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ABSTRACT OFDISSERTATION

REVISIONPROGRAMMING: A KNOWLEDGEREPRESENTATION FORMALISM

The topic of the dissertationis revision programming.It is a knowledgerepresentationfor-

malismfor describingconstraintson databases,knowledgebases,andbelief sets,andproviding a

computationalmechanismto enforcethem. Constraintsarerepresentedby setsof revision rules.

Revision rulescould be quite complex andareusually in a form of conditions(for instance,if

theseelementsarepresentandthoseelementsareabsent,thenthis elementmustbe absent).In

additionto beinga logical constraint,a revision rule specifya preferredway to satisfythe con-

straint. Justifiedrevisionssemanticsassignsto any databasea set(possiblyempty)of revisions.

Eachrevision satisfiesthe constraints,andall deletionsandadditionsof elementsin a transition

from initial databaseto therevisionarederivedfrom revision rules.

Revision programmingandlogic programmingarecloselyrelated.We establishedanelegant

embeddingof revision programsinto logic programs,which doesnot increasethe sizeof a pro-

gram.Initial databaseis usedin transformationof a revisionprograminto thecorrespondinglogic

program,but it is not representedin thelogic program.

The connectionnaturallyled to extensionsof revision programmingformalismwhich corre-

spondto existing extensionsof logic programming. More specific,a disjunctive and a nested

versionsof revisionprogrammingwereintroduced.

Also,westudiedannotatedrevisionprograms,whichallow annotationslikeconfidencefactors,

multipleexperts,etc.Annotationswereassumedtobeelementsof acompleteinfinitely distributive

lattice.We proposeda justifiedrevisionssemanticsfor annotatedrevisionprogramswhichagreed

with intuitions.



Next, we introduceddefinitionsof well-foundedsemanticsfor revision programming.It as-

signsto a revisionproblemasingle“intended”modelwhich is computablein polynomialtime.

Finally, weextendedsyntaxof revisionproblemsby allowingvariablesandimplementedtrans-

latorsof revision programsinto logic programsanda grounderfor revision programs.Theimple-

mentationallows us to computejustified revisionsusingexisting implementationsof the stable

modelsemanticsfor logic programs.

KEYWORDS: KnowledgeRepresentation,Logic Programming,Revision Programming,Con-

straintSatisfaction,DatabaseUpdates.
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Chapter 1

Intr oduction

Knowledgerepresentationis oneof thefundamentaltopicsin Artificial Intelligence.As it is stated

in [5], any intelligenceshouldat leastinvolve knowing somethingsandbe ableto usethemto

respondappropriatelyto a givensituation.Therefore,if we want to have an intelligentcomputer

systemwe musthave a way of representingthethingsit shouldknow (knowledge)in sucha way

that they canbeencodedwithin thecomputersystem.Examplesof knowledgeincludefactsand

processeswhich causethosefactsto change.By representationwe meana setof syntacticand

semanticconventionsthatmakesit possibleto describethings. By syntaxwe meana setof rules

for combiningsymbolsto form valid expressions.By semanticswemeanthespecificationof how

suchexpressionsareto beinterpreted.

Thethesisis devotedto oneparticularknowledgerepresentationformalism,revisionprogram-

ming.

1.1 Intr oduction to revision programming

Revisionprogrammingis aknowledgerepresentationformalismto describeandstudytheprocess

of databaseupdatesand,moregenerally, principlesof change.By databasewe meana collection

of facts.Revision programmingwasintroducedby MarekandTruszczýnski in a seriesof papers

[21], [22], [23]. Databasesarerepresentedascollectionsof dataitems(atoms) from somefinite

universe,say 	 . In revision programmingupdatesarespecifiedby meansof revisionprograms-

setsof revisionrules, whichareexpressionsof thetwo types:

in �
����� in �
�������������� in ��������� out ���������������� out �������(1.1)

or

out ������� in ���������������� in ��������� out ���������������� out ���������(1.2)

where � , ��� and ��� are from 	 . The idea is that in �
��� saysthe atom � is (or ought to be) in a

database,while out ����� says� is (or oughtto be)out.

Revision rulesspecifylogical constraintson databases.For example,therule (1.1) (calledan

in-rule) imposeson a databasethe following condition: � is in the database,or at leastone ��� ,
1
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� �"!��$#
, is not in thedatabase,or at leastone �&% , �'�)(*�,+ , is in thedatabase.

At thesametimerevisionrulesexpressapreferredwayto enforcetheconstraints.For instance,

the rule (1.2) (calledan out-rule) saysthat in the casewhen � andall �-� , �.�/!0�1#
, are in a

database,andall �&% , �2�3(.�4+ , arenot in the database,we shouldremove � from thedatabase

ratherthanremoveoneof ��� , �5�$!��$# , or addoneof �&% , �5�)(6�"+ .

Marek andTruszczýnski [23] definedthe justified revision semanticsfor revision programs.

Given a revision program 7 anda database8 (initial database),this semanticsspecifiesa fam-

ily of databases,eachof which might be chosenasan updateof 8 by meansof the program 7 .

Thesereviseddatabasesarecalled 7 -justifiedrevisionsof 8 . Each7 -justifiedrevisionsatisfiesall

constraintsimposedby 7 ([23]).

Justifiedrevisionscanbethoughtof asgeneralizationsof simpledatabaseupdates(addingor

removing dataitemsto/from a database).Indeed,givena database8 , the database8:9<;=�?> is a

; in �
�����@> -justifiedrevisionof 8 , while thedatabase8BAC;=�?> is a ; out �������@> -justifiedrevisionof

8 . Moregenerally, givena revisionprogram7 :

in ������D�
�����

in �
�FE��D�
out ������D�

�����
out ����GH�D� �

anda database8 , if 7 is not contradictory, that is, ;=��������������-EI>KJL;=���������������GM>*NPO , thentheonly

7 -justifiedrevisionof 8 is thedatabase�
8C9Q;=��������������-EI>I�RAC;=���������������G
> . Thus,all simpleupdates

canberepresentedasjustifiedrevisions. At thesametime justifiedrevisionscanrepresentmore

complex updates,likeconditionalupdatesor sideeffectsof updates.For instance,if

7SNT; in � !�U !WV X � !Y+Z!�+R[ �D� �
in � # � X]\ !^V _a`�U �b� in � !�U !WV X � !�+Z!�+R[ ��� out � # � X]\ c � V de# � XI`gfhf ����>F�

thena 7 -justifiedrevision of a database8 will containdataitem
# � X]\ !^V _B`�U only if 8 doesnot

containdataitem
# � X�\ c � V de# � XI`gf
f � .
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The intuition behinda 7 -justified revision of a databaseis basedon the principle of inertia.

Inertiaexpresses“frameaxioms”asdescribedin [24]. Theprincipleof inertiasaysthatthestatus

of eachelementin thedatabaseshouldremainthesameunlessexplicitly changedby theupdate.

Therefore,eachinsertionor deletionperformedin order to convert initial databaseinto revised

databasemustbejustifiedby somerule in therevisionprogram.

Theprincipleof inertiais analogousto theclosed-world assumption(CWA) in Artificial Intelli-

gence.Roughly, CWA assumesthateveryatomthatcanbefalse,is false.In Artificial Intelligence,

CWA is expressedasa rule schemaijlkm k . Onecan,however, presentCWA in a mannerverysimilar

to revision programming.Indeed,let 8 bea databasewhich initially assignsto all atomslogical

value“f alse”. We canexpressprovability asrulesfor changinglogical valuesof atoms. Then,

CWA( n ), if consistent,describes(aunique)n -justifiedrevisionof theinitial database.

The revision processspecifiedby revision programmingis more complex than the one de-

scribedabove for CWA. It is context-dependentandsimilar to theoneusedin stablesemanticsof

logic programming.Theconceptof justifiedrevision is describedin detailsin Section2.4.

Revisionprogrammingis closelyrelatedto logic programming.Logic programmingrepresents

knowledgeasasetof logicalaxioms(rules)andthenusesaninterpreter(a theoremprover)which

deducesconsequencesfrom it. A logic programrule is of theform

o�p � o ���������� o ���(1.3)

whereeach
o � is a logical statement.If

o �������� o � are true thenrule 1.3 meansthat
oqp

is also

true. Logic programmingandthe relationof revision programmingto it is describedin detail in

Chapters2 and3.

Rootsof a recentformalismof dynamiclogic programming[1] canbetracedbackto revision

programming.Dynamiclogic programmingdealswith updatesof knowledgebasesrepresented

by logic programs.It coincideswith revision programmingwhenthe initial programis just a set

of facts([1]).

1.2 Contribution of the Thesis

Oneof thekey resultswasthediscoveryof acompletesymmetrybetweeninsandouts in revision

programming,which is expressedin theShifting Theorem(Theorem3.2.2). TheShifting Theo-
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remstatesthatchangingstatusof any setof atomsin a revision program(replacingins by outs)

andchangingstatusof thesameatomsin initial andreviseddatabases(addingatomswhich were

not thereandremoving atomswhich werethere)preservesjustifiedrevisions. In particular, every

revision problem(revision programandinitial database)is equivalentto a revision problemwith

emptydatabase.By equivalentwe meanthattheir justifiedrevisionsarein one-to-onecorrespon-

dence.Thisallowedusto establishanelegantembeddingof revisionprogramsinto logic programs

thatdoesnot increasethesizeof a program.An initial databaseis usedin the transformationof

a revision programinto the correspondinglogic program,but it is not representedin the logic

program.

The embeddingnaturallyled to extensionsof revision programmingformalismwhich corre-

spondto existing extensionsof logic programming.More specificly, a disjunctive versionanda

nestedversionof revision programmingwereintroduced.TheShiftingTheoremwasalsousedas

acriterionwhichall versionsof revisionprogrammingmustsatisfy.

Wealsostudiedannotatedrevisionprograms,whichallow annotationslikeconfidencefactors,

multipleexperts,etc.Annotationswereassumedtobeelementsof acompleteinfinitely distributive

lattice. We proposeda justifiedrevisionssemanticsfor annotatedrevision programswhich agrees

with intuitions.

Next, definitionsof well-foundedsemanticsfor revision programmingwereproposed.They

assignto a revisionproblemasingle“intended”modelwhich is computablein polynomialtime.

Finally, we extendedthe syntaxof revision problemsby allowing variables,arithmeticfunc-

tions andsomespecialconstructs,and implementedtranslatorsof revision programsinto logic

programsanda grounderfor revision programs.The implementationallows usto computejusti-

fied revisionsusinganexisting implementationof thestablemodelsemanticsfor logic programs,

Smodels([25]).

1.3 Organization

Chapter2 containsthe basicdefinitionsfrom logic programmingandrevision programming.In

particular, it describesjustified revisionssemanticsfor revision programsandan embeddingof

revision programsinto logic programs.Chapter3 concentrateson embeddingsof logic programs
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into revision programs.Chapter4 defineswell-foundedsemanticsfor revisionprograms.Chapter

5 discussesextensionsof revisionprogramming,in particular, disjunctiveandnestedrevisionpro-

grams.Chapter6 presentsannotatedrevisionprograms.Annotationsallow for confidencefactors,

multipleexperts,andsoon.



Chapter 2

Preliminaries

This chaptercontainsbasicnotionsthatwill beusedin the thesis.We startwith monotoneoper-

atorsandfixpoints. Thenwe presentHorn programs.Next, we give formal definitionsof logic

programsandtheir stableandwell-foundedsemantics.Thenwe introducepropositionalrevision

programswith justifiedrevision semantics,someof their propertiesandembeddingof logic pro-

gramsinto revision programs.Finally we discussrevision programswith variablesandshow how

their semanticscanbeobtainedfrom propositionalsemanticsof revisionprograms.

2.1 Monotoneoperatorsand fixpoints.

Consideranarbitraryset 	 . A setof all subsetsof 	 we denoteby rs�^	B� . An operator on a set

rs�^	B� is a functionfrom rt�W	B� to rs�^	B� .
Let n beanoperatoron rs�^	B� . A set uwvx	 is afixpointof n if ny�huz�qN,u .

A leastfixpoint (in v ordering)of n (if it exists)is denoted{ |W}q�Mna� . A greatestfixpoint of n (if

it exists)is denoted~l|W}��hna� .
Operatorn is monotoneif for any subsetsu�����vx	 , u�v"� implies ny�hu���v�ny�
��� .

Theorem 2.1(Knaster-Tarski theorem [30]) If n is a monotoneoperator, then n has a least

fixpointanda greatestfixpoint.

Operatorn is anti-monotoneif for any subsetsu�����vx	 , u�v"� implies ny�
����v$ny�hu�� .
Proposition2.1 If n is ananti-monotoneoperator then

1. nK� is monotone;

2. ny��{ |W}��MnK������Nx~l|W}��MnC����� and n���~l|W}��hnK�����qNT{ |W}��hnK����� ;
3. for anyfixpoint u of n , { |W}��hn � ��v�u�v,~l|W}��hn � � .
If 	 is finite, thenfor any anti-monotoneoperatorn , wecancomputetheleastandthegreatest

fixpoints of operatorn � by iterating n a finite numberof times. Namely, we computethe sets

6
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n p ��OF�'N�O , n � �
OF�'N�ny�hn �=�� ��OF�l� for
+ N � ����������� , until a value

+
is found for which n � �
OF�yN

n �g� � �
OF� . Then,oneof thesetsn � ��OF� , n �g�R ��OF� is theleastfixpoint of n � , andtheotheroneis the

greatestfixpoint of n � , dependingonwhether
+

is evenor odd.

2.2 Horn programs.

By analphabet� we meana finite or countablyinfinite disjoint setof constants,variables,pred-

icatesymbols,andfunctionsymbols.A termover � is definedrecursively aseithera variable,a

constantor anexpressionof theform ��� U ���������� U �-� , where� is a functionsymbolof � , and
U � ’sare

terms.An atomover � is anexpressionof theform ��� U ���������� U ��� , where� is apredicatesymbolof

� , and
U � ’sareterms.A term(resp.atom)is calledgroundif it doesnotcontainvariables.Theset

of groundterms(resp.atoms)of � is calledtheHerbranduniverse(resp.Herbrandbase) of � .

For the rest of the thesis,except for Section2.5, we do not considervariables,that is, all

atomsaregroundatoms. This assumptiondoesnot lessenthe generalitybecausethe semantics

of a propositionalcasecanbe lifted to a casewith variablesthroughgrounding.We describethe

processin moredetailsin Section2.5.

Definition 2.1 A Hornclauseis anexpressionof oneof thetwo forms

� �b�R����������Y�?�w� #1�"� �(2.1)

or

���Z����������Y����� #��S� �(2.2)

where � , �Z����������Y�?� areatoms.Expressionsof thefirst typearecalledprogramclausesandexpres-

sionsof thesecondtypeare calledgoals. A programclauseof theform � � (
# N � ) is calleda

fact. �
A Horn theoryis asetof Hornclauses.

A Horn programis asetof programclauses.

A setof atoms   is a modelof (or satisfies) a programclause� � �Z����������Y��� if �$¡  
whenever �Z����������Y�?� ¡   . A setof atoms   is a modelof (or satisfies) a goal � �R����������Y�?�
if ;��Z����������Y�?�¢>�£v/  . A setof atoms   is a modelof a Horn theory(Horn program) ¤ if  
satisfieseveryHornclause(programclause)in ¤ .
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A Horntheorydonotnecessarilyhaveamodel.However, aHornprogramalwayshasamodel

(for instance,asetof all atomsis amodel).

Oneof theessentialpropertiesof Hornprogramsis thateveryHornprogramhasa leastmodel

(in v ordering).It canbecomputedusingthefollowing operator.

Definition 2.2([33]) Givena Horn program 7 , the immediateconsequenceoperatorn � on sets

of atomsis definedasfollows: �s¡ n � �huz� if andonly if there is a clause � � �¥�R����������Y�?��� ¡ 7 ,

such that �Z����������Y��� ¡ u . �
Operator n � is monotone. By the Knaster-Tarski theorem,it hasa leastfixpoint. In fact,

{ |W}��hn � � is theleastmodelof 7 . Wedenotetheleastmodelof aHornprogram7 by
o ` � V�U �
7y� .

Thefollowing lemmashows thata leastmodelof a Horn programdoesnot changeif we add

to theprogramruleswhicharesatisfiedby theleastmodel.

Lemma 2.1 Let   bea leastmodelof a Horn program 7 and a modelof a Horn program 7§¦ .
Then,  is theleastmodelof 7�9Q7 ¦ .

A Horn theory ¤ splitsinto two disjoint subsets¤�¨ consistingof goals,and ¤ k consistingof

programclauses.

Lemma 2.2 Let ¤ bea Horn theory, ¤/Nx¤�¨Z9©¤ k its decompositioninto goalpart andprogram

part. Then,

1.   is a modelof ¤ if andonly if   is a modelof ¤ k andsatisfiesall goalsfrom ¤:¨ ;
2. ¤ hasa modelif andonly if

o ` � V�U �
¤ k � satisfiesgoalsfrom ¤�¨ .
2.3 Logic programs.

Let 	 beafinite or countablyinfinite universe. Elementsof 	 arecalledatoms.

Definition 2.3 A logic programclauseis anexpressionof theform

�s� � ���������� � �C� +«ªgU¬V ���������� +«ªgU¬V ���(2.3)

where �� � ���������� � �a� V ���������� V � areatoms. �
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For a setof atoms®�v�	 , let usdenotetheset ; +«ªgU ��¯Z� ¡ ®'> by
+Zª°U �h®§� . Then,any logic

programclausecanberepresentedas ¤ ` �F±�� 7 ªIV 9 +Zª°U �
² `�[ � , for somefinite setsof atoms7 ªIV
and ² `�[ , andanatom ¤ ` �F± .
Definition 2.4 A logic programis a setof logic programclauses. �

A set   vx	 isamodelof (orsatisfies) alogicprogramclauseof theform(2.3)if ; � ���������� � �K>yv
  and ; V ���������� V ��>¢J�  N³O imply that � ¡   . A set   is a modelof (or satisfies) a logic pro-

gram 7 if   is amodelof everyclause
X ¡ 7 .

2.3.1 Stablemodel semantics.

Stablemodelsemanticswasfirst introducedin [10].

Definition 2.5([10]) Let 7 bea logic program. Thereductof 7 relativeto   , 75´ , is obtained

from 7 by

1. removingall clauseswhich contain“
+Zª°U � ” such that � is true in   ,

2. deletingall negativepremises“
+Zª°U � ” (for all ��¡ 	 ) fromtheremainingclauses. �

7 ´ is aHornprogram.It hasauniqueleastmodel
o ` � V�U �
7 ´ � .

Definition 2.6([10])   is a stablemodelof 7 if   N o ` � V�U ��75´0� . �
Theorem 2.2([10]) If   is a stablemodelof 7 , then   is a modelof 7 .

Theorem 2.3([20]) Theproblemof existenceof a stablemodelfor a finitie logic programis NP-

complete.

Stablemodelsemanticshassomeimportantdrawbacks.It is not universal, which meansthat

thatnoteverylogic programhasastablemodel.For example,thelogic program7SNµ;=��� +Zª°U �?>
hasno stablemodels.Also, evenfor finite propositionallogic programsthestablesemanticscan

notbeeffectively computed([12], [20]).
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2.3.2 Well-foundedsemantics.

Thestablemodelsemanticsdoesnotfit into astandardparadigmof logic programminglanguages.

While standardapproachesassignto a logic programa single “intended” model, stablemodel

semanticsassignsto aprograma family (possiblyempty)of “intended”models.

Proposalsto addresstheissuefor stablemodelsemanticswereof two types.Proposalsof the

first typeattemptto salvagethenotionof a singleintendedmodelata costof narrowing down the

classof programsor weakeningthe semantics.Apt, Blair andWalker [4] introducedthe notion

of stratification, a syntacticrestrictionon logic programswith negation. They assignedto each

stratifiedprogramasingleintendedmodel,aperfectmodel.

Proposalof the secondtype for stablemodelsemanticswasmadeby van Gelder, Rossand

Schlipf([34], [35]). They assignedto anarbitrarylogic programasingleintended3-valuedmodel,

a well-foundedmodel. In this model, any logic programpartitionsthe set of atomsinto three

groups:thewell-foundedatoms,theunfoundedatoms,andtherest.

Definition 2.7 For anyprogram 7 , theoperator ¶ � is definedby theequation

¶ � �hu��qN o ` � V�U ��7§·¢��� �
Theoperator¶ � is anti-monotone.By Proposition2.1,theoperator¶ �� is monotone,andhasa

leastfixpoint andagreatestfixpoint.

Thewell-foundedsemanticsof a logic programis definedasfollows.

Definition 2.8 Theatomsthat belongto the leastfixpoint of ¶ �� are well-foundedrelativeto 7 .

The atomsthat do not belongto the greatestfixpoint of ¶¸�� are unfoundedrelative to 7 . The

remainingatomsarecalledunknown. �
Proposition2.2([14]) Anystablemodelfor a logic program 7
¹ includesall atomsthatarewell-foundedrelativeto 7 , and

¹ includesnoatomsunfoundedrelativeto 7 .

Theorem 2.4 ([34]) If everyatomis eitherwell-foundedor unfoundedrelativeto a logic program

7 thenthesetof well-foundedatomsis theonlystablemodelfor 7 .
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An importantfeatureof thewell-foundedsemanticsis thatit is computablein polynomialtime,

in somecasesevenin lineartime([6]).

2.4 Revision programsand their justified revisionssemantics.

In this sectionwe presentresultsfrom [23, 22] which areusedin this thesis. In Section2.4.1

we presentformal definitionsof revision programswith justifiedrevisionssemantics.In Section

2.4.2we list basicpropertiesof revision programs.Finally, in Section2.4.3,we presenta natural

embeddingof logic programsinto revisionprograms.

2.4.1 Definition

Elementsof somefinite universe	 arecalledatoms. Subsetsof 	 arecalleddatabases. Expres-

sionsof theform in ����� or out �
��� , where� is anatom,arecalledrevisionliterals. Revision literals

will bedenotedby greekletters º , etc. For a revision literal in �
��� , its dual is the revision literal

out �
��� . Similarly, thedualof out ����� is in ����� . Thedualof a revision literal º is denotedby º¬» .

For any setof atoms¼4vx	 , wedefine

¼y½�Nµ; in ������¯F� ¡ ¼6>¾9z; out ������¯-��¿¡ ¼6>F�
We can think of ¼ ½ asa completerepresentationof ¼ sincefor every atom � ¡ 	 , ¼ ½ shows

whether� is in ¼ or not.

For any setof literals
o

, wedefine

o � NT;=� ¡ 	'¯ in ����� ¡ o >F� o � NS;=� ¡ 	'¯ out �
��� ¡ o >F�
Definition 2.9 A setof revisionliterals

o
is coherentif it doesnot containa pair of dual literals,

that is,
o � J o � NxO . �

Givenadatabase8 andacoherentsetof revision literals
o

, wedefine

8§À o NP�
8BA o � �9 o � �
Noticethatif

o
is coherent,then �h8BA o � �9 o � N3�
8B9 o � �A o � .
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Definition 2.10 A revisionrule is anexpressionof oneof thefollowing twotypes:

in �
����� in �
�������������� in ��������� out ���������������� out �������(2.4)

or

out ������� in ���������������� in ��������� out ���������������� out ���������(2.5)

where � , ��� and ��� aredataitemsfromsomefiniteuniverse, say 	 . Rulesof thefirst typearecalled

in-rulesandrulesof thesecondtypearecalledout-rules. �
Revision ruleshave a declarative interpretationasconstraintson databases.For instance,an

in-rule (2.4) imposesonadatabasethefollowing condition: � is in thedatabase,or at leastone ��� ,� �"!��$#
, is not in thedatabase,or at leastone �&% , �'�)(*�,+ , is in thedatabase.

Revision rulesalsohavea computational(imperative) interpretationthatexpressesa preferred

way to enforcea constraint. Namely, assumethat all dataitems ��� , �L�/!©�Á#
, belongto the

currentdatabase,say 8 , andnoneof thedataitems �&% , �*�"(Â�S+ , belongsto 8 . Then,to enforce

theconstraint(2.4), theitem � mustbeaddedto thedatabase(removedfrom it, in thecaseof the

constraint(2.5)),ratherthansomeitem ��� removedor someitem �&% added.

If a revision rule
X

is of the type (2.4), thenthe headof
X
, denoted

c�` �F±¸� X � , is the revision

literal in ����� . If
X

is of the type (2.5), thenthe headof
X
, denoted

c�` �F±¸� X � , is the revision literalª°deU �
��� . If
X

is a revision rule of the type (2.4) or (2.5), then body of
X

is the set � ª ±-Ã«� X �ÄN
; in �
��l����������� in ��������� out ���������������� out �����-��> .
Definition 2.11 A revisionprogramis a collectionof revisionrules. �
Definition 2.12 A setof atoms¼�v�	 is a modelof (or satisfies) a revision literal in ����� (resp.,

out �
��� ), if � ¡ ¼ (resp., �$£¡ ¼ ). A setof atoms ¼ is a modelof (or satisfies) a revision rule
X

if either ¼ is not a modelof at leastonerevision literal from the bodyof
X
, or ¼ is a modelofc�` �F±R� X � . A setof atoms¼ is a modelof (or satisfies) a revisionprogram 7 if ¼ is a modelof every

rule in 7 . �
Let 7 bea revision program.Thesize of 7 (denoted

V�!WÅ�` �
7y� ) is thenumberof occurrences

of atomsin 7 . A setof all revision literalsappearingin 7 is denotedÆ�� X �
7y� . A setof theheads

of all rulesin 7 is denotedby
c�` ��±¸�
7y� .
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Definition 2.13 Let 7 be a revision program. Thenecessarychangeof 7 , ²QÇ6��7'� , is the least

modelof 7 , whentreatedasa Horn programbuilt of independentpropositionalatomsof theform

in �
��� andout �
��� . �
Example2.1 Let a revision program 7 be ; !�+ �����2�x� ª=d�U �
���t� !Y+ ������� ª°deU �
È��t� ª=d�U �
����> .
Then,²ÂÇ©�
7y��Nµ; !�+ �
����� ª°deU �
����> .

Thenecessarychangedescribesall insertionsanddeletionsthatareenforcedby theprogram,

independentlyof theinitial database.

In the transitionfrom a database8 to a databaseÉ , the statusof someelementsdoesnot

change.A basicprincipleof revisionprogrammingis theruleof inertia accordingto which,when

specifyingchangebymeansof rulesin arevisionprogram,noexplicit justificationfor notchanging

the statusis required. Explicit justificationsareneededonly whenan atommustbe insertedor

deleted. The collectionof all revision literals describingthe elementsthat do not changetheir

statusin thetransitionfrom a database8 to a databaseÉ is calledthe inertia setfor 8 and É , and

is definedasfollows:

8Z�h8e��É �qNµ; in ������¯�� ¡ 8§J2Éy>¾9�; out ������¯��z¿¡ 8§92Éy>F�
Definition 2.14 By the reductof 7 with respectto a pair of databases�h8¸��É � , denotedby 7�Ê�Ë Ì ,
wemeantherevisionprogramobtainedfrom 7 byeliminatingfromthebodyof each rule in 7 all

revisionliterals in 8R�
8e��É � . �
The necessarychangeof the program 7¬Ê�Ë Ì provides a justification for someinsertionsand

deletions.Theseareexactly thechangesthatarea posteriori justifiedby 7 in thecontext of the

initial database8 andaputativereviseddatabaseÉ .

Definition 2.15 ThedatabaseÉ is a 7 -justified revision of 8 if the necessarychange of 7¬Ê�Ë Ì is

coherentandif ÉxN@8§ÀÍ²ÂÇ©�
7¬Ê�Ë Ì«� . �
Thefollowing exampleillustratesthenotionof justifiedrevision.

Example2.2 Assumethatwe needto form a committee.Therearefour peoplewhich canbeon

thecommittee:Ann, Bob,ChrisandDavid. Therearefour conditionson thecommitteemembers

whichneedto besatisfied.
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First,Ann andBobareexperiencedemployees,andwe wantto seeat leastoneof themon the

committee.That is, if Ann is not on thecommittee,Bob mustbe there,andif Bob is not on the

committee,Ann mustbethere.Second,Chrisis anexpertfrom anothercountryanddoesnotspeak

Englishwell enoughyet. So,if Chrisis on thecommittee,David shouldbeon thecommitteetoo,

becauseDavid canbeaninterpreter. If David is not on thecommittee,Chrisshouldnot bethere,

too. Third, David askednot to beon thesamecommitteewith Ann. Fourth,Bob askednot to be

on thesamecommitteewith David.

Theinitial proposalis to haveAnn andChrisin thecommittee.

We want to form a committeewhich satisfiesthe four conditionsanddiffersminimally from

the initial proposal. This is a problemof computingjustified revisionsof initial database8"N
;°® +R+ ��Ç c?XI!WV > with respectto revisionprogram7 :

in �
¼ ª ���D� out �
® +Z+ �
in �
® +R+ �D� out ��¼ ª ���

in ��Îs�-Æ ! ±��b� in ��Ç c?XI!WV �
out ��Ç c�X=!^V �D� out ��Îs�-Æ ! ±��

out �
® +R+ �D� in ��Îs�-Æ ! ±��
out ��Îs�-Æ ! ±��b� in ��¼ ª ���

Letusshow that ÉxNT;°® +R+ > isa 7 -justifiedrevisionof 8 . Clearly, 	,NT;°® +R+ ��¼ ª �g��Ç c�X=!^V ��Î©�FÆ ! ±�> .
Thus,

8Z�h8e��É �qNT; in �h® +R+ ��� out ��¼ ª ����� out ��Îs�-Æ ! ±���>F�
Therefore,7�Ê�Ë Ì is thefollowing.

in ��¼ ª ����� out �h® +Z+ �
in �h® +Z+ ���

in �
Îs�-Æ ! ±���� in �
Ç c?X=!^V �
out ��Ç c?XI!WV ���

out �h® +Z+ ��� in �
Îs�-Æ ! ±��
out �
Îs�-Æ ! ±���� in �
¼ ª ���
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Hence, ²QÇ6��7�Ê�Ë Ì«�*N�; in �
® +Z+ ��� out ��Ç c�X=!^V ��> . It is coherentand É�N�8*Àµ²ÂÇ©�
7¬Ê�Ë ÌR� . Conse-

quently, É is a 7 -justifiedrevisionof 8 (in fact,unique). Ï
2.4.2 Basicproperties

Thereis an alternative definitionof 7 -justified revisionsalsopresentedin [23]. It is basedon a

differentnotionof a reduct– a counterpartof theGelfond-Lifschitzreductin logic programming

(Definition2.5).

Definition 2.16([23]) Let 7 bea revisionprogram,andlet 8 and É betwo databases.TheGL-

reductof 7 with respectto �
8e��É � (denoted7¬Ì�Ð 8 ) is obtainedfrom 7 by

1. eliminatingfrom 7 every rule whosebody is not satisfiedby É (the resultingprogram is

denotedby 7¬Ì ),

2. eliminatingeach literal that is satisfiedby 8 fromthebodyof each rule in 7¬Ì . �
Eachof thereducts,7¬Ê�Ë Ì and 7¬Ì�Ð 8 , canbeusedto definethenotionof 7 -justifiedrevision,as

thefollowing theoremshows.

Theorem 2.5([23]) Let 7 bea revisionprogramandlet 8 and É betwodatabases.Thefollowing

twoconditionsareequivalent:

¹ ²ÂÇ©�
7¬Ê�Ë ÌZ� is coherentand ÉxN@8BÀ�²QÇ6��7�Ê�Ë ÌR� ,
¹ ²ÂÇ©�
7�Ì�Ð 8�� is coherentand É@N@8§À�²ÂÇ©�
7�Ì�Ð 8�� .
For justifiedrevisions,thenecessarychangesof bothreductsarethesame:

Theorem 2.6([23]) Let 7 be a revision program and É be a 7 -justified revision of 8 . Then,

²QÇ6��7�Ê�Ë ÌZ��Nx²ÂÇ©�
7�Ì�Ð 8��qN c�` �F±R�
7�ÌZ� .
In thethesiswewill frequentlyusethefollowing characterizationsalsogivenin [23].

Theorem 2.7 ([23]) Thefollowingconditionsareequivalent:

1. A databaseÉ is a 7 -justifiedrevisionof a database8 ,
2. ²QÇ6��7$9Ä;=ºz�x¯Fº ¡ 8R�
8e��É ��>I�qN@É ½ ;
3. ²QÇ6��7�Ê�Ë ÌR�9Â8R�
8e��É �qN,É ½ .
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Oneof thefundamentalpropertiesof 7 -justifiedrevisionsis thatthey indeedaremodelsof 7 .

Theorem 2.8([23]) Let 7 be a revision programand let 8 be a database. If a databaseÉ is a

7 -justifiedrevisionof 8 , then É is a modelof 7 .

Thenotionof a justifiedrevision alsosatisfiesa minimality principle. Namely, justifiedrevi-

sionsof adatabasediffer from thedatabasebyaslittle aspossible.Todescribehow muchdatabases

differ from eachotherwe usethenotionof a symmetricdifference.Giventwo databases8 and Ñ ,

thesymmetricdifferenceof 8 and Ñ is definedas 8§Ò,ÑQNÓ�h8§ABÑÔ�9L�^Ñ©A¢8�� .
Theorem 2.9([23]) Let 7 be a revision program and let 8 be a database. If É is a 7 -justified

revisionof 8 , then É<ÒÍ8 is minimalin thefamily ;=¼,Ò<8s¯F¼ is a modelof 7:> .
Thefollowing theoremdemonstratesthat“additionalevidencedoesnot destroy justifiedrevi-

sions”. If we addto a revision program 7 somerulesthat arealreadysatisfiedby a 7 -justified

revision,thenthereis noneedto changetherevision.

Theorem 2.10([23]) Let É bea 7 -justifiedrevisionof 8 . Assumethat 7 ¦ is a revisionprograms

such that É is a modelof 7 ¦ . Then,É is a �
7$9Â7 ¦ � -justifiedrevisionof 8 .
The next theoremshows that if the currentdatabasesatisfiesthe revision program,thenno

changeis justified.

Theorem 2.11([23]) If a database8 satisfiesa revisionprogram 7 then 8 is a unique 7 -justified

revisionof 8 .
Givena revision program7 , thedual of 7 ( 7 » in symbols)is therevision programobtained

from 7 by simultaneouslyreplacingall occurrencesof all revision literals by their duals. The

duality theoremstatesthatrevisionprograms7 and 75» are,in asense,equivalent.

Theorem 2.12 (Duality Theorem [23]) Let 7 be a revision program and let 8 be a database.

Then,É is a 7 -justifiedrevisionof 8 if andonly if 	<A¢É is a 7 » -justifiedrevisionof 	<A¾8 .
Theproblemof existenceof justifiedrevisionsis NP-complete.

Theorem 2.13([23]) Thefollowing problemis NP-complete:Givena finite revisionprogram 7
anda finitedatabase8 , decidewhether8 hasa 7 -justifiedrevision.
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2.4.3 Embeddingof logic programsinto revision programs.

Thefollowing interpretationof logic programsasrevisionprogramswasproposedin [23].

Givena logic programclauseÈ
�t� � ���������� � �C� +«ªgU¬V ���������� +«ªgU¬V �

wedefinetherevision rule
X ����È�� as

in �Õ�¸��� in � � ������������ in � � ����� out � V l����������� out � V �-���
Foralogicprogram7 , wedefinethecorrespondingrevisionprogram

X �Ô��7'� by:
X ���
7y�qNS; X ���
È���¯�È ¡

7:> .
Underthis interpretation,modelsandstablemodelsof logic programscanbe representedas

modelsandjustifiedrevisionsof revisionprograms.

Theorem 2.14 ([23]) Let 7 bea logic program.

¹ A setof atoms  is a modelof 7 if andonly if   is a modelof
X �Ô��7'� .

¹ A setof atoms  is a stablemodelof 7 if andonly if   is an
X ���
7y� -justifiedrevisionof O .

Therefore,logic programscanbeviewedasspecialrevision programs.Revision programs,in

turn,canberepresentedby meansof logic programs.Wediscussthis in detailin Chapter3.

2.5 Revision programswith variables

In order to userevision programsto solve morethanoneinstanceof a problemanduseit asa

programminglanguage,weshouldbeableto usevariables.

Although mostof the thesisdealswith propositionalcaseof revision programming,we can

extendthe syntaxof revision programmingby allowing variablesandpredicatesasin the Data-

log syntax([32]). Semanticsfor revision programmingwith variablescanbeobtainedby lifting

propositionalsemanticsasfollows.

