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The plasma resonance in the response and in the rf impedance of a 
capacitively shunted Josephson junction in the presence of thermal noise 

T. Poorter and H. Tolner a) 

Kapteyn Astronomical Institute, Department o/Space Research, University o/Groningen, The Netherlands 

(Received 12 June 1980; accepted for publication 5 August 1980) 

The rf impedance and the wide-band response to radiation of a resistively shunted junction (RSJ) 
model Josephson junction have been measured in the presence of thermal noise, using a phase
locked-loop analog of the RSJ model. In the conditions for which analytical calculations are valid 
there is good agreement between the theory and the analog. When the RSJ model is shunted with a 
capacitance, a plasma type resonance can occur in the rfimpedance when the junction is biased in 
the supercurrent (in-lock). When thermal noise is present, this plasma resonance can also occur 
when a nonzero average voltage is generated across the junction. We found that in this case a 
resonance also occurs in the wide-band response to radiation. This resonance takes place at a 
frequency that can be identified as the attempt frequency, with which the junction attempts to 
escape the phase locked condition in which it exists for a fraction of the time even though the 
average voltage across the junction is nonzero. The average lifetimes of the junction in lock Tin 

(ii = 0) and out oflock Tout (ii = iiout ) were also measured in the presence of thermal noise. Tin is in 
good agreement with existing theory and Tout is derived from the measurements. 

PACS numbers: 74.50. + r, 74.30.Gn, 72.30. + q, 74.40. + k 

I. INTRODUCTION 

The Josephson differential equation 1 can be solved ana
lytically only for a very limited number of situations. When 
interested in the general behavior of a Josephson junction, 
either a numerical aproach or the use of an analog is 
required. 

As was shown by Bak et al.2
,3 a close analogy exists 

between the resistively shunted junction (RSJ) model of a 
Josephson junction and a phase-locked loop (PLL). 

We used such an analog to find the solutions of the 
Josephson differential equation, when rf signal currents and 
thermal noise are present and when a shunting capacitance is 
added to the RSJ model. For a capacitance C such that 
McCumber's damping parameter Pc = 2e1cR 2C Ifl ~ 1 
(where Ie is the maximum supercurrent and R is the normal 
state resistance)4 there exists a plasma resonance in the rf 
impedance of a Josephson junction, when it is biased in the 
supercurrent with the average voltage j1 across the junction 
equal to zero. 1,5,6 Our main interest was to investigate the 
possible occurrence of plasma effects in the rf impedance and 
the wide-band response to radiation, in the presence ofther
mal noise and for j1 :/0, as was proposed by Tolner. 7 

We therefore used a PLL analog to measure the rfim
pedance and the wide-band response to radiation in the case 
of a dc and rf current driven junction, both with and without 
a capacitive shunt and in the presence of thermal noise. The 
time-dependent behavior of the voltage across a junction 
with Pc ~ 1 in the presence ofthermal noise was also 
investigated. 

In Sec. II a description is given of the analog and of its 
quality as a simulation for the RSJ model. In Sec. III the 

"IPresent address: N.V. Philips Gloeilampen Fabrieken, Eindhoven, The 
Netherlands. 

measured rfimpedance and the wide-band response are giv
en of a junction without a capacitive shunt f/3e = 0), but in 
the presence of thermal noise. A comparison is made be
tween the measurements and existing theory. In Sec. IV the 
behavior of the RSJ model is described when it is shunted by 
a capacitance fPc > 1) in the presence of thermal noise. The 
resulting impedance and response curves in this case are pre
sented in Sec. V. 

II. THE ANALOG 
A. Introduction 

As is well known, I the current through an ideal resisti
vely shunted Josephson junction (RSJ model) is given by 

1= Iesin¢ + VIR, (1) 

with 

V = (ft/2e)d¢ Idt. (2) 

¢ is the phase difference in the order parameters on each side 
of the barrier; Ie is the maximum pair current (of Cooper 
pairs); Vis the voltage generated across the junction; and R is 
the normal state resistance of the junction, which is sup
posed to be independent of V. Combining Eqs. (1) and (2) 
results in 

1= Icsin¢ + (ft/2eR)d<{J Idt. (3) 

The quasi-particle-pair interference currene (coS¢ term) can 
be included by multiplying the quasi-particle current V I R 
by a factor (1 + a coS¢ ), where a is a function of temperature 
and voltage. This results in 

I = Ie sin<{J + (ft/2eR )d<{J I dt + a coS¢ (ft/2eR )d<{J I dt. (4) 

As was first described by Bak et al. 2
,3 a phase-locked loop 

(PLL) is described by an equation of the same form as Eq. (3), 
thereby representing an analog for the ideal RSJ model. 
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FIG. 1. Block diagram of the 
phase-locked-loop analog. 
As voltage controlled oscilla
tor (VeOI a HP330lA is 
used. I, = 170 tlA, R = 100 
n, k"" = 2elh = 447 
kHz/V. The shunting capaci
tance shown by the dashed 
lines will be introduced later. 

In our case a PLL is obtained (Fig. 1) by using a voltage 
controlled oscillator (VeO) and a reference oscillator, both 
at 1 MHz. The difference signal obtained by mixing the sig
nals from the two oscillators is used to control the yeo. A 
current, proportional to the difference signal, is injected into 
the resistor R = 100 n at the input of the Yeo. A quasicur
rent injection is obtained, using a lO-kfJ series resistance. In 
this way, the veo is locked to the reference oscillator. When 
a dc current Ib is injected into R, the PLL will react by 
generating a constant phase difference tP between the veo 
and the reference oscillator, resulting in a dc current Ie sintP 
through R that cancels lb' Therefore no voltage is developed 
across R when phase lock is maintained, as for a Josephson 
junction. Ie depends on the loop gain, the oscillator power 
levels, and the veo constant k veo ' The maximum Ib for 
which the PLL maintains locking is equal to Ib = ± Ie' 
when tP = ± 1T12. When lIb I > Ie' the phase difference tP is 
no longer constant, and nonlinear oscillations occur at a ra
dial frequency dtP Idt = 21Tkveo V, resulting in the same cur
rent-voltage behavior as a Josephson junction. The veo 
constant kveo replaces 2elh in the Josephson equations [see 
Eq. (2)]. The deviation of the simulated pair current, from 
the ideal (sintP behavior is in our case less than 4%. 

Where it is useful we will, from now on, use normalized 
parameters to simplify the equations. They will be denoted 
by lower case characters, except for nand r which are the 
normalized parameters for frequency and noise level. Cur
rents are divided by Ie' voltages by Ie R, and frequencies by 
wo = 2eIeR If!. 

According to Bak et al. 2
•
3 the quasi-particle-pair inter

ference current in a Josephson junction can be simulated in 
the analog by limiting the bandwidth of the PLL. The 
closed-loop input admittance Yofthe PLL analog without a 
capacitive shunt and in case of phase locking (~ = 0) is then2 

Y= cost/J + 1 
jnR [1 + (11 Inc f] R 

costP (5) 
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where ne is the normalized cutoff frequency of the loop 
n e = W J wo' with Wo = 2ele Rlf! and n = wI woo The ad
mittance of the RSJ model including the cost/J term, when 
biased in the supercurrent (V = 0), can easily be calculated 
from Eqs. (2) and (4) and is given by 

Y= cost/J +~ + a cost/J. (6) 
jnR R R 

The close relation between the admittance of the analog and 
the RSJ model is clear. The last terms of Eqs. (5) and (6) 
represent the quasi-particle-pair interference term with 
a = - {ne [1 + (n Inc )2])- I. Notice that a is frequency 
dependent in the analog. The first term in Eq. (6) represents 
the pair conductivity, while the corresponding term in the 
analog differs from this by a factor [1 + (n In e )2] - I. This 
means that the pair conductivity in the analog is consider
ably different from that in the RSJ model for n;?; 0.2ne' 
Therefore the PLL analog can only be used to simulate the 
RSJ model including the cost/J term in a very limited frequen
cy interval with n <.a c' In that case a = - (n c) - 1 and 
a = - 1 can easily be reached. However, we are interested 
in the behavior of the RSJ model over a relatively large fre
quency interval 0 <.a < 1.5, which is only possible by choos
ing n e > 1, so that a ~o. In our model the minimum value for 
a is limited by the cutoff frequency of the veo of about 
ne = 10 so that lal :S 0.1. This value of a is small enough to 
be neglected. Our model therefore does not include the qua
si-particle-pair interference current. 

