(0,1) B(0,1)

We will see that this follows readily from Lemma 3.4.

Indeed, let (£0,6) be given by Lemma 3.2. The case gy < ¢ < (1/2) follows
directly from Cacciopoli’s inequality. Suppose 0 < £ < fgy. Choose k > 2 so that
Okeq < e < O*1gy. Tt follows from Lemma 3.4 that

1/2
2
(o)
B(0,05-1) B(0,05-1)
1/2 1/q
<c (f |us|2> +<][ |F|q> + lgller o)
B(0,1) B(0,1)

This, together with the Cacciopoli’s inequality, implies that

1/2 1/2 1/q
(f |Vua|2> <c (7[ w) +<7[ |F|q> Hllesoa |
B(0,0k-1) B(0,1) B(0,1)

from which the estimate (3.23) follows. O

(3.24)

4. A Liouville property for Stokes systems. In this section, we prove a
Liouville property for global solutions of the Stokes systems with periodic coefficients.
We refer the reader to [5] for the case of the elliptic systems £ (u) = 0. (Also see [22,
21] and their references for related work.) The Liouville property for Stokes systems
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with constant coefficients is well known; however, the authors are not aware of any
previous work on the Liouville property for Stokes systems with variable coefficients.

THEOREM 4.1. Suppose that A(y) satisfies the ellipticity condition (1.3) and is
L-periodic. Let (u,p) € H} (R RY) x L2 (R?) be a weak solution of

(4.1) Li(u)+Vp=0 and diviu)=yg

in R, where g is constant. Assume that

1/2
(4.2) <]/ |u|2> < C, Rt
B(0,R)

for some C,, >0, 0 € (0,1), and for all R > 1. Then

{ u(z) = H+ (P (x) + ] («)) E},

43) plz) = H + Wf(x)Ejﬁ

for some constants H € R, H e R, and FE = (EJB) € R4, In particular, the space
of functions (u,p) that satisfy (4.1) and (4.2) is of dimension d* +d + 1.

Proof. Fix o1 € (0,1). Let (€0,0) be the constants given by Lemma 3.2 for
0 < o1 < p < 1. Suppose that (u,p) is a solution of (4.1) in R? for some constant g.
Let uc(x) = u(z/e) and p.(z) = e *p(x/e). Then L. (u.)+ Vp. = 0 and div(u.)(z) =
e lg in B(0,1). It follows from Lemma 3.4 that if 0 < ¢ < 6%~ lgy for some k& > 1,
then

1/2
inf <][ lue — (P} +ex(x/2)) Ef — H|2>
B(0,0%)

_ B dxd
E=(E])erR
HeR?

where 1 < ¢ < k. By a change of variables this gives

1/2
~ (PP P @) R — HJ?
inf (7{3 o e @) H )

E=(Ef)eR"*?
1/2
<o romaxd (f ) el
B(0,e—1)

(4'4) HeR¢
where 0 < € < 9Flgy for some k> 1 and 1 < /¢ < k.

Now, suppose that u satisfies the growth condition (4.2). For any m > 1 such
that ™+ < g, let ¢ = 0™+, where ¢ > 1. It follows from (4.4) and (4.2) that

inf ][
E=(E2)eR*? \ JB(0,0-™)

(4.5) HeR?

N\ /2
w= (B x) B - ] )

< 92(14—01) max {0(6_1)1+U, 8_1|g|}

_ 92(1+01) max {Cva—(rn+f)(l+a)7 9—(m+£) |g|}
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for some constant C' independent of m and ¢. Since o1 > o, we may fix m and let
¢ — oo in (4.5) to conclude that the left-hand side of (4.5) is zero. Thus, for each m
large, there exist constants H™ € R% and E™ = (E;n'ﬁ) € R4*? such that

w(z) = H™ + (Pf () + X" (a:)) E" i BO,67).

: _ B By pmpB o B _
Finally, we observe that Vu = (VP;" + Vx/)E;"" and since [, Vxj =0,

/Vu:/ vpl B
Y Y

This implies that E;”ﬁ = E}Lﬁ for any m,n large; and as a consequence, we also
obtain H™ = H" for any m,n large. Thus, we have proved that (4.3) holds for some
H e R?and E = (E) € R™ Note that if H + (P + x7)E] = 0 in R?, then
fy VPf . Ejﬁ = 0. It follows that Ejﬁ = 0, and hence H = 0. This shows that the
space of functions (u,p) that satisfy (4.1)—(4.2) is of dimension d? + d + 1. 0

Remark 4.2. Suppose that (u,p) satisfies (4.1) in R? for some constant g and
that

1/2
(4.6) <]/ |u|2> <C,R°
B(0,R)

for some C,, > 0, o € (0,1), and for all R > 1. Tt follows from Theorem 4.1 that (u,p)
must be constant.

