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ABSTRACT OF DISSERTATION 

 
 
 
 

COORDINATED VOLTAGE AND REACTIVE POWER CONTROL OF  
POWER DISTRIBUTION SYSTEMS WITH DISTRIBUTED GENERATION 

 
 
 

Distribution system voltage and VAR control (VVC) is a technique that combines 
conservation voltage reduction and reactive power compensation to operate a distribution 
system at its optimal conditions. Coordinated VVC can provide major economic benefits 
for distribution utilities. Incorporating distributed generation (DG) to VVC can improve 
the system efficiency and reliability. The first part of this dissertation introduces a direct 
optimization formulation for VVC with DG. The control is formulated as a mixed integer 
non-linear programming (MINLP) problem. The formulation is based on a three-phase 
power flow with accurate component models. The VVC problem is solved with a state of 
the art open-source academic solver utilizing an outer approximation algorithm. Applying 
the approach to several test feeders, including IEEE 13-node and 37-node radial test 
feeders, with variable load demand and DG generation, validates the proposed control.   

 
Incorporating renewable energy can provide major benefits for efficient operation 

of the distribution systems. However, when the number of renewables increases the 
system control becomes more complex. Renewable resources, particularly wind and 
solar, are often highly intermittent. The varying power output can cause significant 
fluctuations in feeder voltages. Traditional feeder controls are often too slow to react to 
these fast fluctuations. DG units providing reactive power compensation they can be 
utilized in supplying voltage support when fluctuations in generation occur. The second 
part of this dissertation focuses on two new approaches for dual-layer VVC. In these 
approaches the VVC is divided into two control layers, slow and fast. The slow control 
obtains optimal voltage profile and set points for the distribution control. The fast control 
layer is utilized to maintain the optimal voltage profile when the generation or loading 
suddenly changes.  The MINLP based VVC formulation is utilized as the slow control. 
Both local reactive power control of DG and coordinated quadratic programming 

 
 



(QP) based reactive power control is considered as the fast control approaches. The 
effectiveness of these approaches is studied with test feeders, utility load data, and fast-
varying solar irradiance data. The simulation results indicate that both methods achieve 
good results for VVC with DG. 

 
KEYWORDS:  Power distribution, Voltage and VAR control,   
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Reactive power compensation 
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1. INTRODUCTION 

Power distribution systems are integral parts of the electric power grid. These 

systems perform as links between the transmissions systems and end power users. 

Distribution systems deliver electric power to the customer. The transmitted power is not 

all delivered to the end users: some of the power is lost in the distribution systems. 

1.1. Distribution loss 

Distribution systems operate at lower voltage levels than their transmission 

counter parts. Equipment used for distribution is typically much smaller in terms of 

capacity than the equipment used for transmission. Moving electric power at a lower 

voltage increases the system loss. Lower voltages and less efficient equipment are major 

contributors to the distribution loss. It has been approximated that the distribution loss 

account for approximately four percent of the total power system load [1]. The majority 

of distribution loss occurs in the distribution lines and transformers: the main portion of 

this is due to resistive elements in the system. The loss due to the resistive elements is 

often referred to as resistive loss or I2R loss [2]. The resistive loss is directly proportional 

to the resistance of the components and the square of the current magnitudes flowing in 

distribution systems. 

This loss can have significant economic impacts. Not only are there fuel costs 

associated with the lost energy, but loss can also require added generation capacity. The 

power lost in the distribution systems – which still has to be transmitted through the 

transmission grid – totals up to even more distribution loss. Small improvements in 

distribution efficiency can contribute to large financial savings on utilities. These 

financial savings will have an effect on the cols of the utility to deliver power to customer.  

1 
 



The reduction in distribution loss can be indeed very beneficial for both the utility and the 

end power user.      

1.2.  Power factor correction 

There are two ways to reduce the resistive loss: reducing the system resistance or 

reducing the currents. The reduction of distribution resistances is generally very 

expensive as it requires investing in new distribution system components, such as larger 

conductors on the distribution lines or new transformers. Since there are high costs 

associated with reducing distribution resistances, often the only viable option to reduce 

the resistive loss is to reduce the distribution current magnitudes. Application of capacitor 

banks to reduce net reactive power load is a well-established technique to reduce 

distribution current magnitudes [3]. Application of capacitor banks along the distribution 

feeders is commonly referred to as reactive power compensation and power factor 

correction. The distribution system load demand is typically variable, and thus, all or 

some of the installed capacitor banks can be controllable.  With the application of the 

capacitor bank control, certain capacitor banks are only used when the system operates at 

load levels that require certain level of reactive power compensation, and can be switched 

off the other times. The control of capacitor banks is often referred in literature as VAR 

control or reactive power control. 

1.3. Demand side management 

The total power drawn from the transmission is the sum of distribution load 

demands and distribution loss. Reduction of loss is not the only option for decreasing the 

system total demand from the transmission system. The reduction in the total demand can 

also be achieved with the control of distribution system loads. Demand side management 
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(DSM) is one way to achieve such reductions [4]. In a DSM scheme, the utility company 

has direct control over certain loads that it can turn on or off as it desires. A typical DSM 

action would turn off some loads during the times of high consumption. DSM can be 

effective for reducing the overall system demand; however, it requires the utility to have 

an infrastructure to remotely control these loads. In addition to that, DSM does not 

provide a choice to the customer when the utility takes the demand reduction actions and 

turns off the power to their DSM load.  The utility typically has to compensate for the 

customer to allow it to control the customer’s power demand.   

1.4. Conservation voltage reduction 

Demand reduction is also obtainable with conservation voltage reduction (CVR) 

[5]. CVR reduces the load demand by reducing feeder service voltages. The typical 

distribution loads consist of constant impedance, constant current, and constant power 

loads. This load model structure is commonly referred to as a ZIP load model. With the 

load equations it can be shown that the load reduction is obtainable by reducing the 

service voltage for constant impedance and constant current loads.  The active and 

reactive power loads at node m are described respectively by:  

𝑃𝑚 = 𝑃𝑚0 �𝐶𝐶𝑙𝑃 �
|𝑉𝑚|
�𝑉𝑚0 �

�
2

+ 𝑏𝑏𝑙𝑃 �
|𝑉𝑚|
�𝑉𝑚0 �

� + 𝑐𝑙𝑃�       (1.1) 

and 

𝑄𝑚 = 𝑄𝑚0 �𝐶𝐶𝑙
𝑄 �|𝑉𝑚|

�𝑉𝑚0 �
�
2

+ 𝑏𝑏𝑙
𝑄 �|𝑉𝑚|

�𝑉𝑚0 �
� + 𝑐𝑙

𝑄�       (1.2) 

where 𝑉𝑚 is feeder service voltage at node m, 𝑉𝑚0 is the rated voltage at node m, and 𝑃𝑚0  

and 𝑄𝑚0  are the rated real and reactive power demand. The portions of constant 

impedance, constant current, and constant power distribution loads are represented with 
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𝐶𝐶𝑙𝑃, 𝑏𝑏𝑙𝑃, and 𝑐𝑙𝑃for real power loads and 𝐶𝐶𝑙
𝑄, 𝑏𝑏𝑙

𝑄, and 𝑐𝑙
𝑄 for reactive power loads.  With 

the reduction feeder service voltage at node m, the constant impedance portions and 

constant current portions are known to decrease. On the other hand, voltage reduction 

does not have an effect on constant power loads. 

ANSI Standard C84.1 “Electrical Power System and Equipment – Voltage 

Ratings” has specified the voltage range, in which the utility must remain, when 

supplying electric power to its customers [6]. The normal steady-state service voltage 

range is between 114V-126V at the 120V base voltage level, which corresponds to ± 5% 

service voltage bandwidth. Traditionally most utilities have maintained the distribution 

voltage levels towards the higher end of the ANSI range. This is because the higher 

voltage levels are better suited for suddenly increasing power demand. The CVR scheme 

would maintain the voltage levels towards the lower end of the allowable range. The 

benefits achieved with CVR depend on the voltage drop along the distribution feeder. 

The attainable voltage reductions with CVR can be higher if the total voltage drops on a 

feeder are small [7].  

The CVR is typically achieved by the control of voltage regulating devices in the 

distribution systems. In a traditional distribution system a load tap-changing (LTC) 

transformers and voltage regulators are the main voltage control devices. A LTC 

transformer is typically located at a distribution substation and controls the feeder source 

voltages. LTC mechanism on a transformer allows the number of turns in the transformer 

secondary winding to be selected in discrete steps. Step voltage regulators are devices to 

control feeder voltages. They can be located along the distribution line away from the 

substation and can be single phase or three phase devices. The step voltage regulators are 
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typically autotransformers with LTC mechanism on their series windings [8]. The 

regulators allow their output to vary as the system load varies. The voltage control is 

obtained by changing the number of turns of the series winding.  

Certain distribution loads are reduced with application of CVR. These loads 

include resistive loads such as heating, cooking, and drying; standard incandescent 

lighting; and non-frequency-controlled motor loads operating below their nameplate 

values. Benefits of CVR are not limited to reducing the overall system consumption; 

CVR also reduces the customers’ energy consumptions and save money on their electric 

bill.  

1.5. Coordinated reactive power compensation and CVR  

Power factor correction and CVR are known to provide improved efficiency for 

distribution systems. In a traditional distribution system the switchable capacitor banks, 

associated with VAR control, and voltage regulating devices, associated with voltage 

control, are the two main forms of control. In order to control these devices together, a 

global or feeder wide control is considered. For best results the global control should be 

formulated as an optimization problem. The goal of the optimal control is to develop and 

execute a control plan to minimize a specified objective function, such as minimization of 

energy consumption or minimization of distribution loss. Most objective functions for the 

optimal control are geared towards minimizing system loss, power demand, energy 

consumption, or a combination any combination mentioned objective functions.  Early 

work in distribution automation has decoupled VAR and voltage control [9] [10] [11]. 

Decoupling forms two separate optimal control problems for the capacitor banks and for 

the voltage regulators. Although the decoupling the problems often yield to good 
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solutions, in order to achieve optimal control voltage and VAR control (VVC) need to be 

examined together.  

In short, VVC is the control and operation of distribution control devices – 

including capacitor banks, LTC transformers, and voltage regulators – to perform power 

factor correction and demand reduction with CVR, to maintain acceptable distribution 

system operating voltages, and to operate the distribution system as efficiently as possible. 

1.6. Challenges with integration of distributed generation to VVC 

Distributed generation (DG) provides new challenges and opportunities for VVC.  

In a traditional distribution a single power flow is always present, the power flows from 

the substation to the loads. DG can introduce bi-directional power flow to the distribution 

system so power flows back to the distribution substation from the DG sites. The bi-

directional power flow was introduced by DG and will have an effect on the global VVC. 

DG such as battery energy storage systems (BESS) can have controllable real and 

reactive power output. But sources such as wind and photovoltaic (PV), have variable 

generation outputs that are generally dependent on the external conditions. PV generation, 

in particular, is connected to the distribution grid via power electronic interfaces that can 

be used for reactive power control. It is possible to control the reactive power injection by 

DG as a part of the global VVC. In order to be optimally controlled DG needs to be 

included in the overall distribution VVC problem. The inclusion of the DG units will 

complicate the overall problem, but the additional benefits achieved with DG outweigh 

the implementation difficulties.  
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1.7. Ideal VVC  

In order to develop algorithms that best suited for VVC, the idealized approach is 

considered. An ideal VVC system is identified in [12] to have the following 

characteristics:  

• Maintain a voltage profile that is within the ANSI specified limits in all parts of 

the distribution feeder.  

• Maintain a near-unity power factor.  

• Have an ability to perform self-monitoring. 

• Allow for operator overrides. 

• Have the capability to adapt to feeder reconfigurations.  

• Have the capability to exploit Smart Grid devices. 

• Provide optimal coordinated control. 

• Allow for selectable control and operation objectives.  

1.8. Contribution of this dissertation 

The motivation behind the research was to develop a new approach for VVC with 

intermittent DG. The methods use combined traditional VVC equipment together with 

controllable DG to provide coordinated fast acting voltage and VAR control for 

distribution systems. The main contributions of this dissertation are listed as follows:  

• A new method for formulating and solving a distribution system VVC as a 

MINLP problem is introduced. With the proposed approach that a distribution 

system VVC can be solved without making assumptions, such as linearization, in 

the problem formulation. The effectiveness of the MINLP is studied with a 

number of test feeders including the IEEE 13 node and IEEE 37 node radial 
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distribution test feeders. The framework for the studied method is presented also 

in [13]. 

• The analytical VVC approaches, including the proposed MINLP based approach, 

are limited by their computational times for large distribution systems. The 

traditional VVC devices are also typically not fast enough to respond fast 

variations in DG caused by the intermittency of the source. It has been proposed 

that local reactive power at feeder nodes with DG could be used to limit voltage 

fluctuations in the feeder. Approach to minimize voltage fluctuation at specific 

feeder nodes is presented. The goal of the approach is to limit voltage fluctuations 

downstream from the DG devices. The proposed local control approach is also 

studied with several test feeders. The local control approach as a part of the feeder 

wide optimal control is presented in [14].   

• In order to reduce two or more DG units to take counteracting control actions a 

novel approach for fast global reactive power control is presented. The approach 

utilizes quadratic programming constrained by classical sensitivity analysis to 

find optimized reactive power injections by the DG to minimize voltage 

variations across the feeder. The approach is presented to produce good results 

with high PV penetrations on several test feeders. The approach is based on the 

work presented in [15].    

• Finally the dissertation presents, a dual-layer VVC with the proposed MINLP 

approach making the long-term control decisions and proposed fast-acting local 

control  approach [14] making the control decisions on short term. The 

effectiveness of the dual layer control approaches is studied with test system, real 
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life variable utility load data, and with PV generation determined from measured 

irradiance patterns. The dual-layer control shows promise for on-line VVC 

approach as it can find the optimal operation point of the feeder and keep constant 

voltages across the feeder with changing generation.    

1.9. Dissertation outline  

 A literature review of existing VVC techniques is presented in chapter 2. Chapter 

3 presents the modeling required for formulating distribution system VVC as a MINLP. 

The results of case studies to validate the proposed VVC algorithm are shown in chapter 

4. The fast local reactive power control is described in chapter 5, and the fast global 

reactive power control is discussed in detail in 6. The dual layer VVC approach with 

local reactive power control is presented in chapter 7. The conclusions of the dissertations 

are drawn in chapter 8.   
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2. LITERATURE REVIEW 

Multiple methods to perform the distribution system VVC have been studied. 

Most of these methods combine reactive power control and CVR to some degree. Some 

recent methods have considered DG as a part of the VVC problem. The main purpose of 

the VVC is to provide the customers with high quality electric power while 

simultaneously reducing the system loss or overall power demand. There are several 

existing approaches developed for VVC of power distribution systems, which can be 

summarized as follows: 

• Standalone VVC 

• Rule-based VVC 

• Distribution model based analytical voltage and VAR optimization (VVO) 

• Artificial intelligence (AI) techniques for VVO 

2.1. Standalone VVC 

Standalone VVC is managed by independent, individual, standalone voltage 

regulation, and reactive power compensation devices. In a traditional distribution scheme 

these devices include voltage regulators, LTC transformers, and switchable capacitor 

banks.  The devices are controlled individually based on the local conditions at their 

location on the feeder. Some of the control parameters of these devices include: the local 

power factor, load currents, feeder voltages, reactive power flow, ambient temperature, 

time of day, day of week, and operating season. The strengths of the standalone control 

approaches include their low cost of installation, lack of reliance on field 

communications, and scalability to many feeders. There are significant drawbacks to the 

standalone approaches as well: they generally have no self-monitoring features and lack 
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coordination between control devices. Due to these issues, standalone VVC may not be 

able to block counteracting control actions that two or more distribution control devices 

take. The control may reach optimal state for brief moments, but in typical operations the 

control is not optimal. The control of the standalone devices is often based on one 

directional power flow, and thus, standalone control may not effectively handle high 

penetration of DG with reversed power flow. Some of the existing standalone VVC 

approaches are described in the following paragraphs.  

An early digital control technique for local static voltage regulators (SVRs) is 

presented in [16]. The basic design philosophy and field trial experiences of a 

microprocessor based local voltage regulator control are presented. It is proposed that an 

ideal voltage regulator control should have data-gathering and communication 

capabilities [16]. The paper also presents detailed solution for the hardware and the 

software necessary for the control action. It shows the microprocessor sampling and RMS 

calculations also the steps the software takes to determine whether to it needs to raise or 

lower the SVR tap-position. The method takes in account reverse power flow where the 

control operations for the Tap-positions are ceased until the power flow resumes to its 

original direction [16]. When this paper was published these controllers had been in 

service for several years and proven capable for local control. Drawbacks to the presented 

method are the controllers did not communicate with each other and the control was not 

optimal. The local microprocessor controlled SVR controllers and have been developed 

more since this paper was published, but the overall idea in them still remains the same.       

Compensator circuit design for SVRs is described and demonstrated in [17]. The 

compensator circuit measures the regulator output current and output voltage constantly 
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then delivers that information to the voltage regulator tap-changer. The purpose for the 

compensator circuit is to allow for a local control of the voltage-regulator device. The 

compensator circuit will change the LTC tap position based on the information from the 

sensors. The desired output voltage level is set to the specified voltage setting and the 

compensator circuit will adjust the tap position to keep the voltage constant at the 

specified level. There is a bandwidth associated with the tap settings, as the tap position 

is an integer value. The bandwidth defines variance of the regulation point voltage 

centered on the desired voltage level [17].  The method is effective for controlling the 

local voltages, by keeping the secondary voltage of the SVR at a constant value, but in 

reality the set point values are typically set conservatively far from the optimal operating 

point.   

Power factor correction is a well-known technique to reduce the net reactive 

power load in distribution systems by adding shunt capacitors. In [18] a technique for 

automated local power factor compensation is presented. The method uses a VAR-metric 

relay to control closing and releasing the capacitor banks. The node injection current and 

the node voltage are measured with current and potential transformers at the node where 

the capacitor bank is located.  The power factor and the reactive power requirement are 

calculated with the information provided by the sensors. The relay regulates the 

compensator device actions based on its settings [18].  This technique is powerful for 

local power factor control, but it does not provide control for the overall reactive power 

of the power system. The technique might be optimal at the local node, but does not 

provide optimal control for the whole distribution system. Often used by industrial 
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customers the power factor correction technique is to reduce their apparent power load 

consumption [18].       

A micro-controller based power factor control device is presented in [19]. Both 

hardware and software design of the control device are described. The hardware 

architecture includes the relays, capacitor banks, microcontroller, and signal conditioning 

units. Much like in [18], the current and voltage are measured and those signals are 

conditioned for the microcontroller. The microchip makes the decision whether to turn 

the capacitor banks on or off based on the reactive power demand and power factor. The 

control signals are sent from the microprocessor to the relays that control the capacitor 

banks. The capacitor bank control is local and will not achieve optimal state for the entire 

system. With the local approach two capacitor banks may perform counter acting control 

decisions in certain feeder loading cases.   

The aforementioned techniques control the local voltages and the local power 

factors in a distribution system. They lack knowledge about the overall system and are 

limited in terms the integration of the DG. They also do not converge to the optimal 

control solutions for the entire distribution system. These systems, however, are easy and 

inexpensive to implement and in many cases they improve the power quality and 

efficiency.  

2.2. Rule based VVC 

In a rule based VVC, the distribution control devices are typically monitored and 

controlled by the distribution utility’s Supervisory Control and Data Acquisition 

(SCADA) system. In a typical rule based approach, SCADA handles the voltage and 

reactive power decisions by separate processes. Reactive power control rules are set to 
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control the capacitor banks and voltage control rules are set to reduce system demand 

through CVR. The control operations are based on a stored set of predetermined rules 

specific for the distribution feeder. Turning on a capacitor bank when the power factor 

goes below 0.9 or dropping a tap on a voltage controller if the end of the line voltage 

goes above 116V are examples of simple SCADA control rules. In the rule based VVC 

systems the system data is brought back to SCADA through substation remote terminal 

units (RTUs).  RTUs are utilized to handle the device monitoring and control. The VVC 

processor is built in the distribution SCADA and has a set of rules for the control actions, 

the processed control actions are sent back to the devices via the same RTUs. The 

SCADA based VVC systems require a two-way communication channel between the 

field devices and the distribution control center.   

The SCADA based VVC is more complicated than the standalone control 

approach. Moreover, SCADA based VVC techniques have several advantages over the 

standalone VVC systems. The SCADA based VVC systems are capable of self-

monitoring due to the extensive measurement network. The self-monitoring feature the 

SCADA based VVC can handle disturbances and possible system emergencies far more 

efficiently than the standalone VVC approaches. Drawbacks to the SCADA based VVC 

approaches exist as well: these methods are more complicated than the standalone 

approaches and require widespread field communications. The SCADA based VVC is 

generally not able easily to adapt to the changes in feeds configurations, due to the fact 

that the control rules have been determined in advance. Although, the overall efficiency 

is often improved compared to the standalone approaches, the rule based VVC typically 

does not yield to the optimal control solutions. Often rule based approaches have been 
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used for distribution systems with a single directional power flow. For this reason these 

approaches may not adapt well for systems with high DG penetration and bi-directional 

power flow.  

 Operation and advantages of an early SCADA based reactive power control, 

called CAPCON, developed by Virginia Electric and Power Company are discussed in 

[20]. The proposed approach considers only the capacitor bank control. In this method 

the SCADA computer decides every 15 minutes whether or not each shunt capacitor bank 

needs to be turned on or off. The service voltage and power factor are improve with the 

coordinated reactive power control approach. The reactive power and voltage limits have 

been predetermined for the CAPCON algorithm and control actions within the 15 minute 

operational interval will only be taken if the preset limits have been exceeded. The 

system allows for overrides to certain network actions from the distribution SCADA 

operators. The CAPCON has significant benefits in both distribution loss reduction and 

fuel cost reduction of the generation [20]. The CAPCON system also allows for global 

feeder wide real time system control. One of the flaws of the proposed system is that the 

decision rules have been predetermined for the system. Due to the predetermined rule set 

the CAPCON system does not adapt easily to the changes in the distribution system. Also 

the CAPCON system only considers the capacitor bank control without the considering 

the voltage regulator actions. The system efficiency can be further improved with 

coordinated control of both voltage regulators and capacitor banks.    

The control method proposed in [21] is geared to improve the performance of 

standalone VVC by utilizing the distribution SCADA in the control. The control of the 

voltage regulators utilizes the voltage drop characteristics of the feeder. The control of 
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the capacitor banks utilizes the local measurements of power factor for the reactive power 

control in the substation. The capacitor control problem and the voltage control problem 

are decoupled from each other. However, both sub-problems communicate with each 

other through the high-level VVC implemented to distribution SCADA system [21]. The 

system has a set of pre-determined rules that it follows for both control sub-problems.  

The system receives information about the distribution system state through the 

distribution SCADA. The case study presented in [21], displays the effectiveness of the 

proposed method; the system demand is shown to decrease over the standalone 

approaches.  The rule based solution approach however is not able to achieve the optimal 

control of the distribution system.  

