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Three-loop contributions to hyperfine splitting: Muon loop light-by-light
insertion and other closed lepton loops

Michael 1. Eides’
Department of Physics and Astronomy, University of Kentucky, Lexington, Kentucky 40506, USA

Valery A. Shelyuto’

D. I. Mendeleyev Institute for Metrology, St. Petersburg 190005, Russia
(Received 13 October 2014; published 3 December 2014)

The muon and tauon light-by-light scattering contributions to hyperfine splitting in muonium are
calculated. These results conclude the calculation of all hard three-loop contributions to hyperfine splitting
generated by the graphs with closed fermion loops. We discuss the special role that the lepton anomalous
magnetic moments play in these calculations. The full result for all three-loop radiative-recoil corrections to
hyperfine splitting generated by the graphs with closed lepton loops is presented.

DOI: 10.1103/PhysRevD.90.113002

I. INTRODUCTION

Calculation of high-order corrections to hyperfine split-
ting in muonium is a classic application of high-precision
bound-state quantum electrodynamics. For many years
theory and experiment developed hand in hand, and the
measurements of the hyperfine splitting (HFS) were the
best source for the precise value of the electron-muon
mass ratio (see, e.g., Refs. [1-3]). The current experimental
error of HFS in muonium is in the interval 16-53 Hz
(1.2-3.6 x 1078) [4,5]. More than 10 years ago we declared
the reduction of the theoretical error of HFS in muonium to
the level of 10 Hz to be an achievable goal of the theoretical
research [1,2]. This goal became recently even more
pressing in view of a new high-accuracy measurement of
muonium HFS planned now at J-PARC, Japan [6,7].
The goal of this experiment is to reduce the experimental
error by an order of magnitude, to the level of a few parts
per billion, which is below 10 Hz.

In order to reduce the theoretical error below 10 Hz one
has to calculate single-logarithmic and nonlogarithmic in
mass ratio hard radiative-recoil corrections of order o (Za)
(m/M)Ep, as well as soft nonlogarithmic contributions of
orders (Za)}(m/M)Ey and a(Za)*(m/M)Er." We have
concentrated our efforts on the calculation of hard radia-
tive-recoil corrections of order a?(Za)(m/M)Ef, and in

"Also at the Petersburg Nuclear Physics Institute, Gatchina,
St. Petersburg 188300, Russia.
eides@pa.uky.edu
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'Here « is the fine-structure constant, and m and M are the
electron and muon masses, respectively. Z = 1 is the charge of
the constituent muon; it is convenient to introduce it for the
classification_of different contributions. The Fermi energy is
defined as Ep = (8/3)(Za)*(m/M)(m,/m)’m, where m, =
mM/(m + M) is the reduced mass.
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recent years calculated all single-logarithmic and nonlogar-
ithmic corrections to the HES arising from the diagrams with
closed lepton loops [8—17]. Below we will present the details
of the recent calculation of the last previously unknown
light-by-light scattering contribution to HFS arising from
the virtual muon and tauon loops.” We will also discuss
radiative-recoil corrections connected with the anomalous
magnetic moments and present complete results for all
corrections of order a?(Za)(m/M)E, generated by the
three-loop diagrams containing closed lepton loops.

II. MUON AND TAUON LOOP
LIGHT-BY-LIGHT INSERTIONS

A. General expressions and the infrared problems

Radiative insertions in the diagrams with two-photon
exchanges in Fig. 1 generate all three-loop diagrams for
the contributions of order o (Za) (m/M ) E. It is well known
that in any gauge-invariant set of diagrams radiative insertions
suppress integration momenta that are small in comparison
with the electron mass. As a result the characteristic integra-
tion momenta in these diagrams are of order of the electron
mass or higher; these are hard corrections. This significantly
simplifies calculations because then we can neglect momenta
of the external wave functions and calculate the diagrams in
the scattering approximation with the on-shell external
momenta. The contribution to HFS is obtained by projecting
the diagrams on the HFS spin structure and multiplying the
result by the value of Schrodinger-Coulomb wave function at
the origin squared (for more details see, e.g., Refs. [1,2]).

The general expression for the muon loop light-by-light
(LBL) scattering contribution to HFS in Fig. 2 is similar
to the respective electron loop contribution (see, e.g.,
Refs. [15,16]), and can be written in the form

The results of this calculation were already reported in
Ref. [17].

© 2014 American Physical Society
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FIG. 1. Diagrams with two-photon exchanges.
2
a*(Za) m ~
AE = ————FE¢/J, 1
”3 M F ( )

where J is a dimensionless integral

S 3M2/ d*k L1 T2 ko)
128 ) ink \UE + 2mky K2 — 2mk O
(2)

The dimensionless function 7'(k?, k) is a sum of the ladder
and crossed diagram contributions in Fig. 2

T(k* ko) = 2T, (k. ko) + Tc(k?, ko). (3)

Explicit expressions for the functions 7T (k?, k,) and
Tc(kz,ko) can be obtained by the substitution m — M,
4, — k, from the respective formulas in Refs. [15,16],
where these functions were calculated in the case of the
electron LBL scattering block.

Only the even in k, terms in the function T(k?, k)
contribute to the integral in Eq. (2). After the rescaling of
the integration momentum k — kM, the Wick rotation, and
the symmetrization of the function 7'(k?, k,) with respect to
ko, T(k, ko) = T(k? k3), the integral in Eq. (2) turns into

3 [wdk? T(k?, cos? 0
- / / dosin? 0 FE-00) g,
327 Jo k + 1642 cos? 0’

where we have parametrized the Euclidean four-vectors as
ko = = ksin®, p = m/(2M), and the function
T(k*, cos?0) is the same function as in Eq. (2) but
symmetrized with respect to k, and with the Wick-rotated
momenta. The dimensionless function 7(k?, cos® @) after
rescaling depends on the dimensionless momentum k&
and does not contain any parameters with the dimension
of mass. Below we will often write the integral in Eq. (4) as
a sum

J=2J; +Jc. (5)

+ +

k

p
22
FIG. 2. Diagrams with the muon (tauon) light-by-light scatter-
ing block.
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where the terms on the rhs correspond to the respective
terms on the rhs in Eq. (3).