B. Noise 

In a Josephson junction we can defineS a dimensionless 
noise parameter 

r = 2ekB TelMe' (7) 

where Te is the effective noise temperature which is, in the 
ideal case, equal to the physical temperature of the junction. 
The noise can be thought to originate from the resistance R 
at a temperature Te. This noise can be represented9 by a 
noise current generator parallel with R and, in this case, also 
parallel with the pair conductivity and possibly a shunting 
capacitance. This current has an amplitude 

I NRMS = (4kB TeBIR )1/2, (8) 

where B is the effective noise bandwidth. From Eq. (8) we 
can obtain an effective noise temperature Te , where 

Combining Eqs. (7) and (9) we obtain 

r= ~I2 
2M B N

KMS 

e 

(9) 

(10) 

where i
nRMS 

= INRMJ1e is the normalized RMS noise current 
through the junction and b is the normalized effective noise 

bandwidth b = 211"B Iwo' 
In the analog this noise current I N

RMS 
can be easily sim

ulated by external injection. To simulate thermal noise, it is 

T. Poorter and H. Tolner 6306 



necessary that the frequency spectrum of the injected noise is 
flat up to frequencies much higher than 6JoI21T = 2ele R Ih, 
giving the order of magnitude of the highest frequencies gen
erated in the junction. In our analog b = 6.3 ± 0.3, which is 
indeed much larger than one (0 ~ an ~ 6.3). 

As can be seen from Eq. (10), r is quadratically depen
dent on I N

R
",' in contrast with the so-called effective peak

to-peak noise current I jh , as defined by Likharev et al. 10 

I jh =2Ic r. Taking I jh as a measure for the relative noise 
currents through the junction leads to a dramatic underesti
mate of the effects of noise on the 1-V curve and on the ratio 
of the signal currents to the noise currents for r < 1. Since 
only noise currents with normalized frequencies lower than 
about one have an effect on the junction, 10 beff ~ I, so that 
from Eq. (10) r~( 1.25 I N

RM
/ Icf is obtained. Then for 

r = 1, Ijh = 2.5 I
NRM

, = 2Ie; while for r = 0.01, 
I jh = 0.25 I

NR
,,, = 0.02 Ie' The peak-to-peak noise current 

is about 6I
NRMS 

so that the difference between Ijh and the 
actual peak-to-peak noise currents in the junction can be 
very large for small r values. At a certain noise level, the 
junction can therefore be thrown "out of lock" by noise at 
considerably lower values of the bias current than is expect
ed from the size of I jh • 

C. Capacitive shunting 

The influence of a capacitive shunt on the behavior of a 
Josephson junction is represented by adding an extra term to 
Eq. (3). The behavior of the phase difference ¢ is then given 
by 

1= Icsin¢ + (fz/2eR )d¢ Idt + C(fz/2e)d 2¢ Idt 2. (11) 

In the analog this can be simulated directly by shunting the 
resistance R with a capacitance C, as shown in Fig. 1. 

D. Comparison between the analog and the RSJ model 

To obtain an idea of the quality of the PLL analog as a 
simulation of the RSJ model, we measured a number of pa
rameters that have been calculated in the literature. 

(1) For Pc = 0 (without a capacitive shunt) the maxi
mum normalized differential resistance (dvldf)max and the 
normalized average voltage Vo at which this maximum oc
curs were measured as a function of r (V = V lIe Rand i = 1-
bile ). As is shown later in Fig. 9, the measured values for 
[(dvldf)max - 1] are only slightly higher than given by Lik
harev et al., II while a good fit is obtained for the correspond
ing values of vO' 

(2) The size of the hysteresis in the 1-V curve (for r = 0) 
as a function of Pc is in agreement with the hysteresis first 
calculated by Stewart 12 and McCumber4 (not shown). The 
effect of the cos¢J term on the hysteresis has been given by 
Auracher et al. 13 A comparison (not shown) reveals that in 
our analog this effect is negligibly small, confirming that a is 
indeed much smaller than one. 

(3) The 1- V curves obtained with the analog are in good 
agreement with the curves computed by Ambegaokar et al. 14 

for Pc = 0 and by Kurkijarvi et af. 15 for Pc = 1 and 4 for 
r = 0.05 (not shown). 
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(4) The dependence of the step heights induced in theI
V curves by rf monochromatic currents, on the amplitude 
and frequency of the currents, is in good agreement with 
calculations by Likharev et al. 16 for a < 1 and with a Bessel 
function behavior for a> 1 (not shown). 

(5) The rf impedance for Pc = 0 without thermal noise, 
is in good agreement with the calculations by Auracher et 
al.17 (not shown), both in the supercurrent (V = 0) and for 
i> 1 (V # 0). The main difference is the occurrence of sman 
subharmonic singularities at reduced voltages v = lin, 
where n = 2, 3, 4, etc. 

In conclusion we can say that these measurements give 
reasonable confidence in the applicability of the analog to 
cases where a capacitive shunt and thermal noise are present 
at the same time. 

III. PLL ANALOG WITHOUT A CAPACITIVE SHUNT 
Pc = 0 
A. rf Impedance in the presence of thermal noise 

The rf impedance of a Josephson junction in the pres
ence of low-level thermal noise has been calculated by Vys
tavkin et al. 8 A comparison will be made between the imped
ance as measured with the analog and these calculations. 
The impedance measurements will also be extended beyond 
the constraints on the validity of the calculations. 

Figure 2 shows the measured normalized junction im
pedance Re(z) = Re(Z)I Rand Im(z) = Im(Z)I R (where Z is 
the junction impedance) versus a for different values of vat 
r = 0.04. This r value is chosen as a representative value for 
high Ohmic junctions e.g., an effective noise temperature 
Tc = 5 K, R = 200 a, and typically Ie = 5 JlA corresponds, 
to r~O.04. The rfsignal currentis = I.lIe = 0.1 is small 
enough to avoid saturation. 

The impedance around the singularity (at v = a ) and in 
the presence ofthermal noise, has been calculated by Vystav
kin et al.8 and is given in reduced units by 

z= 1- Ll +jr1 , ILl I, r 1<a, 
2(i + V) Ll 2 + ri 

(12) 

where Ll = a - v and r 1 = (1 + lI2P)(dvldf)2r. This im
pedance is shown in Fig. 2 by dashed-dotted lines for v = 0.8. 
The maximum in the measured Re(z) (atLl ~ - rIl is in good 
agreement with Eq. (12), while the minimum (at Ll ~rIl is 
somewhat below the theoretical value. For 1.1 I ~ 0.4, where 
Eq. (12) is not strictly valid, the difference increases. The 
Im(z) as given by Eq. (12) is in good agreement with the mea
surementsfora.;;;0.8 [also in the region whereEq. (12) is not 
valid]. For a > 0.8 the measured Im(z) is higher than given 
by Eq. (12). From the figure it is clear that this difference is 
caused by the fact that the impedance for V#O is also deter
mined by the impedance for v = O. The junction is "in lock" 
(v = 0) part of the time even though V#O. This effect be
comes stronger for smaller v values, where the reactance is 
inductive for a large frequency interval. Apparently only the 
high-frequency side of the smoothed singularity is affected 
by the v = 0 behavior. The measured impedance for v = 0 is 
in good agreement with the in-lock impedance which is given 
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0·4 

a:: 
~-0.8 
g 

-1·2 

-1·6 

- 2·0 [3c = 0 
r = 004 
is = 0·1 

- 2·4 

0·4 0·8 1·2 

(b) 0~---'---:0:L.4---JL--o.""8:---L---ll.2--.L.J 

.0. 