An expert system for VVC of distribution systems is proposed in [22]. An expert 

system is a computer program designed to behave like a human distribution expert. The 

system has an extensive knowledge base and is capable of solving problems that require 

using the information in the knowledge base [22]. The proposed expert system has three 

components: knowledge base where system knowledge is stored, interference engine 

where the decisions are made, and the user interface that is connected to the distribution 

SCADA. The rule base stores network related data including voltage limits, control 

actions, reactive power limits, etc. The inference engine is used to determine the control 

decision from the information and control rules stored in the knowledge base. The 

method uses a sensitivity tree method for the interference base that will be able to react 

on voltages that exceed their predetermined bounds [22]. The sensitivity tree method can 

be effective in the development of an expert system used to control a large distribution 

system. According to [22], the system nonlinearity needs to be fairly low for this type of 
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expert system to be utilized in the distribution system VVC. The proposed expert system 

handles both voltage regulator and capacitor control together, but is unable to provide 

optimal solution in most cases.     

The expert system presented in [23] and [24] combines technical and theoretical 

expertise with human expertise to build the knowledge base for the expert system. While 

keeping the voltage levels of the system within the allowable range, the expert system 

provides the values of the reactive power levels to be injected to the distribution system 

in order to reduce the system peak power and energy loss. The decision engine uses 

various determination processes to calculate the voltage profile of a feeder and to 

determine the distribution system control actions. In distribution control model the expert 

system provides decision of which capacitor is switched on and for how long according 

to net dollars saving, voltage profile of the system buses, and maintenance and repair 

cycle of the capacitor [23]. The main advantage of the proposed expert system is the 

ability to interact with human operator. The proposed system can accept the human 

expert’s recommendations and perform the output accordingly. The decision making 

process can be overridden by the network controller at any stage and it will incorporate 

changes in the system configuration. 

The expert system can be interfaced with the distribution SCADA and human 

operator via its input and output interface. A case study of an expert system has been 

presented in [24]. The case study shows that the proposed expert system has major 

financial benefits for a distribution network. The expert system relies heavily on historic 

load demand data for knowledge and decision base [24]. Therefore, utilities that do not 

have extensive demand history might not benefit from the proposed system as much as 
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the utilities with extensive demand history. The expert system seems to provide a good 

control solution for the network problem; it appears that the computational time 

associated with the approach is very reasonable for the distribution feeders.         

Another approach for development of an expert system for an utility voltage 

correction is studied in [25]. The approach consists of controlling shunt reactive power 

compensation and transformer tap positions. The proposed system is designed to help the 

system operator to make the control decision to minimize system loss and reduce number 

of control actions. When the paper was published the system had been implemented to 

six substations in a utility distribution system. The expert system draws real time data 

from the SCADA and uses it along with the feeder information stored in the knowledge 

base to make control decisions. The control decisions are then fed back to the power 

system via the SCADA communication system [25]. The decision engine on the expert 

system bases its control actions on the sensitivity information in the knowledge base. The 

expert system inputs from SCADA include the operation controls; voltages and currents 

at each bus; and loads at each bus. The outputs of the proposed system include the 

suggested control actions. In order to achieve optimality with the expert system the rules 

of the system have to be predetermined so well that optimality can be reached. If the rules 

are not perfect, the optimality is not likely. The system is capable of keeping the voltages 

within the limits and controlling reactive power, but optimality is likely not achieved.  

Some existing techniques for rule based VVC were introduced in this section. The 

techniques include straightforward rules such as voltage and power factor limits and more 

involved rules introduced by the expert systems. Some of the studied rule based 

approaches use SCADA provided information about the system as the main triggers for 
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the control actions, whereas the other studied methods rely more heavily on historic load 

demand data. Rule based VVC provides significant advantages over the standalone VVC. 

These advantages include capability to block counter acting control actions and keeping 

the voltage level within the specified limits at all parts of the system. The optimal 

operating conditions are still unlikely with most of these techniques. The rule based 

systems are generally designed for single directional power flow that restricts the 

inclusion of large quantities of DG into these systems. Some of the more advanced expert 

systems, however, do have the knowledge and decision bases to take large DG quantities 

in account. 

2.3. Analytical VVC 

The goal of the analytical VVC is to model the VVC as a mathematical 

optimization problem. The goal of the formulation is to develop and to execute a 

coordinated optimal switching plan for all control devices in distribution feeder. The 

control is performed to achieve minimized value for the system objective function. The 

objective functions differ based on the utility and its needs. Most objective functions are 

geared to minimize the energy consumption and/or system loss. The voltages are required 

to be kept within the ANSI specified operational voltage levels. The installed distribution 

analytical and distribution model based VVC approaches often use the distribution 

SCADA along with the Distribution Management System (DMS) to determine the 

optimal control actions. Typically, these systems can estimate the state of the distribution 

system based on the data from the SCADA and the distribution network model. An 

optimization solver is then used to determine the optimal control settings for the 
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distribution devices. With the optimal control solutions determined the control is sent to 

the distribution devices in order to be implemented in the feeder.   

The advantages of analytical VVC over the standalone and rule based VVC 

approached include: the capability to produce an “optimal solution”, flexibility to operate 

under varying objectives, and ability to handle complex feeder arrangements. The 

optimal or near optimal solution may only be achieved if the system is modeled 

accurately. The analytical VVC approaches may not be limited to one-directional power 

flow, and thus, can be suitable for feeders with high penetration of DG. With this said 

these systems are not perfect. Implementation of analytical VVC system comes often 

with high implementation costs. Regardless of that, the coordinated and centralized VVC 

is one of the most desirable functions within the distribution automation (DA) and DMS 

[26]. Analytical solutions are the basis for typical DMS based control. Generally the 

problem of capacitor banks and voltage regulators is very complex and difficult to solve 

since it involves, integer, binary, and complex numbers; and has both linear and non-

linear equations.  

A discrete optimization approach for coordination of switched capacitor banks 

and tap-changing transformers is presented in [27]. It is noted that the combinatorial 

problem involving capacitor and voltage regulator positions becomes extremely 

computationally intensive to solve. The analytical objective based solution method will 

minimize the loss, include voltage constraints, and consider combinatorial aspects of 

discrete control formulation applicable to distribution systems. In the proposed method 

the coordination problem is approximated by a constrained discrete quadratic 

optimization using the results from the corresponding unconstrained continuous problem 
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[27]. The objective function the problem uses a weighted sum of power consumption, 

voltage violations, and device tap-changes. The distribution system loss is approximated 

in [27]. The error present in approximations has also been studied in [27]: the 

approximate formula for loss is quite accurate and conservative in the sense that the 

estimated losses are slightly larger than the actual losses. The algorithms are efficient for 

large systems in the sense that their run and test results confirmed the theoretical 

predictions of the paper. The algorithm presented is effective for VVC.  The results do 

not typically yield to the optimal solution in real life systems because approximations 

were made in the optimization.  Overall the analytical optimization algorithm in [27] 

seems to have outperformed most of its predecessor in terms of accuracy and 

computational time.   

 Dynamic programming is another analytical approach studied for VVC. A 

dynamic programming algorithm for the distribution system VVC is presented in [28]. To 

reach the optimal dispatch the proposed method uses load forecasts to estimate the real 

and reactive power loads for a given time. The load forecasts are imported to a 

mathematical model of a system to ensure that the voltage limits will not be violated 

when VVC is performed. The system model is included to reduce computational burden 

for the dynamic programming approach [28]. The dynamic programming approach 

divides the complicated optimization problem into less complicated optimization 

problems. Dynamic programming creates state diagram and search paths for the each 

possible setting of LTCs and capacitor banks. The proposed approach then reduces the 

number of search paths and the number of possible configurations to the few most likely 

configurations. With the state reduction, the proposed method can find near optimal 

21 
 



solution with reduced computational effort [28]. The proposed method has been 

implemented to a utility distribution system with promising results. The method proposed 

has shown that it can produce near optimal solution; yet, the method still relies heavily on 

load forecasts and produces typically a near optimal solution. The actual optimal solution 

will require significantly more computational power.   

Oriented discrete coordinate descent method based VVC approach is studied in 

[29]. In this method, all partial derivatives of an objective function with respect to 

discrete control variables are calculated for initial conditions. Then the system is moved 

in the direction of the largest derivative to the next point. In the proposed method the 

variable with the largest partial derivative is considered as the first search direction. This 

process is repeated until no further minimization of the objective function can be 

achieved [29]. The proposed approach uses so called “soft constraints”. Soft constraints 

are not imposed as constraints for the optimization, but rather as a penalty factor for the 

cost function. The proposed algorithm is fairly time consuming since it needs to calculate 

power flow for all of the optimization steps.  An efficient power flow solver is also 

essential for accurate control results. The test results of the proposed algorithm indicate 

satisfactory computational speed for on-line operations in a small system [29]. Accurate 

network model and fast power flow calculations are necessary for the success of this 

method. Also the method may find a local minimums rather than the global minimum 

that is desired.  The method may become very time consuming with a larger system.    

A study of the VVC implementation and its effects to a distribution system are 

studied in [30]. The algorithm described in [29] is used in this study. The main 

components of the algorithm are: computation of the real time power flow solution and 
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the initial objective function, then applying the optimization technique. The optimization 

method calculates the optimal combination of capacitor bank states and transformer tap 

changer position with respect to the objective function. The algorithm is integrated to 

SCADA and DMS that provide the real time network data including power consumption 

and switch positions. The DMS based VVC was installed to a utility distribution feeder 

and the economics of the VVC were studied. The test results showed an immediate 

decrease in injected power of 1.4% to 1.6% in a utility distribution system. The 

experimentally derived values are dependent on many factors such as customer load 

patterns, distribution system characteristics, etc. However, the test results show trends in 

the desired direction. 

Reference [31] introduces voltage and VAR optimization (VVO) system that is 

based on analytical computation. The presented system has an US patent [32] and is 

commercially available for the distribution utilities with the ABB DMS. The VVO 

system combines advanced optimization techniques with accurate modeling of 

distribution systems. It can handle various different types of system including: single and 

multi-phase, and delta and wye connected. The application can optimize distribution 

systems effectively with online application speeds [32]. In this approach the VVO 

problem is formulated as sequence of VAR only optimization and voltage regulator 

optimization problems. The VAR problem is formulated as mixed integer quadratic 

programming (MIQP) problem and the voltage optimization as a sequence of linear 

programming (LP) problems [31]. The VVO system also has a detailed model of each of 

the possible system components such as transformers, loads, and power lines. The VVO 
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program is implemented to the DMS. From the system graphic user interface the system 

operator can initiate the VVO along with other system operations. 

Some of the analytical solutions to the VVC problem have been introduced in this 

section. These methods use analytical tools such as partial derivatives, DP, and LP to 

solve the complex mixed integer programming (MIP) problem. These methods provide 

significant advantages over the two VVC approaches discussed in previous sections. 

Including optimal or near optimal solution with respect to the objective functions. These 

approaches are not perfect: they make assumptions, linearize the problem, decouple the 

problem, find local minimums, are highly dependent on accurate network model, and 

take long time to compute. Analytical approaches, however, can be very efficient for 

optimal control of a distribution system, thus, finding a new analytical approach is a 

major task of the research presented in this dissertation.  

2.4. Artificial intelligence based VVC 

Artificial intelligence (AI) provides alternatives to overcome some of the limitations 

of the analytical methods. The artificial intelligence algorithms can shorten the VVC 

computational times and make the approaches more suitable for real time applications. 

Reduced computational times can yield to more efficient operation of the physical VVC 

control devices. Some of the AI techniques that can be applied to the distribution system 

VVC include artificial neural networks (ANNs), fuzzy techniques, hybrid systems, and 

genetic algorithm (GA) approaches [33].  

An ANN based approach for VVC is presented in [34]. The goal of the ANN is to 

reach a preliminary dispatch schedule for capacitor banks and LTCs. The inputs of the 

proposed ANN include the real and reactive power of the substation transformer, bus 
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voltages around the system, whereas the outputs are the capacitor statuses, and LTC tap 

positions [34]. The ANN is also combined with a fuzzy DP method that determines the 

final dispatch from the preliminary values from the proposed ANN solution. The ANN is 

trained to produce optimal setting for the VVC devices based on the calculated optimal 

conditions under the network model. The preliminary results from ANN can result to 

several preliminary states for the optimal control; therefore, a Fuzzy DP solution is 

introduced to reach the final dispatch schedule [34]. The research concludes that the 

method proposed can yield into accurate control actions for capacitor banks and LTCs 

while keeping the computational burden at very low stage during the operation [34]. The 

proposed method can yield to good solutions in with online control applications. 

Sufficient training is necessary for the operation of the proposed method. Without 

adequate training some of the conditions may result in control actions far from the 

optimal control schedule.       

An interacting set of fuzzy Mamdani controllers for distribution VVC is 

introduced in [35]. A complex rule base is proposed to interact with a Newton-Raphson 

power flow solver in iterative steps until the control is determined. The fuzzy system 

consists of a controller for each distribution control device. Each fuzzy block reacts to the 

voltage and power flow violations and determines a device status accordingly. The 

controller is triggered from the device status, voltage violations, efficiency, etc. Set of 

new device statuses is tested with the power flow solver and the solution is then re-

examined with fuzzy controllers to produce an improved control settings. The steps form 

a continuous loop until control settings converge, or if inconclusive, until a certain 

number iterations have been performed [35]. The proposed method is validated with a 
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utility distribution system and has shown promise to produce similar control actions more 

than 15 times faster than simulated annealing based methods [35]. The main purpose for 

this controller is to stay within the voltage and current limits of the system; the optimal 

solution is not the top priority of the control approach. Optimality can be reached at times, 

but in many cases, the controller produces a coordinated device dispatch that is within the 

acceptable boundaries and fails to reach the optimal solution for the entire system.  

A fuzzy based method for distribution VVC is proposed in [36]. The proposed 

method is based on annealing and is employed for the fuzzy based problem. The method 

forms a function called “energy function” to determine the efficiency of the solution. The 

efficiency function is expressed as a sum of membership functions, voltage deviations, 

and control variables. An initial solution is first determined and then one of the control 

configurations is perturbed to create a neighbor solution. The proposed algorithm 

determines the benefit of the neighbor solution and iteratively new solutions for all the 

control parameters will be found. The method uses a power flow solver in parallel to 

confirm that there are no voltage violations with the solutions. Annealing method 

includes a randomly acceptable process to prevent the solution to be trapped to a local 

minimum, but find the global minimum. The technique proposed can reduce the time 

required for search of the optimal solution [36]. A study of the method in a utility 

substation and five feeders was also presented; the results concluded that the method was 

effective for finding an optimal solution for a power distribution system. However the 

computational time can be large for a large distribution system. For this reason, the 

proposed method may not be suitable for real-time applications.   
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A VVC system using a time-interval based approach is presented in [37]. The 

time interval based control strategy decomposes the load forecasts into several sequential 

load levels. A GA process is used to determine the load level portioning and dispatch 

scheduling for LTCs and switchable capacitor banks. The proposed strategy improves the 

voltage profile and reduces the distribution loss for an entire day across the entire 

distribution system. The number of switching operations of the control devices is also 

kept within the specified daily tolerance. The algorithm assumes that the number of load 

levels in a day is known. A GA is employed to determine the start and end times for each 

load level based on the load forecast. Another GA is then used for the VVC problem; the 

method forms a fitness function to find the minimum energy loss while keeping the 

voltage violations at a minimum. It also adopts a canonical GA to find the optimal 

solution for the fitness function [37]. After the calculation, the optimal solution is verified 

with a parallel load flow algorithm. The proposed algorithm is capable of improving the 

voltage profile and reducing loss, however the method relies heavily on accurate load 

forecasts for the distribution system. The method is also not a real time solution, and thus, 

does not respond changes in load automatically.   

The authors of [38] propose an optimal distribution voltage control with DG 

utilizing a GA based approach. The GA is a learning algorithm that imitates the evolution 

of organisms. The controller limits the number of operation based on the GA. This 

expedites approximating the solution from the feasible area of a large scale optimization 

problem [38]. The proposed technique will be able to take distributed generation in 

account to find the optimal solution, a PV system is demonstrated in [38]. The proposed 

GA method requires a reliable communication infrastructure. Overall, GA Based methods 
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seem to provide solution for the optimization problem with a sufficient degree of 

accuracy.  

Some existing AI based approaches for VVC were discussed in this section. The 

AI methods show promise of producing results comparable to the analytical solvers. The 

potential advantage of the AI based method can be the shorter processing times and less 

computational burden. The existing methods are not ideal, some take long time to process, 

require extensive communication architecture, are good for only off-line control, require 

extensive training, etc. The large scale deployment of AI based approaches is contingent 

about the utilities trust on the AI solutions; there is often a certain amount of uncertainty 

about the AI solution as they are often determined without human interaction.   
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3. MINLP BASED VVO FORMULATION 

The purpose of voltage and VAR optimization (VVO) is to operate distribution 

system feeders at their most efficient operating conditions. In many cases, that means the 

minimized load demand drawn from the distribution substation. The traditional 

distribution feeder control devices include: capacitor banks, LTC transformers, and 

voltage regulators. Distributed energy resources such as PV and wind generation can also 

participate to the VVO with developments in DG. Inverter coupled DG, such as PV, can 

provide reactive power injection to the distribution feeder in addition to the real power it 

generates, as discussed for example in [39] [40] [41]. It is also possible to control the 

reactive power injection by the wind generation in addition to the real power generated.   

As discussed in the previous chapter there are multiple methods for VVC and 

VVO that have been studied and implemented. The analytical approaches consider VVC 

as a mathematical programming problem.  Some of the existing analytical techniques are 

discussed in previous section. Some other techniques include non-linear programming 

(NLP) with interior point algorithm with discretization penalties to limit the switch 

operations in distribution feeders [42] and mixed integer linear (MILP) programming 

with distributed generation participating to the VVO [43].  

Distribution system VVO with DG can be formulated as a mixed integer non-

linear programming (MINLP) problem. The problem is constrained by the feeder power 

flows, line current and node voltage bounds, distribution device control, and the 

limitations of the DG. This section contains the general discussion of formulating a 

distribution system VVO problem as a MINLP problem. The section also discusses the 

solution approach taken for the VVO as MINLP problem.  
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The approach to formulate and solve a distribution system VVO with DG as a 

MINLP problem has significant advantages over previously studied algorithms. The 

MINLP approach adds value to distribution VVO as it reduces the need for linearization 

in problem formulation and the need to transform continuous values into discrete values. 

The presented MINLP based VVO approach solves the optimization problem for single 

and three-phase distribution feeder, works well with different load types, incorporates 

integer decisions, allows for two directional power flow, and accepts non-linear load, 

current, and control equations. The simulations of test cases indicate the MINLP based 

formulation and solution method are promising for yielding the optimal control solutions 

effectively. The work presented in this section is based on the techniques and work 

further discussed in [13]. 

3.1. General MINLP problem  

Mixed integer non-linear programming (MINLP) combines the combinatorial 

nature of mixed integer programming (MIP) and difficulties of non-linear programming 

(NLP). Both MIP and NLP are complex problems to solve and are NP-hard problems by 

themselves [44]. Solving MINLP problems is thus very difficult. The general MINLP 

formulation is presented as follows:  

𝑚𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝑚𝐶𝐶𝑧𝐶𝐶 𝐹(𝑥) 

𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 𝑏𝑏𝑏𝑏: 

  𝐴𝑥 ≤ 𝑏𝑏 

 𝐴𝑒𝑞𝑥 = 𝑏𝑏𝑒𝑞 

𝑙𝑏 ≤ 𝑥 ≤ 𝑢𝑏 

𝐶𝐶(𝑥) ≤ 𝐶𝐶 
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𝐶𝐶𝑒𝑞(𝑥) = 𝐶𝐶𝑒𝑞  

𝑥𝑖 ∈ 𝑍 

where F(x) is the objective function to be minimized, A and b define linear inequality 

constraints, Aeq and beq define linear equality constraints, 𝑙𝑏 and 𝑢𝑏 are the bounds that 

constrain x, C(x) and d define non-linear inequality constraints, Ceq(x) and deq define the 

non-linear equality constraints, Z is the integer set, and xi is the subset of x restricted to be 

integers. The solution approach is implemented in this section for the MINLP model. 

3.2. MINLP solution approach 

Direct formulation and solution of VVO as a MINLP problem has been difficult 

due to the fact that commercial optimization solvers cannot generally solve MINLP 

problems.  A direct MINLP formulation of VVO can be presented and solved with 

advances in open-source MINLP solvers. The MINLP approach provides value to VVO 

since it reduces the need for linearization in problem formulation and the need to 

transform continuous values into discrete values. This chapter presents a new formulation 

method for VVO problem with DG as a direct MINLP problem. The presented method is 

also discussed in [13]. 

Distribution system VVO is formulated as an MINLP problem. Commercial 

optimization solvers, such as IBM ILOG CPLEX, are known to be unable to solve 

MINLP problems. However, recently there has been great academic interest in new 

MINLP solvers. Basic open-source mixed integer (BONMIN) solver is an open-source 

state-of-the-art optimization solver developed for solving general MINLP problems [45]. 

BONMIN has several optimization algorithms suitable for MINLP problems including 

branch-bound, outer approximation (OA), Quesada Grossman branch-cut, and hybrid OA 
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based branch-cut. OPTI Toolbox is a third-party toolbox developed to interface open-

source optimization solvers with Matlab [46]. The solvers included in the OPTI Toolbox 

include the BONMIN optimization solver. The presented solution approach in this 

section utilizes the OPTI Toolbox to solve the distribution VVO as an MINLP problem in 

Matlab and to solve it with BONMIN.     

In the studies performed for the BONMIN optimization algorithms the OA 

algorithm showed the best performance for fast and accurate convergence for distribution 

VVO problem. It was noted in [45] that it is not uncommon for one algorithm to 

outperform the others solution algorithms within the solver. The general idea of the OA 

algorithm is to relax the MINLP problem into MILP and NLP sub-problems and 

iteratively solve these problems until the optimal solution is reached. The OA algorithm 

used in BONMIN code is described in detail in [47], [48].  

3.3. Optimization objective function 

The objective function considered in the proposed approach is to minimize the 

real power drawn from the substation. The objective function is constrained by node 

voltage and branch current limits, feeder power flow, and other physical limitations of the 

distribution feeder. The objective function, the real power drawn from the substation, is 

mathematically stated as follows:  

 𝐹 = 𝐶𝐶𝐶𝐶𝐶𝐶𝑙(𝑽𝒔𝑰𝒔∗)         (3.1) 

where 𝐹 represents the objective function to be minimized, 𝑽𝒔 is the vector containing 

three-phase source voltages for the system, 𝑰𝒔  is a vector containing the three-phase 

currents drawn from the source, ∗ represents the conjugate of the complex value, and 

𝐶𝐶𝐶𝐶𝐶𝐶𝑙()  represents the real part of the complex value. In order to be used with the 
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BONMIN optimization solver (3.1) has to be described with its Cartesian representations 

of complex node voltages and currents. This is necessary as the optimization solver is 

unable to handle complex representations. The decoupled Cartesian form of (3.1) can be 

mathematically written as:     

𝐹 =  ∑ ∑ (𝑉𝑠𝑥(𝑔)𝐼𝑠𝑘𝑥 (𝑔) + 𝑉𝑠
𝑦(𝑔)𝐼𝑠𝑘

𝑦 (𝑔))𝑘∈𝐵𝑟𝑔𝜖𝑝         (3.2) 

where Br is the set of branches connected to the substation, , Isk
x(g) and Isk

y(g) are the 

Cartesian presentations of g-phase current in branch k, Vs
x(g), Vs

y(g)  are Cartesian 

representations of source voltage of phase g at substation, and p is the set of phases that 

the branch currents are drawn from.  