Remark 4.3. One may use the results in Theorem 4.1 and a line of argument used
in [22] to characterize all solutions of (4.1) in R? that satisfy the growth condition

1/2
(4.7) (7[ |u|2> <C, RNt
B(0,R)

for some C,, > 0, integer N > 2, 0 € (0,1), and for all R > 1. In particular, by using
the difference operator A;¢ = ¢(x + ¢;) — ¢(x) repeatedly, one may deduce from the
observation in Remark 4.2 that

u®(z) = Z E(v,a)z” + Z Wy, o ()",

lv|=N 0<|v[<N-1
where E(v,a) is constant and w, () is 1-periodic. Here, v = (v1,va,...,vq) is a
multi-index and =¥ = 27" x5” - - - x}/*. We will pursue this line of research elsewhere.

5. L°° estimates for p. and proof of Theorem 1.1. In this section, we prove
an L* estimate for p., down to the scale e. We also give the proof of Theorem 1.1
and Corollary 1.2.

THEOREM 5.1. Suppose that A(y) satisfies the ellipticity condition (1.3) and is
1-periodic. Let (ue,pe) be a weak solution of

(5.1) Le(ue) +Vpe=F and div(u.) =g
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in B(xg, R) for some 9 € R? and R > ¢. Then, ife <r < R,
(5.2)

1/2 1/2
(jf |pe —]/ p5|2> < C{ <][ |Vu5|2> +R (f |F|q>
B(zo,r) B(zo,R) B(zo,R) B(zo,R)

+ ||9HL°°(B(960,R)) + RP[Q]COm(B(zO,R))},

1/q

where p € (0,1), p=1— g, and C' depends only on d, u, and p.
Proof. By translation and dilation, we may assume that g = 0 and R = 1. Note

that
Pe _][ Pe < CvaEHH_l(B(O,T’))
B(0,r)

L2(B(0,r))

(5.3)
< O{IVuelza sy + Il n-150.m |

where we have used the first equation in (5.1) for the second inequality. Thus, in
view of Theorem 3.5, it suffices to show that |JCB(0 yPe— fB(O 1 pe| is bounded by the

right-hand side of (5.2). This will be done by using the C+? estimate for u. down to
the scale € in Lemma 3.4.

Let (6,¢0) be the constants given by Lemma 3.2. By (5.3), we may assume that
0<e<r<ey Let 0y < e < 08 1gy and Otey < r < 07 leqy for some 1 < t < k.
The terms JLB(O,T) De — fB(079t)p5 and JLB(O,l)pE — JCB(Oﬁ) p. can be handled by using
(5.3). To deal with JCB(Oﬁf) De — fB(Oﬁ) pe, We write

t—1

(54) / pa_/ paZZ{][ pa_f pg}.
B(0,0%) B(0,0) ‘ B(0,06+1) B(0,00)

=1

Let
ve = e () — (Pf () + ex? (x/g)) EX (e, 0)

_ ]{3(079@) {uel@) = (P @) +ex) (@/2)) B] (,0) } da.

where E(e,l) = (EJ-B(E,Z)) € R¥*9 are constants given by Lemma 3.4. Note that by
Lemma 3.4,

1/2
)
B(0,6%)
1/2 1/q
< 6**9) max <][ |Us|2> ,<f |F|q> alleeBeo,1y) ¢
B(0,1) B(0,1)

where 0 < 0 < p < 1, and

(5.5)

Lo(v) +V {ps — 7B (x/e) B, e)} ~F

(5.6)
divie) =94 g
B(0,07)
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in B(0,1). Observe that for any H € R,

f Pe _][ Pe
B(0,00+1) B(0,6%)

< ][ [p- —H — wf(x/a)Ef(a,é)]da:
B(0,6¢+1)
(5.7)
+ ][ [p- — H — 7} (x/e)Ef (¢, 0)]da
B(0,6)
B(0,0¢+1) B(0,0%)
Choose

H= fB(OJﬂ) [pg - wf(gc/a)Ef(a,Z)} dx

so that the second term in the right-hand side of (5.7) equals to zero. Using (5.3),
(5.6), Cacciopoli’s inequality, and (5.5), we see that the first term in the right-hand
side of (5.7) is bounded by

1/2
c (7[ I’ —H—wf(x/g)Ef(g,z)Fdx)
B(0,6%)
< 097#/2{||VWHL2(B(0.,92)) + ||FHH*1(B(0.,9@))}

1/2 1/q
< 0" max (f |Ua|2> ,<][ |F|q> Nalleeso,n) ¢
B(0,1) B(0,1)

d

wherewealsousedq>d,O<a<p:1—5,and

1/q
I1Fll -1 (B0,00)) < C|B(0,6%)|+ 4 (f |F|q>
B(0,6°)

1/q
< CoUE+p) ][ Tak .
B(0,1)

Finally, we note that since 77? is 1-periodic,

][ wf(x/s)dz —][ wf(x/a)dx
B(0,0¢+1) B(0,0¢)