We are looking for the u-independent contributions
generated by the integral in Eq. (4). The term with x? in
the denominator is irrelevant at large k, and the integral
is convergent at large k due to the ultraviolet convergence
of all diagrams with the LBL insertions. The case of the
small integration momenta is more involved. Due to gauge
invariance, the LBL block is strongly suppressed at k — 0,
and we expect that the integral in Eq. (4) remains finite even
at u = 0. As a result of this finiteness the diagrams in Fig. 2
should not generate either nonrecoil or logarithmically
enhanced recoil contributions to HES in accordance with
our physical expectations. However, at 4 = 0 the conver-
gence of the small integration momenta contributions from
individual diagrams cannot be taken for granted, and we
have to consider separate entries in more detail. The
functions T (k? ko) and Tc(k* ko) are sums of terms
each of which is a multidimensional integral over the
Feynman parameters and an explicit function of the
integration momentum squared k> and the integration angle
6. The dependence on angles can be easily separated and
therefore we can explicitly calculate the integrals over
angles. All these integrals are proportional to one of the
two standard functions ®, and ®, (compare analogous
functions in the case of the virtual electron light-by-light
scattering loop in Ref. [16]):

- 2 (= sin® @ 1 [1
Py =— df————— = — |-/ K>+ 16p% — 1|,
071 A k> + 164> cos? 0  8u? [k +iom

- 2 (= in? 0 cos? 0
(I)l__/ 20 2sm czos g
7 Jo k= + 16u° cos= 0

1 k o1
:_2{ 162\//(24-16/4 +162+2] (6)

8u

The ultraviolet asymptotics of these functions coincide with
their exact values at y = 0

- 1

Qo = TR (7)

- 1
Pyj—0 = 2

Using these integrals and the explicit expressions for the
large-momentum asymptotic behavior of the functions
Tr(c)(k* cos? 8) (see Ref. [15]) we once again confirm
that the momentum integral in Eq. (4) is ultraviolet finite.

The infrared region requires more attention. The func-
tions T (k?,cos? @) and T(k?, cos® @) contain terms that
decrease only as k> at small momenta. We would obtain
logarithmically infrared divergent integrals if we substitute
in the momentum integral in Eq. (4) such terms together
with the angular integrals in Eq. (7). These are fake
divergences since at u # 0

113002-2
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I _ 1 k
N —— — cee b %—_—_i_’
O™ 2uk 82 + P62 3248
(8)

and then the momentum integrals of the separate terms in
Eq. (4) are infrared finite. The would-be logarithmic
divergences are cut off by the parameter x4 (the upper
integration limit is irrelevant for the discussion of the
infrared convergence)

1 2
/ ﬁ%k ~21n2—+l—|—(’)( U,

1
Ldk?* - 1.1 1

NP A —In——
| g ing e 0, (9)

We see that one cannot delete u in the integrals of separate
terms in Eq. (4) without generating artificial infrared
divergences. On the other hand, we know that due to
gauge invariance all infrared logarithms cancel in the total
integral in Eq. (4) that remains finite when u goes to zero.
We are interested only in the value of the integral at y = 0,
so our next goal is to organize the calculations in such way
that allows us to let u = 0 before integration. This approach
leads to a significant simplification of numerical calcula-
tions since the integrals with y # 0 are much more involved
and the final result arises as a result of the cancellation of
big numbers.

To facilitate further calculations we represent the func-
tions Tz c)(k?, cos? ) in the form

. 128 [1 1 1 1 .
ng(kz,ko)_TA dy[) dz[) duA dtZTLef(y,z,u,t,kz,ko),

where

reg
TL,l

(2K2 + K3)K2dP

PHYSICAL REVIEW D 90, 113002 (2014)
e % (k. cos? 0),

Tiie)
(10)

2 ood? sing
o) (k*.cos”0) + T ¢,

T1(c)(k*, cos® 6)

where the functions Treg decrease faster than k2 at small k2,
and the functions 7°"¢ decrease as k% at small k2.
In these terms the integral in Eq. (4) has the form

J:Jreg+Jsing’ (11)

where

Jrgtsing) _ o dk? / osin Treg(Sing) ( k2, cos? 0)
327r k* + 16u*cos’6
(12)
and
Treg(sing) (kz’ (;052(9) = 2TrLeg(sing) (kz, COSZQ)

4 Trgg(sing) (kZ, COS29) . (13)

B. Calculation of the infrared-safe integrals

First we consider the calculation of the infrared-safe
integrals in Eq. (12). One can obtain an explicit expression
for the infrared-safe function 7" by omitting all terms in
the explicit representations for the functions 77 ) in
Refs. [15,16] that decrease as k* or k3 at small k. To keep
the formulas relatively compact we put down explicit
expressions for the functions 77¢ as they are used in
Eq. (3), before the Wick rotation and symmetrization. Then
the regular ladder function has the form of a sum of nine
multidimensional integrals

(14)

—a(t = -wp{ -

k(5K + kg)rd}

A? A?