FIG. 2. Measured normalized real (a) and imaginary (b) part of the impen
dance of an RSJ model Josephson junction, as a function of normalized 
frequency and for several values of v. The dashed lines show the impedance 
as calculated from Eq. (6) with a = 0 for v = 0 and without noise, but for the 
same value ofT. The dashed-dotted lines are calculated using Eq. (12), for 
v= 0.8. 

by R shunted by the Josephson inductance L J = fz(2elc_ 

cos¢J ) -I (see dashed lines in Fig. 2). 

B. Response to radiation In the presence of thermal 
noise 

As was first shown by Kanter et al. 18 the wide-band 
response to an rf current ..1 vi;; of an RSJ junction without 
noise is given (in normalized units) by 

Llvl;; = (dvld~/4f[1 2, for u<[1, 

Llvl;; = (d 2vld"P)/4, for V),[1, 

Llvli; = (dvld~dinLl, for v-::::=.[1. 

(13a) 

(13b) 

(13c) 

In the presence of thermal noise, Eqs. (13a) and (13b) can still 
be used when the junction is biased at v> vo, as was shown by 
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Likharev et al. 10 For smaller bias voltages, deviations occur 
and a solution is only possible using the Einstein-Fokker
Planck (EFP) equation. 10 With noise the singularity in Eq. 
(13c), for Ll = 0, disappears. For sufficiently small detuning 
(Ll <[1 ) and for a low level of noise, (F 1<[1 ), the response in 
this case can be given by Eq. (14), which is the real part ofEq. 
(13c) with Ll replaced by Ll + jrl>8.10 

..1vN = (dv!d~ ..1, 
s Sif1..1 2 + r i (14) 

For v> vo, the differential resistance is dvl df = flu and since 
ILl I <[1, the average voltage v-::::=.[1 so that 

vii; =..1/[S[12(Ll 2+ri)], ILlI,rl <[1, (15) 

as given already by Vystavkin et al.s According to the same 
reference Eqs. (13a) and (13b) are also valid for the less re
stricted cases ofv <[1 and v> [1, respectively, when thermal 
noise is included. 

Using the PLL analog we measured the response to an 
rf current ..1 vii; of a dc current biased junction in the small 
signal limit (is = 0.1) and in the presence of simulated ther
mal noise. In Fig. 3 the measured response for v = O.S and 
v = 0.3 is compared with Eqs. (13a), (13b), and 14 for 
r = 0.04. For v = O.S [Fig. 3(a)] the response for [1> v, [1-::::=.v, 
and [1<vis in good agreement with Eqs. (13a), (14), and 
(13b), respectively. For !VS [1 S vthe response consists of 
both the classical response and the (smoothed) singular re-

~ 

i> 
<J 
w 

('lc = 0 
r = 0·04 
is = 0·1 
Ii = 0·8 

dwdT 

VI 0 1-
0
----.----:,..,---.---:1::---.--=-1 

~ 0·4 .0. 12 
Vl 
w 
a: d~/dil 

-1 

(aj 

w 
VI 
Z 

Singular 

dv/di 
f3c = 0 
r = 0·04 
is = 0.1 
Ii = 0·3 

~ 0 ~-*--+---::r----''-----:::r.:--'''''''----:'I':-i 
VI 0.4 Q.8 1·2 
w 
a:: 

singlAar 

.0. 

(bj -2 ~ _____________ --' 

FIG. 3. Comparison for Pc = 0, between the measured normalized response 
(asa function of normalized frequency), at v = 0.8 (a) and v = 0.3 (b), and the 
response calculated using Eqs. (13a), (13b), and (14) with the corresponding 
experimental values of dv/dT and d 2v/dJ2. 
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3 

UJ 

~1 
o a.. 
<Il 
UJ 
a: 

flc = 0 
r = 0.04 

is = 0·1 

-\0~---L--~~--~--~oat,---L---'1~.2 
n 

FIG. 4. Measured nonnalized response to radiation as a function of nonnal
ized frequency for several values of V, for /3, = o. 

sponse, while for uS fl S 2uthe response consists of both the 
response ofEq. (l3a) and the (smoothed) singular response. 
The measurements on the analog show how these different 
response types add in these frequency intervals. For u = 0.3 
[Fig. 3(b)] only for fl>uand fl<uthe response is in good 
agreement with Eqs. (l3a) and (l3b), while in the region in 
between, Eq. (14) is invalid because r 1 = 0.4> fl. 

From this comparison we can conclude that the mea
surements with the analog are in good agreement with the 
analytical expressions within their regions of validity. 

Figure 4 shows the measured response as a function of 
fl for different values of u and at r = 0.04. The response is at 
a maximum for 0.05 S uS 0.1 and 0.05 S fl S 0.3, where the 
analytical expressions are invalid so that the response can 
only be calculated numerically, using the EFP equation. 

The current response shown in Fig. 4 is similar to the 
response calculated by Zavaleyev et ai., 19 where a Josephson 
junction is coupled to an external system. In that case, how
ever, Zavaleyev finds a maximum response for r~0.4, while 

6 

~_VI 

i> 
<14 

4J 
<Il z 

~2 a: 

flc = 0 
v =0·1 

is =0·1 

n 

FIG. 5. Measured nonnalized response (j3,. = 0) as a function of n, for 
v = 0.1, and for several values of r. 
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w 

I 1"11, = E e Bmax 

0~--~--~2TI~--~--~4tTTIr---~--~6TI 
¢ 

FIG. 6. Potential energy E vs the phase difference across the barrier, for a 
current biased Josephson junction. The potential energy difference En be
tween A and B is the energy barrier. 

we find a response that increases with decreasing r at least 
down to r = 0.005 (not shown). 

For later comparison with the response for nonzero f3c 
values we present in Fig. 5 the response versus fl for u = 0.1 
for several r values. r = 0.02 is the smallest value possible 
for r, to avoid saturation at a signal current of is = 0.1. For 
r> 0.1, maximum response occurs for U~O.1 at all 
frequencies. 

IV. CAPACITIVE SHUNTING IN THE PRESENCE OF 
THERMAL NOISE Pc ~O 
A. Dynamics 

In order to understand the effect of a capacitive shunt in 
the presence of thermal noise we will first look into the dyna
mics of a Josephson junction. 

When a shunting capacitance is added to the RSJ mod
el, the /- V curve without thermal noise becomes hysteretic 
for Pc ~ 0.8.4

•
12 Within the hysteretic region the differential 

equation (11), describing the time-dependent behavior of,p in 
this case, has two solutions. These solutions can be visual
ized in the "washing board" analog5 shown in Fig. 6: A parti
clemovingin a potential energy E = (- i,p - cos,p), where,p 
is the particle position and corresponds with the phase differ
ence across the junction, and i is the slope of the washing 
board and corresponds with the instantaneous current 
through tht:junction. 

When T = 0, the particle is at the bottom of the potential 
well with f = 0, the junction is in lock. Upon increasing ~ 
the average phase increases until, beyond T = 1, the particle 
rolls down the washing board continuously. When, for 
f3 ~ 0.8, the bias current is within the hysteretic region 
T:in < T < 1(imin is the lower boundary of the interval) and Tis 
momentarily increased above one, the particle rolls down 
the next potential well. Then the increase of the kinetic ener
gy of the particle in one period of,p is larger than the binding 
energy E B' so that the particle is not captured in this next 
potential well. Only for T < ~nin the particle is recaptured. 