B B
= (7))
]{9(0,5—19“1) ! /

< Ce0~" |7 || 2y
< Ceb™*,

(5.8) =
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where (7753 ) =F 77? . This, together with the estimate of the first two terms in the

right-hand side of (5.7), shows that the left-hand side of (5.4) is bounded by

t—1

1/2 1/q
C> (6 +267") max <][ |Us|2> : (f |F|q> gllce sy
B(0,1) B(0,1)

(=1

1/2 1/q
< C'max <][ |Us|2> : <][ |F|q> Naller o,y
B(0,1) B(0,1)

This completes the proof. a

Proof of Theorem 1.1. The estimate for Vu. in (1.5) is given by Theorem 3.5,
while the estimate for p. is contained in Theorem 5.1. O

Proof of Corollary 1.2. Under the Holder continuous condition (1.6), it is known
that solutions of the Stokes systems are locally C1* for o < A (see [16]). In particular,
it follows that if (u,p) is a weak solution of —div(A(x)Vu) + Vp = F and div(u) =g
in B(y,1) for some y € R, then

Vull Lo (B(y,1/2)) + P —]{3 )pHLw(B(yJ/Q))

(y,1/2
1/2 1/q
<cC ][ [Vul? +][ E1T) +llgllersu) ¢
B(y,1) B(y,1)

where 0 < p<1,p=1- g, and the constant C' depends only on d, u, p, and (A, 7)
in (1.6).

To prove (1.7), by translation and dilation, we may assume that zp = 0 and
R = 1. Now suppose that (ue,p:) is a weak solution of (1.1) in B(0,1). The estimate
(1.7) for the case e > (1/8) follows directly from (5.9), as the matrix A(z/e) satisfies
(1.6) uniformly in e. For 0 < e < (1/8), we use a blow-up argument and estimate
(5.9) by considering u(z) = e~ lu.(ex) and p(x) = p.(ez). This leads to

Pe — f pe
B:e) Lo (B(y.e))

1/2 1/q
<C <][ |Vu€|2> +e (][ |F|q> +l9llce(B(y,2¢))
B(y,2¢) B(y,2¢)

for any y € B(0,1/2). In view of Theorem 3.5, we obtain

Pe — ][ Pe
B(y,e) L>(B(y,e))

1/2 1/q
<c (f |Vus|2> 4 (7[ |F|q> + lgllenzomn)
B(0,1) B(0,1)

(5.9)

IVttel| Lo (By.0)) +

(5.10)

I Vuell Lo (B(0,1/2)) +

(5.11)
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Finally, we note that for any y € B(0,1/2),

-+ +

f Pe _f Pe

B(y,e) B(y,1/2)

pa(y) _][ Pe| + ][
B(y,e) B(y,e)

2
+ ][ pa_][ Pe
B(0,1) B(0,1)
1/2 1/q
e (f |Vua|2> +(f |F|q> +lglenzo.n) b,
B(0,1) B(0,1)

where we have used (5.10), (5.11), Theorem 5.1, and (5.3) for the last inequality. This
completes the proof. O

f Pe _][ Pe
B(y,1/2) B(0,1)

o\ 1/2

<

Pe _][ Pe
B(y,1/2)

1/2

6. Boundary Holder estimates and proof of Theorem 1.3. In this section,
we establish uniform boundary Holder estimates for the Stokes system (1.1) in C!
domains and give the proof of Theorem 1.3.

Let ¢ : R~! = R be a C! function and
(6.1)
D, = D(r,¢) = {x = (2/,24) € R : [2/| <7 and ¢(2') < xq < ¢(z') + 10(M + 1)r)},

A =A(r,) = {z = (2/,2q) € R?: |2/| <7 and x4 = P(2’)}.
We will always assume that 1(0) = 0 and
(6.2) Ve < M and |Vip(2') — VO (y)| <w(|2’ —y/|) for any o',y € R*,

where M > 0 is a fixed constant and w(r) is a fixed, nondecreasing continuous function
on [0, 00) and w(0) = 0.
THEOREM 6.1. Let 0 < p,n < 1. Let (ue,p.) € HY(D,;R?Y) x L*(D,) be a weak
solution of
Le(uz)+ Vp:=0 n D,,
(6.3) div(ue) =g in D,,
U = h on A,
for some 0 < & < r < rg, where g € C"(D,), h € C%(A,), and h(0) = 0. Then for

any 0 <e<t<r,
(6.4)

1/2
()
Dy
+\ " 1/2
<C<F) {(7[D '”EF) +7"||9|L°°<Dr>+7“”"[9]covn<nr>+r[h]co,1<m>},

where C depends only on d, u, p, n, ro, and (M,w) in (6.2).
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It is not hard to see that Theorem 1.3 follows from Theorem 6.1 and the following
boundary Cacciopoli’s inequality whose proof may be found in [16].

THEOREM 6.2. Suppose that A satisfies the ellipticity condition (1.3). Let (u,p) €
HY(D,;RY) x L?*(D,) be a weak solution of

—div(A(z)Vu) + Vp = F + div(f) in D,,
div(u) =g in Dy,
u=nh on A,.
(6.5)

1
[owarse{ S [ e [ [ ke [ O1rR s i, |
D, ™ Jp D, D, D,

where C' depends only on d, u, and M.