SR T LY Y
o {(1—]2y_)+2yz(1 —t)A(l—u) _a _Z)¥
+27 Z(l(l__)z)kz d- ’”;21 - ”)2}(2k2 + k)R,
T =2 zz(l(l__y;)kz - ’)2(31 ~0 i 4 )
+27 21(21(1_ _y;)kz - )2(31 - u)z}kO(SkQ + 3)ed,

113002-3
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7fi:4/“ﬁ@£m—gm1-@2

R
X{Fi 4@H+HW%

2
487 A

11 Kkd?
+ {————5] (7k2 + 2k
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2k2d§
5

(8K% + K2)

k3 3
)k01—3 0T }’

2 3 3
4A;  A; A;
. 1 —2) Ku(l —
TL,% _ _yZI( . Z) M(Az u) |:(2k2 + k%)d—F 3kOT:| ,
g AYZ(1=2) 31 kK
2k2d 11 kK*d 3k
2 2 2
+—= A3 (8k* + kg) + { 4A2+A3}(7k + 2k3) kot + A3 }

Te yZ(l_Z
Tis =475
?d 11

k(K — k3
T )A3 447

The regular crossed diagram contribution reduces to one
multidimensional integral

128 (1 ! ! :
Trceg(k2,ko) —TA dxA dyA dZA du
1
x/ dtTc8(x,y,z,u, t,k* ky),  (16)
0

where (755 = 0)

reg _ e + Treg
C.1

Lx(1=1)(1—u)? K>t d?
=TIV TR AR — K2
2 1—xy (k 0) A3
k Td kor3d
-3k 0 —4(k* - K3) 0A3 ] (17)
In Egs. (15)~(17)
1 M?
A:g[—k2+2bko+a2], azz—{12+ " ]
g (1 —xy)
d 1 -
b:T—, d—.fu[z— * , =M(1 —u)t,
g I—xy
u(l —yz)(1 —x+ xyz
g=g-&  g=" X ), (18)
y(1 - xy)

and x =1 in Eq. (15), while £ =1 in all functions in
Eq. (15) and Eq. (17) except the function 7%

We still need to make the Wick rotation and symmetrize
the functions 7™ over k,. The details of a similar
symmetrization were described in Ref. [16], and we will
not describe them here. After symmetrization we substitute

) (1 =1)u(l —u)? {—iAlz(zkz + k3)k*d

(2k* + K3) kot + ko (K* — K, )ﬂ (15)

|
the functions 7™¢ into the integral J™¢ in Eq. (12). We can
safely let u =0 before integration, which makes the
calculation straightforward. We collect the separate con-
tributions in Table I. Summing all these regular contribu-
tions, we obtain

erg—zzfeg JEE=-2.14639(3).  (19)

C. Calculation of the apparently
infrared-singular integrals

We now consider the apparently infrared-singular inte-

grals J5"2. The respective functions T??%

) are again sums of
multidimensional integrals similar to the ones in Eq. (14)
and Eq. (16). The functions T?l(%),i contain those terms
from the general functions 7, ¢, (see Refs. [15,16]) that

were not included in the regular functions in Eq. (15) and
Eq. (17). Explicitly

TABLE I. Regular integrals.

I —0.014805(4)
JrLei —1.202396(4)
JrLeg 0.050 539(1)
IS 0.162 208(6)
Jr;% 0.014963(4)
JrLe% —0.045490(3)
s —0.023 826(6)
JrLe% —0.014441(4)
JcE 0.000 106(1)
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T =yt = (1 {2

(1=2y) +2yz (1 —=1)(1 —u)?

RGE 2kg)f2}
A? ’

- 3
T =2 (282 + K)] -
L2 2 ( + 0){ 1= y

1=2y) +2yz (1 —1)(1 — u)?

+(1-2)

T = (2K + kg)f2{<

A2 _(1_Z)¥}7

I—y
; M* (1-1)(1—u)?
T8 = 2k* + kZ)d + 3ko1],
LS 12, A2 [(2k* + k§)d + ko]
TIE =TI =TI =T =T =0,
Joing _ x(1=1)(1 = u)? [2k* + k3 B Ekzrz
cl 1—xy A 2 A2
Joing _ x(1=0)(1—u)®>  uM? 2Kk% + k3 _4 (k* — k3)7?
2 1 —xy xy(1—xy) | A? A3 '
Tpo5=0. (20)
|
The integrals of these functions in Eq. (14) and Eq. (16) L[ =2y) +2yz (1 — 1) (1 — u)?
: 2 Ay +Ap=r )
generate the terms proportional to k- and also the terms 1—y a
with higher powers of k*>. We would like to separate the u(1—u)
terms proportional to k> (only such terms generate infrared - (I-2) 4 } )
logarithms after momentum integration) and check that all 5
such terms cancel before the integration over k. This Ag = d (1-1)(1—-u)
separation can be achieved with the help of the substitution 1 at ’
A = g(k* + 2bky + a®) — ga®> = G>. After this substitu- de® (1 —1)(1—u)?
tion the integrals over the Feynman parameters are quad- Asy =—12 -y 70 ’
ratic in k. Let us demonstrate this explicitly. After the L= (1 )
substitution A — @ the nonvanishing functions in Eq. (20) By, = (-l —u)? 1 —
acquire the form 1=y a
B 3x(1=1)(1—u)?7?
quadr (2k2 + kz)All + (k2 + 2]((2))1413, 13 2 1 — Xy Zl4 5
uadr 1—0)(1—u)u 1
v ;“‘ = (2K + K)(Az) + An). B, — =D -wu 1
" A y(1-xy)* a
Tq (2k + k; )(A41 +A42), 2 2
B — 4(1—t)(1—u) ut (22)
Tqu*“” (202 + ) As, + RBAsy. 2T @
T8 = (2K + k3)B) + kB3,
; ( o)Bu 1 We have calculated the integrals qugad)r of the functions
quadr _ (242 + k2 2 _ g2
Tey = (2K 4 kg)Bay + (K — k) Baa, (21) in Eq. (21) analytically [they are defined similarly to the
integrals in Eq. (14) and Eq. (16)], and the results are
where collected in Table II, where the value of an integral over the
Feynman parameters corresponds to the respective coef-
Ay =yz(1-0)(1 - u)ziz ficient function A;; or B;;.
a Collecting the results in Table IT we confirm that the total
Ay = —yz(1 = 0)(1 = u)? ﬁ coefficient before the k? in the small-k expansion of the
137 7Y W integrand in Eq. (12) for J*"¢ is equal to zero
37 (1=2y)+2yz(1 =1)(1 — u)?
A2l —+ A22 — 5 |:— = y &2 Tquadr — ZTiuadr + T%uadr —0. (23)
+(1-72) u(1~—;u)} , Let us use this observation to get rid of y in the integral for
a J"¢ in Eq. (12) before integration. According to Eq. (3)