We usethe samenotionsof alphabet,term, atom,Herbranduniverse,andHerbrandbaseas

definedin Section2.2.Weusethesamedefinitionsof revision literals,revisionrules,andrevision

programsasin Section2.4.1,only now atomsmaycontainvariables.
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An instanceof anatomis constructedby replacingvariablesin theatomby groundtermsin

a systematicway (samevariablesare replacedby the sameterms). Similarly, an instanceof a

revision literal (a revision rule) is constructedby replacingvariablesin the revision literal (the

revision rule) by groundtermsin a systematicway. The Herbrand instantiationof a revision

program7 (denotedÖ¾×«�
7y� ) is thesetof all groundinstancesof therevision rulesof therevision

programthatmaybeconstructedusingtermsin theHerbranduniverse.

We canalsousevariablesin initial databases.We definea databaseto beasetof atomswhich

maycontainvariables.Then,theHerbrand instantiationof a database8 (denoted¤Q8R�
8�� ) is the

setof all groundinstancesof atomsof theinitial database.

Now wecandefineanotionof a justifiedrevisionasfollows.

Definition 2.17 Let 7 bea revisionprogramand 8 bean initial database( 7 and 8 maycontain

variables).A databaseÉ is a 7 -justifiedrevisionof 8 if É is a Ö¢×R��7'� -justifiedrevisionof Ö¾×Z�h8�� .
�
Example2.3 Let an alphabet� consistof constants; � ����> , variable ;guL> , andunarypredicate

symbols; X]` ±���� fMd¸` > . Leta revisionprogram 7 be

out ��� fMdR` �Mu����D� in � XI` ±¸�hu��l�
out � X]` ±¸�Mu����b� in ��� fMd¸` �hu��l���

Let 80Nµ; XI` ±¸�hu������ fhd¸` �Mu���> .
Then,theHerbranduniverseis ; � ����> , theHerbrandbaseis ; XI` ±¸� � ��� X]` ±¸��������� fMd¸` � � ����� fMdR` ������> .

TheHerbrandinstantiationof 7 is

out ��� fMdR` � � ���D� in � XI` ±¸� � �l�
out ��� fMdR` �������D� in � XI` ±¸�Y���l�
out � X]` ±¸� � ���b� in ��� fMd¸` � � �l�
out � X]` ±¸�������b� in ��� fMd¸` �Y���l���

TheHerbrandinstantiationof 8 is ; XI` ±¸� � ��� X]` ±¸��������� fMd¸` � � ����� fMdR` ������> .
Therefore, 7 -justifiedrevisionsof 8 are É5�NS; X]` ±¸� � ����� fMd¸` �Y����> , and É � NT;=� fMdR` � � ��� X]` ±¸�Y�]��> .



Chapter 3

Translation of Revision Programming into Logic Programming

Revision programmingand logic programmingare closely related. Section2.4.3 describedan

embeddingof logic programsinto revision programs.This chapteris devotedto embeddingsof

revisionprogramsinto logic programs.Section3.1containsthePrzymusinski–Turnerencodingof

revision programsaslogic programs([26]). Their encodingincludesanexplicit representationof

an initial databaseaspartof the logic program.Consequently, thesizeof theencodingis always

greaterthanthesizeof theoriginal revision program.A moreelegantencoding,which doesnot

increasethe sizeof a program,wasfound andpublishedin [18]. This encodingis presentedin

Section3.2.

3.1 Explicit representationof initial database

Thedetailsof thePrzymusinski–Turnerencodingof revisionprogramsaslogic programsaregiven

in Section3.1.1. In this encodingPrzymusinskiandTurnerrepresentan initial databaseasa set

of facts.Their resultcanbegeneralizedto allow not only factsbut any logic programrulesin the

descriptionof aninitial database.Thegeneralizationis presentedin Section3.1.2.

3.1.1 Przymusinski–Turner translation

In orderto translatea revision programandaninitial databaseinto a logic programPrzymusinski

andTurnerintroduceadditionalatomsin Ê=� � � , out Ê=� � � to representthe initial database.The intu-

itivemeaningof atomsin Ê=� � � andout Ê=� � � is ‘ � is in theinitial database’and‘ � is not in theinitial

database’.They considerapropositionallanguageØ with thesetof propositionallettersconsisting

of ; in � � ��¯ ��¡ 	5>¾9z; out � � ��¯ �:¡ 	5>�9�; in Ê=� � ��¯ ��¡ 	'>¾9�; out Ê=� � ��¯ �y¡ 	5> .
ThePrzymusinski–Turnertranslationof arevisionprogramÉ§7 andaninitial database¼CÊ into

a logic programis asfollows.

Definition 3.1([26]) Thetranslationof therevision programÉ§7 andtheinitial database¼aÊ into

a logic programis definedasthelogic program rs��É§7¾��¼aÊ��qN@7¬ÊZ9s7�Ùt9sÉ§7 over Ø consistingof

thefollowingthreesubprograms:

19
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Initial KnowledgeRules 7¬Ê : All atoms�*¡ ¼aÊ are initially in andall atoms
V £¡ ¼aÊ are initially

out:

7�Ê¾Nµ; in Ê=� � ��� ¯ ��¡ ¼aÊ�>�9�; out Ê=� V ��� ¯ V £¡ ¼aÊ�>FÚ
Inertia Rules 7�Ù : If � wasinitially in (respectively, out) thenafter revisionit remainsin (respec-

tively, out)unlessit wasforcedout (respectively, in):

7¬Ù)NT; in � � �q� in Ê=� � ��� +«ªgU out � � �zÚ out � � �q� out Ê=� � ��� +«ªgU in � � �Û¯ �:¡ 	'>FÚ
Revision Rules É§7 : All therevisionrulesthatbelongto theoriginal revisionprogram É§7 . �
Definition 3.2([26]) A stablemodel  of rt�
É§7¢��¼aÊ�� is calledcoherentif it doesnotcontainboth

in � � � andout � � � , for any ��¡ 	 . �
Notice that Definition 3.2 is the sameasDefinition 2.9 except that it refersto differentob-

jects.Definition2.9 is for setsof revision literals(expressionsof theform in � � � , out � � � ), whereas

Definition3.2dealswith setsof expressionsof theform in � � � , out � � � , in Ê=� � � , andout Ê=� � � .
The translationrs��É§7¾��¼CÊ�� containsthe original revision program É§7 , a completeexplicit

representationof the initial databaseasa setof facts,andinertia rulesthatspecifythatatomsdo

notchangetheir statusunlessthey areforcedto.

The translationdefinesanembeddingof revision programminginto logic programmingwith

stablemodelsemantics.

Theorem 3.1(Przymusinski and Turner [26]) Let É§7 bea revisionprogramand ¼aÊ bean ini-

tial database. There is a one-to-onecorrespondencebetweenÉ§7 -justifiedrevisionsof ¼aÊ and

coherentstablemodelsof its translationrt�
É§7¢��¼aÊ�� into a logic program.

More precisely, to every É§7 -justifiedrevision ¼BÌ of ¼aÊ there correspondsa uniquecoherent

stablemodel  of rs��É§7¾��¼CÊ�� such that:

¼aÌÜNT; � ¯ in � � � ¡  T>F� 	<A¢¼BÌÜNT; � ¯ out � � � ¡  T>F�
and,conversely, for each coherentstablemodel   of rt�
É§7¢��¼aÊ�� theset ¼BÌzN4; � ¯ in � � � ¡  T>
is an É§7 -justifiedrevisionof ¼aÊ .
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Thefollowing exampleillustratestheembedding.

Example3.1 Let usapplythePrzymusinski–Turnertranslationto therevisionprogram7 andthe

initial database8 from Example2.2.Thelogic programrt�
7¾��8�� is

in Ê=�h® +R+ �D�
out Ê=��¼ ª ���D�

in Ê=�
Ç c?X=!^V �b�
out Ê=�
Îs�-Æ ! ±��b�

in �h® +R+ �D� in Ê=�
® +R+ ��� +«ªgU out �
® +Z+ �
out �h® +R+ �D� out Ê=�
® +R+ ��� +«ªgU in �
® +Z+ �

in ��¼ ª ���D� in Ê=��¼ ª ����� +Zª°U out �
¼ ª ���
out ��¼ ª ���D� out Ê=��¼ ª ����� +Zª°U in �
¼ ª ���

in �
Ç c?X=!^V �b� in Ê=��Ç c�X=!^V ��� +«ªgU out �
Ç c?X=!^V �
out �
Ç c?X=!^V �b� out Ê=��Ç c�X=!^V ��� +«ªgU in �
Ç c?X=!^V �
in �
Îs�-Æ ! ±��b� in Ê=��Îs�-Æ ! ±���� +«ªgU out ��Î©�FÆ ! ±��

out �
Îs�-Æ ! ±��b� out Ê=��Îs�-Æ ! ±���� +«ªgU in ��Î©�FÆ ! ±��
in ��¼ ª ���D� out �
® +R+ �
in �h® +R+ �D� out ��¼ ª ���

in �
Îs�-Æ ! ±��b� in ��Ç c�X=!^V �
out �
Ç c?X=!^V �b� out ��Îs�-Æ ! ±��

out �h® +R+ �D� in ��Îs�-Æ ! ±��
out �
Îs�-Æ ! ±��b� in ��¼ ª ���

It iseasytoseethat ; in Ê=�
® +Z+ ��� out Ê=��¼ ª ����� in Êg��Ç c�X=!^V ��� out Ê=�
Îs�-Æ ! ±���� in �h® +Z+ ��� out ��¼ ª ����� out �
Ç c?X=!^V �
out �
Îs�-Æ ! ±���> is theonly coherentstablemodelof rs��7¾��8�� . It correspondsto É3N�;°® +R+ > , which

is theonly 7 -justifiedrevisionof 8 aswesaw in Example2.2.

Let us summarizesomefeaturesof the Przymusinski–Turnertranslationin the following re-

mark.
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Remark 3.1 Let É§7 be a revision program. Let ¼aÊ be an initial database. Logic program

rs��É§7¾��¼aÊ��
1. hasadditionalatomsto represent¼aÊ (thelanguage Ø has ÝBÞ'Ðß	*Ð propositionalletters);

2. containsan explicit representationof the initial databaseand inertia rules, and thus,hasà Þ'Ðß	*Ð more rulesthan É§7 , and
V�!WÅ�` �Mrt�
É§7¢��¼aÊ�����N V�!WÅ�` �
É§7y�á<âCÞyÐã	6Ð ;

3. its stablemodelscontaina completerepresentationof ¼aÊ , that is, contain Ðã	6Ð additional

elementsthatare irrelevantto justifiedrevisions.

Thesepropertiesof the Przymusinski–Turnertranslationmay beconsideredto bedrawbacks

of the embedding,becausethe problemof finding justified revisionsis reducedto a problemof

finding stablemodelsof a bigger logic programover a larger languageandremoving irrelevant

elementsfrom theresult.

3.1.2 Generalizationof Przymusinski and Turner’s result

ThePrzymusinski–Turnerembeddingrepresentsaninitial databaseasa collectionof factsstating

for eachatomfromtheuniversewhethertheatomis in oroutof theinitial database.Theirresultcan

begeneralized.Namely, arbitrarylogic programs,not only setsof facts,canbeusedto represent

initial databases.Theinitial databaseneedsto bea stablemodelof thelogic programthatis used

to representit. Thegeneralizationdealswith adescriptionof aninitial database.It doesnothandle

programupdatesin thesenseof [2]. Let usnow formally presentthegeneralization.

Let É§7 bea revisionprogram.Let
o 7 beany logic programover ; in Ê=�
®B��¯-® ¡ 	'> .

Given É§7 and
o 7 , let usdefinethelogic programr over Ø to betheunionof initial program

7¬Ê , inertia rules 7�Ù , andrevisionprogramÉ§7 , where

7�Ê¾N o 7�9�; out Ê=�h®§��� +Zª°U
in Ê=�
®B�¾¯-® ¡ 	5>F� and

7¬Ù)NT; in �h®§�q� in Ê=�
®B��� +Zª°U out �
®§�zÚ out �h®§�q� out Ê=�
®B��� +Zª°U in �
®B�ä¯a® ¡ 	'>F�
Thatis, rÓN³7�Êq9Q7¬Ùz9QÉ§7 . We will saythata stablemodelof r is coherent if it is coherent

in thesenseof Definition3.2andit doesnotcontainatomsin Ê=�h®§� andout Ê=�
®B� for any ® ¡ 	 .

Thefollowing two theoremsshow thatthereis aone-to-onecorrespondencebetweencoherent

stablemodelsof r and É§7 -justifiedrevisionsof stablemodelsof
o 7 .
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Theorem 3.2 Let   bea coherentstablemodelof r . Thenthereexistsa stablemodel  p of
o 7 ,

such that ¼BÌÜNT; � ¯ in � � � ¡  T> is an É§7 -justifiedrevisionof ¼aÊ�Nµ; � ¯ in Ê=� � � ¡   p > .
Proof.

By thedefinitionof astablemodel,   is theleastmodelof åµN"r�´ . Let ¼aÊ�NT; � ¯ in Ê=� � � ¡  T> .
Let ¼ ¦Ê N�; � ¯ out Ê=� � � ¡  T> . Observe that ¼ ¦Ê Næ	$AB¼aÊ . Indeed,since   is coherent,¼CÊ and

¼'¦Ê aredisjoint. Assumethatthereis anatom ��¡ 	 suchthat � ¿¡ ¼aÊ . Then,theclauseout Ê=� � �q�
belongsto ��7¬Ê���´ . Since  is theleastmodelof

åµN"r ´ NP��7¬Ê�� ´ 9L��7¬ÙÄ9QÉ§7'� ´ �
theatomout Ê=� � � mustbelongto   . Thatis, �:¡ ¼ ¦Ê . Therefore,¼ ¦Ê NS	<A¢¼aÊ .

Let   p NS  J�; in Ê=� � �¢¯ �0¡ 	'> . We will show that   p is a stablemodelof
o 7 . Indeed,

o 7
containsonly atomsof theform in Ê=� � � , ��¡ 	 . Hence,

o 7 ´�ç N o 7 ´ �
Since

o 7Óv�r , wehave
o 7'´�ç¢v"å . Thus,   is theleastmodelof

åµN o 7 ´èç 9.��å"A o 7 ´èç ���
Let 	¬ÊKNP; in Ê=� � �¢¯ �*¡ 	5> . All atomsoccurringin

o 7 belongto 	¬Ê . Noneof theatomsfrom 	¬Ê
appearsin theheadsof theclausesfrom ��å"A o 7'´�ç�� . Hence,  p Nx  Jz	¬Ê is theleastmodelofo 7'´�ç . Therefore,  p is astablemodelof

o 7 .

Therestof theproof repeatstheproof of PrzymusinskiandTurnerresult([26]). Let usdefine

¼ ¦Ì NT; � ¯ out � � � ¡  T> . Thereduct �
7�Ùè�l´ consistsof clauses:

in � � �q� in Ê=� � ��� for all � ¿¡ ¼ ¦Ì
out � � �q� out Ê=� � ��� for all � ¿¡ ¼BÌ��

It canbeshown that ¼'¦Ì Nµ	éAK¼BÌ .
  is alsotheleastmodelof a modifiedprogramobtainedby removing somepremiseswhich

aretruein   . Therefore,we canfurtherreducethereduct ��7¬Ù���´ of thesetof inertiarulesto the

set ê��7¬Ù�� ´ of all clausesof theform:

in � � �q� � for all ��¡ ¼BÌ0JQ¼CÊ , and
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out � � �q� � for all �:¡ ¼ ¦Ì J2¼ ¦Ê �
We now show that ¼BÌ is an É§7 -justified revision of ¼aÊ . The rules from the program É§7 are

positive.Hence,  is theleastmodelof

�
7¬Ê�� ´ 9 ê��7�Ù�� ´ 9ÂÉ§7¾�
In orderto computethereductÉ§7�ë�ì�Ë ë�í of É§7 wehave to removefrom thebodyof eachrevision

ruleall atomsin � � � suchthat ��¡ ¼aÊZJ0¼BÌ , andall atomsout � � � suchthat �y¡ ¼ ¦Ì J0¼ ¦Ê . Theseare

preciselytheatomsthatmustbetruein   dueto therules ê�
7�Ùè� ´ . Consequently,   remainsthe

leastmodelof thereducedprogram

�
7¬Ê�� ´ 9 ê��7¬Ù�� ´ 9ÂÉ§7�ë�ì�Ë ë�íZ�
The necessarychange²ÂÇ©�
É§7�ë ì Ë ë í � is the leastmodelof É§7�ë ì Ë ë í . Let 8)Nb; � ¯ in � � � ¡

²QÇ6��É§7¬ë ì Ë ë í ��> and îSNµ; � ¯ out � � � ¡ ²ÂÇ©�
É§7�ë ì Ë ë í ��> . Theprogram

��7�Ê�� ´ 9 ê�
7�Ù�� ´ 9ÂÉ§7�ë�ì�Ë ë�í
consistsof threeindependentparts,wherethe reduct É§7¬ë�ì�Ë ë�í no longercontainsany premises

from theothertwo parts.Consequently, thesetof atomsin   consistsof:

¹ ; in Ê=� � ��¯ ��¡ ¼aÊ�>�9�; out Ê=� � ��¯ �:¡ ¼'¦Ê > ,
¹ ; in � � ��¯ ��¡ ¼BÌ:JQ¼CÊ�>¾9�; out � � ��¯ ��¡ ¼ ¦Ì JÂ¼ ¦Ê > ,
¹ ; in � � ��¯ ��¡ 8�>�9z; out � � ��¯ �:¡ î0> .

Weconcludethat:

¼BÌÜNT; � ¯ in � � � ¡  T>5N3��¼BÌ0JQ¼CÊ��928e�
¼ ¦Ì NS	<AK¼aÌÜNT; � ¯ out � � � ¡  µ> NÓ�
¼ ¦Ì JQ¼ ¦Ê �9Âî6�

The necessarychange²QÇ6��É§7¬ë�ì�Ë ë�í�� is coherent.Also, ¼BÌ$N���¼aÊ�9.8���A5î . Hence, ¼aÌ is an

É§7 -justifiedrevisionof ¼aÊ . Ï
Theorem 3.3 Let   p be a stablemodelof

o 7 , ¼CÊtND; � ¯ in Ê=� � � ¡   p > . Let ¼BÌ be an É§7 -

justifiedrevisionof ¼CÊ . Thenthere existsa coherentstablemodel   of r , such that ¼aÌ)NÁ; � ¯
in � � � ¡  µ> .
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Proof.

Let   p bea stablemodelof
o 7 . Then,  .ÊKNS  p 9�; out Ê=� � ��¯ in Ê=� � �y¿¡   p > is a coherentstable

modelof 7¬Ê . Indeed,since
o 7 doesnotcontainatomsof theform out Ê=� � � ,

o 7 ´ ì Nx7 ´�ç �
Also, wehave that

; out Ê=� � �q� +«ªgU
in Ê=� � ��¯ ��¡ 	5> ´ ì N ; out Ê=� � ��� ¯ in Ê=� � �5¿¡   p >F�

Therefore, �Ê is theleastmodelof �
7¬Ê��l´ ì . Hence, �Ê is a stablemodelof 7¬Ê . Noticethat  .Ê is

coherentandfor any �:¡ 	 eitherin Ê=� � � ¡  .Ê or out Ê=� � � ¡  .Ê .
Let ¼BÌ bean É§7 -justifiedrevisionof ¼aÊ . Theorem2.7implies

²QÇ6��É§7�9�;=ºz�x¯Fº ¡ 8R��¼aÊg��¼BÌZ��>I�zN ; in � � ��¯ �:¡ ¼BÌÔ>�9�; out � � �¾¯ � ¿¡ ¼BÌ�>F�
Let   N� .Ê�9Û; in � � �§¯ �2¡ ¼BÌÔ>K9L; out � � �B¯ � ¿¡ ¼BÌÔ> . We needto show that   is a stable

modelof r . Thereductry´ is equalto

��7�Ê�� ´ ì 9L��7�Ùè� ´ 92É§7¢�
Theleastmodelof ry´ mustcontain  .Ê - the leastmodelof �
7¬Ê��l´ ì . Therefore,the leastmodel

of ry´ is alsotheleastmodelof theprogram

�
7¬Ê�� ´ ì 9Âå"9ÂÉ§7¾�
where å1N1; in � � �y� ¯ ��¡ ¼aÌÜJ.¼aÊ�>B9); out � � �y� ¯ � ¿¡ ¼BÌÜ9�¼aÊ�> is obtainedfrom ��7¬Ù���´
by removing somepremiseswhich aretrue in the leastmodel. Notice, that å¥N�;=º��x¯�º ¡
8R��¼aÊg��¼BÌZ��>I� . Next, observe that the programs��7�Ê��l´ ì and åµ9LÉ§7 containno commonatoms.

Therefore,theleastmodelof

��7¬Ê�� ´ ì 9Qå$9ÂÉ§7
is theunionof theleastmodelof ��7¬Ê�� ´ ì (which is  .Ê ) andtheleastmodelof å@9ÂÉ§7 (which is

; in � � �K¯ �©¡ ¼BÌÔ>¢9.; out � � �K¯ � ¿¡ ¼BÌ�> ). In otherwords,theleastmodelof r ´ is   . Hence, 
is astablemodelof r . Ï
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Remark 3.2 Theorem3.2andTheorem3.3generalizePrzymusinskiandTurner’s result. Indeed,

let É§7 be a revision program,and let ¼CÊ be an initial database. Let
o 7 be the logic program

over ; in Ê=� � �§¯ �Â¡ 	5> such that
o 74Nï; in Ê=� � �a� ¯ �2¡ ¼aÊ�> . Theonly stablemodelof 7 is the

set ; in Ê=� � �y¯ ��¡ ¼CÊ�> . Thus,applyingTheorem3.2 andTheorem3.3 to
o 7 and É§7 weget the

statementof Theorem3.1.

3.1.3 Computing justified revisions

Oneof themethodsto computejustifiedrevisionsis to reducethemto logic programsandusetech-

niquesfor computingstablemodels.In particular, wecanusethePrzymusinski-Turnertranslation

to embedrevisionprogramsinto logic programs.

Weusethefollowing slightmodificationof thetranslationwhichallowsusto reducethenum-

berof rulesin theobtainedlogic program.

Definition 3.3(modification of Definition 3.1) The translationof a revision program 7 andan

initial database8 into a logic programis definedas the logic program r5¦h�
7¢��8��zN 7 ¦Ù 9ÍÉ§7
consistingof thefollowingtwosubprograms:

Inertia Rules 7 ¦Ù : If � wasinitially in (respectively, out) thenafter revisionit remainsin (respec-

tively, out)unlessit wasforcedout (respectively, in):

7 ¦Ù Nµ; in � � ��� +«ªgU
out � � �Û¯ �:¡ 8�>�9z; out � � �q� +«ªgU

in � � �L¯ � £¡ 8e>FÚ
Revision Rules 7 : All therevisionrulesthatbelongto theoriginal revisionprogram 7 . �

The modificationonly removesthe unnecessaryrepresentationof the initial databasein the

translation.

Lemma 3.1 Let 7 bea revision program, 8 be a database. Let rs��7¾��8�� be the translationof 7
and 8 into a logic programaccording to Definition3.1. Let r ¦ �
7¢��8�� bethetranslationof 7 and

8 into a logic programaccording to Definition3.3. Then,   is a stablemodelof r ¦ ��7¾��8�� if and

only if   9Ä; in Ê=� � ��¯ �:¡ 8�>�9z; out Ê=� � ��¯ � £¡ 8e> is a stablemodelof rt�
7¢��8�� .
This translationallowsusto computejustifiedrevisionsaccordingto thefollowing scheme.
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1. Givena revision program7 andinitial database8 , computethe logic programr ¦ ��7¾��8�� by

addingto 7 inertiarules 7 ¦Ù .

2. Computestablemodelsof r ¦ �
7¾��8�� .
3. 7 -justifiedrevisionsof 8 areobtainedfrom coherentstablemodelsof r5¦
��7¾��8�� via the fol-

lowing formula: É�N/;=�.¯ in �
��� ¡  T> , where   is a coherentstablemodelof r ¦ �
7¢��8�� ,
and É is a 7 -justifiedrevisionof 8 .

Thefollowing exampleillustratestheabovescheme.

Example3.2 Let usapply the translationfromDefinition3.3 to the revisionprogram 7 andthe

initial database8 fromExample2.2.Thelogic program r ¦ ��7¾��8�� is

in �h® +Z+ ��� +«ªgU
out �h® +Z+ �

out ��¼ ª ����� +«ªgU
in �
¼ ª ���

in ��Ç c?XI!WV ��� +«ªgU
out �
Ç c?X=!^V �

out �
Îs�-Æ ! ±���� +«ªgU
in �
Îs�-Æ ! ±��

in ��¼ ª ����� out �h® +Z+ �
in �h® +Z+ ��� out �
¼ ª ���

in �
Îs�-Æ ! ±���� in �
Ç c?X=!^V �
out ��Ç c?XI!WV ��� out �
Îs�-Æ ! ±��

out �h® +Z+ ��� in �
Îs�-Æ ! ±��
out �
Îs�-Æ ! ±���� in �
¼ ª ���

Onecanseethat ; in �
® +Z+ ��� out �
¼ ª ����� out �
Ç c?X=!^V ��� out ��Îs�-Æ ! ±���> is theonlycoherentstablemodel

of r ¦ ��7¾��8�� . It correspondsto ÉxNT;°® +R+ > , which is theonly 7 -justifiedrevisionof 8 aswesawin

Example2.2.

Remark 3.3 Thetranslationdescribedin thissectioncanbedirectlyappliedto revisionprograms

with variables.Asa resultwegetlogic programswith variableswhich canbeprocessedbyexisting

systemsfor computingstablemodels(in particular, bya grounderfor s-models,lparse[29]).
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3.2 Shifting Theorem

The Przymusinski–Turnerembeddingof revision programsinto logic programshassomedraw-

backs(Remark3.1). This sectiondescribesa moreelegantembeddingthat doesnot requirean

explicit representationof an initial database,anddoesnot increasethe sizeof a program([18]).

This embeddingis basedon a socalledShiftingTheorem(Theorem3.4),which reflectsthesym-

metrybetweenins andouts in revisionprogramming.

3.2.1
�

-Transformation

In thissectionwewill introduceatransformationof revisionprogramsanddatabasesthatpreserves

justified revisions. Our resultscanbeviewedasa generalizationof the resultsfrom [23] on the

dualitybetweenin andout in revisionprogramming.

Let
�

bea subsetof 	 . We definea
�

-transformationon thesetof all literalsasfollows. If

º is a literal of theform in ����� or out ����� , then

nZðÜ��º���N
ñ º¬»�� when � ¡ �
º�� when �.¿¡ � .

Thus, n«ð replacessomeliterals by their dualsandleavesotherliterals unchanged.Specifically,

when � ¡ � , the literals in ����� andout ����� arereplacedby their duals.When �ä£¡ � , the literals

in �
��� andout ����� remainunchanged.

Thedefinitionof nZð naturallyextendsto setsof literalsandsetsof atoms.Namely, givenaseto
of literals,weapply nZð to every literal in theset.In otherwords,

n«ðÜ� o ��Nµ;gn«ðÜ�
º���¯�º ¡ o >F�
Given a setof atoms ® , we apply nZð to the completerepresentationof ® , ® ½ N ; in �
����¯�� ¡
®'>�9�; out ������¯��z¿¡ ®'> , andwrite theresultasasetof atoms.Thatis,

nZðÜ�
®B��NS;=��¯ in �
��� ¡ nZð2�
® ½ ��>F�
Theoperatorn«ð hasseveralusefulproperties.In particular, for a suitableset

�
, nZð allows

usto transformagivendatabase8= ontoagivendatabase8 � . Specifically, wehave:

nZÊWò�ó�Ê
ôg�h8=l��N,8 � �
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where Ò denotesthesymmetricdifferenceoperator. Thus,it alsofollows that

nZÊ=�h8���N,O and n«õ��
8���NS	éA¢8 for any 8svx	è�
Someusefulpropertiesof theoperatorn«ð aregatheredin thefollowing lemma.

Lemma 3.2 Let ö� and ö � besetsof literalsor setsof atoms.Thenfor any
� vx	 ,

1. n«ðÜ��ö���qN,nZðÂ��ö � � if andonly if ö�qN³ö � ;
2. n«ðÜ��ö�Ô9Âö � �qN,nZðÂ��ö�l�92nZðÜ�Yö � � ;
3. n«ðÜ��ö�ÔJÂö � �qN,nZðÂ��ö�l�J2nZðÜ�Yö � � ;
4. n«ðÜ��ö�ÔAKö � ��N"nZð2�Yö�l�ÔA�nZðÂ��ö � � ;
5. n«ðÜ�Mn«ð2��ö�l����Nxö� . Ï

The operatorn«ð cannow be extendedto revision rulesand programs. For a revision ruleX Nxºz� ºq�����������ºÔ� , wedefine

n«ð2� X �qN,nZðÜ��º�����nZðÂ�
ºq�������������nZðÜ��º�¾���
Finally, for a revisionprogram7 , wedefinen«ð2��7'�qNT;gnZðÜ� X ��¯ X ¡ 70> .
3.2.2 Shifting Theorem

TheShiftingTheoremstatesthatrevision programs7 and n«ð2��7'� areequivalentin thesensethat

they defineessentiallythesamenotionof change.

Theorem 3.4(Shifting Theorem) Let 7 bea revisionprogram. For everytwo databases8= and

8 � , a databaseÉ5 is a 7 -justifiedrevisionof 8= if andonly if nRÊWò�ó�Ê
ôg��É �� is a nZÊWò�ó�Ê
ôg�
7y� -justified

revisionof 8 � .
Proof.

Let
� N,8=ÒÍ8 � . Whencalculatingthenecessarychange,we treatliteralsaspropositionalatoms

of theform in �
��� andout �
��� . The
�

-transformationcanbeviewedasa renamingof theseatoms.

If we renameall atomsin the Horn program,find the leastmodelof the obtainedprogram,and

thenrenametheatomsback,wewill gettheleastmodelof theoriginalprogram.
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In otherwords,

²QÇ6��7�Ê^ò^Ë Ì�ò���N"nZð2��²ÂÇ©�Mn«ð2��7�ÊWòWË Ìeòl�l�����
Let É � NµnZðÂ�
É5�� . Observe thatby thedefinitionof n«ð , theinertiaof 8 � and É � satisfiesthe

equality 8R�
8 � ��É � �qN,nZðÜ�
8R�
8°���É5l�l� . Hence,nZð2��7¬ÊWòWË Ì�ò���NP�Mn«ð2�
7y�l��Ê
ô&Ë Ì�ô .
Theorem2.7andLemma3.2 imply thefollowing sequenceof equivalences.

– É5 is a 7 -justifiedrevisionof 8° ,
– ²ÂÇ©�
7¬ÊWòWË Ìeò&�Ô928R�
8°���É5��qNxÉ ½ ,
– nZðÜ��²ÂÇ©�
7¬ÊWò^Ë Ìeò&�9Â8R�
8=���É5l�l��N$n«ð2�
É ½  � ,
– �Mn«ðÜ�
²QÇ6��7¬ÊWò^Ë Ì�ò����9L�hnZðÜ�
8R�
8°���É5��l���qN,nZð2��É ½  � ,
– ²ÂÇ©�Mn«ð2��7�ÊWòWË Ìeò&���9Â8R�
8 � ��É � ��N$n«ð2�^; in ������¯F� ¡ É �>¾9z; out ������¯-��¿¡ É5�>I� ,
– ²ÂÇ©�l�hnZðÂ�
7y�l��Ê ô Ë Ì ô �Ô928R�h8 � ��É � �qNxÉ ½� ,
– É � N"nZð2��É5�� is a n«ð2�
7y� -justifiedrevisionof 8 � .

Thisprovesthestatementof thetheorem. Ï
Remark 3.4 Theduality theorem(Theorem2.12) is a specialcaseof Theorem 3.4 when 8 � N	<A¾8= .
Corollary 3.1 For each pair of databases8 and É , É is a 7 -justifiedrevisionof 8 if andonly if

nRÊ=��É � is a nRÊ=��7'� -justifiedrevisionof O .
At first glance,a revision problemseemsto have two independentparameters:a revision pro-

gram 7 thatspecifiesconstraintsthatneedto besatisfied,andan initial database8 thatneedsto

berevisedby 7 . TheShiftingTheoremshows thatthereis a naturalequivalencerelationbetween

pairs ��7¾��8�� specifyingthe revision problem. Namely, a revision problem ��7¾��8�� is equivalentto

a revision problem ��7 ¦ ��8 ¦ � , if 7 ¦ NDnRÊ�ó�Ê^÷^�
7y� . The relation is reflexive, symmetricandtransi-

tive. Moreover, by theShifting Theorem,it follows that if �
7¾��8�� and ��7 ¦ ��8 ¦ � areequivalentthen

7 -justified revisionsof 8 arein one-to-onecorrespondencewith 7 ¦ -justified revisionsof 8 ¦ . In

particular, every revision problem ��7¾��8�� canbe“projected”ontoanisomorphicrevision problem

�hnRÊ=��7'����OF� . Thus,thedomainof all revisionproblemscanbefully describedby therevisionprob-

lemsthat involve theemptydatabase.Thereis an importantpoint to make here.Whenshifting a
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revision program,its sizedoesnot change(in otherwords,all equivalentrevision problemshave

thesamesize).

Example3.3 Let uslook at thefamiliarproblemaboutformingacommitteewhichweconsidered

in Example2.2.Recallthat 80NT;°® +Z+ ��Ç c?X=!^V > . Let usapplytransformationnRÊ (shift to theempty

initial database).Clearly, nRÊ=�
8��5NïO . Revision programnRÊI��7'� is obtainedfrom 7 by replacing

revisionliteralsin �
® +Z+ � , out �
® +Z+ � , in ��Ç c?XI!WV � , out ��Ç c?XI!WV � by out �
® +Z+ � , in �
® +Z+ � , out ��Ç c?XI!WV � ,
in �
Ç c?X=!^V � , respectively. It is easyto seethat nZÊI��7'� consistsof therules:

in �
¼ ª ���D� in �
® +Z+ �
out �
® +R+ �D� out ��¼ ª ���
in ��Îs�-Æ ! ±��b� out ��Ç c?XI!WV �
in ��Ç c�X=!^V �D� out ��Îs�-Æ ! ±��

in �
® +R+ �D� in ��Îs�-Æ ! ±��
out ��Îs�-Æ ! ±��b� in ��¼ ª ���

This revision programhasonly onejustifiedrevision of O , ;=Ç c�X=!^V > . Observe moreover that

;=Ç c�X=!^V >BN,nRÊ=�&;°® +R+ >I� , whichagreeswith theassertionof Theorem3.4. Ï
3.2.3 Revision programming = Logic programming + constraints

In this sectionwe describeembeddingof revision programsinto logic programsbasedon the

ShiftingTheorem(Theorem3.4).

Let us first considerthe caseof an empty initial database.Every revision programcan be

divided into two parts: in-rules ( ; X ¡ 7 ¯ c�` �F±¸� X �QN in ����� for some� ¡ 	5> ) and out-rules

( ; X ¡ 7�¯ c�` ��±¸� X �¾N out ����� for some� ¡ 	5> ). Let usdenotethesetof all in-rulesof a revision

program 7 as 8 + É dRfh`°V ��7'� . The set of all out-rulesof 7 is denotedî d�U É dRfh`°V ��7'� . Clearly,

7TNx8 + É d¸fh`°V �
7y�9Âî d�U É d¸f
`°V �
7y� . Theheadsof all rulesfrom î d�U É d¸fh`°V �
7y� aresatisfiedin the

initial database(which is empty).Hence,they do not describeany changesto theinitial database.

Any suchchangemustbeenforcedby 8 + É d¸fh`°V �
7y� . Thefollowing theoremstatesthat 7 -justified

revisionsof theemptysetare,in fact, 8 + É d¸f
`°V �
7y� -justifiedrevisionsof theemptysetthatsatisfy

î d�U É d¸fh`°V ��7'� . This is a counterpartof Lemma2.2onHorn theories.
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Theorem 3.5 Let 7 bea revisionprogram.ThenÉ is a 7 -justifiedrevisionof O if andonly if É
is an 8 + É d¸fh`°V �
7y� -justifiedrevisionof O and É is a modelof î d�U É dRfh`°V ��7'� .
Proof.