T. Poorter and H. Tolner 6309 



3° 
3 

-10 
fJii 

3° 

~s I 
I 

I 
I 

10
2 

[/ 

Ji /r I 

10 
0·7 

/ 
I 

/ 
I 

08 0.9 

f3c = 4 
f3c = 3 

• f"lc = 2·25 

• f"lc = '·5 

• 
... • 

l 

... 

1.0 

FIG. 7. Measured normalized average lifetimes, in lock T,n Wo (without error 
bars I and out of lock TO"'Wo (with error bars I. as a function of the bias cur
rent. for several values of {3,. The solid lines are obtained using Eq. (191 for 
Tin Wo and the dashed lines result from using Eq. (211 for TO"' Wo' 

In the presence of thermal noise, however, the phase if> 
can be switched out oflock even for f < I, while it can also be 
captured for f> fmin • As has been shown by Fulton et al., 20 

the average lifetime of the phase-lock situation rio is given by 

rio =va-Iexp(EB/kBTe)' (16) 

where Va is the attempt frequency with which the particle 
attempts to escape from the potential well, E B is the energy 
barrier indicated in Fig. 6, and Te is the effective tempera
ture of the junction. The attempt frequency has already been 
calculated by Kramers.21 For a Josephsonjunction it is given 
in reduced units by 7 

Va (21T/WO)=!1a = (2/3c)-I[(1 +4I1ccos¢»1/2-1]. (17) 

For large Pc values!1a reduces to the plasma frequency 
!1p = (cos¢> IPc )1/2 (see Sec. V). The energy barrier EB is giv
en by20 

EB = (MJ2e) [f2 sin- l(i-1T)+ 2cos(sin-1ij] 

= E Bm" 1m, (18) 

where EB = MJe is the maximum binding energy. 
Witht'he PLL analog we measured the average lifetime 

of the junction, when in lock rio' as a function of f. for 
Pc = 1.5,2.25, 3, and 4 and r = 0.04. The result is shown in 
Fig. 7 (data points without error bars), where the verticle 
scale is in units wo- I. The solid lines for Pc = 1.5 and 4 are 
obtained using Eq. (16), which can also be written as 

rio Wo = 21T!1 a- 1 exp [2/m/ r ]. (19) 
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This equation also shows the strong dependence of rio on r. 
In fact the measurements of Tio yield an accurate calibration 
of r. For r = 0.040 ± 0.002 we obtain a good agrement be
tween Eq. (19) and the measured values of Tin for the four 
different values of Pc' 

We now consider the situation out of lock, where no 
expression for the average lifetime is available. Out of lock 
(when in the mechanical analog the particle is rolling down 
the washing board [see Fig, 6]) the kinetic energy represents 
a barrier against recapture of the particle. It is clear that a 
local minimum in the kinetic energy of the particle occurs 
when it is at a local maximum of the potential energy. If this 
kinetic energy is zero, then the particle will be recaptured. In 
the noiseless situation this occurs for i = fmio (see above). 
~i~h thermal noise the particle will also be recaptured for 
i> i min . 

With the PLL analog we measured the average lifetimes 
out oflock Tout, which have also been plotted in Fig. 7 (data 
points with error bars), for Pc = 2.25, 3, and 4. Similar to 
excitation from the phase-locked condition, the results for 
Tout can be understood by thermal excitation from the rotat
ing phase condition. The barrier height in this case is the 
minimum electrostatic energy of the junction (similar to the 
minimum kinetic energy of the particle in the mechanical 
analog) during one revolution of the phase (a phase slip of 
211'), 

(20) 

where V mio (I,Pc ) is the minimum voltage across the junction 
during one revolution of if> in the noiseless situation; Vmin 

depends strongly on Pc' And ad hoc attempt frequency can 
be taken equal to the Josephson oscillation frequency 
V = 2e fout (f,{]c )Ih = (woI21T)Vout (f.Pc)' where fout (f.[3c) is 
the out-of-Iock average voltage. Then similar to Eq. (19) 

(21) 

If Pc is large, vout (f,{]c )~i, independent from Pc. g is an un
known factor taking into account the effective noise level; 
because of mixing of high-frequency noise components, 
g> 1. By measuring Vmin (i.[3c) and vout (f.Pc) for different Pc 
values we find that a match exists between the measured 
values of Tout and Eq. (21) when g = 1.39 ± 0.03, Equation 
(21) is shown in Fig. 7 by dashed lines for three Pc values. For 
Pc = 1.5 the uncertainties are too large to show a significant 
correlation between the measurements and Eq. (21) (not 
shown). 

B. Differential resistance 

At a sufficiently high thermal noise level, the J- V curves 
for Pc ~ 0.8 become nonhysteretic, i.e., for each setting of the 
bias current there is a single-valued time-averaged voltage. 
For r> 0.2 the J- V curve is nonhysteretic for almost any Pc 
value. As an example Fig. 8 shows the J- V curves for the case 
of Pc = 100, for three different r values, compared with the 
hysteretic J- V curve without noise. Contrary to the case of 
Pc = 0, however, the voltage across the junction no longer 
consists of a continuous series of pulses, but of pulse trains 
(with average duration Tout ), separated by an average "dead 
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sent (nonhysteretic, r = 0.2, 0.4, and 1.0). 

time" Tin' A quasistationary 1- V curve therefore only occurs 
when the voltage is averaged over a time T, where T>Tin and 
T>Toul ' 

The differential resistance dv!dl was measured (with 
the PLL analog) as a function of v for different Pc and r 
values. Two different methods were used, depending on the 
values of Pc and r. For Pc > I in the case (dv! dijmax > 10 and 
for Pc >20, the differential resistance is obtained by estimat
ing the slope of the I-V curve (e.g., see Fig. 8). For all other 
combinations of Pc and r, the bias current is modulated with 
a normalized frequency flmod = 5 X 10- 3 and the resulting 
voltage across the junction is measured. A calibration is ob
tained in both cases by a measurement for I> 1. For large Pc 
values and small r, it is not possible to measure a voltage 
across the junction, with a normalized frequency of 
5 X 10-3

, because the average lifetimes Tin and Tout become 
longer than one period of the modulatini!; frequency. 

The maximum values [(dv!dijmax - 1] and the voltages 
Vo at which they occur, have been plotted in Fig. 9 as a func
tion of r. The dashed lines were calculated by Likharev et 
al. II for Pc = 0. From Fig. 9 it is clear that (dv!dijmax in
creases with increasing Pc, but that saturation occurs for 
high Pc values. 

v. THE PLASMA RESONANCE 

From the previous discussion it is clear that an under
damped RSJ junction, with an I-V curve smoothed by ther
mal noise, can be biased in such a way that the junction is in 
lock for a large fraction of the time even when V#O. 

When biased in the supercurrent, the pair conductivity 
can be represented by an inductance L J = fz(2eIccos¢J )-1 
(parallel with the quasi-particle resistance R ) that can form a 
resonant system with a shunting capacitance Cat 
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(22) 

Microscopically this is the well-known plasma resonance in 
the supercurrent l

,5 which was first observed experimentally 
by Dahm et al.6 Now ifthe junction is in-lock part of the 
time, even when V#O, plasma effects should also occur in 
this case, and should be observable in the junction imped
ance and in the response to external radiation. According to 
Tolner7 thermal excitation at the attempt frequency (Sec. 
IV A) could be the dominant detection mechanism in rela
tively high impedance (R > 100 n) point contacts, where 
probably Pc > 1. In this chapter it will be demonstrated in 
the PLL model for a current driven junction (dc and rf) that 
such a detection mode really exists and we show how it de
pends on various parameters. First, however, the behavior of 
the junction impedance will be repesented under the same 
conditions, i.e., Pc > 1, but without hysteresis. 