113002-5
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Tsn (K2, cos? ) = 2T5"(k?, cos? 0)
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Each expression in the brackets on the rhs decreases at
small k faster than k> and therefore allows us to safely let

sing (72 2 . . ; . .
+ T ™ (K, cos™ 0). (24) 1 =0 in the integral for J5"¢ before integration

. . . sing 3 © 2 . 12
Using the cancellation in Eq. (23) we observe Je = 327 ), dk dfsin” 0

d
752 (k2, cos®0) [ZZ SLmﬁ kz cos®0) = T} (k?, cos® 0)
. k4
= T"¢(k?, cos?0) — T4 (k2 cos?0)
' Smg ©2 2 p\ _ qquadr ;2 2
= 2(T;"™(k?, cos?0) — Tguadr(kz,cosw)) + ZTC i (K", cos0) k4TC,ij (k*, cos™ 0) . (26)
+ (TE" (K2, cos20) — TE¥ (K2, cos20))
_ sing /70 2 quadr 72 2 The problems with the infrared convergence arise only
N 2Z(TL*’7 (k. cos°6) = T1ij (K, cos°0)) at k — 0. We can further simplify the calculations by
d arbitrarily separating the integration regions of small and
bln uadr o .
+ Z e (k2 cos?0) = T (K2, cos?0)).  (25)  large momenta and omitting the term 7944 (k2 cos? ) = 0
in the large integration momenta region
|
dr /72 2 sing /72 2 quadr 2 2
_ 3 [l x T3 (K2, cos?6) — T3 (k2, cos?6) TEE (K, cos0) — TES" (K2, cos?0)
Joing = — [ dk? dfsin’ |2 ol el + 4 d
A [ aoso 23 R > k4
§1ng sing (72 2
, cos?0) T (k% cos?0)
3 [ ae [ agsince[ 23 T Ly e -
L B I D e D I
= poine< v = 2N+ UG+ 221;1.]. +> Tz (27)
ij ij ij ij
|
where we have chosen k =1 to separate the regions of  TABLE III. Integrals J<.
large and small momenta.

We collect the results for the individual integrals in  Jz.u 0.042 322(5) Jen 0.174420(5)
Eq. (27) in Tables III and IV. Summing the results in these ~ J |3 —0.008 528(1) Jeus —0.034331(5)
tables we obtain i —0.251765(5) I 0.284 129(8)

Jim 0.020 742(5) Jém —0.060 654(3)
Jeine< = 0.174 48(1), JLa 0.050982(3)
Joine> = 1.12951(4). (28) JT 0.002 177(1)
Ji s 0.068 860(3)
, ‘ Jis —0.014977(1)
We have checked by direct calculations that the sum -
TABLE II. Integrals for coefficients before k.
uadr z uadr - TABLE IV. Integrals J~.
An qu(llz__;+i_4 By T(é‘l‘i‘ :_1_2+% £
A T 21 Bis T 1 T —0.728 794(1) JZ 0 —2.883062(2)
Ay Tzugflir _ 715_; _% By, T%US(IH _ ;l[_z _% J7 13 0.103289(1) Jes 0.412 240(2)
A s _ 27 B rand _ 32 s i 4.394262(2) JZo —1.142507(8)
. L2 s . e —0.672947(5 >
vadr 2 L2 : 5) Jem 0.205 144(3)
Ay T% a1 =G+ z
SR J7a —0.620559(3)
Ap Tiw =55~ J7 o 0.033714(7)
Asy TS =51 I 0.291783(4)
Asy Ty =-12 43 J7 52 0.051 666(6)
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Joing = gsing< 4 ysing> — 1,303 99(5) (29)

does not depend on the arbitrary separation point.

D. Total muon and tauon contributions
Collecting the results in Eq. (19) and Eq. (29) we obtain

J =-0.84239(6), (30)
and finally

a*(Za)

AE = —0.84239(6) 5 %EF ~—0.2274 Hz. (31)
p

Using the same methods as above we also calculated a
tiny contribution to hyperfine splitting generated by the
tauon LBL scattering block in Fig. 2

@’ (Za)

AE, = —0.00358(1) Er~—0.0010 Hz. (32)

III. ANOMALOUS MAGNETIC MOMENTS
AND THREE-LOOP CONTRIBUTIONS
TO HYPERFINE SPLITTING

Our final goal is to collect all three-loop radiative-recoil
corrections generated by the diagrams with closed fermion
loops, but before that we would like to discuss the
calculation of corrections that are connected with the
anomalous magnetic moments (AMMs). Results for these
three-loop radiative-recoil corrections were reported in
Ref. [11] but their derivation was never presented.

In our notation the classical Fermi result [18] for the
triplet-singlet splitting has the form

AE=(1+a,)(1+a,)EF, (33)

where () = (ge(u) —2)/2 are the electron and muon
anomalous magnetic moments, respectively.