�Yø$� If É is a 7 -justified revision of O , then É is a model of 7 . Hence, it is a model of

î d�U É d¸fh`°V ��7'� . It remainsto show that É is a 8 + É dRfh`°V ��7'� -justified revision of O . Let   N
²QÇ6��7³9);=º³�x¯�º ¡ 8R�
O?��É ��>I� . Theorem2.7 implies that   N1; !Y+ �����6¯¬� ¡ Éy>B9); ª°d�U �����*¯
�Ó¿¡ Éy> . By the definition of the necessarychange,  is the leastmodelof 7T9Í;=ºP�x¯�º ¡
8R��O?��É ��> = 8 + É d¸fh`°V ��7'�¾9Íî d�U É d¸fh`°V ��7'��9,;=º/�x¯ º ¡ 8Z�
O?��É ��> . By the definition of iner-

tia, 8Z�
O?��É �sN¥; ª=d�U �����Â¯���¿¡ Éy> . Let us partition î deU É d¸fh`°V ��7'� : î d�U É d¸f
`°V �
7y�6N�7��9)7 � ,
where

c�` ��±¸�
7���6v�; ª°d�U �����6¯q� ¡ Éy> , c�` �F±R�
7 � �6v�; ª°d�U �����6¯q�µ¿¡ Éy> . For eachrule
X ¡ 7 � ,c�` �F±R� X � ¡ 8R��O?��É � . Hence,thereexists a rule

c�` �F±R� X �Q� in the set ;=º��x¯Bº ¡ 8R��O?��É ��> .
Therefore,  is alsothe leastmodelof theprogram8 + É dRfh`°V ��7'��9�7��9);=º,�x¯Ôº ¡ 8R��O?��É ��> .
If we remove from the programsomerules whosepremisesare false in   ,   will remain

the leastmodel of the reducedprogram. Let us show that premisesof all rules from 7� are

falsein   . Indeed,let
X

be a rule from 7� . Then
c�` �F±¸� X � ¡ ; ª=d�U �
���Û¯ � ¡ Éy> . Assume

that premisesof
X

are true in   . Then
c�` �F±R� X � must be true in   , since   is the modelof

8 + É d¸fh`°V ��7'��9�7q�96;=ºz�x¯Fº ¡ 8R��O?��É ��> . Hence, �J6; ª=d�U ������¯-� ¡ Éy>t£NxO . Thiscontradictsthe

factthat   NT; !Y+ ������¯F� ¡ Éy>�9B; ª=d�U ������¯-��¿¡ Éy> . Therefore,  is theleastmodelof theprogram

8 + É d¸fh`°V ��7'�¬9L;=ºé�x¯eº ¡ 8Z�
O?��É ��> . In otherwords, ²QÇ6�
8 + É d¸fh`°V ��7'�¬9L;=ºé�x¯eº ¡ 8Z�
O?��É ��>I�
= ; !Y+ �
���:¯Ô� ¡ Éy>B9ä; ª=d�U �
����¯Ô�,¿¡ Éy> . Theorem2.7 implies that É is a 8 + É d¸fh`°V �
7y� -justified

revisionof O .
�Yù$� Assume É is a 8 + É d¸fh`°V �
7y� -justified revision of O , and É is a model of î d�U É d¸f
`°V �
7y� .
Theorem2.7 implies that ²QÇ6�
8 + É d¸fh`°V ��7'�¾9";=ºï�x¯aº ¡ 8R�
O?��É ��>I�ÂN ; !�+ �����L¯a� ¡ Éy>:9
; ª°deU �
���©¯q�T¿¡ Éy> . Let   N�; !Y+ �����©¯�� ¡ Éy> 9<; ª°deU �
���©¯q�µ¿¡ Éy> .   is the leastmodelof

8 + É d¸fh`°V ��7'��9);=º,�x¯Ôº ¡ 8R��O?��É ��> . Clearly,   is alsothe leastmodelof a modifiedprogram

obtainedfrom �h8 + É d¸fh`°V �
7y��9©;=ºÄ�x¯-º ¡ 8R��O?��É ��>I� by addingsomerulesthataresatisfiedby   .

All rulesin î d�U É d¸fh`°V ��7'� aresatisfiedin   by our assumption.Therefore,  is theleastmodel

of

8 + É d¸fh`°V ��7'�«9Qî deU É d¸fh`°V ��7'�Z9�;=ºz�x¯�º ¡ 8Z�
O?��É ��>aNx7�9z;=ºz�x¯Fº ¡ 8R��O?��É ��>F�
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Hence,²ÂÇ©�
7x9L;=º<�x¯Zº ¡ 8Z�
O?��É ��>I�KN�; !Y+ �����5¯R� ¡ Éy>C9L; ª°d�U ����� ¯R��¿¡ Éy> . That is, É is a

7 -justifiedrevisionof O . Ï
Theorem3.5impliesthatout-rulesof 7 maybeviewedasadditionalconstraintsthat 8 + É d¸fh`°V ��7'� -

justifiedrevisionsof theemptysetmustsatisfyin orderto be 7 -justifiedrevisions.

At the sametime, 8 + É d¸fh`°V �
7y� may beviewedasa logic program. Indeed,let us definethe

mapping
f � betweenrevision in-rulesandlogic programclauses.Givena revision in-rule

X N in �ú�¸�q� in � � l����������� in � � ����� out � V ������������ out � V �]�
wedefinethelogic programclauseÈ¾N f ��� X � as

È¢N)�s� � ���������� � �C� +Zª°U¬V ���������� +Zª°U¬V ���
For a setof revision in-rules 7 we definethe correspondinglogic program

f ���
7y� to be ; f ��� X �6¯X ¡ P> .
Let us notice that the mapping

f � is the inverseof the mapping
X � betweenlogic program

clausesandrevision in-rules(Section2.4.3).

Theorem3.5andTheorem2.14imply thefollowing result.

Corollary 3.2 Let 7 bea revisionprogram. Then, É is a 7 -justifiedrevisionof O if andonly if

É is a stablemodelof
f ���
8 + É dRfh`°V ��7'��� and É is a modelof î d�U É d¸fh`°V �
7y� .

TheShiftingTheoremallowsustogeneralizethisresultto thecaseof arbitraryinitial databases.

Definition 3.4 Let 8 bea database. A revisionrule
X

is calleda constraintwith respectto 8 if its

headis of theform
!Y+ �
��� , for some� ¡ 8 , or

ª°d�U ����� , for some�z¿¡ 8 . �
Theorem 3.6 Let 7 be a revisionprogram. Let 7 ¦ consistof all rules in 7 that are constraints

with respectto 8 . Let 7 ¦ ¦ N,7)A�7 ¦ . A databaseÉ is a 7 -justifiedrevisionof 8 if andonly if nZÊ=�
É �
is a stablemodelof

f ���hnRÊ=��7§¦ ¦Õ��� and É satisfiesall rulesfrom 7§¦ .
Proof.

Corollary3.1impliesthat É is a 7 -justifiedrevisionof 8 if andonly if

nRÊ=��É � is a nRÊ=��7'� -justifiedrevisionof O?�(3.1)
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It is easyto seethat 8 + É d¸fh`°V �MnZÊ=�
7y�l�sNDnRÊ=��7 ¦ ¦ � , and î d�U É d¸f
`°V �MnZÊ°�
7y�l�sNDnRÊ=��7 ¦ � . Thus,by

Corollary 3.2, (3.1) holds if andonly if nZÊ=�
É � is a stablemodelof
f ���MnZÊ=�
7 ¦ ¦ ��� anda modelof

nRÊ=��7 ¦ � . Applying nZÊ -transformation,we get that nRÊ=��É � is a modelof nZÊ=�
7 ¦ � if andonly if É
satisfiesall rulesin 7 ¦ N/nRÊ=�hnRÊ=��7 ¦ �l� . Therefore,É is a 7 -justified revision of 8 if andonly if

nRÊ=��É � is astablemodelof
f ���MnZÊ=�
7 ¦ ¦ ��� and É satisfiesall rulesin 7 ¦ . Ï

Remark 3.5 Letusnotethat in theTheorem3.6, É satisfiesall rulesfrom 7 ¦ if andonly if nZÊ=�
É �
satisfiesall rulesfrom nZÊ=�
7 ¦ � (thisis impliedbytheShiftingTheorem).Consequently, thestatement

of theTheorem3.6mayberewritten asfollows. A databaseÉ is a 7 -justifiedrevisionof 8 if and

only if nZÊ=�
É � is a stablemodelof
f ���hnRÊ=��7§¦ ¦Õ��� thatsatisfiesall constraintsfrom nRÊ=��7§¦û� .

Informally, Theorem3.6 shows that every revision programis equivalentto a logic program

andasetof constraints.Wecanformulateit asaconceptualequality:

revisionprogramming= logic programming+ constraints.

Remark 3.6 Logic programmingwith constraints wasstudiedbefore, in particular in [16]. In

Section5.1.2weshowtheconnectionbetweenjustifiedrevisionsandgeneral logic programsfrom

[16].

Theorems3.4, 3.5, and3.6 definethe following embeddingof revision programsinto logic

programs.Givena revisionprogram7 andaninitial database8 , we transformtheminto thelogic

program
f ���h8 + É d¸f
`°V �MnZÊI��7'���l� andthesetof constraintsî d�U É d¸fh`°V �hnRÊ°��7'��� . Theorem3.6 implies

that thereis a one-toonecorrespondencebetween7 -justifiedrevisionsof 8 andstablemodelsoff ���
8 + É dRfh`°V �hnRÊ=��7'���l� thatsatisfy î d�U É dRfh`°V �hnRÊ°�
7y�l� .
Thelogic program

f ���h8 + É d¸fh`°V �MnZÊ=�
7y�l��� is a logic program

1. over thelanguagewith Ðß	*Ð propositionalletters;

2. thathasno moreclausesthantherearerulesin 7 , andits sizeis not greaterthanthesizeof

7 (thetotalnumberof logic clausesandconstraintsis equalto thenumberof rulesin 7 , and

thesizeof thelogic programplusthesizeof constraintsis equalto thesizeof 7 );

3. suchthatits stablemodelsdonothavesuperfluouselementsto representtheinitial database.
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Therefore,theembeddingbasedon theShifting Theorem(Theorem3.4)doesnot have thedraw-

backsof the Przymusinski–Turnerembeddingoutlinedin Remark3.1. It requires,though,per-

forming the nZÊ -transformationon 7 andstablemodelsof
f ���
8 + É dRfh`°V �hnRÊ=��7'���l� andcheckingif

they satisfyconstraints.

Let usillustratetheembeddingby anexample.

Example3.4 Consider7 and 8 from Example2.2. In Example3.3wecomputedthattherevision

programnZÊI��7'� is

in �
¼ ª ���D� in �
® +Z+ �
out �
® +R+ �D� out ��¼ ª ���
in ��Îs�-Æ ! ±��b� out ��Ç c?XI!WV �
in ��Ç c�X=!^V �D� out ��Îs�-Æ ! ±��

in �
® +R+ �D� in ��Îs�-Æ ! ±��
out ��Îs�-Æ ! ±��b� in ��¼ ª ���

Then,thecorrespondinglogic program
f ���h8 + É d¸fh`°V �MnZÊ=�
7y�l��� is thefollowing:

¼ ª � � ® +R+
Îs�-Æ ! ± � +«ªgU Ç c�X=!^V
Ç c?X=!^V � +«ªgU Îs�-Æ ! ±
® +R+ � Îs�-Æ ! ±

It hastwo stablemodels )¾N�;=Ç c?XI!WV > and   � N4;°® +R+ ��¼ ª �g��Îs�-Æ ! ±?> . However, only  ) sat-

isfiestheconstraints( î d�U É d¸f
`°V �MnZÊ°�
7y�l� ). After applyingthe nRÊ -transformationweget nRÊ=�Y )���N
;°® +R+ > . This is indeedtheonly 7 -justifiedrevisionof 8 , aswasshown in Example2.2.

3.2.4 Computing justified revisions

Similarly to Section3.1.3we canuseShifting Theoremto embedrevision programsinto logic

programs,computetheir stablemodelsandobtainfrom themjustifiedrevisions.

The translationvia Shifting Theoremof revision programsinto logic programsdescribedin

Section3.2.3allowsusto computejustifiedrevisionsaccordingto thefollowing scheme(seealso

Figure3.1).
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� Ê üZý � ò�þ � ì�ÿ ���� üRý � ÷ þ?Ê&� ÿ � ò �� ÷ ÷ þ � ò�� � ÷ üRý

üRý G k ÿ � ÷ �½�� ����	�
��� ��	�� ÿ � ÷ ÷ � ü¸ý · ��������	����MG��¸� � � ��G � � G k ÿ � ÷ �· ����	Õ��� � ����� � ÷ ÷ üRý

ü¸ý · ����� � ò -just. rev. of� üRý � ì ÿ · � ����� � -just. rev. ofÊ
Figure3.1: Computingjustifiedrevisions.

1. Givena revision program7 andinitial database8 , applytransformationnZÊ to obtaina new

revisionprogram7�qN"nRÊ=��7'� .
2. Let 7§¦ bea revision programconsistingof in-rulesof revision program7� ( 7 ¦eNT8 + �
7�l� ).

Let 7 ¦ ¦ bea revisionprogramconsistingof out-rulesof 7q ( 7 ¦ ¦ Nx7qA¢7 ¦ ).
3. Considerthelogic program

f �Ô��7 ¦ � whichcorrespondsto 7 ¦ .
4. Computestablemodelsof

f �Ô��7 ¦ � . They are 7 ¦ -justifiedrevisionsof O .
5. Fromstablemodelscomputedin thepreviousstep,selectthosewhich satisfy 7 ¦ ¦ . They are

7q -justifiedrevisionsof O .
6. Apply transformationnRÊ to justifiedrevisionsobtainedin thepreviousstepto get 7 -justified

revisionsof 8 .
To illustratetheabove schemelet ususeit to computejustifiedrevisionsfor therevision pro-

gramandtheinitial databasefrom Example2.2.

Example3.5(continuation of Example2.2) We needto find 7 -justifiedrevisionsof 8 , where 7
and 8 arefromExample2.2.Usingtheschemefor computingjustifiedrevisions,weget thefollow-

ing.
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1. ApplyingtransformationnRÊ to 7 resultsin program 7� :
in ��¼ ª ���D� in �h® +R+ �

out �h® +Z+ �D� out �
¼ ª ���
in �
Îs�-Æ ! ±��b� out �
Ç c?X=!^V �
in �
Ç c?X=!^V �D� out �
Îs�-Æ ! ±��

in �h® +Z+ �D� in �
Îs�-Æ ! ±��
out �
Îs�-Æ ! ±��b� in �
¼ ª ���

2. Separating in-rulesandout-rulesof 7� resultsin program 7 ¦ :
in �
¼ ª ���D� in �
® +Z+ �

in ��Îs�-Æ ! ±��b� out ��Ç c?XI!WV �
in ��Ç c�X=!^V �b� out ��Îs�-Æ ! ±��

in �
® +Z+ �D� in ��Î©�FÆ ! ±��
andprogram 7 ¦ ¦ (setof constraints):

out �
® +Z+ ��� out �
¼ ª ���
out ��Î©�FÆ ! ±��b� in �
¼ ª ���

3. Logic programcorrespondingto 7 ¦ is
f �Ô��7 ¦ � :

¼ ª �¥� ® +Z+
Îs�-Æ ! ± � +«ªgU Ç c?X=!^V
Ç c?X=!^V � +«ªgU Îs�-Æ ! ±
® +Z+ � Îs�-Æ ! ±

4. There are two stablemodelsof
f ����7 ¦ � : ;=Ç c?XI!WV > and ;°® +Z+ ��¼ ª �g��Î©�FÆ ! ±�> . They are also

7 ¦ -justifiedrevisionsof O .
5. Database;=Ç c?XI!WV > satisfiesconstraints from 7§¦ ¦ . Database;°® +Z+ ��¼ ª �g��Î©�FÆ ! ±�> doesnot

satisfy the constraints. Therefore, there is only one 7� -justified revision of O , which is

;=Ç c?XI!WV > .



38

6. Applying transformationnRÊ to ;=Ç c�X=!^V > resultsin database;°® +Z+ > . Thus, ;°® +Z+ > is 7 -

justifiedrevisionof 8 .
Therefore, thedesiredcommitteeshouldconsistof oneperson,whois Ann.

Remark 3.7 Thefirst stepof thealgorithmdescribedin this sectioninvolvesshiftinga givenre-

visionproblemto a revisionproblemwith emptyinitial database. Thisstepcannot beperformed

directlyona revisionprogramwith variables.Therefore, revisionprogramswith variablesneedto

begroundedbeforeexecutingthealgorithm.



Chapter 4

Well-FoundedSemanticsfor Revision Programming

In revision programminga databasemayadmitnone,oneor many revisions.What if we wantto

haveasingle“intended”model?

In thebeginningof Section2.3.2we mentionedtwo typesof approachesto addressthesame

issuein logic programming.Becauseof thesimilaritiesbetweenrevision programmingandlogic

programmingthesameapproachescanbeusedfor revisionprogramming.MarekandTruszczýnski

in [23] presenteda solutionof thefirst type: they restrictclassof revision programsto thosethat

have thedesiredproperty:to every initial databasethey assignauniquejustifiedrevision.

Definition 4.1([23]) A revisionprogramis safeif for everyliteral º ¡ c�` �F±R�
7y� , º¬»S£¡ Æ�� X �
7y� .
�
Definition 4.2([23]) A revisionprogram 7 is stratifiedif thereexists ;=7�	W> p�� 	 � � , a partition of 7 ,

such that for every
� �éU!��+

:

1. 7�	 is safe, and

2. if º ¡ c�` �F±¸��7"	h� then ºè��º » £¡ 9$# � 	hÆ�� X ��7"#�� . �
Safeandstratifiedrevisionprogramshaveexactlyonejustifiedrevisionfor everyinitial database.

A solutionof thesecondtype is a well-foundedsemanticsfor revision programs,whereeach

revisionproblem(revisionprogramandinitial database)is assignedasingle3-valuedmodelonthe

setof revisionliterals.In thischapterwediscussdifferentwaysof definingwell-foundedsemantics

for revisionprograms.

4.1 Definitions inducedby embeddingsinto logic programming.

Revisionprogramsandlogicprogramsarecloselyrelated,aswediscussedin Chapter3. Therefore,

givenarevisionproblem,wecantranslateit into a logic program,find thewell-foundedsemantics

for thelogic program,anddeclaretheresultto bea well-foundedmodelof therevision program.

Thetwo waysof embeddingof revisionprogramsinto logic programspresentedin Chapter3 give

riseto two definitionsof well-foundedsemanticsfor revisionprograms.In thissectionwepresent

thesetwo definitionsandshow thatthey areindeeddifferent.

39
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4.1.1 A definition obtainedvia the Przymusinski–Turner translation

In this sectionwe usethe Przymusinski–Turnerembeddingof revision programsinto logic pro-

gramsdescribedin Section3.1.1to computewell-foundedsemanticsfor revisionprograms.

Givena revision program 7 anda database8 , we computethe translationof 7 and 8 into a

logic program,rs��7¾��8�� (asspecifiedin Definition3.1).Recallthat rs��7¾��8�� is a logic programover

a propositionallanguageØ with thesetof propositionalletters ; in � � �5¯ �Â¡ 	5>C9Û; out � � �'¯ �Q¡
	5>§9Û; in Ê=� � �y¯ �Q¡ 	5>§9Û; out Ê=� � �y¯ ��¡ 	5> . To find a well-foundedsemanticsfor rs��7¾��8�� we

computea leastfixpoint anda greatestfixpoint of the operator¶R�% ÿ � Ë Ê � . Then,for every revision

literal
f ¡ ; in � � ��¯ �:¡ 	5>R9y; out � � ��¯ ��¡ 	5> wecantell whetherit is well-founded,unfoundedor

unknownrelativeto thelogic programrs��7¾��8�� . Therefore,wecandefineawell-foundedsemantics

of revisionprograms(whichwedenoteWFS��� ) asfollows.

Definition 4.3(WFS��� ) Let 7 bea revisionprogram. Let 8 bean initial database. Therevision

literals that belongto the leastfixpoint of ¶¸�% ÿ � Ë Ê � are well-founded��� relativeto 7 and 8 . The

revisionliteralsthatdonotbelongto thegreatestfixpointof ¶¸�% ÿ � Ë Ê � areunfounded��� relativeto 7
and 8 . Theremainingrevisionliteralsarecalledunknown��� . �

Let usillustratethedefinitionby anexample.

Example4.1 Let 8:NxO . Consider

7P¯ out �
����� out �����
in �
����� out �����
in �
�����

Thelogic program r3N,rs��7¾��8�� is thefollowing.

r�¯ out Ê=�����D�
out Ê=�����D�

in �����D� in Ê=������� +«ªgU out �����
in �����D� in Ê=������� +«ªgU out �����

out �����D� out Ê°������� +«ªgU in �����
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out �����D� out Ê°������� +«ªgU in �����
out �����D� out �����

in �����D� out �����
in �����D�

Thus,{ |W}��h¶ �% ��NS; out Ê=�
����� out Ê°�
����� in �
����> , ~l|W}��h¶ �% �qNµ; out Ê=������� out Ê=�
����� in ������� out ������� in �
����� out �
����> .
Therefore, the only well-founded��� revision literal is in ����� . There are no unfounded��� revision

literals. Revisionliteralsout ����� , in ����� , andout ����� areunknown��� .

Thefollowingresultshowsthatthedefinitionagreeswith intuitions.Namely, thatwell-founded

revision literalsmustbesatisfiedby all justifiedrevisions,andno justifiedrevisionmaysatisfyan

unfoundedrevision literal.

Theorem 4.1 Let 7 be a revision program. Let 8 be an initial database. Then,any 7 -justified

revisionof 8
¹ satisfiesall revisionliterals thatarewell-founded��� relativeto 7 and 8 , and

¹ satisfiesno revisionliteralsunfounded��� relativeto 7 and 8 .
Proof.

Let É be a 7 -justified revision of 8 . Let
f

be a revision literal. By Theorem3.1, thereexists a

uniquecoherentstablemodel   of rs��7¾��8�� suchthat ÉxNµ; � ¯ in � � � ¡  T> .
If
f
is well-founded��� relative to 7 and 8 , then,by definition,it belongsto theleastfixpoint of

¶ �% ÿ � Ë Ê � . Hence,
f
is well-foundedrelative to rt�
7¢��8�� . Thus,by Proposition2.2,

f ¡   . Since   is

coherent,this impliesthat
f
is satisfiedby É .

Similarly, if
f

is unfounded��� relative to 7 and 8 , then it doesnot belongto the greatest

fixpoint of ¶ �% ÿ � Ë Ê � . Hence,
f

is unfoundedrelative to rs��7¾��8�� . Thus,by Proposition2.2,
f £¡   .

Consequently,
f
is notsatisfiedby É . Ï

Corollary 4.1 If for some� ¡ 	 both in ����� andout �
��� are well-founded��� relativeto 7 and 8 ,
thenthereareno 7 -justifiedrevisionsof 8 .
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Proof.

By thetheorem,if a justifiedrevisionexistsit mustsatisfybothin ����� andout ����� . No databasehas

suchaproperty. Ï
WFS��� assignsto every revision literal a value(well-founded,unfoundedor unknown). We

can think of it as assigningto eachatom � ¡ 	 a pair &Yºè�('�) , where ºè��' ¡ ; well-founded,

unfounded,unknown > , and º (resp. ' ) is thevalueof in �
��� (resp.out ����� ). Thefollowing theorem

showsthatnotall pairs &Yºè��'*) arevalid assignmentsunderWFS��� .

Theorem 4.2 Let 7 be a revisionprogram. Let 8 be a database. Then,for anyatom � ¡ 	 , if

a revision literal in �
��� (respectively, a revision literal out �
��� ) is unfounded��� thenthe revision

literal out ����� (respectively, in ����� ) is well-founded��� .
Proof.

Assumethat in ����� is unfounded��� relative to 7 and 8 . Thatmeansthat in ����� doesnot belongto

thegreatestfixpoint of ¶ �% ÿ � Ë Ê � . Let usshow thatout �
��� belongsto theleastfixpoint of ¶ �% ÿ � Ë Ê � .
Case1: � ¡ 8 . Sincein Ê=������� is in rs��7¾��8�� , in Ê=����� is in all fixpointsof ¶ �% ÿ � Ë Ê � .

Thelogic programrs��7¾��8�� containstherule

in �����q� in Ê=������� +«ªgU out �
�����
Assumethatout ����� is notin theleastfixpoint. Then,in ����� mustbein thegreatestfixpoint. But this

contradictsthe assumptionthat in ����� is unfounded��� relative to 7 and 8 . Consequently, out �
���
mustbein theleastfixpoint.

Case2: ��£¡ 8 . Then,out Ê°�
��� is in all fixpointsof ¶ �% ÿ � Ë Ê � .
Thelogic programrs��7¾��8�� containstherule

out ������� out Ê=�
����� +Zª°U in �������
By our assumption,in ����� is not in the greatestfixpoint. Therefore,out �
��� mustbe in the least

fixpoint.

We showedthatif in ����� is unfounded��� relative to 7 and 8 , thenout �
��� is well-founded��� .
Similarly, we canshow that if out �
��� is unfounded��� relative to 7 and 8 , thenin �
��� is well-

founded��� . Ï
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Table4.1: Possiblecombinationsof valuesfor literals in �
��� andout �
��� underWFS��� .

in(a) out(a) revisionprogram7
T T ; in ������� Ú out �
����� >
T U ; in ������� Ú out ������� out �����èÚ in ������� out ������>
T F ; in �
����� >
U T ; out ������� Ú in ������� out �����èÚ in ������� out ������>
U U ; in ������� out ������>
U F Impossibleby Theorem4.2

F T ;->
F U Impossibleby Theorem4.2

F F Impossibleby Theorem4.2

Theorem4.2 implies that thereareno morethansix pairsof valuesfrom ; well-founded,un-

founded,unknown > which anatomcanhave underWFS��� . If we denote“well-founded” by T,

“unfounded”by F, and“unknown” by U, thenthesepairsare & T, T ) , & T, U ) , & T, F) , & U, T ) , & U, U ) ,& F, T ) . Every oneof thesesix pairscanbeachieved. Table4.1 providesexamplesof six revision

programswhich with an empty initial databasegive thesesix differentassignmentsfor atom �
underWFS��� . Therefore,we canthink of WFS��� asa three-valuedmodelon a setof revision

literals,or asasix-valuedmodelonasetof atoms.

4.1.2 A definition obtainedvia Shifting Theorem

Anothertranslationof revision programsinto logic programswasdescribedin Section3.2.3. It

is basedon theShifting Theorem.Similarly to theprevioussection,we take a revision program,

translateit into a logic program,find thewell-foundedsemanticsof thelogic programanddeclare

thecorrespondingrevision literals to bewell-founded,unfoundedor unknown. Themaindiffer-

encewith thePrzymusinski–Turnertranslationis that theShifting Theoremallows usto translate

revisionproblemsinto logic programswith constraints.Therefore,in additionto thewell-founded

semanticsof thelogic programpartof thetranslation,wealsousetheconstraintsandtheprinciple
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of inertiato defineawell-foundedsemanticsfor revisionprograms.

Let 7 bea revisionprogram.Let 8 beaninitial database.

Definition 4.4 For a setof revisionliterals u definethereductof ( 7 , 8 ) relativeto u (denotedby

��7¾��8�� · ) to betherevisionprogramobtainedfrom 7 by

1. removingeveryrule
X ¡ 7 such that � ª ±-ÃZ� X �ZJ�; f » ¯ f ¡ uæA¾8 ½ >s£N@O ,

2. deletingfromthebodyof each remainingrule anyrevisionliteral that is in 8 ½ . �
Definition 4.5 For a revisionprogram 7 andan initial database8 , theoperator ¶ � Ë Ê fromsetsof

revisionliterals to setsof revisionliterals is definedby theequation

¶ � Ë Ê°�huz�qN@²QÇ6���
7¾��8�� · ���
where ²QÇ6���
7¾��8�� · � is thenecessarychangeof �
7¾��8�� · . �
Proposition4.1 For any revision program 7 and initial database8 , the operator ¶ � Ë Ê is anti-

monotone.

Proof.

Let ut andu � besetsof revisionliterals, ut�v�u � . Then,uÜ�A?8 ½ v�u � A?8 ½ . Hence,; f » ¯ f ¡ ut�A
8 ½ >yv³; f » ¯ f ¡ u � A�8 ½ > . Therefore,��7¾��8�� · ô vP�
7¾��8�� · ò . Consequently, ¶ � Ë Ê°�Mu � ��v�¶ � Ë Ê°�MuÜ�� . Ï

Since ¶ � Ë Ê is anti-monotone,the operator¶ �� Ë Ê is monotone.By the Knaster-TarskiTheorem,

¶ �� Ë Ê hasa leastfixpoint andagreatestfixpoint.

Definition 4.6(WFS+-, ) Let 7 bea revisionprogram. Let 8 bea database. Therevisionliterals

that belongto the { |W}��h¶¸�� Ë Ê �Ô9.; f ¡ 8 ½ ¯ f »@£¡ ~l|W}��M¶R�� Ë Ê ��> are well-founded+-, relativeto ��7¾��8�� . The

revision literals that do not belongto the ~l|W}��h¶ �� Ë Ê �q9Ä8 ½ are unfounded+-, relativeto ��7¾��8�� . The

remainingrevisionliteralsareunknown+., relativeto �
7¢��8�� . �
Thefollowing exampleillustratesthedefinition.
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Example4.2 Let 8:NxO . Consider

7P¯ out �
�����
out �
�����
in �
����� out �����
in �
����� out �����

Then, { |W}��h¶ �� Ë Ê �*N�; out ������� out �
����> , and
[ � U �h¶ �� Ë Ê �KN4; out �
����� out �
����� in ������� in ������> . Therefore,

revisionliterals out ����� , out ����� are well-founded+-, , no revisionliterals are unfounded+-, , revision

literals in �
��� , in �
��� areunknown+-, .
Theorem 4.3 Let / bea logic program. Let

�
bea setof well-foundedatomsrelativeto / . Let

² be a setof unfoundedatomsrelativeto / . Then, ; in �����s¯�� ¡ � > 9é; out �����s¯è� ¡ ²�> is

thesetof well-founded+., revisionliterals relativeto � X ����/B����OF� , and ; in �
���K¯?� ¡ ²z> is thesetof

unfounded+., revisionliterals.

Proof.

Since
X ����/a� has only revision literals of the form in ����� ( � ¡ 	 ) in the headsof the rules,

¶ 
 k ÿ10 � Ë � �hu��svb; in �
���t¯�� ¡ 	5> for any setof revision literals u . Therefore,all revision liter-

alsof theform out ����� ( � ¡ 	 ) areunfoundedrelative to � X ����/B����OF� .
For a rule

X ¡ X ����/B� , � ª ±FÃZ� X �ÔJL; f » ¯ f ¡ u/AaO ½ >�£NÓO if andonly if thebodyof
X

contains

a revision literal out �
��� for somein ����� ¡ u . This is thecaseonly whenthelogic programclausef ��� X � hastheliteral
+Zª°U � in thebodyfor � ¡ u�á , whereuzá³Nµ;=� ¡ 	µ¯ in �
��� ¡ uL> . Therefore,

thefirst stepin thedefinitionof thereduct � X ����/B����OF� · correspondsto thefirst stepof thedefinition

of thereduct/ · � . Thatis,
X ¡ X ����/a� is deletedon thefirst stepof computing� X ����/a����OF� · if and

only if thecorrespondinglogic programclause
f ��� X � ¡ / is deletedon thefirst stepof computing/ · � .

In the secondstepof the definition of � X ����/a����OF� · all revision literals of the form out �
���
( � ¡ 	 ) aredeletedfrom the remainingrules. It correspondsto deletingall atomswith nega-

tion asfailurefrom thebodiesof theremaininglogic programclauses.Consequently,
X ����/ · � ��N

� X ����/B����OF� · .
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Sincethe revision program � X ����/B����OF� · hasonly revision literalsof the form in �
��� ( � ¡ 	 ),

¶ 0 �Mu�á ��Nµ¶2
 k ÿ30 � Ë � �huz� for any setof revision literals u . Therefore,��v3	 is a fixpoint of ¶ �0 if

andonly if ; in �
����¯F� ¡ �*> is afixpoint of ¶ �
 k ÿ30 � Ë � .
By definition,well-founded+., revision literalsrelative to � X �Ô��/B����OF� are

{ |W}��h¶ �
 k ÿ10 � Ë � �9z; f ¡ O�½�¯ f » £¡ ~l|W}q�M¶ �
 k ÿ10 � Ë � ��> N
; in ������¯F� ¡ { |W}q�M¶ �0 ��>¾9z; out ������¯ in �
���B£¡ ~l|W}��h¶ �
 k ÿ10 � Ë � ��>BN

; in �
���¾¯F� ¡ � >�9z; out ������¯-��£¡ ~l|W}q�M¶ �0 ��>§N
; in �
����¯F� ¡ � >�9�; out ������¯-� ¡ ²z>F�

By definition,unfounded+., revision literals relative to � X ����/B����OF� arerevision literals thatdo

notbelongto the ~l|W}q�M¶ �
 k ÿ10 � Ë � ��9�8 ½ . Hence,; in ������¯ in �
���§£¡ ~l|W}��M¶ �
 k ÿ30 � Ë � ��> is thesetof unfounded+-,
revision literals.However,

; in ������¯ in �����§£¡ ~l|W}��h¶ �
 k ÿ30 � Ë � ��> N
; in ������¯F��£¡ ~l|W}��h¶ �0 ��>BNT; in �
���¾¯�� ¡ ²�>F�

Thisfinishestheproof. Ï
Theorem 4.4 Let 7 be a revision program. Let 8 be an initial database. Then,any 7 -justified

revisionof 8
¹ satisfiesall revisionliterals thatarewell-founded+., relativeto 7 and 8 , and

¹ satisfiesno revisionliteralsunfounded+., relativeto 7 and 8 .
Proof.

By definition of 7 -justified revision, É�NÁ8:ÀS²QÇ6��7¬Ì�Ð 8�� . Let u be a setof headsof 7¬Ì . By

Theorem2.6, u�Nx²ÂÇ©�
7�Ì�Ð 8�� . Thus, ÉxN@8§Àéu .

Let usshow that u is a fixpoint of ¶R�� Ë Ê . To do this we comparethereducts��7¾��8�� · and 7�Ì�Ð 8 .
Recall,that 7¬Ì�Ð 8 (Definition2.16)is obtainedfrom 7 by

1. removing every rule
X ¡ 7 whosebodyis notsatisfiedby É ;

2. deletingfrom thebodyof eachremainingruleany revision literal thatis in 8 ½ .
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Assumethatrule
X ¡ 7 is removedduringthefirst stepof computationof thereduct ��7¾��8�� · .

By definitionof thereduct,thereexistsrevision literal
f
suchthat

f » ¡ � ª ±-Ã«� X � , f ¡ u , and
f £¡ 8 ½ .

From É�NÓ8'À$u and
f ¡ u it follows that É�ÐN f . Hence,Éb£Ð N f » . Consequently, thebodyof

rule
X

is not satisfiedby É . Hence,
X

is removedduringthefirst stepof computationof thereduct

7�Ì�Ð 8 . Thesecondstepsof computationof thereducts��7¾��8�� · and 7¬Ì�Ð 8 arethesame.Therefore,

7�Ì�Ð 86vT��7¾��8�� · .

Assumethatrule
X ¡ 7 is removedduringthefirst stepof computationof thereduct 7�Ì�Ð 8 . It

meansthatthereexistsliteral
f
in thebodyof

X
suchthat É�£Ð N f . Thus, É4ÐN f » . SinceÉxN@8�ÀÄu ,

only thefollowing threecasesarepossible.

1.
f » ¡ u and

f » ¡ 8 ½ . Sinceu is coherent,
f £¡ u . If therearenootherliteralsthatcause

X
to

bedeletedduringthefirst stepof computationof �
7¾��8�� · , thenthereduct ��7¾��8�� · contains

rule
X ¦ which is obtainedfrom

X
by deletingfrom thebodyall revision literalsthatarein 8 ½ .

Note,that
X ¦ contains

f
in thebody.

