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ABSTRACT OF DISSERTATION

EIGENVALUE MULTIPLICITES OF THE HODGE LAPLACIAN ON COEXACT
2-FORMS FOR GENERIC METRICS ON 5-MANIFOLDS

In 1976, Uhlenbeck used transversality theory to show that for certain families of
elliptic operators, the property of having only simple eigenvalues is generic. As one
application, she proved that on a closed Riemannian manifold, the eigenvalues of
the Laplace-Beltrami operator Ay are all simple for a residual set of C" metrics. In
2012, Enciso and Peralta-Salas established an analogue of Uhlenbeck’s theorem for
differential forms, showing that on a closed 3-manifold, there exists a residual set of
C" metrics such that the nonzero eigenvalues of the Hodge Laplacian Aék) on k-forms
are all simple for 0 < k < 3. In this dissertation, we continue to address the question
of whether Uhlenbeck’s theorem can be extended to differential forms. In particular,
we prove that for a residual set of C" metrics, the nonzero eigenvalues of the Hodge
Laplacian Af) acting on coexact 2-forms on a closed 5-manifold have multiplicity 2.
To prove our main result, we structure our argument around a study of the Beltrami
operator *,d, which is related to the Hodge Laplacian by Agg) = —(*,d)* when the
operators are restricted to coexact 2-forms on a 5-manifold. We use techniques from
perturbation theory to show that the Beltrami operator has only simple eigenvalues
for a residual set of metrics. We further establish even eigenvalue multiplicities for
the Hodge Laplacian acting on coexact k-forms in the more general setting n = 4¢+1

and k = 2¢ for ¢ € N.
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Chapter 1 Introduction

Determining the spectrum of linear operators is a prominent topic in functional analy-
sis. Let A be a linear operator on a Banach space X with domain D(A). The spectrum
o(A) of A consists of all values A € C such that the operator A — X is not boundedly
invertible. A point A\ € o(A) is called an eigenvalue of A if ker(A — X) # {0}. The
eigenspace of A at A is defined to be E(A,\) = ker(A — \), and the dimension of
E(A, \) is the multiplicity of .

The spectrum of a self-adjoint elliptic operator on a compact manifold consists
of isolated eigenvalues, each of which has finite multiplicity. One such operator is
the Laplacian A on L?(S5?%), where S? is the unit sphere in R3. TIts eigenvalues are
given by A = (¢ + 1) for £ = 0,1,2,... and have multiplicity 2¢ + 1. While each
eigenspace is finite-dimensional, the dimension of F(A,\) grows unboundedly large
as A approaches infinity.

The example of the Laplacian on L?*(S?) might cause one to suppose that multi-
dimensional eigenspaces are typical of self-adjoint elliptic operators. However, Uhlen-
beck [28] showed in 1976 that for certain families of elliptic operators, the property

of having only simple eigenvalues — that is, eigenvalues of multiplicity 1 — is generic.

Theorem 1.0.1. (Uhlenbeck, [28]) Let M be a connected compact manifold and Ly,
be a family of self-adjoint second order elliptic operators on M, where the parameter

b lies in an open subset of a Banach space B. Let
Sk = {u € Hy(M) N Hyo(M) | lull2ar) = 1},
and define ¢ : S} x R x B — H} (M) by

o(u, A\, b) = (L + A)u.



If 0 is a reqular value of p, then the set
{b € B| Ly has one-dimensional eigenspaces}

1s residual in B.

Theorem indicates that self-adjoint second order elliptic operators on a com-
pact manifold will in general have simple eigenvalues. This result may seem counterin-
tuitive given that many operators with computable eigenvalues, such as the Laplacian
on L*(S5?), have multidimensional eigenspaces. However, the repeated eigenvalues
often spring from the high degree of symmetry present in these examples, and as
symmetry is an exceptional property, it is reasonable that the operators will more
typically have simple eigenvalues. Uhlenbeck’s proof of Theorem employs tech-
niques from infinite-dimensional transversality theory based on works by Abraham
[1], Smale [27], and Quinn [23].

As an application of Theorem [I.0.I} Uhlenbeck gives the example of the family
of operators L, = L + b, where L is any self-adjoint second order elliptic operator
with smooth coefficients and b comes from the space B = C¥(U) for some open
subset U C M. This family of operators had been studied in 1975 by Albert [3], who
likewise proved the genericty of simple eigenvalues. While Albert’s approach from
perturbation theory is more direct than Uhlenbeck’s proof based on transversality, it
requires him to take the space of functions to be B = C'*°(M), making Uhlenbeck’s
the stronger of the two results.

Uhlenbeck’s second example applies Theorem to the family of Laplace-

Beltrami operators A,. In this setting, the parameter space is

M, ={g€G" (M)[(g— g0)lm-v = 0},

the set of all C" metrics on a manifold M which differ from a fixed metric gy only on

some open subset U C M. In particular, she establishes the following:



Theorem 1.0.2. (Uhlenbeck, [28]) Let A, be the Laplace-Beltrami operator for a

metric g € M, forr > n+ 3. Then the set
{g € M, | A, has one-dimensional eigenspaces}

18 residual i 9N,

In 1980, Bleecker and Wilson [9] proved a similar result using eigenvalue per-
turbation theory. They show that under conformal perturbations g; = e/gy of a
fixed metric go, the Laplace-Beltrami operator A,, has only simple eigenvalues for
a residual set of functions f € C°°(M). Their method is more constructive than
Uhlenbeck’s, but they lose the ability to restrict the metrics’ deviance from gy to an
open set U C M.

In light of Uhlenbeck’s result for the Laplace-Beltrami operator on functions, one
might wonder if the eigenvalues of the Hodge Laplacian Aék) acting on k-forms might
likewise be simple for a residual set of metrics. However, Theorem does not
have an automatic analogue to the Hodge Laplacian. In 1980, Millman [20] observed
that on a manifold of dimension n = 2k, the McKean-Singer Télescopage Theorem
[7] implies that all eigenvalues of the Hodge Laplacian acting on k-forms have even
multiplicity. Consequently, when M is a manifold of even dimension, the eigenvalues
of the Hodge Laplacian acting on forms of middle rank cannot be simple.

While Millman’s observation precludes a general extension of Uhlenbeck’s theorem
to the Hodge Laplacian, the possibility remains that an analogue might hold under
appropriate hypotheses. In 2012, Enciso and Peralta-Salas [12] established a result
similar to Theorem for the Hodge Laplacian on a closed manifold of dimension
3.

Theorem 1.0.3. (Enciso and Peralta-Salas, [12]) Let M be a closed 3-manifold and

r > 2 be an integer. There exists a residual subset I' of the space of C" metrics on



M such that, for all g € T', the nonzero eigenvalues of the Hodge Laplacian A, on

k-forms have multiplicity 1 for all 0 < k < 3.

Enciso and Peralta-Salas structure their proof around the study of the Beltrami
operator *,d on coexact 1-forms, which they show to have simple spectrum using
transversality theory. This fact, when combined with Uhlenbeck’s Theorem [1.0.2]
allows them to conclude that on a 3-manifold, the nonzero eigenvalues of the Hodge
Laplacian are generically simple.

In light of Millman’s comment regarding manifolds of even dimension, the next
natural case to which we might hope to extend Uhlenbeck’s Theorem is the
Hodge Laplacian on a five-dimensional manifold. In this dissertation, we use pertur-
bation theory to study the generic eigenvalue multiplicities of the Hodge Laplacian

on a closed 5-manifold. In particular, we prove the following result:

Theorem [4.2.4. Let M be a closed 5-manifold, and let r be an integer, r > 2. There
exists a residual subset I' of the space of all C™ metrics on M such that, for all g € T,
the eirgenvalues of the restriction of the Hodge Laplacian AéQ) to coexact 2-forms have

multiplicity 2.

Note that Theorem is not a direct extension of Theorem[I.0.2] for the generic
behavior of the nonzero eigenvalues of Aff) on coexact 2-forms is to have multiplicity
2, not 1.

To provide context for Theorem and justify its validity, we structure this
dissertation as follows. In Chapter 2, we review definitions from Riemannian geometry
and introduce several operators on differential forms which will be used extensively
throughout the dissertation. Chapter 3 provides a study of the Beltrami operator

*4d, which is related to the Hodge Laplacian by

A = —(x,d)?



when the operators are restricted to coexact 2-forms on a 5-manifold. We use per-
turbation theory to show that the Beltrami operator has only simple eigenvalues for
a residual set of metrics (Theorem [3.4.3). In Chapter 4, we make observations on
the eigenspaces of the Hodge Laplacian and apply Theorem to show that for
a residual set of metrics, the eigenvalues of the restriction of the Hodge Laplacian
to coexact 2-forms have multiplicity 2, thereby proving Theorem £.2.4, Chapter 5
offers concluding comments about related problems and establishes even eigenvalue
multiplicities for the Hodge Laplacian acting on coexact k-forms in the more general

setting n = 40 4+ 1 and k = 2¢ for ¢ € N (Theorem 5.2.1)).

Copyright© Megan E. Gier, 2014.



Chapter 2 Background

In this chapter, we introduce the definitions, notation, and concepts which provide
context for our subsequent discussion. We begin with an overview of tangent spaces
and differential forms. We then define several key operators before considering how
to decompose the spaces A¥(M) into harmonic, exact, and coexact forms using the

Hodge Decomposition Theorem [2.4.1]

2.1 Tangent Vectors and Vector Fields

We begin with a brief review of differential forms on Riemannian manifolds, as dis-
cussed in [IT) 21],26]. Let M be a closed Riemannian manifold of dimension n with at-
las {U,, ¢a}. A tangent vector to M at a point p € M is a linear map v : C*°(M) — R
that satisfies the property v(fg) = v(f)g(p) + f(p)v(g) for all f,g € C°(M). The
set of all tangent vectors at p € M is called the tangent space at the point p of M,
which we denote by T, M.

If (U, ¢) is a local coordinate system about p with coordinate functions z1, . .., z,,

0
of special interest are the tangent vectors ( ) € T,M, 1 <1i<n, defined by
p

ox;
AW IR
() 1= 2500

for f € C°°(M). When the point p is made clear from context, we sometimes write

for these vectors. The tangent space T),M is an n-dimensional vector space with

o 0
g, )\, )

Therefore, we may uniquely represent each tangent vector X, € T,M as

& 0
Xp = Zlaza—xl

8[Ei

basis elements




Here, we use the alternate notation X, for tangent vectors, which will be convenient
in our subsequent discussion.

The tangent bundle of M is the union

T™ = ] T,M
peM

consisting of points (p, X,) € M x T,,M. The tangent bundle is structured so that if
7 TM — M is the projection from the tangent bundle onto M, then 7~*(p) = T, M.

A wvector field X on M is a mapping X : M — T'M that takes each p € M to a
tangent vector X(p) = X, € T,M so that X, is of class C with respect to p. Let
X(M) denote the space of all smooth vector fields on M. In local coordinates, we
may write

u 0
Xy = Z ai(p)a—x
i=1 v

for p € U and smooth functions a; : U — R. Observe, then, that a vector field
X € X(M) acts on a function f € C*°(M) to produce a new function X f € C*>°(M)
given by

(XN)p) = Xp(f) = Z%(M%(P)'

2.2 Differential Forms

Consider now the cotangent space T; M, which is the dual space of T),M at a point
p € M and hence contains all bounded linear functionals mapping 7,M to R. We

define dz; to be the dual of 0
T

for 1 <i < n; that is,

0
i (g5 ) =0

where d;; is the Kronecker delta function. Thus, {dz,...,dz,} forms the dual basis
of TyM. We call
"M =] T;M

peEM



the cotangent bundle of M.
A differential form of degree k, or k-form, is a smooth section of the kth exterior
power of the cotangent bundle of M. As such, a k-form w assigns to each point p € M

an alternating multilinear map

wp : TpM x - X T,M — R.