A. The impedance for Pc> 1 

At a sufficiently high thermal noise level, a capacitively 
shunted junction withPe > 1, has a nonhysteretic I-V curve. 
As shown in Sec. IV B the voltage across the junction con
sists of a series of pulse trains with average length Tout sepa
rated by an average dead time Tin (when the voltage across 
the junction is zero). When the junction is biased with 
Imin < 1< 1, it is out of lock for a fraction of time 

(23) 

and in lock for the remaining fraction of time 1 - v!vout 

= Tin !(Tin + Tout)' This means that the average rf imped
ance of the junction will be the sum of the in-lock impedance 
(exhibiting the plasma resonance) multiplied by a factor 
1 - v!Vout and the out-of-Iock impedance multiplied by a 
factor v!vout . 

. 
o 
E 
~ 
:Q 
I> 
.:g 

10 

10- 10-

.(dVldT)max- 1 

(ll Vo 

10- r 

FIG. 9. Measured maximum value of the normalized excess differential 
resistance [(dvl ii)m" - I] and the normalized average voltage Vo at which it 
occurs, both as a function of r and for several values of /3,. The accuracy in 
ris ± 10%. The dashed lines are calculated by Likharevetal." for/3c = o. 
The measured curve of Vo for /3c = 0 is the same as the dashed curve and 
therefore not shown separately. 
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FIG. 10. Measured normalized real (a) and imaginary (b) part of the imped
ance of a capacitively shunted 1jJ. = 2.25) Josephson junction in the pres
ence of thermal noise equivalent to r = 0.04, as a function of n and for 
several values of v (compare Fig. 2 for {3, = 0). The dashed curves show the 
plasma resonance for v = a and T = 0.75 at .q, = (coSib 1{3, )i''-

We used the PLL analog to measure the rfimpedance as 
a function of frequency for two different Pc values. Fig. 10 
shows Re(z) and Im(z) for Pc = 2.25 and r = 0.04 (as for 
Pc = 0). [The choice of this Pc value is determined by the 
later use of a chopping frequency in the case of wide-band 
detection. For r = 0.04, Pc = 2.25 is the largest Pc value 
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that can be used such that, for the voltage region of interest, 
Tin and Tout are still short (see Fig. 7) compared with one 
period of the chopping frequency]. 

For v = 0 and T = 0.75 the measured impedance is in 
good agreement with the calculated impedance when biased 
in the supercurrent (as shown by the dashed lines in Fig. 10), 
i.e., equal to a parallel combination of a resistance R, an 
inductanceLJ = fz(2e(co~ )-1, and a capacitance C, where 
ifJ is determined by the bias current according to ifJ = arcsini: 
Therefore the resonance that is observed at fl = 0.50 ± 0.02 
is completely described as a plasma resonance with 
flp = (co~ fPc 1/2 = 0.54 ± 0.02. [When plotted in the com
plex plane, this is a full circle with the center at (0,0.5) and a 
radius of 0.5]' 

For v = 1.2 the measured Re (z) in Fig. lOla) shows a 
smoothed singular impedance at flsing = V = 1.2. However, 
the singularity is inverted with respect to the Pc = 0 case [see 
Fig. 2(a)]. In addition, the measured Im(z) in Fig. lO(b) shows 
a positive peak centered at fl = 1.2, instead of the negative 
peak for Pc = 0 [see Fig. 2(b)]. These differences in behavior 
are in qualitative agreement with the impedance values cal
culated simply from the values for Pc = 0 (Fig. 2), when a 
capacitance is added in parallel [a complete description 
should also take into account the effect of the capacitive 
shunt at the idler frequency (fl; = 2v - fl I]. When vis de
creased, the singularity in Re(z) occurs at flsing = v until 
v"-'0.8. For lower vvalues, Re(z) shows a smoothed singular
ity at fl "-'0. 7, for all v values. It is decreasing in amplitude 
with decreasing V. ForO.2 < v < 0.6 the bias current is aproxi
mately constant and at this bias current value, vout ~O. 7 as is 
found by disconnecting the noise source. We therefore see 
that the singularity occurs at fl = vout • Since, upon decreas
ing v, the junction is in lock for a growing fraction of the 
time, the plasma resonance increases in magnitude until, for 
v = 0, only this plasma resonance remains. The resonance 
frequency for v 1= 0 appears to be considerably lower than for 
v = O. This is partly caused by the influence of the negative 
branch of the smoothed singularity at fl = vout ~O. 7. How
ever, there is also a real decrease in the plasma resonance 
frequency, since, with increasing v, also T increases some
what. For v = 0.3 and T = 0.88, e.g., flp = (co~ fPc )112 
= 0.46 ± 0.02, compared with flp = 0.54 ± 0.02 for v = 0 
and T = 0.75. 

In addition to the plasma resonance peak and the 
smoothed singularity at fl"-'0.7, we see from Fig. 10 that 
there is a special low-frequency effect. For fl S 0.15 and for 
0.05 S v < 0.8, we see an increase in magnitude and a change 
in phase of the complex impedance, with respect to the 
weighted average of the in-lock and the out-of-Iock imped
ance. When the measured values from Fig. 10 are plotted in 
the complex plane (not shown) we find that the phase shift is 
at a maximum of 60· ± 5· for all values of V<O.4 and for 
fl S 0.1 S. This effect is caused by the switching of the junc
tion between the phase-locked and the rotating-phase mode. 
It can be understood by considering the time-dependent be
havior of the voltage across the junction, relative to the in
duced rf current. For fl = 0.05 and v = 0.1, Fig. 11 shows 
the rf current through the junction (upper trace), a single 
track of the voltage across the junction (middle trace), and a 
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FIG. II. rf current (upper trace) at n = 0.05, through a junction with 
/3,. = 2.25 and v = 0.1, together with a single track of the voltage across the 
junction (middle trace), and a superposition of many tracks of the voltage 
across the junction (lower trace), as measured on an oscilloscope with the 
time base synchronized with the rf current. 

superposition of many tracks of the voltage across the junc
tion showing the time-averaged effect (lower trace), as mea
sured on an oscilloscope with the time base synchronized to 
the rf current. The effect is caused by an enhanced chl'!-nce for 
the system to be excited out of lock by thermal noise, when 
the rf current is near its maximum and an enhanced chance 
for the system to become phase locked again when the rf 
current is near its minimum. Apparently this effect is strong
ly frequency dependent and occurs only when fl<1. In the 
mechanical analog (Fig. 6) low-frequency rf currents can be 
thought to modulate the slope of the washing board. When 
the rf current is near its maximum, the slope of the washing 
board is steeper than for i so that the effective energy barrier 
is lower than for T. This results in an enhanced chance for the 
particle to escape across the barrier by thermal noise. When 
the rf current is near its minimum, the slope of the washing 
board is less steep than for T, so that the effective energy 
barrier is higher than for T. This results in an enhanced 
chance for the particle to be recaptured in a potential well. 
Both effects therefore are synchronized with the rf signal, so 
that they contribute to the value of rf impedance. The rise 
time of the out-of-Iock voltage pulses will limit the maxi
mum frequency at which this effect can occur. For Pc = 2.25 
this apparently occurs at fl~O.15. 
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The overall effect of this behavior is a large amplitude rf 
frequency component in the junction voltage (the amplitude 
of the rfpulses is VOU!), At the same time this frequency com
ponent has a phase shift with respect to the rf current. 

