Metadata, citation and similar papers at core.ac.uk

Provided by University of Groningen

w7 university of a/’%
% groningen ’i’f’

University Medical Center Groningen

University of Groningen

Thermodynamics and Long-Range Order of Interstitials in a Hexagonal Close-Packed Lattice
Kooi, Bart J.; Somers, Marcel A.J.; Mittemeijer, Eric J.

Published in:
Metallurgical and Materials Transactions A

DOI:
10.1007/BF02649230

IMPORTANT NOTE: You are advised to consult the publisher's version (publisher's PDF) if you wish to cite from
it. Please check the document version below.

Document Version
Publisher's PDF, also known as Version of record

Publication date:
1994

Link to publication in University of Groningen/UMCG research database

Citation for published version (APA):
Kooi, B. J., Somers, M. A. J., & Mittemeijer, E. J. (1994). Thermodynamics and Long-Range Order of
Interstitials in a Hexagonal Close-Packed Lattice. Metallurgical and Materials Transactions A, 25(12).
https://doi.org/10.1007/BF02649230

Copyright
Other than for strictly personal use, it is not permitted to download or to forward/distribute the text or part of it without the consent of the
author(s) and/or copyright holder(s), unless the work is under an open content license (like Creative Commons).

Take-down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Downloaded from the University of Groningen/UMCG research database (Pure): http://www.rug.nl/research/portal. For technical reasons the
number of authors shown on this cover page is limited to 10 maximum.

Download date: 12-11-2019


https://core.ac.uk/display/232383784?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
https://doi.org/10.1007/BF02649230
https://www.rug.nl/research/portal/en/publications/thermodynamics-and-longrange-order-of-interstitials-in-a-hexagonal-closepacked-lattice(310e981f-28e3-4877-8cdd-67f554eaffe6).html

Thermodynamics and Long-Range Order
of Interstitials in a Hexagonal Close-Packed Lattice

BART J. KOOI, MARCEL A.J. SOMERS, and ERIC J. MITTEMEIJER

Statistical thermodynamics was applied to describe long-range order (LRO) of interstitial atoms
in a hexagonal close-packed (hcp) host lattice. On the basis of the Gorsky—Bragg--Williams
(GBW) approximation and a division of the interstitial sublattice into six interpenetrating sub-
lattices, all the possible ordered configurations were derived for this assembly. Special attention
was devoted to two of the possible ordered configurations of interstitial atoms, viz., the two
ground-state structures that have been indicated for £-Fe,N,_,. A description of the order-
disorder transition was obtained, and the evolution of the occupancies of the different types of
interstitial sites on changing the total interstitial content was given. Composition-temperature
regions of stability for the two ordered configurations were given in phase diagrams for different
combinations of pairwise interaction energies. The results are compatible with observations for
e-Fe,N,_, as reported in the literature. The advantages of the present treatment were discussed
relative to an earlier one, which a priori excluded nearest neighboring interstitial sites from

simultaneous occupancy.

I. INTRODUCTION

THE present article is concerned with the thermo-
dynamics of a binary solid solution consisting of a hex-
agonal close-packed (hcp) sublattice of atoms
containing, in its octahedral interstices, atoms that show
long-range order (LRO). Expressions for the Gibbs free
energy, the interstitial-site occupancies, and the order-
disorder transition are derived. The treatment can
equally well be applied to a binary substitutional solid
solution with a (simple) hexagonal lattice.

The energy of a given configuration of atoms can in
principle be assessed according to statistical thermo-
dynamics applying the concept of (pairwise) near-
neighbor interaction. Considering such existing
descriptions, the generalized Ising model has the most
general validity: the partition function is obtained by
summation of the energy for a given configuration of
atoms over all configurations possible for a certain alloy
composition.!"?) The Ising model naturally incorporates
disorder and long-range as well as short-range order. So
far, exact descriptions have only been obtained for two-
dimensional systems.!! To allow a description of
three-dimensional systems, approximations to the (gen-
eralized) Ising model are necessary. Such approxima-
tions comprise the zeroth or Gorsky—Bragg—Williams
(GBW)B4 and the first approximation!® (to the long-
range-ordered solutions) and Kikuchi’s cluster variation
method.!®! If long-range order vanishes, the GBW and
the first approximation (to long-range-ordered solutions)
become the zeroth!” and first approximation'™ to the reg-
ular solutions, respectively.

Here, the effect of long-range order on the thermo-
dynamics of a system is accounted for by the GBW ap-
proximation to the Ising model,** considering pairwise
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interaction up to third nearest neighbors. Although it has
been pointed out that the accuracy of the GBW approx-
imation, if used, for example, to model the Cu-Au
system, is rather poor,!"® it is expected to be better in
the case of interstitial solid solutions, where in general
pronounced strain-induced interactions occur.!” Such in-
teractions extend over several atomic distances and thus
have a long-range character and, therefore, improve the
accuracy of the GBW approximation.”! The successful
application of the present model to nitrogen absorption
isotherms of ¢-Fe,N,_, (i.e., equilibrium nitrogen con-
tent in £-Fe,N,_, as a function of imposed nitrogen ac-
tivity) demonstrates its usefulness.!!”!

Two essentially different routes are followed in the
present work. The first route starts with a subdivision of
the interstitial sublattice in six interpenetrating sub-
lattices, each occupied with a certain, variable concen-
tration of interstitial atoms. Then, equilibrium requires
that the chemical potentials of the interstitial atoms on
these six sublattices are equal, thus providing equilib-
rium conditions necessary for describing the thermo-
dynamic properties of the system. As a result, all the
possible ground-state structures for the considered as-
sembly are derived (Section III-A). The second route
begins with two of the ground-state structures found via
route 1 and which have been proposed for
e-Fe,N,_,.!'""12I The adoption of a ground-state structure
allows definition of the degree(s) of order. Then, equi-
librium requires that the stable values for the degree(s)
of order correspond with a minimum value for the Gibbs
free energy (Section III-B).

Earlier work on interstitial ordering in an hcp lattice
has been presented as a “Regular Solution Model” (RS
model) in Reference 13 and presupposed a complete
order of interstitials along rows of interstitial sites par-
allel to the c-axis of the hexagonal lattice, viz., an al-
ternation of permitted and excluded sites for occupancy
by interstitial atoms. The present LRO model allows a
variable degree of order along rows of interstitial atoms
parallel to the c-axis, because in principle, every site is
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permitted for occupancy by interstitial atoms. The re-
sults obtained with the present model are compared to
those of the regular solution model given in
Reference 13 (Section IV-B).