We see from Eq. (33) that the anomalous magnetic
moments play a special role in the problem of hyperfine
splitting and their contributions in certain cases can be
calculated exactly without an expansion in small param-
eters. To avoid double counting we need to keep this fact
in mind when performing perturbative calculations.
Physically it is more or less obvious that in the external-
field approximation only the total muon magnetic moment
matters. Our goal below is to clarify how this happens and
to calculate the three-loop radiative-recoil corrections
generated by the electron and muon AMMs. In some cases
we will obtain results that are exact with respect to the
lepton AMMs.

PHYSICAL REVIEW D 90, 113002 (2014)

A. AMMs and recoil and radiative-recoil corrections

The leading recoil correction to hyperfine splitting in
muonium is generated by the diagrams with two exchanged
photons in Fig. 1 and was calculated a long time ago
[19-21]. The characteristic loop momenta in these dia-
grams are much larger than the electron mass, and therefore
the leading recoil correction to hyperfine splitting can be
calculated in the scattering approximation, ignoring the
wave function momenta of order mZa (see, e.g.,
Refs. [1,2]). Let us recall the main steps in calculation
of this leading recoil correction. In the scattering approxi-
mation the sum of the diagrams in Fig. 1 can be written as

3 (Za mM
Er [ ks 60 + L) -0l (0,

(34)
where the electron skeleton factor Lf,i)(k) is

k2

— 7k, 35
T (35)

and the muon skeleton factor L,(,’L)(k) is obtained from the

electron one by the substitution m — M. Projecting the
product of the fermion factors on hyperfine splitting3 we
obtain after the Wick rotation and transition to the four-
dimensional spherical coordinates

ZaymM . [« dk*
AE = 4 ZOmM 5 / i

7 sin? 0(2 + cos? 0)

x [ dO— T 212 2 o2
0 (k* 4+ 4m* cos” 0)(k* + 4M* cos” 0)

(36)

Below we will also need the diagrams in Fig. 3 where
one of the vertices in the skeleton diagrams in Fig. 1 is
substituted by the AMM. This substitution reduces to
" — —a,c'*k;/(2m) = —a/(27)0**k,;/(2m), where k; is
the momentum of the outgoing photon; see Ref. [10]. In the
scattering approximation the sum of these diagrams has the
form

Za mM d4k e, AMM
/ Zk‘*{ L

+L£;AMM>( k)]L,f;)(—k), (37)

where [10]*

’See an explicit expression for the projector in Ref. [10], where
there is a misprint in the overall sign of the projector.
“There is a misprint in the sign of this term in Ref. [10].
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3% e T

FIG. 3. Skeleton diagrams with AMM insertions.

e, AMM e, AMM
L™ ) + L™ (k)
a 2k?
2w k* — 4m*k}

- ) k”lAcy” +y”/Ack”
x [J’”ki/ — ko (y"}’ —Tﬂ (38)

We need to clarify at this point why we consider the
contribution of the AMM separately from the total one-loop
electron factor in Fig. 4. The total electron factor can be
represented as a sum

L) (k) = Lig™™ (k) + L") (k). (39)

where L% (k) is just the difference between the total one-

loop electron factor L\2 (k) and L™ (k). First we
notice that the separation in Eq. (39) is gauge invariant
since both the total one-loop electron factor and the AMM

electron factor L,(fy‘AMM) (k) are gauge invariant. The differ-

ent low-momentum behavior of the two terms on the rhs in
Eq. (39) makes a separate consideration of these terms
convenient and even necessary from the calculational point
of view. Due to the generalized low-energy theorem
[1,2,22,23] all terms linear in the small momentum k are

only connected with the term L,(,i‘AMM)(k), while the term

L") (k) decreases at least as k2 at small k2. This different
low-energy behavior determines the structure of the inte-
grals for the contributions to hyperfine splitting and in
many cases leads to qualitative differences between the

contributions to HFS generated by the factors L,(fy’AMM) (k)

and L") (k).
Projecting the expression in Eq. (37) on HFS we obtain
after the Wick rotation

a(Za)ymM -
AExvm = TEF

" /ﬁ (2k* + k§) + 3k
7% (k* + 4m*k3) (k* + AM*K3)’

(40)

or in four-dimensional spherical coordinates

PHYSICAL REVIEW D 90, 113002 (2014)

Za) ~ o dk?
AEAMM:a( a) Er(2mM) A i

2

n T
8 /ﬂ » sin? 0(2 + 4 cos? 0)
o (K> +4m?cos?0)(k* +4M? cos* )

(41)

We see that the integrals in Eq. (36) and Eq. (41) can be
calculated in terms of an auxiliary integral

w k2 [n 12002 2
4mM/ %/ 40 sin“6(2 + £cos”0)
o m Jo  (K*+4m*cos’0)(k* + 4M>cos®0)

mM o dk? k
== s F[F(ﬂk,f)—F<§,5)]y (42)

where

2
F(uk, &) Zﬁ(\/ 1+ 2k = pk)
_ 22 22 L
+5< uky/1 + 12K + 2k +2>, (43)

and we rescaled the integration variable k — km so that it is
dimensionless on the right-hand side in Eq. (42).

Then the integrals in Eq. (36) and Eq. (41) can be
written as

Za ~ mM o dk? k
AE=—Er——— — |F(uk,&) — F( =, ,
T FM2—m2 0 k2 |: (:u 5) <2 §>:||§]
(44)
and
Za) ~ M
AEAMM:a( a)E m

F
272 M?* — m?

xAm‘Z‘;{F(ﬂk,g)—FG,g)L_L‘. (45)

Both of these integrals are linearly infrared divergent due to
the singular behavior of the function F(k,¢) at small &,
F(k,&) o = 2/k. In the case of AE this divergence
indicates that the integral in Eq. (44) contains a contribution
of the previous order in Za, namely the leading nonrecoil
contribution E . The integral in Eq. (45) contains a similar
infrared divergence that again corresponds to the contri-
bution of the previous order in Za, and starts to build the
contribution proportional to the anomalous magnetic
moment in Eq. (33).