The second Pc value used was 20 with a thermal noise 
level equivalent to r = 0.2. For Pc = 20 this is the smallest 
r value possible for which 1"in and 1"out are short enough to 
satisfy the condition mentioned for Pc = 2.25. The imped
ance, as shown in Fig. 12, is dominated by a resonance at 
fl = 0.195 ± 0.01. This resonance frequency is in good 
agreement with the plasma resonance frequency that is mea
sured without noise in the supercurrent (V = 0) and for the 
same bias current, at fl = 0.20 ± 0.1. Again there seems to 
be a small difference between the experimental resonance 
frequency and flp = (coS(,b IPc)1/2 = 0.215 ± 0.01, for the 
same bias current. This may be caused by a nonperfect phase 
dependence of the pair current in the analog. However, the 
shape of Re(z) and Im(z) perfectly match an LJC resonance, 
(as for Pc = 2.25), indicating that indeed a resonance occurs 
at the plasma frequency. The Q value of the plasma reso
nance6 is Q = wpRC = (j3ccoS(,b )1/2 = flpPc = 4.3 ± 0.2, in 
good agreement with the experimental value 
Qexp = 4.0 ± 0.4. 

For v = 0.6 the junction is permanently out-of-Iock (as 
can be seen on the oscilloscope), so that the impedance is 
entirely the out of lock impedance. Because at this Pc value 
the junction oscillations, when out of lock, are purely sinu-
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FIG. 12. Measured normalized real and imaginary part of the impedance of 
a capacitively shunted junction (f3c = 20) in the presence of thermal noise 
(F = 0.2), as a function of n and for several values of v. 
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soidal (aU harmonics are effectively shunted by the capaci
tance), the impedance will be equal to the impedance of the 
paranel combination of Rand C. It is given by the dashed 
lines in Fig. 12 and is in good agreement with the experimen
tal values for v = 0.6. In the complex plane this impedance is 
a semicircle in the fourth quadrant, with the center at (0,0.5) 
and a radius of 0.5. For different values of v and for [J ~ 0.05 
the impedance is again rather well described by the sum of 
the fractions v/vout and 1 - v/VOU! of the out-of-Iock and the 
in-lock impedance, respectively. The deviation from this 
sum, at low frequencies, is much smaller than for Pc = 2.25. 
For increasing v the bias current also increases somewhat, so 
that the plasma frequency [through [Jp = (cos¢J /Pc)Ii2] de
creases slightly from the v = 0 frequency (see Fig. 12). The 
decrease is much smaller than for Pc = 2.25 because fis al
most constant for 0.05O;;;;VO;;;;O.S. 

From the measurements it is clear that the average rf 
impedance of a capacitively shunted RSJ model junction in 
the presence of thermal noise indeed shows very clearly a 
plasma resonance even for a nonzero average voltage across 
the junction. The observed resonance frequency is in good 
agreement with the theoretical plasma resonance frequency 
in the supercurrent. 

B. The wide-band response for Pc> 1 

Next we investigated the effects of the plasma reso
nance on the detection properties of under damped (f3c ~ 1) 
RSJ model Josephson junctions. With the PLL analog the 
wide-band response to radiation was measured for several Pc 
values. We expect a plasma resonance in the response, result
ing from the junction being thrown out of lock, while a 
smoothed singular response wil1 occur when the junction is 
out of lock. 
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FIG. 13. Measured normalized response to radiation of a capacitively 
shunted junction ff3c = 2.25). as a function of frequency, for several values 
ofiJ. 

6314 J. Appl. Phys., Vol. 51, No. 12, December 1980 

i> 
<l 

3 

~ 2 
z o 
(L 
If) 

w 
ex 

~, =2.25 

is = ()'2 

v = ().2 

o O'-----"---o-L.,,---'------o.L.e--L---.J1.u2 

fl. 

FIG. 14. Comparison between the measured normalized responses for two 
different thermal noise levels, as a function of n, for {l,. = 2.25, and iJ = 0.2. 

Figure 13 gives the response..:lv/i; to an rfcurrent (with 
amplitude is) as a function of the rf frequency for several 
values of ii, in the case Pc = 2.25 and r = 0.04. For v = 1.0 
the response consists of a smoothed singular response at a 
frequency [Jsing = v. For decreasing vthe value of [J.ins de
creases until [Jsing ~v = 0.8. Upon a further decrease of v, 
!lsing is no longer equal to vbut instead remains at ~0.7, 
which is approximately equal to VOU!' as observed for the 
impedance. At the same time an enhanced response develops 
for [J = 0.35 ± 0.03. This resonance frequency is signifi
cantly below the plasma reSonance frequency that was mea
sured in the impedance at [J = 0.50 ± 0.02. In order to ob
tain a reasonable signal-to-noise ratio a signal current 
i, = 0.2 was required. (The rf impedance for i, = 0.2 is not 
different from the measurements with is = 0.1.) The differ
ence in resonance frequency is not caused by the larger rf 
current amplitUde. For i, = 0.2 a reduction of the plasma 
resonance frequency of about one percent would be expect
ed.6 Predominantly at low frequencies, a third contribution 
to the response is observed. It is positive for v < 0.4 and nega
tive for v> 0.4 and approximately follows (d 2vldT\ with an 
additional RC cutoff as a function of frequency. Therefore 
this is a classical response, analogous to the classical re
sponse for Pc = 0. 18 

At Pc = 2.25, both the resonance in the response and 
the smoothed singular response are easily destroyed by in
creasing the noise level. Figure 14 shows the response for 
Pc = 2.25 and v = 0.2, for r = 0.04 and r = 0.08, respec
tively. We see that at r = 0.08 both features on the response 
have almost disappeared. For r < 0.04 the resonance prob
ably increases in amplitude but this requires too large inte
gration times to be measured with the analog. Saturation of 
the resonance occurs for signal currents larger than is = 0.2. 

Again J3 c was increased to 20 with a thermal noise level 
equivalent to r = 0.2. The response is shown in Fig. 15 as a 
function of frequency. It is dominated by a resonance at 
[J = 0.175 ± 0.01, which must be compared with the plasma 
!,requencyat[Jp = (cOs¢J/Pc)l12 = 0.215 ± 0.01 for the same 
i. The Q factor of the resonance is considerably smaller than 
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FIG. 15. Measured normalized response vs fl, of a junction with p, = 20 
and r = 0.2, for several values of v. 

for the impedance measurement. The smoothed singular re
sponse at n = vout has fully disappeared in this case. An 
unexpected phenomenon is the occurrence of a negative re
sponse at low frequences for all values of v; apparently it is 
aproximately proportional to ( - dvfd~ contrary to the case 
of Pc = 2.25. Figure 16 gives the response for Pc = 20 at the 
resonance frequency and for the voltage of maximum re
sponse (v = 0.1) &s a function of the noise level. The solid line 
represents the response when measured with a chopping fre
quency n ehop = 5 X 10- 3 (as for all measurements up to 
now). When r is decreased, the response first increases. This 
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FIG. 16. Measured normalized response vs r, for P. = 20 and v = 0.1. The 
solid line is for a chopping frequency fl,hor = 5 X 10- 3 and the dashed line 
is for fl,hor = 5 X 10-4. 
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normalized response vs v, at the frequency of maximum response, for a 
junction with p, = 200 and r = 0.2, 

is caused by both an increase of the differential resistance 
dvfdi and an increase of the Q factor of the resonance. Also, 
upon decreasing r, Tin' and Tout increase (see Sec. IV A) for 
the same value ofT. When Tin and Tout become of the same 
order of magnitude as the period of the chopping frequency 
n chop ' at which the rf current is modulated, the response 
decreases dramatically. The resulting maximum occurs at 
r =rcrit ' The dashed line in Fig. 16 is for a chopping fre
quency n ehop = 5 X 10- 4

• In this case rerit is lower than for 
n chOp = 5 X 10-3

, as expected. For higher r values the re
sponse for n ehop = 5 X 10-4 is also higher than for n ehop 

= 5 X 10-3
• This effect is not understood. (For Pc = 2.25, a 

reduction of the chopping frequency below n chop 

= 5 X 10- 3 does not change the response for r> r erit ; only 
rerit is lowered somewhat, as expected.) By comparing Fig. 
16 with Fig. 5 we find that for the same rvalue (F = 0.2) the 
response for Pc = 20 at the resonance frequency is approxi
mately three times as large (in an absolute sense) as the re
sponse for Pc = 0 at the same frequency (nehop = 5 X 10-4

). 