2.
f » ¡ u and

f » £¡ 8 ½ . Hence,
f » ¡ u�AK8 ½ , and

f N�� f » � » is in thebodyof
X
. Thus,rule

X
is

deletedduringthefirst stepof computationof thereduct �
7¾��8�� · .

3.
f »P£¡ u ,

f » ¡ 8 ½ , and
f £¡ u . Similarly to case

�
, if
X

is not deletedduringthefirst stepof

computationof ��7¾��8�� · , thenthereduct ��7¾��8�� · containsrule
X ¦ which is obtainedfrom

X
by

deletingfrom thebodyall revision literalsthatarein 8 ½ . Note,that
X ¦ contains

f
in thebody.

Fromtheaboveobservationsit followsthat �
7¾��8�� · N3��7�Ì�Ð 8���9�ö , whereö isasetof rules(possibly

empty)with thepropertythatevery rule
X ¡ ö containsin its bodya literal

f
suchthat

f £¡ u . We

have that u ND²QÇ6��7¬Ì�Ð 8�� . Sinceall rules in ö have literals that arenot in u in their bodies,

²QÇ6���
7¾��8�� · �:N1²QÇ6���
7�Ì�Ð 8���9Ûö��:N1²QÇ6��7¬Ì�Ð 8��:NÁu . Thus, ¶ � Ë Ê°�hu��:N/²QÇ6���
7¢��8�� · �:N�u .

Hence,u is afixpoint of ¶ �� Ë Ê . By Proposition2.1, { |W}��h¶ �� Ë Ê ��v�u�v,~l|W}��h¶ �� Ë Ê � .
Let

f
beawell-founded+-, revisionliteral relativeto 7 and 8 . By definition,

f ¡ { |W}��h¶¸�� Ë Ê �F9*; f ¡8 ½ ¯ f » £¡ ~l|W}��h¶ �� Ë Ê ��> . Therearetwo possiblecases.

Case1:
f ¡ { |W}��h¶ �� Ë Ê � . Then,

f ¡ u . Hence,ÉxN@8§Àéu implies É4ÐN f .
Case2:

f ¡ 8 ½ and
f »,£¡ ~l|W}��h¶¸�� Ë Ê � . Then,

f »,£¡ u . Hence,É@N@8§À<u implies É�ÐN f .
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Therefore,É satisfiesall well-founded+-, revision literals.

Let
f

beanunfounded+-, revision literal relative to 7 and 8 . By definition,
f £¡ ~l|W}q�M¶ �� Ë Ê �¬9�8 ½ .

Thus,
f £¡ 8 ½ and

f £¡ u . In otherwords,
f » ¡ 8 ½ and � f » � » £¡ u . This implies that É�ÐN f » .

Hence,Éæ£Ð N f . Consequently, É satisfiesnounfounded+., revision literals. Ï
4.1.3 Comparisonof the two definitions

In this sectionwe comparethe two definitionsof well-foundedsemanticsfor revision programs

from Section4.1.1andSection4.1.2.

We saythatonewell-foundedsemanticsis better(or more informative) thantheotheroneon

a particularinstanceof a revision problemif the union of well-foundedandunfoundedrevision

literalsin thefirst semanticscontainstheunionof well-foundedandunfoundedrevision literalsin

thesecondsemantics.

We presentexamplesthatshow thatthesedefinitionsareindeeddifferentandneitherof them

is alwaysbetterthantheother. In particular, WFS+., is moreinformativethanWFS��� in Example

4.4,whereasWFS��� is betterthanWFS+-, in Example4.3.

Thefollowing exampleshowsthatWFS��� maybemoreinformativethanWFS+-, .
Example4.3 Let 8:NxO . Consider

7P¯ in �����D� out �
���
in �����D� out �
���

out �����D�
1. ComputeWFS+-, . We have: { |W}��h¶ �� Ë Ê � N/; out �
����> , and

[ � U �h¶ �� Ë Ê �'NÁ; in ������� in �
����� out �
����> .
Hence, well-founded+-, revision literals are ; out �
����> . There are no unfounded+-, revision

literals.

2. ComputeWFS��� . Thelogic program r3N"rs��7¾��8�� is thefollowing.

r�¯ out Ê=�����D�
out Ê=�����D�

in �����D� in Ê=�
����� +Zª°U out �
���
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out �����D� out Ê=�
����� +Zª°U in �
���
in �����D� in Ê=�
����� +Zª°U out �
���

out �����D� out Ê=�
����� +Zª°U in �
���
in �����D� out �
���
in �����D� out �
���

out �����D�
Thus, { |W}��h¶¸�% �'N/~l|W}��M¶¸�% �yNÓ; out Ê=�
����� out Ê=�
����� in ������� out ������> . Therefore, revision literals

in ����� , out ����� are well-founded��� . Revisionliteralsout ����� , in ����� areunfounded��� .
Consequently, WFS��� is more informativethanWFS+-, relativeto 7 and 8 .
It is easyto seethat ÉSNP;=�?> is a 7 -justifiedrevisionof 8 . WFS��� allowsusto concludethat

� mustbe in possiblerevisions,and � mustbeout. WhereasWFS+., only impliesthat 7 -justified

revisionsof O mustsatisfyout �
��� .
Thefollowing exampleshowsthatWFS+., maybemoreinformativethanWFS��� .

Example4.4 Let 8:NxO . Consider

7P¯ in �
����� out �
���
in �
����� out �
���
in ��È���� out �
±��
in �
±��b� out �
È���� out ���«�

out �Y�«�b� in �
����� in �
���
in �Y�«�b�
in �
����� in �
È���� in ���«�
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1. ComputeWFS+-, . Westartwith O andobtainiterationsof ¶ � Ë � :

O54ý

67777777777778 7777777777779

in �
���
in �����
in ��È��
in �
±��

out �Y�«�
in ���«�

:;777777777777<777777777777=
4ý ; in ���«��>>4ý

67777777778 7777777779

in �
���
in �
���
in ��È��

out �Y�«�
in ���«�

: 777777777<777777777=
4ý
67778 7779 in �
È��

in �Y�Z�
in �
���

:;777<777= 4ý
67778 7779 in �����

in ��È��
in �Y�«�

:;777<777= �

Thus, { |W}q�M¶¸�� Ë Ê �2N [ � U �h¶¸�� Ë Ê �ÂN ; in ������� in �
È���� in ���«��> . Hence, in ����� , in ��È�� , in �Y�Z� , out �
��� ,
out ��±�� arewell-founded+-, . Revisionliterals in ����� , in ��±�� areunfounded+-, .

2. ComputeWFS��� . Thelogic program r3N"rs��7¾��OF� is thefollowing.

r�¯ out Ê=�����D�
out Ê=�����D�
out Ê=�
È��D�
out Ê=��±��D�
out Ê=�Y�«�D�

in �����D� in Ê=������� +«ªgU out �����
out �����D� out Ê=������� +«ªgU in �����

in �����D� in Ê=������� +«ªgU out �����
out �����D� out Ê=������� +«ªgU in �����
in �
È��D� in Ê=��È���� +Zª°U out ��È��

out �
È��D� out Ê=��È���� +Zª°U in ��È��
in ��±��D� in Ê=��±���� +«ªgU out �
±��

out ��±��D� out Ê=��±���� +«ªgU in �
±��
in �Y�«�D� in Ê=�Y�«��� +«ªgU out ���«�

out �Y�«�D� out Ê=�Y�«��� +«ªgU in ���«�
in �����D� out �����
in �����D� out �����
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in �
È��D� out ��±��
in ��±��D� out ��È���� out �Y�«�

out �Y�«�D� in ������� in �����
in �Y�«�D�
in �����D� in ��È���� in �Y�Z�

Wehavethefollowingcomputation(iterationsof ¶ % startingfrom O ):
O54ý

68 9 out Ê=������� out Ê=������� out Ê=��È���� out Ê=��±���� out Ê=���«��� out ������� out �
�����
out ��È���� out ��±���� out ���«��� in ������� in �
����� in �
È���� in ��±���� in �Y�«�

: <
= 4ý

4ý
67778 7779 out Ê=������� out Ê=�
�����

out Ê=��È���� out Ê=��±����
out Ê=���«��� in �Y�Z�

:;777<777= 4ý
67778 7779 out Ê=������� out Ê=������� out Ê=��È���� out Ê=��±���� out Ê=���«���

out �
����� out �
����� out ��È���� out ��±���� in �������
in ������� in ��È���� out �Y�«��� in ���«��� in �
±��

:;777<777= �
Thus, { |W}��h¶ �% �¾N4; in �Y�Z��>B9é; out Ê=�@?R�§¯A? ¡ ;=�����g��È°��±�����>-> and

[ � U �h¶ �% �¾N�; out ������� out �������
out ��È���� out ��±���� in ������� in �
����� in ��È���� out �Y�Z��� in ���«��� in �
±���>59Í; out Ê=�@?R�y¯B? ¡ ;=�e���°��È=��±����Ô>-> .
Therefore, the only well-founded��� revision literal is in �Y�«� . There are no unfounded���
revisionliterals.

Consequently, WFS+., is more informativethanWFS��� relativeto 7 and 8 .
Moreover, WFS+., allowsusto concludethat theonly 7 -justifiedrevisionof O is É³NS;=����È=����> .

WhereasWFS��� only imply that 7 -justifiedrevisionsof O mustsatisfyin ���«� .
4.2 Definition specificto revision programming

In this sectionwe give a definitionof well-foundedsemanticswhich is specificfor revision pro-

gramming.

4.2.1 Well-foundedsemanticsfor revision programming

Definition 4.7 Givena revisionprogram 7 andasetof literals ® , therevisionprogram ö !�# � f ��7¾��®B�
is obtainedfrom 7 by

1. removingall rules
X ¡ 7 such that � ª ±-ÃZ� X �«J�; f » ¯ f ¡ ®5>t£N@O ;
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2. removeall ruleswith headsfrom ® ;

3. removefromthebodiesof theremainingrulesall revisionliterals thatare in ® . �
Lemma 4.1 Let 7� , 7 � berevisionprograms.Let ®  , ® � besetsof revisionliterals. Then,

1. ö !Y# � f �
7�9Â7 � ��®5l��N@ö !�# � f ��7q���®5l�9Qö !�# � f ��7 � ��® � � , and

2. ö !Y# � f �
7����® «9Â® � ��N@ö !�# � f �Yö !Y# � f �
7����® l����® � � .
Definition 4.8 Letusdefinea sequenceof triples �
7¬E]��®aE=��u*E�� , \ N � � � ������� , asfollows.

¹ \ N � . Let 7 p N@7 , ® p NxO , u p NxO .
¹ \t�S� . If

\ N@� ! á � (
! ¡DC ), then ® ¦ � �ú�R Nx²QÇ6��7 � �
� .

Elseif
\ N³� ! (

! ¡EC ), then ® ¦ � � Nµ; f ¡ 8 ½ ¯¸� f » £¡ u � �H�����Fµ� f £¡ ® � � �����FT� f » £¡ ® � �H�����> .
Let ®aECN,®CE���«9Â® ¦E .
If ®aE is incoherentthenfor all

\ ¦ �,\ let ®aEl÷¸N@®aE , u*E�÷¸NxO , and 7¬E�÷�Nx7¬E��� .
Otherwise, let 7¬EKN³ö !Y# � f �
7¬E������®C¦E � , u*EKN,¶ �-G Ë Ê=�hu*E���l� . �

To illustratethenotion,let uscomputeasequenceof triplesfor thefollowing example.

Example4.5 Let 8:NxO . Consider

7P¯ out �
�����
in �
����� out �
���
in �
����� out �
���
in ��È���� in �
����� in �
���

out �
±��b� out �
È��
in �
±��b� out � ` �
in � ` ��� out �
±��
in �Y�«�b� in �
±���� in � ` �

out � [ �b� out ���«�
in � [ �b� out � c �
in � c ��� out � [ �
in � ! ��� in � [ ��� in � c �
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Wehavethefollowingcomputation:

® p NxO?��u p N@O?��7 p N,7H4ý

® �N
68 9 out �����

in �
���
: <
= ��7q�N

67777777777777777778 7777777777777777779

out ��±��D� out ��È��
in ��±��D� out � ` �
in � ` ��� out ��±��
in �Y�«�D� in ��±���� in � ` �

out � [ �D� out �Y�«�
in � [ �D� out � c �
in � c ��� out � [ �
in � ! ��� in � [ ��� in � c �

:;777777777777777777<777777777777777777=

��ut�N

67777777777777777778 7777777777777777779

out ��±����
in �
±����
in � ` ���
in ���«���
out � [ ���
in � [ ���
in � c ���
in � ! �

:;777777777777777777<777777777777777777=

4ý

4ý ® � N
67778 7779 out �����

in �����
out �
È��

: 777<777= ��7 � N

67777777777777777778 7777777777777777779

out �
±��D�
in �
±��D� out � ` �
in � ` �D� out ��±��
in �Y�«�D� in ��±���� in � ` �

out � [ �b� out �Y�Z�
in � [ �b� out � c �
in � c �D� out � [ �
in � ! �D� in � [ ��� in � c �

:;777777777777777777<777777777777777777=

��u � NJI out �
±��LK 4ý

4ý ®NM¾N
67777777778 7777777779

out �������
in �������

out �
È����
out ��±����
in � ` �

: 777777777<777777777=
��7"M�N

67777778 7777779
out � [ �b� out �Y�«�
in � [ �b� out � c �
in � c �D� out � [ �
in � ! �D� in � [ ��� in � c �

:;777777<777777=
�luOMèN

67777778 7777779
out � [ �
in � [ �
in � c �
in � ! �

:;777777<777777=
4ý

4ý ®QP¢N

67777777777778 7777777777779

out �������
in �
�����

out ��È����
out ��±����
in � ` ���
out �Y�«�

: 777777777777<777777777777=
��7"P�N

67777778 7777779
out � [ �b�
in � [ �b� out � c �
in � c �D� out � [ �
in � ! �D� in � [ ��� in � c �

:;777777<777777=
��uRP�N I out � [ � K 4ý



54

4ý ®NS�N I out ������� in ������� out �
È���� out �
±���� in � ` ��� out �Y�«��� out � [ ��� in � c � K ��7�S�N@O?��u S�N@O?�
For

!��UT
, ®K�«N"®NS , 7Ô�ZNxO , and u0�ZN@O .

Lemma 4.2 Let 7 be a revision program. Let 8 be an initial database. Let É be a 7 -justified

revisionof 8 . Then,É ½ N,¶ � Ë Êg��É ½ �9Â8R�h8¸��É � .
Proof.

By Theorem2.7, É ½ N1²ÂÇ©�
7¬Ê�Ë ÌZ��9.8R�h8¸��É � . By definition, ¶ � Ë Ê°��É ½ �:NÁ²QÇ6���
7¾��8�� ÌWV � . Let us

show that ²QÇ6����7¾��8�� Ì V ��N@²QÇ6��7�Ê�Ë Ì«� .
Indeed,thereduct 7¬Ê�Ë Ì is obtainedfrom 7 by removing from thebodiesof rulesliteralsfrom

8R�
8e��É � . Considerthesecondstepin thedefinitionof thereduct �
7¾��8�� Ì V . Assumethata revision

literal
f
is removedfrom thebodyof a rule

X
. Then,

f ¡ 8 ½ . If
f £¡ É ½ , then

f » ¡ É ½ AK8 ½ , andruleX
wouldhavebeenremovedat thefirst stepof thedefinitionof thereduct ��7¾��8�� Ì2V . Hence,

f ¡ É ½ ,
andthus,

f ¡ 8R�
8e��É � . Therefore,at thesecondstepof thedefinitionof thereduct ��7¾��8�� Ì V , literals

from 8R�
8e��É � areremovedfrom thebodiesof theremainingrules.Thus, �
7¢��8�� ÌWV v"7�Ê�Ë Ì .

Bodiesof the rules which are removed during the first stepof the definition of the reduct

��7¾��8�� ÌWV arenot satisfiedby É ½ . Since ²QÇ6��7�Ê�Ë ÌR�§v3É ½ , they arenot satisfiedby ²QÇ6��7¬Ê�Ë ÌR� , too.

Thenecessarychangeof a programremainsthe sameif we remove from the programrulesthat

arenot satisfiedby thenecessarychange.Consequently, ²QÇ6����7¾��8�� ÌWV �¢NP²QÇ6��7�Ê�Ë ÌR� . Therefore,

É ½ N,¶ � Ë Ê°�
É ½ �928R�
8e��É � . Ï
Lemma 4.3 Let 7 be a revision program. Let 8 be an initial database. Let É be a 7 -justified

revisionof 8 . Let ® bea setof literalssuch that ®Tv@É ½ . Let 7§¦�NSö !Y# � f ��7¾��®B�Ô9�; f �x¯ f ¡ ®'> .
Then,É is a 7 ¦ -justifiedrevisionof 8 .
Proof.

By Theorem2.7,

²ÂÇ©�
7$9�;=ºz�x¯-º ¡ 8R�
8e��É ��>I��NxÉB½��
By definitionof the necessarychange,É ½ is the leastmodelof 7³9);=º@�x¯�º ¡ 8Z�h8e��É ��> when

treatedasaHornprogrambuilt of independentpropositionalatomsof theform in ����� andout �
��� .
Since®Sv,É ½ , rules ; f �x¯ f ¡ ®5> aresatisfiedin É ½ . Thereforeby Lemma2.1,

²QÇ6��7$9�;=ºz�x¯�º ¡ 8Z�h8e��É ��>I�qN,²QÇ6��7$9�; f �x¯ f ¡ ®5>¾9Ä;=º.�x¯�º ¡ 8R�
8e��É ��>I���
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Let åPNT7'9); f �x¯ f ¡ ®'>B9);=ºÛ�x¯�º ¡ 8R�
8e��É ��> . We have ²QÇ6��å'��NTÉ ½ . It is easyto seethat

applyingsteps1, 2, and3 from thedefinitionof ö !Y# � f �
7¢��®§� to thepart 7 of theprogramå does

notchangetheleastmodelof theprogram.In otherwords,

²QÇ6��å'��N,²QÇ6�Yö !Y# � f �
7¾��®§�Ô9z; f �x¯ f ¡ ®'>�9z;=ºz�x¯Fº ¡ 8Z�h8e��É ��>I���
Thus, É ½ ND²ÂÇ©�
7 ¦�9<;=º��x¯èº ¡ 8R�h8¸��É ��>I� . Therefore,by Theorem2.7, É is a 7 ¦ -justified

revisionof 8 . Ï
Lemma 4.4 Let 7 be a revision program. Let 8 be an initial database. Let ®/N/²QÇ6��7'� . Let

7 ¦ N�ö !Y# � f �
7¾��®§��9); f �x¯ f ¡ ®5> . Then, É is a 7 -justifiedrevisionof 8 if andonly if É is a

7§¦ -justifiedrevisionof 8 .
Proof.

�YNZø$� Let É bea 7 -justifiedrevisionof 8 . Then,by Theorem2.7,

²ÂÇ©�
7$9�;=ºz�x¯-º ¡ 8R�
8e��É ��>I��NxÉB½��
Thus, ®µv"É ½ . By Lemma4.3, É is a 7 ¦ -justifiedrevisionof 8 .
�Yù6N � Let É bea 7§¦ -justifiedrevisionof 8 . Then,

²QÇ6�Yö !Y# � f �
7¾��®§�9�; f �x¯ f ¡ ®5>¾9�;=ºz�x¯�º ¡ 8Z�h8e��É ��>I�qN,ÉB½��
Notice that we can“undo” steps3, 2, 1 in the definition of ö !Y# � f ��7¾��®B� without changingthe

necessarychangeof theprogram

��ö !�# � f ��7¾��®B�9�; f �x¯ f ¡ ®'>�9�;=ºz�x¯-º ¡ 8R�
8e��É ��>I���
Thus,

É ½ N@²QÇ6��7�9�; f �x¯ f ¡ ®'>�9�;=ºz�x¯-º ¡ 8R�
8e��É ��>I���
Since®@Nx²QÇ6��7'� , wegetthat

²QÇ6��7$9�; f �x¯ f ¡ ®5>¾9�;=ºz�x¯�º ¡ 8Z�h8e��É ��>I��N@²QÇ6��7$9Ä;=º.�x¯�º ¡ 8R�
8e��É ��>I���
Consequently, É ½ N@²ÂÇ©�
7Ü95;=ºz�x¯-º ¡ 8R�
8e��É ��>I� . Therefore,by Theorem2.7, É is a 7 -justified

revisionof 8 . Ï
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Lemma 4.5 Let å bea revisionprogram.Let 8 bean initial database. Let u bea setof revision

literalssuch that for every É which is a å -justifiedrevisionof 8 , É ½ v,u�9Â8 ½ . Let ®³N3; f ¡ 8 ½ ¯f » £¡ uÛ> . Let å ¦ Næö !�# � f ��å0��®§��9Û; f �x¯ f ¡ ®'> . Then, É is a å -justifiedrevisionof 8 if and

only if É is a å ¦ -justifiedrevisionof 8 .
Proof.

�YNZø$� Let É bea å -justifiedrevision of 8 . Then, É ½ vÓu/9z8 ½ . Let usshow that ®Áv�É ½ . Letf ¡ ® . Then,
f ¡ 8 ½ and

f » £¡ u . Since 8 ½ doesnot containdual revision literals,
f ¡ 8 ½ impliesf » £¡ 8 ½ . Hence,

f » £¡ u/9�8 ½ . Thus,
f » £¡ É ½ . That is,

f ¡ É ½ . Therefore,®æv3É ½ . By Lemma

4.3, É is a å ¦ -justifiedrevisionof 8 .
�Yù6N � Let É bea å ¦ -justifiedrevisionof 8 . Then,

²QÇ6�Yö !�# � f ��å0��®§�Ô9�; f �x¯ f ¡ ®'>�9�;=ºz�x¯-º ¡ 8R�h8¸��É ��>I��NxÉB½��
Notice that we can“undo” steps3, 2, 1 in the definition of ö !Y# � f ��å0��®B� without changingthe

necessarychangeof theprogram

��ö !Y# � f ��å0��®B��9z; f �x¯ f ¡ ®5>¾9Ä;=º��x¯-º ¡ 8R�
8e��É ��>I���
Thus,

ÉB½�Nx²QÇ6��å"9Ä; f �x¯ f ¡ ®'>�9�;=ºz�x¯Fº ¡ 8R�
8e��É ��>I���
Let usshow that

; f �x¯ f ¡ ®'>yv³;=ºz�x¯-º ¡ 8R�
8e��É ��>I���(4.1)

Indeed,let
f ¡ ® . Then,

f ¡ É ½ and
f ¡ 8 ½ . Therefore,

f ¡ 8Z�h8e��É � . Consequently, equation(4.1)

holds.Wegetthat

²QÇ6��å"9�; f �x¯ f ¡ ®5>¾9�;=ºz�x¯�º ¡ 8Z�h8e��É ��>I��N@²QÇ6��å"9z;=ºz�x¯Fº ¡ 8Z�h8e��É ��>I���
Hence, É ½ N�²QÇ6��å39<;=ºÓ�x¯èº ¡ 8R�
8e��É ��>I� . Therefore,by Theorem2.7, É is a å -justified

revisionof 8 . Ï
Theorem 4.5 Let 7 bea revisionprogram.Let 8 bean initial database. Let �
7¬E=��®aEI��u*E�� , \2�,� ,
be thesequenceof triples constructedaccording to theDefinition4.8. Then,for every

\.�P�
the

followingholds.



57

1. É is a 7 -justifiedrevisionof 8 if andonly if É is a ��7�E�9.; f � ¯ f ¡ ®aE°>I� -justifiedrevision

of 8 .
2. For every É which is a 7 -justifiedrevisionof 8 , thefollowing holds. If

\ N�� ! then �hu*E¾9
®CEg��v"É ½ , andif

\ N³� ! á � then É ½ vT�hu*E�9Ü®aE�9Â8 ½ � .
Proof.

By inductionon
\
.

Basisstep(
\ N � ). Bothstatements1 and2 trivially holdbecause7 p Nx7 , ® p NxO , u p N,O .

Inductive step.Assumethat thestatementof thetheoremis truefor
\ ü � . We needto prove

thatit holdsfor
\

(
\t�µ�

).

Case1. Let
\ N³� ! á � . By inductivehypothesis,

(1) É is a 7 -justifiedrevisionof 8 if andonly if É is a �
7 � �I92; f � ¯ f ¡ ® � �Y>I� -justifiedrevisionof

8 , and

(2) for every É which is a 7 -justifiedrevisionof 8 , �hu � ��9Â® � �h��v"É ½ .
We needto prove that

(3) É is a 7 -justified revision of 8 if andonly if É is a ��7 � �ú�Rè9Í; f � ¯ f ¡ ® � �ú�R�>I� -justified

revisionof 8 , and

(4) for every É which is a 7 -justifiedrevisionof 8 , É ½ vT�Mu � �ú�RÔ92® � �ú�R928 ½ � .
By definition, ®K¦� �ú�R NT²ÂÇ©�
7 � �
� , ® � �ú�R�Nµ® � ��9Q®K¦� �ú�R , 7 � �ú�R�N3ö !�# � f ��7 � �W��®C¦� �ú�R � , u � �ú�R�N¶ � ôYX3Z�ò Ë Ê=�Mu � �M� .
Proofof (3):

Considerrevision programå�NÓ7 � �e9Û; f � ¯ f ¡ ® � �W> . Since 7 � � doesnot containin thebodies

of its rules literals from ® � ��9Í® »� � , we get that ²ÂÇ©�
åy�ÛN ²ÂÇ©�
7 � ��9,; f � ¯ f ¡ ® � �Y>I�.N²QÇ6��7 � �
�Ô9�® � �¬NT® ¦� �ú�R 9�® � �¬NT® � �Õ�R . Also, 7 � �Õ�R¾N3ö !Y# � f ��7 � �^��® ¦� �ú�R �¾NPö !�# � f ��7 � �W��® � �ú�R�� .
Fromthisandthefactthat ® � ��v$® � �ú�R , it followsthat

7 � �ú�R«9�; f � ¯ f ¡ ® � �ú�R�>§N
ö !Y# � f �
7 � �^��® � �ú�R��9z; f � ¯ f ¡ ® � �ú�R�> N

ö !Y# � f ��7 � ��9�; f � ¯ f ¡ ® � �W>F��® � �ú�Rl�9Ä; f � ¯ f ¡ ® � �ú�R�> N
ö !Y# � f ��å0��²ÂÇ©�
åy�l�¬9Ä; f � ¯ f ¡ ²ÂÇ©�
åy��>F�
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Therefore,by Lemma4.4, É is a ��7 � ��9�; f � ¯ f ¡ ® � �W>I� -justifiedrevisionof 8 if andonly if É is

a 7 � �ú�R¬9L; f � ¯ f ¡ ® � �ú�R�> -justifiedrevision of 8 . Now, usingtheinductive assumption(1), we

getstatement(3).

Proofof (4):

Assumethat É is a 7 -justifiedrevisionof 8 . By definition, u � �ú�RqN"¶ � ôYX�Z-ò Ë Êg�hu � �
� . It is easyto see

that

u � �ú�R9Â® � �ú�R�N"¶ � ôYX�Z�ò Ë Ê°�hu � �
�9Ü® � �ú�R�N
¶ ÿ � ôYX�Z-ò�[]\ G�^`_ G�a�b ôYX�Z-ò�c � Ë Ê �hu � ��9Â® � �h���

Let 7 ¦ N 7 � �ú�R�9,; f � ¯ f ¡ ® � �ú�R�> . By (3), É is a 7 ¦ -justified revision of 8 . Since ¶ is

anti-monotoneand �hu � ��9Â® � �h��v"É ½ , wegetthat

¶ � ÷ Ë Ê°�
ÉB½���v�¶ � ÷ÕË Ê=�Mu � ��92® � �
���
Hence,

¶ � ÷ Ë Êg��ÉB½��9Â8F½�v�¶ � ÷ÕË Ê=�Mu � ��92® � �
�9Ü8�½��
Therefore,by Lemma4.2,

ÉB½�N"¶ � ÷ Ë Êg��ÉB½��9Â8R�
8e��É ��v�¶ � ÷úË Ê°�hu � ��92® � �
�928F½�N"u � �ú�R92® � �Õ�RÔ9Â8F½��
Case2.

\ N³� ! , \s� � . By inductivehypothesis,

(5) É is a 7 -justified revision of 8 if andonly if É is a ��7 � �H��è9Í; f � ¯ f ¡ ® � �H���>I� -justified

revisionof 8 , and

(6) for every É which is a 7 -justifiedrevisionof 8 , É ½ vT�Mu � �H��Ô92® � �H��928 ½ � .
We needto prove that

(7) É is a 7 -justifiedrevisionof 8 if andonly if É is a �
7 � �I92; f � ¯ f ¡ ® � �Y>I� -justifiedrevisionof

8 , and

(8) for every É which is a 7 -justifiedrevisionof 8 , �hu � ��9Â® � �h��v"É ½ .
By definition, ®K¦� � N�; f ¡ 8 ½ ¯ f »�£¡ u � �H��dF f £¡ ® � �H��eF f »P£¡ ® � �H���> , ® � ��N�® � � ���9z®K¦� � ,7 � �ZN³ö !�# � f ��7 � � ����I® ¦� � � , u � �ZN,¶ � ôYX Ë Ê°�hu � �H���� .
Proofof (7):

Let å�NÓ7 � �H���9L; f � ¯ f ¡ ® � �H���> . Let u N3u � �H���9�® � �H�� . Then,from (5) and(6) it follows

thatfor every É which is a å -justifiedrevisionof 8 , É ½ v�uï928 ½ .
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Let ®µNÓ; f ¡ 8 ½ ¯ f » £¡ uÛ> . Let å ¦ NTö !�# � f ��å0��®§��9.; f � ¯ f ¡ ®'> . By Lemma4.5, É is a

å -justifiedrevision of 8 if andonly if É is a å ¦ -justifiedrevision of 8 . Using(5) we getthat É is

a 7 -justifiedrevisionof 8 if andonly if É is a å ¦ -justifiedrevisionof 8 .
Therefore,to prove(7) weneedto show that å ¦ N,7 � ��9z; f � ¯ f ¡ ® � ��> .
Indeed,

å ¦ Nxö !Y# � f �
å*��®§�Ô9�; f � ¯ f ¡ ®'>BN
Nxö !�# � f ��7 � �H��Ô9Ä; f � ¯ f ¡ ® � �H���>F��®B�9z; f � ¯ f ¡ ®'>§N

N³ö !�# � f ��7 � � �����®§�9Âö !�# � f �&; f � ¯ f ¡ ® � �H���>F��®§�9z; f � ¯ f ¡ ®5> N
N³ö !�# � f ��7 � � �����®§�9Ä; f � ¯ f ¡ ® � �H��«A¢®5>¾9�; f � ¯ f ¡ ®5> N

Nxö !Y# � f �
7 � �H�����®B�9�; f � ¯ f ¡ ® � �H��92®5>F�
By definition, ®xNT; f ¡ 8 ½ ¯ f » £¡ u � �H���F f » £¡ ® � � ���> . Consequently, ®xNx® ¦� � 9�; f ¡ 8 ½ ¯ f » £¡u � �H���F f » £¡ ® � �H���F f ¡ ® � �H���> . Thus, ® � �H��Ô92®,N@® � �H��92® ¦� � N"® � � . Hence,

å ¦ N@ö !Y# � f ��7 � �H�����®B�9�; f � ¯ f ¡ ® � �W>F�
Also, if a revision literal

f ¡ ® � �H�� , then
f

and
f » do not appearin the bodiesof the rulesfrom

7 � � �� , and
f

doesnot appearin theheadsof therulesfrom 7 � � �� . Therefore,ö !Y# � f ��7 � �H�����®B�CNö !Y# � f �
7 � �H�����®éA¾® � � ����qN³ö !Y# � f ��7 � �H�����®K¦� � ��N@7 � � . Consequently,

å ¦ N@7 � ��9Ä; f � ¯ f ¡ ® � �W>F�
Thisfinishestheproofof (7).

Proofof (8):

Assumethat É is a 7 -justifiedrevision of 8 . By definition, u � �qNT¶ � ôYX Ë Ê°�Mu � � ���� . It is easyto see

that

u � ��9Â® � �ZN,¶ � ôYX Ë Ê°�hu � �H����92® � �ZN"¶ ÿ � ôYXf[g\ G3^`_ G�ahb ôYXic � Ë Ê=�Mu � � ��Ô9Ü® � �H������
Let 7 ¦ Nx7 � �F9Q; f � ¯ f ¡ ® � ��> . By (7), É is a 7 ¦ -justifiedrevisionof 8 . Since¶ is anti-monotone

and É ½ vT�hu � �H��9Â® � � ��Ô9Ü8 ½ � , wegetthat

¶ � ÷úË Ê°��ÉB½��kj$¶ � ÷ÕË Ê=�hu � �H��«9Â® � �H��Ô9Ü8F½����
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Fromthedefinitionof ¶ it follows that

¶ � ÷ Ë Ê=�hu � �H��«9Â® � �H��928F½���N"¶ � ÷ Ë Êg�hu � �H��92® � � ������
Hence,

¶ � ÷ÕË Ê=��ÉB½��kj�¶ � ÷ Ë Êg�hu � �H��9Â® � �H�����N$u � �?92® � �W�
By Lemma4.2, É ½ N,¶ � ÷úË Ê=�
É ½ �928R�
8e��É � . Therefore,

ÉB½lj�¶ � ÷úË Ê°��ÉB½��!j�u � ��9Â® � �Y�
Thatis, (8) holds. Ï
Corollary 4.2 Let É bea 7 -justifiedrevisionof 8 . Then,for every

\Ü�"�
, É4ÐN,®CE .

Proof.

By Theorem4.5, É is a ��7�E�9�; f � ¯ f ¡ ®aE=>I� -justifiedrevisionof 8 . Hence,É�ÐN@®CE . Ï
Corollary 4.3 If in thesequenceof triples �
7¬E=��®aEI��u*E�� there exists

\
such that ®aE is incoherent,

thenthereareno 7 -justifiedrevisionsof 8 .
Proof.

Followsfrom Corollary4.2. Ï
Lemma 4.6 In theDefinition4.8, u � ��v$® ¦� �ú�R for

!��"�
.

Proof.

If
! N � , then u p N,O . Thus, u p v$®C¦  .

Let
!6���

. Then,by definition, ®C¦� �Õ�R N�²QÇ6��7 � �
� , and u � �§N1¶ � ôYX Ë Ê=�Mu � �H��l� . By definition of

operator¶ , u � �¾Næ²QÇ6����7 � �^��8�� · ôYX�mIò � . By definitionof the reduct, ��7 � �W��8�� · ôYX�mIò is obtainedfrom

7 � � by

1. removing every rule
X ¡ 7 � � suchthat � ª ±-Ã«� X �«JÄ; f » ¯ f ¡ u � � ��A¾8 ½ >s£N@O ,

2. deletingfrom thebodyof eachremainingruleany revision literal thatis in 8 ½ .
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Therefore,for every rule
X ¡ ��7 � �W��8�� · ôYX�m]ò , thereis a rule

X ¦ ¡ 7 � � , suchthat
c�` �F±¸� X �KN c�` ��±¸� X ¦ �

and � ª ±FÃZ� X �èv"� ª ±FÃZ� X ¦ � . Wewill prove thatin fact, � ª ±-ÃZ� X ��Nx� ª ±FÃZ� X ¦ � .
Assumethecontrary. Assumethat

f ¡ � ª ±FÃZ� X ¦ � and
f £¡ � ª ±-ÃZ� X � . Then,by thesecondstepof

thedefinitionof thereduct,
f ¡ 8 ½ . Hence,

f » £¡ 8 ½ .
Let usshow that

f » ¡ u � �H�� . Assumethecontrary, that
f » £¡ u � �H�� . Becauseof theproperties

of ö !Y# � f transformation,if
f ¡ ® � �H�� or

f » ¡ ® � �H�� , then
f

cannot be in the body of a rule in

7 � � . However,
f ¡ � ª ±-ÃZ� X ¦ � , where

X ¦ ¡ 7 � � . Therefore,
f £¡ ® � �H�� and

f » £¡ ® � �H�� . Then,by

constructionof triples �
7¬E=��®aEI��u*E�� , f ¡ ; f ¡ 8 ½ ¯ f » £¡ u � �H��nF f £¡ ® � �H��nF f » £¡ ® � �H���> . That is,f ¡ ® ¦ � � . Hence,by propertiesof ö !Y# � f transformation,
f
cannotbein thebodyof a rule from 7 � � .