II. BASIC CONSIDERATIONS

The binary solid solution M-I is considered, in which
the I atoms are situated in the interstices of the crystal
lattice set up by the M atoms. This assembly can be con-
ceived as constructed from two interpenetrating sub-
lattices: one for atoms M and one for atoms I. Both M
and I atoms can only be located at sites of their own
sublattices. In an hcp M sublattice, the octahedral inter-
stices are the largest interstitial holes and the ones con-
sidered for occupation by I atoms; it is assumed that the
fraction of I atoms residing at tetrahedral interstices is
negligible. Hence, the sites for I atoms compose a
(simple) hexagonal sublattice.

The model to be presented provides a thermodynamic
description for an M-I alloy, with sublattices for M and
I as given in the preceding paragraph, as a function of
interstitial content. A change of the composition is re-
alized by changing the occupancy of the I sublattice
only; the M sublattice is and remains completely occu-
pied. The I sublattice is composed of variable amounts
of atoms I and empty sites V (vacancies for I atoms).
The (possible) occurrence of ordering of I and V on their
hexagonal sublattice is dealt with here. To arrive at a
thermodynamic description for the M-I alloy, the
thermodynamics of the M and the I sublattices, sepa-
rately, as well as the interaction of these sublattices will
be considered.

It is convenient to conceive the hexagonal I sublattice
as an alternation of two types of basal planes (1 and 2),
each containing three different kinds of sites (for plane
1: Al, Bl, and CI; for plane 2: A2, B2, and C2;
Figure 1; Reference 13). Thus, for each type of plane
(denoted as (001) planes hereafter), a particular site is
surrounded within the plane by sites of the other kinds
(Figure 1(a)). In the direction perpendicular to the planes
(denoted as the c-direction hereafter), sites Al, B1, and
C1 are adjacent to sites A2, B2, and C2, respectively
(Figure 1(b)). Apart from the present choice of six sub-
lattices composing the hexagonal I lattice, other possi-
bilities for division of the I lattice into sublattices can be
considered too. If interactions up to third nearest neigh-
bors on the I lattice are considered a subdivision of the
(simple) hexagonal I lattice into 6, 8, 10, 12, and 14
sublattices (kinds of sites), analogous to the division of
the hcp lattice as described in Reference 14, is appro-
priate. The subdivision in six kinds of sites (six sub-
lattices) is preferred here, for it reflects the
crystallography of the ground-state structures as given
for &-Fe,N, _, and the anti-Cdl, structure type(s).!!>*

*A division into eight sublattices is appropriate for describing
(dis)ordering in accordance. with the {-Fe,N, the Co,C (or anti-CaCl,),
and the anti-Cdl, structure types. The thermodynamic models for the
subdivision into 8, 10, 12, and 14 sublattices can be obtained and
dealt with in exactly the same way as the model that will be presented
here for the subdivision into six sublattices.

For the case of a random distribution of I atoms over the
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Fig. 1—(a) Each (001) plane of the hexagonal (interstitial) sublattice
of I atoms contains three different kinds of sites: A, B, and C.
(b) The hexagonal sublattice of I atoms, constituted by the octahedral
interstices of the hcp sublattice of M atoms, is composed of planes
of types 1 and 2, together having six kinds of sites (denoted by Al,
Bl, C1, A2, B2, and C2) that constitute a trigonal prism.

sites of the I sublattice, the six sites constituting a tri-
gonal prism (Figure 1(b)) have the same probability to
be occupied by an I atom. This probability equals the
fraction of occupied sites of the I sublattice.

Ordering can occur, if it is energetically more favor-
able to form I-V nearest neighbors than I-I and V-V
nearest neighbors, implying repulsion among I atoms. If
ordering among atoms on the I sublattice occurs, in prin-
ciple, each of the sites Al, ..., C2 has its own proba-
bility to be occupied by an I atom. For a hexagonal
sublattice, the interaction of I atoms on neighboring sites
of an (001)-plane is not equal to that of I atoms on neigh-
boring sites in the ¢-direction. For an ideal hep sublattice
of M atoms, the shortest possible separation occurs for
two nearest neighbors in the c-direction of the hexagonal
I sublattice: it is only V/2/3 of the separation between
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two nearest neighbors within the (001)-plane. This sug-
gests a larger tendency for nonoccupancy of neighboring
sites in the c-direction than within the (001)-plane. If,
in the c-direction, the nearest-neighbor sites to an oc-
cupied site remain vacant, then the maximum I content
corresponds with the composition M,1. This reduction of
the number of sites available for occupation by I atoms
is denoted by site exclusion in the present article and was
presupposed for the derivation of the regular solution
model in Reference 13. If all sites of the I sublattice are
available for occupation by I atoms, the maximum I con-
tent corresponds with the composition MI.

III. LRO MODEL FOR INTERSTITIALS
IN AN HCP LATTICE

The zeroth approximation to the Ising model due to
GBW is adopted to describe LRO. This approach com-
prises the following:™

The configurational entropy is given by the number of
permutations of I (and thus V) over the types of
sites. The molar vibrational entropy for each com-
ponent (M, I, and V) is assumed constant, and

The enthalpy is given by the sum of the products of
each of the probabilities of I-I, V-V, I-V, M-M,
M-I, and M-V pairwise interactions and their cor-
responding interaction energies. Interactions on the
I sublattice of first nearest neighbors (A1-A2,
B1-B2, C1-C2), second nearest neighbors (A1-B1,
A1-Cl1, etc.) and (optionally) third nearest neigh-
bors (A1-B2, A1-C2, erc.) are taken into account
here.

The LRO model can be obtained via two essentially
different routes, having different (dis)advantages.
Route 1 begins with a description for the occupancy of
each of the six sites Al, ..., C2 on the trigonal prism
introduced and the associated six chemical potentials.
Equilibrium requires that these chemical potentials are
equal. Route 2 adopts a ground-state structure (i.e., a
completely ordered structure that generally can only be
defined for a (simple) stoichiometric composition) as the
starting point for distinguishing between order and dis-
order sites and for defining the degree(s) of order. Equi-
librium requires that values for the degree(s) of order
correspond to a minimum value for the Gibbs free
energy. Both routes are pursued here. Obviously, route
1 needs less a priori information than route 2 and offers
(the possibility of) a more general solution. However, if
the ground-state structure of interest is known a priori,
route 2 is useful, because it provides directly values for
the order parameters, which can be related to physical
properties of the assembly under consideration.