Even for Pc = 200 we measured an enhanced response 
atn = 0.055 ± 0.01 compared with a calculated value of the 

plasma frequency of np = (coS¢ fPc )112 = 0.070 ± 0.004. 
Because of the long average lifetimes in this case, the chop
ping frequency n ehop = 5 X 10-4 is barely sufficient to de
tect this response. It is given in Fig. 17 as a function of v, for 
the same r value as for Pc = 20 (F = 0.2). In Fig. 18 the 
response at the resonance frequency for v = 0.05 is given as a 
function of r. Again the response decreases below r erit , 

.D = 0055 
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I, 0.2 
v = 0.05 
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FIG. 18, Measured normalized response vs r, at the voltage and frequency 
for maximum response, for p, = 200, 
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which is somewhat higher in this case than for Pc = 20 at the 
same chopping frequency, as expected. 

In a real Josephson junction there is also a limiting val
ue of r. However, this value will be lower than r eri ! in the 
analog for the same Pc value because the normalized chop
ping frequency is 10-7-10- 8 times the value in the analog. 
The limiting value of r in a real Josephson junction with 
Pc = 200 is approximately 0.05 [as can be found using Eqs. 
(19) and (21)] as compared with r eTit ~0.2 for the analog 
(Fig. 18). The resonant response for Pc = 200 and r = 0.2 is 
of the same size as the response for Pc = 0 at the same fre
quency and the same noise level (see Fig. 5). In view of the 
effect of the chopping frequency on the amplitude of the 
response, as found for Pc = 20 (Fig. 16), the real response for 
Pc = 200 may be higher than for Pc = o. 

c. Interpretation of the response measurements 

In a capacitively shunted junction with an I-V curve 
that is nonhysteretic by the influence of thermal noise, sever
al wide-band response mechanisms can occur. When the 
junction is biased such that Tmin < T < 1 (Tmin; see Fig. 8), the 
average normalized voltage across the junction is given by 
Eq. (23). This means that a response to an rf current will take 
place, when Tin andlor Tout are influenced by the rf current 
and also when the out-of-Iock J- V curve changes, owing to 
the rf current, resulting in a different VOU! • 

The influence of the rf current on the shape of the out
of-lock branch of the J-V curve will be similar to the Pc = 0 
case. The internal oscillations of the junction will try to lock 
on the rffrequency, resulting in a (smoothed) singular re
sponse around VOUt = n. However, the amplitude of the re
sponse is much smaller than for Pc = 0, because the rf signal 
and the internal oscillations are shunted by the capacitance. 
With increasing frequency and Pc, their amplitudes 
decrease. 

The influence of the rf current on Tin is twofold. First 
there is the reduction ofthe effective energy barrier EB (see 
Fig. 6 and Sec: IV A) that also takes place when Pc = O. This 
results in an enhanced chance for the junction to be excited 
out of lock, reducing Tin' In addition, there is a resonant 
reduction of Tin by an rf current with a frequency equal to the 
attempt frequency, with which the phase ifJ attempts to es
cape from the phase-locked mode. In terms of the mechani
cal analog (Fig. 6), the particle attempts to escape from the 
potential well, by thermal noise, at a normalized attempt 
frequency7.21 na [see Eq. (17)]. This means that when the 
slope of the washing board is modulated at this attempt fre
quency, an enhanced excitation out of the potential well is 
expected, thus further reducing Tin' This results in an en
hanced wide-band response when the rf current has the fre

quency na' 
The following is a qualitative picture of the attempt fre

quency, using the mechanical analog. Owing to low-frequen
cy components in the thermal no~se, the slope i of the wash
ing board slowly changes around i. The resonance frequency 
of the particle at the bottom of the potential well (the plasma 
frequency) decreases for i> T, because ofa decreasing curva
ture of the potential well [np = (cosifJ IPc)1/2]. The chance 
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that the particle is excited out of the potential well by the 
high-frequency part of the thermal noise (that contains al
most the total thermal noise power) together with the modu
lation of the slope of the washing board at the rf frequency 
increases with increasing i (since the energy barrier becomes 
smaller). This means that the effective resonance occurs at a 
frequency corresponding to a certain ~xc , from where, on the 
average, the particle is excited. Since this ~.'C is larger than T 
(see Fig. 19), the effective resonance frequency for excitation 
out of the potential well (the attempt frequency) is lower than 
the resonance frequency corresponding to T. In a real junc
tion this means that the effective plasma resonance frequen
cy (the attempt frequency) is below the p!.asma frequency for 
1. In the limit of small Pc values, where imin is close to one, 
there is a substantial difference between na and np ' because 
cosifJ depends very strongly on Tin this region (see Fig. 19). 
For large Pc values, however, cosifJ hardly depends on I, in 
the region of interest, so that no and n p are almost equal (see 
also Fig. 20). 

The influence of the rf current on T oul probably only 
occurs by a reduction of the effective energy barrier against 
recapture (see Sec. IV A), similar to the case of T", . A reso
nant excitation across the energy barrier against recapture, 
however, might be possible. This would result in a negative 
response around the attempt frequency (assumed to be) 
n = VOUI in this case. 

When the effects of a rf current on the average lifetimes 
and on VOUI are taken together, the following wide-band re
sponse may be expected. The smoothed singular response at 
VOUI will be present for all values ofvwhenPc is not too large. 
The position of the singularity will be at n = VOU! and the 
amplitude will be proportional to vlvou! (the fraction oftime 
that the junction is out of lock). This means that even for 
v.(V

OU
! there will be a very small amplitude, smoothed singu

lar response at n = VOU!' Further, there will be a positive 
response to a rf current due to a decrease of Tin and a negative 
response due to a decrease of 7

0U
!' Since the fraction oftime 

that the junction is in lock, or out of lock is given by 

1 - vivoul = Tin I( Tin + T out ) and vlvou! 
= TouJ(Tin + T ou!), respectively, a response behavior may 

be expected, that is symmetrical with respect to v = il2 
(where Tin = T ou!); i.e., a positive response for v < il2 and a 
negative response for v> i!2. The response that results from 

1Or---_ 

·2 

FIG. 19. Schematic drawing, illustrating the qualitative effect of noise on 
~'c, and thereby on the resonance frequency in the response for /3, = 2.25 
and{3, = 20. 
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FIG. 20. Bias current Em" for maximum response in case of small Tvalues, 
as a function of p,. Also shown are the corresponding values of the plasma 
frequency np' the attempt frequency na, the ratio na Inp , and the width 
,1np of the plasma resonance. 

a reduction of EB (Josephson response -dvld~ would fall 
off with frequency as fl -z in the caseflc = 0; with a capaci
tive shunt, the frequency dependence is expected to be even 
stronger than that. The classical response d zvl df2 is not fre
quency dependent for flc = 0, so for flc :;60 we expect a sim
ple RC falloff. 

The decrease of Tin for rffrequencies around flo results 
in a positive resonant response. This response will be zero for 
v = 0 and increases for increasing V. For v> vout 12 it will 
decrease again, because of a decreasing Tin. When the junc
tion is almost permanently out of lock (v~VOu! ), this re
sponse mode will have disappeared. 