To prove Theorem 6.1, we need an analogue of Theorem 2.5 in the presence of a
boundary.

LEMMA 6.3. Let {A¥(y)} be a sequence of 1-periodic matrices satisfying the ellip-
ticity condition (1.3). Let D(k) = D(r,v¢x) and A(k) = A(r,¢y), where {¢} is a se-
quence of C functions satisfying 1 (0) = 0 and (6.2). Let (uy, px) € H'(D(k);R?)) x
L?(D(k)) be a weak solution of

Then

o

—div(A* (v/ek)Vur) + Vpr =0 in D(k),
div(ug) = g in D(k),
up, = hi on A(k),

where €, — 0, fr(0) =0, and
(6.6) lukll ezt (o)) + 1Pkl L2 o)) + lgllenpryy + 1hellcoramy) < C-

Then there exist subsequences of {AFY, {ur}, {px}, {¢r}, {gr}, and {hy}, which we
will still denote by the same notation, a constant matriz A° satisfying (2.7), and a
function g satisfying 1 (0) = 0 and (6.2), ug € H'(D(r,1); R?), po € L2(D(r,v)),
go € C"(D(r,100)), ho € COT(A(r,100); RY) such that

Ak 5 A0,

(') = Yo(z’) and Vi (a') — Vb (x') uniformly for |2'| < r,
hi (2, (2")) — ho(2',o(2")) uniformly for |2'| < r,

(2’ (2")) = go(2, o (x")) uniformly for |x'| < r,

w2 xg — Pr(z') = ug(a', zqg — ho(z')) weakly in H'(Q;R?),
(), 2 — Yp(a)) — po(a’, g — Yo(2')) weakly in L*(Q),

where Q@ = {(¢',xq) : |2'| <7 and 0 < zg < 10(M + 1)r}. Moreover, (ug,po) is a
weak solution of

<

—le(AOVUO) + va =0 in D(Ta ¢0)7
(68) le(Uo) =90 in D(Ta ¢0)7
uy = ho on A(r, o).
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Proof. We first note that (6.7) follows from (6.2) and (6.6) by passing to sub-
sequences. To prove (6.8), let O C Q C D(r,1). Observe that if k is suffi-
ciently large, Q C D(r,vx). We now apply Theorem 2.5 in Q to conclude that
AR (2 /er)Vur, — A°Vug weakly in L2(2). As a consequence, (ug,po) is a weak solu-
tion of —diV(AOVuO) + Vpo = 0 and div(ug) = go in Q for any domain 2 such that
Q C D(r,vy), and thus for Q = D(r,1y). Finally, let vi(2', 24) = up(z’, 24 + V("))
and vg(2',zq) = ug(a’,2q + ¥o(2’)). That ug = ho on A(r,1) in the sense of trace
follows from the fact that v, — vy weakly in H'(Q;R%), vp(2',0) = hg(2’, ("))
and hi(2', Y (2")) = ho(2, 1o (2")) uniformly on {|2'| < r}. O

With the help of Lemma 6.3, we prove Theorem 6.1 by a compactness argument
in the same manner as in [3].

LEMMA 6.4. Let 0 < p,n < 1. Then there exist constants €9 € (0,1/2) and
0 € (0,1/4), depending only on d, u, p, n, and (M,w) in (6.2), such that

(6.9) (]{) 9 |u5|2)1/2 <o

for any 0 < & < &g, whenever (ue,p:) € HY(D1;RY) x L?(Dy) is a weak solution of

L-(u:)+Vp.=0 i D,
(6.10) div(us) =g in Dy,
us = h on Ay,

and

h(O) =0, HthO,l(Al) <1,

(6.11)
fD |ua|2 <1, ”gHC"(D1) <1
1

Proof. We will prove the lemma by contradiction. Let o = (1 + p)/2 > p.
Using the boundary Holder estimates for solutions of Stokes systems with constant
coefficients, we obtain

1/2
(6.12) (7[ |w|2) < CrJwller(py ) < Cor®
D,

it 0 <r < (1/4) and (w, po) satisfies

— div(A°Vw) + Vpy =0 in Dy s,
divw =g in Dy,

w="h on Ay,

[hllcora,,,) <1, h(0) =0,

/ jw? < D1, and |lgllen(p, ) < 1,
Dyjo

(6.13)

where A" is a constant matrix satisfying the ellipticity condition (2.7). The constant
Cy in (6.12) depends only on d, p, p, 1, and (M, w) in (6.2). We now choose § € (0,1/4)
so small that

(6.14) 20007 < 67,
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We claim that the lemma holds for this # and some g9 > 0, which depends only on d,
w, p,n, and (M,w).