A. Route 1

The interpenetrating hcp M and (simple) hexagonal I
sublattices are considered, the latter having six kinds of
I'sites: A1, BI, . . ., C2. The M sublattice is completely
occupied by M atoms. Each kind of site K of the I sub-
lattice can be occupied by a fraction of I atoms, xx. The
total number of M sites considered is 6NV, and thus, there
are N sites for each kind of I site.

METALLURGICAL AND MATERIALS TRANSACTIONS A

1. Gibbs free energy, chemical potential,

and equilibrium condition

A full derivation of the expression for the Gibbs free
energy of the M-I alloy is given in Appendix A for the
example of a specific subdivision in types of interstitial
sites (Section B—1). Therefore, only a brief description
is given here for the case of six different sublattices com-
posing the I lattice.

The configurational entropy corresponding to N sites
of one kind, e.g., Al, is given by

~Nk[xa; Inxs + (1 = x4)) In (1 = x4))]

where k is Boltzmann’s constant and x,, is the fraction
occupied sites of kind Al. The summation of such en-
tropy terms for all six kinds of sites yields the config-
urational entropy of the whole M-I alloy.

The probability for simultaneous occupancy of two
adjacent sites in the c-direction (first nearest neighbors
on the I sublattice), e.g., Al and A2, by I is x,,xas, by
Vis (1 — x4) (I — x4) and by [ and V is x,,(1 — x43)
+ xas(1 — x4,). The enthalpy (energy) associated with
these interactions between sites Al and A2 is propor-
tional to the sum of the products of these probabilities
and their corresponding interaction energies e.y, €.yv,
and e,y

{xAleZec,lI + (1 = xa) (1 — xp2)ecvv

Z,
+ [xai(l = xp2) + x0(1 = xa))]e, v} 2N5

with Z_/2 being the number of bonds in the c-direction
per atom (Z./2 = 1). This term can be rewritten as

(xa1 + xa2) H?,AIAZ + [(1 = xa) + (1 — x4)] H(\)/,AIAZ
+ NWlxa; (1 = xaz) + xa2(1 — xa))]

where H(l),AlA2 =NZ.)J/2 e.n and H%,AIAZ =NZ/[2 €. vvs
W, is the “exchange energy” in the c-direction, de-
fined as

W, = ;C (2eciv = ecn — e vv)-

The term H{ A, is a fraction of HY, the enthalpy of N
atoms of the pure component I (with exactly the same
lattice as the I sublattice). Accordingly, HY 4,4 is a frac-
tion of HY, the enthalpy of N atoms of the pure com-
ponent V (with exactly the same lattice as the I
sublattice; for the present case, where V represents
vacant | sites, HY of course is zero). Summation of the
enthalpies associated with the interactions between
atoms at sites Al and A2, atoms at sites B1 and B2, and
atoms at sites C1 and C2 yields the enthalpy correspond-
ing to all possible pairwise interactions (between first
nearest neighbors) in the c-direction. The enthalpies cor-
responding with pairwise interactions between second
(Al1-B1, A1-C1, ..., B2-C2) and third (A1-B2, A1-C2,
..., C1-B2) nearest neighbors are obtained analogously,
using exchange energies W, and W,,., respectively.

To obtain the enthalpy of the whole M-I alloy, the
enthalpies of N atoms of the pure component M, H OM,
and of the interactions of M and the N atoms of I,
HYy,, have to be added (HYy of course is zero). The
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Gibbs free energy Gy of the M-I alloy can thus be given
as follows:

Gma = 6(Hg| - TS?ib,M
2
+ E [x] [HY — TS?ib.l + HYy + NW,
K=Al
+ NW, + NW,]
—2NW xa1xa2 + Xgixm: + XciXcz]

_NWp[-xAlel + XaXc1 T XpiXc) + Xa2Xs2

+ Xaxkcr T XpaXca]
- pc[xAleZ + XaXcr T XgiXaz T XpiXco

+ xcixa2 T XciXs2l
c2

+NKT D, [rgdnxg + (1 = xo In (1 — xo)]

K=Al

(1]

where T is the temperature, H °Q is the enthalpy of N
atoms of the pure component Q (summation of all en-
thalpies associated with the pairwise near-neighbor inter-
actions considered), and S‘v)ib,Q is the vibrational entropy
of N atoms of the pure component 0, which is assumed
to be independent of composition and ordering. The first
two terms on the right-hand side of Eq. [1] represent the
standard state of the M-I alloy. It is noted that the con-
tribution of the M sublattice and its interaction with the
I sublattice only changes the standard state and conse-
quently, does not affect ordering on the I sublattice. For
brevity of notation,

u = (HY — TS%1 + HYy + NW. + NW, + NW,,)

Considering the sublattice formed by sites of kind K as
an open system (V has to represent vacancies), the
chemical potential for N atoms I at sites of kind K, p,{(,
is by definition given by

dGm

axk

pr = (2]

Using Eq. [1], one obtains
I";“ = Fv? — 2NW [xs,] — NW,[xg, + x4l

— NW,[x; + x2] + NkTIn [ al ] (3]
1 - xAl

The expressions for uy of I atoms on the other kinds of
sites are similar.

Thermodynamic equilibrium for this M-I alloy in-
volves that the chemical potentials uf of the interstitial
element I are equal for all six kinds of I sites; i.e.,

I T T T N Ve T U

Thus, a set of five relations nonlinear in x,, ..., Xc; 1S
obtained from Egs. [3] and [4]. Equal occupancy of the
six kinds of sites fulfills the equilibrium condition
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Eq. [4], and thus, the disordered state is always a so-
lution of the set of relations. However, it does not nec-
essarily yield the lowest possible Gibbs free energy.
The Gibbs free energy Gy of the M-I alloy in general
can be related to chemical potentials of the atoms I, y,
and of the atoms M, py:
Cc2
Gur = 6w+ D, % [s]
K=Al
2. Order-disorder transition and the evolving types
of ordering
An ordered configuration of I atoms on their sublattice
is only more stable than the random configuration if
(a) the content of the I atoms is above some minimum
value and (b) the temperature of the system is below
some maximum value. The values for the I content and
the temperature associated with the order-disorder tran-
sition depend on the values of the exchange energies, W,
and W, and W,.. The ordered configuration develops if,
with respect to the disordered state, (one or some of) the
fractions of I atoms on the different kinds of I sites are
differently perturbed. To arrive at the ordered state so-
lution(s) of the five nonlinear equations, an iterative nu-
merical method has to be used. Root finding requires a
good initial guess.!'s For a good initial guess, knowl-
edge on the order-disorder transition is indispensable.
The equations of type Eq. [3] can each be written as
f&x) = f(xa1, Xg1 ---» Xc2). If x + dx and x are suffi-
ciently close and if f(x) is continuous for x, it holds that
any difference in the occupancy of the six kinds of
sites tends to nil on approaching the order-disorder
transition from the ordered configuration;
the six equations that make up Eq. [3] can be replaced
by their total differentials:
i) d d
df(x) = "l'dxm + —desl +...+ J'dxc2§
axm axB, asz
within the range x to x + dx, the infinitesimal changes
dx,,, dxgy, ..., dxc, can be taken proportional to
each other.
Using f = dxg,/dxa1, & = dxci/dxa, h = dxp/dxa,
i = dxgyfdxa;, and j = dxc,/dxs; (dxa;, # 0), one thus
obtains for changes of the chemical potentials at the
order-disorder transition defined by 7, and x,:

dyi” = —OW.(h] - W,[f+ g]
NdxA, - c ] p[f g
]
— Wi +j] + 4T, [x——'(l - x,)] [6a]
dpi’ _OWLi] - W[ + g]
Ndxy, Tl T
1
- ; —— | e
b + ] +ﬂcT,[x'(] —x,)] )
W Wi - WL+ )
Ndx,, L p
_ 1
— Wy lh +i]+ ng'I:x,(l — X;):| [6¢]
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dui?

= =2W 1] — W, [i +j]

Ndx,,
1
- + o] + T ———| [6d
Pl L,u —x,)] tod]
dpui” = —OW.If] - W,Ik + ]
Ndxa, ¢ AT
- W[l +g]+ sz,IiXt(l — xx)] (6e]
dp” 2W.[g] — Wik + i]
= — ol — i
N, 8
1
—Wol +f]+ | ———| 6
Wl TS [x,a —xf)] o8

Because f{x) has to be continuous for x and because f(x)
represents first derivatives of the Gibbs free energy with
respect t0 x,,, Xgy, - - ., Xc2, the order-disorder transition
(in this analysis) cannot be a first-order phase transition.
For equilibrium at the order-disorder transition, the six
equations of Eq. [6] (linear in f, ..., j) have to give
identical values for du,/dx,, (¢f. Eq. [4]). The problem
can be solved exactly and provides four sets of solutions.
For du,/dx,, # 0, only one solution holds:

(1) f=g =h =1 =j = 1; no ordering occurs.

For du,/dx,, = 0 and the constraint 1 + f + g + A
+ i + j = 0 (because the order-disorder transition holds
for one particular total interstitial content), three solu-
tions hold:

@ h=-1,f=~i,g= —j,andi + j = 1, an increase
of the occupancy of sites Al is associated with a de-
crease of the occupancies of sites A2 and B1 + Cl1, and
an increase of the occupancies of sites B2 + C2, i.e., a
tendency for not forming first and second nearest neigh-
bors but for forming third nearest neighbors.
(B)f=g=1and h =i =j= —1; an increase of the
occupancy of sites Al is associated with a decrease of
the occupancies of sites A2, B2, and C2 and an increase
of the occupancies of sites B1 and C1, i.e., a tendency
for not forming first and third nearest neighbors but for
forming second nearest neighbors.

4 h=1,f=i g=j,and i + j = —1; an increase
of the occupancy of sites Al is associated with an in-
crease of the occupancies of sites A2 and a decrease of
the occupancies of sites Bl + C1 and B2 + C2, i.e., a
tendency for not forming second and third nearest neigh-
bors but for forming first nearest neighbors.

The values of the above parameters f, g, A, i, and j can
thus physically be interpreted as a prescription for the
evolution of (the differences in) the occupancies of the
different kinds of I sites at the onset of ordering.

From the condition du,/dx,; = 0, necessary at the
onset of ordering (to obtain the sets (2) through (4)), it
immediately follows from Eq. [6] for the order-disorder
transition:

METALLURGICAL AND MATERIALS TRANSACTIONS A

1
x,=—<lt\/l+4kT'> [7]
2 Weff

where W is an effective exchange energy according to
Wee = —2W,[h] - W, [f+ gl — W, [i +j1 [8]

According to Eq. [7], the critical temperature for the
order-disorder transition is 7. = —W,g/4k and occurs at
x=1/2.

The three possible starting points for ordering (solu-
tions (2) through (4)) lead to five distinct cases of or-
dering. This is caused by a nonexplicit prescription for
the values of f, g, i, and j, according to the solutions (2)
and (4). Depending on the actual values for f, g, i, and
J and the values for the exchange energies, two cases of
ordering are found to be possible for each of the solu-
tions (2) and (4). The two cases of ordering evolving
from solution (2) will be considered in detail in
Section B as configurations A and B and were reported
to have been observed.!!''2!"t The case of ordering
evolving from the order-disorder transition according to
solution (3) can be regarded as a tendency for forming
an alternation of fully occupied and completely empty
{001)-planes of the I sublattice for the composition M,l.
This has been observed for many cases.!'>!"!

The occurrence of disordering and of ordering ac-
cording to the three discussed possibilities (2) through
(4) can be presented as a function of the various ex-
change energies in a “phase diagram” (Figure 2). The
diagrams shown represent only the type of ordering most
likely to occur in the regions concerned; the actual oc-
currence of an ordered state requires that the total frac-
tion of interstitial sites occupied is in between the
fractions, as prescribed by Eqs. [7] and [8]. The ground-
state structures of the distinct cases of ordering have also
been indicated in Figure 2.

The method applied for the numerical evaluation of
the cases of ordering evolving from the six nonlinear
equations that make up Eq. [3] is given in Appendix B.

B. Route 2

The derivation of the LRO model according to route
2 starts with the two ground-state structures obtained by
route 1 as solution (2), which have first been indicated
for e-Fe,N, _,.!'121 The other possible ground-state struc-
ture types as given by route 1 will not be dealt with. For
a ground-state structure, different types of sites can be
discerned:

order sites for occupation by I (denoted by i);

order sites for occupation by V (denoted by v);

disorder sites (denoted by d), i.e., sites that are in-
different with respect to occupation by I or V.