The wide-band response, measured with the PLL ana
log (Sec. V B) can be qualitatively described by the different 
response mechanisms introduced above. For flc = 2.25, the 
smoothed singular response indeed occurs for fl = VOU! ~O. 7 
(for 0.1 < v < 0.6, i is about constant and VOU! ~O. 7) and de
creases in magnitude for decreasing v, below v = 0.7. The 
response that is approximately proportional to (d 2vI iJ2) in 
the measurements, is indeed positive when v < VOU! 12, with a 
maximum for small v, and negative when v> vau! /2, with a 
maximum for v"-'3vou,l4. The frequency dependence is not 
as strong as expected, however (less than fl - J instead of an 
expected dependence -fl -Z). The enhanced response at a 
resonance frequency of fl = 0.35 ± 0.03 in the measure
ments is in rather good agreement with the attempt frequen
cy flo = 0.31 ± 0.01 [given by Eq. (17)], and differs consid
~rably from the plasma frequency flp = 0.48 ± 0.02 (for 
i = 0.85 with v"-'0.15). 

For flc = 20, the measurements show that the 
(smoothed) singular response has disappeared completely. 
This is caused by the large capacitive shunt. The resonance 
frequency in the response at fl = 0.175 ± 0.01 is somewhat 
below the attempt frequency flo = 0.19 ± 0.01 as given by 
Eq. (17). However, the plasma resonance frequency in the 
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impedance is also somewhat below flp = (cos<,h Iflc )IIZ. The 
ratio of the resonance frequency in the response and the reso
nance frequency in the impedance as found from the mea
surements, 0.90 ± 0.06, is in good agreement with the calcu
lated ratio flo Iflp = 0.88 ± 0.06. The behavior of the 
amplitude of the resonance is similar to that for flc = 2.25. 
The negative response for small fl may be caused by the 
reduction of Tout by the rf current. 

For flc = 200 an enhancement of the response takes 
place at fl = 0.055 ± 0.01, while the attempt frequency is 
equal to flo = 0.068 ± 0.004, which is almost equal to the 
plasma frequency flp = 0.070 ± 0.004 (see also Fig. 20). The 
signal-to-noise ratio is so poor that it is not useful to present a 
graph of the response as a function of frequency for different 
bias voltages. The response at fl = 0.055, however, depends 
on vand F in the same way as for smaller flc values (see Figs. 
17 and 18). 

From the measurements we can draw the conclusion 
that for a capacitively shunted junction in the presence of 
thermal noise and nonzero average voltage a response 
mechanism exists that causes an enhancement in the wide
band response at a frequency that is in rather good agree
ment with the attempt frequency. The fact that the junction 
noise will be enhanced by the switching between the in-lock 
and the out-of-Iock mode, however, means that the signal
to-noise ratio probably does not improve from the flc = 0 
case. 

D. The effect of an external system on the plasma 
resonance 

The measurements of the rf impedance and the wide
band response of the capacitivily shunted RSJ model de
scribed above have been made for a current biased rf junc
tion. When the junction is connected to an external system, 
the response will depend on the rf impedance of the external 
system, on the rf impedance of the junction, and on the rf 
current response of the junction. Since the rf impedance of 
the junction will be modified by the external system, the 
junction impedance as measured in Sec. V A will not be cor
rect in this case. This situation is rather complex. In order to 
gain some insight into the problem the modification of the 
impedance is ignored. The influence of the plasma resonance 
on the system response can then be qualitatively described as 
follows. Both the impedance and the response can be sepa
rated in an in-lock part that exhibits the plasma resonance 
and in an out-of-Iock part. It is obvious that, when the im
pedance and the response are combined, the in-lock imped
ance should be combined with the in-lock response, and the 
out-of-Iock impedance with the out-of-Iock response. This 
results in a combination of the plasma resonance and the 
resonance at the attempt frequency. 

Fig. 20 gives the normalized values of flo and flp as a 
function of flc> using Eqs. (17) and (22), respectively. The 
value of cos<,h in these equations is obtained by using the 
curve for Tmax as a function of flc' where Tmax is the bias 
current for maximum response (approximately T where 
v = vou,l2) obtained from the analog for small Fvalues. Also 
given in Fig. 20 is the ratio flo Iflp (that decreases for de
creasing flc ) and the bandwidth .1fl p of the plasma reso-
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nance, where 

Q = {JplJ.{Jp = (J)pRC = {Jilc' 

giving 

(24) 

J.{Jp = P c- I (25) 

From Fig. 20 it is clear that J.{Jp > ({Jp - {Ja)' while the 
resonance in the response is even broader than in the imped
ance. This implies that in a junction coupled to an external 
system it is not possible to discriminate between the plasma 
resonance and the resonance at the attempt frequency. In
stead there will be one broader maximum, somewhere be
tween {Jo and {Jp. 

The measurements by Tolner7 show that the response 
of a junction (with an estimated Pc > 1) in a free standing 
antenna system exhibits a resonance frequency that changes 
with the normal-state resistanceR of the contact. Later mea
surements by us on point contacts in a waveguide22 show a 
similar behavior of the amplitude of sharp structural reson
ances, as a function of R. These measurements7

•
22 therefore 

suggest that, also in Josephson junctions in an external sys
tem, a resonant enhancement of the response, caused by 
plasma effects, exists. 

VI. CONCLUSIONS 

The rfimpedance and the wide-band response to radi
ation of a Josephson junction in the presence of thermal 
noise have been measured with a phase-locked-loop analog. 
Both the situation with and without a capacitive shunt were 
investigated. For Pc = 0 both the rf impedance and the re
sponse were found to be in good agreement with existing 
theory. 

For a capacitive shunt, such that the noiseless J- V curve 
is hysteretic, the average lifetimes of the junction in lock Tin 

(V = 0) and out of lock Tout (V = vout ) were measured in the 
presence of thermal noise. Tin is in good agreement with ex
isting theory20 and the behavior of Tout is derived from the 
measurements. This means that, although a junction with 
Pc > 1 seems single valued when a sufficiently large thermal 
noise level is present, (such that the time constant with which 
the voltage is measured is long compared with Tin and Tout ), 

it actually is either in lock or completely out of lock. 
The rf impedance and the response to radiation of an 

underdamped Josephson junction (f3c > 1) in the presence of 
thermal noise show very clearly the influence of plasma ef
fects for nonzero average voltages across the junction. This is 
caused by the fact that, although V#O, the junction is in the 
zero voltage state for a fraction Tin I( Tin + Tout) of the time. 
The rfimpedance shows a resonance at the plasma frequen-

6318 J. Appl. Phys., Vol. 51, No. 12, December 1980 

cy. For Pc = 20 this plasma resonance is the dominating 
feature in the impedance. The response shows a resonant 
enhancement at a frequency below the plasma frequency 
that is in rather good agreement with the attempt frequency 
{Jo with which the phase attempts to escape from the phase
locked mode (v = 0) by thermal noise. For Pc = 2.25 a reso
nant response is found close to the attempt frequency, to
gether with a smoothed singular response at {Jsing = vnut in
stead of at V. For Pc = 20 the smoothed singular response 
has disappeared owing to the capacitive cutoff and only a 
resonance, near the attempt frequency, is present. The maxi
mum response at this resonance is about three times as large 
as the response in the case Pc = 0 for the same frequency and 
noise level. Even for Pc = 200 a resonant response is ob
served that is of about the same size as the Pc = 0 response 
for the same frequency and noise level. 

In conclusion we can say that, although a capacitive 
shunt deteriorates the normal wide-band Josephson re
sponse, a plasma induced response occurs that can even be 
larger than the response for Pc = o. 
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