Suppose this is not the case. Then there exist sequences {ex}, {A*}, {ur}, {pr},
{gr}, {hr}, {¢r}, such that e, — 0, A* satisfies (1.3) and (1.4), ¢ satisfies (6.2),

_ div(Ak(a:/sk)Vuk) + Vpr =0 in D(k),
div(ug) = g in D(k),

up = hi on A(k),

[hrllcoramy) <1, hi(0) =

0,
1/2
<][ |uk|2> <1 lgrllenwy) <1,
D(k)

(6.15)

and

1/2
(6.16) f ug |? > 07,
D(0,9x)

where D(k) = D(1,¢y) and A(k) = A(1,%y). Note that by Cacciopoli’s inequality
(6.5), the sequence {||ux|| g1 (p(1/2,1,)) } is bounded. In view of Lemma 6.3, by passing
to subsequences, we may assume that

Ak 5 A,
Y — o and Vb, — Vhg uniformly in {|2'| < 1},
(6.17) up(z’, zq — (') = uo(a’, 24 — Yo(z’)) weakly in H'(Q; R?),

hi(2', i (2")) — ho(2’, ¥o(2")) uniformly in {|z'] <1},
gr(@', xqg — Pi(2")) = go(a', xa — tho(2")) uniformly in Q,

where @ = {(2/,zq) : [2'| < 1/2and 0 < zq < 5(M + 1)}. Moreover, we note that
up € HY(D(1/2,0); R?) and satisfies

—div(A°Vug) 4+ Vpo =0 in D(1/2,19),
div(ug) = go in D(1/2,o),
ug = ho on A(l/2,’lﬁ0)

Observe that by (6.15) and (6.17),

ho(0) =0, |lhollcoraayzpe)) <1 llgollenpaszmey < 1,

/ fuol? = lim uxl? < lim [D(L, )] = [D(L, 2o
D(1/2,30) k=00 JD(1/2,91) k=00

It follows that w = g satisfies (6.13). However, by (6.16),

1/2 1/2
(6.18) ][ |uo|? = lim ][ | |2 > 6.
D(6.%0) k=00 \ JD(8,9x)

Thus, by (6.12), we obtain 67 < Cy#?, which contradicts the choice of #. This
completes the proof. O
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LEMMA 6.5. Fiz 0 < p,n < 1. Let g9 and 0 be constants given by Lemma 6.4.
Suppose that (uz,p.) € H'(D(1,v);R?) x L%(D(1,)) is a weak solution of

Lo(u:)+Vp.=0 in D(1,1),
divu. =g in D(1,9),
us = h on A(1,),

where g € C"(D(1,4)), h € C%Y(A(1,v),R?), and h(0) = 0. Then, if0 < £ < gof*~1
for some k > 1,
(6.19)

1/2 1/2
(f |us|2> < 6% max (f |us|2> Ngllonoaam. 1lloos e
D(0%,4)) D(1,3)

Proof. We prove the lemma by an induction argument on k. The case k = 1
follows directly from Lemma 6.4. Now suppose that the estimate (6.19) is true for
some k > 1. Let 0 < £ < g9f*. We apply Lemma 6.4 to the function

w(z) = u-(6x)  in D(1,¢y),
where 15, (z') = 6% (6%2'). Observe that 1, satisfies (6.2) uniformly in k, and

L= (w)+ V(0% p-(0*z)) =0 in D(1, ),
div(w) = *g(#*x) in D(1,94),
w = h(f*x) on A(1,vy).

Since 8~ %¢ < &g, by the induction assumption,

1/2
—(f
D(0,¢x)

1/2
< 6” max (f |w|2> 05190 2) || en(D(1,00))» 1RO )| cor (A1)
D(1,91)
1/2
< 6” max (f |us|2> 0 N\ gllenpwyy, OF (1Rl cora,p)
D(0%,4))

1/2
< 9P max ][ |ue|® gllenoaeys 1hllcorawy
D(1,9)

This completes the proof. a

We are now ready to give the proof of Theorems 6.1 and 1.3.

Proof of Theorem 6.1. By considering the function u.(rz) in D(1,,), where
Pr(x') = r~hp(ra’), we may assume that » = 1. Note that |V, |leo = ||V ||ee < M
and

V(') = Vb (y)| = [V (ra’) — Vi (ry')| < w(lra’ —ry'|) < wlrola’ —y')).

The bounding constants C' will depend on r¢ if 79 > 1.
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Let € <t < 1. We may assume that ¢t < g¢f, for otherwise the estimate is trivial.
Choose k > 1 so that egf*t! <t < €9f*. Since e < €of* 1, it follows from Lemma 6.5

that
1/2 1/2
(o)<l o)
Dy Dy
1/2
<CW{(][ el +|g||m<D1>+|h|co,1<Al>}
D,
1/2
sctp{(fg |u5|2) +|g||m<D1>+|h|co,l<A1>}.
1

This finishes the proof. O
Proof of Theorem 1.3. First, we note that by the Cacciopoli inequality and the
Poincaré inequality, it suffices to show that

1/2 1/2
r\P
(6.20) ][ w2 <c(L ][ . 2
B(xo,r)NQ <R) B(zo,R)NO

for 0 < r < ¢gR < Ry. By translation, we may assume that o = 0. Next, we may
assume that in a new coordinate system, obtained from the current system through
a rotation by an orthogonal matrix with rational entries,