FIG. 4. One-loop fermion factor.
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Subtracting the linear divergence (F(uk,&) — F(uk,&) =
F(uk.&) =2/ (uk) and F(k/2.&) > F(k/2.€) = F(k/2.)
—4/k) we easily calculate the finite integral

[7% [P -F(5.6)| = e-om. o

Substituting this integral into Eq. (44) and Eq. (45) we
obtain the leading recoil correction [19-21]

Za ~

3mM M
~-ZZE,
P2

w7

and the recoil contribution of the AMM

AEskel,rec =

AEAMM.rec =0. (48)

This nullification of the radiative-recoil contribution of the
AMM was discovered in Ref. [24]. We have obtained this
result including only the one-loop contribution to the AMM
but it is easy to see that it holds even for an exact AMM,
since higher-order corrections to the AMM only change the
coefficient before the AMM vertex —a,c**k,/(2m).

Let us turn now to the principal subject of our interest,
namely, contributions to HFS generated by the diagrams in
Figs. 5-8 with simultaneous insertions of fermion factors
and electron or muon polarizations in the two-photon
exchange diagrams in Fig. 1.> We consider below only
the AMM contributions generated by these graphs. The
contributions generated by the soft parts of the fermion
factors Lfﬁ,) (k) and L,(j,'AMM) (k) were calculated in Ref. [9].

For normalization and illustrative purposes we will
consider the contribution to HFS of the diagrams in
Figs. 5-8 in parallel with the diagrams with only the
polarization insertions in Fig. 9, without radiation inser-
tions in the fermion lines. The contribution to HES of the
diagrams in Fig. 9 with the electron polarization insertions
is obtained from the expression in Eq. (44) by the insertion
of the electron polarization operator (a/z)k*I,,(k*), where
(recall that the dimensionless momentum k is measured in
units of electron mass)

(1 =2
1.(&2) = /)1 dv4+]§21(1_3)1}2). (49)

Multiplying also by the combinatorial factor 2 we obtain

Za) -, 2mM
AEpo1 = a(ﬂza) Ep Mzni m2
o J12
X/ % |:F(/,tk,§)—F(k,§>:| kz[le(kz)
0o K 27/ e
Za) ~
= a(ﬂza) EFJe (5)\5:17 (50)

’Below we omit the diagrams with the crossed photon lines in
the figures.
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e ! i e
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FIG. 5.

Electron polarization and electron AMM.

Pt S ok} Pt

O §r Qi § 9 64
FIG. 6. Muon polarization and electron AMM.

@ §r Qi {9 Q]
vy T 7 ST

FIG. 7. Electron polarization and muon AMM.

R EERE K31

Muon polarization and muon AMM.

[

n

+9

vy

FIG. 8.

where we have introduced an auxiliary integral

2mM o dk?

) = [ [Pk - £ (5.6 ene
(51

Similarly the contribution to HFS generated by the
diagrams in Fig. 5 with the AMM and electron vacuum
polarizations can be obtained by the insertion of the
polarization operator in the integral in Eq. (45) (an extra
factor of 2 is again due to combinatorics)

AEAMM T8 F M2 —m2
o dk2 k
X k— |:F(//lk, é) - F(E’ §>:| kzlle(kz)
0 |e=4
2(Za) -~ (1
== 5[3“) Ep (51e (5)54) (52)

FIG. 9. Diagrams with electron polarization insertions in the
skeleton graphs.
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We see that the contributions of the diagrams in Fig. 9
and in Fig. 5 can be calculated in terms of the integral J,(¢),
and, after some modifications, the contributions of the other
diagrams in Figs. 6-8 can be calculated as well. Let us
calculate this auxiliary integral. We represent it as a sum of
terms

Je (5) = Je (§)|NR + Je (§)|recoil
=/, (§)|NR + J/e (§)|recoil + Jg(&)'recoil’ (53)

where J,(&)|yg is the integral of the leading term when
u — 0, namely the term 2/(uk) in F(uk, &), Jo(&)iecon 18
the integral of F(uk,&) = F(ﬂk’ é:) —2/(uk), and JZ(&) |rec0il
is the integral of [—F(k,2/&)].

It is easy to see that

16M?  [e 2
JelNR:mA dkl,,(K) = —————. (54)

Next we calculate the integral

o dk? -

2mM
- T Fluk. 21, (R),(55)

J/e(g)|recoil = m )
with linear accuracy in the small parameter u. As usual with
the integrals of this type (see, e.g., Refs. [1,2,25,26]) we
introduce an auxiliary parameter o that satisfies the inequal-
ity 1 < 6 < u~!. The parameter o is used to separate the
momentum integration into two regions: a region of small
momenta 0 < k <o, and a region of large momenta
0 <k < oo. In the region of small momenta one uses
the condition pk < 1 to simplify the integrand, and in the
region of large momenta the same goal is achieved with the
help of the condition k > 1. For k = ¢ both conditions on
the integration momentum are valid simultaneously, so in
the sum of the low-momenta and high-momenta integrals
all o-dependent terms cancel and one obtains a o-indepen-
dent result for the total momentum integral. The calculation
of the integral in the small-momentum region uk < 1 is
straightforward, and we obtain

2mM o dk?* -

e (&) lfecoi =w—n ), FF(ﬂk,i)kzlw(kz)
mM
:Mz —m2
2 10 28
- “In26 — — =
x [(5 4)<3ln o= 1n0+27> +(9(,ua)}.