Thiscontradictsthefactthat
f ¡ � ª ±-ÃZ� X ¦ � and

X ¦ ¡ 7 � � . Consequently,
f » ¡ u � �H�� .

We have:
f » £¡ 8 ½ and

f » ¡ u � �H�� . Thus,
f » ¡ u � � ��qAB8 ½ . At thesametime,

f ¡ � ª ±FÃZ� X ¦ � .
According to step1 in the definition of the reduct �
7 � �^��8�� · ôYX�m]ò , rule

X ¦ will be removed. This

contradictsthefactthat
X ¦ ¡ 7 � � . Therefore,for everyrule

X ¡ �
7 � �^��8�� · ôYX�m]ò , thereis arule
X ¦ ¡ 7 � � ,

suchthat
ce` �F±¸� X ��N c�` �F±R� X ¦Õ� and � ª ±-Ã«� X �qN,� ª ±-Ã«� X ¦Õ� . Hence,²ÂÇ©�l��7 � �W��8�� · ôYX�m]ò �¾v"²ÂÇ©�
7 � �
� . In

otherwords, u � ��v$®K¦� �ú�R . Ï
Corollary 4.4 In Definition4.8,for every

!��"�
, u � ��9Ü® � ��v$u � �Õ� � 92® � �ú� � .

Proof.

By Definition 4.8, ® � �'v/® � �ú� � . By Lemma4.6, u � �'v�® � �ú�RsvÁ® � �ú� � . Hence,u � �9L® � �yvu � �ú� � 92® � �Õ� � . Ï
4.2.2 Comparisonwith definitions inducedby embeddings

The following is an examplewhenthe new definition of well-foundedsemanticsgivesa better

resultthanWFS+., .
Example4.6 Let 8:NxO . ConsiderrevisionprogramfromExample4.3

7P¯ in �����D� out �
���
in �����D� out �
���

out �����D�
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Wehavethefollowingcomputation:

® p N@O?��7 p N,7¾��u p N,Oo4ý
4ý ®5�N

68 9 out �������
in �����

: <
= ��7��NxO?�luÜqN@O?�

TheWFS+-, for 7 wasfoundin Example4.3. It is lessinformativethan thenew definitionof

WFS.

The following is anexamplewhenthenew definitionof well-foundedsemanticsgivesbetter

resultthanWFS��� .

Example4.7 Let 8:NxO . ConsiderrevisionprogramfromExample4.4

7P¯ in �
����� out �
���
in �
����� out �
���
in ��È���� out �
±��
in �
±��b� out �
È���� out ���«�

out �Y�«�b� in �
����� in �
���
in �Y�«�b�
in �
����� in �
È���� in ���«�

Wehavethefollowingcomputation:

® p N@O?��7 p N,7¾��u p N,Oo4ý

4ý ®5�NJI in �Y�Z�LK ��7q�N
67777777778 7777777779

in ������� out �
���
in ������� out �
���
in ��È���� out �
±��

out �Y�Z��� in �
����� in �����
in ������� in �
È��

:;777777777<777777777=
��ut�N

67777778 7777779
in �
�����
in �������
in ��È����
out �Y�Z�

: 777777<777777=
4ý
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4ý ® � N
68 9 in ���«���

out �
±��
: <
= ��7 � N

67777777778 7777777779

in �����D� out �����
in ������� out �����
in ��È��D�

out ���«�D� in ������� in �����
in �����D� in ��È��

: 777777777<777777777=
��u � N

68 9 in �
È����
in �����

: <
= 4ý

4ý ®NM�N
67777778 7777779

in �Y�«���
out �
±����
in ��È����
in �����

:;777777<777777=
��7"M�N I out ���«�b� in ����� K �luOM�N@O54ý

4ý ®QP¾N
67777777778 7777777779

in ���«���
out ��±����
in ��È����
in �������
out �
���

: 777777777<777777777=
��7�P¾NxO?�lu P�NxO?�

TheWFS��� for 7 wasfoundin Example4.4. It is lessinformativethanthenew definitionof

WFS.



Chapter 5

Extensionsof Revision Programming

Theconnectionbetweenrevisionprogrammingandlogic programmingdescribedin Section3.2.3

naturallyledto extensionsof revisionprogrammingformalismwhichcorrespondto existingexten-

sionsof logic programming(generaldisjunctivelogic programsof [16] andnestedlogic programs

of [15]). In Section5.1weshow thatrevisionprogramsareequivalentto aspecialclassof general

logicprograms,andintroducedisjunctiverevisionprograms.Resultsof Section5.1werepublished

in [18]. In Section5.2wepresentnestedrevisionprograms.

5.1 Disjunctive revision programs.

In thissectionwefirst describeaformalismof generaldisjunctivelogic programs([16]). Next, we

show thatrevisionprogramsareequivalentto generaldisjunctive logic programswhichhaveonly

oneatomin theheadsof their rules.Finally, we introducedisjunctiverevisionprograms.

5.1.1 Generaldisjunctive logic programs.

Lifschitz andWoo [16] introduceda formalismcalledgenerallogic programming(seealso[14]

and[28]). Generallogic programmingdealswith clauseswhoseheadsare‘disjunctions’of atoms

(we will restrictour attentionhereto the caseof atomsonly, even thoughin the original paper

moregeneralsyntaxis studied)andatomswithin the scopeof the negation-as-failure operator.

Specifically, Lifschitz andWooconsidergeneral programrulesof theform:

®5°Ð������=Ð ®aEFÐ +Zª°U ®CE��RgÐ������=Ð +Zª°U ®CG:� ®CG �R�����������®C�K� +Zª°U ®K���R���������� +Zª°U ®K���(5.1)

whichcanbealsorepresentedas

¤�7 ª]V 9 +«ªgU ��¤Q² `�[ �Ä� ¼y7 ªIV 9 +«ªgU ��¼�² `�[ ���
where ® �����������®K� areatoms, ¤Q7 ªIV N�;°®5�����������®aEI> , ¤�² `�[ Næ;°®aE��R�����������®aGM> , ¼�7 ª]V N
;°®aGß�R�����������®K�¢> , ¼�² `�[ NS;°®C���R�����������®K��> .

A general logic programis definedasacollectionof generalprogramrules.

64
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Givenasetof atoms  andaclauseÈ of theform (5.1),   satisfiesÈ if from thefactthatevery

®C� , f á �'�,!��,# , belongsto   andno ®C� , # á �'�,!è�"+ , belongsto   , it follows thatoneof

®C� , �*�S!¢�T\ , belongsto   or oneof ®C� , \ á �*�S!¢�µf , doesnot belongto   . This coincides

with theclassicalnotionof satisfiability.

Lifschitz andWoo introducea semanticsof generallogic programsthat is strongerthanthe

semanticsdescribedabove. It is the semanticsof answersets. Answersetsareconstructedin

stages.First, onedefinesanswersetsfor programsthatdo not involve negationasfailure,that is,

consistof clauses

®5�Ð������IÐ ®aEé� ®aE��R�����������®C�(5.2)

Givena program7 consistingof clausesof type(5.2),a setof atoms  is ananswersetfor 7 if

  is aminimalsetof atomssatisfyingall clausesin 7 .

Next, givena generallogic program7 (now possiblywith negationasfailureoperator)anda

setof atoms  , onedefinesthereductof 7 with respectto   , denoted75´ , asthegenerallogic

programwithoutnegationasfailureobtainedfrom 7 by

¹ deletingeachdisjunctiverulesuchthat ¤�² `�[ £v,  or ¼�² `�[ J�  £NxO , and

¹ replacingeachremainingdisjunctiveruleby ¤Q7 ªIV � ¼�7 ª]V .
A setof atoms  is ananswersetfor 7 if   is ananswersetfor 75´ .

5.1.2 Answer setsfor generalprogramsand justified revisions

We will now show thatrevision programmingis closelyrelatedto a specialclassof generallogic

programs,namelythosefor whichall ruleshavea singleatomin thehead.We will call suchrules

unitary. A unitarygeneral logic programconsistsof unitaryrules.

The encodingof revision rulesasgenerallogic programclausesis straightforward. Given a

revisionprogramin-rule
X
:

in �Õ�¸�q� in � � l����������� in � � ����� out � V ������������ out � V �]�
wedefinethedisjunctiverule ± ( � X � as:

�s� � ���������� � �C� +«ªgU¬V ���������� +«ªgU¬V ���
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Noticethatthis is just theconverseto translationin Section2.4.3.

Similarly, givena revisionprogramout-rule
X
:

out �ú�e��� in � � ������������ in � � ����� out � V l����������� out � V ���
wedefinethedisjunctiverule ± ( � X � as:

+«ªgU �t� � ���������� � �K� +«ªgU¬V ���������� +Zª°U¬V ���
Finally, for a revisionprogram7 , define± ( ��7'�qNT;=± ( � X ��¯ X ¡ 70> .

This mappingis a 1-1 correspondencebetweenrevision programsandunitary generallogic

programs.

The following resultstatesthat revision problemswherethe initial databaseis emptycanbe

dealtwith by meansof generallogic programs.This resultcanbeviewedasa generalizationof

Theorem2.14.

Theorem 5.1 Let 7 bea revisionprogram. Then,É is a 7 -justifiedrevisionof O if andonly if É
is ananswersetfor ± ( ��7'� .
Proof.

Let É be a database.Let 7 ¦ be a revision programobtainedfrom 7 by deletingeachout-rule

thathasout ����� in theheadfor some�ä£¡ É , anddeletingeachrule which hasout �
��� in thebody

for some � ¡ É . Then, ± ( �
7 ¦ � is thedisjunctive programobtainedfrom ± ( ��7'� by deletingeach

disjunctive rule suchthat ¤�² `�[ £v É or ¼�² `�[ JÍÉ £N O (recall that this is the first stepin

constructing± ( �
7y� Ì ).

Observe that É is 7 -justifiedrevisionof O if andonly if É is 7 ¦ -justifiedrevisionof O . Indeed,

inertia 8R��O?��É �qNT; out �
����¯-�Q£¡ Éy> . FromTheorem2.7wehave that É is 7 -justifiedrevisionof O
if andonly if

²QÇ6��7$9�;=ºz�x¯�º ¡ 8Z�
O?��É ��>I�ÄN ²QÇ6��7$9z; out �����q�x¯F��£¡ Éy>I�ÄN ÉB½��
Fromdefinitionof 7 ¦ andthefactthat ²ÂÇ©�
7$9�; out �������x¯-��£¡ Éy>I� is coherent,it follows that

²QÇ6��7$9Ä; out �
�����x¯-�Q£¡ Éy>I�zN ²QÇ6��7 ¦ 9z; out �������x¯-��£¡ Éy>I���
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Therefore,usingTheorem2.7 again,we get that É is 7 -justifiedrevision of O if andonly if É is

7 ¦ -justifiedrevisionof O .
Next, observethatif literal out ����� , for some� , occursin thebodyof a rule in 7 ¦ thenout �
��� ¡

8R��O?��É � . Also, inertia 8R�
O?��É � consistsonly of literals of the form out �
��� . Therefore, 7 ¦� Ë Ì is

obtainedfrom 7 ¦ by eliminatingeachliteral of theform out ����� from thebodiesof therules.

Let 7§¦� Ë Ì Næ7§¦ ¦F9z7§¦ ¦ ¦ , where 7 ¦ ¦ consistsof all in-rulesof 7§¦ , 7 ¦ ¦ ¦�Næ7§¦FA§7§¦ ¦ consistsof all

out-rulesof 7 ¦ . Note, thatall rulesfrom 7 ¦ ¦ and 7 ¦ ¦ ¦ have only literalsof the form in �
��� in their

bodies.Observe that if
X ¡ 7 ¦ ¦ ¦ , thenits head,

ce` �F±¸� X �¢N out �
��� for some� ¡ É . By definition,

± ( ��7'� Ì is obtainedfrom ± ( ��7 ¦ � by replacingeachdisjunctiveruleby ¤�7 ª]V � ¼y7 ªIV . Therefore,

± ( �
7y� Ì N ± ( ��7 ¦ ¦ �9Ä;C� ��������������-E§¯ out ������� in ���������������� in ���-E�� ¡ 7 ¦ ¦ ¦ >F�
After theseobservationswearereadyto prove thestatementof thetheorem.

�Yø$� Let É bea 7 -justifiedrevision of O . It follows that É is a 7 ¦ -justifiedrevision of O . Thus,

ÉæNæO Àx²ÂÇ©�
7 ¦� Ë Ì � . Assumethat thereexists literal out ����� ¡ ²ÂÇ©�
7 ¦� Ë Ì � . Since ²ÂÇ©�
7 ¦� Ë Ì � is a

subsetof headsof rulesfrom 7 ¦� Ë Ì , it mustbe thecasethat � ¡ É . This contradictsthe fact that

thenecessarychangeis coherentand É3N3O§À"²QÇ6��7 ¦� Ë Ì � . Therefore,²QÇ6��7 ¦� Ë Ì � consistsonly of

literalsof theform in ����� . It impliesthat ²QÇ6��7§¦� Ë Ì �aNæ; in �����5¯R� ¡ Éy> is the leastmodelof 7 ¦ ¦ ,
andfor every rule

X ¡ 7 ¦ ¦ ¦ thereexist � suchthat
!�+ �
��� ¡ � ª ±FÃZ� X � and ��£¡ É . Hence,É is the

minimalsetof atomswhichsatisfiesall clausesin ± ( �
7y� Ì . Thus, É is ananswersetfor ± ( ��7'� .
�Yù$� Let É be an answerset for ± ( �
7y� . That is, É is the minimal setof atomswhich satisfies

all clausesin ± ( �
7 ¦ ¦ ��9L;'� ��������������-Es¯ out �����B� in ����l����������� in ���-E�� ¡ 7 ¦ ¦ ¦ > . Then,any subset

of É satisfiesall clausesin ;*� �?������������FEz¯ out �
���6� in ����l����������� in �
�FE�� ¡ 7 ¦ ¦ ¦ > . Therefore,

É is the minimal setof atomswhich satisfiesall clausesin ± ( ��7§¦ ¦ú� . Hence, ; in �
���z¯K� ¡ Éy>
is the leastmodelof 7 ¦ ¦ andsatisfies7 ¦ ¦ ¦ . Consequently, ; in �
���Q¯�� ¡ Éy>LN�²QÇ6��7 ¦� Ë Ì � , and

ÉbN�OyÀS²QÇ6��7§¦� Ë Ì � . By definition, É is 7 ¦ -justified revision of O . Therefore,É is 7 -justified

revisionof O . Ï
It might appearthat thescopeof Theorem5.1 is restrictedto thespecialcaseof revision pro-

gramsthatupdatetheemptydatabase.However, theshiftingtheoremallowsusto extendthisresult

to thegeneralcase.Thus,revisionprogrammingturnsout to beequivalentto theunitaryfragment
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of generallogic programming.Indeedwehave thefollowing corollary.

Corollary 5.1 Let 7 bea revisionprogramand 8 a database. Then,a databaseÑ is a 7 -justified

revisionof 8 if andonly if 8§Ò@Ñ is ananswersetfor theprogram ± ( �hnRÊ°��7'��� .
Considera revisionprogram7 andadatabase8 . Recallthata rule

X ¡ 7 is calledaconstraint

with respectto 8 if its headis of theform in �
��� , for some� ¡ 8 , or out ����� , for some�z¿¡ 8 .
Theorem 5.2 Let 7 bea revisionprogramandlet 8 bea database. Let 7§¦ consistof all rulesin

7 that are constraintswith respectto 8 . Let 7 ¦ ¦ NT7,AC7 ¦ . A databaseÉ is a 7 -justifiedrevision

of 8 if andonly if É is a 7 ¦ ¦ -justifiedrevisionof 8 thatsatisfiesall rulesfrom 7§¦ .
Proof.

By theshifting theoremit is enoughto prove thestatementfor thecase8�N�O . Since 8�NæO , 7 ¦
consistsof all out-rulesof 7 and 7§¦ ¦ consistsof all in-rulesof 7 .

�Yø$� If É is a 7 -justifiedrevisionof O , then É is a modelof 7 . Hence,it is a modelof 7 ¦ v"7 .

Theorem2.7impliesthat

²QÇ6��7$9z;=ºz�x¯-º ¡ 8R��O?��É ��>I�qNµ; in �
���¾¯F� ¡ Éy>¢9Ä; out �
����¯F�z¿¡ Éy>F�
Let   Nx²ÂÇ©�
7$9z;=ºz�x¯Fº ¡ 8R�
O?��É ��>I� . Thatis,   is theleastmodelof

7�9z;=ºz�x¯Fº ¡ 8R��O?��É ��>BNx7 ¦ 9Q7 ¦ ¦ 9�;=ºz�x¯-º ¡ 8R��O?��É ��>F�
By thedefinitionof inertia, 8Z�
O?��É �qNµ; out ������¯F��¿¡ Éy> .

Let usdivide 7 ¦ into two disjoint parts: 7 ¦ N�7 ¦ 9Ä7 ¦� , whereheadsof the rulesfrom 7 ¦ are

in ; out �����Â¯¾� ¡ Éy> andheadsof the rules from 7 ¦� are in ; out �����Â¯¾��¿¡ Éy> . For eachruleX ¡ 7 ¦� , c�` �F±R� X � ¡ 8R�
O?��É � . Hence,thereexistsrule
c�` �F±¸� X �¢� in theset ;=º)�x¯eº ¡ 8R��O?��É ��> .

Therefore,  is alsotheleastmodelof theprogram

7 ¦ ¦ 9Q7 ¦ 9�;=ºz�x¯-º ¡ 8R��O?��É ��>F�
If we remove from theprogramsomeruleswith premisesthatarefalsein   ,   remainsthe

leastmodelof thereducedprogram.Let usshow thatpremisesof all rulesfrom 7 ¦ arefalsein   .

Indeed,let
X

bea rule from 7 ¦ . Then,
ce` �F±¸� X � ¡ ; out �
���5¯«� ¡ Éy> . Assumethatpremisesof

X
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aretruein   . Then,
c�` �F±¸� X � mustbetruein   , since   is themodelof 7 ¦ ¦ 9�7 ¦ 9.;=ºä�x¯?º ¡

8R��O?��É ��> . Hence,  JL; out ����� ¯¸� ¡ Éy>�£NÓO , which contradictsthefact that   N4; in ����� ¯¸� ¡
Éy>Z9:; out ������¯-��¿¡ Éy> . Therefore,  is theleastmodelof theprogram7 ¦ ¦ 9�;=ºz�x¯Fº ¡ 8R��O?��É ��> .
In otherwords,

²QÇ6��7 ¦ ¦ 9�;=ºz�x¯Fº ¡ 8Z�
O?��É ��>I�qNS; in �
����¯F� ¡ Éy>¾9Ä; out ������¯F�z¿¡ Éy>F�
FromTheorem2.7weconcludethat É is a 7 ¦ ¦ -justifiedrevisionof O .
�Yù$� AssumeÉ is a 7 ¦ ¦ -justifiedrevisionof O , and É is amodelof 7 ¦ . Theorem2.7impliesthat

²QÇ6��7 ¦ ¦ 9�;=ºz�x¯Fº ¡ 8Z�
O?��É ��>I�qNS; in �
����¯F� ¡ Éy>¾9Ä; out ������¯F�z¿¡ Éy>F�
Let   Næ; in �
���5¯¸� ¡ Éy>C9Û; out �����§¯Z�<¿¡ Éy> . By thedefinitionof necessarychange,  is the

leastmodelof

7 ¦ ¦ 9z;=ºz�x¯Fº ¡ 8R�
O?��É ��>F�
Thus,   is also the leastmodelof a modifiedprogramobtainedby addingsomerulesthat are

satisfiedby   . All rulesin 7 ¦ aresatisfiedby   by our assumption.Therefore,  is the least

modelof

7 ¦ 9Q7 ¦ ¦ 9z;=ºz�x¯Fº ¡ 8Z�
O?��É ��>BN@7�9�;=ºz�x¯-º ¡ 8R��O?��É ��>F�
Hence,

²ÂÇ©�
7$9�;=ºz�x¯-º ¡ 8R�
O?��É ��>I�qN@  Nµ; in ������¯F� ¡ Éy>¾9z; out ������¯F�z¿¡ Éy>F�
By Theorem2.7, É is a 7 -justifiedrevisionof O . Ï

Thereasonfor theterm“constraint”is now clear. In computing7 -justifiedrevisionsonly “non-

constraints”areused. Then,the constraintpart of 7 is usedto eliminatesomeof the computed

revisions.

If 8LN/O , the constraintsareexactly the out-rulesof a revision program. We canextendthe

notionof a constraintto the caseof unitarygenerallogic programs.Namely, a unitaryprogram

rule is a constraint if its headis of the form
+Zª°U � (notethat this notionof constraintis different

from theoneusedin [14]). Theorem5.2hasthefollowing corollary.
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Corollary 5.2 Let 7 bea unitary general logic programand let 7 ¦ consistsof all constraints in

7 . A set   is ananswersetfor 7 if andonly if   is a stablemodelfor 7�A¢7 ¦ thatsatisfies7 ¦ .
It follows from the shifting theoremandfrom Theorem5.1 that in orderto describeupdates

by meansof revision programming,it is enoughto considerlogic programswith stablemodel

semanticsandruleswith
+«ªgU � in theheadsthatactasconstraints.

Corollary 5.3 Let 7 be a revision program and let 8 be a database. Then,a databaseÉ is a

7 -justifiedrevisionof 8 if andonly if nZÊ=�
É � is a stablemodelof thelogic program ± ( �hnRÊ=��7'�ZAè7 ¦Õ�
thatsatisfies7 ¦ , where 7 ¦ consistsof all constraintsin nZÊ=�
7y� .
5.1.3 Disjunctive revision programs.

Theresultsof Section5.1.2imply anapproachto extendrevisionprogrammingto includeclauses

with disjunctionsin theheads.Any suchproposalmustsatisfyseveralnaturalpostulates.First,the

semanticsof disjunctiverevision programmingmustreduceto thesemanticsof justifiedrevisions

on disjunctive revision programsconsistingof ruleswith a singleliteral in thehead.Second,the

shifting theoremmustgeneralizeto thecaseof disjunctive revision programs.Finally, theresults

of Section5.1.2 indicatethat thereis yet anotherdesirablecriterion. Namely, the semanticsof

disjunctiverevisionprogrammingover theemptyinitial databasemustreduceto theLifschitz and

Woo semanticsfor generallogic programs.Theconstructiongivenbelow satisfiesall thesethree

conditions.

First, let us introducethe syntaxof disjunctive revision programs.By a disjunctiverevision

rule wemeananexpressionof thefollowing form:

ºqgÐ������IÐ ºÔ�é� º���R�����������º�5�(5.3)

where º� , �Â�4!'�æ+ , arerevision literals (that is, expressionsof the form in �
��� or out �
��� ). A

disjunctiverevisionprogramis acollectionof disjunctiverevision rules.

In orderto specifysemanticsof disjunctive revision programswe first definetheclosureof a

setof revision literalsundera disjunctive rule. A set
o

of literals is closedundera rule (5.3) if at

leastone ºÔ� , � �,!q�"# , belongsto
o

or if at leastone ºÔ� , # á �5�$!��"+ , doesnotbelongto
o

. A

setof literals
o

is closedunderadisjunctiverevisionprogram7 if it is closedunderall rulesof 7 .
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Thenext stepinvolvesthegeneralizationof thenotionof necessarychange.Let 7 beadisjunc-

tiverevisionprogram.A necessarychangeentailedby 7 is any minimalsetof revisionliteralsthat

is closedunder7 . Noticethatin thecontext of disjunctiveprogramsthenecessarychangemaybe

notunique.

We will now introducethenotionof a reductof a disjunctive revisionprogram7 with respect

to two databases8 (initial database)and É (aputativerevisionof 8 ).
Definition 5.1 Thereductof a disjunctiverevisionprogram 7 with respectto 8 and É , denotedby

7 Ê�Ë Ì , is constructedin thefollowingfour steps.

Step1: Eliminatefromthebodyof each rule in 7 all literals in 8Z�h8e��É � .
Step2: Removeall rules

X
, such that

c�` ��±¸� X �JÜ8Z�h8e��É �B£NxO .
Step3: Eliminatefromtheremainingruleseveryrule whosebodyis notsatisfiedby É .

Step4: Removefromtheheadsof therulesall literals thatcontradict É . �
We arenow readyto definethe notion of a 7 -justified revision of a database8 for the case

of disjunctive revision programs.Let 7 bea disjunctive revision program.A databaseÉ is a 7 -

justifiedrevisionof adatabase8 if for somecoherentnecessarychange
o

of 7 Ê�Ë Ì , É³N,8�À o . Let

usobservethatonly steps(1) and(2) in thedefinitionof reductareimportant.Steps(3) and(4) do

notchangethedefinednotionof revisionbut leadto asimplerprogram.

Thenext exampleillustratesa possibleuseof disjunctiverevisionprogramming.

Example5.1 ConsiderExample2.2,whererevisionprogramis representedasdisjunctiverevision

program7 :

!�+ �h® +Z+ �KÐ !Y+ �
¼ ª �����ª°deU �
Ç c?X=!^V �¢Ð !Y+ ��Îs�-Æ ! ±��D�ª°d�U �
® +R+ �D� !�+ �
Îs�-Æ ! ±��ª°d�U ��Îs�-Æ ! ±��b� !�+ �
¼ ª ���
Assumethat 8äNb;°® +Z+ ��Ç c�X=!^V > , É�Nb;°® +Z+ > . Then,inertia 8Z�h8e��É �¢N�; !Y+ �
® +Z+ ��� ª=d�U ��¼ ª �����ª°deU �
Îs�-Æ ! ±���> . The reduct 7 Ê�Ë Ì N ; ª°d�U ��Ç c?XI!WV �.�@> . The only necessarychangeof 7 Ê�Ë Ì iso NT; ª°d�U ��Ç c?XI!WV ��> . Since

o
is coherentand É³N"8§À o , É is a 7 -justifiedrevisionof 8 . Ï
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The following threetheoremsshow that the semanticsfor disjunctive revision programsde-

scribedheresatisfiesthethreecriteriadescribedat thebeginningof thissubsection.

Theorem 5.3 Let 7 bea revisionprogramwithoutdisjunctions.Then,É is a 7 -justifiedrevision

of 8 if and only if É is a 7 -justified revision of 8 when 7 is treatedas a disjunctiverevision

program.

Proof.

For any revision program7 (without disjunctions),the leastmodelof 7 , whentreatedasa Horn

programbuilt of independentpropositionalatomsof theform in ����� andout �
��� , is closedunder7 .

Moreover, everysetof literalsthatis closedunder7 mustcontaintheleastmodelof 7 . Therefore,

thenotionsof necessarychangecoincidefor revisionprogramswithoutdisjunctions,whentreated

asordinaryrevisionprogramsandasdisjunctiverevisionprograms.Hence,thenotionsof justified

revisionscoincide,too. Ï
Thedefinitionof n«ð naturallyextendsto thecaseof disjunctiverevisionprograms.

Theorem 5.4(Shifting theorem for disjunctive revision programming) Let 8° and 8 � bedatabases,

and 7 bea disjunctiverevisionprogram.Let
� N,8°ÔÒé8 � . ThenÉ5 is a 7 -justifiedrevisionof 8°

if andonly if n«ð2�
É5�� is nZðÂ�
7y� -justifiedrevisionof 8 � .
Proof.

Similarly to thecaseof ordinaryrevisionprograms,in computingjustifiedrevisionsfor disjunctive

revision programswe aredealingwith revision literals.
�

-transformationcanbe viewed asre-

namingtheseliterals,whichdoesnoteffect theprocedure.Therefore,thestatementof thetheorem

holds. Ï
The embeddingof unitary revision programsextendsto the caseof disjunctive revision pro-

grams. As before,eachliteral in ����� is replacedby the correspondingatom � and eachliteral

out �
��� is replacedby
+«ªgU � . The generallogic programobtainedin this way from a disjunctive

revisionprogram7 is denotedby ± ( �
7y� .
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Theorem 5.5 Let 7 bea disjunctiverevisionprogram.ThenÉ is a 7 -justifiedrevisionof O if and

only if É is ananswersetfor ± ( �
7y� .
Proof.

Inertia 8R��O?��É �qNS; out ������¯F��¿¡ Éy> .
Observe thatstep2 in thedefinitionof thereduct7 Ê�Ë Ì removesexactly thoserules

X
for which

± ( � X � satisfiescondition ¤�² `�[ £v"É .

Step3 removesall rules
X

for which ± ( � X � satisfiescondition ¼�² `�[ JQÉÁ£NTO , aswell asrules

containingin ����� in thebodiesfor some��¿¡ É (correspondingdisjunctivelogic programruleshave

� in thebodiesfor some��¿¡ É ).

Step1 eliminatesfrom the bodiesof the rules of 7 all literals that are in 8R�
8e��É � . In the

disjunctive logic programit correspondsto eliminating
+Zª°U �
¼�² `�[ � partsfrom the bodiesof the

remainingrules.

Step4 removes from the headsof the rules all literals that contradict É . After step2 all

remainingrules
X

satisfy the condition that ± ( � X � has ¤Q² `�[ vDÉ . Hence,step4 corresponds

to eliminatingall
+Zª°U �
¤�² `�[ � partsandall otherliterals thatcontradict É from the headsof the

remainingrulesin thedisjunctivelogic program.

Therefore,± ( �
7y� Ì , whencomparedto ± ( ��7 Ê�Ë Ì � , mayonly have someextra rules,the bodies

of which arenot satisfiedby É , or someextra literals in theheads,which arenot satisfiedby É .

Hence,thestatementof thetheoremholds. Ï
We concludethis sectionwith a simpleobservation relatedto the computationalcomplexity

of a problemof existenceof justified revisionsin the caseof disjunctive revision programming.

Disjunctiverevision programmingis anessentialextensionof unitaryrevision programming.The

existenceproblemfor 7 -justified revisions is NP-complete(Theorem2.13). Eiter and Gottlob

showedthattheexistenceproblemfor answersetsfor generallogic programsis p��� -complete([7]).

Using the resultsof Eiter andGottlob [7] andour correspondencebetweendisjunctive revision

programsandgenerallogic programsweobtainthefollowing result.

Theorem 5.6 Thefollowingproblemis p �� -complete:Givena finitedisjunctiverevisionprogram

anda database8 , decidewhether8 hasa 7 -justifiedrevision. Ï



74

It followsthatdisjunctiverevisionprogrammingisanessentialextensionof theunitaryrevision

programming,unlessthepolynomialhierarchycollapses.

5.2 Nestedrevision programs.

In this sectionwe describenestedexpressionsin logic programsfrom [15]. Then,we introduce

nestedexpressionsin revisionprograms.

5.2.1 Nestedexpressionsin logic programs

Lifschitz, TangandTurner([15]) extendedtheanswersetsemanticsto a classof logic programs

with nestedexpressionspermittedin thebodiesandheadsof rules.Thefollowing arebasicdefini-

tionsfrom thatpaper.

Literalsareatomsandclassicalnegationsof atoms.

Elementaryformulasare literals andthe symbols q (“f alse”) and r (“true”). Formulasare

built from elementaryformulasusingtheunaryconnective
+«ªgU

andthebinaryconnectives, (con-

junction)and; (disjunction).A
X=d¸fh`

is anexpressionof theforms � t
where

s
and t areformulas,calledthe

c�` ��± andthe � ª ±FÃ of therule.

A � X]ªg[�X � # is a setof rules.

Theformulas,rulesandprogramsthatdo not containthenegationasfailureoperator
+Zª°U

are

called ��� V�! È .
A set u of literals

V � U&!WV � !W`°V abasicformula
s

(symbolically, u Ð N s ) when:

¹ for elementary
s

, u Ð N s if
s ¡ u , or

s Nur , or u containsacomplementarypair.

¹ u Ð NÓ� s �vt'� if u Ð N s and u Ð Nut .

¹ u Ð NÓ� s Úvt'� if u Ð N s or u Ð Nut .

Let / beabasicprogram.A set u of literalsis È f
ªIVg` ± under/ if, for every rule
s � t in / ,

u Ð N s whenever u Ð NHt . u is an � +«Vg_a`�X§Vg`�U for / if u is a minimal setof literalsthatis both

logically closedandclosedunder/ .
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The
XI` ± d È U of a formula,rule or programrelative to a set u of literals is definedrecursively,

asfollows:

¹ for elementary
s

,
s · N s .

¹ � s �(ty� · NÓ� s · �vt · � .
¹ � s Úvt'� · NÓ� s · Ú(t · � .
¹ � +«ªgU s � · N ñ q0� if u Ð N s ·r0� otherwise¹ � s � t'� · N s · � t · .

¹ / · NT;�� s � t'� · ¯ s � t ¡ /5> .
A set u of literalsis an � +«V�_B`�XCVg`�U for / if it is ananswersetfor thereduct/ · .

5.2.2 Nestedexpressionsin revision programs

Wecanextendjustifiedrevisionsemanticsto aclassof revisionprogramswith nestedexpressions

permittedin therules.Theseexpressionsareformedfrom literalsusingthebinaryoperators, and

; andunaryoperators
!�+

,
ª°deU

thatcanbenestedarbitrarily.

Elementaryformulasare literals and the symbols q (“f alse”) and r (“true”). Recall that a

literal is anexpressionof theform
!Y+ ����� or

ª=d�U ����� , where� is anatomfrom 	 .

Formulasarebuilt from elementaryformulasusingtheunaryconnectives
!�+

and
ª°d�U

andbinary

connectives, (conjunction)and; (disjunction).

Unaryconnectives
!�+

and
ª=d�U

areappliedto formulasandshouldnot beconfusedwith
!�+

andª°deU
appearingin literals.

A
+«`°V�U�` ± X]` Æ !WVg!Yª=+2X=dRfh` is anexpressionof theform ¤w� ¼ , where ¤ and ¼ areformulas,

calledthe
c�` �F± andthe � ª ±-Ã of therule.

A
+Z`°V�U�` ± XI` Æ !^V�!Wª°+ � XIªg[�X � # is asetof nestedrevision rules.

The formulas,rulesandprogramsthat do not containunaryoperators
!�+

and
ª=d�U

arecalled

��� Vg! È .
A set u of literals

V � U&!WV � !W`°V abasicformula
s

(denotedu Ð N s ) if
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¹ s Nur
¹ s is literal and

s ¡ u
¹ s NP�
®y��¼:� for someformulas® and ¼ , u Ð N@® and u Ð Nx¼
¹ s NP�
®yÚ�¼:� for someformulas® and ¼ , u Ð N@® or u Ð Nx¼

Definition 5.2 Let 7 bea basicrevisionprogram.A setof literals u�v o !
U is È fhª]Vg` ± de+ ± `�X 7 , if

for everyrule ¤/� ¼ in 7 , u Ð Nx¤ whenever u Ð Nx¼ . �
Definition 5.3 Let 7 beabasicrevisionprogram.Asetof literals u�v o !�U is a

+«` È `°V°V � X ÃKÈ c � +R[�`
of 7 ( ²QÇ6��7'� ) if it is a minimal(relativeto setinclusion)setof literalsthat is closedunder 7 . �
Definition 5.4 The

X]` ± d È U of a formula,rule, andprogramrelativeto a set u of atoms(denoteds · ) is definedrecursively, asfollows:

¹ for elementary
s

,
s · N s .

¹ � s �(ty� · NÓ� s · �vt · � .
¹ � s Úvt'� · NÓ� s · Ú(t · � .
¹ � ª=d�U s � · N ñ q:� if u ½ Ð N s ·r:� otherwise

¹ � !Y+ s � · N ñ q:� if u ½ £Ð N s ·r:� otherwise¹ � s � t'� · N s · � t ·
¹ 7 · NT;�� s � t'� · ¯ s � t ¡ 7:> �

Definition 5.5 Let 8 and É betwodatabases.Let � bea formula,rule or program.A
XI` ± d È U of �

with respectto 8e��É (denoted� ÿ Ê�Ë Ì � ) is obtainedfrom � Ì byreplacingeach occurrenceof literals

from 8R�
8e��É � by r , andreplacingeach occurrenceof literals from 8R�
8e��É � » by q . �
Definition 5.6 Let 7 bea nestedrevisionprogram.A databaseÉ is a 7 -

(-dRV�U&! � !W` ± XI` Æ !WV�!Wª°+ of a

database8 if for somenecessarychange
o

of 7 ÿ Ê�Ë Ì � ,
o

is coherentand ÉxN,8§À o . �
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Theorem 5.7 Let 7 bea disjunctiverevisionprogram.ThenÉ is a 7 -justifiedrevisionof 8 if and

only if É is a 7 -justifiedrevisionof 8 when7 is treatedasa nestedrevisionprogram.