-~

k factors
We use A¥(M) to denote the space of all C*° k-forms on M.
As an alternative approach to k-forms, let x1,...,x, be coordinate functions on

a coordinate neighborhood U in M. Consider the algebra generated by
dxq,...,dx,

over R with unity 1 and product A defined so that dx; A dx; = —dz; N dx; for
1 <,7 < n. The antisymmetry of the wedge product implies dz; A dz; = 0 for all
¢ =1,...,n, and hence dz;, A--- ANdx;, =0 for k > n+ 1. In local coordinates, a
k-form w can be written uniquely as
w = Z Wiy i dxi, A Nda,
i <<

for functions w;,..;, € C*°(U). The action of the elements
{doiy A Nday |1 < iy < -+ < i <) (2.1)
upon tangent vectors Xi,..., Xy € T,M is defined by

1

By linearity, we may extend this definition to a general k-form w € A*(M).
Though antisymmetry of the wedge product allows us to define a k-form locally
in terms of dx;, A---Adx;,, where the indices are strictly increasing, we will hereafter

use the Einstein convention that summation from 1 to n takes place over repeated



indices. To accommodate this convention, we define coefficients of w for nonincreasing

indices bY We(iy)...o(ix) = €o(ir)—o(iy)Wir...ix, Where ip < -+ < 4, 0 is a permutation on
{i1,..., 1}, and
1, if o is even;
Co(ir)-o(ix) =
—1, if o is odd.

In this way, we may write

w = Ewil,__ikd% A ANd,,

where the sum now ranges over all indices.
The wedge product of two differential forms w € A*¥(M) and n € AY(M) is a
1

dx;, N dz;,, and n = —wj, _j,dv; A dz; in local

(k+0)-form wAn. If w= 7

Ewil...ik

coordinates, then

1
WA= k}‘_f'wn...iknjl---jzdxil ARERRA d:L’Zk A dCUjl VANRERIVAN d:EjZ.

Observe that if &+ ¢ > n, then w A n = 0. Moreover,

nAw = (=1)"wAn. (2.2)

2.3 Operators on Differential Forms

In this section, we will introduce several operators on differential forms which will
feature prominently in the following chapters: the exterior differential operator, the
Hodge star operator, the codifferential operator, and the Hodge Laplacian. Our
primary references are [10] and [21].

Exterior Differential Operator

One of our main operators of interest is the exterior differential operator

d: AP (M) — A0,



defined by

k
dwo(Xo, o, X)) = 31X (w(Xo, o Ko, X))

i=0
+ 3 (~ 1) ([Xi,Xj],XO, XX ,Xk>
i<j
for w € A*(M) and X,..., X, € X(M). The notation X; indicates that the vector
field X, is omitted. Given a k-form w = %wilmikdajil A dz;, , the local expression of
the components of dw € A*1(M) is
k+1

_ awil...i Y TIRE]
(dw)il---ikH = Z(_l)é 1 za;ul kAL (2.3)
=1 b

The exterior differential is a first order linear operator and satisfies the following

properties:

dod = 0; (2.4)

d(wl VAN CUQ) = dwl AN wa + (—1)]’%1 VAN dWQ (25)

for all w; € A¥(M) and wy € AY(M).

The Hodge Star Operator

When M is an n-dimensional manifold, it is evident from that as a vector space,
A¥(M) has dimension (Z) Since A*(M) and A" *(M) can be viewed as vector
spaces of the same dimension, there is an isomorphism #, : A"(M) — A"*(M)
between the two spaces. We call *, the Hodge star operator and include the subscript

g to highlight the operator’s dependence on the metric.

Definition 2.3.1. The Hodge star operator
g1 AF(M) — A" F(M)

15 the zeroth order differential operator defined as follows:

10



(i) *4 is a C™°(M)-linear mapping, that is,
g (frwr + fows) = f1xg wi + fo *g wo
for all f1, fo € COO(M) and wi,wy € Ak(M),

(ii) In local coordinates,

1
(n_k)!lgl

kg (dziy N Ndxy,) = 1/2¢

jl...jk7jk+1...j7bgilj1 ce gikjkdl'jk+l VANRVAN dl‘jn,
where |g| = det g and €;j,...;, is the Levi-Civita symbol defined by

1, if (J1,-.-,Jn) 1S an even permutation of (1,...,n);
€ijn = N —1, if (J1,--.,Jn) 18 an odd permutation of (1,...,n);

0, otherwise.

In subsequent computations, it will be useful to note that Definition [2.3.1] implies

that for w € A¥(M), the local coordinate expression of *,w € A" *(M) is

2. j1l1 Ikl
€j1ogririn_ g G Wty (2.6)

1
(*gw)il“'in—k - E'gl
We also observe from Definition 2.3.1] that
xg(1) = dpg  and x4 (dpy) =1,

where du, = |g|*?dz; A --- A dz, is the volume element of (M, g). Moreover, the

Hodge star operator has the property that
for any w € A*(M).

The Codifferential Operator

The de Rham complez for (M, g) consists of the spaces A*(M) of k-forms on M and

the exterior differential operators d : A*(M) — A**1(M) for k =0, ..., n. Each space

11



AF(M) is equipped with inner product given by

(o, B)y = /oz/\*gﬁ for o, B € A*(M). (2.8)
M

As a consequence of (2.2)) and ({2.7)), the inner product satisfies

(kgw, %91y = (w,n)g (2.9)
for all w,n € AF(M).
The adjoint of d with respect to the inner product is the codifferential oper-
ator
Sy AP (M) — AR(M),
defined by

Oy = (—1)"FFDF y d (2.10)

As with the Hodge star operator, we include the subscript g in our notation 4, to

indicate that the codifferential operator is dependent on the choice of metric. From

[2.7) and (2.10)), we obtain the following useful identities on A¥(M):

%0 = (1) dx; (2.11)
kg = (1) d; (2.12)
dg00, = 0. (2.13)

To prove our claim that J, is the adjoint of d under the inner product (2.8)), we

take M to be a closed manifold and follow the argument found in [21]. Let w € A*(M)
and n € A*1(M). By equations and (2.11), we find
Qo hwgy = d(w Asgn) = (<1 Ad %,
= d(w A xgn) +w A *4047.
We integrate each side over M and apply Stokes’ Theorem to obtain
vy = [ e n ey + (. 8,1), = G5y

as desired. 0

12



The Hodge Laplacian

Our primary operator of interest is the Hodge Laplacian, the second order differential

operator

AW AR(M) — AF (M)

given by
AW = 5y + 6,d. (2.14)

Note that on 0-forms, the Hodge Laplacian AE,O) is simply the Laplace-Beltrami op-

erator, defined locally by

e D (e OF
af = -t (1o 57 )
i j

for f € C*°(M). The next proposition outlines a few convenient properties of the

Hodge Laplacian.

Proposition 2.3.2. ([10]) The Hodge Laplacian Agk), for 0 < k <n, has the follow-

ing properties:
(i) A(gk) is formally self-adjoint;
(ii) Aék) is formally non-negative;
(iii) Aék)w =0 if and only if dw =0 and d,w = 0.

Proof. In the following computations, context will determine the rank of the forms

upon which d and ¢, act.

13



(i) Let w,n € A*(M). Expressing A(gk) using ([2.14) and noting that §, is the adjoint

of d, we obtain
(A(k)wv 7])9 = (d59w7 77)9 + (6gdw7 77)9
= (04w, 64m)y + (dw,dn),
= (w,don), + (w,d,dn),
Thus, Aék) is formally self-adjoint.
(ii) For each w € A*(M), we have
(AW W w), = (doyw,w), + (§,dw,w),

= (04w, b4w)y + (dw, dw),

= [l dgwlly + lldelly

v

0,
and so Ag,k) is formally a non-negative operator.

(iii) Let w € A¥(M). First, suppose Agk)w = 0. By our computation in (ii), we find
that
16,01l + lldwll} = (APw,w)y =0,

thereby implying d,w = 0 and dw = 0.

Conversely, suppose that d,w = 0 and dw = 0. Then

AWy = db,w + §,dw = 0.

g

O

In addition to satisfying the properties of Proposition [2.3.2, the Hodge Laplacian

commutes with the operators *,, d, and 9.

14



Proposition 2.3.3. ([10]) Let 0 < k < n. For allw € A*(M), the following equalities

hold:
() #o(A§7w) = AL ()
(i) d(AJw) = AF (dw);
(iii) 0,(APw) = AFV (5,0).

Proof. Let w € A¥(M). In the computations which follow, the rank of the forms

upon which the operators *,, d, and d, act will be clear from context.

(i) By the identities given in ) and (2.12), we obtain
*g(Agk)w) = (¥gd)0gw + (%404)dw
= (=1)%6,(%,0,)w + (—1)*d(x,d)w
9\*g% 9
= (—1)*5,d %, w + (—=1)XFDas, %, w
= AP (x,0).

g

Thus, the Hodge Laplacian and Hodge star operators commute.

(ii) We apply (2.4)) to find

= (dd, + 8,d)dw

— A (k+1) (dw)

thereby establishing the commutativity of the Hodge Laplacian and exterior

differential operator.
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(iii) Using (2.13), we compute

0,(AWW) = 6,(dd, + 6,d)w

g
= 0gddgw
= (04d + ddy)ogw

= AFD(5,w)

g

to verify that the Hodge Laplacian and codifferential operator commute. 0

2.4 Hodge Decomposition

One reason why the operators Aék), d, and d, are so fundamental is that they decom-

pose A*(M) into orthogonal subspaces. We define the space of harmonic k-forms on

(M, g) by
HY (M) = {we A* (M) Agk)w =0},
the space of exact k-forms by
dA"Y (M) = {w € A¥(M)|w = dn for some n € A*1(M)}, (2.15)
and the space of coexact k-forms by
SMNTHM) = {w e A" (M)|w = 6,¢ for some ¢ € AFTH(M)}.

The Hodge Decomposition Theorem guarantees that any k-form can be uniquely

written as the sum of a harmonic form, an exact form, and a coexact form.

Theorem 2.4.1. (Hodge Decomposition Theorem, [21]) On an oriented compact

Riemannian manifold (M, g), the space A¥(M) can be decomposed as

AP (M) = HF (M) @y dA*H (M) @, ;A (M).
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Many of our computations in subsequent chapters will make use of the decompo-
sition given in Theorem [2.4.1] For now, we will consider the behavior of the operators
defined in the previous section when restricted to the subspaces H*(M), dA* (M),
and §,A*T1(M).

Proposition 2.4.2. The Hodge star operator *, has the following properties:

(i) *, : A=Y (M) — §,A" (M) is an isomorphism between exact k-forms and

coezact (n — k)-forms;

(ii) x4 : H¥(M) — H"*(M) is an isomorphism between harmonic k-forms and

harmonic (n — k)-forms.
Proof. We first observe that identity implies that the linear operator
(=DM sy AE(M) — A (M)
is the inverse of *, : A*(M) — A" (M).
(i) Suppose w € dA*~1(M) so that w = dn for some n € A¥=1(M). Then
*gw = %g(dn) = (=1)" 8y (x41)
is in §,A"*T1(M). To show that #, is injective, note that x,w = 0 implies that
w = (=1)MH *g (xgw) = (—1)Mh *¢ (0) = 0.

For surjectivity, let 7 € §,A"**1 (M) so that T = §,¢ for some ¢ € A" (M).

The k-form w = (—1)k"=k) x 1 satisfies
*gW = *g[(—l)k("_k) *g T| =T
and belongs to dA*~1(M) since
w = (=1)F=R g (5,0) = (—=1)"*FDF1g 5 .

Thus, *, provides an isomorphism between exact k-forms and coexact (n — k)-

forms.
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(ii) Let w € HX(M). By the commutativity of the Hodge Laplacian and Hodge star

operator established in Proposition [2.3.3 we have
AR (kw) = 5y (APw) = 0

so that x,w € H""(M). As in part (i), we find that x,w = 0 implies w = 0,
thereby proving the injectivity of *,. Moreover, for each ( € H"*(M), the

k-form w = (—1)*"=% «_ ¢ belongs to H*(M) and satisfies
#gw = (=DM g g = ¢

s0 *, ¢ HF(M) — H"*(M) is surjective. Therefore, *, is an isomorphism

between harmonic k-forms and harmonic (n — k)-forms. O

By identity (2.4) and Proposition [2.3.2] we have dw = 0 whenever w is in the sub-
space H*(M) @ dA*~1(M). However, when restricted to coexact k-forms, the exterior

differential operator provides an isomorphism between d,A*1 (M) and dA*(M).

Proposition 2.4.3. The exterior differential operator d : 5,A"™ (M) — dA*(M) is

an isomorphism between the spaces of coexact k-forms and ezxact (k + 1)-forms.