3.4. Distribution component models 

Distribution system components models used for describing the distribution 

system VVC as a MINLP problem are presented in this section. The component models 

are key elements for accurate formulation of the VVC problem to match the system 

model with the physical phenomenon in distribution feeders. Some of the component 

models are described in [13], but a more comprehensive listing of different distribution 

components for the presented MINLP formulation is presented in this section.    

3.4.1. Distribution lines 

The distribution lines are modeled with the exact line segment model presented in 

[8]. The exact model can be used to represent single-phase, two-phase, and three-phase 

distribution lines. As the basis for the modeling the three-phase exact line segment model, 

presented in, will be used. To represent single-phase and two-phase lines some rows and 

columns of the impedance and admittance matrices of the three-phase line model are set 

to zero. The distribution lines are modeled as three-phase Π-equivalent circuits, the series 
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line impedance is modeled between the end of the line nodes and the line capacitance is 

modeled to occur at both ends of the distribution line. 

 

Figure 1: Distribution system three-phase Π-equivalent exact line segment model  

 The three phase line impedance matrix, 𝒁𝒂𝒃𝒄, and shunt admittance matrix, 𝒀𝒂𝒃𝒄, 

are presented by: 

 𝒁𝒂𝒃𝒄 =  �
𝑍𝑎𝑎 𝑍𝑎𝑏 𝑍𝑎𝑐
𝑍𝑏𝑎 𝑍𝑏𝑏 𝑍𝑏𝑐
𝑍𝑐𝑎 𝑍𝑐𝑏 𝑍𝑐𝑐

�         (3.3) 

And 

𝒀𝒂𝒃𝒄 =  �
𝑌𝑎𝑎 𝑌𝑎𝑏 𝑌𝑎𝑐
𝑌𝑏𝑎 𝑌𝑏𝑏 𝑌𝑏𝑐
𝑌𝑐𝑎 𝑌𝑐𝑏 𝑌𝑐𝑐

�         (3.4) 

 The line impedance, presented in (3.3) can be decoupled into the resistance and 

reactance matrices. The decoupling is necessary for the use of the distribution line model 

to be used in the optimization formulation as the optimization solvers are incapable of 

handling complex representations. The decoupled form of (3.3) is presented as follows: 

𝒁𝒂𝒃𝒄 =  �
𝑍𝑎𝑎 𝑍𝑎𝑏 𝑍𝑎𝑐
𝑍𝑏𝑎 𝑍𝑏𝑏 𝑍𝑏𝑐
𝑍𝑐𝑎 𝑍𝑐𝑏 𝑍𝑐𝑐

� = �
𝑅𝑎𝑎 𝑅𝑎𝑏 𝑅𝑎𝑐
𝑅𝑏𝑎 𝑅𝑏𝑏 𝑅𝑏𝑐
𝑅𝑐𝑎 𝑅𝑐𝑏 𝑅𝑐𝑐

� + 𝑗 �
𝑋𝑎𝑎 𝑋𝑎𝑏 𝑋𝑎𝑐
𝑋𝑏𝑎 𝑋𝑏𝑏 𝑋𝑏𝑐
𝑋𝑐𝑎 𝑋𝑐𝑏 𝑋𝑐𝑐

�   (3.5) 

where  𝑅𝑎𝑎  for example is the self-resistance of phase A, and 𝑋𝑎𝑏  for example is the 

mutual reactance between phases A and B.  
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The shunt admittance model is assumed only to consist of the capacitive element 

of the line. For this reason, the resistive components of 𝒀𝒂𝒃𝒄 matrix will have values of 

zero. As presented in [49] the mutual capacitances between the distribution lines are 

typically much smaller than the self-capacitance of the line. For this reason it is a 

common practice to model only the self-susceptance values and set the mutual 

susceptance values as zeros:  

𝒀𝒂𝒃𝒄 =  �
𝑌𝑎𝑎 𝑌𝑎𝑏 𝑌𝑎𝑐
𝑌𝑏𝑎 𝑌𝑏𝑏 𝑌𝑏𝑐
𝑌𝑐𝑎 𝑌𝑐𝑏 𝑌𝑐𝑐

� ≈ 𝑗 �
𝐵𝑎𝑎 0 0

0 𝐵𝑏𝑏 0
0 0 𝐵𝑐𝑐

�        (3.6) 

where 𝐵𝑎𝑎  is the self-susceptance of phase A. The susceptance is defined as the 

imaginary part of the admittance and is measured in units of Siemens 

The voltage and current equations for the distribution lines are determined from 

Figure 1. The current leaving the node n, 𝑰𝒂𝒃𝒄𝒏, is the sum of current flowing into node m, 

𝑰𝒂𝒃𝒄𝒎, and the shunt currents due to the line capacitance occurring at both ends of the 

distribution line, 𝑰𝑪𝒂𝒃𝒄𝒏 and 𝑰𝑪𝒂𝒃𝒄𝒎.  

𝑰𝒂𝒃𝒄𝒏 = 𝑰𝒂𝒃𝒄𝒎 + 𝑰𝑪𝒂𝒃𝒄𝒏 + 𝑰𝑪𝒂𝒃𝒄𝒎        (3.7)  

The line current flowing through the series impedance, 𝑰𝒂𝒃𝒄𝒍, is the summation of the 

current entering the node m, and shunt current occurring at node m:  

𝑰𝒂𝒃𝒄𝒍 = 𝑰𝒂𝒃𝒄𝒎 + 𝑰𝑪𝒂𝒃𝒄𝒎         (3.8) 

The voltage at node n, 𝑽𝒂𝒃𝒄𝒏 is the sum of voltage at node m, 𝑽𝒂𝒃𝒄𝒎, and the 

voltage drop across the distribution line. The voltage drop can be determined by 

multiplying the line impedance matrix, 𝒁𝒂𝒃𝒄, by the line current found in equation (3.8).  

𝑽𝒂𝒃𝒄𝒏 = 𝑽𝒂𝒃𝒄𝒎 + 𝒁𝒂𝒃𝒄𝑰𝒂𝒃𝒄𝒍         (3.9) 
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In order to be included into the optimization problem the voltage equations need 

to be decoupled into the Cartesian representations. In the Cartesian where 𝑽𝒂𝒃𝒄𝒏𝒙 and 

𝑽𝒂𝒃𝒄𝒏𝒚  are for example the respectively the real and imaginary part of the complex 

representations of the node voltages formulated for use as linear constraints in the 

MINLP VVO problem formulation: 

𝑽𝒂𝒃𝒄𝒏𝒙 − 𝑽𝒂𝒃𝒄𝒎𝒙 − 𝑹𝒂𝒃𝒄𝑰𝒂𝒃𝒄𝒍𝒙 + 𝑿𝒂𝒃𝒄𝑰𝒂𝒃𝒄𝒍𝒚 = 𝟎       (3.10) 

and 

𝑽𝒂𝒃𝒄𝒏𝒚 − 𝑽𝒂𝒃𝒄𝒎𝒚 − 𝑿𝒂𝒃𝒄𝑰𝒂𝒃𝒄𝒍𝒙 − 𝑹𝒂𝒃𝒄𝑰𝒂𝒃𝒄𝒍𝒚 = 𝟎       (3.11) 

where the impedance matrix is decoupled to the resistance and reactance matrices, and 

the line current to its Cartesian representations.  

 The shunt current injection caused by the line capacitance is modeled to occur at 

both ends of the line segment. As previously discussed the susceptance imaginary 

component of the shunt admittance is typically only considered. The current caused by 

the shunt admittance at node m can be written as:  

𝑰𝑪𝒂𝒃𝒄𝒎 = 𝟏
𝟐
𝒀𝒂𝒃𝒄𝑽𝒂𝒃𝒄𝒎 = 𝑗 𝟏

𝟐
𝑩𝒂𝒃𝒄(𝑽𝒂𝒃𝒄𝒎𝒙 + 𝑗𝑽𝒂𝒃𝒄𝒎𝒚)     (3.12) 

where 𝑩𝒂𝒃𝒄  is the matrix containing the self-susceptances of the distribution line as 

described by (3.6). The shunt current equations can be decoupled Cartesian 

representations form the complex from and the Cartesian representations will be used as 

the linear constraints to describe shut current injection:  

𝑰𝑪𝒂𝒃𝒄𝒎𝒙 + 𝟏
𝟐
𝑩𝒂𝒃𝒄𝒎𝑽𝒂𝒃𝒄𝒎𝒚 = 𝟎        (3.13) 

and 

𝑰𝑪𝒂𝒃𝒄𝒎𝒚 − 𝟏
𝟐
𝑩𝒂𝒃𝒄𝑽𝒂𝒃𝒄𝒎𝒙 = 𝟎        (3.14) 
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where the 𝐼𝐶𝑎𝑏𝑐𝑚𝑥  and 𝐼𝐶𝑎𝑏𝑐𝑚𝑦  are the real and imaginary part of the complex 

representation of the shunt current at node m. Because of the capacitive component the 

susceptance values will be negative and thus cause a current injection to the distribution 

line.    

3.4.2. Transformer 

Distribution transformers are found all across the distribution feeders: from the 

substation to the customer connection. The two winding transformer approximate 

equivalent circuit is used to model distribution transformers. The primary side impedance 

is referred to the secondary side of the transformer without introducing a significant error 

[8], [50].  The two-winding approximate transformer equivalent is shown in Figure 2. 

 

Figure 2: Two-winding approximate transformer model 

For a two-winding approximate transformer model, the secondary voltage can be 

written as the function of primary voltage, turns ratio, and the equivalent secondary side 

total approximate impedance: 

𝑉𝑠 = 𝑉𝑝
𝑎
− 𝑍𝑒𝑞𝐼𝑠         (3.15) 

where 𝑉𝑠 is the secondary side voltage, 𝑉𝑝is the primary side voltage, 𝐶𝐶 is the transformer 

turns ratio, 𝑍𝑒𝑞 is the total impedance referred to the transformer secondary side, and 𝐼𝑠 is 
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the transformer secondary side current. In order to be used as constraints of the VVO 

MINLP problem, (3.15) has to be decoupled into its Cartesian representations:  

𝑉𝑠𝑥 −
𝑉𝑝𝑥

𝑎
+ 𝑅𝑒𝑞𝐼𝑠𝑥 − 𝑋𝑒𝑞𝐼𝑠

𝑦 = 0        (3.16) 

and 

𝑉𝑠
𝑦 −

𝑉𝑝
𝑦

𝑎
+ 𝑋𝑒𝑞𝐼𝑠𝑥 + 𝑅𝑒𝑞𝐼𝑠

𝑦 = 0        (3.17) 

where 𝑅𝑒𝑞 and 𝑋𝑒𝑞 are the transformer equivalent resistance and reactance; 𝑉𝑝𝑥, 𝑉𝑝
𝑦, 𝑉𝑠𝑥, 

and 𝑉𝑠
𝑦 are the transformer primary side and secondary side voltages; and 𝐼𝑠𝑥 and 𝐼𝑠

𝑦 are 

the transformer secondary currents.  

The current relationships in a two winding transformers can be found with the 

same approach. The primary side current is the summation of transformer secondary side 

current and the current in the transformer excitation branch, as follows: 

𝐼𝑝 = 𝐼𝑠
𝑎

+ 𝐼𝑒𝑥          (3.18) 

where 𝐼𝑝 is the primary side current, 𝐼𝑒𝑥 is the current in the excitation branch, and 𝐼𝑠is 

the secondary side current.  

The current equation in (3.18) has to be decoupled in order to be used as 

constraints in MINLP VVO formulation. In decoupled form (3.18) can be written as 

follows:  

𝐼𝑝𝑥 −  𝐼𝑠
𝑥

𝑎
− 𝐼𝑒𝑥𝑥 = 0          (3.19) 

and 

𝐼𝑝
𝑦 −  𝐼𝑠

𝑦

𝑎
−𝐼𝑒𝑥

𝑦 = 0          (3.20) 

where 𝐼𝑒𝑥𝑥  and 𝐼𝑒𝑥
𝑦  are Cartesian presentations of excitation branch currents of the 

transformer. 
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 The two winding transformer model can be extended to three-phase distribution 

transformers. The three-phase distribution transformers can be connected with delta-wye, 

wye-delta, wye-wye, delta-delta, and open delta-open wye connections.  The voltage 

equations in three-phase can be presented for all transformer connections as follows:  

𝑽𝒂𝒃𝒄𝒔𝒙 − 𝑨−1𝑽𝒂𝒃𝒄𝒑𝒙 + 𝑹𝒆𝒒𝑰𝒔𝒙 − 𝑿𝒆𝒒𝑰𝒔
𝒚 = 𝟎       (3.21) 

and 

𝑽𝒂𝒃𝒄𝒔
𝒚 − 𝑨−𝟏𝑽𝒂𝒃𝒄𝒑

𝒚 + 𝑿𝒆𝒒𝑰𝒔𝒙 + 𝑹𝒆𝒒𝑰𝒔
𝒚 = 𝟎       (3.22) 

where  𝑽𝒂𝒃𝒄𝒔𝒙 , 𝑽𝒂𝒃𝒄𝒔
𝒚 , 𝑽𝒂𝒃𝒄𝒑𝒙 , and 𝑽𝒂𝒃𝒄𝒑

𝒚  are the Cartesian representations of three-phase 

secondary and primary voltages of the transformer, 𝑨 is the matrix of turns ratios, 𝑹𝒆𝒒 is 

the matrix of transformer total resistances,  𝑿𝒆𝒒  is the matrix of transformer total 

reactances, and 𝑰𝒔𝒙  and 𝑰𝒔
𝒚  are the Cartesian representations of three-phase secondary 

currents of the transformer. The  𝑨 , 𝑹𝒆𝒒 , and 𝑿𝒆𝒒  matrices are dependent on the 

transformer connections.    

 Similar to the voltage equations, the current equations can be represented in three 

phases as well: 

𝑰𝒂𝒃𝒄𝒑𝒙 −  𝑨−𝟏𝑰𝒂𝒃𝒄𝒔𝒙 − 𝑰𝒆𝒙𝒙 = 𝟎         (3.23) 

and 

𝑰𝒂𝒃𝒄𝒑
𝒚 −  𝑨−𝟏𝑰𝒂𝒃𝒄𝒔

𝒚 −𝑰𝒆𝒙
𝒚 = 𝟎        (3.24) 

where 𝑰𝒂𝒃𝒄𝒑𝒙  and 𝑰𝒂𝒃𝒄𝒑
𝒚  are the Cartesian representations of three-phase primary side 

currents, 𝑰𝒂𝒃𝒄𝒔𝒙  and 𝑰𝒂𝒃𝒄𝒔
𝒚  are the Cartesian representations of three-phase secondary side 

currents, and 𝑰𝒆𝒙𝒙  and 𝑰𝒆𝒙
𝒚  are the Cartesian representations of three-phase excitation 
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branch currents of the transformer. All transformer voltage and current equations can be 

expressed as linear equality constraints in the VVO MINLP formulation.  

3.4.3. Load tap-changing transformer and voltage regulator 

Common devices for regulating the distribution system voltages are LTC 

transformers at the distribution substations and line voltage regulators along the 

distribution feeders. These devices are typically autotransformers that have variable turn 

ratios. The voltage regulation devices are capable of adjusting their secondary side 

voltages up or down from the primary side voltages by selecting turn ratios. The LTC 

mechanism allows the device to change the turn ratio in integer steps. The 

autotransformer can be visualized as a two winding transformer with a solid connection 

between the secondary and the primary side of the transformer. Two winding 

approximate transformer model is shown in Figure 2. 

It is common that voltage regulators can adjust the voltage levels ±10% usually 

this is done in 32 discrete steps. Each step is equivalent to 0.75 V on a 120V voltage base. 

Typically the series impedance and the shunt admittance of voltage regulators are small; 

therefore, they can be neglected from the equations [8]. However, if that is not the case, it 

is possible to include the impedance and admittance into the voltage regulator equations.    

The voltage and current relationships of a voltage regulator are described similar 

to the three-phase transformer equations in the decoupled form, as follows:  

𝑽𝒂𝒃𝒄𝒔𝒙 − 𝑨−1𝑽𝒂𝒃𝒄𝒑𝒙 = 𝟎         (3.25) 

𝑽𝒂𝒃𝒄𝒔
𝒚 − 𝑨−𝟏𝑽𝒂𝒃𝒄𝒑

𝒚 = 𝟎         (3.26) 

𝑰𝒂𝒃𝒄𝒑𝒙 −  𝑨−𝟏𝑰𝒂𝒃𝒄𝒔𝒙 = 𝟎         (3.27) 

and 
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𝑰𝒂𝒃𝒄𝒑
𝒚 −  𝑨−𝟏𝑰𝒂𝒃𝒄𝒔

𝒚 = 𝟎        (3.28) 

The entries of 𝑨 matrix depend on the configuration of the voltage regulating 

devices. For example, for a common case without phase shifts, 𝑨 matrix is a diagonal 

matrix described as: 

𝑨 =  �
𝐶𝐶𝑎 0 0
0 𝐶𝐶𝑏 0
0 0 𝐶𝐶𝑐

�           (3.29) 

where 𝐶𝐶𝑎 , 𝐶𝐶𝑏 , and 𝐶𝐶𝑐  are the turn ratios for each three phases and for example 𝐶𝐶𝑎  is 

defined as: 

𝐶𝐶𝑎 = 1 + 𝑆𝑡𝑇𝑝𝑎         (3.30) 

where 𝑆𝑡 is the discrete per unit step size  of a voltage regulator and 𝑇𝑝𝑎 is an integer tap-

position decision for phase A. 

There are voltage regulators with ganged tap-position control where the tap 

position for all three-phases will be the same.  Un-ganged control of voltage regulators is 

the more common control. In un-ganged control all three phases of the voltage regulator 

may have different control decisions. The voltage regulator equations are non-linear 

equality constraints and are included in 𝐶𝐶𝑒𝑞(𝑥)  and 𝐶𝐶𝑒𝑞 constraints in the MINLP 

formulation.  

3.4.4. Capacitor bank 

The purpose of the capacitor banks is to provide reactive power support to the 

distribution system. The capacitor banks should be modeled as controllable shunt 

capacitances that can be turned on or off based on system needs. Shunt capacitor banks 

are modeled as negative constant impedance reactive power loads.  The amount of 

reactive power provided by the capacitor banks is directly proportional to the square of 
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the capacitor bank voltage. The capacitor bank control can be implemented with binary 

variable or integer values. Figure 3, shows model of a three-phase capacitor bank. Similar 

to voltage regulating devices the capacitor bank control can be ganged or un-ganged 

controlled. 

 

Figure 3: Shunt Three- Phase Capacitor Bank Model 

 The capacitor bank will not have real power output, but will have controllable 

reactive power output. A single phase real and reactive power injection by the capacitor 

bank is described as follows:  

𝑃𝐶 = 0           (3.31) 

and 

𝑄𝐶  +𝑄𝐶0 �
|𝑉𝐶|2

�𝑉𝐶
0�
2� 𝐶𝐶𝑑 = 𝑄𝐶  +𝑄𝐶0 �

��(𝑉𝐶𝑥)2+(𝑉𝐶𝑦)2�
2

�𝑉𝐶
0�
2 � 𝐶𝐶𝑑 = 0     (3.32) 

where 𝐶𝐶𝑑 is the capacitor decision variable, 𝑉𝐶 is the operating voltage at capacitor bank 

location, 𝑄𝐶 is the total controllable  reactive injection power at capacitor location, 𝑃𝐶is 

the real power injection by the capacitor banks, and 𝑄𝐶0  and 𝑉𝐶0are the rated reactive 

power and voltage. 
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 The current injection caused by the reactive power at the capacitor bank location 

is calculated from apparent power equation: 

𝑆𝑐 = 𝑉𝑐𝐼𝑐∗ = �𝑉𝑐𝑥 + 𝑗𝑉𝑐
𝑦��𝐼𝑐𝑥 − 𝑗𝐼𝑐

𝑦�        (3.33) 

where 𝑆𝑐  is the apparent power output of the capacitor bank, 𝑉𝑐 is the capacitor bank 

operational voltage, 𝐼𝑐 is the capacitor bank current injection, and * denotes the complex 

conjugate.  The apparent power equation (3.33) is solved for the Cartesian component 

representations of the current injection: 

𝐼𝑐𝑥 − � 𝑃𝑐𝑉𝑐
𝑥+𝑄𝑐𝑉𝑐

𝑦

(𝑉𝑐𝑥)2+(𝑉𝑐
𝑦)2
� = 0         (3.34) 

and 

 𝐼𝑐
𝑦 − � 𝑃𝑐𝑉𝑐

𝑦−𝑄𝑐𝑉𝑐𝑥

(𝑉𝑐𝑥)2+(𝑉𝑐
𝑦)2
� = 0         (3.35) 

where 𝐼𝑐𝑥  and 𝐼𝑐
𝑦  are the Cartesian representations of the single-phase capacitor bank 

current injections, and 𝑉𝑐𝑥  and 𝑉𝑐
𝑦  are the Cartesian representation of the capacitor 

voltages.  By substituting (3.31) and (3.32) into (3.33) and (3.34) constraints are:   

𝐼𝑐𝑥 + �𝑄𝐶0 �
𝐶𝑑𝑉𝑐

𝑦

�𝑉𝐶
0�
2�� = 0         (3.36) 

and 

𝐼𝑐
𝑦 − �𝑄𝐶0 �

𝐶𝑑𝑉𝑐𝑥

�𝑉𝐶
0�
2�� = 0         (3.37) 

 The current injections by capacitor banks are non-linear equality constraints and 

are included in 𝐶𝐶𝑒𝑞(𝑥) and 𝐶𝐶𝑒𝑞constraints in the MINLP formulation.  

3.4.5. Distribution load 

The distribution system loads are presented as combinations of constant 

impedance, current, and power loads. The presentation of loads as combinations of 
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constant impedance (Z), current (I), and power (P) is often referred to as ZIP load model 

in literature, e.g. in [51].  With that presentation, the load real and reactive power, 𝑃𝑚 and 

𝑄𝑚, at node m are functions of node voltage as described by: 

𝑃𝑚 = 𝑃𝑚0 �𝐶𝐶𝑙𝑃 �
|𝑉𝑚|
�𝑉𝑚0 �

�
2

+ 𝑏𝑏𝑙𝑃 �
|𝑉𝑚|
�𝑉𝑚0 �

� + 𝑐𝑙𝑃�       (3.38) 

and 

𝑄𝑚 = 𝑄𝑚0 �𝐶𝐶𝑙
𝑄 �|𝑉𝑚|

�𝑉𝑚0 �
�
2

+ 𝑏𝑏𝑙
𝑄 �|𝑉𝑚|

�𝑉𝑚0 �
� + 𝑐𝑙

𝑄�       (3.39) 

where 𝑉𝑚0, 𝑃𝑚0 , and 𝑄𝑚0  are rated node voltage, rated real and reactive power respectively; 

𝐶𝐶𝑙𝑃, 𝑏𝑏𝑙𝑃, 𝑐𝑙𝑃, 𝐶𝐶𝑙
𝑄, 𝑏𝑏𝑙

𝑄, and 𝑐𝑙
𝑄 represent the percentages of constant impedance, current, and 

power loads respectively; and 𝑉𝑚 is the node operating voltage. 𝑃𝑚 and 𝑄𝑚 are real and 

reactive load power at node m at the operating voltage. The sum of real power load 

percentages 𝐶𝐶𝑙𝑃, 𝑏𝑏𝑙𝑃, and 𝑐𝑙𝑃, as well as the sum of reactive power load percentages 𝐶𝐶𝑙
𝑄, 𝑏𝑏𝑙

𝑄, 

and 𝑐𝑙
𝑄 have to equal unity.  