(56)

The calculation of the contribution from large integration
momenta

PHYSICAL REVIEW D 90, 113002 (2014)

2mM o di? -
Je@lewoit = 37— [, 2 Fluk, K (k) (57)

is a bit more involved. In this region we use the well-known
leading terms in the asymptotic expansion of the polari-
zation operator kzlle(kz)‘,{_,00 — (2/3)Ink —5/9, and re-
present the subtracted weight function F'(uk, ) in the form

~ 2
F(ﬂk,é’)zlﬁ(vlﬂLﬂzkz—Mk—l)
1
_ 1+ 252 4 2k 42
+§< /1 4§22 + 2k +2)

= 204 (k) + EB (k). (58)

where the functions ®f , (k) were defined in Appendix A of
Ref. [25]. In these terms

2mM  dk?
Ot = | [ 200 + cate)

(-3 of2)

2mM |4 2
= §V110+§§V111

M?* -
10

5
—vao - §§V1o1}7 (59)

where the integrals V,,,; were defined in Appendix C of
Ref. [25]. These integrals were calculated in the limit of
small uo, and using these results we obtain

M 2 10 2
Je(&)lfecon = h {(5 —4) <—31n25 +g e —I—%
2 8(1+2 8(&—1

+ §1n2(2,u)>+ 81 +2) ;r ¢) In(2u) + 7(59 ) )

(60)

In the sum of the contributions of small [Eq. (56)] and large
[Eq. (60)] integration momenta regions all o-dependent
terms cancel and we obtain

M [2(6-4), ,M 8(1+2 M
J/e(é)lrecoil :M;n_ ) |: (53 )IHZE—%IHE
A (E—4)  4(13¢ - 34)
ey } (61)

The calculation of the u-independent integral JJ (&) is
straightforward and we obtain
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2 M de
J/e/(é) |recoil = ” / ( > kz[le(kz)

. omM 7'[2 2(17¢6 - 32)
_Mz—mz{ 9 27 } (62)

Collecting the results in Eq. (54), Eq. (61), and Eq. (62)
we obtain the auxiliary integral J,(&) with linear accuracy
in the small parameter m/M

327 M?
18 =4 3 =
mM {2(5 )M _8(1+2) M
M?* — m? 3 m 9 m
2 (E=4) 2(6-4)
et ] (63)

We also need to consider the diagrams with insertions of the
muon vacuum polarizations. In this case the integrals in
Eq. (50) and Eq. (52) turn into

a(Za) -, 2mM
AEmupol = 2 Ep M2 —m2
o dk? k
X A 7 |:F(,le,§) _F(E7§):| kzllﬂ(kz),
|&=1
(64)
and
a*(Za) >,  mM
AZZ‘ZMM - 77,3 EF M2 m2
o dk? k
AT
0 |e=4
(65)

where (recall that the dimensionless momentum k is
measured in units of electron mass)

(1-5)
3
AM? £ IPm2 (1 — %)

K21, (K2) = Km? / dv (66)

Let us rescale the dimensionless integration momentum
once more k — (M/m)k = k/(2u). After this rescaling

2(1-%)

m = i1, (k). (67)

kZII”(kZ) - k2/ d

PHYSICAL REVIEW D 90, 113002 (2014)

AE pupor “(5 @ j Ep Mzzmﬂfnz
x/) dk—]f{FG,é)—F(%,é)] L)
= o E)enr (68)
and
B = D5 B
x Owdk—’f{F(g,z;) - F(ﬁé)} o FDe®)
-, (3. (69)
where
o=
& AT

(70)

The integral with the function F(k/2,¢) is exactly the
integral with the same function that we calculated above
in the electron case, but with an opposite sign; see Eq. (62).
One can check that the integral with the function
F(k/(4u),&) does not generate contributions linear in the
mass ratio. Then to linear accuracy in the mass ratio we
obtain

mM  [(&—4)r?
M? —m? 9

2(17& = 32)
ST FN Y

Ju(&) = -

We are now ready to use the integrals in Eq. (63) and
Eq. (71) for the calculation of the radiative-recoil correc-
tions. Let us first consider corrections due to one-loop
polarization insertions in the exchanged photons in Fig. 9.
Collecting the integrals in Eq. (63) and Eq. (71) we
reproduce the well-known result [24]

AEpol = AEepol + AEmupol

Z 3 M 8 M
:ME { Z —l—M[ 21n2——§1n—
m m

2 o

Let us turn to the diagrams with AMM insertions in
Figs. 5-8. Up to this moment we considered only calcu-
lations of the diagrams with AMM insertions in the electron
line. But from the calculations above it is clear that the AMM
enters only as a common factor and the integrals are identical
for insertions of the electron and muon AMMs. Hence, the
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contribution of Fig. 7 coincides with the contribution of
Fig. 5 and the contribution of Fig. 8 coincides with the
contribution of Fig. 6. As a result the total contribution to
HES with insertions of both the electron and muon AMMs is
twice the result with only the electron AMM.