Proof.

Let uscomparereducts7 Ê�Ë Ì and 7 ÿ Ê�Ë Ì � .
Since7 is abasicrevisionprogram,7 ÿ Ê�Ë Ì � is obtainedfrom 7 by replacingeachoccurenceof

literalsfrom 8R�
8e��É � by r , andreplacingeachoccurenceof literalsfrom 8R�
8e��É � » by q .

DuringStep2 of constructingreduct7 Ê�Ë Ì , all literalsfrom inertia 8Z�h8e��É � areeliminatedfrom

thebodiesof therules. Fromthepoint of view of satisfiabilityit hasthesameeffect asreplacing

themwith r . Thatis, if ¼ is abodyof arule( ¼ is aconjunctionof literals), ¼'¦ is obtainedfrom ¼
by eliminatingall literalsfrom inertia, ¼'¦ ¦ is obtainedfrom ¼ by replacingall literalsfrom inertia

by r , and u is asetof literals,then ¼ ¦ v�u if andonly if u Ð N@¼ ¦ ¦ .
In Step3 of constructingreduct 7 Ê�Ë Ì all ruleswith literalsfrom 8R�
8e��É � in theheadsareelim-

inated.Thatmeansthatruleswith literalsfrom inertiain theheadsarenot usedin computingthe

necessarychange.Replacingliterals from 8Z�h8e��É � in the headsof the rulesby r hasthe same

effect. Indeed,if a rule
X

has r in thehead(recall thatheadof
X

is a disjunctionof literals),then

any setof literalsis closedunder
X
.

In Step1 of constructingreduct7 Ê�Ë Ì all ruleswhosebodyis notsatisfiedby É areeliminated.

Thishasnoeffectoncomputingnecessarychanges.Indeed,necessarychangeswill notsatisfythe

bodiesof eliminatedrules,thereforethey will beclosedundertheserules.

In step4 of constructingreduct 7 Ê�Ë Ì all literalsthatcontradictÉ areremovedfrom theheads.

If É is 7 -justifiedrevisionof 8 , thenby definition, É@N@8èÀ o , where
o

is somenecessarychange.

Hence,literalsthatcontradictÉ arenot in
o

. If weaddor removeliteralsthatarenot in
o

from the

headsof disjunctiverules,
o

will remainthenecesarychangeof amodifiedin suchawayprogram.

Replacingeachoccurenceof literals from 8R�
8e��É � » by q also hasno effect on computing

necessarychanges.Indeed,literalsfrom 8R�h8¸��É � » contradictÉ . Thus,they will notbein necessary

change,andcanbereplacedby q .

Therefore,thestatementof thetheoremholds. Ï
Theorem 5.8(Shifting theorem for nestedrevision programming) Let 8° and 8 � bedatabases.

Let 7 bea nestedrevisionprogram.Then,É5 is 7 -justifiedrevisionof 8° if andonly if nRÊWò
ó�Ê
ôg��É ��
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is a nZÊWò
ó�Ê�ô°�
7y� -justifiedrevisionof 8 � .
Proof.

Similar to theproofof theShiftingTheoremin ordinaryrevisionprogramcase(Theorem3.4). Ï
Givena nestedrevision program7 we definea nestedlogic program

+«f ���
7y� to bea program

obtainedfrom 7 by replacingeachliteral
f N !�+ ����� (

f N ª°d�U ����� ) by � (
+Zª°U � ), replacingeach

unaryconnective
ª°d�U

by
+«ªgU

, andreplacingeachunaryconective
!�+

by
+Zª°UÔ+Zª°U

.

Theorem 5.9 Let 7 bea nestedrevisionprogram.ThenÉ is a 7 -justifiedrevisionof O if andonly

if É is ananswersetfor
+«f ���
7y� .

Proof.

Theproof is basedon thefollowing lemma.

Lemma 5.1 Let   be a coherent setof literals, ² vï  . Let
s

be a formula (in revision pro-

grammingsence).Then² Ð N s ÿ � Ë ´ Z � if andonly if ² � Ð N +«f ��� s � ´ Z .
Proofby inductionon thedepthof theformula

s
. Ï

Proofof thetheorem:

�Yø$� Assumethat É is ananswersetfor
+Zf �Ô��7'� . It meansthat É is aminimalsetof literalsclosed

under
+«f ���
7y� Ì . By the lemma, ; !Y+ �
���2¯è� ¡ Éy> is closedunder 7 ÿ � Ë ´w� . To show that É is a

7 -justifiedrevisionof O we needto show that ; !Y+ �����K¯�� ¡ Éy> is minimal setthatis closedunder

7 ÿ � Ë ´w� .
Assumethe contrary. Let

oyx ; !�+ �����Ü¯�� ¡ Éy> be closedunder 7 ÿ � Ë ´w� . Then
o � x É . By

Lemma5.1,
o � is closedunder

+«f ���
7y� Ì . Contradiction.

�Yù$� Similarly to thepreviouscase. Ï
The following exampleillustratesa possibleuseof unary connective

!Y+
in nestedrevision

programs.

Example5.2 Considernestedrevision programs73NP; !Y+ � � ���@> and 7 ¦ NP; !Y+ � !Y+ � � ���è�@> . It is

easyto seethateverydatabasehasa 7 -justifiedrevision. However, only databaseswhich contain� havea 7 ¦ -justifiedrevision.



Chapter 6

Annotated Revision programs

This chapterstudiesannotatedrevisionprograms.Theresultsfrom thischapterwerepublishedin

[17], [19].

6.1 Intr oducingannotations.

Wewill startwith examplesthatillustratethemainnotionsandapossibleuseof annotatedrevision

programming.Formaldefinitionswill follow.

Example6.1 A groupof expertsis aboutto discussa certainproposalandthenvotewhetherto

acceptor reject it. Eachpersonhasan opinion on the proposalthat may be changedduring the

discussionasfollows:

- any personcanconvinceanoptimistto votefor theproposal,

- any personcanconvincea pessimistto voteagainsttheproposal.

Thegroupconsistsof two optimists(Ann andBob) andonepessimist(Pete).We wantto beable

to answerthefollowing question:giveneverybody’sopinionon thesubjectbeforethediscussion,

whatarethepossibleoutcomesof thevote?

Assumethat beforethe vote Peteis for the proposal,Bob is against,andAnn is indifferent

(hasno argumentsfor andno argumentsagainsttheproposal).This situationcanbedescribedby

assigningto atom“ ��È�È ` � U ” theannotation&�;=7 `�U�` >F��;=¼ ª ��>g) , wherethefirst elementof thepair is

thesetof expertswho have argumentsfor theacceptanceof theproposalandthesecondelement

is the set of expertswho have argumentsagainstthe proposal. In the formalismof annotated

revisionprograms,asproposedby Fitting in [9], this initial situationis describedby a functionthat

assignsto eachatomin thelanguage(in thisexamplethereis only oneatom)its annotation.In our

example,this functionis givenby: ¼aÊ=���FÈ�È ` � U �KNz&�;=7 `�U�` >F��;=¼ ª ��>g) . (Let usmentionherethat in

general,thesetsof expertsin anannotationneednot bedisjoint. An expertmayhave arguments

for andagainsttheproposalat thesametime. In suchacasetheexpertis contradictory.)

79
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The ways in which opinionsmay changearedescribedby the following annotatedrevision

rules:

� in ���FÈ�È ` � U �&¯ ;°® +R+ >I��� � in ���FÈ�È ` � U �&¯ ;=¼ ª ��>I�
� in ���FÈ�È ` � U �&¯ ;°® +R+ >I��� � in ���FÈ�È ` � U �&¯ ;=7 `�U�` >I�
� in ���FÈ�È ` � U �^¯ ;=¼ ª ��>I��� � in ���FÈ�È ` � U �&¯ ;°® +R+ >I�
� in ���FÈ�È ` � U �^¯ ;=¼ ª ��>I��� � in ���FÈ�È ` � U �&¯ ;=7 `�U�` >I�

� out ���FÈ�È ` � U �^¯ ;=7 `�U�` >I��� � out ���FÈ�È ` � U �&¯ ;°® +R+ >I�
� out ���FÈ�È ` � U �^¯ ;=7 `�U�` >I��� � out ���FÈ�È ` � U �&¯ ;=¼ ª ��>I�

The first rule meansthat if Bob acceptsthe proposal,thenAnn shouldacceptthe proposal,too,

sinceshewill beconvincedby Bob. Similarly, thesecondrule meansthat if Petehasarguments

for the proposal,thenhe will be ableto convince Ann. Thesetwo rulesdescribeAnn beingan

optimist.Theremainingrulesfollow asBob is anoptimistandPeteis apessimist.

Possibleoutcomesof thevotearegivenby justifiedrevisions. In this particularcasethereare

two justifiedrevisionsof theinitial database¼CÊ . They are ¼BÌ��
�FÈ�È ` � U ��N{&�;°® +Z+ ��¼ ª �g��7 `�U�` >F�F;->g)
and ¼ ¦Ì �
�FÈ�È ` � U �:N|&&;->F��;=¼ ª �°��7 `�U�` >g) . The first onecorrespondsto the casewhenthe proposal

is accepted(Ann, Bob andPeteall votedfor). This outcomehappensif PeteconvincesBob and

Ann to vote for. The secondrevision correspondsto the casewhenBob andPetevotedagainst

theproposal(Ann remainedindifferentanddid notvote).Thisoutcomehappensif Bobconvinces

Peteto changehisopinion. Ï
Remark 6.1 It is possibleto rewrite annotatedrevisionrulesfromExample6.1asordinary revi-

sionrules(withoutannotations)if weuseatoms“ �FÈ�È ` � U ® +R+ ”, “ �FÈ�È ` � U ¼ ª � ”, and“ ��È�È ` � U 7 `�U�` ”.
However, ordinary revision programsdo not deal with inconsistentor not completelydefined

databases.In particular, we will not be able to expressthe fact that initially Ann hasno argu-

mentsfor andnoargumentsagainsttheproposalin Example6.1.

In the next exampleannotationsarenumbersfrom
�

to
�

representingdifferentdegreesof a

particularquality.
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Example6.2 Assumethattherearetwo sourcesof light: � and � . Eachof themmaybeeitherOn

or Off. They areusedto transmittwo signals.Thefirst signalis a combinationof � beingOn and

� beingOff. Thesecondsignalis acombinationof � beingOff and � beingOn.

The sources� and � are locatedfar from an observer. Suchfactorsas light pollution and

dustmay affect the perceptionof signals. Therefore,the observed brightnessof a light source

differsfrom its actualbrightness.Assumethatbrightnessis measuredonascalefrom 0 (complete

darkness)to 1 (maximalbrightness).Theactualbrightnessof a light sourcemaybeeither
�

(when

it is Off), or
�

(whenit is On).

Initial database¼aÊ representsobservedbrightnessof sources.For example,if observedbright-

nessof source� is º (
�Ä� º �Á�

), then ¼aÊ=����� N}&Yº�� � ü º*) . We maythink of thefirst andthe

secondelementsin thepair &Yº�� � ü º$) asdegreesof brightnessanddarknessof thesourcerespec-

tively. Thetaskis to infer actualbrightnessfrom observedbrightness.Thus,revisionof theinitial

databaseshouldrepresentactualbrightnessof sources.

Supposewe know that dustin the air cannot reducebrightnessby morethan
� �û� . Then,we

cansafelypresumethata light sourceis On if its observedbrightnessis
� ��~ or more.Assumealso

thatlight pollutioncannotcontributemorethan
� �ßÝ . Thatis, if observeddarknessof asourceis at

least
� � T , the light mustbeOff. This informationtogetherwith the fact thatonly two signalsare

possible,mayberepresentedby thefollowing annotatedrevisionprogram7 :

� in �
���^¯ � ��� � in �����^¯ � �3~-���°� out �����^¯ � � T �
� out �
���^¯ � ��� � in �����^¯ � �3~-���°� out �����^¯ � � T �
� in �
���^¯ � ��� � in �����^¯ � �3~-���°� out �����&¯ � � T �
� out �
���^¯ � ��� � in �����^¯ � �3~-���°� out �����&¯ � � T �

Thefirst two rulesstatethat if thebrightnessof � is at least
� ��~ anddarknessof � is at least

� � T ,
thenbrightnessof � is

�
(thefirst rule) anddarknessof � is

�
(thesecondrule). This corresponds

to thecasewhenthefirst signalis transmitted.Similarly, thelasttwo rulesdescribethecasewhen

thesecondsignalis transmitted.

Let observedbrightnessof � and � be
� � à and

� �3� respectively. Thatis, ¼aÊ=������N�& � � à � � �ûâ�) and

¼aÊ=�
����N�& � �3��� � � � ) . Then, 7 -justifiedrevision of ¼aÊ is theactualbrightness.It is ¼BÌ��
����NJ& � � � ) ,
and ¼BÌ�������N{& � � � ) . Ï
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Now letusmoveonto formaldefinitions.Let 	 beafixeduniversewhoseelementsarereferred

to asatoms. In Example6.1 	TNP;=�FÈ�È ` � U > . In Example6.2 	µNÓ;=������> . Expressionsof theform

in �
��� andout ����� , where� ¡ 	 , arecalledrevisionatoms. Revisionatomsareassignedannotations.

Theseannotationsaremembersof a completeinfinitely distributive lattice with the de Morgan

complement(anorderreversinginvolution). We denotethis latticeby � . Thepartialorderingon� is denotedby
�

andthecorrespondingmeetandjoin operationsby � and � , respectively. The

deMorgancomplementof � ¡ � is denotedby � . Let usrecall that it satisfiesthefollowing two

laws(thedeMorganlaws):

�>�Q�¾N �>� �°� �N�Q�¾N �N� �°�
In Example6.1, � is thesetof subsetsof theset ;°® +R+ ��¼ ª �g��7 `�U�` > , with v astheorderingrelation,

andtheset-theoreticcomplementasthedeMorgancomplement.In Example6.2, ��N�� � � ��� with

theusualordering;thedeMorgancomplementof º is
� ü º .

An annotatedrevisionatomis anexpressionof theform � in �����^¯ º�� or � out �
���&¯ º�� , where� ¡ 	
and º ¡ � . An annotatedrevisionrule is anexpressionof theform

�©� � ���������� � ���
where� , � ���������� � � areannotatedrevisionatoms.An annotatedrevisionprogramis a setof anno-

tatedrevisionrules.

A � -valuationis a mappingfrom the setof revision atomsto � . A � -valuation Æ describes

our informationaboutthe membershipof the elementsfrom 	 in some(possiblyunknown) set

¼�v�	 . For instance,ÆZ� in �
���l�aNÓº canbe interpretedassayingthat � ¡ ¼ with certainty º . A� -valuationÆ satisfiesanannotatedrevisionatom � in �����&¯ º�� if ÆZ� in �
���l� � º . Similarly, Æ satisfies

� out �����^¯ º�� if ÆR� out ������� � º . The � -valuationÆ satisfiesa list or asetof annotatedrevisionatoms

if it satisfieseachmemberof thelist or theset.A � -valuationsatisfiesanannotatedrevision rule

if it satisfiestheheadof therule whenever it satisfiesthebodyof therule. Finally, a � -valuation

satisfiesan annotatedrevision program(is a modelof the program)if it satisfiesall rulesin the

program.

Given an annotatedrevision program 7 we canassignto it an operatoron the setof all � -

valuations. Let
U � �
Æ�� be the setof the headsof all rules in 7 whosebodiesaresatisfiedby a
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� -valuationÆ . Wedefineanoperatorn � asfollows:

n � �
Æ���� f �qN���;=ºKÐú� f ¯ º�� ¡ U � �hÆ���>
Here �<u is thejoin of thesubsetu of thelattice(notethat q is thejoin of anemptysetof lattice

elements).Theoperatorn � is acounterpartof thewell-known vanEmden-Kowalskioperatorfrom

logic programming.

It is clearthatunder� -valuations,theinformationaboutanelement� ¡ 	 is givenby apairof

elementsfrom � thatareassignedto revisionatomsin ����� andout �
��� . Thus,wewill alsoconsider

analgebraicstructure� � with thedomain���E� andwith anordering
� E definedby:

&Yº���('Zn) � E�&�º � �(' � ) if ºq � º � and 'Z � ' � �
If a pair &Yºq���'Zn) is viewedasa measureof our informationaboutmembershipof � in someun-

known set ¼ then º� � º � and 'Z � ' � imply that thepair &Yº � ��' � ) representshigherdegreeof

knowledgeabout � . Thus,the ordering
� E is often referredto asthe knowledge or information

ordering.Sincethelattice � is completeanddistributive, � � is acompletedistributivelatticewith

respectto theordering
� E .

Remark 6.2 There is anotherorderingthatcanbeassociatedwith � � . Wecandefine&�ºq���'Zn) � 	&Yº � �(' � ) if ºq � º � and 'Z � ' � . This ordering is oftencalled the truth ordering. Since � is

a completedistributive lattice, � � with both orderings
� E and

� 	 formsa completedistributive

bilattice (see[11, 8] for a definition). However wewill not usetheordering
� 	 nor the fact that��� is a bilattice.

Theoperationsof meet,join, top, andbottomunder
� E aredenoted� , À , r , and q , respec-

tively. In addition,we make useof theconflationoperation.Conflationis definedas ü &Yºè�('�)§N& 'q� º*) . An element® ¡ � � is consistentif ® � E ü ® . In otherwords,anelement&Yº��('�) ¡ � � is

consistentif º is smallerthanor equalto thecomplementof ' (theevidence“for” is lessthanor

equalthanthecomplementof theevidence“against”)and ' is smallerthanor equalto thecom-

plementof º (the evidence“against” is lessthanor equalthanthe complementof the evidence

“for”).

TheconflationoperationsatisfiesthedeMorganlaws:

ü �n&Yºè��'*)ÀH&h¶¬�(�])��qN ü &�ºè�('�)�� ü &
¶��v�])��
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ü �n&Yºè��'*)��H&h¶¬�(�])��qN ü &�ºè�('�)À ü &
¶��v�])��
whereº��('���¶��v� ¡ � .

A � � -valuationis a mappingfrom atomsof theuniverseto elementsof � � . If ¼t�
���¾N�&Yºè��'*)
undersome� � -valuation ¼ , we saythatunder ¼ theatom � is in a setwith certainty º andit is

not in the setwith certainty ' . We saythata � � -valuationis consistentif it assignsa consistent

elementof ��� to everyatomin 	 .

We will use � � -valuationsto representcurrentinformationaboutsets(databases)aswell as

thechangethatneedsto beenforced.Let ¼ bea � � -valuationrepresentingour knowledgeabout

a certainsetandlet Ç bea � � -valuationrepresentingchangethatneedsto beappliedto ¼ . We

definetherevisionof ¼ by Ç , say ¼ ¦ , by

¼ ¦ NÓ��¼�� ü Çy�À�Ç �
The intuition is asfollows. After the revision, the new valuationmustcontainat leastasmuch

knowledgeaboutatomsbeingin andout as Ç . On theotherhand,thisamountof knowledgemust

not exceedimplicit boundspresentin Ç andexpressedby ü Ç , unlessÇ directly impliesso. In

otherwords,if Ç6�����aNy&Yº��('�) , thenevidencefor in ����� mustnot exceed �' unlessº � �' , andthe

evidencefor out ����� mustnot exceed �º unless' � �º . Sincewe preferexplicit evidenceof Ç to

implicit evidenceexpressedby ü Ç , we performthechangeby first using ü Ç andthenapplying

Ç . However, let us noteherethat the ordermattersonly if Ç is inconsistent;if Ç is consistent,

��¼�� ü Ç'��À2ÇPN3��¼zÀÂÇ'��� ü Ç . Thisspecificationof how thechangemodeledby a � � -valuation

is enforcedplaysakey role in thedefinitionof justifiedrevisionsin Section6.3.1.

Example6.3(continuation of Example6.1) In Example6.1, ¼aÊ hastwo revisions.Thefirst one,

¼BÌ , is therevision of ¼aÊ by Ç , where Ç6���FÈ�È ` � U �BN�&�;°® +R+ ��¼ ª ��>F��;->g) . We have ü Ç©�
�FÈ�È ` � U �BN&�;°® +Z+ ��¼ ª �g��7 `�U�` >F��;=7 `�U�` >g) . Thus, �
¼aÊN� ü Ç'���
��È�È ` � U �LN &&;=7 `�U�` >F��O2) , and ���
¼aÊw� ü Ç'�KÀÇ'�����FÈ�È ` � U ��N{&�;°® +R+ ��¼ ª �g��7 `�U�` >F��O2)qNx¼BÌ����FÈ�È ` � U � .
Thesecondrevision, ¼ ¦Ì , is therevisionof ¼aÊ by Ç ¦ , whereÇ ¦ �
��È�È ` � U ��N�&�;->F��;=7 `�U�` >g) . Ï
Thereis a one-to-onecorrespondence� between� -valuations(of revision atoms)and �'� -

valuations(of atoms). For a � -valuation Æ , the � � -valuation ���
Æ�� is definedby: ���
Æ����
���)N&�ÆR� in ����������ÆR� out �������n) . The inversemappingof � is denotedby � �� . By using the mapping � ,
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thenotionsof satisfactiondefinedearlierfor � -valuationscanbeextendedto � � -valuations.Sim-

ilarly, theoperatorn � givesriseto a relatedoperatorn �� . Theoperatorn �� is definedon thesetof

all � � -valuationsby n �� Nu���en � ��� �� . Thekey propertyof theoperatorn �� is its
� E -monotonicity.

Theorem 6.1 Let 7 be an annotatedrevision program and let ¼ and ¼ ¦ be two � � -valuations

such that ¼ � EK¼ ¦ . Then,n �� �
¼:� � E¾n �� ��¼ ¦ � .
By theTarski-KnasterTheorem[31] it follows that theoperatorn �� hasa leastfixpoint in � �

(seealso[13]). This fixpoint is ananalogueof theconceptof a leastHerbrandmodelof a Horn

program. It representsthe setof annotatedrevision atomsthat areimplied by the programand,

hence,must be satisfiedby any revision under 7 of any initial valuation. Given an annotated

revision program7 we will refer to the leastfixpoint of theoperatorn �� asthenecessarychange

of 7 andwill denoteit by ²ÂÇ©�
7y� . Thepresentconceptof thenecessarychangegeneralizesthe

correspondingnotionintroducedin Section2.4for theoriginalunannotatedrevisionprograms.

For illustrationpurposeswe will considertwo speciallattices. Thefirst of themis the lattice

with thedomain � � � ��� (interval of reals),with thestandardordering
�

, andthestandardcomple-

mentoperation �ºLN � ü º . We will denotethis latticeby ��� p Ë @� . Intuitively, theannotatedrevision

atom � in ������¯ ?R� , where? ¡ � � � ��� , standsfor thestatementthat � is “in” with likelihood(certainty)? .
Thesecondlatticeis theBooleanalgebraof all subsetsof a givenset u . It will bedenotedby� · . We will think of elementsfrom u asexperts.Theannotatedrevisionatom � out �����&¯ �0� , where

�ïv³u , will beunderstoodassayingthat � is believedto be“out” by thoseexpertsthatarein �
(theatom � in �����^¯ �:� hasasimilarmeaning).

6.2 Modelsand s-models

Thesemanticsof annotatedrevisionprogramswill bebasedonthenotionof amodel,asdefinedin

theprevioussection,andon its refinements.Thefirst two resultsdescribesomesimpleproperties

of modelsof annotatedrevision programs.Thefirst of themcharacterizesmodelsin termsof the

operatorn �� .

Theorem 6.2 Let 7 beanannotatedrevisionprogram.A � � -valuation¼ is amodelof 7 (satisfies

7 ) if andonly if ¼ � E¾n �� ��¼:� .
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Modelsof annotatedrevision programsareclosedundermeets.This propertyis analogousto

a similar propertyholdingfor modelsof Horn programs.Indeed,since ¼ ��$¼ � � E ¼C� , ! N � ��� ,
and n �� is

� E -monotone,by Theorem6.2weobtain

n �� �
¼5���¼ � � � E¾n �� ��¼K�h� � E¢¼K�^� ! N � �����
Consequently,

n �� ��¼ ���¼ � � � EK¼5��Í¼ � �
Thus,againby Theorem6.2,weobtainthefollowing result.

Corollary 6.1 Themeetof twomodelsof anannotatedrevisionprogram 7 is alsoa modelof 7 .

Given an annotatedrevision program 7 , its necessarychange²QÇ6��7'� satisfies²ÂÇ©�
7y�zN
n �� ��²ÂÇ©�
7y�l� . Hence,²QÇ6��7'� is amodelof 7 .

As we will now argue,not all modelsareappropriatefor describingthemeaningof ananno-

tatedrevision program.Theproblemis that �'� -valuationsmaycontaininconsistentinformation

aboutelementsfrom 	 . Whenstudyingthemeaningof anannotatedrevisionprogramwe will be

interestedin only thosemodelswhoseinconsistenciesarelimited to thoseexplicitly or implicitly

supportedby theprogramandby themodelitself.

Considertheprogram7SNS;�� in �
���&¯ ; � >I���@> (wheretheannotation; � > comesfrom thelattice� \ k Ë # c ). Thisprogramassertsthat � is “in”, accordingto expert � . By theclosedworld assumption,

it alsoimpliesanupperboundfor theevidencefor out �
��� . In this casetheonly expert thatmight

possiblybelievein out ����� is � (this is to saythatexpert � doesnotbelieve in out ����� ). Observethat

a � � -valuation¼ , suchthat ¼t�����èN�&�; � >F��; � >g) is a modelof 7 but it doesnot satisfytheimplicit

boundonevidencefor out �
��� .
Let 7 beanannotatedprogramandlet ¼ bea � � -valuationthatis amodelof 7 . By theexplicit

evidencewemeanevidenceprovidedby headsof programrulesapplicablewith respectto ¼ , that

is with bodiessatisfiedby ¼ . It is n �� �
¼:� . The implicit informationis givenby a versionof the

closedworld assumption:if themaximumevidencefor a revisionatom
f
providedby theprogram

is º , thenthe evidencefor the dual revision atom
f » (out �
��� , if

f N in �
��� , or in �
��� , otherwise)

mustnot exceed �º (unlessexplicitly forcedby theprogram).Thus,theimplicit evidenceis given

by ü n �� ��¼:� . Hence,a model ¼ of a program7 containsno moreevidencethanwhat is directly
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implied by 7 given ¼ andwhat is indirectly implied by 7 given ¼ if ¼ � E§n �� ��¼��¬ÀT� ü n �� ��¼:�l�
(sincethedirectevidenceis givenby n �� ��¼�� andtheimplicit evidenceis givenby ü n �� ��¼:� ). This

observationleadsusto a refinementof thenotionof amodelof anannotatedrevisionprogram.

Definition 6.1 Let 7 bean annotatedrevisionprogramandlet ¼ bea ��� -valuation.We saythat

¼ is ans-modelof 7 if

n �� �
¼:� � EK¼ � E¾n �� �
¼:�ÔÀ³� ü n �� ��¼:�l��� �
The “s” in the term“s-model” standsfor “supported”andemphasizesthat inconsistenciesin

s-modelsarelimited to thoseexplicitly or implicitly supportedby theprogramandthemodelitself.

Clearly, by Theorem6.2,ans-modelof 7 is amodelof 7 . In addition,it is easyto seethatthe

necessarychangeof anannotatedprogram7 is ans-modelof 7 (it followsdirectly from thefact

that ²ÂÇ©�
7y��N"n �� �
²QÇ6��7'����� .
Thedistinctionbetweenmodelsands-modelsappearsonly in thecontext of inconsistentinfor-

mation.Thisobservationis formally statedbelow.

Theorem 6.3 Let 7 beanannotatedrevisionprogram.A consistent��� -valuation ¼ is ans-model

of 7 if andonly if ¼ is a modelof 7 .

Proof.

�Yø$� Let ¼ be an s-modelof 7 . Then, n �� ��¼�� � E.¼ � E�n �� ��¼���À�� ü n �� ��¼���� . In particular,

n �� ��¼:� � E¢¼ and,by Theorem6.2, ¼ is amodelof 7 .

�Yù$� Let ¼ satisfy 7 . FromTheorem6.2we have n �� �
¼:� � E ¼ . Hence,ü ¼ � E ü n �� ��¼:� . Since

¼ is consistent,¼ � E ü ¼ . Therefore,

n �� ��¼:� � EK¼ � E ü ¼ � E ü n �� ��¼:���(6.1)

It followsthat n �� ��¼:� � E ü n �� ��¼:� and n �� ��¼:�Àx� ü n �� �
¼:���qN ü n �� ��¼:� . By (6.1),weget

n �� ��¼:� � E¢¼ � E¾n �� �
¼:�ÀS� ü n �� ��¼:�l�
andtheassertionfollows. Ï

Someof thepropertiesof ordinarymodelshold for s-models,too. For instance,thefollowing

theoremshows thatans-modelof two annotatedrevisionprogramsis ans-modelof theirunion.
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Theorem 6.4 Let 7q , 7 � be annotatedrevision programs. Let ¼ be an s-modelof 7q and an

s-modelof 7 � . Then,¼ is ans-modelof 7q«9Q7 � .
Proof.

Clearly, ¼ is amodelof 7q«9Q7 � . Thatis,

n �� ò [ � ô ��¼�� � EK¼©�(6.2)

It is easyto seethat n �� ò [ � ô ��¼���N$n �� ò ��¼:�À<n �� ô �
¼:� . Hence,by thedeMorganlaw,

ü n �� ò [ � ô ��¼:�qN ü n �� ò ��¼:��� ü n �� ô ��¼:���
By thedefinitionof ans-model:

n �� ò �
¼:� � EK¼ � E¢n �� ò �
¼:�À ü n �� ò �
¼:� , and

n �� ô �
¼:� � E¢¼ � E¾n �� ô ��¼��À ü n �� ô ��¼����
Therefore,by thedistributivity of latticeoperationsin � � ,

¼ � Ey�Mn �� ò ��¼:�À ü n �� ò ��¼:�l���³�hn �� ô ��¼��À ü n �� ô ��¼�����N
NP�Mn �� ò ��¼:���S�Mn �� ô ��¼:�ÔÀ ü n �� ô ��¼:�l���ÀS� ü n �� ò ��¼:���S�Mn �� ô ��¼:�ÔÀ ü n �� ô ��¼:�l��� � E� E¾n �� ò ��¼���Àx� ü n �� ò �
¼:���S�hn �� ô �
¼:�À ü n �� ô �
¼:���l�qN

N"n �� ò �
¼:�À³� ü n �� ò ��¼:���én �� ô �
¼:���ÀS� ü n �� ò ��¼���� ü n �� ô ��¼���� � E� E¾n �� ò ��¼:�Àén �� ô �
¼:�À ü n �� ò [ � ô ��¼���N$n �� ò [ � ô �
¼:�À ü n �� ò [ � ô ��¼����
In otherwords,

¼ � E¾n �� ò [ � ô �
¼:�À ü n �� ò [ � ô ��¼����(6.3)

From(6.2)and(6.3) it follows that ¼ is ans-modelof 7�9Â7 � . Ï
Not all of thepropertiesof modelsholdfor s-models.For instance,thecounterpartof Corollary

6.1doesnot hold. Thefollowing exampleshows that themeetof two s-modelsis not necessarily

ans-model.
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Example6.4 Considerthelattice � \ k Ë # c . Let 7 beanannotatedprogramconsistingof thefollow-

ing rules:

� in �����&¯ ;��«>I��� � in �
���^¯ ;��«>I�
� out �����&¯ ;��«>I���
� in �����&¯ ;��«>I��� � out �
���^¯ ;��«>I�

Let ¼  and ¼ � bedefinedasfollows.

¼5��
���qN�&�;��«>F��;��Z>g)�� ¼5�������N{&�;��Z>F��O2)�Ú
¼ � �
���qN�&�;��«>F��;��Z>g)�� ¼ � ������N{&YO?��;��«>g)��

Let usshow that ¼  is ans-modelof 7 . Indeed,

n �� �
¼5l��������N{&�;��«>F��;��«>g)�� n �� ��¼5���������N{&YO?��O2)��
Hence,

ü n �� ��¼ ���������N{&&; � >F��; � >g)�� ü n �� �
¼5����
����N�&�;��� � >F��;��� � >g)��
Therefore,

n �� ��¼5�������� � EC¼ ������ � E5�Mn �� �
¼5��À ü n �� �
¼5l�l��������� and

n �� �
¼5l���
��� � EK¼5��
��� � E'�hn �� ��¼5���À ü n �� ��¼5������
�����
In otherwords, ¼5 is ans-modelof 7 . Similarly, ¼ � is ans-modelof 7 . However, ¼5B�<¼ � is not

ans-modelof 7 . Indeed,

��¼5��Í¼ � ��������N{&�;��«>F��;��«>g)�� ��¼5���¼ � ��������N�&YO?��O2)��
Then,

n �� �
¼5��<¼ � ���
���qN{&YO?��;��«>g)�� n �� ��¼ ���¼ � ��������N�&YO?��O2)�� and

ü n �� �
¼5���¼ � ���
���qN{&�; � >F��;��� � >g)�� ü n �� ��¼ ���¼ � ��������N{&&;��� � >F��;��� � >g)��
Hence,

��¼5��Í¼ � �������§£� E5�Mn �� �
¼5��Í¼ � �À ü n �� �
¼5��Í¼ � ���������qN�&�; � >F��;��� � >g)��
Therefore,¼ ���¼ � is notans-modelof 7 . Ï
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In thisexampleboth ¼5 and ¼ � , aswell astheirmeet¼5��Û¼ � areinconsistent.For ¼5 and ¼ �
therearerulesin 7 thatexplicitly imply their inconsistencies.However, for ¼5��Û¼ � thebodiesof

theserulesareno longersatisfied.Consequently, the inconsistency in ¼ *�,¼ � is not implied by

7 . Thatis, ¼5��Í¼ � is notans-modelof 7 .

Let usnow investigatewhathappenswhenwe addto anannotatedrevision program7 a ruleX NÓ� f ¯ º��q� � f ¯ º�� (here
f
is arevisionatom,º is anannotation).Unlikeordinaryrevisionprograms

whereeverydatabaseis a modelof a ruleof theform
f � f

, not every � � -valuationis ans-model

of
X
. Therefore,addingsucha rule may affect the setof s-modelsof the program. On the one

hand,rule
X

by imposinganadditionalimplicit boundon
f » maygive riseto a situationwhenan

s-modelof 7 is notans-modelof 7.9s; X > (Case1 of Example6.5).Ontheotherhand,rule
X

may

provideadditionalexplicit evidencefor
f
thatresultsin a situationwhenans-modelof 7�9�; X > is

notans-modelof 7 (Case2 of Example6.5).

Example6.5 Let 	æNÁ;=�?> andthe latticeof annotationsbe � \ k Ë # c . Let ¼t�����§N}&&;��«>F��;��«>g) . LetX N � in �
���^¯ ;��«>I��� � in �
���^¯ ;��«>I� .
1. Let 7 N ;-> . Then, n �� �
¼:���
���éN &YO?��O2) , and ü n �� ��¼:�������ÍN &�;��«� � >F��;��� � >g) . Hence,

n �� ��¼�������� � E ¼t�
��� � EBn �� ��¼:��������ÀT� ü n �� �
¼:��������� . Thus, ¼ is ans-modelof 7 . However,

¼ is not ans-modelof 7,9Û; X > . Indeed,n �� []\ 
 c �
¼:���
���aNy&�;��«>F��O2) , and ü n �� []\ 
 c ��¼:�������aN&�;��«� � >F��; � >g) . Hence,¼t�
���s£� Eyn �� []\ 
 c ��¼:��������À3� ü n �� [g\ 
 c ��¼������
���BN�&&;��� � >F��; � >g) . There-

fore, ¼ is not ans-modelof 7$9z; X > .
2. Let 7SNT;5� out �
���^¯ ;��«>I��� > . Thenit is easyto seethat ¼ is notans-modelof 7 . However,

¼ is ans-modelof 7$9z; X > . Ï
Remark 6.3 Let us notethat addingrule

X N¥� f ¯Yº��0� � f ¯Yº�� to 7 hasno effect on consistent

modelsof 7 . Indeed,let ¼ bea consistentmodelof 7 . Clearly, ¼ is a modelof ; X > . Hence, by

Theorem6.3, ¼ is ans-modelof 7 , andans-modelof ; X > . Therefore, Theorem6.4impliesthat ¼
is ans-modelof 7Í9�; X > .
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6.3 Justified revisionsof annotatedrevision programs.