The load demand equations are non-linear equality constraints are described as 

follows for MINLP problem formulation:  

𝑃𝑚 − 𝑃𝑚0 �𝐶𝐶𝑙𝑃 �
(𝑉𝑚𝑥 )2+�𝑉𝑚

𝑦�
2

�𝑉𝑚0 �
2 � + 𝑏𝑏𝑙𝑃 �

�(𝑉𝑚𝑥 )2+�𝑉𝑚
𝑦�

2

�𝑉𝑚0 �
� + 𝑐𝑙𝑃� = 0    (3.40) 

𝑄𝑚 − 𝑄𝑚0 �𝐶𝐶𝑙
𝑄 �(𝑉𝑚𝑥 )2+�𝑉𝑚

𝑦�
2

�𝑉𝑚0 �
2 � + 𝑏𝑏𝑙

𝑄 �
�(𝑉𝑚𝑥 )2+�𝑉𝑚

𝑦�
2

�𝑉𝑚0 �
� + 𝑐𝑙

𝑄� = 0    (3.41) 

where 𝑉𝑚𝑥 and 𝑉𝑚
𝑦 are the Cartesian representations of the voltage at node m. The power 

constraints are included as non-linear equality constraints in 𝐶𝐶𝑒𝑞(𝑥) and 𝐶𝐶𝑒𝑞constraints in 

the MINLP formulation. 
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 The load currents can be calculated from the load power demand and load 

voltages.  At node m load current is calculated from Cartesian voltage and power 

representation. Load current equations are non-linear equality constraints and are 

included in 𝐶𝐶𝑒𝑞(𝑥) and 𝐶𝐶𝑒𝑞 in the MINLP VVO formulation: 

𝑆𝑚 = 𝑉𝑚𝐼𝑚∗ = �𝑉𝑚𝑥 + 𝑗𝑉𝑚
𝑦��𝐼𝑚𝑥 − 𝑗𝐼𝑚

𝑦 �      (3.42) 

𝐼𝑚𝑥 − �𝑃𝑚𝑉𝑚
𝑥+𝑄𝑚𝑉𝑚

𝑦

(𝑉𝑚𝑥 )2+(𝑉𝑚
𝑦)2
� = 0         (3.43) 

 𝐼𝑚
𝑦 − �𝑃𝑚𝑉𝑚

𝑦−𝑄𝑚𝑉𝑚𝑥

(𝑉𝑚𝑥 )2+�𝑉𝑚
𝑦�

2� = 0         (3.44) 

where 𝐼𝑚𝑥  and 𝐼𝑚
𝑦  are the Cartesian representations of load currents at node m. 

Three-phase distribution loads can be connected to either delta or wye, wye loads 

can be grounded or ungrounded. Delta loads are dependent on the phase to phase voltages 

and Wye loads are dependent on the phase to neutral voltages.  

 

Figure 4: Wye connected load model 

A simplified Wye connected load is shown in Figure 4. All the line currents go 

through the load component into a common neutral n terminal. In a Wye connected load 
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the total power is the summation of the all three phases of the load. The notation for the 

complex powers and voltages for all three phases are:  

𝑆𝑎 = |𝑆𝑎|/𝜃𝑎 = 𝑃𝑎 + 𝑗𝑄𝑎 and |𝑉𝑎|/𝛿𝑎       (3.45) 

𝑆𝑏 = |𝑆𝑏|/𝜃𝑏 = 𝑃𝑏 + 𝑗𝑄𝑏 and |𝑉𝑏|/𝛿𝑏      (3.46) 

𝑆𝑐 = |𝑆𝑐|/𝜃𝑐 = 𝑃𝑐 + 𝑗𝑄𝑐 and |𝑉𝑐|/𝛿𝑐        (3.47) 

where 𝑆𝑎 , 𝑆𝑏 , and 𝑆𝑐  are per phase apparent power, 𝑃𝑎 , 𝑃𝑏 , and 𝑃𝑐  are per phase real 

power,  𝑄𝑎 ,  𝑄𝑏 , and 𝑄𝑐  are per phase apparent power, 𝛿𝑎 ,  𝛿𝑏 , and 𝛿𝑐  are the line-to-

neutral voltage angles, and 𝜃𝑎 , 𝜃𝑏 , and 𝜃𝑐  are per phase power factor angles. The 

Cartesian load current representations described in (3.41) and (3.42) are used to for three 

phase wye-connected loads.  

A simple model of a Delta-connected load is shown in Figure 5. The loads are 

connected between the two phase and the currents through the load elements are 

combinations of the two line currents for the load component.  

 

Figure 5: Delta connected load model 

The notation for the specified complex powers and voltages are described by the 

following equations:  
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𝑆𝑎𝑏 = |𝑆𝑎𝑏|/𝜃𝑎𝑏 = 𝑃𝑎𝑏 + 𝑗𝑄𝑎𝑏 and |𝑉𝑎𝑏|/𝛿𝑎𝑏      (3.48) 

𝑆𝑏𝑐 = |𝑆𝑏𝑐|/𝜃𝑏𝑐 = 𝑃𝑏𝑐 + 𝑗𝑄𝑏𝑐 and |𝑉𝑏𝑐|/𝛿𝑏𝑐      (3.49) 

𝑆𝑐𝑎 = |𝑆𝑐𝑎|/𝜃𝑐𝑎 = 𝑃𝑐𝑎 + 𝑗𝑄𝑐𝑎 and |𝑉𝑐𝑎|/𝛿𝑐𝑎      (3.50) 

For delta connected loads a simple transform based on the Kirchhoff’s current 

laws at the each node of a Delta connected load can be applied to the load currents in to 

determine line currents. In matrix form the equation is described as:   

�
𝐼𝐿𝑎
𝐼𝐿𝑏
𝐼𝐿𝑐

� = �
1 0 −1
−1 1 0
0 −1 1

� ∙ �
𝐼𝑎𝑏
𝐼𝑏𝑐
𝐼𝑐𝑎
�       (3.51) 

where 𝐼𝐿𝑎 , 𝐼𝐿𝑏 , and 𝐼𝐿𝑐  are the line currents 𝐼𝑎𝑏 , 𝐼𝑏𝑐 , and 𝐼𝑐𝑎 are the line-line delta 

connected load currents. The Cartesian load current representations described in (3.43) 

and (3.44) are also used to for three phase delta-connected loads. 

Loads that utilize only one or two phases of the available three-phases of a power 

system are quite common. All of the load models, both Delta connected and Wye 

connected, can be extended for two-phase and single-phase loads. The load currents of 

the missing phases can be set to zero. The currents present in the loads are calculated by 

using the equation described on above sections.     

3.4.6. Source/substation connection 

The distribution source or substation connection is modeled as an infinite source 

node. An infinite source node means that the node voltages remains constant and no 

frequency change occurs regardless of changes in node loading [37]. The three-phase 

node voltages have the same magnitudes, but the phases are 120 degrees apart. The three-

phase infinite source model is shown in Figure 6. The source may have a series 
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impedance or shunt impedance component, these can be modeled the same way as the 

distribution lines described in Section 3.4.1. 

 

Figure 6: Infinite distribution three-phase source model  

3.4.7. Distributed generation 

Distributed generation (DG) can be utilized as a part of VVC strategy. Some DG 

devices can provide reactive power injection to the distribution system for voltage 

support and power factor correction. For example, photovoltaic (PV) generation, which is 

connected to the grid via a power electronic interface, can be used for reactive power 

support as a part of coordinated VVC. The DG units, capable for reactive power support, 

are constrained by their apparent power limits and real power outputs. The current 

injection into the distribution feeder depends on the voltage level at which the DG 

operates. 

Inverter coupled DG, such as PV inverters, can source and sink reactive power 

based on the system need. Not only can PV inverters be used for constant reactive power 

support, but they can also serve as fast-acting static VAR controllers to limit voltage 

fluctuations caused by intermittent generation. The power output of a PV generator varies 

largely with the sunlight intensity and irradiance conditions. The output of the PV 
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inverter is not bounded by the generation, but rather by its apparent power limit. If 

apparent power limit is larger than the PV real power generation, then it is possible to 

control the reactive power supplied or consumed by the inverter [39] [52]. Figure 7 

displays the four-quadrant operations of an inverter, a typical PV inverter will operate in 

the first or the fourth quadrant, where the inverter is supplying real power and consuming 

the reactive power. With advanced controls the inverter can vary its real power output in 

a very fast manner.   

 

Figure 7: Four-quadrant inverter operations 

 

The reactive power injection of a PV inverter is limited by its maximum apparent 

power, 𝑆𝑚𝑎𝑥 , and real power generation, 𝑃𝐷𝐺 . Mathematically, the reactive power 

injection is bounded by:   

−�𝑆𝑚𝑎𝑥
2 − 𝑃𝐷𝐺2 ≤ 𝑄𝐷𝐺 ≤ �𝑆𝑚𝑎𝑥

2 − 𝑃𝐷𝐺2        (3.52) 

where  𝑄𝐷𝐺 is the real power output of the DG device. The reactive power generation 

bounds of a DG source are included in the variable bounds 𝑙𝑏 and 𝑢𝑏of the MINLP VVO 

of the distribution feeder.  
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 The current injection of the DG depends on the real and reactive power injection 

by the device. The DG sources can be modeled as negative constant power distribution 

loads.  The Cartesian representations of the current injection are described by: 

𝐼𝐷𝐺𝑥 + �𝑃𝐷𝐺𝑉𝐷𝐺
𝑥 +𝑄𝐷𝐺𝑉𝐷𝐺

𝑦

(𝑉𝐷𝐺
𝑥 )2+(𝑉𝐷𝐺

𝑦 )2
� = 0           (3.53) 

And 

𝐼𝐷𝐺
𝑦 + �𝑃𝐷𝐺𝑉𝐷𝐺

𝑦 −𝑄𝐷𝐺𝑉𝐷𝐺
𝑥

(𝑉𝐷𝐺
𝑥 )2+�𝑉𝐷𝐺

𝑦 �
2 � = 0        (3.54) 

where 𝐼𝐷𝐺𝑥 and 𝐼𝐷𝐺
𝑦  are the Cartesian representations of the current injections caused by the 

distributed generation, 𝑉𝐷𝐺𝑥  and 𝑉𝐷𝐺
𝑦  are the Cartesian representations of DG operational 

voltage.  

 It is often possible that the real power output of the DG can be limited from the 

maximum value for the external conditions. Limiting of the DG real power output is 

often referred to as curtailment. With curtailment the real power output of the DG unit at 

time t, 𝑃𝐷𝐺(𝐶𝐶), is limited by the maximum real power output at that time. The reactive 

power output at time t, 𝑄𝐷𝐺(𝐶𝐶), is not bounded by the maximum real power output, but 

by the apparent power limit and the actual real power generation at time t. For the DG 

with the possibility of curtailment the bounds for real and reactive power generation are 

written mathematically as follows: 
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 0 ≤ 𝑃𝐷𝐺(𝐶𝐶) ≤ 𝑃𝐷𝐺𝑚𝑎𝑥(𝐶𝐶)        (3.55) 

and 

−�𝑆𝑚𝑎𝑥
2 − 𝑃𝐷𝐺(𝐶𝐶)2 ≤ 𝑄𝐷𝐺(𝐶𝐶) ≤ �𝑆𝑚𝑎𝑥

2 − 𝑃𝐷𝐺(𝐶𝐶)2       (3.56) 

where 𝑃𝐷𝐺𝑚𝑎𝑥(𝐶𝐶) is the maximum real power output of the DG at time t. For the most 

economic use of the distribution feeder it is typically best to let the DG operate at its 

maximum real power output.   

Distributed energy storage (DES) is defined as group of small energy storage 

units typically on the distribution side of the electric grid [53]. DES and DG with 

controllable real power output should be modeled similar to DG sources with possibility 

for curtailment. The key difference to the PV sources without curtailment is that the real 

power generation can now be controlled too and it should be considered as one of the 

system variables. The system variables are bounded by the 𝑙𝑏  and 𝑢𝑏 in the MINLP 

formulation, but since the 𝑃𝐷𝐺(𝐶𝐶) in (3.56) is a variable  𝑄𝐷𝐺(𝐶𝐶) is not bound by the 

variable bounds but rather by the non-linear inequality constraints 𝐶𝐶(𝑥)  and 𝐶𝐶 . This 

model slightly complicates the VVO formulation.   

3.5. Distribution power flow 

The distribution power flow constraints are developed with the help of the ladder 

iterative power flow approach [8]. The idea of ladder iterative power flow approach is to 

perform a series of node voltage determining forward sweeps and use the calculated 

voltages for current determining backward sweeps until the solution converges. The 

approach has been shown to have fast convergence and good performance for balanced 

and unbalanced three-phase distribution feeders [8]. The power flow constraint used in 

the MINLP formulation is written the same way as the voltage and current equations of 
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the ladder iterative power flow approach. As the optimization solver cannot use complex 

numbers, all complex numbers are decoupled into their Cartesian forms.     

3.5.1. Voltage equations 

The node voltages are calculated with forward sweeps in the ladder iterative 

power process. The voltage equations (3.10) and (3.11) for distribution lines, (3.21) and 

(3.22) for transformers, and by (3.25) and (3.26) for voltage regulating devices are used. 

The initial currents are all set to zero and the tap positions of the voltage regulators are at 

their mid points. The first forward sweep produces a constant voltage profile with all 

currents initially set equal to zero.  

3.5.2. Current equations 

The distribution system currents are calculated with a backward voltage sweep, 

where the node voltages, determined by the forward sweep, are used to calculate the load 

current, (3.43) and (3.44), the currents caused by the DG real and reactive power 

injections, (3.53) and (3.54), the shunt currents produced by the line capacitances, (3.13) 

and (3.14), by the controllable discrete shunt currents introduced by the distribution 

capacitor banks, (3.34) and (3.35), by the transformer current equations, (3.19) and (3.20), 

and by voltage regulator current equations (3.27) and (3.28). 

The currents through distribution lines and capacitor banks are the summations of 

load currents, generation currents, and shunt currents at the end node and downstream 

from the transformer or the distribution line. Mathematically the decoupled line current 

equations for three-phase distribution currents can be written as: 

 𝑰𝒂𝒃𝒄𝒍𝒙 = ∑ (𝑰𝑪𝒂𝒃𝒄𝒙(𝐶𝐶) + 𝑰𝑫𝑮𝒂𝒃𝒄𝒙(𝐶𝐶) + 𝑰𝑳𝒂𝒃𝒄𝒙(𝐶𝐶))𝒊∈𝑫      (3.57) 
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and 

𝑰𝒂𝒃𝒄𝒍𝒚 = ∑ (𝑰𝑪𝒂𝒃𝒄𝒚(𝐶𝐶) + 𝑰𝑫𝑮𝒂𝒃𝒄𝒚(𝐶𝐶) + 𝑰𝑳𝒂𝒃𝒄𝒚(𝐶𝐶))𝒊∈𝑫      (3.58) 

where 𝑰𝒂𝒃𝒄𝒍𝒙 and 𝑰𝒂𝒃𝒄𝒍𝒚 are Cartesian representations of complex line currents through 

the distribution line, 𝑰𝑪𝒂𝒃𝒄𝒙(𝐶𝐶) and 𝑰𝑪𝒂𝒃𝒄𝒚(𝐶𝐶) are Cartesian representations of the shunt 

currents at node i,  𝑰𝑫𝑮𝒂𝒃𝒄𝒙(𝐶𝐶)  and 𝑰𝑫𝑮𝒂𝒃𝒄𝒚(𝐶𝐶) are Cartesian representations of the DG 

current injections  at node i, 𝑰𝑳𝒂𝒃𝒄𝒙(𝐶𝐶) and 𝑰𝑳𝒂𝒃𝒄𝒚(𝐶𝐶) are Cartesian representations of the 

load currents at node I, and 𝑫 is the set of nodes including the distribution line end node 

and all nodes downstream from the  end of the distribution line.  

 The transformer secondary side currents are also summations of load, shunt, and 

DG currents on the secondary side of the transformer. Mathematically they are 

represented in their decoupled form as:  

𝑰𝒂𝒃𝒄𝒔𝒙 = ∑ (𝑰𝑪𝒂𝒃𝒄𝒙(𝐶𝐶) + 𝑰𝑫𝑮𝒂𝒃𝒄𝒙(𝐶𝐶) + 𝑰𝑳𝒂𝒃𝒄𝒙(𝐶𝐶))𝒊∈𝑿𝒔     (3.59) 

and 

𝑰𝒂𝒃𝒄𝒔𝒚 = ∑ (𝑰𝑪𝒂𝒃𝒄𝒚(𝐶𝐶) + 𝑰𝑫𝑮𝒂𝒃𝒄𝒚(𝐶𝐶) + 𝑰𝑳𝒂𝒃𝒄𝒚(𝐶𝐶))𝒊∈𝑿𝒔      (3.60) 

where 𝑰𝒂𝒃𝒄𝒔𝒙 and 𝑰𝒂𝒃𝒄𝒔𝒚 are the distribution transformer secondary side currents, and 𝑿𝒔 

is a set of nodes on the secondary side of the distribution transformer.  

3.6. Formulation of the MINLP problem from distribution power flow 

3.6.1. Linear distribution component constraints 

As a summary of the equations presented in section 3.3 the linear constraints of 

the MINLP VVO formulation include: 

• Distribution line voltage drops 

• Shunt currents introduced by distribution line capacitances 

• Transformer voltage and current equations 
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• Distribution line currents 

3.6.2. Non-linear distribution component constraints 

As a summary of the equations presented in section 3.3 the non-linear constraints 

of the MINLP VVO formulation include: 

• Distribution loads 

• Distribution load currents 

• The current injections by the DG 

• The current injections by the capacitor banks 

• The voltage and current relationships of voltage regulating devices  

• The reactive generation limits by the DG if there is a possibility for curtailment 

with the DG source.  (Non-linear inequality constraint) 

3.6.3. Voltage bounds 

The distribution voltages are bounded by the ANSI standard in the US [6]. The 

voltage bounds are described with non-linear inequality constraints in the MINLP VVO 

formulation. The constraints are formed by the voltage magnitudes determined from the 

Cartesian representations. The voltage magnitudes are calculated by taking a square root 

of the summation of their complex components. The voltages bounds are included in 

𝐶𝐶(𝑥) and 𝐶𝐶  of the MINLP VVO formulation. Mathematically the voltage bounds are 

presented by:  

𝑉𝑙𝑙 ≤ �(𝑉𝑚𝑥)2 + �𝑉𝑚
𝑦�2 ≤ 𝑉𝑙𝑢         (3.61) 

where 𝑉𝑚𝑥 and 𝑉𝑚
𝑦 are the Cartesian representations of the node voltage at node m, Vll is 

the lower voltage limit, Vlu is the upper voltage limit. The ANSI standard the lower and 

upper voltage limits are 95% and 105% of the rated node voltages. If the power flow is 
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modeled with per unit (pu) system, then the voltage bounds are respectively 0.95 pu and 

1.05 pu.   

3.6.4. Line current bounds 

The distribution lines have maximum allowed current limits. The limits are 

determined by the conductor manufacturers to prevent overloading the distribution lines. 

Exceeding the current limits may cause conductors to overheat and potentially even to 

fail. The line current magnitude is calculated by taking the square root of the summation 

of the Cartesian line current representations. The line current magnitude is limited by the 

maximum line current limit specified by the conductor manufacturer. Mathematically the 

line current bounds are described as: 

�(𝐼𝑙𝑖𝑛𝑒𝑥 )2 + �𝐼𝑙𝑖𝑛𝑒
𝑦 �2 ≤ 𝐼𝐿          (3.62)  

where 𝐼𝑙𝑖𝑛𝑒𝑥  and 𝐼𝑙𝑖𝑛𝑒
𝑦  are the Cartesian representations of the line currents and IL is the 

maximum allowable line current. The line current bounds are included in 𝐶𝐶(𝑥) and 𝐶𝐶 of 

the MINLP VVO formulation. 

3.6.5. Integer and continuous decision variables 

The decision variables in the MINLP VVO formulation include integer and 

continuous decisions. The integer variables include: 

• Voltage regulator tap-positions 

• LTC transformer tap positions  

• Capacitor bank switch positions 

The devices with continuous controllable decision variables in MINLP VVO 

formulation include:  

• The reactive power injection commands for DG 
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• The real power DG injection commands for controllable DG or devices with 

opportunity for curtailment  
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4. MINLP BASED VVO RESULTS WITH TEST FEEDERS 

This chapter presents test results achieved with studied MINLP based VVO 

algorithm that was introduced in previous chapter. Based on the IEEE 37-node radial 

distribution test feeder the test system studied include an 8-node radial distribution test 

feeder, 10-node radial distribution test feeder, 13-node test feeder based on the IEEE 13-

node radial distribution test feeder, and 37-node radial distribution test feeder. The feeder 

power flow was modeled in the decoupled form, because it constraints for the problem 

formulation and the decision variables included continuous and discrete decisions.    

4.1. Single-phase 4-node distribution test feeder 

A small 4-node single-phase distribution test feeder with a line voltage regulator 

and two capacitor banks was first studied with the VVO MINLP approach. The small test 

system was used to display the initial functionality and effectiveness of the proposed 

MINLP VVO approach.  Figure 8 displays the 4-node single-phase distribution test 

feeder used for the initial MINLP VVO study. 

 

Figure 8: Single-phase 4-node radial distribution test feeder.  

The test feeder, in Figure 8, has four distribution nodes, an infinite source at node 

one, two constant power loads at nodes two and four, a constant impedance load at node 

three, two distribution line segments between nodes one and two as well as three and four, 

a step voltage regulator between nodes two and three, and two switchable constant 
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impedance capacitor banks at nodes two and four. Finding the optimal tap position for the 

voltage regulator and optimal switch positions for the two capacitor banks in is the goal 

of the optimization. The objective for the optimization is to minimize the real power 

drawn from the substation at node 1. The test case was solved with the BONMIN MINLP 

solver with the constant values described in Table 4.1. 

Table 4.1: 4-node test feeder constant component values 

Constant Value Constant Value Constant Value 

E1 1.05 pu X34 0.010 pu P4 4.00 pu 

F1 0.00 pu Rl3 1.00 pu Q4 4.00 pu 

R12 0.005 pu Xl3 1.00 pu X2c -0.2 pu 

X12 0.010 pu P2 2.00 pu X4c -0.2 pu 

R34 0.005 pu Q2 2.00 pu - - 

 

The voltage regulator between nodes two and three has ten positions upward and 

downward, which can increase or decrease the voltage by total of 10%. Each tap position 

downward reduces the primary voltage by one percent. Therefore, the equations for tap 

potion becomes from (3.30): 

 𝐶𝐶 = 1 + 0.01𝑇𝑝        (4.1) 

The 4-node test feeder was solved with the BONMIN MINLP solver with the 

constant values described in Table 4.1. The minimized cost was calculated to occur for 

the specified conditions when the control was as described in Table 4.2.  All constraints 

were satisfied and all optimization variables were within their bounds.  
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Table 4.2: 4-node test feeder optimal control 

Device Control setting 

Voltage regulator -3 

Capacitor bank at node two 0 

Capacitor bank at node four 1 

 

The capacitor bank at node two is at its OFF position. The capacitor bank at node 

four is at its ON position. The voltage regulator is set to drop the voltage level between 

nodes two and three by three percent. The minimized real power drawn from the 

substation under the constant load conditions was equal to 7.2925 per unit. The voltage 

profile for the optimally controlled 4-node test feeder is shown in Figure 9 below. The 

voltage profile is drawn as function of distance from the substation. The nodes two and 

three are located 10 distance units from the substation while bus four is located 20 units 

from the substation. 