B(0,R)NQ = B(0,R) N {(z',z4) : zq > v(z')},

(6.21)
B(0,R)N9Q = B(0,R) N {(z',z4) : g =v(z')},

where ¢ is a C! function satisfying +(0) = 0 and (6.2). Here, we have used the fact
that for any d x d orthogonal matrix O and § > 0, there exists a d x d orthogonal
matrix 7' with rational entries such that ||O—T|~ < . Moreover, each entry of T" has
a denominator less than a constant depending only on d and ¢ (see [23]). Finally, we
point out that if (u.,p.) is a solution of the Stokes system (1.1) and v”(z) = T, 07 (y),
p(x) = q(y), where T' = (T3;) is an orthogonal matrix and y = Tz, then

(6.22) —divy (B(y/e)Vyv) + Vyq = G(y),

divy(v) = h(y)a
where B(y) = (bj,(y)) with by (y) = TtaTyngkaia?jB(x), G'(y) = Ty F*(z), and
h(y) = g(z). Note that the matrix B(y) is periodic if T" has rational entries. (A
dilation may be needed to ensure that B is 1-periodic.) These observations allow us
to deduce estimate (6.20) from Theorem 6.1 and complete the proof. O

7. WP estimates. In this and the next section, we establish uniform Wh?
estimates for the Stokes system (1.1) under the additional condition that A belongs

to VMO(R?):
A —][ A
B(y,t)

(7.1) sup ][ < wi(r),
yeR® J B(y,t)
where w; is a (fixed) nondecreasing continuous function on [0, 00) and w;(0) = 0.

o<t<r
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The following two lemmas provide the local interior and boundary WP estimates.
LEMMA 7.1. Suppose that A(y) satisfies the ellipticity condition (1.3) and smooth-
ness condition (7.1). Let (u,p) € H(B(0,1); R?) x L2(B(0,1)) be a weak solution to

(7.2) —div(A(z)Vu) + Vp=0 and div(u) =0
in B(0,1). Then |Vu| € LY(B(0,1/2)) for any 2 < q < oo, and

1/q 1/2
(7.3) (7[ |w|q) <c, (f |Vu|2> ,
B(0,1/2) B(0,1)

where Cy depends only on d, u, q, and wy in (7.1).

LEMMA 7.2. Suppose that A(y) satisfies (1.3) and (7.1). Let (u,p) € H'(D1;R%)x
L*(Dy) be a weak solution to (7.2) in D1 and u =0 on Ay. Then |Vu| € L1(Dy )
for any 2 < q < oo, and

1/q 1/2
(7.4) (f |vu|q> <c, (f |Vu|2> ,
Dyy2 D,

where Cy depends only on d, u, q, (M,w) in (6.2), and wy in (7.1).

We remark that WP estimates for elliptic equations and systems with continuous
or VMO coefficients have been studied extensively in recent years. In particular,
estimates in Lemmas 7.1 and 7.2 are known for solutions of div(A(z)Vu) = 0. (See
[10, 8, 24, 20, 9] and their references.) To prove Lemmas 7.1 and 7.2, one follows the
approach in [24] and applies a real-variable argument originated in [10]. This reduces
the problem to the case of Stokes systems with constant coefficients. Note that for
Stokes systems with constant coefficients, the interior estimate (7.3) is well known,
while the boundary estimate (7.4) in C' domains follows from [11]. We omit the
details.

LEMMA 7.3. Suppose that A(y) satisfies conditions (1.3), (1.4), and (7.1). Let
(ue,pe) € HY(B(xg,7); R?) x L?(B(x0,7)) be a weak solution to

(7.5) —div(A(z/e)Vue) + Vp. =0 and  div(uc) =0

in B(xg,r) for some o € R and r > 0. Then for any 2 < q < 00,

1/2

1/q
(7.6) (f |vu5|q> <c, (]/ |w5|2> ,
B(wzo,r/2) B(zo,r)

where Cy depends only on d, u, q, and wy in (7.1).

Proof. By translation and dilation, we may assume that 2o = 0 and r = 1. We
may also assume ¢ < (1/4). The case ¢ > (1/4) follows directly from Lemma 7.1, as
the coefficient matrix A(xz/e) satisfies (7.1) uniformly in e.

Let u(x) = e uc(ex) and p(x) = p.(ex). Then (u,p) satisfies (7.2) in B(0,1). It

follows that
1/q 1/2
(7[ |Vu5|q> <C <][ |Vu€|2>
B(0,e/2) B(0,e)
1/2
C <][ |Vu5|2> ,
B(0,1/2)

IN
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where we have used Theorem 1.1 for the second inequality. By translation, the same
argument also gives

1/q
(7.7) <]/ |Vu5|q> <C <][ IVUEI2>
B(y.e/2) B(y,1/2)

for any y € B(0,1/2). Estimate (7.6) now follows from (7.7) by covering B(0,1/2)
with balls {B(yk,e/2)}, where y, € B(0,1/2). a

The next theorem, whose proof may be found in [25], provides a real-variable
argument we will need for the WP estimates.