Assuming that the repulsion among I atoms becomes
stronger on decreasing their separation is in accordance
with solution (2) obtained by route 1 (see its discussion
in Section A-2). This leads to the following subdivision
of the sites of the trigonal prism. If Al is an order site
(i) for I, then A2 is an order site for V (v). Further, either
site B1 or site C1 has to be indicated as an order site for
V. Here, Bl is taken as an order site for V (v), and
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Fig. 2— Phase-stability diagram showing the region of stability for each of the four cases of interstitial configuration, cases (1) through (4) (see
text), with respect to the values of W /kT, W,/kT, and W, /kT: (a) W,. = 0; (b) W,. < 0; and (c) W,. > 0. The corresponding ground-state
structures on the basis of the trigonal prism of interstitial sites have also been indicated; the black, white, and shaded dots represent sites of type
i (order sites for 1 atoms), v (order sites for V), and d (disorder sites), respectively. The diagrams shown represent only the type of ordering

most likely to occur in the regions indicated. The actual occurrence of

an ordered state requires that the total fraction of interstitial sites occupied

is in between the fractions, x,, as prescribed by Eqs. [7] and [8]. As an illustration, the dashed lines in (a) separate the ordered regions from the

disordered region for various values of x,.

consequently, B2 is an order site for I (i). Finally, for
sites C1 and C2, two possibilities remain:

(A) one of the two sites is an order site for I (i), and
the other is an order site for V (v); or

(B) both sites have the same tendency to become oc-
cupied by I or V and are disorder (d) sites.

Now, the possibilities for complete ordering (the
ground-state structures) at the composition correspond-
ing with M,I are considered. Situation (A) leads to an
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alternation of (001) planes with unequal compositions,
viz., i,v and v,i. This is the so-called e-Fe,N ground-
state structure (Figure 3(a)).* Possibility (B) leads to an
alternation of (001) planes with equal compositions,

z., ivd and vid (Figure 3(b))** and is, because of the

*This structure was proposed for the first time for the distribution
of nitrogen atoms over the octahedral interstices of an hcp lattice of
iron atoms in &-Fe,N''" and was assessed by X-ray diffraction
results.™!

**This structure (with i sites completely occupied and v and d sites
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completely empty) was proposed for the distribution of nitrogen atoms
over the octahedral interstices in &-Fe,N,_, (z = 1/3)" and was as-
sessed by X-ray diffraction results."”

d sites, not a ground-state structure in the true sense. The
specification of these two ground-state structures and the
three types of sites is only meant to define the reference
(ideal) structures for the LRO. In reality, the total
amount of I atoms on the hexagonal sublattice and the
degree of order deviate from that for the ground-state
structures, which apply to absolute zero temperature.

For route 2, the degree of LRO has to be described,
and to this end, the LRO parameter r is introduced. This
parameter is defined with respect to the ground-state
structure(s), such that 0 = r = 1:

if the fraction of the I atoms occupying v sites is equal
to the fraction of the v sites relative to the total
number of sites (i + v + d), the distribution of I
atoms on its sublattice is random: r = 0;

if no I atoms occupy v sites, the distribution of I atoms
on its sublattice is ordered: r = 1.

For the case of ordering conforming to ground-state
structure (A) with unequal compositions for the two
types of (001)-planes, two LRO parameters are defined,
one for each type of plane. The results of applying the
LRO model to this ground-state structure are denoted by
configuration A hereafter. For the case of ordering con-
forming to the ground-state structure (B) with equal
compositions for the two types of (001)-planes, only one
LRO parameter is defined. The results of applying the
LRO model to this ground-state structure are denoted by
configuration B hereafter.

1. Configuration A

Site occupancy

Configuration A is based on the ground-state structure
with alternating (001) planes of type i,v and v,i. The
(001) planes of composition i,v will be denoted as planes
of type 1 with order parameter r,; the (001) planes of
composition v,i will be denoted as planes of type 2 with
order parameter r, (Figure 3(a)). The order parameters
can then be defined as follows.

For an (001) plane of composition i,v (plane of type
1), having a total number of N sites, the numbers of 1
atoms on i sites (N; ;) and on v sites (V) are given as
follows:

N
Nia=Q@Q+r)x g [9a]

N
Nijp=xN =Ny =0 —r)x ’3_ [9b]

where x, is the fraction of the occupied N sites in a plane
of type 1. Then the numbers of vacancies on i sites Ny
and on v sites Ny, are

2 N

Nyi = ’?;N “Na=R—-Q+r)x] g [9c¢]
1 N

Ny, = ’3'N - Ny =1[1- (I —r)x] ‘3‘ (9d]
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Fig. 3—(a) The ground-state structure consisting of an alternation of
(001) planes of types 1 and 2 with compositions i,v and v,i, respec-
tively, and denoted as configuration A in the text. (i = order site for
interstitial atoms I; v = order site for vacancies V). (b) The ground-
state structure consisting of an alternation of (001) planes of types 1
and 2 with compositions ivd and vid, denoted as configuration B in
the text (i = order site for interstitial atoms I; v = order site for vacan-
cies V; d = disorder site).

For an (001) plane of composition v,/ (plane of type 2),
using analogously defined symbols, it is obtained that

N
Nl,iZ = (1 + 2r2) x2‘3_ [10a]
N
N, =Q-2r)x, -3— [10b]
N
Ny, =[1 =1+ 2r)x] ; {10¢]
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N
Ny, =[2-Q2—2n)x)] 3 (10d]

On this basis, the expression for the Gibbs free energy
according to the GBW approximation can be derived
straightforwardly; see Appendix A for the description of
configuration A.

2. Configuration B

Site occupancy

Configuration B is based on the ground-state structure
with alternating (001) planes of type ivd and type vid.
This ground-state structure can only be obtained if the
tendency for a particular type of site to become occupied
by I atoms is the same in both planes considered; i.e.,
the degree of order is the same for both planes. This can
be rationalized as follows. If the i site in (001)-plane 1
would have a stronger tendency to become occupied by
I atoms than the i site in plane 2, then—because a
stronger interaction occurs in the c-direction than within
the (001) planes—also the v site in plane 1 would have
a stronger tendency to become occupied by I atoms than
the v site in plane 2. Thus, the planes of type 1 tend to
contain more I atoms than the planes of type 2, implying
that the third type of site is a v site in plane 1 and an §
site in plane 2. Accordingly, the ground-state structure
of configuration A results. Hence, if configuration B
occurs, there is no difference in occupation of i sites (nor
v or d sites) between planes 1 and 2. Then, for config-
uration B, only one LRO parameter r and the contents
x;, and x,—representing the fractions of I on order sites
(i and v) and on disorder sites (d), respectively—need
to be considered. The LRO parameter r only applies to
the order sites.