 

Figure 9: Optimal voltage profile for 4-node radial distribution test feeder 
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 The solved optimal control was confirmed by performing a series of power flow 

studies for the test system with varying combination of control commands. The power 

drawn from the substation was recorded for each control setting and the power values for 

conditions where none of the constraints were violated were compared against each other. 

The control solved by the MINLP VVO approach drew the least amount of power 

without violating the optimization constraints.  

4.2. Three-phase 8-node distribution test feeder 

The presented MINLP based VVO approach was applied to an 8-node three-phase 

distribution feeder shown in Figure 10. The feeder loading was unbalanced. The system 

had two line voltage regulators between nodes two and three as well as four and five. The 

feeder also had two capacitor banks at nodes four and six. The system also had an 

inverter coupled PV generation source at node eight. The PV source was to be used to 

provide reactive power support to the system. The substation source connection was 

modeled as an infinite voltage source at rated, 12.47 kV, voltage and the abc-phase 

sequence. Branch, load, and component parameters for the test feeder are described in 

Table 4.3. Two loading conditions were used for the study: medium and heavy loading 

conditions. The heavy loading conditions were defined as 120% of the medium loading 

conditions.      
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Figure 10: 8-node radial distribution test feeder 

Table 4.3: 8-node radial distribution system component and loading description 

Branches 
Starting node Ending node Zs Zm Bs Bm 
N1 N2 .005 + j.01pu .001+j.002pu 0 0 
N3 N4 .005 + j.01pu .001+j.002pu 0 0 
N5 N6 .005 + j.01pu .001+j.002pu 0 0 
N4 N7 .005 + j.01pu .001+j.002pu 0 0 
N7 N8 .005 + j.01pu .001+j.002pu 0 0 
Spot loads (100%) 
Node P (A,B,C) Q(A,B,C) Constant Z Constant I Constant P 
N4 80,80,60 kW 40,50,60 kVAR 20% 0% 80% 
N6 120,90,100 kW 80,90,70 kVAR 20% 0% 80% 
N7 120,140,150 kW 60,75,90 kVAR 20% 0% 80% 
Voltage Regulators 
Starting node Ending node Ze Zm Step Control 
N2 N3 0.01 + j0.02pu Infinity 0.01 pu [-10,10] ϵ Z 
N4 N5 0.01 + j0.02pu Infinity 0.01 pu [-10,10] ϵ Z 
Capacitor Banks PV Generators 
Location Q (per phase) Control Location P (per phase) Smax (per phase) 
N4 150 kVAR [0,1] ϵ Z N8 50 kW 100 kVA 
N6 150 kVAR [0,1] ϵ Z    
 

All feeder branches have same pu impedance values, the three-phase lines have 

both self-impedance and mutual-impedance between the phases. The overhead branches 

are short and the line capacitances are negligible. All loads are modeled as spot lodes at 

nodes four, six, and seven. The distribution loads are modeled to consist of 80% constant 

power loads, and 20% of constant impedance loads. The loading was unbalanced for the 

three-phases as seen on the spot load section of Table 4.3. The line voltage regulators 
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were modeled to have a transformer model with variable turns ratios for each phase. The 

line voltage regulators were modeled to have series impedance components on their 

secondary sides. As un-ganged control was assumed for both line voltage regulators the 

control of each phase of the voltage regulator was treated as an independent control 

variable,. Each phase of the voltage regulators had ten discrete control steps both upward 

and downward. The capacitor banks were modeled as 150 kVAR shunt capacitances for 

each phase and the control of capacitor banks is also un-ganged. The control was 

modeled as binary values, to determine if the shunt capacitor bank is switched on or off. 

The PV generator at node eight was assumed to inject 50kW for each phase. The apparent 

power limit for each phase of the PV inverter was 100 kVA leaving 86.6 kVAR of 

available reactive power for reactive power compensation.             

The optimization was performed with the presented MINLP based VVO approach 

and the results are shown in Table 4.4. In the presented approach the control decisions 

were determined for each phase of the voltage regulators, capacitor banks, and PV 

inverter. In the determined control settings a power flow program was executed to 

determine the optimal voltage profile for control settings. The optimal voltage profile for 

medium loading conditions is shown in Figure 11. The voltage profile indicates that the 

node voltages throughout the feeder are within their ANSI specified limits.  

The BONMIN solver, interfaced with Matlab via OPTI toolbox, was able to reach 

the optimal control solution in 2.83s for medium load and 3.15s for heavy load. To 

confirm the optimality of the solution a series of load flow studies was performed with 

parallel power flow solver implemented to Matlab. The feeder control parameters were 

varied and the real power demand for each combination of control parameters was 
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recorded. From the series of power flow studies it was determined that varying any of the 

parameters would not reduce the power demand without violating the constraints. The 

optimality of the solution was confirmed.   

Table 4.4: Optimal control of 8-node radial distribution test feeder 

Optimal Control Medium load (100%) Heavy load (120%) 

Control Device Phase A, B, C settings Phase A, B, C settings 

Voltage Regulator 23 Control [-3, -2, -1] [-2, -1, 1] 

Voltage Regulator 45 Control [0, 0, -1] [0, 0, 0] 

Capacitor Bank 4 Control [0, 0 , 0]   [1, 1 , 0]   

Capacitor Bank 6 Control [1, 1, 1]   [1, 1, 1]   

PV8 Reactive Power (kVAR) [70.44, 68.28 ,66.02]  [0.00, 0.00 ,63.72]  

Solution 

Power demand  709.36 kW 906.42 kW 

Computational time 2.83 seconds 3.15 seconds 

Solver iterations 21 25 

 The optimal voltage regulator settings are shown in Table 4.4 for medium and 

heavy loading conditions. The control of capacitor banks is also shown. When comparing 

the medium and heavy loading condition more reactive power compensation is connected 

to the feeder as the power demand by the loads is increased. It is assumed that the PV 

inverters are only allowed to operate in control mode where they inject both real and 

reactive power to the distribution feeder. The PV inverter is disabled from being able to 

consume reactive power. The solution part of Table 4.4  indicates that the solver is able to 

converge to the optimal solution in 21 iterations for medium loading conditions, and in 
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25 iterations for the heavy loading conditions. There is a slight increase in processing 

times for these two conditions. The total real power demand from the substation was 

observed to increase from approximately 710 kW to 910 kW, which is slightly over 20 % 

increase in demand when the PV generation is also considered. The increased demand is 

a function of loss and the load demand, with the higher loss and node voltages in heavy 

loading case the increased consumption, can be explained.   

 

Figure 11: Optimal voltage profile for 8-node radial distribution test feeder under 

medium loading conditions.  

 The results show that the optimization algorithm performs well for the 8-node 

distribution test feeder in the study. The MINLP algorithm is able to converge to the 

optimal control solution in reasonable amount of time.    

4.3. Three-phase 10-node distribution test feeder 

The MINLP based VVO approach is applied in this section to a 10-node three-

phase test feeder. The test feeder studied in this section is shown in Figure 12. The 

loading of the test feeder was unbalanced for the three phases.  The 10-node test feeder 

was derived from the 8-node test feeder. The test feeder had two voltage regulators 

between nodes two and three and nodes four and five. The test feeder also had two 
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capacitor banks connected to the nodes four and six and two PV sources connected to 

nodes eight and ten. The feeder parameters, component, and control device settings are 

shown in Table 4.5.  

 

Figure 12: 10-node radial distribution test feeder  

The parameters discussed in Table 4.5 include the distribution branches, 

distribution loads, voltage regulator configurations, capacitor bank settings, and 

information about the PV sources connected to the distribution system. All feeder 

branches have same pu impedance values and the three-phase lines have both self-

impedance and mutual-impedance between the phases. The overhead branches are short 

and the line capacitances are negligible. All loads are modeled as spot lodes at nodes 

four, six, seven, nine, and ten. The distribution loads are modeled to consist of 1/3 

constant power loads, 1/3 constant current loads, and 1/3 constant impedance loads. The 

loading was unbalanced for the three-phases as seen in the spot load section of Table 4.5. 

The line voltage regulators were modeled the same way as in 8-node test feeder.  

The line voltage regulators were modeled to have series impedance on their 

secondary sides. Un-ganged control was assumed for both line voltage regulators. Each 

phase of each voltage regulator had ten discrete control steps both upward and 

downward. The capacitor banks were modeled as 150 kVAR shunt capacitances for each 
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phase, the capacitor bank control was also un-ganged. The control was modeled as binary 

values determining if the shunt capacitor bank is switched on or off. The PV generators at 

node eight and ten were assumed to inject 100 kW each to each phase. The apparent 

power limits for each phase of the PV inverters were 200 kVA leaving 173.2 kVAR of 

available power for reactive power compensation. 

Table 4.5: 10-node radial distribution test feeder component and loading description 

Branches 
Starting node Ending node Zs Zm Bs Bm 
N1 N2 0.005 + j0.01pu 0.001+j0.002pu 0 0 
N3 N4 0.005 + j0.01pu 0.001+j0.002pu 0 0 
N5 N6 0.005 + j0.01pu 0.001+j0.002pu 0 0 
N4 N7 0.005 + j0.01pu 0.001+j0.002pu 0 0 
N7 N8 0.005 + j0.01pu 0.001+j0.002pu 0 0 
N5 N9 0.005 + j0.01pu 0.001+j0.002pu 0 0 
N9 N9 0.005 + j0.01pu 0.001+j0.002pu 0 0 
Spot loads (100%) 
Node P (A,B,C) Q(A,B,C) Constant Z Constant I Constant P 
N4 60,60,100 kW 100,40 ,50 kVAR 33.3% 33.3% 33.3% 
N6 100,120,120 kW 100,100,80kVAR 33.3% 33.3% 33.3% 
N7 80,80,80 kW 30,20,50 kVAR 33.3% 33.3% 33.3% 
N9 75,75,75 kW 50,30,80 kVAR 33.3% 33.3% 33.3% 
N10 110,160,110kW 30,30,50 kVAR 33.3% 33.3% 33.3% 
Voltage Regulators 
Starting node Ending node Ze Zm Step Control 
N2 N3 0.01 + j0.02pu Infinity 0.01 pu [-10,10] ϵ Z 
N4 N5 0.01 + j0.02pu Infinity 0.01 pu [-10,10] ϵ Z 
Capacitor Banks PV Generators 
Location Q (per phase) Control Location P (per phase) Smax (per 

phase) 
N4 150 kVAR [0,1] ϵ Z N8 100 kW 200 kVA 
N6 150 kVAR [0,1] ϵ Z N10 100 kW 200 kVA 
 

The results for the 10-node test feeder optimal control are shown in Table 4.6 for 

medium and heavy loading conditions.  The optimal voltage profile for the medium 

loading conditions is shown in Figure 13. The presented optimization approach with the 

BONMIN algorithm was able to produce the optimal solutions in 4.02s for the medium 

loading condition and 4.48s for the heavy loading condition. The voltage regulator tap 
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positions were raised as the system loading was increased. The capacitor banks were 

switched on for both medium and heavy loading conditions. These computational times 

were slightly longer than the times for the 8 node radial distribution test feeder. The 

computational time was slightly larger for the heavy loading case as it was with the 8-

node distribution test feeder.  

Table 4.6: Optimal control of 10-node radial distribution test feeder 

Optimal Control Medium load (100%) Heavy load (120%) 

Control Device Phase A, B, C settings Phase A, B, C settings 

Voltage Regulator 23 Control [-4, -3, -3] [-4, -1, -1] 

Voltage Regulator 45 Control [0, 1, 1] [1, 1, 2] 

Capacitor Bank 4 Control [1, 1, 1]   [1, 1, 1]   

Capacitor Bank 6 Control [1, 1, 1]   [1, 1, 1]   

PV8 Reactive Power (kVAR) [-34.08,-19.66, 30.45]  [11.99, -30.24,51.96]  

PV10 Reactive Power (kVAR) [86.98, 54.21, 96.72]  [98.51, 77.16, 90.32]  

Solution 

Power demand 772.58 kW 1,064.24kW 

Computational time 4.02 seconds 4.48 seconds 

Solver iterations 30 36 

To confirm the optimality of the solution a series of load flow studies was 

performed with a custom Matlab power flow solver. The study was performed to 

determine whether varying any of the control feeder parameters would reduce the power 

demand without violating one or more feeder constraints. The results of the study 
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confirmed that the reached solution for both loading cases was optimal and varying one 

or more system control settings could not reduce the power demand.  

 

Figure 13: Optimal voltage profile for 10-node radial distribution test feeder under 

medium loading conditions. 

The overall power demand from the substation increased by 21.3% as the load 

demand increased by 20% while the PV generation remained at constant level. The power 

demand is a function of load powers and the power loss in the system. The load power 

demands are functions of voltage and as the voltage increases so does the total power 

demand. The increase in voltage regulator tap-positions contributed to the increase in 

total power demand as it increased some of the node voltages is also larger line currents 

along the feeder contributed to the increased total power demand.    

4.4. IEEE 13-node radial distribution test feeder 

In this section the proposed MINLP based VVO approach was applied to a 13-

node three phase unbalanced distribution test feeder based on the IEEE 13-bus radial 

distribution feeder. The feeder is shown in Figure 14. The IEEE test feeder is further 

discussed in [49]. The branch configurations and the lengths of the branches are stated in 

[54]. The VVO was calculated for two unbalanced loading conditions, the medium 
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loading conditions and heavy loading. The medium loading conditions are shown in 

Table 4.7, and heavy loading conditions are 120% of the medium loading conditions. The 

13-node test feeder has spot and distributed loads, two controllable capacitor banks at 

nodes 611 and 675, a voltage regulator right downstream from the substation connection 

between nodes 650 and 632, and two three-phase PV plants with reactive power 

compensation capabilities at nodes  634 and 680. The capacitor bank at node 675 has 

eight 50kVAR reactive power steps for each phase. The control of the capacitor bank is 

modeled with integer values rather than with binary values as in previous test feeders. 

The capacitor bank at node 611 is a single-phase capacitor banks and has four 50 kVAR 

reactive power steps for phase C.  

 

Figure 14: IEEE 13 node radial distribution test feeder 

 

The PV plants, connected to nodes 634 and 680, and have each 100 kW per phase 

output with apparent power limit of 125 kVA for each phase. For the two test cases the 

PV plants were assumed to have full real power output. The optimization results are 

shown in Table 4.8. The corresponding optimal per unit voltage profile is shown in Table 
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4.9 for the medium loading case. The symbol ‘-’, in Table 4.9 designates that the 

corresponding phase does not exist in the feeder. The computational times for the test 

system were 11.73s and 12.47s for medium and heavy loads, respectively. The 

computational time increased with increasing system size and complexity. Heavy loading 

conditions also slightly entail more computational times in all three test feeders. 

Table 4.7: Three phase apparent power load for 13-node test system under medium 

loading conditions  

Node Load type Phase A Phase B Phase C 

634 Constant PQ 160+j110 kVA 120+j90 kVA 120+j90 kVA 

645 Constant PQ 0 170+j125 kVA 0 

646 Constant Z 0 230+j132 kVA 0 

652 Constant Z 128+j86 kVA 0 0 

671 Constant PQ 385+j220 kVA 385+j220 kVA 385+j220 kVA 

675 Constant PQ 485+j190 kVA 68+j60 kVA 290+j212 kVA 

692 Constant I 0 0 170+j151 kVA 

611 Constant I 0 0 170+j80 kVA 

Distributed 

load: 632-671 

Constant PQ 17+j10 kVA 66+j38 kVA 117+j68 kVA 

 

The optimal control of the 13-node radial distribution test feeder indicates that the 

voltage regulator setting increases as the loading increases more reactive power 

compensations is also switched on as the power demand increases. The computational 

time increased also slightly when the system loading was increased. However, the 
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number of iterations was slightly reduced. The total power consumption of the 

distribution feeder was shown to increase slightly over 20% with the increase in load 

levels, like in the other test cases the increase in load level is due to the increase in 

operational voltages and increased line loss, due to distribution currents.   

Table 4.8: Optimal control of 13 node radial distribution test feeder 

Optimal Control Medium Load (100%) Heavy Load (120%) 

Control Device Phase A, B, C settings Phase A, B, C settings 

Voltage Regulator Control [1,-3, 2] [3, -2,7] 

Capacitor Bank 675 Control [2,  3,  8]   [3,  3,  8]   

Capacitor Bank 611 Control [4] - Phase C only [4] - Phase C only  

PV680 Reactive Power (kVAR) [63.19, 75.00,75.00] [45.54, 75.00,75.00]  

PV634 Reactive Power (kVAR) [75.00, 58.19,42.33] [75.00, 75.00,45.37]  

Solution 

Power demand 2,898 kW 3,630 kW 

Computational time 11.73 seconds 12.47 seconds 

Solver iterations 32 27 
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Table 4.9: Optimal voltage profile for the IEEE 13-node radial distribution test feeder 

under medium loading conditions 

Node |VA| (pu) |VB| (pu) |VC| (pu) 
650 1.0000 1.0000 1.0000 
632 0.9811 0.9645 0.9787 
671 0.9573 0.9697 0.9516 
680 0.9593 0.9714 0.9541 
692 0.9573 0.9697 0.9516 
675 0.9508 0.9704 0.9510 
633 0.9800 0.9642 0.9776 
634 0.9809 0.9648 0.9783 
645 - 0.9538 0.9774 
645 - 0.9508 0.9755 
684 0.9554 - 0.9508 
611 - - 0.9500 
652 0.9500 - - 

 

The optimality of the solution was confirmed with a series of the power flow 

studies around the calculated optimal conditions for the distribution feeder. The obtained 

solutions indicate that the presented optimization approach was able to converge to 

minimized power demand for the more complicated 13-node test feeder.   

4.5. IEEE 37-node radial distribution test feeder  

The presented MINLP based VVO approach was applied to a much larger test 

feeder in this section. The test feeder is a radial feeder with 37 distribution nodes and is 

modeled after the IEEE 37 node distribution test feeder. The IEEE 37 node radial 

distribution test feeder is further discussed in [49] and [55]. A single line diagram of the 

test feeder is shown in Figure 15. The same test system is used for the dual-layer VVC 

test case in [14] and in Chapter 7.   
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Figure 15: 37-node radial distribution test feeder 

 Between nodes 799 and 701 the test feeder has a voltage regulator at the 

distribution substation connection. The voltage regulator is used for the main voltage 

control of the feeder. Three PV sources are added to the nodes 727, 732, and 736. The 

VVO algorithm is applied to a constant loading condition with two PV generation 

conditions considered 100% and 50% of the rated generation capacity. The 100% of 

generation is 300 KW by each PV inverter and 50 % generation is 150 kW by each by 

each PV inverter. The apparent power limit is 125% of the maximum PV generation 375 

kVA. The optimal control settings, determined by the VVO approach, for both PV 

generation conditions are shown in Table 4.10. The first column in Table 4.10 defines the 

control setting.  The second through seventh column display the control setting for each 

phase with 50% and 100% PV output.  
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Table 4.10: Optimal control for 37-node radial test system with PV generation installed to 

the nodes 727, 732, and 736 under 50% and 100% generation. 

 50% PV generation 100% PV generation 

Phase A B C A B C 

Voltage regulator control -1 -3 -2 -1 -3 -2 

VAR injection at node 727  -114.6 -114.6 -85.54 -49.53 -65.58 -75.00 

VAR injection at node 732 -48.30 -68.41 -114.6 -22.38 -6.046 -75.00 

VAR injection at node 736 -22.25 -25.53 -114.6 -18.34 0.758 -75.00 

Power demand 2003.70 kW 1543.20 kW 

  

As determined from Table 4.10 the powers demand from the substation decreases 

as the PV generation increases. With the increased generation the PV inverters are not 

able to inject as much reactive power to the distribution system, and therefore, the total 

reactive power injected is reduced when the generation increases.  For this study no 

capacitor banks were connected to the distribution feeder.  The optimal voltage profile for 

each phase of the 37-node test feeder with 100% PV generation is shown in Table 4.11. 

The optimality of both control solutions were again confirmed with a series of the 

power flow studies around the calculated optimal conditions for the distribution feeder. 

The obtained solutions indicate that the presented optimization approach was able to 

converge to minimized power demand for the 37-node test feeder.   
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Table 4.11: Optimal voltage profile for 37-node radial distribution test feeder with 300 

kW PV sources installed to the nodes 727, 732, and 736, with rated PV generation. 

Node Phase A Phase B Phase C 
799 1.0000 1.0000 1.0000 
701 0.9794 0.9772 0.9742 
702 0.9754 0.9753 0.9689 
703 0.9709 0.9773 0.9671 
730 0.9679 0.9791 0.9637 
709 0.9668 0.9795 0.9633 
708 0.9649 0.9813 0.9623 
733 0.9618 0.9825 0.9609 
734 0.9584 0.9844 0.9582 
737 0.9519 0.9862 0.9563 
738 0.9500 0.9869 0.9546 
711 0.9503 0.9873 0.9525 
740 0.9504 0.9875 0.9518 
741 0.9504 0.9875 0.9514 
710 0.9616 0.9849 0.9583 
735 0.9620 0.9817 0.9587 
736 0.9628 0.9857 0.9582 
732 0.9666 0.9824 0.9631 
731 0.9672 0.9775 0.9636 
727 0.9704 0.9782 0.9674 
744 0.9691 0.9781 0.9673 
728 0.9687 0.9777 0.9669 
729 0.9685 0.9781 0.9674 
705 0.9757 0.9736 0.9671 
712 0.9759 0.9737 0.9658 
742 0.9758 0.9720 0.9673 
713 0.9751 0.9726 0.9670 
704 0.9743 0.9683 0.9660 
720 0.9762 0.9618 0.9637 
707 0.9776 0.9519 0.9640 
722 0.9777 0.9508 0.9640 
724 0.9778 0.9500 0.9642 
714 0.9764 0.9608 0.9639 
718 0.9765 0.9600 0.9640 
706 0.9738 0.9682 0.9661 
725 0.9712 0.9686 0.9664 
775 0.9668 0.9795 0.9633 
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5. FAST LOCAL REACTIVE POWER CONTROL OF DG 

This section presents an approach for fast reactive power distributed local control 

of multiple DG sources. In this section inverter coupled PV sources are considered, but 

the approach is also applicable to other DG sources with ability to control their reactive 

power injection fast. The work presented here is derived from the work presented in [56], 

but extended to multiple inverters and larger distribution systems in this section. The 

local control approach presented here is also studied as a second-layer control approach 

for the dual-layer VVC presented in [14]. The dual-layer control approach with 

distributed local reactive power controllers is discussed in detail in Chapter 7 of this 

dissertation.      