Proof. By (2.15)), we readily see that the range of d is contained in dA*(M). To
show that d : §,A*"1 (M) — dA*(M) is injective, suppose that w = §,n is an element

of 0,A**1(M) such that dw = 0. Since w also satisfies
dgw = 04(64m) = 0,

Proposition implies that w is in H*(M). However, the spaces H*(M) and
§yAFF1(M) are orthogonal by the Hodge Decomposition Theorem m thereby im-
plying that w = 0.

For surjectivity, let 7 € dA*(M). Then 7 = dw for some w € A¥(M), which can

be written w = o + d¢ + &, for some o € H*(M), ¢ € A*¥1(M), and n € AF(M)
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by the Hodge Decomposition Theorem [2.4.1] Consequently,
T =dw =d(a+d¢ + d,n) = d(d,n)

for ,n € 6,A* (M), and so d : §,AFTH (M) — dA*(M) is surjective. Hence, d
provides a linear isomorphism between the spaces of coexact k-forms and exact (k+1)-

forms. O

Parallel to our observations regarding the exterior differential operator, equation
(2.13]) and Proposition imply that the range of the restriction of the codifferential
operator to H*(M) @ §,A*1(M) is {0}. When the domain of d, is restricted to exact

forms, we obtain a result analogous to Proposition [2.4.3]

Proposition 2.4.4. The codifferential operator 6, : dA*'(M) — §,A*(M) is an

isomorphism between the spaces of exact k-forms and coexact (k — 1)-forms.

The proof of Proposition [2.4.4] is similar to that of Proposition [2.4.3| and will be
left to the reader. As a final observation, we consider the restriction of the Hodge

Laplacian to the spaces of exact and of coexact k-forms.

Proposition 2.4.5. The Hodge Laplacian Agk) 1s an automorphism when its domain

is restricted to either dA*=1(M) or 6,A*1(M).

Proof. Consider the Hodge Laplacian Aék) t AN (M) — dAPY(M) restricted to

exact k-forms. In this case, the Hodge Laplacian reduces to

k
AW = ds

g-

Since the operators d : §,AF(M) — dA*Y(M) and 4, : dA*=1 (M) — 6,A%(M) are

both isomorphisms by Propositions [2.4.3| and [2.4.4], we conclude that

k) . gAk—1 k—1
AW AN (M) = dAFH (M)
is an automorphism. The proof for the restriction of Aék) to §,AFT1 (M) is similar. O
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2.5 Spaces of Differential Forms

Up to this point, we have considered the spaces A*(M) of k-forms on M with smooth,
real-valued coefficient functions. Define the pointwise inner product (w,n), for k-

forms w,n € A*(M) to be the function on M satisfying

(wingdig = w A xgn, (2.16)

where du, = |g|*/?dx, A ... A dz, is the volume element of (M, g). Following [6], we
define the space LP(M, A¥) of LP k-forms on M to be the completion of A*(M) with

1/p
Wl = ( / |w|§dug) , (2.17)
M

% is the pointwise norm of the k-form w. Likewise, the Sobolev

respect to the norm

where |w|, = (w,wﬁ/

space H*(M, A¥) is the completion of A*(M) in the norm

s 1/2
g = (Z/ |vfw|§dug> : (2.18)
=0 M

where Vw is the ¢-th covariant derivative of w. Note that while the pointwise inner

]

product depends on the C" metric g, the choice of metric does not affect
LP(M, A*) or H(M, A*) when viewed as topological vector spaces.

While we are primarily concerned with real differential forms, the skew-symmetry
of the Beltrami operator will require us to consider differential forms with complex
coefficients throughout much of Chapter 3. By extending the underlying field of
scalars to include complex numbers, we obtain the complexification of A¥(M), defined

as

AE(M) = {a+iB|a,B € AF(M)}.

To account for complex-valued coefficients, we define the pointwise inner product

(w,mgdug = wA (xgn) (2.19)
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and corresponding global inner product

(w.m)y = /M w A eyl (2.20)

for w,n € AL(M). By substituting the complex pointwise inner product (2.19) in
the norms (2.17) and (2.18]) and considering complex forms, we obtain the spaces
L*(M, AL) and H*(M,AL) of L? and H*® complex k-forms, respectively. The Hodge

Decomposition Theorem [2.4.1] extends to complex forms to give
AL (M) = He (M) ® dAETH (M) ® ,A¢ (M),

where HE(M), dAE (M) and 6,AE (M) respectively denote the spaces of harmonic,

exact, and coexact complex k-forms.

Copyright© Megan E. Gier, 2014.
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Chapter 3 Generic Simplicity of the Eigenvalues of the Beltrami

Operator

Given the background provided in Chapter 2, the next two chapters will build towards
a proof of our main result, Theorem Let M be a closed 5-manifold, and let
G" (M) denote the space of metrics on M of class C" for some integer r > 2. Within
this setting, we wish to formulate a theorem in the spirit of Uhlenbeck, which would
predict the eigenvalue multiplicities of the Hodge Laplacian Aék) for a residual set of

metrics in G"(M).

3.1 Explanation of Approach

To provide justification for why we restrict our attention to coexact 2-forms and study
the Beltrami operator rather than work directly with A§2), we make a few preliminary
comments regarding the eigenvalues of the Hodge Laplacian on a 5-manifold. First,
observe that since 0-forms are simply functions, Uhlenbeck’s Theorem [1.0.2| guaran-
tees the nonzero eigenvalues of Aéo) will all be simple for a residual set of metrics in
G"(M). The commutativity of the Hodge Laplacian and #, established in Proposition
implies that the nonzero eigenvalues of Af) are also generically simple. The
same conclusion holds for Aél) restricted to exact 1-forms and to Agl) restricted to
coexact 4-forms by Corollary

Our observations above reveal that Uhlenbeck’s Theorem [1.0.2] is sufficient to
ensure generic simplicity of the nonzero eigenvalues of the Hodge Laplacian when
its domain is restricted to the space of O-forms, exact 1-forms, coexact 4-forms, or
5-forms. However, Theorem has no direct implications for the Hodge Laplacian
restricted to coexact 1-forms, 2-forms, 3-forms, or exact 4-forms. Fortunately, we do

not have to consider each of these remaining types of forms individually. The results
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of Section imply that the following operators have isomorphic eigenspaces:

. Agl) restricted to coexact 1-forms

—_

. Af) restricted to exact 2-forms

\)

3. A§3) restricted to coexact 3-forms

. A(g4) restricted to exact 4-forms

W

Likewise, AgQ) and Aé?’) acting on coexact 2-forms and exact 3-forms, respectively,
have isomorphic eigenspaces. Therefore, if we could determine the generic eigenvalue
multiplicities of the Hodge Laplacian restricted to coexact 1-forms and to coexact 2-
forms, we would obtain a full characterization of the generic eigenvalue multiplicities
of the Hodge Laplacian on a 5-manifold.

Following the approach of Enciso and Peralta-Salas [12], we determine the generic
eigenvalue multiplicities of the Hodge-Laplacian on coexact 2-forms by first studying
the eigenvalues of the related Beltrami operator. Lemma and equation ({3.1])
indicate that the Beltrami operator will only give insight into the eigenvalues of the
Hodge Laplacian when AE,Q) is restricted to coexact 2-forms, and thus our discussion
will focus on forms of this type. We build our argument around the Beltrami operator
because it has simpler structure than the Hodge Laplacian, which makes computations
in local coordinates more manageable.

As a final note, we focus on the nonzero eigenvalues of the Hodge-Laplacian since
the set of all eigenforms of A!(]k) with eigenvalue 0 is precisely the space of harmonic
forms H¥(M). Since M is a closed manifold, the Hodge Theorem implies H*(M) is
isomorphic to the k-th dimensional de Rham cohomology group of M and therefore
has dimension equal to by (M), the k-th Betti number of M. Now, b, (M) is a topo-
logical invariant, and thus the dimension of H*(M) is independent of the Riemannian

metric g € G"(M).
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One might observe that Theorems [3.4.3| and [4.2.4] do not specify that the eigen-

values of *,d and A§2) restricted to coexact 2-forms must be nonzero. As we just
observed, all eigenforms of the Hodge Laplacian with eigenvalue 0 are harmonic, so 0
will not be an eigenvalue of AgQ) when restricted to coexact 2-forms. In the case of the
Beltrami operator, *,du = 0 for u € H*(M, A%) implies that the coexact component
of uis 0. Thus, 0 is not an eigenvalue of *,d or Aéz) when the operators act on spaces

of coexact forms.

3.2 The Beltrami Operator

Our objective is to determine the eigenvalue multiplicities of the Hodge Laplacian
acting on coexact 2-forms for a residual set of metrics. We would like to use pertur-
bation theory to obtain this residual set of metrics, but local coordinate computations
are difficult if we work directly with Agf). We observe, however, that if w is a coexact
2-form then

AéQ)w = §,dw = —(x,d)°w.

Thus, in order to gain insight into the eigenvalue multiplicities of the Hodge Laplacian,
we first direct our attention to the unbounded first order operator *,d, which is more
conducive to perturbation theory and thus has more easily determined eigenvalue
multiplicities. We call x,d the Beltramsi operator.

Before narrowing our focus to coexact 2-forms on a 5-manifold, we consider the
more general properties of the Beltrami operator acting on k-forms on an n-manifold.

First, observe that since the Beltrami operator is the composition of *, and d, Propo-

sitions [2.4.2|and [2.4.3|imply it is an isomorphism between §,A**1 (M) and §,A" (M),

that is, the spaces of real coexact k-forms and coexact (n—k—1)-forms. By extension
to complex forms, *,d : 6,AE" (M) — §,A% (M) is also an isomorphism. We have
already noted that AgQ) = —(*,d)? on coexact 2-forms when n = 5, which is a special

case of a more general relationship.
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Lemma 3.2.1. Let M be an n-manifold. Then

A(k) _ (—1)nk+1(*gd)2

g

when restricted to coexact k-forms.
Proof. If w € 6,AE™ (M), then

Aék)w = Jgdw
_ (_1)n(k+2)+1(*gd*g)dw

= (1) ()

OJ

Lemma (3.2.1] implies that when restricted to coexact forms, the Hodge Laplacian

is given by A = (x4d)? if n and k are both odd; otherwise AP = —(#,4d)?. The
parity of n and k also determine whether the Beltrami operator is self-adjoint or

skew-adjoint.

Lemma 3.2.2. Let M be an n-manifold, w € H'(M,AL), and n € H*(M, AL *71).
Then

(*gdw,n)y = (_1)nk+l(w7 *gdn) g
Proof: Let w € HY(M,AL) and n € H'(M,A*"). By applying properties

[2-9).(2.7), and (2.12), we obtain

(kgdw,m)g = (¥g(xgdw), *¢n)g
_ (_1)(k+1)(n—k—1)(dw7 *gn)g
= (_1)(k+1)(n—k—1)(w7 59 *g 77)9
= (D ),

= (=1)" (w, %4dn),.
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In general, the Beltrami operator maps k-forms to (n — k — 1)-forms so that the

ranks of the forms in its domain and range coincide precisely when

n—1
k = . 1
- (3.1)

In this case, Lemma reveals that *,d is self-adjoint if n and £ are both odd and
is skew-adjoint otherwise. In particular, the Beltrami operator will be skew-adjoint
when n =5 and k = 2, our case of interest.

In order for the Beltrami operator to have eigenvalues, k£ and n must satisfy
equation . In particular, can only hold if M is an odd-dimensional manifold,
and so the Beltrami operator will not give insight into the eigenvalue multiplicities
of the Hodge-Laplacian when M has even dimension. Since n = 5 and k = 2 satisfy
(3.1), it is reasonable to discuss the eigenvalues of *,d acting on 2-forms on a 5-
manifold. As a consequence of the skew-adjointness of the Beltrami operator in this

case, all of its eigenvalues must be purely imaginary.

Lemma 3.2.3. Let M be a manifold of odd dimension n, and consider *4d acting on
HY(M,AL), where k = (n —1)/2. If k is odd, then *,d has only real eigenvalues. If

k is even, then all eigenvalues of *4d are purely imaginary.

Proof: Let w € H'(M,AL) be an eigenform of x,d with eigenvalue A € C. By

Lemma [3.2.2]
Mlwllf = (rgdw,w)y = (=1)"FH(w, *gdw)y = (=1)" T\ [lw]]7.