6.3.1 Definition.

In this section,we will extendto thecaseof annotatedrevision programsthenotionof a justified

revision introducedfor revisionprograms(Section2.4).

Thereareseveralpropertiesthatonewouldexpectto holdwhenthenotionof justifiedrevision

is extendedto thecaseof programswith annotations.Clearly, theextendedconceptshouldspecial-

izeto theoriginaldefinitionif annotationsaredropped.Next, mainpropertiesof justifiedrevisions

studiedin [23, 18] shouldhave their counterpartsin the caseof justified revisionsof annotated

programs.In particular, justifiedrevisionsof anannotatedrevision programshouldbemodelsof

theprogram.

Thereisoneotherrequirementthatnaturallyarisesin thecontext of programswith annotations.

Considertwo annotatedrevision rules
X

and
X ¦ thatareexactly thesameexceptthat thebodyof

X
containstwo annotatedrevision atoms � f ¯�'Z�� and � f ¯�' � � , while thebodyof

X ¦ insteadof � f ¯�'Zl� and

� f ¯ ' � � containsannotatedrevisionatom � f ¯ 'Z�� ' � � .X N ������� �������°� f ¯ 'Zl�����������°� f ¯ ' � ���������X ¦ N �����F� �������g� f ¯ 'Z��¡' � ���������
Wewill referto thisoperationasthe join transformation.

It is clear, thata � � -valuation¼ satisfies� f ¯ 'Z�� and � f ¯ ' � � if andonly if ¼ satisfies� f ¯ 'Z�� ' � � .
Consequently, replacingrule

X
by rule

X ¦ (or vice versa)in anannotatedrevision programshould

have no effect on justified revisions. In fact, any reasonablesemanticsfor annotatedrevision

programsshouldbeinvariantundersuchoperation,andwewill referto thispropertyof asemantics

of annotatedrevisionprogramsasinvarianceunderjoin.

Now we introducethenotionof a justifiedrevisionof anannotatedrevisionprogramandcon-

trastit with anearlierproposalby Fitting [9]. In thefollowing sectionweshow thatourconceptof

a justifiedrevisionsatisfiesall therequirementslistedabove.

Let a ��� -valuation ¼aÊ representour currentknowledgeaboutsomesubsetof theuniverse	 .

Let anannotatedrevisionprogram7 describeanupdatethat ¼aÊ shouldbesubjectto. Thegoalis to

identify a classof � � -valuationsthatcouldbeviewedasrepresentingupdatedinformationabout
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the subset,obtainedby revising ¼CÊ by 7 . As arguedin [22, 23], eachappropriately“revised”

valuation¼aÌ mustbegroundedin 7 andin ¼aÊ , thatis, any differencebetween¼aÊ andtherevised� � -valuation¼BÌ mustbejustifiedby meansof theprogramandtheinformationavailablein ¼aÊ .
To determinewhether ¼aÌ is groundedin ¼aÊ and 7 , we usethe reductof 7 with respectto

thesetwo valuations.Theconstructionof thereductconsistsof two stepsandmirrorstheoriginal

definition of the reductof an unannotatedrevision program[23]. In the first step,we eliminate

from 7 all ruleswhosebodiesarenot satisfiedby ¼BÌ (their usedoesnot have an a posteriori

justificationwith respectto ¼BÌ ). In thesecondstep,we take into accounttheinitial valuation¼aÊ .
How canwe usetheinformationaboutthe initial � � -valuation ¼aÊ at this stage?Assumethat

¼aÊ providesevidenceº for a revision atom
f
. Assumealsothatanannotatedrevision atom � f ¯�'¬�

appearsin thebodyof a rule
X
. In orderto satisfythis premiseof therule, it is enoughto derive,

from theprogramresultingfrom step1, anannotatedrevision atom � f ¯ ¶«� , where º ��¶ � ' . The

leastsuchelementexists (dueto the fact that � is completeandinfinitely distributive). Let us

denotethis valueby pcomp�
ºè�('¬� . (Theoperationpcomp��¢H�h¢û� is known in thelatticetheoryasthe

relativepseudocomplement, see[27].)

Thus,in orderto incorporateinformationabouta revision atom
f

containedin the initial � � -
valuation ¼aÊ , which is givenby ºÍN���� �� �
¼aÊ������ f � , we proceedasfollows. In thebodiesof rules

of theprogramobtainedafterstep1, wereplaceeachannotatedrevisionatomof theform � f ¯ '�� by

theannotatedrevisionatom � f ¯pcomp��ºè��'��l� .
Now wearereadyto formally introducethenotionof reductof anannotatedrevisionprogram

7 with respectto thepair of � � -valuations,theinitial one, ¼aÊ , anda candidatefor a revisedone,

¼BÌ .

Definition 6.2 Thereduct7�ë�í�Ð ¼aÊ is obtainedfrom 7 by

1. removingeveryrule whosebodycontainsanannotatedatomthat is not satisfiedin ¼BÌ ,

2. replacingeach annotatedatom � f ¯ '¬� fromthebodyof each remainingrule by theannotated

atom � f ¯ ¶Z� , where ¶ÜN pcomp����� �� �
¼aÊ������ f ����'�� . �
We now definetheconceptof a justifiedrevision. Givenanannotatedrevisionprogram7 , we

first computethereduct 7�ë�í�Ð ¼aÊ of theprogram7 with respectto ¼aÊ and ¼BÌ . Next, we compute
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thenecessarychangefor thereducedprogram.Finally we apply this changeto the � � -valuation

¼aÊ . A � � -valuation ¼BÌ is a justifiedrevision of ¼aÊ if theresultof thesethreestepsis ¼BÌ . Thus

wehave thefollowing definition.

Definition 6.3 ¼BÌ isa 7 -justifiedrevisionof ¼aÊ if ¼BÌÜNÓ�
¼aÊ£� ü Ç'��À Ç , where Ç³Nx²QÇ6��7¬ë�í�Ð ¼CÊ��
is thenecessarychangefor 7�ë�í�Ð ¼aÊ . �

We will now contrastthis approachwith theoneproposedby Fitting in [9]. In orderto do so,

we recall the definitionsintroducedin [9]. The key differenceis in the way Fitting definesthe

reductof a program.Thefirst stepis thesamein bothapproaches.However, thesecondsteps,in

whichtheinitial valuationis usedto simplify thebodiesof therulesnoteliminatedin thefirst step

of theconstruction,differ.

Definition 6.4(Fitting) Let 7 be an annotatedrevision program and let ¼aÊ and ¼BÌ be � � -
valuations.The

s
-reductof 7 with respectto ��¼aÊg��¼BÌZ� (denoted7¥¤ë�í Ð ¼CÊ ) is definedasfollows:

1. Removefrom 7 everyrule whosebodycontainsan annotatedrevisionatomthat is not sat-

isfiedin ¼BÌ .

2. Fromthebodyof each remainingrule deleteanyannotatedrevisionatomthat is satisfiedin

¼aÊ . �
Thenotionof justifiedrevisionasdefinedby Fitting differsfrom ournotiononly in thatit uses

thenecessarychangeof the
s

-reduct(insteadof thenecessarychangeof thereductdefinedabove

in Definition 6.2). We call the justified revision basedon thenotionof
s

-reduct,the
s

-justified

revision.

In theremainderof this sectionwe show thatthenotionof the
s

-justifiedrevisiondoesnot in

generalsatisfysomebasicrequirementsthatwewouldlikejustifiedrevisionsto have. In particular,s
-justifiedrevisionsunderanannotatedrevisionprogram7 arenotalwaysmodelsof 7 .

Example6.6 Considerthelattice � \ k Ë # c . Let 7 beaprogramconsistingof thefollowing rules:

� in �
���&¯ ;��«>I��� � in �
���&¯ ;��� � >I� and � in �
���&¯ ; � >I�è�
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andlet ¼aÊ bea valuationsuchthat ¼aÊ=�����BN¦&YO?��O2) and ¼CÊ=�����§N�&&;��«>F��O2) . Let ¼aÌ bea valuation

givenby ¼aÌ��
����N�&YO?��O2) and ¼BÌ�������N�&�;��� � >F��O2) . Clearly, 7¥¤ë�í Ð ¼aÊ�Nx7 , and ¼BÌ is an
s

-justified

revisionof ¼aÊ (under7 ). However, ¼BÌ doesnot satisfy 7 . Ï
Thesemanticsof

s
-justifiedrevisionsalsofails to satisfytheinvarianceunderjoin property.

Example6.7 Let 7 bethesamerevisionprogramasbefore,andlet 7§¦ consistof therules

� in �����&¯ ;��«>I��� � in �����&¯ ;��«>I���°� in �����&¯ ; � >I� and � in �
���^¯ ; � >I���
Let theinitial valuation¼aÊ begivenby ¼CÊ]�
���qN�&YO?��O2) and ¼aÊI������N{&�;��«>F��O2) . Theonly

s
-justified

revision of ¼CÊ (under 7 ) is a � � -valuation ¼BÌ , where ¼BÌ������'N}&YO?��O2) and ¼aÌ������5N§&�;��� � >F��O2) .
The only

s
-justified revision of ¼aÊ (under 7 ¦ ) is a � � -valuation ¼ ¦Ì , where ¼ ¦Ì �����sN &�;��«>F��O2)

and ¼5¦Ì �����§N�&�;��� � >F��O2) . Thus,replacingin thebodyof a rule � in �
���g¯ ;��«� � >I� by � in ������¯ ;��«>I� and

� in �����^¯ ; � >I� affects
s

-justifiedrevisions. Ï
However, in somecasesthetwo definitionsof justifiedrevision coincide.Thefollowing theo-

remprovidesacompletecharacterizationof thosecases(let usrecallthata lattice � is linear if for

any two elementsºè��' ¡ � either º � ' or ' � º ).

Theorem 6.5
s

-justifiedrevisionsand justifiedrevisionscoincideif and only if the lattice � is

linear.

Proof.

�Yø$� Assumethat
s

-justifiedrevisionsandjustifiedrevisionscoincidefor a lattice � . Let º��(' ¡� . We will show that either º � ' or ' � º . Indeed,let 7 be annotatedrevision program

consistingof thefollowing rules.

� in �����^¯ º��è� � in �����^¯ ºL� '¬� and � in �����^¯ '¬���
Let ¼aÊ begivenby ¼CÊ=������N{&¨q:�©q�) and ¼aÊ=������N{&Yº��©q�) . Let ¼BÌ begivenby ¼BÌ��
����N{&Yºè�©q�) and

¼BÌ�������NJ&YºL�ª'��©q«) . It is easyto seethat ¼BÌ is a justifiedrevision of ¼aÊ (with respectto 7 ). By

ourassumption,¼BÌ is alsoan
s

-justifiedrevisionof ¼aÊ . Thereareonly two possiblecases.

Case1. º¡� ' � º . Then, ' � º .
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Case2. º>�w'$£� º . Then,7¥¤ë�í Ð ¼aÊ�N@7 . Let Ç³Nx²QÇ6��7¥¤ë�í Ð ¼CÊ�� . By thedefinitionof thenecessary

change,

Ç©�
����N,²QÇ6��7 ¤ë í Ð ¼aÊ���������N@²ÂÇ©�
7y��������N ñ &¨q0�vq«)�� when º¡�L'Í£� '&Yºè�©q�)�� when º¡�L' � ' .

By thedefinitionof an
s

-justifiedrevision, ¼BÌ�N���¼CÊd� ü Ç'��À"Ç . Fromthefactsthat ¼BÌ�������N&Yº��©q«) and ¼aÊ=������N{&�q0�©q�) it followsthat Ç©�
����N�&Yºè�©q�) . Therefore,it is thecasethat º«�5' � ' .

Thatis, º � ' .

�Yù$� Assumethatlattice � is linear. Then,for any ºè��' ¡ � ,

pcomp��º��('¬��N ñ q0� when º � '' otherwise(when º � ' ).

Let 7 beanannotatedrevision program.Let ¼CÊ and ¼BÌ beany � � -valuations.Let usseewhat

is thedifferencebetween7�ë�í¬Ð ¼aÊ and 7 ¤ë�í Ð ¼aÊ . Thefirst stepsin thedefinitionsof reductand
s

-

reductarethesame.During thesecondstepof thedefinitionof an
s

-reducteachannotatedatom

� f ¯ '¬� suchthat ' � ¼aÊ=� f � is deletedfrom bodiesof rules.In thesecondstepof thedefinitionof the

reductsuchannotatedatomis replacedby � f ¯ q'� . If '¬$¼aÊ=� f � , thenin thereduct7¬ë�í�Ð ¼CÊ annotated

atom � f ¯;'¬� is replacedby � f ¯ pcomp��¼CÊ=� f ���('¬�l�¾Næ� f ¯®'¬� , that is, it remainsasit is. In the
s

-reduct,

� f ¯Y'¬� alsoremainsin the bodiesfor '¯¬4¼aÊ=� f � . Thus,the only differencebetween7�ë�í�Ð ¼aÊ and

7¥¤ë�í Ð ¼aÊ is that bodiesof the rulesfrom 7¬ë�í¬Ð ¼aÊ may containatomsof the form � f ¯lq'� , wheref ¡ 	 , thatarenotpresentin thebodiesof thecorrespondingrulesin 7¥¤ë í Ð ¼aÊ . However, annotated

atomsof the form � f ¯"q5� arealwayssatisfied.Therefore,thenecessarychangesof 7¬ë í Ð ¼aÊ and

7 ¤ë�í Ð ¼aÊ , aswell asjustifiedand
s

-justifiedrevisionsof ¼aÊ coincide. Ï
Theorem6.5 explainswhy thedifferencebetweenthe justifiedrevisionsand

s
-justifiedrevi-

sionsis not seenwhenwe limit our attentionto revision programsasconsideredin [23]. Namely,

the lattice �5°�± N ;-²���³]> of booleanvaluesis linear. Similarly, the lattice of realsfrom the

interval � � � ��� is linear, andtherethedifferencescannotbeseeneither.

6.3.2 Properties.

In this sectionwe studybasicpropertiesof justified revisions. We show that key propertiesof

justifiedrevisionsin thecaseof revision programswithout annotationshave their counterpartsin

thecaseof justifiedrevisionsof annotatedrevisionprograms.
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First,we observe thatordinaryrevision programsasdefinedin Section2.4canbeencodedas

annotatedrevision programs(with annotationstakenfrom thelattice �o°�±4NÓ;-²���³]> ). Namely, a

revisionrule

�s� � �������� � �
(where� andall � � ’sarerevisionatoms)canbeencodedas

�Õ�?¯ ³=��� � � &¯ ³=�����������°� � �è¯ ³=�
We will denoteby 7 � theresultof applyingthis transformationto a revision program7 (rule by

rule). Second,let us representa setof atoms¼ by a �5°�± � -valuation ¼�´ asfollows: ¼«´]�
��� N&�³-��²-) , if � ¡ ¼ , and ¼ ´ �����qN�&�²]��³.) , otherwise.

Fitting [9] arguedthatundersuchencodingsthesemanticsof
s

-justifiedrevisionsgeneralizes

thesemanticsof justifiedrevisionsintroducedin [22]. Sincefor latticeswhoseorderingis linearthe

approachby Fitting andtheapproachpresentedin Section6.3.1coincide,andsincetheordering

of �5°�± is linear, the semanticsof justified revisionsdiscussedhereextendsthe semanticsof

justifiedrevisionsfrom [22]. Specifically, wehave thefollowing result.

Theorem 6.6 Let 7 be an ordinary revision program and let ¼aÊ and ¼BÌ be two setsof atoms.

Then,¼BÌ is a 7 -justifiedrevisionof ¼CÊ if andonly if thenecessarychangeof 7 �ë�µí Ð ¼ ´Ê is consistent

and ¼ ´Ì is a 7 � -justifiedrevisionof ¼ ´Ê .
Beforewe studyhow propertiesof justifiedrevisionsgeneralizeto thecasewith annotations,

weprove thefollowing auxiliary results.

Lemma 6.1 Let 7 beanannotatedrevisionprogram.Let ¼ bea �y� -valuation.Then²QÇ6��7�ë�Ð ¼:�qN
n �� ��¼:� .
Proof.

Theassertionfollowsfrom definitionsof anecessarychangeandoperatorn �� . Ï
Lemma 6.2 Let 7 bean annotatedrevisionprogram.Let ¼aÊ , ¼BÌ , and Ç be � � -valuations,such

that ¼BÌ � ¼aÊ�ÀÍÇ . Then,Ç satisfiesthebodiesof all rulesin 7�ë í Ð ¼aÊ .
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Proof.

Let
X ¦ ¡ 7�ë�í�Ð ¼aÊ . Let � f ¯ ¶«� beanannotatedrevisionatomfrom thebodyof

X ¦ . Let ��� �� ��¼aÊ��l��� f ��N
º . By thedefinitionof thereduct,

X ¦ wasobtainedfrom somerule
X ¡ 7 , suchthat thebodyof

X
is satisfiedby ¼BÌ , and ¶LN pcomp�
ºè�('¬� , where � f ¯1'¬� is in thebodyof

X
. Sincethebodyof

X
is

satisfiedby ¼BÌ , wehave ' � ��� �� ��¼BÌZ����� f � . From ¼BÌ � EK¼aÊ�À�Ç it followsthat

��� �� �
¼BÌZ�l��� f � � ��� �� ��¼CÊ�ÀÍÇ'����� f ��N
NÓ��� �� ��¼CÊ������ f ���Û��� �� ��Ç'����� f ��N@º¡�Û��� �� �
Çy�l��� f ���

Combiningthis inequalitywith our previous observation that ' � ��� �� �
¼BÌ«�l��� f � , we get ' �
ºE�)��� �� �
Çy�l��� f � . By thedefinitionof pcomp��ºè��'�� , we get ¶ � ��� �� ��Ç'����� f � . That is, Ç satisfies

� f ¯-¶Z� . Since � f ¯-¶«� wasarbitrary, Ç satisfiesall annotatedrevisionatomsin thebodyof
X ¦ . As

X ¦
wasanarbitraryrule from 7�ë�í�Ð ¼aÊ , weconcludethat Ç satisfiesthebodiesof all rulesin 7¬ë�í¬Ð ¼aÊ .
Ï
Lemma 6.3 Let ¼BÌ bea 7 -justifiedrevisionof ¼aÊ . Then,²ÂÇ©�
7�ë�í�Ð ¼aÊ���N"n �� ��¼aÌ«� .
Proof.

By thedefinitionof a justifiedrevision ¼BÌÜNÓ�
¼aÊ*� ü Ç'�«ÀÍÇ , whereÇµN,²QÇ6��7¬ë�í�Ð ¼CÊ�� . Hence,

¼BÌ � ¼aÊqÀ,Ç . By Lemma6.2, Ç satisfiesthebodiesof all rulesin 7�ë�í�Ð ¼aÊ . Since Ç is a model

of 7¬ë�í¬Ð ¼aÊ , Ç satisfiesall headsof clausesin 7�ë�í�Ð ¼aÊ .
Let Î bea valuationsatisfyingall headsof rulesin 7¬ë�í�Ð ¼aÊ . Then Î is a modelof 7¬ë�í¬Ð ¼aÊ .

SinceÇ is theleastmodelof thereduct7�ë�í¬Ð ¼CÊ , wefind that Ç � EKÎ . Consequently, Ç is theleast

valuationthatsatisfiesall headsof therulesin 7�ë�í¬Ð ¼aÊ . Therulesin 7�ë�í areall thoserulesfrom

7 whosebodiesaresatisfiedby ¼aÌ . Thus,by thedefinitionof theoperatorn �� , ÇµN"n �� �
¼BÌ«� . Ï
We will now look at propertiesof thesemanticsof justifiedrevisions.We will presenta series

of resultsgeneralizingpropertiesof revisionprogramsto thecasewith annotations.We will show

that the conceptof an s-modelis a useful notion in the investigationsof justified revisions of

annotatedprograms.

Our first result relatesjustified revisions to modelsand s-models. Let us recall that in the

caseof revision programswithout annotations,justifiedrevisionsundera revision program7 are

modelsof 7 . In thecaseof annotatedrevisionprogramswe haveananalogousresult.
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Theorem 6.7 Let 7 beanannotatedrevisionprogramandlet ¼aÊ and ¼aÌ be � � -valuations.If ¼aÌ
is a 7 -justifiedrevisionof ¼aÊ then ¼BÌ is ans-modelof 7 (and,hence, a modelof 7 ).

Proof.

By thedefinitionof a 7 -justifiedrevision, ¼BÌÜNÓ��¼CÊA� ü Ç'�-ÀQÇ , whereÇ is thenecessarychange

for 7�ë�í�Ð ¼aÊ . FromLemma6.3 it followsthat ÇSN,n �� �
¼BÌZ� . Therefore,

¼BÌÜNÓ�
¼aÊ*� ü n �� ��¼aÌ«���À<n �� �
¼BÌ«� � E ü n �� ��¼aÌ«�Àén �� ��¼aÌ«���
Also,

¼aÌÜNÓ��¼aÊ*� ü n �� �
¼BÌ«�l�Àén �� ��¼BÌZ� � n �� �
¼BÌR���
Hence,¼BÌ is ans-modelof 7 . Ï

In theprevioussectionwe showedanexampledemonstratingthat
s

-justifiedrevisionsdo not

satisfythepropertyof invarianceunderjoins. In contrast,justifiedrevisionsin thesenseof Section

6.3.1dohave thisproperty.

Theorem 6.8 Let 7 � betheresultof simplificationof anannotatedrevisionprogram 7� bymeans

of thejoin transformation.Thenfor everyinitial database¼CÊ , 7� -justifiedrevisionsof ¼aÊ coincide

with 7 � -justifiedrevisionsof ¼aÊ .
Theproof follows directly from thedefinitionof 7 -justifiedrevisionsandfrom thefollowing

distributivity propertyof pseudocomplement:pcomp��ºè��'Zl�¶� pcomp��º��(' � �qN pcomp�
ºè�('Z2�5' � � .
In thecaseof revisionprogramswithoutannotations,amodelof aprogram7 is its own unique

7 -justified revision (Theorem2.11). In the caseof programswith annotations,the situationis

slightly morecomplicated. The next several resultsprovide a completedescriptionof justified

revisionsof modelsof annotatedrevision programs.First, we characterizethosemodelsthatare

their own justified revisions. This result providesadditionalsupportfor the importanceof the

notionof ans-modelin thestudyof annotatedrevisionprograms.

Theorem 6.9 Leta ��� -valuation ¼aÊ bea modelof anannotatedrevisionprogram 7 . Then,¼aÊ is

a 7 -justifiedrevisionof itself if andonly if ¼CÊ is ans-modelof 7 .
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Proof.

Let us denoteÇ�N1²QÇ6��7¬ë�ì�Ð ¼aÊ�� . By the definition, ¼aÊ is a 7 -justified revision of itself if and

only if ¼aÊ'N1�
¼aÊl� ü Çy�¬À@Ç . Since ¼CÊ satisfies7 , Theorem6.2 implies that ¼CÊ � E:Ç . Thus,

¼aÊ«À)ÇµN,¼aÊ . Distributivity of theproductlattice � � impliesthat �
¼aÊ�� ü Çy�¸ÀÛÇµNÓ�
¼aÊÀÛÇ'���� ü Ç"ÀÍÇ'��N@¼aÊ*�S� ü Ç"ÀÍÇ'� . Clearly, ¼aÊ¾Nx¼CÊ$�S� ü Ç$À�Ç'� if andonly if ¼aÊ � E5� ü Ç"À�Ç'� .
By Lemma6.1, ÇSNx²QÇ6��7¬ë�ì�Ð ¼aÊ��qN,n �� ��¼aÊ�� . Thus,¼aÊ is a 7 -justifiedrevisionof itself if and

only if ¼aÊ � E�n �� ��¼CÊ��gÀ�� ü n �� �
¼aÊ���� . But thislatterconditionis preciselytheonethatdistinguishes

s-modelsamongmodels.Thus,undertheassumptionsof thetheorem,¼aÊ is a 7 -justifiedrevision

of itself if andonly if it is ans-modelof 7 . Ï
As we observed above, in the caseof programswithout annotations,modelsof a revision

programaretheir own uniquejustified revisions. This propertydoesnot hold, in general,in the

caseof annotatedrevision programs.In otherwords,s-models,if they areinconsistent,mayhave

otherrevisionsbesidesthemselves(by Theorem6.9they alwaysaretheirown revisions).

The following exampleshows that an inconsistents-modelmay have no revisionsotherthan

itself, mayhave only oneconsistentjustifiedrevision,or mayhave incomparable(with respectto

theknowledgeordering)consistentrevisions.

Example6.8 Let the lattice of annotationsbe � \ k Ë # c . Consideran inconsistent� � -valuation ¼aÊ
suchthat ¼aÊ=������N{&�; � >F��; � >g) .

1. Considerannotatedrevisionprogram7� consistingof theclauses:

� out �
���^¯ ; � >I��� and � in �����^¯ ; � >I���
It is easyto seethat ¼aÊ is ans-modelof 7� andtheonly justifiedrevisionof itself.

2. Let anannotatedrevisionprogram7 � consistof theclauses:

� out �����^¯ ; � >I��� and � in �
���&¯ ; � >I��� � in �����^¯ ; � >I�
Then ¼aÊ is ans-modelof 7 � . Hence,¼aÊ is its own justifiedrevision (under7 � ).
However, ¼aÊ is not the only 7 � -justified revision of ¼aÊ . Considerthe ��� -valuation ¼aÌ
suchthat ¼BÌ¬�����:N·&�O?��; � >g) . We have 7 � ë�í Ð ¼aÊ©Nb;�� out ������¯W; � >I�:�@> . Let us denotethe
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correspondingnecessarychange,²QÇ6��7 � ë�í Ð ¼aÊ�� , by Ç . Then, Ç©�
���tN &YO?��; � >g) . Hence,

ü ÇPN�&&;��«>F��;��� � >g) and �l��¼aÊ*� ü Ç'�ÔÀ�Çy��������N�&�O?��; � >g)�NS¼BÌ¬����� . Consequently, ¼BÌ is a

7 � -justifiedrevisionof ¼aÊ . It is theonly consistent7 � -justifiedrevisionof ¼aÊ .
3. Let anannotatedrevisionprogram7"M bethefollowing:

� in �
���^¯ ; � >I��� � in �����&¯ ; � >I� and � out �����^¯ ; � >I��� � out �
���&¯ ; � >I�
Then ¼CÊ is ans-modelof 7�M andits own 7"M -justifiedrevision. In addition,it is straitforward

to checkthat ¼aÊ hastwo consistentrevisions ¼BÌ and ¼ ¦Ì , where ¼BÌ¬�����2N &YO?��; � >g) and

¼'¦Ì �����qN�&�; � >F��O2) . Therevisions¼BÌ and ¼5¦Ì areincomparablewith respectto theknowledge

ordering. Ï
Thesamebehavior canbeobservedin thecaseof programsannotatedwith elementsfrom other

lattices.Thefollowing exampleis analogousto thesecondcasein theExample6.8,but thelattice

is ��� p Ë @� .
Example6.9 Let 7 be an annotatedrevision program(annotationsbelongto the lattice � � p Ë @� )
consistingof therules:

� out �����^¯ � ��� and � in �
���^¯ � �ãÝF��� � in �����^¯ � �ßÝF�
Let ¼aÊ be a valuationsuchthat ¼aÊ=�����ÜN & � �ßÝ?� � ) . Then, ¼aÊ is an s-modelof 7 andhence,it

is its own 7 -justified revision. Considera valuation ¼BÌ suchthat ¼aÌ������ÄN & � � � ) . We have

7�ë í Ð ¼aÊ.N ;�� out �����Ô¯ � ���@> . Let us denotethe necessarychange²QÇ6��7¬ë í Ð ¼aÊ�� by Ç . Then

Ç6������N¸& � � � ) and ü Ç�N�& � � � ) . Thus, ���
¼aÊe� ü Çy��À$Çy�������¾N�& � � � )�N3¼BÌ¬����� . That is, ¼BÌ is a

7 -justifiedrevisionof ¼aÊ . Ï
Notethat in bothexamplestheadditionaljustifiedrevision ¼aÌ of ¼aÊ is smallerthan ¼aÊ with

respectto theordering
� E . It is notcoincidentalasdemonstratedby thenext result.

Theorem 6.10 Let ¼aÊ bea modelof an annotatedrevisionprogram 7 . Let ¼aÌ bea 7 -justified

revisionof ¼CÊ . Then,¼BÌ � E¢¼aÊ .
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Proof.

By thedefinitionof a 7 -justifiedrevision, ¼BÌÜNÓ��¼CÊA� ü Ç'�-ÀQÇ , whereÇ is thenecessarychange

of 7¬ë�í¬Ð ¼aÊ . By thedefinitionof thereduct7�ë�í�Ð ¼aÊ andthefactthat ¼aÊ is a modelof 7 , it follows

that ¼aÊ is a modelof 7¬ë í Ð ¼aÊ . ThenecessarychangeÇ is theleastfixpoint of n ��-¹ íBº ë ì , therefore,

Ç � ¼aÊ . Hence,

¼BÌ2NP�
¼aÊ£� ü Ç'��À Ç � EK¼aÊ�À Ç � EK¼aÊ�À ¼aÊ¾N@¼aÊg� Ï
Finally, we observe that if a consistent� � -valuationis a model(or ans-model;thesenotions

coincidein the classof consistentvaluations)of a programthen it is its own unique justified

revision.

Theorem 6.11 Let ¼aÊ bea consistentmodelof anannotatedrevisionprogram 7 . Then,¼CÊ is the

only 7 -justifiedrevisionof itself.

Proof.

Theorem6.3 implies that ¼CÊ is an s-modelof 7 . Then,from Theorem6.9 we get that ¼aÊ is a

7 -justifiedrevisionof itself. Weneedto show thattherearenoother 7 -justifiedrevisionsof ¼aÊ .
Let ¼aÌ be a 7 -justified revision of ¼aÊ . Then, ¼BÌ � Eµ¼CÊ (Theorem6.10). Therefore,

n �� ��¼BÌZ� � E n �� ��¼aÊ�� . Hence,ü n �� �
¼aÊ�� � E ü n �� ��¼aÌ«� . Theorem6.2 impliesthat ¼CÊ � E5n �� ��¼CÊ�� .
Thus, ü ¼aÊ � E ü n �� �
¼aÊ�� . Since ¼aÊ is consistent,¼aÊ � E ü ¼aÊ . Combiningtheabove inequalities,

weget

¼CÊ � E ü ¼aÊ � E ü n �� �
¼aÊ�� � E ü n �� ��¼BÌZ���
Thatis, ¼aÊ � E ü n �� ��¼BÌR� . Hence,¼aÊ$� ü n �� �
¼BÌZ��N,¼aÊ .

Fromdefinitionof justifiedrevisionandLemma6.3,

¼BÌÜNÓ�
¼aÊ$� ü n �� ��¼BÌZ���Àén �� �
¼BÌ«��N@¼CÊ�À<n �� ��¼aÌ«� � EC¼CÊg�
Therefore,¼aÌÜNx¼aÊ . Ï

To summarize,when we considerinconsistentvaluations(they appearnaturally, especially

when we measurebeliefs of groupsof independentexperts),we encounteran interestingphe-

nomenon. An inconsistentvaluation ¼aÊ , even when it is an s-modelof a program,may have

different justified revisions. However, all theseadditionalrevisionsmustbe lessthan ¼aÊ in the
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knowledgeordering.In thecaseof consistentmodelsthisphenomenondoesnotoccur. If a valua-

tion ¼ is consistentandsatisfies7 thenit is its own unique7 -justifiedrevision.

In thecaseof ordinaryrevision programs,“additionalevidencedoesnot destroy justifiedrevi-

sions”(Theorem2.10).Wewill now proveageneralizationof thispropertyto thecaseof annotated

revision programs.However, asbefore,we needto replacethenotionof a modelwith thatof an

s-model.

Theorem 6.12 Let 7 , 7 ¦ beannotatedrevisionprograms.Let ¼BÌ bea 7 -justifiedrevisionof ¼aÊ .
Let ¼BÌ beans-modelof 7 ¦ . Then,¼BÌ is a 7Í9Q7 ¦ -justifiedrevisionof ¼aÊ .
Proof.

Let Ç�N3²ÂÇ©�
7�ë�í�Ð ¼aÊ�� . Let Ç ¦ NP²ÂÇ©�l��7"9Ä7 ¦ �lë�í¬Ð ¼CÊ�� . Clearly, Ç � Ç ¦ . By thedefinitionof a

justifiedrevision ¼BÌ2N3��¼aÊ$� ü Ç'�ÔÀÍÇ . Hence,

¼aÌ � ¼CÊ�À�Ç � ¼aÊ�ÀÍÇ ¦ �
By Lemma6.2 it follows that Ç ¦ satisfiesthe bodiesof all rulesin ��7S9L7 ¦ ��ë í Ð ¼aÊ . Since Ç ¦ is

the necessarychangeof ��739é7§¦ú��ë�í�Ð ¼CÊ we concludethat Ç§¦ satisfiesthe headsof all rules in

��7�9Â7§¦ú�lë�í¬Ð ¼CÊ . Reasoningasin theproofof Lemma6.3wefind that Ç§¦�N"n �� [ � ÷ �
¼BÌ«� .
By Theorem6.7, ¼BÌ is ans-modelof 7 . Therefore,by Theorem6.4, ¼aÌ is as-modelof 7©9¢7 ¦ .

Theorem6.9impliesthat ¼BÌ is a 7Í9Q7 ¦ -justifiedrevisionof itself. In otherwords,

¼BÌ2N3��¼BÌR� ü ²QÇ6���
7$9Q7 ¦ �lë�í¬Ð ¼aÌ«���À<²QÇ6����7�9Q7 ¦ �lë�í¬Ð ¼BÌZ���
FromLemma6.1it followsthat ²QÇ6���
7$9Q7 ¦ ��ë�í¬Ð ¼BÌ«�qN,n �� [ � ÷ �
¼BÌR� . Hence,

¼BÌ2NP�
¼BÌR� ü Ç ¦ �À<Ç ¦ �
Next, let usrecallthat ¼BÌÜNÓ�
¼aÊ$� ü Ç'�ÔÀÍÇ . Hence,

¼BÌÜNÓ�l����¼CÊ$� ü Çy�À�Ç'��� ü Ç ¦ �À�Ç ¦ �
Now, usingthefactsthat Ç � Ç ¦ and ü Ç ¦ � ü Ç , wegetthefollowing equalities:

¼aÌÜNÓ���l��¼aÊ*� ü Çy�ÔÀÍÇ'��� ü Ç ¦ �À�Ç ¦ N
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N3���
¼aÊ$� ü Ç'��� ü Ç ¦ �À³�
Ç»� ü Ç ¦ �À�Ç ¦ N
NÓ�
¼aÊ$�x� ü ÇU� ü Ç ¦ �l�À�Ç ¦ NP�
¼aÊe� ü Ç ¦ �À�Ç ¦

Thus, ¼BÌ)N1��¼aÊ¼� ü Ç ¦ ��À,Ç ¦ . By thedefinitionof justifiedrevisions, ¼BÌ is a 7x9z7 ¦ -justified

revisionof ¼aÊ . Ï
In caseof revision programswithout annotations,justified revisions satisfy the minimality

principle(Theorem2.9). Namely, 7 -justifiedrevisionsof a databasediffer from thedatabaseby

aslittle aspossible.

Beforegeneralizingthe minimality principle to the caseof annotatedrevision programswe

needto specifywhatwemeanby thedifferencebetween�'� -valuations.

Definition 6.5 Let É , ¼ be � � -valuations.We saythat ¼ canbe transformedinto É via a � � -
valuation Ç if É�N �
¼�� ü Çy�èÀTÇ . We say that ¼ canbe transformedinto É if there exists� � -valuation Ç such that ¼ canbetransformedinto É via Ç . �

Giventwo � � -valuations,it is notnecessarilythecasethatoneof themcanbetransformedinto

theother. Indeed,let ½�¾ bea �y� -valuationthatassignsto eachatomannotationr . Let ½�¿ bea� � -valuationthatassignsto eachatomannotationq . Then,if thelatticeconsistsof morethanone

element,½�¾ cannotbetransformedinto ½�¿ .