5.1. Introduction 

High penetration of distributed energy resources (DER) in distribution feeders is 

desirable for their environmental and economic impacts. Integration of renewable DG 

often presents significant technical challenges to the distribution feeders. Technical 

challenges are particularly substantial with PV generation. The intermittency of the PV 

generation, due to fast changing irradiance conditions, may cause large fluctuations in the 

feeder voltages. In some cases the fluctuations in generation can cause significant power 

quality issues, such as feeder operational voltage bounds, to be exceeded. As traditional 

feeder control is performed mostly with slow-acting mechanical control devices it is 

typically too slow to respond to the fast fluctuations in PV generation. 

 Studies for PV sources have indicated that solar irradiance levels can change as 

much as sixty percent in a one-second time interval [57] [58] [59]. The solar irradiance is 

mostly responsible for the generation output of the PV units, but the panel operating 
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temperature and other factors also affects the generation. Practically all PV systems 

installed today are equipped with fast-acting maximum power point trackers (MPPT) to 

maximize the real power output of the PV source. MPPT tracks the changes in irradiance 

conditions and moves the PV system operating point along the power hyperbola until 

maximum power output is reached [60]. Advanced MPPT control algorithms can track 

the irradiance changes almost instantaneously, in 50 milliseconds or less [61].  PV 

generation output changes practically simultaneously to the irradiance conditions with the 

assumed fast MPPT tracking. Traditional feeder control devices, such as voltage 

regulators, load tap-changer (LTC) transformers, and capacitor banks, are often too slow 

to respond to the fast irradiance fluctuations. The slow response times of the traditional 

distribution control devices are some of the main limiting factors for higher DG 

penetration to distribution feeders.  

Non-traditional control approaches need to be considered to allow more DG 

penetration. If the voltage fluctuations, caused by the intermittency of DG sources, can be 

eliminated or reduced more PV generation could be interconnected to the distribution 

feeders. Perhaps the most common approach for limiting the voltage fluctuations is to 

replace the lost PV generation with real power injection from other sources. A few 

methods of using battery backup systems to provide real power injection in place of lost 

PV generation are studied in [62], [63], and [64]. Limiting the rate of change in DG by 

storing energy in capacitors is studied in [65] [66]. Replacing the lost PV generation with 

real power injection with fast control algorithm can be very effective. Unfortunately 

adding the energy storage system to the feeders is often very expensive.  
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Another approach considered for limiting the voltage fluctuations is injecting 

reactive power in the place of lost real power generation. PV generation units are DC 

devices that are connected to the AC distribution grid via power electronic inverter 

interfaces. Using advanced inverter controls the PV units are able to provide reactive 

power injection to the distribution feeder, as widely noted in literature, e.g. [39] [41] [52] 

[67] [68]. Distribution feeder loss can be reduced and higher levels of PV generation can 

be interconnected to the distribution feeders when the voltages can be kept close to 

constant with application of fast reactive power compensation by PV inverters. The PV 

inverters with the fast reactive power compensation capability are often referred to as 

smart inverters, e.g. in [68]. Some VVC approaches have considered the smart inverters 

to be used as a part of scheduled and dispatched feeder control [38] [43] [69] [70]. 

Although scheduled reactive power control is effective, the computational times of the 

analytical VVC algorithms are the main obstacles for online use of the VVC algorithms 

[31]. This is especially true in feeders with large PV systems and high intermittency. Due 

to the computational burden and slow response nature of mechanical control devices, the 

VVC systems are unable to respond to irradiance variations in real time, and thus voltage 

fluctuations are very likely.  

This section describes distributed control approach for multiple PV inverters to 

limit the fast voltage fluctuations in distribution feeders. The approach utilizes a local 

linear controller to control the reactive power output of the smart PV inverts. The local 

linear controller is set to minimize the voltage fluctuations at the main feeder tie points 

closest to the PV generation source. The classical sensitivity approach is utilized to find 

the ideal control coefficient for the local linear controller. The rest of this chapter is 
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organized as follows Section 5.2 discusses the classical voltage sensitivity approach, 

Section 5.3 describes the theory for finding the optimal substitution factors to minimize 

voltage fluctuations at main feeder tie nodes, case studies and their results for the 

distributed control are discussed in Section 5.4, and the conclusion of the chapter follows 

in Section 5.5.    

5.2. Classical sensitivity approach 

The classical sensitivity approach is utilized for determining the linear 

substitution factors for distributed local reactive power control. The distribution system 

voltages can be determined from the distribution system power flow. The distribution 

system power flow is a non-linear problem with multiple inputs. Mathematically the 

feeder voltages are written as a function of the real and reactive power demand, real and 

reactive power injection by distributed generation, and feeder control settings: 

𝑽 = 𝑓(𝑷𝒍,𝑸𝒍,𝑷𝑫𝑮,𝑸𝑫𝑮,𝒖)         (5.1) 

where 𝑽 is a vector of feeder voltages, 𝑷𝒍 and 𝑸𝒍 are the real and reactive power demands, 

𝑷𝑫𝑮 and 𝑸𝑫𝑮 are the real and reactive power injections provided by the DG, 𝒖 represents 

the control settings, and 𝑓 denotes the governing equations relying on the distribution 

system topology and parameters. If the distribution system topology changes function 𝑓 

will be updated accordingly.  

It is known and can be shown that around the feeder operating conditions. The 

feeder voltages vary in close to a linear manner with changing real and reactive power 

injection by the distributed generation, ∆𝑷𝑫𝑮 and ∆𝑸𝑫𝑮 respectively. For this reason the  

voltage equation (5.1) can be reduced to a linear form:  
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|𝑽| ≈ 𝑽𝟎 + 𝑨𝑷∆𝑷𝑫𝑮 + 𝑨𝑸∆𝑸𝑫𝑮        (5.2) 

where 𝑽𝟎 is a vector containing the voltage magnitudes at the feeder operating point, |𝑽| 

is a vector representing the magnitudes of feeder voltages as the DG outputs change,  𝑨𝑷 

and 𝑨𝑸 are voltage sensitivity coefficient matrices that are partial derivatives of  |𝑽| with 

respect to 𝑷𝑫𝑮 and 𝑸𝑫𝑮 as defined in: 

𝑑|𝑽|
𝑑𝑷𝑫𝑮

≈ ∆|𝑽|
∆𝑷𝑫𝑮

= 𝑨𝑷         (5.3) 

𝑑|𝑽|
𝑑𝑸𝑫𝑮

≈ ∆|𝑽|
∆𝑸𝑫𝑮

= 𝑨𝑸         (5.4) 

The voltage fluctuations are defined as the difference between the actual voltage 

magnitude and the voltage at operating point. The feeder voltage fluctuations  ∆|𝑽| can 

be mathematically written as:  

∆|𝑽| ≈ 𝑨𝑷∆𝑷𝑫𝑮 + 𝑨𝑸∆𝑸𝑫𝑮        (5.5)  

where  

∆|𝑽| = |𝑽| − 𝑽𝟎          (5.6) 

The classical approach for voltage sensitivity analysis is utilized to determine 𝑨𝑷 

and 𝑨𝑸 in this section. For a good estimate a large number of distribution power flows 

needs to be performed with variable ∆𝑷𝑫𝑮  and ∆𝑸𝑫𝑮  injection around the feeder 

operating point. The voltage magnitudes and the corresponding real and reactive power 

injections by the PV inverters are recorded for each power flow with the data points, a 

linear least squares fit was applied to (5.2), and the values for 𝑨𝑷 and 𝑨𝑸were determined. 

For the linear least square fit Matlab linsolve() function was utilized. The data is 

entered in a linear system form: 

𝑨𝒍𝑿 = 𝑩𝒍          (5.7) 
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where 𝑨𝒍  contains the values for real and reactive power injection, 𝑩𝒍  contains the 

voltage fluctuations, and 𝑿  contains the corresponding voltage sensitivity coefficient 

matrices  𝑨𝑷 and 𝑨𝑸. The function determines the values for the coefficient matrices by 

utilizing QR factorization with column pivoting for a system with a large number of 

power flow results. QR decomposition method is a common approach used for linear 

least squares fit problems.  

For distribution system nodes the voltage sensitivities 𝑨𝑷 and 𝑨𝑸 vary based on 

the node locations, system operating conditions, and control settings. The variations in 

sensitivities are typically small enough so that the sensitivity matrices do not need to be 

continuously updated.  However, a periodic updating of the sensitivity matrices can 

improve the performance of the distributed local control. The closer to the true operating 

conditions the sensitivity matrices are determined the better the performance of the 

control will generally be. The results of the study presented in this chapter suggest that 

updating the sensitivity matrices should be performed at least when substantial changes in 

operating conditions occur. These changes in operating conditions could include 

significant changes in loading, generation, and control settings. The system wide updates 

for sensitivity matrices can be performed in parallel to the main control algorithm with a 

parallel power flow solver. The sensitivity matrix updates will not affect the performance 

of the control when the parallel power flow solver is used. The new voltage sensitivity 

matrices are calculated system wide and they can be delivered to the distributed control 

via distribution communication channels as necessary.  
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5.3. Local linear controller with substitution factors 

Distributed linear controller is utilized for the distribution feeder fast reactive 

power control by the PV inverters. The goal of the control is to limit the voltage 

fluctuations in a distribution feeder. As solar irradiance is known to be highly variable it 

will cause significant fluctuations in real power outputs of PV inverters equipped with 

MPPTs. Traditional distribution feeder control is often too slow to respond to fast 

changes in irradiation, such as cloud transients, in real time. Applying distributed reactive 

power control for PV inverters can reduce the voltage fluctuations and allow for more 

DG integration to distribution feeder. 

 A local liner control method for short-term reactive power control of a single PV 

inverter for a small distribution system is presented in [56]. The method used in this 

section is based on a similar local control approach, but extended to multiple inverters 

and to a much larger distribution feeder. The substitution factors, used in a local linear 

controller, are selected to limit voltage fluctuations at certain feeder nodes. For the feeder 

wide voltage control the most promising results were achieved by selecting the 

substitution factors to minimize the voltage variations at main feeder tie nodes closest to 

the smart PV inverters. The general idea behind this control approach is to adjust the 

reactive power output of a PV inverter in response to the fluctuation in real power 

generation. Local linear controllers are used to control the reactive power injection. The 

controller used is expressed as:  

𝑄(𝐶𝐶) = 𝑄𝑟𝑒𝑓 + 𝛽(𝑃(𝐶𝐶) − 𝑃𝑟𝑒𝑓)          (5.8)  

where 𝑃𝑟𝑒𝑓 is the reverence value of expected real power generated by the PV plant for 

the expected solar irradiance conditions, 𝑄𝑟𝑒𝑓 is the PV inverter reactive power injection 
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reference point, 𝛽 is a control parameter called the substitution factor, and 𝑃(𝐶𝐶) and 𝑄(𝐶𝐶) 

are the actual real and reactive power injection by the PV inverter at time t.  

 Alternatively the equation (5.7) can be written as  

∆𝑄 = 𝛽∆𝑃           (5.9) 

where 

 ∆𝑄 =  𝑄(𝐶𝐶) − 𝑄𝑟𝑒𝑓          (5.10) 

and 

∆𝑃 =  𝑃(𝐶𝐶) − 𝑃𝑟𝑒𝑓         (5.11) 

As noted in earlier in Section 3.4.7 the reactive power output of a PV inverter is 

constrained by the inverter apparent power limit and the real power injection:  

−�𝑆𝑚𝑎𝑥
2 − 𝑃(𝐶𝐶)2 ≤ 𝑄(𝐶𝐶) ≤ �𝑆𝑚𝑎𝑥

2 − 𝑃(𝐶𝐶)2        (5.12) 

where 𝑆𝑚𝑎𝑥is the apparent power limit, 𝑃(𝐶𝐶) is the real power generation at time t, and 

𝑄𝐷𝐺(𝐶𝐶) is the reactive power injection. The reactive power injection (5.8) by the local 

linear controller depends on the maximum apparent power limit as seen in:  

𝑄(𝐶𝐶) = 𝑄𝑟𝑒𝑓 + 𝛽�𝑃(𝐶𝐶) − 𝑃𝑟𝑒𝑓�, 𝐶𝐶𝑓 �𝑄𝑟𝑒𝑓 + 𝛽(𝑃(𝐶𝐶) − 𝑃𝑟𝑒𝑓)� ≤ �𝑆𝑚𝑎𝑥
2 − 𝑃(𝐶𝐶)2  (5.13) 

𝑄(𝐶𝐶) = �𝑆𝑚𝑎𝑥
2 − 𝑃(𝐶𝐶)2, 𝐶𝐶𝑓 �𝑄𝑟𝑒𝑓 + 𝛽(𝑃(𝐶𝐶) − 𝑃𝑟𝑒𝑓)� > �𝑆𝑚𝑎𝑥

2 − 𝑃(𝐶𝐶)2  (5.14) 

𝑄(𝐶𝐶) = −�𝑆𝑚𝑎𝑥
2 − 𝑃(𝐶𝐶)2, 𝐶𝐶𝑓 �𝑄𝑟𝑒𝑓 + 𝛽�𝑃(𝐶𝐶) − 𝑃𝑟𝑒𝑓�� < −�𝑆𝑚𝑎𝑥

2 − 𝑃(𝐶𝐶)2 (5.15) 

The substitution factor, β, is chosen for each PV inverter to limit the voltage 

fluctuations on the distribution feeder. In the approach presented in this chapter the 

substitution factors are selected in a way that they mainly limit the voltage changes at the 

main feeder tie nodes. These nodes are the main feeder nodes electrically closest to the 
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PV device. All downstream nodes depend on the voltages at the main feeder tie nodes 

limiting the voltage fluctuations at these nodes also directly limits the voltage fluctuations 

at the nodes downstream of the tie nodes.   

 The classical voltage sensitivity approach, described previously in section 5.2, is 

utilized for calculating the substitution factors. The goal of the control is to keep the 

voltage fluctuations at selected distribution feeder nodes at minimum. To minimize the 

voltage fluctuation at a certain node the change in voltage, ∆|𝑽|, is set to zero in equation 

(5.5). With ∆|𝑽| set to zero for the targeted node (5.5) becomes:  

𝑨𝑷∆𝑷𝑫𝑮 + 𝑨𝑸∆𝑸𝑫𝑮 = 𝟎        (5.16) 

Next the equation (5.16) is solved for the change in reactive power, ∆𝑸𝑫𝑮, which 

equals: 

𝑨𝑸∆𝑸𝑫𝑮 = −𝑨𝑷∆𝑷𝑫𝑮        (5.17) 

and 

∆𝑸𝑫𝑮 = −�𝑨𝑸�
−𝟏𝑨𝑷∆𝑷𝑫𝑮        (5.18) 

 By comparing (5.18) to (5.9) a large similarity is obvious and (5.18) can be 

written mathematically as:         

∆𝑸𝑫𝑮 = 𝜷∆𝑷𝑫𝑮           (5.19)  

where  

𝜷 = −(𝑨𝑸)−𝟏𝑨𝑷         (5.20) 

 The three-phase substitution factor to minimize the voltage fluctuation at a main 

feeder tie node can be determined from the voltage sensitivity matrices determined for 

the feeder operating conditions. In reality the substitution factors are combinations of 

nonlinear functions with voltage levels, current injections, load demand, and feeder 
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controls as some their variables. However as the results, described later in this chapter, 

show the linearized solutions for voltage sensitivities are sufficient to provide a good 

control solution for the distribution feeder.        

5.4. Local linear reactive power control results 

The distributed control approach using local linear control was validated for two 

test feeders that were based on the IEEE 13 node and IEEE 37 node radial distribution 

test feeders. Each feeder was equipped with three PV sources along the feeder. Each PV 

inverter was equipped with a local linear PV controller.  

5.4.1. Results for 13-node radial distribution test feeder 

The modified IEEE 13 node distribution test system is described in detail in 

Section 4.4 and a single line diagram can be seen in Figure 14. The test feeder used for 

analysis in this section had three PV generators, instead of two, connected at nodes 634, 

675, and 680. The voltage fluctuations for phase A with and without the local reactive 

and  PV sources installed at nodes 634, 675, and 680 shown in Figure 16. The voltage 

fluctuations are significantly reduced with the distributed local reactive power control, 

which is indicated by the Figure 16. The PV systems installed at nodes 634, 675, and 680 

each have a rated 1600 kW real power output. The generation profiles for a 30-minute 

study period are shown in Figure 17. The generation profiles are derived from the one-

second global irradiance record collected at National Renewable Energy Laboratory 

(NREL) Solar Measurement Grid in Oahu, HI [71]. The data used for this study was 

collected on July 20, 2010. The specific locations used for the measurements were DH3, 

AP1, and AP6 on the NREL measurement grid. The locations are displayed on the map in 

[71]. 
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Figure 16: Phase A voltage fluctuations for the 13-node radial distribution test feeder 

with PV sources installed at nodes 634, 675, and 680.  

 

Figure 17: PV generation profiles for 1600 kW systems installed at nodes 634, 675, and 

680.  

 The voltage fluctuations are further analyzed in Table 5.1. The first column of 

Table 5.1 describes the type of voltage fluctuation measured. The second and third 

columns display the fluctuations measured for the installed PV systems with and without 

the control.  In the first column, PU denotes per unit, MSEV denotes mean squared 
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voltage error from average voltage value, MaxΔV denotes the maximum local peak to 

peak voltage variation at node 675, and MaxVe denotes the maximum global voltage error. 

The maximum global voltage error is defined as the maximum difference between the 

actual voltages and the average voltage values. 

Table 5.1: Voltage fluctuations with and without distributed reactive power control of PV 

inverters installed at nodes 634, 675, and 680. 

Measurement With Q control Without Q control 

PU MSEV at node 675 6.05×10-7 1.93×10-4 

PU MaxΔV at node 675  2.94×10-3 4.75×10-2 

PU global MSEV 5.80×10-7 5.84×10-5 

PU global MaxVe 6.23×10-3 3.37×10-2 

 

The results recorded in Table 5.1 indicate that the local reactive power control 

reduced the local MSE measured at 675 by 99.7%. The local voltage variations were 

reduced by 93.8% from 5.70V to 0.35 V on a 120 V base voltage. Global MSE for 

voltages was reduced by 99.0% and global voltage variation by 81.5% from 4.00V to 

0.75V on a 120 V base voltage. The results show that the MSE of voltages were reduced 

by approximately two orders of magnitudes both locally and globally. The reductions in 

the maximum local voltage variations at node 675 and the maximum global voltage 

deviations were also significant. The studies performed for the 13-node test feeder 

demonstrated that the distributed control approach is effective for reducing voltage 

fluctuations caused by intermittency of PV generations. 
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5.4.2. Results for 37-node radial distribution test feeder  

 The presented local control approach was also applied to the 37-node radial 

distribution test feeder, which is already described in section 4.5. The single line diagram 

for the test system is shown in Figure 15. The 37-node test feeder used for analysis in this 

section had three PV generators, instead of two, connected at nodes 727, 732, and 736. 

The voltage fluctuations for phase A with and without the local reactive with PV sources 

installed at nodes 727, 732, and 736 are shown in Figure 18. The voltage fluctuations are 

also significantly reduced for the 37-node test feeder with the distributed local reactive 

power control. The PV systems installed at nodes 727, 732, and 736 have a rated 1600 

kW real power output each. The generation profiles for a different 30-minute study 

period are shown in Figure 19. Similar to the 13-node test feeder the generation profiles 

are derived from the one-second global irradiance recorded collected at NREL solar 

Measurement Grid at Oahu, HI [71]. 

 

Figure 18: Voltage at node 741 of the 37-node test feeder with 1600 kW PV systems 

installed at nodes727, 732, and 736. 
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Figure 19: PV generation profiles for 1600 kW systems installed at nodes727, 732, and 

736.  

Table 5.2: Voltage fluctuations with and without distributed reactive power control of PV 

inverters installed at nodes 727, 732, and 736. 

Measurement With Q control Without Q control 

PU MSEV at node 741 1.18×10-6 2.43×10-4 

PU MaxΔV at node 741 2.84×10-3 5.33×10-2 

PU global MSEV 1.30×10-6 7.90×10-5 

PU global MaxVe 6.16×10-3 3.59×10-2 

 

The voltage fluctuations are further analyzed in Table 5.2. The columns and rows 

of Table 5.2 are described the same way as in Table 5.1. The results indicate that the local 

reactive power control reduced the local MSE measured at 741 by 99.5%. The local 

voltage variations were reduced by 94.7% from 6.40V to 0.34 V on a 120 V base voltage. 

Global MSE for voltages was reduced by 98.2% and global voltage variation by 82.3% 
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from 4.30V to 0.74V on a 120 V base voltage. The results show that the MSE of voltages 

were reduced by approximately two orders of magnitudes both locally and globally. The 

reductions in the maximum local voltage variations at node 675 and the maximum global 

voltage deviations were also significant. The studies performed for the 13-node test 

feeder demonstrated that the distributed control approach is effective for reducing voltage 

fluctuations caused by intermittency of PV generations. 

5.5. Local control conclusions 

This chapter presented an application of fast local reactive power control of PV 

inverters in distribution systems to limit voltage fluctuations caused by intermittency in 

PV generation. The proposed algorithm considered a local reactive power control of 

multiple PV inverters on a distribution feeder to minimize voltage fluctuations at main 

feeder tie nodes closest to the PV generator. With the target set on the main feeder, the 

voltage fluctuations were also similarly limited at the downstream feeder locations from 

the main feeder tie points. It is important to limit the fluctuations on the downstream 

nodes due to the voltage drop or rise on the distribution lines, their operational voltages 

are often the closest to the specified voltage limits.  

The proposed distributed control approach was compared to a case without fast 

reactive power control and the method was shown effective for reducing voltage 

fluctuations significantly. The proposed algorithm was applied to modified IEEE 13 node 

and IEEE 37 node radial distribution test feeders, each with three PV plants. Multiple 

loading and generation conditions were considered to study the performance of the 

proposed algorithm. The results obtained displayed significant reductions in both the 

mean and maximum voltage fluctuations caused by the irradiance variations.   

90 
 



6. FAST GLOBAL REACTIVE POWER CONTROL OF DG 

The fast global reactive power control approach for multiple PV inverters is 

presented in this chapter. Unlike the local control approach, presented in the previous 

chapter, the fast global reactive power control targets the voltage fluctuations at all nodes 

on the distribution feeder. The fast reactive power control approach formulates the 

reactive power injection by multiple PV inverters as a quadratic programming (QP) 

problem. The objective of the problem is to minimize the mean squared error between 

voltage set points and actual feeder voltages. The approach requires a fast communication 

channel between the PV devices. Because of the communication needs the approach is 

best suited for Smart Grid application. The work discussed in this chapter is based on the 

research work presented in [15] .     

6.1. Introduction 

The distribution power systems are expected to contain progressively more PV 

generation units in the future. The amount of PV generation that can be integrated into a 

power grid is limited due to reasons such as intermittency in generation. As mentioned in 

chapter 5 the solar irradiance is known to change as much as 60% in one second [57] [58] 

due to cloud movement and other external weather conditions. As PV penetration into the 

distribution feeder increases the intermittency in PV generation is known to cause power 

quality issues, including voltage fluctuations [72]. As the number of PV devices 

connected to the distribution system increases the voltage fluctuations are known to 

increase. The voltages in a distribution system are bounded by the ANSI standard in the 

US between 114V and 126V on a 120 V base [6]. The fluctuations in PV output can 

cause feeder voltages to exceed the ANSI bounds.  
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        As previously discussed in chapter 5 the fluctuations in PV generation can be 

substituted with real power injection to limit the voltage fluctuations. Energy storage 

systems (ESSs) such as battery backup systems and capacitor systems can be used to 

provide the lost PV generation. The ESSs can be effective for limiting the voltage 

fluctuations as the rate of change in real power output can be limited. The existing ESSs 

are typically expensive to install and they also introduce loss to the system. The PV 

generation can also be controlled by curtailment. An active power control method for 

multiple PV generators is presented in [73]. The goal of the control to is to limit the rate 

of change in generation by using active power control. Using curtailment as the main 

control is not ideal, because as the maximum capacity of PV generation will not be 

utilized. 