If k is even, the relationship A = X implies ) is real. If k is odd, then A = —\ implies

A is purely imaginary. ([l

To accommodate for the fact that x,d has purely imaginary eigenvalues when
n =5 and k = 2, we will primarily be working with complex differential forms for

the remainder of this chapter.
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3.3 Variation of the Beltrami Operator in Local Coordinates

Now that we have established general properties of the Beltrami operator *,d on a
manifold of dimension n, we hereafter assume that M is a closed 5-manifold and the

metrics g belong to G"(M) for r > 2. Define
K = {u € L*(M,A\*) |du = 0},

which is the set of all L? exact and harmonic 2-forms on M. Because we will be
switching between metrics in the arguments that follow, we will use L, to specify
orthogonality with respect to the inner product (-, -),. By Hodge decomposition, K+
is the set of all L? coexact 2-forms on (M, g). The spaces K and K1¢ consist of real
2-forms and will be pertinent to our discussion in Chapter 4. In this chapter, however,
we will focus on the analogous spaces of complex 2-forms, K¢ and Kég.

To prove the generic simplicity of the nonzero eigenvalues of the Beltrami op-
erator, we will be using methods from perturbation theory. In particular, we must
determine how *,d behaves under variation of the metric, which we will do using local
coordinates. A few comments regarding notation in local coordinates are in order.
We use ¢;; and g% to signify the components of the metric tensor g € G"(M) and its

1

inverse matrix g—!, respectively. The inverse ¢g—! can be used to raise the indices of

a covariant (0, k)-tensor field Tj to produce a contravariant (k,0)-tensor field

ik
Tiie = ghdn . gk,
The trace of a (0,2)-tensor h is given by tryh = g h;;.

The space 8"(M) consists of all symmetric tensor fields of class C" and type (0, 2)
and can be identified with the tangent space T,G"(M) at any g € G"(M). Thus,
D(xd),(h) represents the variation of the Beltrami operator at the metric g € G"(M)
in the direction of a C" symmetric (0,2)-tensor h. The following lemma gives the

local coordinate representation of D(xd),(h) acting on an eigenform of the Beltrami

operator.

27



Lemma 3.3.1. Let u € H'(M,A) be an eigenform of x,d with eigenvalue i\. Then
for any h € 8" (M),

1
(D(xd)g(h)u)i; = i —§(t7“gh)uij + " Pyitinj + 9™ et | -

The full proof of Lemma [3.3.1] is given in Appendix A, but we will here provide
an overview of the computations involved. First, we express the Beltrami operator

in local coordinates by

1/2 kn Ip mgq aunp aunq aup(l)
6 .

1
du)is — — y _
(xgdu);; Ektmiz|9| 79 "™ g (8% oz, + or,,
Using the formulas
D(g)(h) =~k and  D(lgl)(h) = slgl*(tr,h) for s> 0.

we compute

1

(D(*d)4(h)u);; = 65},{J‘l7m,j|g|1/2<

Onp — Oupg N Oy
oz, Oz,  Ox,

1
% {é(trgh)gknglpgmq . gknglphmq . gkngmthp o glpgmqhkn )

Finally, we utilize the relationship *,du = i Au and simplify the expression for
(D(*d),(h)u);; to arrive at the desired formula.

In our proof that the eigenvalues of the Beltrami operator are generically simple,
we will need the following density result, which allows any compactly-supported 2-
form to be locally expressed in terms of a given non-vanishing form and a symmetric

(0, 2)-tensor.

Lemma 3.3.2. Let w € C"(M,A%), r > 1, and consider a compact subset K C
M\w=(0). Then for any v € C"(M, A%) with supp v C K, there exists a symmetric

complex (0,2)-tensor t € SL(M) such that vij = tig"w; + wirpg™t;.

Proof. Let w € C"(M,A2), let K be a compact subset of M\w™'(0), and let v be

any 2-form in C"(M, A%) with supp v C K. To make our computations clearer, we
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will use matrix representations of the various forms and tensors. The 2-forms w and

v correspond to the antisymmetric 5 X 5 matrices

| 0 W12 W13 W14 w15- [ 0 V12 V13 V14 U15-
—Wi2 0 W23 Wo4  Wos —V12 0 V23 V24  U2s
W= |—-wy3 —wy 0 wyy  wss| AAV = | —pi3 —vp3 0 Vg U35 | >
—Wi4 —W2q —W34 0 Wy5 —V14 —U24 —Uy 0 V45
| —W1s —W25 —Wzs —Wgs 0 | | ~V15 —U25 —Uss —Uss 0 ]

1

while g7 and ¢ naturally correspond to the symmetric matrices

11 12 13 14 15 tl 1

g g9g° 9° g g t1g ti13 tia tis

g g ¢ g* ¢F t1g tog Toz Tog tos

—1
G =g ¢® ¢ ¢ ¢¥| and T = |13 toy t33 tas tss

gt gt Pt gt P tig tog t3s Tag tlss

g’ g* ¢*® ¢g® ¢ t15 tos 135 ta5 Uss

Note that the entries of W, V,G~!, and T are functions of p € M, so these matrices
are in fact matrix-valued functions. For ease of notation, we suppress the point of
evaluation p.

The condition v;; = tikgklwlj + wikgkltlj for 1 < 4,7 <5 translates into the matrix
equation

V=TG'W+WG™'T.

Since G~! is a symmetric positive-definite matrix, it has a symmetric positive-definite

square root G~'/2. We thus obtain the equivalent equation
V = TW+WT, (3.2)

where the matrices V = G™Y2VG 12 and W = G~Y2WG~Y/2 are antisymmetric

and T = G~Y2TG~1/2 is symmetric.
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Let M denote the set of all C" 5 x 5 matrix-valued functions on M, and define a

linear operator L : M — M by
LX) = XW+WX. (3.3)

Satisfying condition (3.2) amounts to finding a symmetric T € M such that L(T) =

V. The Sylvester equation

has a solution if V is orthogonal to ker L. We show in Appendix C that each E € ker L

is symmetric. By the antisymmetry of V, the matrix inner product of V with each

E ckerL is
5
i,7=1
= E €jVij + g €4 Vij
1<j i>7
= Y @yt Y e(—iy)
1<j i>]
= %{JU — E %62] (reindexing)
1<j i<j
= 0.

Since V is orthogonal to ker L, there exists an X € M such that V = XW + WX on

K. The antisymmetry of V and W gives

(XW + WX)T — 77
WTxT + xTW?T — 77

-WXT -X"W = -V

X"W+wx" =

so that X7 solves the same equation as X. Thus, we define T to be the symmetrization

~ 1
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Hence, T = GY2TG'2 is a symmetric C” matrix-valued function such that
V=TG'W+WG'T,

and thus we obtain from 7" the desired symmetric complex (0, 2)-tensor ¢ € Si(M).

n

In (2.20), we defined the global inner product of a, 3 € AL(M) to be

@By = [ anGeh)

In our case n = 5 and k = 2, we wish to express this inner product using local co-
ordinate representations of the differential forms. We claim that the local coordinate

representation of the pointwise inner product (2.19) is given by

| _
(o, B)g = 59%9]6041’]'51% (3.4)

1 1
for complex 2-forms o = éast drs Ndx; and 5 = 3 Bre dxy, A dxy. Indeed, observe that

a A (xgB) = (%Oést dxg A det) N (% : %|g|1/2€iqurgikgﬂ@dxp A dg A da:r)
— 2—14 191" 2 €tpgr€ijpar g™ 67 st Bre dy A dy A das A dg A das
= %|g|1/zgikgjéaij@da:1 A dze A dxz A deg A dxs
= %gikgj ‘i B dpsg
= (o, B)gdpy,

where dy, = |g|*/?dx; A+ - - Adzs is the volume element. We may thereby use the local
inner product (3.4) to express the global inner product in terms of local coordinates

as

1 o —
@By = [ anGh = [(aBhdn, = 5 [ o asBedn, 65

for a, B8 € AL(M).
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3.4 Eigenvalue Perturbation for the Beltrami Operator

To establish the generic simplicity of the eigenvalues of the Beltrami operator, we
use standard results from perturbation theory as discussed in Rellich [24] and Kato
[19]. In particular, observe that the skew-adjointness of the Beltrami operator *,d
when n = 5 and k = 2 implies that the operator ix, d : H'(M,A%) N Kég — ICég
is self-adjoint with respect to the metric g and has real, isolated eigenvalues of finite
multiplicity. We consequently have the following perturbation theorem for linear

perturbations of the metric:

Theorem 3.4.1. Let \ be an eigenvalue of i, d : H'(M,A%) N Kég — ICég of
multiplicity m, and let g(e) = g + €h for some h € S"(M). Then there are m
functions (%(¢), ..., 0" (¢) real-analytic at e = 0, and m functions Ul(e),...,U" (¢)

analytic in H'(M,A2%) at € = 0 such that the following conditions hold:
(1) 2(0) =X forj=1,...,m;

(2) ixg() dUJ(e) = L3(e)Ul(e) for j =1,...,m;

J

(3) For e in a small enough neighborhood of 0, {Ul(e), ..., U"(€)} is an orthonormal
set in H'(M,A%) N /Cég(e> ;

(4) For every open interval (a,b) C R such that X is the only eigenvalue of ix, d in
la,b], there are exactly m eigenvalues (counting multiplicity) (%(e), ..., " (€) of

i%g(e) d in (a,b), for e sufficiently small.

As a technical point, we may apply perturbation theory when the domains of the
perturbed operators x4 d are taken to be H'(M,AZ) N Kég(e) since there exists a
bijection between the spaces ICég and ICég(e). To see this, let P9 : L*(M,AZ) — lCég

denote the g-orthogonal projection onto Kég for a metric g € G"(M), and consider

32



the restriction ng : lCé" — Kég defined by

We have the following lemma:

Lemma 3.4.2. For any g,g € G"(M), the bounded operator PJ : Kég — ICég is a

bijection.

Proof. Let g,g € G"(M). Ifw € lCé" satisfies PJw = 0, then w is also contained

in K¢. Since lCég N K¢ = {0}, we conclude that Pg is injective. Moreover, since
P9 L2(M,\2) = Ke @, Kg? — K&°
. s 13C C Wg C

is surjective and P9(K¢) = {0}, the restriction P?

| 1, = P9 is surjective. Hence, P?
o g g

is a bijection. 0

Given the perturbation theorem [3.4.1] we may now proceed to show that the

eigenvalues of *,d on coexact 2-forms are generically simple.

Theorem 3.4.3. The eigenvalues of the Beltrami operator x4d acting on the space

HY(M,A%) N ICég are all simple for a residual set of C" metrics.

Proof. For a metric g € G"(M), we label the eigenvalues i), of the Beltrami

operator *,d so that
)‘iﬂ(g) > A2 (9)-

Define the subsets

I'={g€G"(M)]| all eigenvalues of *,d| 1, are simple}

HY(M,AZ)NK

and

Iy ={g€G"(M)| the first n eigenvalues of *, d| 1, are simple}

HY(M,AZ)NK
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so that

rc...cr,clyy,c---cryclio=6"(M)

and
I= (T
n=0

By the stability of simple eigenvalues under small perturbations of the metric, each
set Iy, is open in G"(M). Thus, to prove that I" is residual in G"(M), it is sufficient
to show that I',,;1 is dense in I',, for all n =0,1,2,.. ..

Let g € T',, so that the first n eigenvalues of
1 2 i 1
sgd - H (M, Ag) N K& — K¢?

are simple. Suppose that the (n + 1)-st eigenvalue i\ # 0 of %,d has multiplicity
m, and define g(€) = g + eh for some h € S"(M). Theorem implies there are
m functions 2 (¢), ..., " (¢) real-analytic at € = 0, and m functions Ul'(e), ..., U" (¢)

analytic in H*(M, AZ) at e = 0 such that the following conditions hold:
(1) £(0) = Afor j=1,...,m;
(2) *g0dUM(e) = il (e)Ul(e) for j =1,...,m;

(3) For € in a small enough neighborhood of 0, {Uf(¢),...,U" (¢€)} is an orthonormal
set in H'(M,A%) N Kég(e);

(4) If XA € (a,b) C R and no other eigenvalue i of *,d satisfies p1 € [a,b], then for €
sufficiently small, i¢}(e), ..., il (¢) are the only eigenvalues of #,d of the form

ip for p € (a,b).