In contrast with configuration A, for configuration B
the same description holds for all (001) planes of the 1
sublattice, each containing N sites. Thus, for a (001)
plane of composition ivd (or vid), it holds for the total
numbers of I atoms on i, v, and d sites denoted by N|;

M., and Ny, respectively:

N
N,;,=0+n x.’vg [11a]
N
Nl,v:(l_r)xivg [llb]
N
Nl,d = xd; [llc]

Then, the numbers of vacancies on i, v, and d sites de-
noted by Ny ;, Ny,, and Ny 4, respectively, are

1 N
Ny, = SN_NI,i =[1-a1+ r)x,-vlg [11d]
1 N
Ny,=-N-=N,=[1-010-rx]—- [lle]
’ 3 3
1 N
Ny,= '3‘N_ Nig =1 —x]] ; {11f]

On this basis, the expression for the Gibbs free energy
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according to the GBW approximation can be derived
straightforwardly; see Appendix A for the description of
configuration B.

IV. RESULTS AND DISCUSSION

A. Results for Long-Range Order Configurations A
and B

Neglecting the effect of third nearest-neighbor inter-
actions (i.e., W,./kT is nil), the order-disorder phase
boundary is depicted in Figure 4 for various combina-
tions of values for W./kT and W,/kT. Evidently, in-
creasing the value for W, with respect to W, broadens
the stable composition region of an ordered configura-
tion and enlarges the stability region of an ordered con-
figuration up to a higher temperature (Figure 4).

In the sequel of this section site occupancies of the I
sublattice and the Gibbs free energy of the M-I alloy are
discussed for both configuration A and B for fixed
values of W,/kT: W _/kT = =2, W,/kT = =3, and W,
= 0,* except where stated otherwise. In Section B, the

*These values of W, and W, imply that pairwise interaction in the
c-direction is taken twice as strong as pairwise interaction within the
(001)-planes (the coordination numbers for these interactions are 2
and 6, respectively). The values chosen for W,/kT yield representative
results; the degrees of order are not very large or small and the com-
position regions where order and disorder occur are both of significant
size. Chosing values for W, different from W, = 0 does not lead to
major changes, and the conclusions to be drawn remain unaffected.

results of the present LRO approach will be discussed in
relation to those of the Regular Solution (RS) model
given in Reference 13.

15 4 | L {
'
]
disordered '
Y We=2W,
1.0 5
=Y "
E :’ wc=wp
0.5 - Il’ -
; We=W,/2
. - ordered
0.0 T T T T
0.0 0.2 0.4 0.6 0.8 1.0

fraction occupied interstitial sites

Fig. 4— Phase diagram showing order-disorder transitions according
to the LRO model (solid line) and the RS model (dashed line). The
composition ranges of the ordered and the disordered regions depend
on the interaction energies and the temperature, i.e., on the combi-
nation of W_/kT and W,/kT" (here W, = 0).
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Fig. 5— (a) Occupied fraction for each of the six kinds of I sites Al,
.. ., C2 (Fig. 1(b)) as a function of the total fraction occupied of the
sites of the hexagonal sublattice that is occupied by I atoms for con-
figuration A, according to the LRO model (solid lines) and the RS
model (dashed lines) for the interaction energies indicated. (b) Site
occupancies, x, and x,, and degrees of order, r, and r,, as a function
of the total fraction of the sites of the hexagonal sublattice that is
occupied by I atoms for configuration A, according to the LRO model
(solid lines) and the RS model (dashed lines; r, and r, in italics) for
the interaction energies indicated.

1. Site occupancies and degrees of order

Jor the I sublattice

The occupied fraction for each of the six kinds of sites
(Al, B, . . ., C2; Figure 1(b)), as obtained by route 1,
is given in Figures 5(a) and 6(a) as a function of the total
occupied fraction of I sites, y(y = 1/6 =&, x¢). In
Figures 5(b) and 6(b), the (same) results are presented
as obtained by route 2: the occupancies of the I sublattice
and the degrees of order are presented as a function of
the total occupied fraction of 1 sites, y(y = (x; + x;)/2

METALLURGICAL AND MATERIALS TRANSACTIONS A

for A and y = (2x;, + x,)/3 for B). Using Egs. [9] and
[10] for configuration A or Eq. [11] for configuration B,
results obtained by route 1 can be expressed as resuits
obtained by route 2 (and vice versa): it was found that,
for the present case, routes 1 and 2 yield identical
results.

At the composition of the order-disorder transition,
the degrees of order are continuous, but their deriva-
tives, with respect to the total interstitial content, change
discontinuously (Figures 5(b) and 6(b)). It is observed
that the values of r are asymmetric with respect to
y = 1/2. This can be understood from the definition of
the degree of order, which is not affected in a symmet-
rical way by occupation by V of i sites and by I of v
sites: if V “atoms” reside on i sites, r can still be equal
to one, but if I atoms reside on v sites, r deviates from
one (Egs. [9] and [10}). For configuration A, the frac-
tions x; and x, of occupied interstitial sites for the two
types of (001)-planes diverge gradually at the onset of
ordering and show a maximum difference at the com-
position M,I (or IV on the I sublattice) (Figure 5(b)).
This is accompanied with large differences in occupation
of the various kinds of sites (Figure 5(a)). For config-
uration B, at the onset of ordering all I atoms prefer to
occupy the sites involved in ordering. At the composi-
tion M,I, the occupied fractions for the two types of sites
(iv and d sites) are the same (Figure 6(b)). Of course,
at the composition M,I, a large difference occurs be-
tween the occupied fractions of the i (A1, B2) and v (A2,
B1) sites (Figure 6(a)).

2. Gibbs free energy of the M-I alloy

The equilibrium Gibbs free energy for the M-I alloy,
G, is given as a function of the total occupied fraction
of I sites, y, in Figure 7; these results were obtained by
substituting the equilibrium values for x,;, xg;, . . ., Xc2
in Eq. [1] (or x,, x,, ry, r, in Eq. [A14] and x;,, x;, r in
Eq. [A22]). This thermodynamic property is taken rel-
ative to a standard state, viz., Gy = 6(umy + yui +
(1 =y p¥) (cf., Eq. [1]). The bold square dots in
Figure 7 indicate the order-disorder transitions; the
drawn line in between these dots at less negative values
for the Gibbs free energy, represents the Gibbs free
energy for the disordered state.