As also discussed in previous chapter 5, the voltage fluctuations can be limited by 

controlling the reactive power output of the PV generations. PV generation units, which 

are connected to the distribution grid via power electronic interfaces, are capable to inject 

and consume reactive power based on system demand. Reactive power injection by smart 

PV inverters is included in the VVC for example in the work presented in [13] [14] [38] 

[43]. Their computational algorithms and the response times of the mechanical 

distribution control devices, such as LTC transformers and voltage regulators, typically 

limit the VVC techniques. For these reasons VVC techniques are typically unable to limit 

the fast voltage fluctuations, caused by the intermittency, in real time.    

A time-based strategy for power factor control at the point of common coupling is 

presented in [74]. The approach uses statistical analysis of generation data to control the 

power factor. Another approach for local control based on voltage sensitivity analysis is 
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presented in [75]. Local active power dependent control of multiple PV devices based on 

the sensitivity analysis is addressed in [76]. A complex mathematical model to consider 

multiple PV sources for voltage support by reactive power compensation is described in 

[77]. A local linear control based substitution factor approach is proposed in [56]. The 

distributed local linear control approach is extended to multiple PV inverters, target 

specific system nodes, and studied for a larger distribution system in chapter 5. The local 

control approach is also included as the fast reactive power control layer of a dual-layer 

VVC approach in [14] and Chapter 7. The local control is designed to adjust reactive 

power outputs of PV inverters based on the local generation conditions.  

This chapter presents a new coordinated control approach to limit voltage 

variations in distribution feeders with PV generation. The approach utilizes quadratic 

programming (QP) to determine optimal reactive power injection schedule for multiple 

PV inverters to maintain close to constant feeder voltages. Unlike the local control 

approaches discussed earlier the presented coordinated control approach includes all 

reactive power injections to the problem and decides the injection to minimize voltage 

MSEs at all feeder locations. This prevents two PV inverters from taking counteracting 

control actions and also makes sure that the inverters operate at the optimal way to reduce 

voltage fluctuations. The approach requires a fast communication channel between the 

PV inverters and the centralized control. For this reason the presented coordinated control 

approach is ideal for smart grid applications.  

The theory and application of the QP based coordinated control approach is 

presented in section 6.2. Case studies to validate the presented approach are discussed in 

section 6.3. The sections 6.4 and 6.5 present the results for the case studies. They are 
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derived from the original work presented in [15]. Section 6.6 concludes the technique 

discussed in this chapter.  

6.2. Quadratic programming based global fast VAR control  

The goal of the global reactive power control is to optimize reactive power 

injection of multiple PV inverters to limit voltage fluctuations at all feeder nodes. The 

control is formulated as a QP problem. The problem is constrained by the voltage 

sensitivity equations at the operating point, ANSI voltage bounds, and the reactive power 

injection limits of the PV inverters. The voltage sensitivity equations are determined from 

the classical sensitivity approach presented in section 5.2. The theory for QP is presented 

in following section 6.2.1 and formulation of the coordinated reactive power control of 

multiple PV inverters as a QP problem is presented in 6.2.2. The theory section is based 

on the original work presented in [15]. 

6.2.1. Quadratic programming  

The proposed reactive power control is formulated as a standard QP problem. A 

QP problem is a mathematic optimization problem, which has quadratic terms in its 

objective function, is constrained by variable bounds, linear equality constraints, and 

linear inequality constraints. Commercial optimization solvers, such as IBM CPLEX, are 

able to efficiently solve standard QP problems to their optimality. The objective function 

of a standard QP problem is written as follows:  

𝑚𝐶𝐶𝐶𝐶𝑥  1
2
𝒙𝑇𝑯𝒙 + 𝒇𝑇𝒙          (6.1) 

where 𝒙  is the optimization variable vector, 𝑯  is a matrix containing quadratic and 

bilinear terms, 𝒇 is a vector containing linear terms, and 𝑇 denotes the transpose of a 

vector.    
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The objective function (6.1) is constrained by the linear equality constraints, 

linear inequality constraints, and variable bounds. Mathematically the constraints of the 

optimization problem are presented as follows:   

𝑨𝒆𝒒𝒙 = 𝒃𝒆𝒒           (6.2) 

𝑨𝒙 ≤ 𝒃          (6.3) 

𝒍𝒃 ≤ 𝒙 ≤ 𝒖𝒃          (6.4) 

where 𝑨𝒆𝒒  and 𝒃𝒆𝒒  in (6.2) describe the linear equality constraints, 𝑨  and 𝒃  in (6.3) 

describe the linear inequality constraints, and 𝒍𝒃  and 𝒖𝒃  in (6.4) describe lower and 

upper bounds for the variable vector 𝒙.      

6.2.2. Formulation of the global reactive power control as a QP problem 

The global fast reactive power control is formulated as a QP problem in this 

section. The QP problem is constrained by the classical voltage sensitivity analysis, 

which is described previously in section 5.2. In order to limit the global voltage 

fluctuations all nodes on the distribution feeder and the mean squared error (MSE) 

approach is utilized. The objective function to be minimized is written as a summation of 

squared voltage errors across the feeder.  

min∑ (𝐶𝐶𝑖)2𝑛
𝑖=1           (6.5) 

where 

𝐶𝐶𝑖 = 𝑉𝑆𝑃(𝑖) − 𝑉𝑖         (6.6)  

where  𝐶𝐶𝑖 represents the voltage deviation, or the voltage error, at node i, and n is the total 

number of nodes in the system, 𝑉𝑆𝑃(𝑖) is the set point voltage at node i, and 𝑉𝑖 is the actual 

voltage at node i. As seen in (6.6) the voltage deviation, or the voltage error, is defined as 
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the difference between set-point voltage and the node voltage calculated from the voltage 

sensitivity equations.   

 The optimization variables included in 𝒙 the vector of voltages determined from 

voltage sensitivity constraints, 𝑽;vector of changes in reactive power injection, ∆𝑸𝑫𝑮; 

and vector of voltage errors 𝑬. Mathematically the optimization variable vector is written 

as follows:  

𝒙 = [𝑽 ∆𝑸𝑫𝑮 𝑬]𝑻         (6.7) 

where 

𝑽 = [𝑉1 𝑉2 … 𝑉𝑛]          (6.8) 

∆𝑸 = [∆𝑄𝐷𝐺1 ∆𝑄𝐷𝐺2 … ∆𝑄𝐷𝐺𝑛]      (6.9) 

𝑬 = [𝐶𝐶1 𝐶𝐶2 … 𝐶𝐶𝑛]        (6.10) 

where the Vi is the voltage determined from the voltage sensitivity equations at node i and  

∆𝑄𝐷𝐺𝑖 is the change in reactive power injection at node i. For the nodes that do not have a 

PV inverter the entries for ∆𝑄𝐷𝐺𝑖 are eliminated from the QP formulation as the reactive 

power injection at that node cannot change.  

 As the cost function is a summation of squared error terms and the 𝑯 matrix 

contains the squared and bilinear terms, mentioned in (6.1).  This can be written as a 

diagonal matrix with zero entries for 𝑉𝑖2 and 𝑄𝑖2  components and ones for 𝐶𝐶𝑖2  error 

components.  Mathematically the 𝑯 matrix is written as follows: 

𝑯 =  �
𝟎

𝟎
𝑰
�         (6.11) 
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where 𝑰 denotes an identity matrix corresponding to the squared error terms. As the 

objective function formulation does not contain any linear terms 𝒇 is a zero vector as 

defined below: 

𝒇 = [0 0 … 0]          (6.12) 

The linear equality constraints, described in (6.1), are written determined from the 

classical voltage sensitivity analysis and discussed in detail in section 5.2. It is known 

that around the feeder operating point, the voltages can be linearized as: 

𝑽 ≈ 𝑽𝟎 + 𝑨𝑷∆𝑷𝑫𝑮 + 𝑨𝑸∆𝑸𝑫𝑮       (6.13) 

where 𝑽𝟎 is a vector containing the voltage magnitudes at the feeder operating point, 𝑽 is 

a vector representing the feeder voltage magnitudes as the DG outputs change,  𝑨𝑷 and 

𝑨𝑸 are voltage sensitivity coefficient matrices that are partial derivatives of  𝑽, ∆𝑷𝑫𝑮 

represent the change in real power injection by the DG, and ∆𝑸𝑫𝑮 represent the change in 

reactive power injection by the DG. By replacing ≈ with an equals sign, and transferring 

the 𝑨𝑸∆𝑸𝑫𝑮  term to left side of the equals sign in (6.13), the first linear equality 

constraint equation is written as:  

𝑽 − 𝑨𝑸∆𝑸𝑫𝑮 = 𝑽𝟎 + 𝑨𝑷∆𝑷𝑫𝑮         (6.14) 

 The second linear equality constraint equation can be determined from the error 

equations determined for a single node in (6.6). The error equation for all feeder nodes 

can be written as:  

𝑬 = 𝑽𝑺𝑷 − 𝑽          (6.15) 

where 𝑽𝑺𝑷  is a vector containing the voltages at the set point. By transferring all 

components included in the variable vector 𝒙 to the left hand side of the equal sign (6.15) 

can be re-written as: 
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𝑽 + 𝑬 = 𝑽𝑺𝑷          (6.16) 

With the formulation presented in (6.14) and (6.16) the linear equality constraints 

for QP problem formulation can be written as:     

𝑨𝒆𝒒 = �𝑰 −𝑨𝑸 𝟎
𝑰 𝟎 𝑰

�         (6.17) 

and          

𝒃𝒆𝒒 = �𝑽𝟎 + 𝑨𝑷∆𝑷𝑫𝑮
𝑽𝑺𝑷

�        (6.18) 

 In the presented QP based reactive power control problem the change in reactive 

power, ∆𝑸, included in the variable vector 𝒙, is bounded by the reactive power limits of 

the PV inverters. The bounds for reactive power injection are dynamic as they depend on 

the real power generated by the PV inverter at time t, 𝑃𝑃𝑉(𝐶𝐶), by the apparent power limit 

of the PV inverter 𝑆𝑙, and also by the reactive power injection at the operating point 𝑄𝑂𝑃 

at which the voltage sensitivities are determined: 

−�𝑆𝑙2 − 𝑃𝑃𝑉2 (𝐶𝐶) − 𝑄𝑂𝑃 ≤ ∆𝑄𝑃𝑉(𝐶𝐶) ≤ �𝑆𝑙2 − 𝑃𝑃𝑉2 (𝐶𝐶) − 𝑄𝑂𝑃   (6.19)  

 The voltage deviations from the set point values, or the voltage errors, are set to 

be minimized, and therefore, are set to be unbounded to reduce the complexity of the 

formulation. The voltage standard between 114 V and 126 V on a 120V base voltage 

binds the ANSI distribution voltage standard. In terms of the rated voltage of the 

distribution feeder this means that the voltages are bounded between 95% and 105% of 

the rated distribution voltage, 𝑉𝑟. The variable vector upper and lower bounds 𝒍𝒃 and 𝒖𝒃 

are written as: 

𝒍𝒃 = [𝑽𝒍𝒃 ∆𝑸𝒍𝒃 −∞]         (6.20) 

𝒖𝒃 = [𝑽𝒖𝒃 ∆𝑸𝒖𝒃 ∞]        (6.21) 
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where 

𝑽𝒍𝒃 = [0.95 ∙ 𝑉𝑟 ⋯ 0.95 ∙ 𝑉𝑟]       (6.22) 

𝑽𝒖𝒃 = [1.05 ∙ 𝑉𝑟 ⋯ 1.05 ∙ 𝑉𝑟]       (6.23) 

∆𝑸𝒍𝒃 = �−��𝑆𝑙1�
2 − �𝑃𝑃𝑉1(𝐶𝐶)�

2
−𝑄𝑂𝑃1 ⋯ −��𝑆𝑙𝑛�

2 − �𝑃𝑃𝑉𝑛(𝐶𝐶)�2−𝑄𝑂𝑃𝑛� (6.24) 

and 

∆𝑸𝒖𝒃 = ���𝑆𝑙1�
2 − �𝑃𝑃𝑉1(𝐶𝐶)�2−𝑄𝑂𝑃1 ⋯ ��𝑆𝑙𝑛�

2 − �𝑃𝑃𝑉𝑛(𝐶𝐶)�2−𝑄𝑂𝑃𝑛�  (6.25)  

where 𝑃𝑃𝑉𝑖(𝐶𝐶) is the total real power injected at node i, 𝑆𝑙𝑖 is the PV inverter apparent 

power limit at node i, and 𝑄𝑂𝑃𝑖 is the reactive power injected at the operating point at 

node i.  

6.3. Case studies 

To evaluate the performance of the presented coordinated control approach two 

distribution test feeders were used. Like in the case studies presented for the distributed 

control approach in Chapter 5 two test feeder based on the IEEE 13-node radial 

distribution test feeder and IEEE 37-node radial distribution test feeder were used. The 

test systems are described in detail in [49] [54] [55]. A one-line diagram of a 13-node 

distribution test feeder is shown in Figure 14. Similar to the case studies for the local 

control approach, three PV inverters were added to nodes 632, 675, and 680. In order to 

validate the performance of the proposed algorithm with different PV system sizes, small, 

medium, and large sized PV systems were considered. The size of each small system was 

set to 200 kW meaning that the total amount of the PV generation in the 13-node 

distribution feeder is approximately 15% of the load conditions for the feeder, as shown 
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in Table 4.7.  The medium sized PV systems were selected as 900 kW each and large as 

2000 kW each.  

The 37 node test feeder used was also a three-phase distribution feeder modified 

from the IEEE 37 node radial distribution test feeder.  A single line diagram of the test 

feeder is shown in Figure 15. As in case study in section 5.4.2 three PV inverters were 

connected to nodes 727, 732, and 736 of the 37-node distribution test feeder. Three PV 

systems sizes, small, medium and large, were also considered. The small system were 

sized at 150 kW this is slightly more than 15% of the total load of the 37-node 

distribution system as described in [55]. The medium sized PV systems were selected as 

800 kW each and large as 1600 kW each. 

Like in the case studies presented for the local reactive power control in chapter 5, 

the PV generation outputs were determined from the real-life one-second irradiance data 

recorded at NREL Solar Measurement Grid in Oahu, HI [71]. The same specific locations 

as described in section 5.4.1 were used. The use of one second irradiance data is 

appropriate because maximum power point tracking (MPPT) algorithms are capable of 

converging to the optimal real power output very quickly. The data used for this study 

was collected on July 20, 2010. The specific locations for the measurements were DH3, 

AP1, and AP6 on the NREL measurement grid. The locations are displayed on map in 

[71].  The irradiance data was converted into normalized PV generation levels. The 

normalized generation levels were then applied to the PV sources with their rated output 

power.  

The feeder voltages were calculated with a custom Matlab program utilizing the 

ladder-iterative distribution power flow approach described in detail in [8].  The power 
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flow approach is based on Kirchhoff’s current and voltage laws are known to converge 

fast for unbalanced radial distribution feeders. To solve the coordinated reactive power 

control as QP problem IBM CPLEX v.12.1 interfaced with Matlab was utilized.  CPLEX 

was interfaced with Matlab using a third party optimization toolbox, OPTI Toolbox, 

discussed in [46].   

The study performed for the two test systems evaluated the performance of the 

control in terms of local and global MSE of per unit voltages, local voltage variations, 

and global maximum voltage deviations from their set points during few 30-minute study 

intervals. Small, medium, and large PV systems were considered and compared for each 

test system. The results of the case studies are shown in the following sections 6.4 and 

6.5.  

6.4. Results for 13-node radial distribution test feeder 

The first test system was a radial distribution feeder modified from the IEEE 13 

node test feeder. The system consists of overhead and underground distribution lines, and 

system loading was highly unbalanced. The outputs of each PV source were determined 

from the irradiance patterns collected at the NREL Solar Measurement Grid, and are 

shown in Figure 20 for a 30-minute time interval around noon for the large PV systems. 

The irradiance data was collected on July 20, 2010 and the generation outputs were 

determined from the irradiance profiles. The PV generation variability was extremely 

large within the interval studied. 

The objective of the coordinated reactive power control approach is to limit the 

global voltage fluctuations on the distribution feeder. For example, the phase C voltage 

fluctuations at node 675 are shown in Figure 21, Figure 22, and Figure 23 and 
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respectively for the small, medium, and large PV systems with and without the control. 

Figure 21, Figure 22, and Figure 23 demonstrate that large voltage fluctuations occur 

without the control, but these fluctuations can be significantly reduced with the global 

control.  

 

Figure 20: PV outputs for 200 kW PV systems installed at nodes 632, 675, and 680 on 

IEEE 13 node test feeder. 

 

Figure 21: Phase C voltage measured at node 675 on the IEEE 13 node radial distribution 

test feeder with 200 kW PV systems installed at nodes 632, 675, and 680. 
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Figure 22: Phase C voltage measured at node 675 on the IEEE 13 node radial distribution 

test feeder with 900 kW PV systems installed at nodes 632, 675, and 680. 

 

Figure 23: Phase C voltage measured at node 675 on the IEEE 13 node radial distribution 

test feeder with 1600 kW PV systems installed at nodes 632, 675, and 680. 

 The reactive power injected to the node 632 is recorded in Figure 24. The changes 

in reactive power injection, determined by the QP approach, are seen to follow the 
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injection is significantly smaller than the real power injection and will not exceed the 

apparent power bounds set for the inverter.   

 

Figure 24: Reactive power injected to phase C at node 632 by the 900 kW PV inverter. 

Table 6.1 displays the measured voltage fluctuation with and without the 

proposed control approach for the 13-node distribution test feeder. The first column 

describes the type of voltage fluctuation measured. The second through fifth columns 

display the fluctuations measured for the medium and large PV systems with and without 

the control.  In the first column, PU denotes per unit, MSEV denotes mean squared 

voltage error from voltage set points, MaxΔV denotes the maximum local voltage 

variation at node 675, and MaxVe denotes the maximum global voltage error. The 

maximum local voltage variation is defined as the difference between the maximum local 

voltage and the minimum local voltage measured during the study interval. The 

maximum global voltage error is defined as the maximum difference between the actual 

voltages and the voltage set points considering all of the system nodes. Percent reductions 

in voltage fluctuations are shown in Table 6.2.   
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Table 6.1: Voltage fluctuations with and without local control on the study interval for 

13-node radial distribution feeder with 200 kW, 900 kW, and 1600 kW PV systems. 

 200 kW systems 900 kW systems 1600 kW systems 

Measurement Qc No Qc  Qc No Qc  Qc No Qc  

PU MSEV at 

node 675 

1.81×10-9 2.06×10-6 2.44×10-7 3.54×10-5 2.00×10-6 9.69×10-5 

PU MaxΔV at 

node 675 

1.68×10-4 5.20×10-3 1.70×10-3 2.11×10-2 5.00×10-3 3.44×10-2 

PU global 

MSEV 

19.4×10-9 1.06×10-6 1.04×10-7 1.87×10-5 9.13×10-7 5.17×10-5 

PU global 

MaxVe 

1.48×10-4 4.40×10-3 2.10×10-3 1.85×10-2 5.9×10-3 3.08×10-2 

 

Table 6.2: Reduction in voltage fluctuations for 13-node test system with PV systems 

installed at nodes 632, 675, and 680. 

Reduction in 200 kW systems 900 kW systems 1600 kW systems 

PU MSEV at node 675 99.92% 99.31% 98.65% 

PU MaxΔV at node 675 96.81% 91.97% 86.11% 

PU global MSEV 99.98% 99.45% 98.65% 

PU global MaxVe 96.81% 88.42% 83.88% 
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The results in Table 6.2 show that the MSE of voltages were reduced by 

approximately two orders of magnitudes, both locally and globally, and the reductions 

were not significantly decreased between the small medium and large PV systems. The 

reductions in the maximum local voltage variations at node 675 and the maximum global 

voltage deviations were also significant. The best performance in terms of reductions was 

observed with the smallest PV systems. The studies performed for the 13-node test 

system demonstrated that the proposed approach is effective for reducing voltage 

fluctuations caused by intermittency of PV generations.  

6.5. Modified IEEE 37 node radial distribution test feeder 

The second test system selected was also a three-phase distribution feeder 

modified from the IEEE 37 radial node test feeder. Three PV inverters were connected to 

nodes 727, 732, and 736 of the 37-node test feeder. All of the distribution lines were 

underground and system loading was unbalanced. Three test system sizes were 

considered. The small system were sized 150 kW each, medium systems were 800 kW 

each, and large systems 1600 kW each. Another 30-minute time interval around noon 

was selected for the 37-node test system: this interval also showed large variability in PV 

generation. The outputs of the PV generation were determined from the irradiance 

patterns collected at the NREL Solar Measurement Grid on July 20, 2010. The outputs of 

the PV generation units are shown in Figure 25 for the 800 kW PV systems.  
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Figure 25: PV outputs for 800 kW PV systems installed at nodes 727, 732, and 736. 

The presented global reactive power control limits the voltage fluctuations at each 

node of the feeder. For example, phase A voltage variations at node 741 are shown in 

Figure 26, Figure 27, and Figure 28 and respectively for the small, medium, and large PV 

systems with and without the control. Figure 26, Figure 27, and Figure 28 demonstrate 

that large voltage variations occur without the coordinated reactive power control, but the 

voltage variations are significantly reduced with the coordinated global voltage control.  

In the large system the maximum voltage variations on phase A at node 741, shown in 

Figure 28, are observed as high as 7.47 V on 120 V base voltage without the control, but 

are reduced to less than 0.94 V with the coordinated reactive power control. That is 

reduction of almost 85%. By observation of Figure 26, Figure 27, and Figure 28 the 

fluctuations were significantly reduced with the global control. Table 6.3 displays the 

voltage fluctuation with and without the proposed control for the 37-node radial 

distribution test feeder. The rows and columns of Table 6.3 are described same as Table 

6.1 rows and columns. 
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Figure 26: Phase A voltage measured at node 741 on the IEEE 37 node radial distribution 

test feeder with 150 kW PV systems installed at nodes 727, 732, and 736. 

 

Figure 27: Phase A voltage measured at node 741 on the IEEE 37 node radial distribution 

test feeder with 800 kW PV systems installed at nodes 727, 732, and 736. 
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Figure 28: Phase A voltage measured at node 741 on the IEEE 37 node radial distribution 

test feeder with 1600 kW PV systems installed at nodes 727, 732, and 736. 

Table 6.3: Voltage fluctuations with and without local control on the study interval for 

37-node radial distribution feeder with 150 kW, 800 kW, and 1600 kW PV 

systems. 