When € = 0, each set {U}(0),...,U"(0)} forms an orthonormal basis of E(x,d,iM\).
However, the basis may depend on our choice of h € §"(M) in the linear perturbation

g(€) = g + €h, which is why we include the superscript in our notation.
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If we differentiate

*g(e)dUJh(e) = M?(e)Uh(e)

J
with respect to € and evaluate at ¢ = 0, we obtain

D(xd)y(h)U} (0) + #,d(U}')'(0) = i(¢5) (0)U}'(0) + €5 (0)(U}')'(0)

D(xd)y(h)U}(0) + (x4d — iX)(U})'(0) = i(¢7)' (0)U}'(0)

D(xd)g(h)ull + (xqd — i) (U (0) = i(£}) (0)uf, (3.6)
where we have introduced the notation u? = U;‘(O). Observing that {uf,... ul} is

an orthonormal basis of E(x,d,i)\) and taking the inner product of (3.6 with another

eigenform u?, we find

i(65) (0)(ug, )y = (D(sd)g(h)uf, up)g + ((xgd — iX)(UF)'(0), uy),

i(65)(0)djc = (D(sd)g(h)uf, up)g.

We may express the inner product (D(xd)y(h)ul, u}), in local coordinates using (3.5)

and Lemma [3.3.1] to obtain
h\/ A pr _qs 1 h It h It h TRy
(Ej) (O)(sj = 9 g g _g(trgh)(u]’ Jpq + 9 htp(uj)lq +9 htq(uj )pl (uk)rs dpig,
which we may express more concisely as
() (0)05 = A(S(h,uf),up)g (3.7)
by defining S : SE(M) x L*(M,A%) — L*(M, A%) by
1 It It
[S(h, w)lpg = _§(trgh)wpq + 9" hiptig + g gy

for h € SE(M) and w € L?(M, AZ). Observe that S is linear in both h and w.

Our goal is to show that there exists an h € §"(M) such that

(€3)'(0) # (€4)'(0)
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for some pair j,k € {1,...,m}. This fact implies that under the metric perturbation
g(e) = g + €h for e sufficiently small, the perturbed eigenvalues ¢ () and if}(e) of
%4(c)d are distinct. While i¢"(¢) and i¢}:(e) are not guaranteed to be simple, they each
have multiplicity less than m, so we may repeat the argument finitely many times to
obtain g(e) € I',41.

To this end, assume to the contrary that (¢7)'(0) = (£;)'(0) for all h € §"(M) and

all j,k € {1,...,m}. By (3.7)), this assumption implies

(S(hu),uf)y = (S(hup),up), 1< 4,k <m (3.8)
(S(h,ul),up)y = 0, j#k (3.9)
for all h € 8"(M). As previously noted, each set {u?,... u”} forms an orthonormal

basis of E(*,d,i)\), but we cannot assume that u;“ = u?Q when hy # hy. Let us

therefore fix an orthonormal basis {uy, ..., un,} of E(x,d,i)\). For a given h € 8"(M),

we may write each u; in terms of the basis elements {u?,... , u} as
wj = Uy e Gty
for constants ¢;1,...,¢j, € C. The fact that {uy, ..., u,} and {u?,... u"} are both

orthonormal bases of E(x,d,i)\) implies

O = (uj,up)g
h h h h
= (Cauy + Gy, CeaU] + o+ Comly,)g

= GaCk1 t o+ CmChm. (3.10)

Combining (3.10) with (3.8)) and (3.9) yields

(S(hyuj),up)y = cja(S(hyul),ug)g + -+ + cjm(S(h,ul), ug)g
= Cj,lwyl(s(}% U}f), uill)g +oe At C]}mm(s(ha uﬁn)’ ufn)g
= (ATt + -+ CimChm) (S(h,ul), ul),

= (5jk(S(h,u?),u}-’)g.

J
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Thus, for all h € S"(M), the elements in the orthonormal basis {u1, ..., u,,} satisfy
(S(h7 uj)? uj)g = (S(ha uk)v uk)gv 1<jk<m
(S(h7uj>auk‘)g = 0,7 7£ k.
Observe that setting
hyr = T —(tr,T)g
for T € 8" (M) yields
1
[S(hr, uj)lpg = _5[(tr9T) = 5(trgT)](us)pg + glt[Ttp — (t14T) gp) (15 )1
+9"[Tog = (t15T) g1q) (1)1
= 2ty T) (s)pg + 6" Tip(u )ig — (tr4T) (1)) g + " Trg (1)

—(trgT) (1)) pg

= Tptgtl(uj)lq + (uj)plgltth'

By decomposing a complex symmetric (0, 2)-tensor 7' € S¢(M) into T' = Ty + i1 for
Ty, T, € S"(M), we find that

[S(hTH-iTw uj)]pq = [S(th, uj)]pq + i[S(hTQ’ uj)]p‘]’
thereby implying

(S(hr,us) ug)g = (S(hryrimy, ws),us)g
= (S(hry,u5),u5)g + 1(S(hny, us), us)g
= (S(hry,ur), ur)g + i(S(hry, up), ug)g
= (S(hry+iy, uk), ur)g

= (S(hr,ur), ur)y

for all T € S¢(M). Likewise, we obtain
(S<hT7uj)7 uk)g = 07 ] 7£ k (311)

37



for all complex tensors 7' € Si.(M).

Without loss of generality, fix j = 1 and k = 2. Equation implies
(S(hr,u1),u2), = 0 (3.12)
for all T' e S¢.(M). Now, it follows from (x,d — iX)u; = 0 that
Af)ul = —(*gd)2u1 = ANy,

and so u; is an eigenform of the Hodge Laplacian A(QQ) with eigenvalue A2. Unique
continuation then indicates that u; cannot vanish in any open subset of M [4, 5], and

consequently, the set

S =A{S(hr,w) | T € Sc(M)}

is dense in L?(M,A%) by Lemma [3.3.2] Since implies uy is orthogonal to the
dense set ./, we obtain us = 0 on M, contradicting that us is an eigenform.

We hence conclude that there exists an h € S"(M) such that (£0)'(0) # (£:)'(0)
for some j,k € {1,...,m}. Repeating the above argument as necessary, we obtain a
metric g(e) = g+eh in I for € sufficiently small. Since g(€) can be taken arbitrarily
close to g in the C" topology, we conclude that ™! is dense in I'". Additionally,

each I'" is open in G" (M), so we infer that

I'= ﬁ I,
n=1

is residual G"(M). Thus, for a residual set of metrics I' C G"(M), the Beltrami

operator acting on H'(M,AZ) N Kég has only simple eigenvalues. U

Copyright© Megan E. Gier, 2014.
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Chapter 4 The Hodge Laplacian on Coexact 2-Forms

In the previous chapter, we established that when M is a 5-manifold, the Beltrami
operator *,d acting on H'(M,A%) N ICég has only simple eigenvalues for a residual
set of metrics in G"(M). We will utilize this fact in proving our main result, Theorem
4.2.4) which establishes the generic eigenvalue multiplicities of the Hodge Laplacian

acting on coexact 2-forms.

4.1 The Spectrum of the Hodge Laplacian

Before continuing our discussion of coexact 2-forms on a 5-manifold, we pause to
make a few general observations about the spectrum of the Hodge Laplacian Agk)
on a manifold (M, g) of dimension n. Since we will not be varying the metric in
this section, we temporarily suppress the subscript in our notation for the Hodge
Laplacian and codifferential operators. The following spectral theorem holds for the

Hodge Laplacian.

Theorem 4.1.1. ([I0]) Let (M, g) be a closed, connected, oriented, n-dimensional

Riemannian manifold. The eigenvalue problem

A®G =
has a complete orthonormal system wy, ws, . .. of smooth eigenforms in L*(M, A*) with
corresponding eigenvalues 0 < Ay < Ay < -+, where \j — 00 as j — oo.

Let E(A™® \) denote the space of eigenforms of A®) in L2(M, AF) with eigenvalue

A. In light of the decomposition

A*(M) = HM (M) @ dN*H (M) © SAFH (M)
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given in Theorem [2.4.1], the following theorem allows us to decompose the eigenspace
E(A™ )) into exact and coexact subspaces. Let E¥(\) and E¥()\) denote the spaces
of exact and coexact eigenforms of A®) with eigenvalue A # 0. We adopt the con-
vention of adding a superscript to the operators d and ¢ to indicate the rank of the

forms upon which they are acting.

Theorem 4.1.2. ([10]) The following equalities are valid:
() B(AW,)) = B5(\) & EE(V),

(i) B = 1B (),

(iil) EE(N\) = SFLEATE(N).

Proof. (i) The linearity of A®) implies EX(A\)@E¥(\) € E(A®X). For the reverse
inclusion, suppose w € E(A® \) so that A®w = A\w. By the Hodge Decomposition

Theorem [2.4.1] there exists a unique decomposition
W = Wy + wg + Ws
such that wy € H¥(M), wy € dAF"1(M), and ws € SA*1(M). We then obtain

AW =
A(k) ((,UH + Wy + w(;) = /\(WH + Wy + w(;)

A(k)wd + A(k)w5 = /\wH + /\wd + )\w(;.

Proposition implies that A®w,; € dA*Y(M) and A®ws € JA*Y (M), so

uniqueness of the Hodge decomposition gives
wy =0, APy, = Awg, and AP s = Aws.

Thus, w = wy + ws is contained in EX¥(\) & EX(N).
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(ii) Let w € E%(X\). Since d*=1 : §*AF(M) — d*"'AF=1(M) is an isomorphism
by Proposition [2.4.3, there exists a unique n € §*A¥(M) such that w = d*~'n. The

commutativity of the Hodge Laplacian and d established in Proposition [2.3.3 gives
AL AR ) = AFw = M = d* 1 ().

By the injectivity of d*~! restricted to coexact forms, we conclude A*~Yy = Ay so
that 7 € Ef~'(A). The reverse inclusion d* 1 E¥ 1 (\) € E%()\) easily follows from the
commutativity of A®) and d.

(iii) Using that 6 : d*A*(M) — 6*TPAFTL(M) is an isomorphism (Proposition

2.4.4]), the proof of the equality
E§(N) = " EFT (V)

mirrors the argument given in (ii). O

As a consequence of Theorem m (i), all eigenforms in E(A®) X) can be decom-
posed into exact and coexact components which are individually eigenforms of A®)

with eigenvalue A. Statement (ii) can be improved upon in the following corollary:
Corollary 4.1.3. ([10]) For every k = 1,...,n, the linear mapping

1 BY Y (N — EE(N)
induced by the exterior derivative d*=' is an isomorphism of norm ||d*~'| = v/

Corollary implies that A is a simple eigenvalue of A!(;k) acting on exact k-
forms if and only if it is a simple eigenvalue of Af]k*l) acting on coexact (k — 1)-forms.
In addition to E%(\) being isomorphic to Ef~'(\), the commutativity of *, and A®)
established in Proposition implies that E%()) is also isomorphic to Ey~%()). As
a consequence of these isomorphisms, determining the eigenvalues of the operators
A® 0 < k < n, reduces to identifying the eigenvalues of the restriction of A®) to

exact forms for select values of k.
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Corollary 4.1.4. ([I0]) The eigenvalues of the operators A% 0 < k < n are com-
pletely determined by the eigenvalues of the restriction of A®) to exact k-forms for

0<k<|(n+1)/2].

Note that we could just as easily determine the eigenvalues of A®) 0 < k < n by

studying the restriction of A®) to coexact forms.

4.2 Generic Eigenvalue Multiplicities of the Hodge Laplacian on Coexact

2-Forms

In order to determine the generic eigenvalue multiplicities of the Hodge Laplacian
on coexact 2-forms on a 5 manifold, we must determine the relationship between the
eigenvalues and eigenforms of the Hodge Laplacian and the Beltrami operator. Our
next two lemmas hold in the more general setting of n = 4/ + 1 and k = 2¢ for some

¢ € N and in particular apply when n =5 and k = 2.