THEOREM T7.4. Let By be a ball in R? and F € L*(4By). Let ¢ > 2 and f €
LP(4By) for some 2 < p < q. Suppose that for each ball B C 2By with |B| < ¢1|By,
there exist two measurable functions Fg and Rp on 2B, such that |F| < |Fg|+ |Rg]

on 2B,
1/q 1/2 1/2
(f iror) <cl{(f rR) s (1) }
2B coB 4BoDB'DB B’
1/2 1/2
(f er) " <co s (1)
2B 4BoD>B'D>B \J B’

where C1,Cy >0, 0<¢1 <1, and coa > 2. Then F € LP(By) and

(7.9) (£ 0 |F|p)l/p <c { (f . |F|2)1/2 (f ) Ifl”)l/p} ,

where C' depends only on d, C1, Cs, ¢1, c2, p, and q.
We are now ready to prove the interior W estimates for the Stokes system (1.1).
THEOREM 7.5. Suppose that A(y) satisfies conditions (1.3), (1.4), and (7.1). Let
(ue,pe) € HY(B(xg,7); R?) x L?(B(x0,7)) be a weak solution to

1/2

(7.10) —div(A(z/e)Vu.) + Vp. = div(f) and div(u.) =g

in B(xg,r) for some o € RY and r > 0. Then for any 2 < q < 00,

1/q
<f |vu€|q> + <][ |p€ _][ ps|q>
B(zo,r/2) B(xo,r/2) B(xo,r/2)
1/2 1/q 1/q
<c, (f |Vua|2> ¥ (f |f|q> ¥ (f |g|q> ,
B(zo,r) B(xzo,r) B(xzo,r)

where Cy depends only on d, i, ¢, and wy in (7.1).

Proof. By translation and dilation, we may assume that zg = 0 and r = 1. Note
that the estimate for p. in (7.11) follows easily from the estimate for Vu.. Also, we
may assume that g = 0 by considering u. — Vw, where w is a scalar function such
that Aw = ¢ in B(0,1) and w = 0 on 9B(0, 1).

To apply Theorem 7.4, for each B = B(y,t) C B(0,3/4) with 0 < ¢t < (1/64), we
write u. = v + 2., where v. € H}(4B; R?) and

1/q

(7.11)

L:(ve) + Ve = div(f) in 4B,
div(ve) =0 in 4B.
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Note that
(7.12) fowur<cd e
4B 4B
Also, since L.(ze) + V(pe — 7<) = 0 and div(z.) = 0 in 4B, we may apply Lemma 7.3
to obtain
\1/a 1/2
<][ |V25|q> <C <f |V25|2>
(7.13) 2B 4B

1/2 1/2
2 2
<o(f, ) welf,mr)

where § = ¢ + 1 and we have used (7.12) for the last inequality.
Finally, let F' = |Vu,|, Fg = |Vu.| and R = |Vz.|. Note that |F| < |Fg|+ |Rg]
on 4B, and in view of (7.12) and (7.13), we have proved that

U o) j =(f, 'F'2>:: co(f )"
(f, ree) < (f, )

This allows us to use Theorem 7.4 to conclude that

1/q 1/2 1/q
(7[ |Vus|q> <o (f |Vus|2> 4 (f |f|“>
B(w0,1/16) B(0,1) B(0,1)

for any x¢ € B(0,1/2), which gives the desired estimate for Vu. by a simple covering
argument. O

8. Proof of Theorem 1.4. In this section, we establish uniform boundary W'
estimates and give the proof of Theorem 1.4. Throughout this section, we will assume
that A satisfies conditions (1.3), (1.4), and (7.1) and that 2 is a bounded C! domain.

We begin with a boundary Hélder estimate.

LEMMA 8.1. Let 29 € 9Q and 0 < R < Rg, where Ry = diam(Q2). Let (uc,pe) €
W12(B(x, R) N Q;RY) x L2(B(xg, R) N Q) be a weak solution to

(8.1) —div(A(z/e)Vue) + Vp. =0 and  div(uc) =0

in B(xo, R)NQ and ue =0 on B(xg, R) N OQ. Then

(8.2) lue(x) —ucs(y)| < C (L];m)p <fB(Mm |u€|2> 1/2

for any x,y € B(xo, R/2) NQ, where 0 < p < 1 and C depends only on d, p, A, and
Q.