Now we are ready to present the results for the
contributions to HFS generated by the diagrams with
AMM insertions in Figs. 5-8. We obtain

azga) Ep G Je(f)|5=4>

_ f"‘) Er [3—”2 7 <—4lnﬂ>} . (73)

8 M m

AE/a\MM =

a*(Za) =, (1 4a*(Za) m ~
= FE0, (L) -

3 3 uEr
(74)

N a(Zzag (Za) Er (% Je(|cf)54>
_ “<22:2 Za) g, [% +o <—4 h%)] . (75)

—JREIEN (76)

B. Discussion of three-loop AMM contributions

Usually, in discussions of the nonrecoil corrections to
HES, the muon AMM is included in the definition of the
Fermi energy, Er = (1 + aﬂ)E r. As a result of this con-
vention some of the contributions generated by the AMM in
Egs. (73)—(76) are already taken into account in the standard
compilations of all corrections to HFS. Our next task is to
figure out what entries in Eq. (73) are new. The nonrecoil
contribution in Eq. (73) was calculated a long time ago; see
reviews in Refs. [1-3]. The nonrecoil contribution in
Eq. (75) is taken into account when one writes the classical
nonrecoil Kroll-Pollack contribution [27-29] in terms of the
Fermi energy Ep; see, e.g., Refs. [1-3]. The three-loop
radiative-recoil terms in Eqgs. (73)-(76) were obtained in
Ref. [11] (see also Ref. [12])

“zga) EF% (—4 ln% + %)
a(Z2a)(Za) - m < M

4
Epr—(—4In—+=).
* = M nm—i_3> (77)

AErec =

They were not included in Ref. [9], where only the
contributions connected with the soft parts of the fermion
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factors L'o” (k) and L") (k) were considered. Only the
one-loop anomalous magnetic moments of the electron and
muon are accounted for in Eq. (77). However, as is obvious
from the derivation of this contribution, one can account for
the AMMs in this expression exactly by the trivial sub-
stitutions a/ (27) — a, and Z?a/(27) — a, in the first and
second terms on the rhs in Eq. (77).

IV. SUMMARY

The results presented above conclude the calculation of
all radiative-recoil corrections to HFS of order o?(Za)
(m/M)Ep generated by the diagrams with closed fermion
loops. The leading logarithm cubed and logarithm squared
contributions are well known (see, e.g., Refs. [1-3]) and
below we collect all hard single-logarithmic and nonlogar-
ithmic three-loop radiative-recoil corrections that arise due to
the diagrams with closed fermion loops. Consider first the
single-logarithmic corrections. They were calculated in
Refs. [8-11,13-15]° (Z = 1 below)

a 2 21\ M
3 8

AElog :;%Ep<—6ﬂ'zln2+—+— ln%. (78)

This is the total single-logarithmic contribution first calcu-
lated in Ref. [15].

Let us turn to the nonlogarithmic contributions, includ-
ing the muon loop result in Eq. (31). They were calculated
in Refs. [8-11,13,14,16,17]

®The AMM contributions in Eq. (77) were not included in the
result in Ref. [9]. The logarithmic (and nonlogarithmic) results
from Refs. [8—10] were collected in Ref. [11], where they were
amended by the AMM contributions in Eq. (77). Contributions of
the subtracted electron (muon) factor and the respective AMM
were written in Ref. [11] separately. After the calculation of the
new contributions in Refs. [13,14] a new collection of all known
results was presented in Ref. [12]. All expressions for logarithmic
contributions in Ref. [12] are correct. The results for the diagrams
with the electron and muon factors were written in Ref. [12] for
the full electron and muon factors including the AMMs (sums of
the respective contributions in Ref. [11]). Unfortunately, there
were no references to Ref. [11] in Ref. [12] and there was only a
reference to Ref. [9], where the AMMs were not included. So if a
reader wanted to check the correct results in Ref. [12] by going to
Ref. [9] he/she would discover a (fake) discrepancy between
Ref. [12] and Ref. [9]. Once again, the full results with AMMs are
in Refs. [11] and [12].

Let us mention that the term with the fourth power of the
logarithm from Ref. [8] was swallowed in the nonlogarithmic
“constant” in Ref. [12]. Here we choose to write it separately.
Also notice that the nonlogarithmic result in Ref. [10] was later
corrected; see Erratum in Ref. [10]. In addition we have slightly
improved the contribution from Ref. [13]. Considering Egs. (26)
and (25) from Ref. [13] we see that the result in Eq. (27) in
Ref. [13] can be written with an extra digit (but we do not change
the error bars). Then the constant in Eq. (32) in Ref. [13] that is a
sum of the improved number in Eq. (27) in Ref. [13] and the
number in Eq. (29) in Ref. [13] is 11.2958(20). We use this
number with its original error bars as the result of Ref. [13].
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a3m~

AEnonlOg - 68507(2) ;MEF (79)

Then the sum of all single-logarithmic and nonlogar-
ithmic three-loop radiative-recoil corrections [12,15—17]8
has the form

adm - 2 27 M
AEtot :FMEpli<—6ﬂ'21n2+?+§> 1HZ

+ 68.507(2)} . (80)

Numerically this contribution to HFS in muonium is
AE = —30.99 Hz. (81)

For completeness let us cite also some other minor
radiative-recoil corrections. They are the leading large
logarithm quadrupled contribution [8]

8a*tm - M
AE = =5 % Eplnt = = —0.4504 Hz. (82)

the tauon light-by-light contribution in Eq. (32)

¥We do not include the term with the fourth power of the
logarithm from Ref. [8] and corrections due to the tauon and
hadron loop light-by-light scattering blocks in the expression
below; see Ref. [17].
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a3m~

AE, = —-0.003 58(1)7—EF = —0.0010 Hz, (83)
M

and the hadron light-by-light contribution [30]
AE = —0.0065 Hz. (84)

The result in Eq. (80) includes all already known hard
three-loop single-logarithmic and nonlogarithmic correc-
tions of order a?(Za)(m/M)Ey to HFS in muonium. There
are still two gauge-invariant sets of diagrams that generate
such corrections that remain uncalculated. These are the
diagrams with two radiative photon insertions in one and
the same fermion line, either electron or muon. Using the
known results for the respective diagrams with one radi-
ative photon insertion in either of the fermion lines (see,
e.g., Refs. [1,2]) and the result in Ref. [10] for the diagrams
with simultaneous insertions of radiative photons in both
fermion lines we estimate the contribution of these dia-
grams to be about 10-15 Hz. The calculation of these
diagrams is the next task for the theory.
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