The chemical potentials of I and M atoms on their
respective sublattices can be readily obtained from
G, applying Egs. [2] and [5] for route 1 (or for route
2: Egs. [Al5] and [A16] for configuration A or
Eqs. [A23] and [A24] for configuration B). The values
for the Gibbs free energy are always finite. This is not
the case for the chemical potentials of M and I: for y —
0, uy — ~oand uy — 0; fory— 1, gy — + and py
— —oo. It can be easily shown that there is no discon-
tinuity for the first derivative of the Gibbs free energy
with respect to y, but the derivatives of the chemical
potentials with respect to y are discontinuous at the
order-disorder transition. Hence, the order-disorder tran-
sition as described by the present model is classified
as second order [1], consistent with the condition
that it cannot be a first-order phase transition (see
Section I11-A).

Obviously, for values of y in between the composi-
tions for the order-disorder transition, ordering accord-
ing to either of the configurations (A or B) leads to a
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Fig. 6— (a) Occupied fraction for each of the six kinds of I sites Al,

., C2 (Fig. 1(b)) as a function of the total fraction of the sites of
the hexagonal sublattice that is occupied by I atoms for configuration
B, according to the LRO model (solid lines) and the RS model
(dashed lines) for the interaction energies indicated. (b) Site occu-
pancies, x;, and x,, and degree of order, r, as a function of the total
fraction of the sites of the hexagonal sublattice that is occupied by I
atoms for configuration B, according to the LRO model (solid lines)
and the RS model (dashed lines) for the interaction energies indicated.

lower Gibbs free energy than that for the disordered con-
figuration (Figures 7(a) and (b)). In view of the scale of
the ordinate in Figures 7(a) and (b), the relative stabil-
ities of configurations A and B cannot be distinguished
in these figures. Therefore, the difference in Gibbs free
energy between configurations B and A, Gy, — Gy, is
given as a function of the total fraction of occupied I
sites, y, in Figure 7(c). Conflguratlon B ylelds the more
stable configuration of I atoms if Gy — Gy < 0 and
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conflguratlon A y1elds the more stable configuration of
I atoms if G — Gag; > 0.

Phase diagrams represent'mg the stability ranges of
configurations A and B were calculated by considering
thermodynamic equilibrium between these configura-
tions for different combinations of the interaction ener-
§1es w, and W, (z e., 1mposmon of the conditions *u, =

and tm = By, where 'y is the chemical potentlal
of atoms K in configuration J). The results are given in
Figure 8 for two values of W /W,. If |W./kT| =
|W /kT|, configuration A is the more stable type for the
entire range of compositions within the ordered region,

rovided the value for |W,/kT| is not too large (i.e.,

| ~3kT in Figure 8(a)) This can be understood as
fo]lows a strong interaction in the c-direction (i.e., a
relatively large value of |W,/kT|) is incompatible with
the occurrence of d sites. If |W./kT| becomes consid-
erably smaller than |W,/kT|, configuration A is only pre-
ferred in a narrow composition range around the
composition M,I. For example, for W, = 1/2 W,, the
homogeneity range of configuration A is confined to ap-
proximately 0.4 <y < 0.6 (Figure 8(a)). It is noted that
the transition from configuration A to configuration B is
a first-order phase transition, whereas the disorder-order
transition is a second-order phase transition.

The present theoretical results on the relative stabili-
ties of configurations A and B can be compared with
X-ray diffraction results for the &-Fe,N,_, phase. This
iron nitride can be conceived as an hcp sublattice of Fe-
atoms containing N-atoms at the sublattice formed by the
octahedral interstices. The crystal structure proposed for
the composition &-Fe,N, /3 (z = 1/3; y = 1/3)!""?is in
accordance with ordering of the interstitial nitrogen
atoms, according to configuration B. The crystal struc-
ture proposed for the composition e-Fe,N (z = 0; y =
1/2)11:121 j5 in accordance with ordering of the interstitial
nitrogen atoms, according to configuration A. These ex-
perimental results are thus compatible with the theoret-
ical predictions (Figure 8).

B. Comparison of the Long-Range Order Model
with the Regular Solution Model for Ordering
of Interstitials in an hcp Lattice

Ordering on the basis of the two ground-state struc-
tures A and B (¢f. Section III-B) was considered in
Reference 13 by applying a “Regular Solution Model”
(RS model). In the sequel, the present long range order
approach will be indicated by LRO and the regular so-
lution model of Reference 13 will be referred to as RS.
The principal difference between the LRO and the RS
models involves a priori exclusion of simultaneous oc-
cupation of nearest neighbor sites in the c-direction for
the latter. This site-exclusion condition has a strong
effect on the distribution possibilities of the I atoms on
their sublattice and thus on the corresponding configu-
rational entropy. Moreover, because of the site-
exclusion condition, interactions in the c-direction do
not occur, and hence, the corresponding exchange
energy does not occur, and thus, the enthalpy is affected
too. A further consequence of the site-exclusion condi-
tion is that the maximum occupation of the I sublattice
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Fig. 7— (a) Gibbs free energy, (Gua — Gua)/(1/3)NKT, as a function of the total fraction of the sites of the hexagonal sublattice that is occupied
by I atoms. The drawn lines outside and in between the square dots, at the less negative values, represent the Gibbs free energy for a disordered
distribution of I atoms; the drawn line in between the square dots at the more negative values represents the Gibbs free energy for the LRO
configurations A and B. The dashed lines hold for the RS model that predicts ordering within the (001)-planes for I contents above that indicated
by the dot (less negative values: disordered; more negative values: ordered). (b) Enlargement of (a). (c) Difference in Gibbs free energy, Gu.,
between configurations B and A. (GEa — G/ (1/3)NKT, as a function of the total fraction of the sites of the hexagonal sublattice that is
occupied by I atoms for different combinations of W./kT and W, /kT.

is given by y = 1/2. Results of the RS model are pre-
sented in Figures 4 through 7(a) and (b) by use of dashed
lines. These results were obtained using analogous pro-
cedures as employed in the LRO approach. Routes 1 and
2 (Section III) yielded identical results for the RS model.

For the content of interstitials at the order-disorder
transition, x,, it holds according to the RS model!'® that

1<1_

24T,
W, — W,

24T,

- _ 12
\/1+[Wp~wpc]) [ ]
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In Reference 13, Eq.- [12] was obtained with W,/k =
—L/R (R is the gas constant) and without taking into
account third nearest-neighbor interaction (represented
here by W,); this effect is included here to allow com-
parison with the results of the present LRO model
(Egs. [7] and [A21]). A large difference occurs between
the order-disorder boundaries of the LRO model and the
RS model (Figure 4). In this respect, it is noted that a
fully disordered state cannot exist within the RS model,
since the site-exclusion condition in the c-direction is as-
sumed for all compositions. Therefore, the dashed line

VOLUME 25A, DECEMBER 1994 — 2807



in Figure 4 in fact indicates the order-disorder transition
within the (001)-planes only. For the RS model, order-
ing is only possible if (W, — W,.) < 0 (¢f. Eq. [12]). A
physically unrealistic situation arises for y = 1/2, be-
cause for all possible temperatures, full ordering and
thus no order-disorder transition occurs (Figure 4). This
result is another immediate consequence of the site-
exclusion condition: for y = 1/2 the configurational en-
tropy equals zero, and thus, the Gibbs free energy
relative to the standard state is independent of temper-
ature, implying that the ground-state structure occurs at
all temperatures.