Lemma 4.2.1. Let M be a manifold of dimension n = 4€+1 for some £ € N, and let
k=20 Let w= a+if8 be a nonzero complex k-form with o, 3 € H'(M,A*). Then

*g,dw = 1 w if and only if
xgdo = =B and  x,df = . (4.1)
Proof. First, suppose that w = « + i € H'(M, AL) solves *,dw = idw. Then

*gdw = idw

x,d(a+16) = iAa+if)

xgdo+ix,d = —AB+ida,

so equating real and imaginary parts yields (4.1]).
Conversely, suppose that a, 3 € H'(M, A*) satisfy (4.1]), and let w = a+i3. Then

kgdw = *gdoe + i %5 df = —AB + ida = iAo +if) = il\w
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so that w is an eigenfunction of *,d with eigenvalue i\. U

Note 4.2.2. It is important to recognize that condition (4.1]) implies that o and g
are nonzero, linearly independent forms over R. To see this, observe that § = ca

implies
2

*g dff = % *g dov = —28,

Cc

6:coz—)\

which gives ¢ = 4 in contradiction to ¢ € R. Even more notably,
1 1
(a76>g = X(*gdﬁaﬁ>g = _X(5’ *gdﬁ)g = _(67 a)g

reveals that

(Oé, 5)9 = O

The next lemma follows from our observations in Lemma [£.2.1]

Lemma 4.2.3. Let M be a manifold of dimension n = 4+ 1 for some ¢ € N, and
let k = 20. Let a,3 € H*(M,A*) N Kts. If w = a+ i is an eigenform of the
Beltrami operator *,d with eigenvalue i\, then both a and B are eigenforms of the

Hodge Laplacian Aék) with eigenvalue \2.

Proof. Let o, 8 € H?*(M,A*) N Kto, and suppose w = a + if3 is an eigenform of
*,d with eigenvalue i\. By Lemma [4.2.1| o and 3 satisfy

xdoe = —AB  and  x,df = Aa.
Since « is a coexact form, n = 4¢+1 is odd, and k = 2/ is even, Lemma |3.2.1| implies
Agk)a = —(x4d)?a = A %, df = Na.

Similarly,
APB = —(x4d)*8 = =Xy da = N5

so that a and S are both eigenforms of Aék) with eigenvalue \2. O
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Given that Lemmas [4.2.1| and 4.2.3| apply in the case n = 5 and k = 2, we are

now ready to prove our main theorem.

Theorem 4.2.4. Let M be a closed 5-manifold, and let r be an integer, r > 2. There
exists a residual subset I of the space of all C" metrics on M such that, for allg € T,
the eigenvalues of the restriction of the Hodge Laplacian Af) to H*(M,A?) N Kt

have multiplicity 2.

Proof. By Theorem there exists a residual set I' of C" metrics on M such
that the eigenvalues of the Beltrami operator x,d acting on H'(M,A%) N lCég are all
simple. Take g € T, and consider an eigenvalue A\> > 0 of the restriction of Af) to
coexact 2-forms. Let n € H2(M,A?) N Kt be an eigenform of A with eigenvalue

A2. Since 7 is coexact, Lemma implies that
—(xgd)’n = N, (4.2)

Now, since *,d maps H?(M,A?) N Kts to H'(M,A?) N K+e, we have x,dn = X\ for
some ¢ € HY(M,A?) N K+, Equation (4.2)) then yields

—xgd(X) = N

*qdC = —An

so that ¢ is in fact contained in H?(M,A?) N Kts. Since n and ¢ together satisfy
condition , Lemma, implies that (47 is an eigenform of *,d with eigenvalue
tA. It follows from Lemmathat ( is also an eigenform of Af) with eigenvalue \2.
As mentioned in the eigenforms 7 and ( are linearly independent, indicating
that the eigenvalue A\? of A(QQ) has multiplicity of at least 2.

To prove that A? has a multiplicity of precisely 2, suppose that A(QQ)T = M7 for
some 7 € H?(M,A?) N Kts. By our previous argument, there must exist a coexact

2-form € € H*(M,A?) N K+ such that € + i7 is an eigenform of x,d with eigenvalue
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tA. Since g is contained in the residual set I', the eigenvalue ¢ is simple. Thus, £ 47

must be a complex multiple of the eigenform ( + in; that is,
E+it = (a+ib)((+im) = (al—bn)+i(b( + an) (4.3)
for some a + ib € C. Equating the imaginary parts of equation gives
T =00+ an

so that 7 is a linear combination of the eigenforms n and ( of AE,Q). Thus, A? has
multiplicity 2. We therefore conclude that for a residual set of metrics I' C G" (M), all
eigenvalues of the restriction of the Hodge Laplacian Aff) to H%(M,A?) N KLe have

multiplicity 2. O

As an immediate consequence of Corollary 4.1.3] we obtain an analogous result

for exact 3-forms.

Corollary 4.2.5. Let M be a closed 5-manifold, and let r be an integer, r > 2. There
exists a residual subset I of the space of all C" metrics on M such that, for all g € T,
the eigenvalues of the restriction of the Hodge Laplacian Aég) to the space of exact

forms in H*(M, A®) have multiplicity 2.

Copyright© Megan E. Gier, 2014.
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Chapter 5 Concluding Comments

Uhlenbeck’s Theorem is a powerful result with many applications. While The-
orem [4.2.4] provides an analogue to Uhlenbeck’s Theorem [1.0.2] in the case of the
Hodge Laplacian acting on coexact 2-forms on a closed 5-manifold, there are still

many questions to be explored.

5.1 The Hodge Laplacian on a Closed 5-Manifold

Our goal for this dissertation was to establish the nonzero eigenvalue multiplicities of
the Hodge Laplacian A!(Jk) on a closed 5-manifold for a residual set of C" metrics. As
outlined in Section [3.1] Uhlenbeck’s Theorem ensures the generic simplicity of

the nonzero eigenvalues of following operators:
(i) A%
(ii) Agl) restricted to exact 1-forms;
(iii) A restricted to coexact 4-forms:
(iv) AY.
Moreover, there exists a residual set of C" metrics such that the operators
v restricted to coexact 2-forms
(v) AP restricted t t 2-forms,
(vi) AP restricted to exact 3-forms

have eigenvalues of multiplicity 2 (Theorem and Corollary [4.2.5). In order to
completely characterize the generic nonzero eigenvalue multiplicities of the Hodge
Laplacian on a closed 5-manifold, we still need information about the eigenspaces of

the operators
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(vii) A restricted to coexact 1-forms,

(viii) AP restricted to exact 2-forms,
(ix) AgS) restricted to coexact 3-forms,
(x) A(g4) restricted to exact 4-forms.

Since operators (vii)-(x) have isomorphic eigenspaces, it suffices to determine the
eigenvalue multiplicities of the Hodge Laplacian restricted to coexact 1-forms. How-
ever, it is unclear how to best approach this problem. On a 5-manifold, implies
that the Beltrami operator only has eigenvalues when acting on 2-forms. Thus, the
eigenvalue multiplicities of the Beltrami operator will not give insight into the eigen-
values of Aél) on coexact 1-forms, and so we cannot rely on the methods of Chapters
and [4 It may be possible, however, to apply perturbation theory or transversal-
ity theory directly to the Hodge Laplacian in this case, though the local coordinate

computations might prove difficult.

5.2 The Hodge Laplacian on a Closed n-Manifold

Thus far, the results regarding the eigenvalue multiplicities of the Hodge Laplacian on
a closed manifold M have been highly dependent on the dimension n of the manifold.
In the case n = 3, Theorem establishes that all nonzero eigenvalues of A;k),
0 < k < 3, are simple for a residual set of C" metrics. When n = 5, generic simplicity
of nonzero eigenvalues holds for the operators (i)-(iv), while the eigenspaces of the
operators (v) and (vi) have dimension 2 (Theorem [4.2.4)).

We hope to employ our methods to study the generic eigenvalue multiplicities of
the Hodge Laplacian in the more general context of a closed n-manifold, where n is
odd. When k£ = (n — 1)/2, the Hodge Laplacian on coexact k-forms can be written
A = (=1)"+1(x,d)? (Lemma , implying that the Beltrami operator is self-

adjoint when k is odd and skew-adjoint when k is even. This leads us to conjecture
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that on a closed n-manifold, n odd, the nonzero eigenvalues of Agk) on coexact k-
forms generically have multiplicity 1 when & = (n—1)/2 is odd and have multiplicity
2 when k is even. At the very least, the relationship between the eigenvalues of the
Beltrami operator and Hodge Laplacian on coexact forms established in Chapter

indicate that all eigenvalues of Aék) restricted to coexact forms have even multiplicity

when n = 4¢ + 1 and k = 2¢. Redefining
K = {ue L*(M,A")|du = 0}
to be the space of L? coexact k-forms for k = 2¢, we have the following theorem.

Theorem 5.2.1. Let (M, g) be a closed Riemannian manifold of dimensionn = 4¢0+1
for some £ € N, and let k = 2¢. Then all eigenvalues of the restriction of Aék) to

H?(M,A*) N K+e have even multiplicity.

Proof. Let (M, g) be a closed Riemannian manifold of dimension n = 4¢+ 1, and
let k = 2¢. Suppose A\?> > 0 is an eigenvalue of the restriction of Aék) to coexact

2-forms. We will show that the eigenspace E (Aék), A?) has a basis

{0517“'705m7ﬁ17"'76m}

of 2m linearly independent eigenforms of Aék) with eigenvalue A\2. Let n be an eigen-
form of A in H2(M, AF) N K*s with eigenvalue A2. Since n = 4¢ + 1 is odd and
k = 20 is even, Lemma implies that the action of Aék) on the coexact form 7 is

given by
APy = —(xd)’n = Nn. (5.1)

Now,
n—1 (4+1)—-1
2 2 B
so k and n satisfy relationship (3.1)). Then

2 =k,

xgd  H*(M,A") N Ko — HY (M, AF) N Kt
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maps coexact k-forms in H2(M, A*) to coexact k-forms in H'(M, A¥), yielding
*gdn = A
for some ¢ € HY(M, A¥) N Kt¢. Equation then implies
—x,d(A() = N
*qdC = —An

so that ( is in fact contained in H?(M, A¥) N K19, Since n and ¢ together satisfy con-
dition , Lemma indicates that ¢ 447 is an eigenform of x,d with eigenvalue
tA. It follows from Lemma m that ¢ is also an eigenform of Agk) with eigenvalue
A2,

Suppose that the eigenvalue i\ of *,d has multiplicity m € N. Then E(x,d, i) is
spanned by m eigenforms

o +ify, .. oo+ i

that are linearly independent over C. We may therefore write

m

C+in=>> (p;+ig;)(a; +iB))

<.
[y

[(pjcv; — q;Bj) + (g0 + p;B;)] (5.2)

VL

7=1

for some p;,g; € R. By equating the imaginary parts of (5.2)), we find

m

n o= Y (g5 +pB;). (5.3)

j=1
Lemma implies that all «; and (3, are eigenforms of AE,’“) with eigenvalue \2,

so it only remains to establish that

{ala"'aamaﬁlv"'aﬁm}

is a linearly independent set over R. Without loss of generality, suppose, to the

contrary, that there exist p;, ¢; € R such that

m—1

am = Y (pjay + i), (5.4)

j=1
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Note that we may exclude f3,, from the sum since «,, and (3, are linearly independent

over R by Lemma [4.2.1] gives the equalities
xgdo; = —A\B;  and  x,dfB; = Ao
for 1 < j <'m, so applying the Beltrami operator to ([5.4] yields

By = x4dayy,

gp

(pj *g dovj + qj x4 df;)

Thus, 3, = Z;n:_ll (pjB; — q;a;). We therefore obtain

m

—1
W+ 0B =Y [(pa; +q;8) +i(p; B — g;)]

<
—_

3

= (pj —ig;) (v +i3)),
1

.
Il

which contradicts the independence of the forms ay+if1, ..., @, +i6,, over C. Hence,

the set

S={o,...,0m, 01, 0m}
is linearly independent over R. Since implies any eigenform n € F (Aék), M%) can
be written as a linear combination of forms in .S, we conclude that F (Aék), A?) has

dimension 2m. Therefore, all nonzero eigenvalues of Aék) have even multiplicity. [
By Corollary [£.1.3] the eigenvalues of the restriction of the Hodge Laplacian to
exact (20 4 1)-forms will likewise have even multiplicities.