Proof. By translation and dilation, we may assume that xg = 0 and R = 1. The
case € > (1/4) follows directly from the local boundary W1 estimates in Lemma 7.2
by Sobolev imbedding. To treat the case 0 < & < (1/4), we note that if 0 < r < ¢, we
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may deduce from Lemma 7.2 by rescaling that

1/2 1/q
N
(7[ |vu5|2> <c, () (f |vu5|q>
B(0,r)N$ r B(0,6)NQ
1/2
€
<C,(- f Vu.|?
q(r) (B(0725)OQ| €|>

for any 2 < ¢ < oo, where we have used Holder’s inequality for the first inequality.
This, together with the estimate in Theorem 1.3, implies that

1/2
(8.4) ]f Vu2| <ot ][ IV |2
B(0,r)NQ B(0,1)NQ

for any 0 < r < (1/2), where 0 < p < 1. A similar argument gives

1/2
(8.5) ][ |Vu|? < Cprt f [Vue|?
B(y,r)NQ B(0,1)NQ

for any y € B(0,1/2) and 0 < r < (1/2). The estimate (8.2) now follows. o

LEMMA 8.2. Let zp € 02 and 0 < R < Ry, where Ry = diam(Q?). Let (u.,p:) €
WLE2(B(zo, R)NQ;RY) x L2(B(xg, R)NQ) be a weak solution to (8.1) in B(xg, R)N
and ue = 0 on B(xg, R) N 0. Then for any 2 < q < o0,

Q.

Qe

1/2

1/2

1/q 1/2
(8.6) ][ |Vue|? <y 7[ |Vue|? ,
B(zo,R/2)NQ B(z0,R)NQ

where Cy depends only on d, q, A, and Q.
Proof. By translation and dilation, we may assume that 2o = 0 and R = 1. Let
§(z) = dist(z, 00). It follows from the interior WP estimates in Lemma 7.3 that

(8.7) ]f Ve ()] d < c][
B(y,cd(y)) B(y,2¢d(y))

for any y € B(0,1/2) N Q, where ¢ = ¢(2) > 0 is sufficiently small. Integrating both
sides of (8.7) in y over B(0,1/2) N Q yields

q

ue(2) dx

o(z)

q
(8.8) / Ve (z)|9 dz < C / u(@) " g,
B(0,1/2)NQ B(0,3/4)NQ2 5(z)
Finally, note that by Lemma 8.1,
1/2
(.9) ju(2)] < C [6(x)]° (7[ |us|2>
B(0,1)NQ

for any « € B(0,3/4)N€. Choosing p € (0, 1) so that (1—p)g < 1, we obtain estimate
(8.6) by substituting (8.9) into the right-hand side of (8.8). o
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The following theorem gives the boundary WP estimates for the Stokes system
(1.1).

THEOREM 8.3. Suppose that A(y) satisfies conditions (1.3), (1.4), and (7.1). Let
Q be a bounded C* domain in R%. Let (u.,pe) € H'(B(z9, R)NQ;RY) x L2(B(z9, R)N
Q) be a weak solution to

(8.10) —div(A(z/e)Vu.) + Vp. = div(f) and div(u.) =g

in B(zo, R) N Q for some xo € 0 and 0 < R < Ry, where Ry = diam(2). Then for
any 2 < q < o0,
(8.11)

1/q
(][ |VUa|q> + <][ |p€ _f p€|q>
B(zo,R/2)N B(zo,R/2)NQ B(zo,R/2)NQ
1/2 1/q 1/q
<, (7[ |Vus|2> " (f |f|“> " (f |g|q> ,
B(zo,R)NQ B(zo,R)NQ B(zo,R)NQ

where Cy depends only on d, p, q, wi in (7.1), and Q.

Proof. This theorem follows from Lemmas 7.3 and 8.2 by a real-variable argument
in the same manner as in the proof of Theorem 7.5. We omit the details and refer
the reader to [24]. O

Finally, we give the proof of Theorem 1.4

Proof of Theorem 1.4. Since h € Blfé’q(ﬁﬁ; R?) and € is a bounded C' domain,
there exists H € W9(Q; R?) such that

1/q

[ lwro) < C IR

Thus, by considering u. — H, we may assume that h = 0. Note that if u.,v. €
W2 (€ RY) satisfy

(8.12) { Le(ue) +Vpe = div(f) { L2 (ve) + Ve = div(F)

div(us) =g div(ve) = G

in €, then

(8.13) AVUE-F+A<pE—]{2pE>-GZ/QVUE-f—I—/;Z<7TE—]{27TE)~g.

This allows us to use a duality argument that reduces the theorem to the estimate

B14) [Vl + o= £ peliv < C{1 e + gl }

for 2 < ¢ < oo, where L (ues) + Vpe = div(f), div(ue) = ¢g in ©, and u. = 0 on 9.
Finally, by covering  with balls of radius ro = ¢pdiam(2), we may deduce from
Theorems 7.5 and 8.3 that

Vel zagey < C{IVucllza@) + 1 o) + gl ooy }

< O{Ifllwacey + lglzao .
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where we have used the estimate in Theorem 2.1 as well as ¢ > 2. Also, note that

llpe — ][ Pellza) < ClIVpellw-1a(a)
Q
< {1Vl pay + 1/l ooy }

< &{Ifllzacey + gl §

where we have used Vp. = L.(u:) — div(f) in Q for the second inequality. This
completes the proof. O
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