Definition 6.6 Let É , ¼ be � � -valuations.Let öSNÁ;=Ç/Ð-¼ canbe transformedinto É via Ç:> .
Thedifferencediff ��É���¼:� is

diff �
É���¼:�qN
ñ À ö�� when ö,£NxO ,½�¾ otherwise(when öLN@O ).

�
Thefollowing lemmadescribesausefulpropertyof adifferencebetween� � -valuations.Namely,

that the differencebetween��� -valuations É and ¼ is the least(in
� E ordering) ��� -valuation

amongall Ç suchthat ÉxNÓ��¼�� ü Çy�ÔÀ�Ç .

Lemma 6.4 Let É , ¼ be � � -valuations.Let ö@NÁ;=Ç�Ð-¼ canbe transformedinto É via Ç0> . If

ö@£N@O , thendiff �
É���¼:� ¡ ö .



104

Proof.

Let ö.NT;=ÇTÐ�¼ canbetransformedinto É via Ç0>©£NxO . Then,diff ��É���¼��qN À ö . First,let usshow

that ü À ö)N¯Á3; ü Ç�¯?Ç ¡ ö�> . On theonehand,
À ö � Ç for all Ç ¡ ö . Thus, ü À ö � ü Ç

for all Ç ¡ ö . Hence,

ü�Â ö ��Ã ; ü ÇÓ¯FÇ ¡ ö�>F�(6.4)

On theotherhand,Á ; ü ÇÓ¯FÇ ¡ ö�> � ü Ç for all Ç ¡ ö . Thus, ü Á ; ü ÇÓ¯FÇ ¡ ö�> � Ç for all

Ç ¡ ö . Hence,ü Á3; ü ÇÓ¯-Ç ¡ ö�> � À ö . Thatis,Ã ; ü ÇÓ¯FÇ ¡ ö�> � ü�Â ö��(6.5)

From(6.4)and(6.5) it follows that ü À öLN Á ; ü ÇÓ¯FÇ ¡ ö�> .
Since � is completeandinfinitely distributive,wegetthefollowing.

��¼�� ü�Â ö��À Â öÛNP�
¼�� Ã ; ü ÇÓ¯FÇ ¡ ö�>I�À Â öLN
N Ã ;���¼�� ü Ç'��¯FÇ ¡ ö�>�À Â öLN

N Â ; Ã ;���¼�� ü Ç'�¾¯FÇ ¡ ö�>�ÀÍÇ ¦ ¯FÇ ¦ ¡ ö�> �� Â ;���¼�� ü Ç ¦ �À�Ç ¦ ¯FÇ ¦ ¡ ö�>§N Â ;=Éy>BNxÉ��
Thatis,

��¼Ä� ü�Â ö��À Â ö � É��(6.6)

By definitionof ö , for eachÇ ¡ ö , ÉµN��
¼u� ü Çy��À�Ç . Therefore,for eachÇ ¡ ö , Ç � É
and ¼�� ü Ç � É . Thus,

À ö � É and

¼�� ü�Â öÛN,¼�� Ã ; ü ÇÓ¯FÇ ¡ ö�> N Ã ;���¼�� ü Ç'��¯-Ç ¡ ö�> � É��
Hence,�
¼Ä� ü À ö��À À ö � É . This togetherwith (6.6) imply that

��¼Ä� ü�Â ö��À Â ö.NxÉ��
Thatis,

À ö ¡ ö . Ï
Now we will show that the minimality principle canbe generalizedto the caseof annotated

revision programs. We will have, however, to assumethat � is a Booleanalgebraandrestrict

ourselvesto consistent� � -valuations.
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Let � beaBooleanalgebrawith deMorgancomplementbeingthecomplement.Let usdefine

thenegationoperationon � � as ÅÆ&Yº��('�)�N{& º�� '") ( ºè�(' ¡ � ). Thenthelattice � � with operations

À , � , Å , andelementsq , r is aBooleanalgebra,too. Operationson � � lift pointwiseto thespace

of � � -valuations.The spaceof � � -valuationswith operationsÀ , � , Å , andelements½�¿ , ½�¾ is

againaBooleanalgebra.

Lemma 6.5 Let � bea Booleanalgebra. Let É , ¼ , 8 be �y� -valuations.Let É and 8 beconsistent.

Letdiff �
É���¼:� � E diff �
É���8�� . Then,ÉÇ��¼ � EKÉ`�é8 .
Proof.

Let Ç³N diff ��É���8�� , Ç ¦ N diff ��É���¼:� . Since8 is consistent,8 � E ü 8 . Thus,

8w� ü ��Å�8�� � E ü 8>� ü ��Å�8���N ü �
8BÀ»Å�8���N ü ½�¾QNu½�¿(6.7)

SinceÉ is consistent,Ç is consistent,too. Thatis, Ç � E ü Ç . Hence,

8w� ü ÇTNP�h8w� ü Çy�ÀS�h8w�ÍÇ'�(6.8)

ConsidervaluationÇÈ�»Åq8 . Using(6.7)and(6.8)weget:

�h8w� ü ��ÇU�ÈÅ�8����ÀS�
Ç»�»Å�8���N3�
8w�S� ü Ç�À ü ��Åq8��l���ÀS��ÇÈ�»Åq8���N
NÓ�
8>� ü Ç'�ÀS�
8>� ü ��Å�8����ÔÀS��Ç»�`Åq8���NÓ�h8w� ü Çy�ÔÀ³�h8w��Ç'�À»½�¿*À³�
Ç»�»Å�8���N

NÓ�
8>� ü Ç'�ÀS�
8>�ÍÇ'�ÀS��Ç»�»Å�8��qNÓ�
8>� ü Ç'�ÀS��ÇÈ�³�
8BÀ»Åq8��l��N
N3�
8>� ü Ç'�ÀS��Ç»�`½�¾��N3�
8w� ü Ç'��À<ÇµN@É��

Consequently, Ç � E'Ç���Å�8 (by definitionof diff �
É���8�� ). Hence,Ç��"8 � E5Ç��ÄÅ�8«��8ÜN�½�¿ .

That is, Ç��"8ÄN�½�¿ . Since Ç ¦ � Ç , it follows that Ç ¦ �@8QN¸½�¿ . We have: 85� ü Ç � E0É�N
��¼�� ü Ç ¦ �ÀÍÇ ¦ . Thus,

8>� ü ÇµNP�
8w� ü Ç'���Í8 � Ey�l��¼�� ü Ç ¦ �À<Ç ¦ �"�é80NP�l��¼�� ü Ç ¦ ���<8��ÀS�
Ç ¦ �Í8��qN
NP����¼�� ü Ç ¦ ���Í8��ÀÈ½�¿ÂNÓ�
¼Ä� ü Ç ¦ ���Í8 � EK¼�� ü Ç ¦ �

Thatis,

8w� ü Ç � E¢¼Ä� ü Ç ¦ �(6.9)
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SinceÉ is consistent,Ç ¦ is consistent,too. It meansthat Ç ¦ � E ü Ç ¦ . Hence,¼� ü Ç ¦ � EC¼��Ç ¦ .
Therefore,

ÉÈ�Í¼3NÓ���
¼�� ü Ç ¦ �À�Ç ¦ ����¼3NP�l��¼�� ü Ç ¦ ���Í¼��ÀS��Ç ¦ ��¼:��N
NP��¼�� ü Ç ¦ �ÀS�
¼���Ç ¦ ��N,¼�� ü Ç ¦ �

Thatis,

ÉÇ�Í¼3Nx¼�� ü Ç ¦ �(6.10)

Similarly,

É`�Í8:N,8w� ü Ç �(6.11)

Combining(6.9),(6.10),and(6.11)weget É`�<8 � EKÉÇ��¼ . Ï
If � is notaBooleanalgebra,thenthestatementof theabovelemmadoesnotnecessarilyhold,

asillustratedby thefollowing example.

Example6.10 Let ��N�� � p Ë @� , 	æNÁ;=�?> . Let É0�
���§N}& � � à � � �ûâ�) , ¼t�����§N}& � �û��� � �3É�) , and 8R�����§N& � � � � � � T ) . Both É and 8 areconsistent.It is easyto seethat � diff ��É���¼:�l���
���¾N�� diff ��É���8��l�������¾N& � � à � � �ûâ�) . Hence,diff �
É���¼:� � E diff ��É���8�� . However, É»�,¼�£� E'ÉÈ�"8 . Indeed,�
É»�"¼:���
���¢N& � � ��� � �1É�) , and �
É`�Í8����
���qN�& � � � � � � T ) . Ï
Theorem 6.13 Let É bea consistent7 -justifiedrevisionof a consistent8 . Let Ç³N diff ��É���8�� . Let

¼ besuch thatdiff ��É���¼:��N@Ç§¦ � EKÇ . Then,É is a 7 -justifiedrevisionof ¼ .

Proof.

Considertwo reducts7�Ì�Ð 8 and 7¬Ì�Ð ¼ . Let
X ¦ ¡ 7�Ì . Let � f ¯�'¬� beanannotatedrevision atomfrom

thebodyof
X ¦ . Let ��� �� �h8��l��� f ��N���Ê , ��� �� ��¼:�l��� f �qNu��ë , and ��� �� ��É �l��� f ��NÄ��Ì . By thedefinitionof

a reduct,thecorrespondingrule in 7�Ì�Ð 8 containsin thebodytheannotatedrevision literal � f ¯ ¶�Ê�� ,
where ¶�ÊsN pcomp����Êg�('¬� . The correspondingrule in 7�Ì�Ð ¼ containsin the body the annotated

revision literal � f ¯ ¶�ëÔ� , where¶�ëQN pcomp����ë���'�� . By thedefinitionof pseudocomplement,

��Ê$�t¶�Ê � '��(6.12)

Since
X ¦ ¡ 7¬Ì , ' � ��Ì . Hence,'L�D��Ì�N{' . Also, from thedefinitionof �eÈ ª=# � we get ¶�Ê � ' ,

which implies ¶�Ê��ª��Ì2N"¶�Ê . From(6.12)weget

����Ê*�2¶�Ê����ª��Ì � 'Ê�ª��Ì¬�
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Thatis,

����Ê*�ª��ÌR���Ü¶�Ê � '��
FromLemma6.5it followsthat ��ëÊ�ª��Ì � ��Ê$�ª��Ì . Therefore,

��ëË�2¶�Ê � ����ëÊ�ª��ÌZ���Ü¶�Ê � '��
From definition of pcomp����ëq�('¬� it follows that ¶�ë � ¶�Ê . This meansthat the only difference

betweenreducts7�Ì�Ð 8 and 7�Ì�Ð ¼ is thatannotationsof literalsin thebodiesof rulesfrom 7�Ì�Ð ¼ are

lessthanannotationsof correspondingliteralsin 7�ÌqÐ 8 . Consequently, ²QÇ6��7¬Ì�Ð ¼:� � EK²QÇ6��7¬Ì�Ð 8�� .
Since É is consistent,

Ç ¦ � EKÇ � EC²ÂÇ©�
7�Ì�Ð 8�� � EK²ÂÇ©�
7�ÌqÐ ¼:� � ECÉ � E
� E ü É � E ü ²QÇ6��7�Ì�Ð ¼:� � E ü Ç � E ü Ç ¦ �

Also, ÉxNP�
¼u� ü Ç ¦ �À�Ç ¦ impliesthat ¼Ä� ü Ç ¦ � E¢É , and ¼,À�Ç ¦ � ECÉ . Then,ononehand,

�
¼u� ü ²QÇ6��7¬ÌèÐ ¼����ÀÍ²ÂÇ©�
7�Ì�Ð ¼:� � E5�
¼u� ü Ç ¦ �À�É � EKÉ<À�É³N@É��
Ontheotherhand,

��¼�� ü ²ÂÇ©�
7�Ì�Ð ¼:�l�À�²QÇ6��7�Ì�Ð ¼:�qNP��¼,À�²QÇ6��7¬Ì�Ð ¼������ ü ²QÇ6��7¬Ì�Ð ¼�� � E
� E'��¼,ÀÍÇ ¦ ���ÍÉ � EKÉ`��ÉxN@É��

Therefore,�
¼�� ü ²ÂÇ©�
7�ÌèÐ ¼:���À<²QÇ6��7�Ì�Ð ¼:��N,É . Thatis, É is a 7 -justifiedrevisionof ¼ . Ï
Theorem 6.14 Let É bea consistent 7 -justifiedrevisionof a consistent8 . Then, diff �
É���8�� is

minimalin thefamily ; diff ��¼6��8��¾¯�¼ is a consistentmodelof 70> .
Proof.

Let Ç N diff �
É���8�� . Then, É�N �h8Ê� ü Ç'��ÀµÇ . Since É is consistent,Ç is alsoconsistent.

That is, Ç � E ü Ç . Let ¼ bea consistentmodelof 7 , andlet diff �
¼©��8�� NæÇ§¦ � E*Ç . We have

¼3NP�
8>� ü Ç ¦ �ÀÍÇ ¦ . Inequality Ç ¦ � EKÇ implies Ç ¦ � EKÇ � E ü Ç � E ü Ç ¦ . Therefore,

��¼�� ü Çy�ÔÀÍÇµN3���l�
8w� ü Ç ¦ �ÀÍÇ ¦ ��� ü Çy�ÔÀÍÇµN
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NÓ�
8>� ü Ç ¦ � ü Çy�ÔÀ³�
Ç ¦ � ü Çy�ÔÀÍÇµN3�
8>� ü Ç'�À�Ç ¦ À�ÇµN
NP�h8w� ü Çy�À�ÇµN,É��

Consequently, diff ��É���¼:� � EKÇ . By Theorem6.13, É is a 7 -justifiedrevisionof ¼ . However, ¼ is

a consistentmodelof 7 . By Theorem6.11, ¼ is theonly 7 -justifiedrevision of itself. Therefore,

É³N,¼ . Ï
The conditionin the above theoremthat revision is consistentis important. For inconsistent

revisionstheminimality principledoesnothold,asshown in thefollowing example.

Example6.11 Let �3Nu� \ k c with thedeMorgancomplementbeingtheset-theoreticcomplement.

Let 7 beanannotatedrevisionprogramconsistingof thefollowing rules:

� in �
���&¯ ;��«>I�D�
� out �
���&¯ ;��«>I�D� � out �
���^¯ ;��«>I�

Let 8Z�
���BN�&�O?��;��«>g) . Then 8 is consistent.Let É ������BN¦&�;��«>F��;��«>g) and É � �����BN¦&�;��«>F��O2) . Both

É5 and É � are 7 -justifiedrevisionsof 8 . Thus, É5 is an inconsistents-modelof 7 , and É � is a

consistentmodelof 7 . We have: diff �
É5���8���NÌ&�;��«>F��;��Z>g) , anddiff ��É � ��8���N·&&;��«>F��O2) . Hence,

diff ��É � ��8�� � E diff ��É5���8�� . Therefore,É5 is a 7 -justifiedrevisionof aconsistent8 , but diff ��É5���8��
is not minimal in thefamily ; diff ��¼6��8���¯F¼ is aconsistentmodelof 70> . Ï
6.4 An alternative way of describing annotated revision programs and the order isomor-

phism theorem

Wewill now provideanalternativedescriptionof annotatedrevisionprograms.Insteadof evaluat-

ing separatelyrevisionatomsin � wewill evaluateatomsin � � . Thisalternativepresentationwill

allow us to obtaina resulton thepreservationof justifiedrevisionsunderorderisomorphismsof��� . This resultis a generalizationof the“shifting theorem”of [18].

An expressionof the form ��¯�&�ºè�('�) , where &Yº��('�) ¡ ��� , will be calledan annotatedatom

(thus, annotatedatomsarenot annotatedrevision atoms). Intuitively, an atom �¢¯�&Yº��('�) stands

for the conjunctionof � in �
����¯�º�� and � out �
���¬¯�'¬� . An annotatedrule is an expressionof the

form �)� � ���������� � � where�� � ���������� � � areannotatedatoms.An annotatedprogram is a setof

annotatedrules.
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A � � -valuation ¼ satisfiesan annotatedatom �¾¯�&Yºè��'*) if &Yº��('�) � E.¼t����� . This notion of

satisfactioncanbeextendedto annotatedrulesandannotatedprograms.

We will now definethenotionsof reduct,necessarychangeandjustifiedrevision for thenew

kind of programs.Let 7 be an annotatedprogram. Let ¼aÊ and ¼BÌ be two � � -valuations.The

reductof a program7 with respectto two valuations¼aÊ and ¼BÌ is definedin a mannersimilar to

Definition6.2.Specifically, we leaveonly theruleswith bodiesthataresatisfiedby ¼BÌ , andin the

remainingruleswe reducetheannotatedatoms(exceptthatnow thetransformation� is no longer

needed!).

Definition 6.7 Thereduct7�ë�í�Ð ¼aÊ is obtainedfrom 7 by

1. removingeveryrule whosebodycontainsanannotatedatomthat is not satisfiedin ¼BÌ ,

2. replacingeach annotatedatom
f ¯�' fromthebodyof each remainingrule by theannotated

atom
f ¯ ¶ , where ¶2N pcomp�
¼aÊ=� f ����'�� (here '���¶ ¡ ��� ). �

Next, we computethe leastfixpoint of theoperatorassociatedwith thereducedprogram.Fi-

nally, asin Definition6.3,wedefinetheconceptof justifiedrevisionof avaluation¼aÊ with respect

to a revisionprogram7 .

Definition 6.8 ¼BÌ isa 7 -justifiedrevisionof ¼aÊ if ¼BÌÜNÓ�
¼aÊ£� ü Ç'��À Ç , where Ç³Nx²QÇ6��7¬ë�í�Ð ¼CÊ��
is thenecessarychangefor 7�ë�í�Ð ¼aÊ . �

It turns out that this new syntaxdoesnot lead to a new notion of justified revision. Since

we talk abouttwo differentsyntaxes,we will usethe term “old syntax” to denotethe revision

programsas definedin Section6.1, and “new syntax” to describeprogramsintroducedin this

section.Specificallywe now exhibit two mappings.Thefirst of them,
U&X  , assignsto each“old”

in-rule

� in �
���&¯ º���� � in �
����&¯ º�������������°� in �������&¯ º�¾���°� out � V ��^¯ 'Z������������°� out � V ���&¯ '?�F���
a “new” rule

��¯�&Yº��©q�)è� ��^¯3&�ºq��©q�)��������������è¯�&Yº�a�©q�)�� V W¯3&�q0�('Z�)���������� V �I¯�&¨q:�('?��)��
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An “old” out-rule

� out �����^¯ '¬��� � in �
����&¯ º�������������°� in �������&¯ º�¾���°� out � V ��^¯ 'Z������������°� out � V ���&¯ '?�F�
is encodedin analogousway:

��¯�&¨q:�('�)è� ���¯�&Yºq��vq«)���������������¯�&Yº�a�vq«)�� V W¯�&¨q0��'Z�)���������� V �=¯3&�q0�('?��)��
Translation

U&X � , in theotherdirection,replacesa “new” revision rule by onein-rule andoneout-

rule. Specifically, a “new” rule

��¯3&�ºè�('�)�� ��&¯�&Yº���('Zn)������������-�=¯�&Yº����'?�Í)
is replacedby two “old” rules(with identicalbodiesbut differentheads)

� in �
���^¯ º���� � in �
����&¯ º�����°� out �����^¯ 'Z������������°� in �������&¯ º�F���°� out �����F�^¯ '?�F�
and

� out �
���^¯ '¬��� � in ������^¯ º�����g� out �
���&¯ 'Z������������°� in �
���F�^¯ º�����°� out �����-�&¯ '?�F���
Thetranslations

U&X  and
U&X � canbeextendedto programs.Wethenhavethefollowing theoremthat

statesthat thenew syntaxandsemanticsof annotatedrevision programspresentedin this section

areequivalentto thesyntaxandsemanticsintroducedandstudiedin Section6.3.

Theorem 6.15 Both transformations
U&X  , and

U&X � preservejustifiedrevisions. That is, if ¼aÊg��¼aÌ
are valuationsin �y� and 7 is a programin the“old” syntax,then ¼BÌ is a 7 -justifiedrevisionof

¼aÊ if andonly if ¼aÌ is a
U&X ��
7y� -justifiedrevisionof ¼aÊ . Similarly, if ¼aÊg��¼BÌ are valuationsin � �

and 7 is a programin the“new” syntax,then ¼BÌ is a 7 -justifiedrevisionof ¼aÊ if andonly if ¼aÌ
is a

U&X � ��7'� -justifiedrevisionof ¼aÊ .
In thecaseof unannotatedrevisionprograms,theshiftingtheoremprovedin [18] showsthatfor

every revisionprogram7 andevery two initial databases¼ and ¼5¦ thereis a revisionprogram7§¦
suchthatthereis aone-to-onecorrespondencebetween7 -justifiedrevisionsof ¼ and 7 ¦ -justified

revisionsof ¼5¦ . In particular, it follows that thestudyof justifiedrevisions(for unannotatedpro-

grams)canbereducedto thestudyof justifiedrevisionsof emptydatabases.We will now present

acounterpartof this resultfor annotatedrevisionprograms.Thesituationhereis morecomplex. It
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is nolongertruethata � � -valuationcanbe“shifted” to any other � � -valuation.However, theshift

is possibleif thetwo valuationsarerelatedto eachotherby anorderisomorphismof thelatticeof

all � � -valuations.

Therearemany examplesof orderisomorphismsonthelatticeof � � . For instance,themappingÎ ¯�� � ý � � definedby
Î �n&Yºè�('�)��aN§&�'���º$) is anorderisomorphismof � � . In thecaseof the

lattice � · , orderisomorphismsof �y�· canalsobegeneratedby permutationsof theset u .

Let
Î

beanorderisomorphismon � � . It canbeextendedto annotatedatoms,annotatedrules,

and � � -valuationsasfollows:Î ���©¯2�I�qNx�©¯ Î ���I� ,Î ����¯ �5� ��&¯ �°������������-�I¯ ������N Î ����¯ �]��� Î �
�?^¯ �g������������ Î �����I¯ ����� ,
� Î ��¼������
����N Î �
¼t�����l� ,
where�������������������� ¡ 	 , �g�v�g����������v��� ¡ ��� , and ¼ is a ��� -valuation.

Theextensionof anorderisomorphismon � � to � � -valuationsis againanorderisomorphism,

this time on the lattice of all ��� -valuations. We say that an order isomorphism
Î

on a lattice

preservesconflation if
Î � ü �I�QN ü Î ���I� for all elements� from the lattice. We now have the

following resultthatgeneralizestheShiftingTheorem(Theorem3.4).

Theorem 6.16 Let
Î

beanorder isomorphismonthesetof � � -valuations.Let
Î

preserveconfla-

tion. Then, ¼BÌ is a 7 -justifiedrevisionof ¼aÊ if andonly if
Î ��¼BÌZ� is a

Î �
7y� -justifiedrevisionofÎ ��¼aÊ�� .
Proof.

By definition, ¼BÌ is a 7 -justified revision of ¼aÊ if andonly if ¼BÌxN ��¼aÊÆ� ü Çy��ÀTÇ , where

Ç N ²ÂÇ©�
7�ë�í�Ð ¼aÊ�� . Since
Î

is an order isomorphism,it preserves meetand join operations.

Therefore, Î ��¼aÌ«��N Î ���
¼aÊ$� ü Ç'��À<Çy��N Î ��¼CÊ$� ü Çy�ÔÀ Î ��Ç'��N
NP� Î �
¼aÊ���� Î � ü Ç'���À Î ��Ç'�qNÓ� Î �
¼aÊ���� ü Î �
Çy�l��À Î �
Çy���

At thesametime,
Î �
7�ë�í�Ð ¼aÊ��¾N4� Î ��7'���Ï ÿ ë�í � Ð Î ��¼aÊ�� , and ²ÂÇ©� Î �
7�ë�í�Ð ¼aÊ��l��N Î ��²ÂÇ©�
7�ë�í�Ð ¼aÊ��l� .

Thus,¼BÌ is a 7 -justifiedrevisionof ¼aÊ if andonly if
Î ��¼BÌZ� is a

Î �
7y� -justifiedrevisionof
Î ��¼CÊ�� .

Ï
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The Shifting Theorem(Theorem3.4) which appliesto ordinary revision programsis just a

particularcaseof Theorem6.16. In orderto derive it from Theorem6.16,we take ��N��5°�± .

Next, we consideranordinaryrevisionprogram7 andtwo databases¼5 and ¼ � (let usrecallthat

in thecaseof ordinaryrevision programs,databasesaresetsof atomsandnot valuations).Let 7 �
and ¼«´ and ¼«´� bedefinedasin Theorem6.6. It is easyto seethattheoperator

Î
, definedby

� Î �
Æ����������qN ñ &�'���º$)�� when ¼ ´ �
���B£N@¼ ´� �����&Yºè�('�)�� when ¼ ´ �
���qN@¼ ´� ����� �
is anorder-isomorphismon �o°�± � -valuationsandthat

Î �
¼ ´ ��N,¼ ´� . Let ÇC and Ç � betwo setsof

atomssuchthat Ç ´� N Î �
Ç ´ � . By Theorem6.16, Ç ´ is a 7 � -justifiedrevisionof ¼ ´ if andonly if

Ç ´� is a
Î ��7 � � -justifiedrevisionof ¼ ´� . Theorem6.6andtheobservationthatthenecessarychange

of 7 �Ð µò Ð ¼ ´ is consistentif andonly if thenecessarychangeof
Î �
7 � � Ð µô Ð ¼ ´� is consistenttogether

imply now theShiftingTheorem(Theorem3.4).

Therequirementin Theorem6.16that
Î

preservesconflationis essential.If it is not thecase,

thestatementof thetheoremmaynothold,asillustratedby thefollowing example.

Example6.12 Let �PNu� \ k Ë #�Ë 
 c with thedeMorgancomplementdefinedasfollows:

;->§NS;��� � � X >F� ;��«>§Nµ;��� X >F� ; � >§NS; � � X >F� ; X >BNµ;��� � >F�
;��� � � X >aNS;->F� ;��� X >BNµ;��«>F� ; � � X >BNµ; � >F� ;��«� � >BNµ; X >F�

Let
Î

beanorderisomorphismon � suchthat
Î �&;��Z>I�èN3;��«> , Î �&; � >I�èN3; X > , and

Î �&; X >I��NP; � > .
Then,

Î
doesnotpreserveconflation,becauseÎ � ü &&;��«>F��;->g)���N Î �n&�;��� � � X >F��;��� X >g)���N{&�;��� � � X >F��;��� � >g)�� but

ü Î ��&�;��Z>F��;->g)��qN ü &�;��«>F��;->g)�N�&�;��� � � X >F��;��� X >g)��
Let anannotatedprogrambethefollowing:

7P¯ �©¯�&&;��«>F��;->g)D�
It determinesthenecessarychangeÇ6�����qN�&�;��Z>F��;->g) .

Then, ü Ç6�����BN�&�;��� � � X >F��;��� X >g) . Let ¼CÊ=�����§N�&&;->F��; X >g) . The 7 -justifiedrevision of ¼aÊ is

¼BÌ�������NP��&&;->F��; X >g)B�H&�;��� � � X >F��;��� X >g)��¸À�&�;��«>F��;->g)qN{&�;��«>F��; X >g) .
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Theannotatedprogram
Î ��7'� is thesameas 7 . We have

Î �
¼aÊ����
���¾N�&�;->F��; � >g) , Î ��¼BÌZ�������¾N&�;��«>F��; � >g) . Thereduct � Î ��7'��� Ï ÿ ë�í � Ð Î ��¼aÊ��§N Î �
7y�BN47 . Thenecessarychangedeterminedby

thereductis Ç . However,

�l� Î ��¼aÊ���� ü Çy�À�Ç'���
����N�&�;��«>F��;->g)B£N Î �
¼BÌ«���������
Therefore,

Î ��¼aÌZ� is not a
Î ��7'� -justifiedrevisionof

Î ��¼aÊ�� . Ï
6.5 Disjunctive annotatedrevision programs.

A disjunctiveannotatedrevisionrule is expressionof theform

�ZgÐ������IÐ �?�)� � ���������� � ���(6.13)

where�R����������Y�?�C� � ���������� � � areannotatedrevisionatoms.

A disjunctiveannotatedrevisionprogramis acollectionof disjunctiverevisionrules.

A � -valuationÆ is closedundera disjunctiveannotatedrevision rule 6.13if Æ satisfiesat least

oneof �Z����������Y�?� , or Æ doesnotsatisfyat leastoneof � ���������� � � .
A � -valuationÆ is closedunderadisjunctiveannotatedrevisionprogramr if it is closedunder

all rulesof r .

Let r bea disjunctive annotatedrevision program.A necessarychange entailedby r is any

minimal in the
� E ordering� -valuationthatis closedunderr .

Definition 6.9 Let r bea disjunctiveannotatedrevisionprogramandlet ¼CÊ and ¼BÌ be ���ÒÑÓ�0� -
valuations.Thereductof r with respectto ��¼aÊg��¼aÌZ� (denotedr �ë í Ð ¼aÊ ) is definedasfollows.

1. Removefrom r everyrule whosebodycontainsan annotatedrevisionatomthat is not sat-

isfiedin ¼BÌ .

2. Replaceeach annotatedatom
f ¯�' fromthebodyof each remainingrule by theannotated

atom
f ¯�¶ , where ¶2N"¶���� �� ��¼aÊ���� f ����'�� . �

Definition 6.10 ¼BÌ is a r -justified revision of ¼aÊ if ¼BÌ"N���¼aÊ!� ü Ç'��ÀµÇ , where Ç is some

necessarychangefor r �ë�í Ð ¼aÊ . �
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Theorem 6.17 Let r bean annotatedrevisionprogram(withoutdisjunctionsin theheadsof the

rules). Let ¼BÌ , ¼CÊ be ���uÑ»�0� -valuations.Then,¼BÌ is a r -justifiedrevisionof ¼aÊ if andonly if

¼BÌ is a r -justifiedrevisionof ¼aÊ whenr is treatedasa disjunctiveannotatedrevisionprogram.



Chapter 7

Conclusionsand Future Work

Thethesisis devotedto revision programming,a knowledgerepresentationformalismto describe

andenforceconstraintson databases.Problemsstudiedin the thesisincludeconnectionsof revi-

sionprogramswith logic programs,well-foundedsemanticsfor revision programs,extensionsof

revisionprogrammingformalism,annotatedrevisionprograms,computingjustifiedrevisions.

Thethesisestablishesa foundationfor furtherresearchin applicationsandimplementationsin

theareaof revisionprogrammingandimpliesanumberof openproblems.

Wedevelopedthreewaysof definingwell-foundedsemanticsfor revisionprogramming(Chap-

ter 4). We showedthat theproceduredescribedin Section4.2.1in somecasesgivesbetterresults

thanWFS��� andWFS+-, . Whetherit alwaysoutperformsWFS��� andWFS+-, is yet to beestab-

lished. Well-foundedsemanticscanbecomputedin polynomialtime. Therefore,it canserve as

a preprocessingtool for computingjustified revisions. This makesa problemof finding a better

well-foundedsemanticsimportantsinceit canleadto betterimplementations.

The two algorithmsfor implementationof justified revisionsdescribedin Section3.1.3and

Section3.2.4of thethesisinvolveembeddingrevision programsinto logic programsandthenus-

ing toolsfor computingstablemodels.Anotherpossibledirectionin whichthiswork maycontinue

is to write animplementationspecificto revisionprogrammingthatdoesnot involvetranslationto

logic programs.Enhancedwith a goodwell-foundedsemanticsthis implementationmayoutper-

form existing implementationsfor solvingproblemsthat canbe representedin the formalismof

revisionprogramming.

A naturalareaof applicationsfor revision programmingis thatof databaserepairs.However,

notmuchresearchhasbeendonein thisdirectionandthatremainsto bestudied.

Revision programsdescribeconstraintsknown at a particulartime that needto be imposed

on a database.After thechangeis appliedtheremaybeanothersetof constraintsto satisfy, and

so on. This give rise to a questionwhetherrevisionscanbe iterated. The problemof iterated

updatesis studiedby otherauthors(for example,LUPSwork by Alferes,Pereira,Przymusinskiin

[3]). Thequestionwhetherrevision programmingcanbeusedto representiterativeupdatesneeds

investigation.

115



Refer
Ô

ences

[1] J.J.Alferes, J.A. Leite, L.M. Pereira,H. Przymusinska,andT.C. Przymusinski. Dynamic

logic programming.In Principlesof KnowledgeRepresentationandReasoning. Proceedings

of the 6th InternationalConference, KR’98, Trento, Italy, June 2-5, 1998, pages98–111.

MorganKaufmann,1998.

[2] J.J.Alferes andL.M. Pereira. Update-programscanupdateprograms. In Non-Monotonic

Extensionsof Logic Programming(Bad Honnef, 1996), volume1216of Lecture Notesin

ComputerScience, pages110–131,Berlin, 1997.Springer.

[3] J.J.Alferes,L.M. Pereira,H. Przymusinska,andT.C. Przymusinski.LUPS– a languagefor

updatinglogic programs.In Logic ProgrammingandNonmonotonicReasoning, 5th Interna-

tional Conference, LPNMR’99, volume1730of Lecture Notesin ComputerScience, pages

162–176.Springer-Verlag,1999.

[4] K.R. Apt, H.A. Blair, and A. Walker. Towardsa theory of declarative knowledge. In

J. Minker, editor, Foundationsof deductivedatabasesand logic programming. Papers from

theworkshopheldin Washington,D.C.,August18–22,1986, pages89–148,Palo Alto, CA,

1988.MorganKaufmann.

[5] T. J. M. Bench-Capon.Knowledge Representaion.An Approach to Artificial Intelligence.

AcademicPressInc.,1990.

[6] K. Berman,J.Schlipf,andJ.Franco.Computingthewell-foundedsemanticsfaster. In Logic

ProgrammingandNonmonotonicReasoning(Lexington,KY, 1995), volume928of Lecture

Notesin ComputerScience, pages113–125,Berlin, 1995.Springer.

[7] T. EiterandG. Gottlob. Onthecomputationalcostof disjunctivelogic programming:propo-

sitionalcase.Annalsof MathematicsandArtificial Intelligence, 15(3-4):289–323,1995.

[8] M. C. Fitting. Fixpointsemanticsfor logic programming– asurvey. To appearin Theoretical

ComputerScience.

116



117

[9] M. C. Fitting. Annotatedrevision specificationprograms.In Logic programmingandnon-

monotonicreasoning(Lexington,KY, 1995), volume928of Lecture Notesin ComputerSci-

ence, pages143–155,Berlin, 1995.Springer.

[10] M. GelfondandV. Lifschitz. Thestablesemanticsfor logic programs.In R. Kowalski and

K. Bowen,editors,Proceedingsof the5th InternationalSymposiumonLogic Programming,

pages1070–1080,Cambridge,MA, 1988.MIT Press.

[11] M.L. Ginsberg. Multivaluedlogics:auniformapproachto reasoningin artificial intelligence.

ComputationalIntelligence, 4:265–316,1988.

[12] H.A. Kautz andB. Selman. Hard problemsfor simpledefault logics. In Proceedingsof

the1stInternationalConferenceon Principlesof Knowledge RepresentationandReasoning

(Toronto,ON,1989), MorganKaufmannSeriesin RepresentationandReasoning,pages189–

197,SanMateo,CA, 1989.MorganKaufmann.

[13] M. Kifer andV.S.Subrahmanian.Theoryof generalizedannotatedlogic programmingand

its applications.Journalof Logic Programming, 12(4):335–367,1992.

[14] V. Lifschitz. Foundationsof logic programming.In Principlesof KnowledgeRepresentation,

pages69–127.CSLI Publications,1996.

[15] V. Lifschitz, L. R. Tang,andH. Turner. Nestedexpressionsin logic programs.Annalsof

MathematicsandArtificial Intelligence, 25(3-4):369–389,1999.

[16] V. LifschitzandT.Y.C.Woo.Answersetsin generalnonmonotonicreasoning.In Proceedings

of the3rd internationalconferenceonprinciplesof knowledgerepresentationandreasoning,

KR ’92, pages603–614,SanMateo,CA, 1992.MorganKaufmann.
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[22] W. MarekandM. Truszczýnski. Revisionprogramming,databaseupdatesandintegrity con-

straints.In Proceedingsof the5thInternationalConferenceonDatabaseTheory—ICDT 95,

volume893of Lecture Notesin ComputerScience, pages368–382.Berlin: Springer-Verlag,

1995.
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