Corollary 5.2.2. Let (M, g) be a closed Riemannian manifold of dimension n = 40+1
for some £ € N, and let k = 20+ 1. Then all eigenvalues of the restriction of Agk) to

exact forms in H?(M, A*) have even multiplicity.
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In the case of closed manifolds of even dimension n = 2k, little is known regarding
the eigenvalue multiplicities of the Hodge Laplacian beyond Millman’s observation
that AY has eigenvalues of even multiplicity [20]. Enciso and Peralta-Salas [12] note
that when n = 2, Uhlenbeck’s Theorem [1.0.2[ implies that the nonzero eigenvalues of
the Hodge Laplacian on k-forms are generically simple when £ = 0 and k£ = 2 and
have multiplicity 2 when k& = 1. To justify this last claim, observe that if A is a simple
eigenvalue of Aéo) then it is also a simple eigenvalue of Agl) restricted to exact forms
by Theorem Since A is likewise a simple eigenvalue of A(QQ), and hence of Agl)
restricted to coexact forms, we find that E(ASY, ) = EL(A\) @ E}(X) has dimension
2. We will need to develop new techniques to study the eigenvalue multiplicities of
the Hodge Laplacian on manifolds of even dimension n > 2, for indicates the

Beltrami operator will not be of use.

5.3 Perturbation of Boundary

The applications of Uhlenbeck’s Theorem [1.0.1] extend beyond metric perturbations.
As another example, she establishes that if V is a compact n-manifold with boundary,
then the Laplacian on Im(F') will have simple eigenvalues for generic C" embeddings

F:N—=R"

Theorem 5.3.1. (Uhlenbeck, [28]) Let r > n—2, and let Ay, ) denote the Laplace-
Beltrami operator on the image of F' with Dirichlet boundary conditions. Then the
set

{F € Emb,(N,R") | Apypy has one-dimensional eigenspaces}

is residual in Emb, (N, R").

Henry [15] likewise considers the generic simplicity of eigenvalues of partial differential

operators under perturbation of the boundary.
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We ask whether an analogue of Theorem might hold for the Hodge Laplacian
with relative boundary conditions. Ho [I7] raises this question in his consideration of
the Hodge Laplacian acting on a family of symmetric regions in R™ consisting of two
cavities connected by a thin tube. He assumes simple first relative eigenvalues of the
Hodge Laplacian with relative boundary conditions, noting that there is no general

classification of domains which satisfy this assumption.

Copyright© Megan E. Gier, 2014.
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Appendix A Computation of Derivatives

We here provide the proof of Lemma[3.3.1] by calculating the variation of the Beltrami
operator at the metric g € G"(M) in the direction of a symmetric (0, 2)-tensor h in
ST(M). A preliminary step in this computation is determining how variation of
the metric effects the local coordinate expressions of the inverse metric g~ and the

determinant |g|.
Lemma Al. Let g € G"(M). Then D(g") = —h% for all h € S™(M).
Proof. We wish to compute

1 . .
frnd 1 — v o_ v
lim ~[(g + th)? — g7,

D(g”)(h)
Utilizing the geometric series expansion, we write

(g+th)y ™ =1 +tgh) g = (Z(—l)’”tm(g‘lh)m> 97,

m=0

which allows us to compute
D)) = lim~[(g+th) " — ]
t—0 ¢t
o . 1 -1 - mym/ —1l3\m —1 -1
= gr(};Kg +Z_1(—1) t"(gh)"g )—g

1
= lim ;[—tg’lhg’l + O(t?)]

t—0
= —g'hgt.
Since the ij-th component of the matrix (—g=thg™!) is —g"g"hy, = —h", we see
that D(g"¥)(h) = —h" as claimed. O

Lemma A2. Let g € G"(M). Then D(|g|*)(h) = s|g|*(tryh) for all h € S"™(M).
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Proof. For any s > 0, we compute

D(lgl*)(h) = lim— (|g+th\ l91°)
= lim- (|g| 11+ tg~'hl° —|gI*)
= lim - [|g| (1+tg"hi; + O(t*))* — |g|]
= lim - [|g| (1 + st(trgh) + O(t?)) — |g|°]
= slgl*(trgh).
O

Lemmas and allow us to calculate the derivative of *,d under variation of

the metric.

Lemma Let uw € H' (M, A%) be an eigenform of *,d with eigenvalue i\. Then
for any h € 8" (M),

1
(D(*d)g(h)u)m =i\ —§(trgh)ui]~ + gmthtiumj + gmthtjuim .

Proof. Let u € H'(M,AZ) be an eigenform of *,d with eigenvalue i\. Since u is a

2-form, ([2.3]) allows us to express the differential du in local coordinates as

ou,, ou,, ou
p a | Y

(d1t)np = oz, Oz,  Ox,’

and thus by ({2.6]), the Beltrami operator acting on u has local coordinate expression

1 ou ou ou
duw)ii = =Eximii 1/2 kn lp mq np ng e
(kgdu)ij = cemmislgl g™ 9"g o, Or, T o

Utilizing the calculations D(g")(h) = —h" and D(|g|*)(h) = s|g|*(tr,h) of Lemmas
and we find that the ij-th component of the differential of *,d with respect

to ¢ in the direction of h € S"(M) acting on u is

1 ou ou ou
D d h s = — .. 1/2 np ng Prq
(Dlxd)g(h)u)y 6€klm”|g| (5% oz, * 8xn) (5)

1
: [i(trgh)gk"glpgmq g g — g gy — grgmant |

54



The formula A~! = (det A)~"*adj(A) implies that

\g ‘Sklmij 5npqrsgkn = Gip9mqYir9js — Gip9mq9isGir — JipGmrYGiq9js + JipGmrJisJjq
T91pGmsYiqYir — GipImsJir9iq — JigGmpTir9js + GiqImpYisJir
+9199mr JipGis — Jiq9mrYisJip — Jiq9msYipGjr + JiqGmsYir Jip
+9ir 9mpGiqGis — GirGmpYisGiq — JirGmq9ipJijs + JirGmqJisGjp
+9ir9msGip9ia = GirImsYia9ip — JisGmpYiqJjr + JisImpYirJjq

+glsgmqgipgjr — G1s9mqTirJjp — GisGmrJipTjq + GisdmrYiq9jp-

By this formula and the fact that u is an eigenform of *,d with eigenvalue i\, we
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obtain

1/2urs

iNEnpgrs| | Enpqm‘g‘lmgrigSj (i)‘uij)

= Enpgrs ‘g‘1/2gri95j (*gdu>ij

ka b _mc ri

1 S
= 6(‘g‘€npqrs€klmijg]) g9 9 (

1

= 6 (gnkgplgqmgri — Ink9pl9¢iGrm — InkGpmYqlGri + Ink9pmGqigri

+gnkgpigqlgrm - gnkgpigqmgrl - gnlgpkgqmgri + gnlgpkgqigrm

8uab . auac + aU/bc
oz, oxy oz,

+gnlgpmqugri — Ini9pmYqi9rk — Ini9pi9qkGrm + Ini9pi9gm9rik
+gnmgpkgqlgm' — InmIpk9qi9rl — InmGpl9qkGri + Gnm9pl9qiGrk
+gnmgpiqugrl - gnmgpigqlgrk - gm'gpkgqlgrm + gm'gpkgqmgrl

+9nipi9aqk 9rm — IniIpl9qm9rk — IniGpm9qk9ri + gm'gpmgqlgrk)

ka Ib_mc ri ab ac be
X g — +
g9 g ( (9[EC (91'1; <9l‘a )

1 a C a T SC a SC a SC ST a ST (&
= (560,05 — 670,005 — 501050 + 61050,57 + 018,00
— 82578580 — 530648 + SU0L5TS% + 5ALICST — OLECHTL
— 805 826C + OL6TOLON + 5OCOLSY — SC0LETOL — HACSLS

656067 0% 4 6E6T 6L — 6E8T L6 — 6T 520LSE + OF 66CA!

n-p-q-r n-p-q-r n-p-q-r n-p-q-r n-p-q-r

467 606265 — 67 6LEC6T — 6T 656468 + o 665b6“)

n-p-q-r n-p-q-r n-p-q-r n-p-q-r

% auab B auac + 8ubc
oz, oxy, 0z,

1 ou ou ou ou ou ou
— — |9 np  Olng Pa) _ 9 ng  Ulnp qp
6 { <8xq oz, axn) <axp oz, axn)

ou ou ou ou ou ou
_9 pn  Ulpq ng 9 gn _ Ulgp np
<8xq Oxy, - 8xp) * <6xp Oxy, N 0z, )

Qupy  Oupn | Ougn\  (Ougy  Ougn | Oupy
2 <8xn Oz, N oz, 2 *

ou ou ou
- 9 np  Ulng Pq
< Oz, Oz, * 8xn)
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Substituting this expression for 242 — %na 4 9 jnee (F) yields

(D(xd)g(h)u)i;

where

Ba:q 8gjp Oxn

(2 e
E 8klmij51110(11”5’g’u X

1
E(trgh)gk"glpgmq — ghnglrpma — ghngmapie _ gl gmapkn

A+B+C+D

kn Ip mq ra sb
h)gklmijgnpqrsg gpg qg g Ugp

A
_ E ‘g‘ Ekimij Enpgrs gknglpgragsbhmquab

P
_ E |g| 5klmij Enpars gkngmqgmgsbhlpuab

2 mq ,ra, sbypkn
_ﬁ|g|€klmij Enpgrs glpg qg g bhk Ugh-

o7



Note that by symmetry, B = C = D. We compute

A

i ra . sb

By (U"gh)(!g! Eklmij Enpgrs gkn)glpgmqg g Uap

P

o1 (897) (919mafirGss = Gip9maSisGir — Gp9mrGia9ss + JipJmr JisJia
+glpgmsgiqgjr - glpgmsgirgjq - glqgmpgirgjs + glqgmpgisgjr
+glqgmrgipgjs - glqgmrgisgjp - glqgmsgipgjr + glqgmsgirgjp
+glrgmpgiqgjs = 9irImpYisGiq — 9irdmqJipYjs + 9ir9mq9isGip
+glrgmsgipgjq = 9irImsYiq9jp — 9isGmpTiqGjr + GisImpJirJiq
+glsgmqgipgjr = 9is9mqTirJjp — GisGmrJipJiq + glsgmrgiqgjp>

lp ,mq ra, sb

X979 "9 g Uab

Q(trgh) (25670% — 256767 — 50%,67"0" + 50%,8,87" + 500,67 0% — 5% 0767

24 m’t7) m’t )
— 670,07 0% + 6] 6L, 0068 + 670 0167 — 6700878, — 6700, 0487 + 660,006

6700, 8708 — 071 6L, 006 — 5O 6LSY + BEOLSL 4 O Sn, 610 — 6700, 67" d

m>i g mYi g

—0767,07" 87 + 076,,0707" + 507,07 — 5676785 — 0]67,8,07" + 661,07} ) tap

m’t 7] m=i7]
i\

ﬁ(trgh) (611,1] — 6U]7,)

A

E(trgh)uij.
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Similarly, we obtain
A

B = =519l exmi Enpars )97 9" 979" 9" histar

= —% (G1pGmaGirGis — GipGmqGisdir — GipGmrGiqGis + GipGmrYisJiq
t91p9msYiq9jr — YipGms9ir9jqa — Jla9mpJirJis + Jlq9mpYisYijr
t9199mrGip9js — Gig9mrGis9ip — Jla9msJipYir + Jiq9msJir Jjp
+9irYmpGiq9js — GirGmpYis9iq — JirIma9ip9is + JirGmqJisYip
tYirGms9ipGiqa — JirImsYia9ip — JisImpJiqGir + JisGmpJir9jq
+159me9inGir — GisGma9irGip — JisGmrYipFiq + JisGmrJiaTjip)

Xglpgqvgragsbgmthtvuab

i
:_%5&ﬁ&ﬁ—5ﬁ&@—5%ﬁ$+&%$@+&%ﬁ@_5&$$
— 07 65,0800 + 07 0,,670% + 6702 0108 — 67 8%,678. — 0 60,6564 + 67 60,670

+070%, 808 — 670L, 0087 — 676%,8100 + 6705, 00% + 56,5167 — ot ove)

mYiYg mYi g mYiYj mYi g mYi”j mYiYj

801, 606% + 070, 640° + 6762, 86% — %8, 526t — 6oz, 0L6Y + vee 5vet )

m% Oj m% Oj m%i¥; m% Oj m %% m% %j
X g™ hiwtab
= —% (29™ humttiy — 29 humttji = 29" hugtim; + 29™ Pyjtimi + 29™ hyitjm
_2gmthtjuim)
i

= _3[(tr9h)uij — 9" ity — g™ i)
We combine the expressions for A and B to obtain

(D(sd)y(R)u); — A-+3B
= E(trgh)uij — i\[(trgh)ui; — g™ Rt — 9" hijtim)

1
= A\ —§(trgh)uz~j + gmthtiumj + gmthtjuim

Copyright© Megan E. Gier, 2014.
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Appendix B Kernel of Sylvester Equation

In the proof of Lemma (3.3.2, we defined M to be the set of C" 5 x 5 matrix-valued

functions on M and introduced the linear operator L : M — M given by
L(X)=XW+ WX, (3-3)

where W was a given antisymmetric matrix corresponding to a 2-form. We stated

that all matrices E' € ker L are symmetric, a claim which we now prove.