 150 kW systems 800 kW systems 1600 kW systems 

Measurement Qc No Qc  Qc No Qc  Qc No Qc  

PU MSEV at 

node 741 

2.56×10-9 3.36×10-6 4.65×10-7 8.91×10-5 6.91×10-6 3.31×10-4 

PU MaxΔV at 

node 741 

1.56×10-4 6.35×10-3 2.06×10-3 2.37×10-2 7.79×10-3 6.23×10-2 

PU global 

MSEV 

17.9×10-9 1.16×10-6 9.98×10-8 3.09×10-5 1.73×10-6 1.16×10-4 

PU global 

MaxVe 

4.10×10-4 4.68×10-3 2.23×10-3 2.37×10-2 7.79×10-3 4.47×10-2 
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Table 6.4: Reduction in voltage fluctuations for 37-node test system with PV systems 

installed at nodes 727, 732, and 736. 

Reduction in 150 kW systems 800 kW systems 1600 kW systems 

PU MSEV at node 741 99.92% 99.48% 97.91% 

PU MaxΔV at node 741 97.55% 93.67% 87.48% 

PU global MSEV 99.98% 99.68% 98.51% 

PU global MaxVe 91.25% 90.56% 82.59% 

 

Similar to the 13-node test feeder both the local and global MSE were reduced by 

approximately two orders of magnitude. The maximum local voltage variations and 

maximum global voltage errors were reduced in a similar fashion as was presented for the 

13-node distribution test feeder. The studies performed for the 37-node distribution test 

feeder again demonstrated that the proposed approach is effective for reducing voltage 

fluctuations caused by the intermittency of PV generation. 

6.6. Discussion on fast global reactive power control 

The presented coordinated reactive power control showed significant reductions 

in voltage variations.  It was determined that for a good control performance sensitivity 

matrices need to be determined close to the system operating point. The computational 

time to find new voltage sensitivity matrices was recorded as 2.9 seconds for the 13-node 

distribution test feeder and as 6.3 seconds for the 37-node distribution test feeder. The 

system used to perform these calculations was a Dell T1500 desktop computer using an 

Intel Core i-5 processor. Each test feeder had three PV sources. To determine the voltage 

sensitivity matrices by utilizing the classical sensitivity approach one thousand power 
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flows were performed for each source around its operating point. The computational time 

to calculate voltage sensitivity matrices increases as the system size increases. For this 

reason the voltage sensitivities for small systems can be updated with a parallel 

calculation model, but for much larger systems a pre-determined look-up table for 

sensitivities could potentially be more suitable.  

The computational time of the quadratic program was measured between 2 and 4 

milliseconds for the 13-node distribution test feeder and between 6 and 8 milliseconds for 

the 37-node distribution test feeder. The same Dell T1500 computer was also used for 

these calculations. A slight increase in computational time was observed with the size 

increase of the test system. The observed increase was small and did not affect the 

performance of the control. The fast computational times observed that the approach 

shows promise for on-line reactive power control in the Smart Grid distribution feeders 

with fast communication channel between the PV devices.    

The coordinated control approach achieved reductions with in both test systems 

were significant. Both systems saw a large reduction in terms of MSE values. The local 

voltage variations and global voltage deviations also reduced similarly in both systems. 

Simulations, on both test feeders, have exhibited effectiveness of the proposed approach 

for reducing voltage fluctuations. The proposed method will also reduce the wear and tear 

of traditional controllers involving mechanical parts. 

6.7. Conclusions 

A new control approach for global reactive power control of multiple PV inverters 

was introduced in this chapter. The work presented is based on the original work 

discussed in [15]. The coordinated reactive power control of multiple PV inverters was 
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formulated as a QP problem. The problem was constrained by linear voltage sensitivities 

calculated at the feeder operating conditions. The sum of the squared voltage deviations 

from voltage set points was the objective to be minimized. The performance of the 

proposed control was studied with two test systems based on the IEEE 13-node and IEEE 

37-node radial distribution test feeders and with one second solar irradiance data recorded 

at NREL Solar Measurement Grid. The results showed that the presented control 

algorithm is effective for on-line application in the Smart Grid distribution feeders to 

limit voltage fluctuations due to intermittency of PV generation.  
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7. DUAL-LAYER CONTROL RESULTS WITH FAST LOCAL CONTROL 

In the previous chapters 3 and 5 distribution system wide VVC and local reactive 

power control of PV inverters were respectively discussed. This chapter combines the 

feeder wide MINLP based VVO approach and the fast local reactive power control of PV 

inverters to form a dual layer control approach that can be utilized for distribution 

systems. The theory and studies presented in this section are based on the original work 

discussed in [14].   

7.1. Introduction 

The study presented in this chapter combines the fast-acting reactive power 

control of PV inverters with the slower MINLP base VVO approach to form a dual-layer 

distribution feeder VVC. The fast-acting local inverter reactive power control is used to 

limit the voltage fluctuations during the computational period of the MINLP based VVC 

algorithm. The presented VVC approach first globally determines the optimal control 

settings for the traditional distribution feeder controls and set points for the reactive 

power injection for PV inverters. The local inverter reactive power control is utilized to 

maintain the feeder voltages close to the voltage levels determined by the MINLP based 

VVO algorithm.  The basic idea of the dual-layer VVC is presented in Figure 29.  

 

Figure 29: Dual-layer VVC flow chart 

 The first step in the presented dual-layer VVC is to determine the system 

operating conditions including loading and generation conditions.  The system operating 
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conditions are sent to the MINLP based VVO algorithm and to the parallel calculation 

algorithm that determines the voltage sensitivities. The MINLP based VVO algorithm 

produces reference real and reactive power outputs and the substitution factors are 

calculated parallel to the MINLP algorithm. When the substitution factors and reference 

real and reactive power values are both determined they are sent to local PV reactive 

power controllers. The MINLP based VVO and parallel sensitivity calculations are 

defined as the first layer control and the local reactive power control of the PV inverters 

is defined as the second layer control. The local controllers limit the voltage variations in 

distribution nodes as described earlier in chapter 5.    

The local control algorithm requires only periodic updates for the power reference 

values from the global VVC algorithm and substitution factors determined from the 

parallel sensitivity calculations. The rest of the data utilized in local control is completely 

local and independent from the first level of the dual-layer control. Multiple local 

controllers can work independently from each other with good results as shown in the 

chapter 5. The local control by the linear controller is very fast, and thus, can respond to 

any PV fluctuations in real-time. The results in section 7.3 illustrate how the PV inverters 

can limit the voltage fluctuations within the fifteen-minute intervals determined by the 

first control layer.  

Together with the first layer control approach the local PV inverter controllers can 

maintain the voltage levels in the feeder very close to optimized voltage levels. Keeping 

the voltages at the optimized levels can improve the economics of the system by keeping 

load demand at a minimum. The control also improves in preventing power quality issues 
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such as voltage fluctuation and exceeded voltage bounds in the distribution feeder as the 

solar irradiance fluctuates.  

7.2. Case study for 37-node radial distribution test feeder 

To examine the dual-layer control approach a three-phase radial distribution 

feeder based on the IEEE 37 node radial distribution test feeder is used. The IEEE 37 

node radial distribution test feeder is described, in detail, in [49] and [55]. A single line 

diagram of the test system is shown in Figure 15 in an earlier section.  The system used in 

this study has the exact same components, including transformers, distribution lines, and 

the LTC as the IEEE test feeder. The feeder loading was also very unbalanced for the 

three phases. Each load was set to follow a normalized 15-minute loading pattern shown 

in Figure 30.   

 

Figure 30: Normalized load level and expected PV generation levels for irradiance data 

collected on July 22, 2010. 

The test feeder had three PV inverters connected to nodes 727, 732, and 736 

shown in Figure 15. These PV inverters are able to control the reactive power injection 

independently for each phase. Figure 30 also displays the normalized PV generation 
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levels for 15-minute time intervals. For the case study two test cases were considered. In 

a first test case all three PV inverters had a rated power output of 150 kW each and in the 

second test case all three PV inverters had a rated power output of 450kW each. The 

substitution rates were chosen in a way that voltage variations are minimized for main 

feeder tie-nodes: 703, 708, and 734. The theory displaying how these substitution factors 

were determined is shown in earlier section 5.3. The nodes selected were electrically the 

closest to the nodes on the main feeder with respect to the PV inverters.  

The power system loading varies throughout the day for this study. It was 

assumed that load changes to its new value every fifteen minutes. As mentioned 

previously the first layer control was selected to update the feeder control settings every 

fifteen minutes. Based on previous solar data a set point value for PV generation level is 

estimated and used for the VVO calculations. The estimated PV generation levels were 

used as the real power reference values for the local second control layer.  

For the PV generation one second global irradiance data collected at NREL Solar 

Measurement Grid in Oahu, HI, was used. The specific data used for this study was 

collected between July 20, 2010 and July 29, 2010. The solar irradiance was measured 

between 5:00 am and 8:00pm for each day. Three measurement points were used and 

their specific locations were DH3, AP1, and AP6 on the NREL measurement grid [71]. 

Normalized 15-minute PV generation levels were estimated from 1-second irradiance 

data and illustrated in Figure 30. Normalized load levels and PV generation expectancies 

were used as the inputs for the first layer of optimal control. 

The irradiance data used shows a strong correlation between the irradiance levels 

at the test locations. The strong correlation was expected due to similar cloud movement 
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patterns and illumination conditions as the three locations were within a close proximity 

to each other. For the fifteen-minute intervals the irradiance data was almost identical for 

the three locations, which is also supported by Figure 30.     

Short-term generation variability is typically caused by the changes in irradiation 

such as shading due to cloud movement. This shading can be very rapid as demonstrated 

by the changes in PV generation for example in Figure 17 and Figure 25. Statistical 

studies performed for the irradiance data reveal the maximum change in irradiance levels 

as a function of time as illustrated in Figure 31. Site 1 in Figure 31 is defined the 

irradiance at node 727, site 2 is defined the irradiance at node 732, and site 3 is defined 

the irradiance at node 736. For the solar data used in this study it appears that the change 

in PV generation can be as much as 30% of the total PV generation in one second. As the 

time interval increases to 10 seconds the change can be almost 70% of the maximum PV 

output. 

 

Figure 31: Maximum irradiance variation as a function of time 

The proposed dual-layer control approach was applied to the 37-node test feeder 
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performing a series of power flow calculations utilizing the ladder iterative power flow 

technique, which is described in [8]. The power flows were performed for each second as 

power generation conditions changed for each second. To demonstrate the improvements 

achieved over a more traditional VVC the voltage variability was compared to a case 

where second layer local control was not applied to compensate for the changes in real 

power outputs of PV generation sources. The results of the case study are discussed in 

section 7.3. 

7.3. 37-node feeder case study results  

The proposed dual-layer control approach was applied to the 37-node distribution 

test feeder, described in the previous section. The MINLP based VVO of the first layer 

was set to update the LTC positions and PV inverter reactive power injection set points 

every fifteen minutes as new load level and PV expectations levels became available. The 

objective of the dual-layer control was to minimize the real power drawn from the 

distribution substation. The first layer control provided also the real and reactive power 

set point values to the first layer control. The second layer control was set to continuously 

control the reactive power injection by the PV inverters to limit the changes in node 

voltages at the main feeder tie nodes. As discussed previously in Chapter 5 limiting the 

voltage fluctuation at the main feeder tie points also limits the voltage fluctuations 

downstream from the tie-node.  Therefore, the control also targets the end of the feeder 

locations that are likely to operate closest to the ANSI specified voltage bounds.  

The optimal LTC transformer tap-positions determined for a time interval 

between 5:00 am and 8:00 pm with July 22, 2010 solar irradiance data and 450 kW PV 

plants installed at nodes 727, 732, and 736 are illustrated in Figure 32. The tap-positions 
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were obtained with the first layer MINLP VVO algorithm using expected values for the 

PV generation. When comparing Figure 32 to Figure 30 a correlation between load levels, 

PV levels, and LTC tap-positions is apparent. High PV generation levels and low load 

levels appeared to result in lower tap positions whereas the low PV generation and high 

load conditions result in higher tap-positions of the LTC.   

 

Figure 32: Optimal LTC tap-positions from 5:00 AM to 8:00 PM with solar irradiance 

data of July 22, 2010 with 450 kW PV systems at nodes 727, 732, and 736.  

For the functionality of the dual-layer control a communication channel from the 

global VVO layer to the local reactive power controllers has to exist. Only a small 

amount of data is transmitted from the VVO layer to the distributed PV inverters. For this 

reason even a slow speed communication channel would be sufficient.  

Figure 33 displays the power quality improvement achieved with the local 

reactive power control of PV inverters. The voltage variations on phase A at node 740 are 

observed with and without the local reactive power control for three 150 kW PV systems 

at nodes 727, 732, and 736. As illustrated in Figure 33 the system voltage variations 

caused by the irradiance fluctuations can be significant. These voltage variations can be 

significantly reduced and almost eliminated using a proper local control. As seen in 
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Figure 33 phase A node voltage is maintained close to a constant value during the 15-

minute time interval. Similar behaviors are observed at the other nodes locations along 

the 37-node distribution test feeder.  

 

Figure 33: Voltage level at node 741 with and without the local control for 150 kW PV 

systems at nodes 727, 732, and 736. 

The feeder voltages are also considered for a much longer time period with 450 

kW PV systems in Figure 34. The voltage variations in phase A were recorded at feeder 

nodes 703, 734, and 741 to demonstrate the voltage variability at different nodes along 

the distribution feeder. The voltage variations were recorded for a 15-hour time interval, 

from 5 am to 8 pm for the irradiance data measured on July 22, 2010. During the first 

hours of operation the solar generation was low and only small variations in voltage 

levels were measured. The observed step voltage changes at node 703 were due to 

changes in the LTC tap-position. The large step voltage changes were only observed at 

node 703 due to its close proximity to the LTC transformer. As the distributed PV 

generation increased and irradiance variability became more apparent.  The system 

without the local reactive power compensation showed large voltage variations at all of 
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the measured nodes. The application of fast reactive power compensation significantly 

reduced the voltage fluctuations throughout the 37-node distribution test feeder. The 

voltage fluctuations due to the changes in solar irradiance were significantly reduced for 

the entire system and the end of the feeder were observed not to exceed their ANSI 

specified voltage limits.  

 

Figure 34: Phase A voltage variations observed at nodes 703, 734, and 741 with and 

without local control with 450 kW PV systems at nodes 727, 732, and 736. 

Table 7.1 and Table 7.2 quantify the mitigation of voltage fluctuations. Table 7.1 

demonstrates the voltage fluctuations at nodes 741 and 724 with and without the fast 

local reactive power control. The PV systems installed to nodes 727, 732, and 736 were 

150 kW each for the case presented in Table 7.1. The first column of Table 7.1 shows the 

type of fluctuation that was measured. For example, the ‘Mean fluctuation with local 

control’ represents the mean voltage fluctuation with local control during the entire study 

horizon. The second through fourth columns display numerical values for each 

fluctuation at node 741 for phases A, B, and C. The fifth through seventh columns show 

numerical values for each fluctuation at node 724 for phases A, B, and C.  
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Table 7.1: Voltage fluctuations with and without the local control for 150 kW PV 

systems installed at nodes 727, 732, and 736 on 120V voltage base. 

150 kW PV systems installed at nodes 727,732, and 736 
 Node741 (120 V base) Node 724 (120 V base) 
Phase A B C A B C 
Mean fluctuation with local 
control (mV) 

7.6 5.6 12.2 1.2 3.3 9.1 

Mean fluctuation without 
local control (mV) 

61.9 49.3 55.8 22.8 17.1 21.2 

Max. fluctuation with local 
control (mV) 

49.5 40.6 82.8 15.3 30.4 65.0 

Max. fluctuation without 
local control (mV) 

422.0 336.1 647.0 157.4 118.0 147.7 

Table 7.2 similarly displays the voltage fluctuations at nodes 741 and 724 with 

and without fast local control. The PV system sizes, installed at nodes 727, 732, and 736, 

are 450 kW each. The first column of Table 7.2 determines the type of voltage fluctuation 

measured. The second through fourth columns display numerical values for each 

fluctuation at node 741 for phases A, B, and C. The fifth through seventh columns show 

numerical values for each fluctuation at node 724 for phases A, B, and C. 

Table 7.2: Voltage fluctuations with and without the local control for 450 kW PV 

systems installed at nodes 727, 732, and 736 on 120V voltage base. 

450 kW PV systems installed at nodes 727,732, and 736 
 Node 741 (120 V Base) Node 724 (120 V Base) 
Phase A B C A B C 
Mean fluctuation with local 
control (mV) 

19.5 15.8 37.2 3.8 10.8 28.3 

Mean fluctuation without 
local control (mV) 

181.9 145.1 164.6 66.9 50.2 62.9 

Max. fluctuation with local 
control (mV) 

132.5 126.3 266.8 43.6 96.1 210.1 

Max. fluctuation without 
local control (mV) 

1231 986 1171 457.6 344.8 431.6 
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The application of the local controllers significantly reduced the voltage 

fluctuations at the studied end of the feeder nodes.  Table 7.1 and Table 7.2 demonstrated 

that both mean and maximum fluctuations from the optimized voltage values were 

considerably reduced with the application of the local reactive power control. The same 

phenomenon was observed in Figure 33 and Figure 34. Figure 33 and Figure 34 represent 

typical performance for the fast-acting local voltage control during short and long time 

intervals. Similar control performance was also observed when the rated power output of 

the PV plants was increased.  

Table 7.3: Improvement achieved by local control for 150 kW PV systems installed at 

nodes 727, 732, and 736. 

150 kW PV systems installed at nodes 727,732, and 736 
 Node 741 Node 724 
Average decrease in mean fluctuations  84.8% 78.4% 
Min. decrease in mean fluctuations 78.1% 57.1% 
Max. decrease in mean fluctuations 88.6% 94.7% 
Average decrease in max. fluctuations  87.6% 73.8% 
Min. decrease in max. fluctuations 87.2% 56.0% 
Max. decrease in max. fluctuations 88.2% 90.3% 

The improvements in terms of fluctuation percentages, achieved with the local 

control of three 150 kW PV systems installed at nodes 727, 732, and 736, are shown in 

Table 7.3. The first column of Table 7.3 describes the type of improvement that was 

achieved. For example, the ‘Average decrease in mean fluctuations’ represents the 

average of the decrease in the mean fluctuations of the three phase voltages in the study 

horizon. The second and third columns show the decrease at node 741 and 724 

respectively. As seen in Table 7.3 the local control reduced the mean voltage fluctuations 

on average by 84.8% at node 741. Demonstrated by Table 7.1 and Table 7.2 the 

magnitudes of voltage fluctuations at node 741 were larger than at node 724.  The 
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average magnitude fluctuations at node 724 were reduced on average by 78.4%. The 

distant lateral location of node 724 to the PV plants yielded into considerably less voltage 

variations than the variations at node 741. The fluctuations at node 741 were larger due to 

its closer location to the PV generation. 

Table 7.4 displays the improvements in terms of fluctuation percentages achieved 

with local control of three 450 kW PV systems installed at nodes 727, 732, and 736. 

Similar to Table 7.3 the first column describes the type of decrease achieved and the 

second and third columns show the decrease at node 741 and 724 respectively. The 

increase in plant sizes did not significantly affect the performance displayed in Table 7.4. 

The application of local control reduced the mean voltage fluctuations on average by 85.3% 

on node 741, and by 75.9% at node 724. Table 7.3 and Table 7.4 demonstrate the 

performance of the local control maintained its effectiveness with the increased PV 

penetration. 

Table 7.4: Improvement achieved by local control for 450 kW PV systems installed at 

nodes 727, 732, and 736. 

450 kW PV systems installed at nodes 727,732, and 736 
 Node 741 Node 724 
Average decrease in mean fluctuations  85.3% 75.9% 
Min. decrease in mean fluctuations 77.6% 55.0% 
Max. decrease in mean fluctuations 89.3% 94.3% 
Average decrease in max. fluctuations  84.5% 71.3% 
Min. decrease in max. fluctuations 77.2% 51.3% 
Max. decrease in max. fluctuations 89.2% 89.5% 

For the studied nodes, the local reactive power control considerably reduced all 

voltage fluctuations. The overall system performance and power quality were thus 

improved considerably over VVC without local reactive power control 
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7.4. Discussion on dual-layer VVC approach with fast local control 

This chapter presented an application of a dual-layer VVC for distribution 

systems with active participation for reactive power support by the PV inverters. The 

proposed algorithm included finding an optimal solution to the VVO problem by using a 

distribution feeder wide MINLP based VVO algorithm. In conjunction with the MINLP 

algorithm the proposed solution included local reactive power control by the solar 

inverters to reduce voltage fluctuations along the feeder. The proposed approach was 

compared to a VVO approach without the fast second layer local PV inverter reactive 

power control. For the studied test feeder the local reactive power control considerably 

reduced all voltage fluctuations. The overall system power quality was thus improved 

considerably over VVO without local reactive power control. The proposed algorithm 

was implemented to a modified IEEE 37 node radial distribution test feeder with three 

PV plants with various loading and generation conditions. The results obtained showed 

significant reductions in both the mean and the maximum voltage fluctuations were 

achieved with the application of the dual-layer VVC. The dual-layer approach with the 

MINLP based VVO and fast local reactive power control shows promise to be applied to 

on-line feeder VVC with distributed generation. 
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8. CONCLUSIONS 

The work presented in this dissertation researches new methods for distribution 

system VVC and VVO. Chapters 3 and 4 presented a new method for formulating and 

solving a distribution system VVO as a MINLP problem. The proposed approach can 

solve the distribution system VVO without making assumptions, such as linearization, in 

the VVO problem formulation. The effectiveness of the MINLP was studied with a 

number of test feeders including the IEEE 13 node and IEEE 37 node radial distribution 

test feeders in Chapter 4 and the performance of the presented approach was validated.  

The analytical VVO approach is limited by their computational times for large 

distribution systems and by the response times of mechanical distribution control devices. 

An approach to minimize voltage fluctuation at specific feeder nodes by use of local 

linear reactive power controllers was presented in chapter 5. The proposed algorithm 

considered a local reactive power control of multiple PV inverters on a distribution feeder 

to minimize voltage fluctuations at main feeder tie nodes. That allowed voltage 

fluctuations to be similarly limited at the downstream feeder nodes. The presented 

distributed was shown to be effective for reducing voltage fluctuations significantly. The 

results obtained displayed significant reductions in both the mean and maximum voltage 

fluctuations caused by the irradiance variations. 

 In order to prevent two or more DG units from taking counteracting control 

actions a novel approach for fast global reactive power control was presented in chapter 6. 

The approach utilizes quadratic programming constrained by classical sensitivity analysis 

to find optimized reactive power injections by the DG to minimize voltage variations 

across the feeder.  The results of the case studies in chapter 6 displayed that the presented 
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coordinated control algorithm is effective for on-line application in the Smart Grid 

distribution feeders to limit voltage fluctuations due to intermittency of PV generation.  

Finally the dissertation presented a dual-layer VVC approach.  The presented 

MINLP based VVO approach was utilized for making the long term control decisions 

and proposed fast-acting local control approach was utilized for the short term control 

decisions. The effectiveness of the dual-layer VVC approach was studied with test 

system, real life variable utility load data, and with PV generation determined from 

measured irradiance patterns. The results obtained from case studies in chapter 7 

exhibited significant reductions in both the mean and maximum voltage fluctuations 

achieved with the application of the dual-layer VVC. The dual-layer approach with the 

MINLP based VVO and fast local reactive power control shows promise for on-line 

feeder VVC with distributed generation.  
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