Lemma B1. Let U € C**° be an antisymmetric matriz with zeros along the diagonal,

and define the linear operator L : C>5 — C5 by
L(X)=UX+ XU.
Then each matriz in the kernel of L is symmetric.

Proof. Let U € C%5 be an antisymmetric matrix of the form

0 U2 U3 U4 Uis
—U12 0 U23 U24  U2s
U= —U1z —Us23 0 Uz4  Uss

—Upg —Ugqa —Uzs 0 ugs

| —us —ugs —usgs —uss O |
A matrix

€11 €12 €13 €14 €15
€21 €22 €23 €24 €25
€31 €32 €33 €34 €35

€41 €42 €43 €44 €45

€51 €52 €53 €54 €55
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is contained in ker L if
UE+FEFU = 0. (6)

We wish to show that all such matrices F € ker L are symmetric.
Since UE+ EU is a 5 x 5 matrix, the matrix equation @ corresponds to a system
of 25 linear equations in which the e;; are unknown. From these 25 equations, we

obtain the equivalent matrix equation
Kv = 0, (7)
where
v = [6117---,615,6217---,625,631,---7635,641,---7645,651,---7655T

is the vectorization of E and K is the 25 x 25 matrix

(]T Jiz Jig Ji4 Ji5

—J12 UT J23 J24 J25

K= —Ji3 | —Jo3 ur J3a | I35 |

_J14 _J24 _J34 UT J45

where J;; = w;jl5x5 for 1 <i < j <5,

Using Maple, we find that the reduced row echelon form of K is the matrix

[20><20 BQO><5

A=

05><25

Since the last 5 rows of A are zero, the system of equations given by
Av = 0 (8)

is underdetermined, indicating there exist nonzero solutions v. We claim that all such

v satisfy the symmetry condition e;; = e;;. To see this, first consider the condition
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e12 = e9. Letting b;; denote the (7, j)-th entry of B, the second row of gives the

equation

e12 + bores1 + basesa + basess + basess + basess = 0,

while the sixth row yields

a1 + bg1es1 + bgaesa + besess + beaess + bgsess = 0.

(9)

(10)

By Maple, we find that by; = bg; for 1 < ¢ < 5, and hence equations @ and

combine to give e;3 = eg;. A similar comparison shows

€13 = €31, €14 = €41, €23 = €32, €24 = €42, and ez4 = e43.

Furthermore, Maple indicates that the fifth row of B is

[—10000}7

and so we obtain the equation

eis —es1 =0

from the fifth row of . We likewise find

€25 = €52, €35 = €53, and ey5 = €54

by examining rows 10, 15, and 20 of , respectively. Therefore, we conclude that

all £ € ker L are symmetric.
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> with(LinearAlgebra) :

> interface(rtablesize= 25):

0 U12 U13 U4 Urs
—Ui2 0 U23 U4  U2s
> U= |—uj3 —uy 0 Uzg  U3s

—U14 —U24 —Us4 0 U4g5

| U115 —Uzs —U3s —Ugs 0_

€11 €12 €13 €14 €15
€21 €22 €23 €24 €95
> E = |eg e3n e33 ez e3s

€41 €42 €43 €44 €45

€51 €52 €53 €54 €55

> UE+E.U ]
[[u12e21 + uizes1 + Urse1 + Urs€51 — Ur2€12 — U13€13 — U14€14 — U15€15,
Up2€22 + U13€32 + U14€42 + Ui5€52 + U12€11 — €13U23 — €14U24 — €15U25,
U12€23 + U13€33 + U14€43 1 U15€53 + U13€11 + €12U23 — €14U34 — €15U3s5,
U12€24 + U13€34 + U14€44 + Ui5€54 + U14€11 + €12U24 + €13U34 — €15Uy5,
U12€95 + U13€35 + Ur4€a5 + Ur5€s5 + Uis€11 + €12Uos + €13Uss + €14Ua5)
[—u12€11 + Usgezr + Uga€ar + Ugses1 — U12€22 — 23U13 — €24Urs — E25U1s,
—U12€12 + U23€32 + Ua€40 + U25€52 + U12€21 — U23E23 — U4€24 — U5€25,
—Uj2€13 1 U333 + U24€43 + U25€53 1 €21UL3 + U23€22 — €24U34 — €25U35,
—U12€14 + U23E34 + U24€4q + U25€54 + €21U14 + U24€22 + €23U34 — €25Uys5,
—U12€15 + Uz€ss + Uoaas + Usess + €21U15 + Us€2 + €23Uss + €24Uas)]
[—u13e11 — Ugzea1 + Ussesr + Usses1 — €32U12 — U13€33 — €34U14 — €35U15,
—U13€12 — U23€22 + U3g€y2 + U35€52 + €31U12 — U23€33 — €34U24 — €35U25,
—U13€13 — U23€23 1 U34€43 1 U35€53 1 U13€31 1 U23E32 — U34€34 — U35€35,

—U13614 — U23€24 + U34€44 + U35€54 + €31U14 + €32U4 + U34€33 — €35U4s,
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—U13€15 — Ug3€as + Usalas + Ugsess + €31U15 + €30Uo5 + Usses3 + €34Uas5)
[—U14€11 — U24€21 — U34€31 + U45€51 — €42U12 — €43U13 — U14€44 — €45U15,
—U14€12 — U24€22 — U34€32 1+ Ug5€52 + €41U12 — €43U23 — U24€44 — €45U25,
—U14€13 — U24€23 — U34€33 + Ug5€53 + €41U13 + €42U23 — U34€44 — €45U35,
—U14€14 — U24€24 — U34€34 + Ug5€54 + U14€41 T U24€42 + U34€43 — U45€45,

—U14€15 — Uga€os — U435 + UdsCs5 + €41UL5 + Caolios + €43Uss + UssCa4]

[—u15€11 — Unse21 — Uzs€31 — Uas€a1 — E52U12 — €53U13 — E54U14 — U15€55,
—U15€12 — U25€22 — U35€32 — U45€42 + €51UI2 — €53U23 — €54U24 — U25€55,
—U15€13 — U25€23 — U35€33 — U45€43 + €51UI3 T E52U23 — €54U34 — U35EC55,
—U15€14 — U25€24 — U35€34 — U45€44 + €51U14 T E52U24 + €53U34 — U45€55,
—U15€15 — U25€o5 — Us5€35 — UgsC4s + U1sCs1 + UsC52 + Uss5€53 + Ussesa] ]
K ::Matrix( [ [O, —U12, —U13, —U14, —U15, U129, 0, 0, 0, 0, Ui1s, O, O, 0, 0, U4, 0, O, 0,

07 Uis, 07 07 Oa O] )

[ul27 0, —U93, —U24, — U35, 0, U2, 0, 0, 0, O, Uuis, O, 0, 0, O, U4, O, 0, 0, 0, Us, O, 0, 0],
[ulg, U23, 0, —U34, —U35, 0, 0, U2, 0, O, O, 0, U3, 0, O, O, 0, U4, 0, 0, O, 0, U5, 0, 0],
(w14, 24, U34, 0, —ug5, 0,0,0,u12,0,0,0,0,u13,0,0,0,0,u14,0,0,0, 0, uy5, 0]

[U15, U955, U3y, Ugs, 0, 0, 0, 0, 0, U192, 0, O, 0, 0, U3, 0, O, 0, 0, U4, 0, 0, 0, 0, U15],

[_u127 07 07 07 07 07 —Ui2, —U13, —U14, —U15, U23, 07 07 07 07 U4, 07 07 07 07 U2s, O: 07 07 0]7

[0, —U12, 0, 0, O, U2, 0, —U93, —U24, — U35, 0, Ug3, O, O, 0, 0, U24, O, O, 0, 0, Ugs, 0, O, 0],

[0, O, —Ui2, O, 0, U13, U23, 0, —U3s4, —U35, O, O, Ug3, 0, 0, 0, O, U924, 0, 0, 0, 0, Ugs, 0, 0],

[0,0,0, —u1g, 0, ur4, tgg, uzs, 0, —tss,0, 0,0, ug3, 0,0, 0,0, us4, 0, 0,0, 0, ugs, 0]
[0, O, O, 0, —U12, U155, U25, U35, Ugs, O, 0, 0, O, O, Ug3, 0, 0, 0, 0, U24, 0, 0, 0, O, U25],

[—ulg, 0, O, O, O7 —U23, O, 0, O, 0, O, —U12, —U13, —U14, —U15, U34, O7 0, O, O, Uuss, O, O, 0, 0],

[0, —U13, 0, O, O, 0, —U23, 0, 0, 0, U2, 0, —U23, —U24, —U25, 0, U34, 0, O, O, 0, Uss, 0, 0, 0],

[0, O, —U13, 0, O, 0, 0, —U93, 0, 0, U13, U23, O, —U34, — U35, 0, 0, Us4, 07 0, 0, 0, Uss, 0, 0],

[07 Oa 07 —U13, 07 07 07 07 —U23, Oa U4, U24, U34, Oa —U4s, 07 07 07 Us4, 07 Oa 07 O: Uuss, 0]

[07 Oa 07 07 —U13, 07 07 Oa Oa —U23, U5, U5, U35, Ugs, Oa 07 07 07 Oa U34, Oa 07 07 07 U’35]7
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[—u14,0,0,0,0, —us,0,0,0,0, —usy, 0,0,0,0,0, —uie, —u13, —u1g, —U1s, Ugs, 0, 0,
0,0],
[0, —u14,0,0,0,0, —u24,0,0,0,0, —uzs, 0,0,0, w2, 0, —usg, —usq, —Uss, 0, uys, 0,0, 0],
[0,0, —u14,0,0,0,0, —ugy, 0,0,0,0, —usy, 0,0, uy3, g3, 0, —uzq, —uss, 0,0, ugs, 0, 0],
[0,0,0, —u14,0,0,0,0, —ug4,0,0,0,0, —usy, 0, 14, Usg, ugs, 0, —ugs, 0,0, 0, uys, 0],
[0,0,0,0, —u14,0,0,0,0, —ugy, 0,0,0,0, —usyg, urs, Uss, Uss, Ugs, 0,0,0,0,0, ugs),
[—u15,0,0,0,0, —ugs,0,0,0,0, —uss, 0,0,0,0, —uys5,0,0,0,0,0, —u12, —u13, —U14,
—Uys)
[0, —u15,0,0,0,0, —us5,0,0,0,0, —ugs, 0,0,0,0, —uys,0,0,0, 12,0, —tus3, —usy,
—Uss)
0,0, —u15,0,0,0,0, —us5,0,0,0,0, —uss,0,0,0,0, —uys, 0,0, u13, usg, 0, —uszq, —uss),
[0,0,0, —u15,0,0,0,0, —uss5,0,0,0,0, —uss, 0,0,0,0, —ugs, 0, w4, usg, ugq, 0, —tys),
[0,0,0,0,—uy5,0,0,0,0, —uss,0,0,0,0, —uss, 0,0, 0,0, —uys, w5, Uss, Uss, Uss, 0] ] ) :
> A= ReducedRowEchelonFormg(K)

[Length of output exceeds limit of 1000000]
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> A[1..20, 1..20]
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> A[21..251..25)

000O0O0O0OO 0O
000O0O0O0O0®O
000O0O0O0OO0®O

000O0O0O0O0®O

000O0O0O0OO OO

> A2, 21..25] — A[6, 21..25]

0

> A3, 21..25] — A[11, 21..25]

> A[4, 21..25] — A[16, 21..25]

> A[8, 21..25] — A[12, 21..25]

> A9, 21..25] — A[17, 21..25]

> A[14, 21..25] — A[18, 21..25]

> A[5, 21..25]
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> A[10, 21..25]

0 -1 000
> A[15, 21..25]

00 100
> A[20, 21..25] _ _

000 —10

Copyright© Megan E. Gier, 2014.
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