If [W,] is not very small (for site exclusion the virtual
|W.| = ), the content x, for the order-disorder transition
as obtained from the LRO model is smaller than that

0.5 1 1 1 i
“’c=“’p/2
0.4 4 disordered disordered |
0.3 4 -
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024 B B -
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Fig. 8—Phase diagram showing single- and dual-phase regions for
the ordered configurations (phases) A and B: (@) W, = W,/2 and
bW, =W,
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predicted by the RS model; i.e., ordering according to
the LRO model starts at smaller interstitial contents than
according to the RS model. The partial order imposed
by the site-exclusion condition in the RS model post-
pones ordering to a higher total occupied fraction.

1. Site occupancy

In order to allow a direct comparison of the results
obtained with the LRO model and the RS model, the
values for W, were taken equal. The case of ordering
under the constraint of the site-exclusion condition in the
RS model demands the degrees of order to be equal to
1 at the composition M,I. Equivalently, for this com-
position, the occupied fractions per type of (001)-plane
or per type of interstitial site are strictly prescribed. This
is not the case for the present LRO model. So, in prin-
ciple, at least near the composition M,I, the site occu-
pancies according to the LRO and the RS model are
different.

In contrast with the RS model, the LRO model does
not prescribe a zero probability for simultaneous occu-
pation by I atoms of neighboring sites in the c-direction
of configurations A and B (¢f. Eq. [A4a]). This proba-
bility is shown in Figure 9 for the values of the exchange
energies indicated. As compared to the disordered situ-
ation, on ordering the probability that neighboring sites
in the c-direction are both occupied by I atoms decreases
and remains low for interstitial contents smaller than 1/2
(the composition M,I). Obviously, the amount of nearest
neighbors in the c-direction increases rapidly on ap-
proaching the interstitial content 1/2 and beyond. From
Figure 9, it can be seen that in the LRO approach, si-
multaneous occupation of nearest neighboring sites in
the c-direction tends to be excluded.

2. Gibbs free energy
Comparing the Gibbs free energies for configurations
A and B as obtained by the RS model, it was concluded

g 10 —L L L L
3 We/KT=-2
o Wp/KT=-3
il
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0.0 0.2 0.4 0.6 0.8 1.0

fraction occupied interstitial sites

Fig. 9—Probability according to the LRO model for the occurrence
of simultaneous occupancy by I atoms of neighboring sites in the
c-direction as a function of the total fraction occupied of the sites of
the I sublattice.
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in Reference 13 that configuration B yields a more neg-
ative value for the Gibbs free energy than configuration
A for all compositions within the ordered region ac-
cording to the RS model. This finding is opposite to the
results obtained with the LRO approach, where config-
uration A (1) is always stable near the stoichiometric
composition M,I and (2) for |W,/kT| = |W,/kT| it be-
comes stable in the entire ordered region (Figures 7(c)
and 8 and the discussion in Section A-2).

The stabilities of a configuration (A or B) according
to the LRO model and the RS model can be compared
on the basis of the corresponding Gibbs free energies.
Such a comparison of the LRO and the RS model is only
justified (1) if equal values for the exchange energies are
used and (2) if the reference states, i.e., Gy, =
6 (uy + yui + (1 — y)ul), are identical. Adopting the
treatment of section IIT and taking into account inter-
actions among I atoms up to the third nearest neighbors,
it holds

LRO model: H} = N(Z./2 e, + Z,/2 e, + Z,e/2 €pen);
RS model: HY = N(Z,/2 e, + Z,c/2 epen);*

*The reference state as described in Reference 13 was not explicitly
defined, but expressed in the present terminology, it holds that up =
H? — TS%,, + Hy, + W,, with H} of the RS model given above. The
regular solution parameter L of Reference 13 is identical to —NW, in
this article.

where Z,./2 is the number of bonds among third nearest
neighbors. Thus, the reference states for the LRO and
the RS model are not identical because of omittance of
interstitial interactions in the c-direction by the RS
model. Then, if the interaction energies e .y and e, yy
are small as compared to ey, which is likely to be the
case if V represents vacancies, the exchange energy W,,
as given by Eq. [A7], reads —Z_/2 e_;. Then, the ref-
erence state for the RS model can be made compatible
with that for the LRO model by subtracting the value of
NW. from the value of HY for the RS model, as indicated
in this section. The Gibbs free energies for the RS model
adapted in this way, i.e., to all values for the Gibbs free
energy the value of NW, is added, are presented in
Figures 7(a) and (b).

For small fractions of occupied interstitial sites, the
RS model yields more negative values for the Gibbs free
energy than the LRO model, but the differences are rel-
atively small (Figure 7(b)). However, if the interstitial
content approaches the composition M,I, a substantial
difference of opposite sign occurs: ordering as consid-
ered in the LRO model corresponds to the most stable
state. The less stable interstitial configuration predicted
by the RS model near the composition M,I is caused by
the rigid demand of the site-exclusion condition. Ap-
parently, even if the repulsion between I atoms in the
c-direction is strong, the presence of a small fraction of
I atoms on nearest neighboring sites in the c-direction is
favorable. Then, the small negative effect on the en-
thalpy is compensated by the strong positive effect on
the configurational entropy.

V. CONCLUSIONS

1. Long-range ordering of atoms I and vacancies V on
the sublattice constituted by the octahedral interstices

METALLURGICAL AND MATERIALS TRANSACTIONS A

of an hcp sublattice of atoms M can be described by
applying the Gorsky—Bragg—Williams (GBW) ap-
proximation (or zeroth approximation to the Ising
model) to a trigonal prism constituted by six kinds of
sites for atoms I and vacancies V, considering pair-
wise interaction up to third nearest neighbors. Two
routes can be followed:

Route 1 starts with a description for the occupancy of
each of the six sites on the trigonal prism and the
associated chemical potentials.

Route 2 starts with a ground-state structure for distin-
guishing between order and disorder sites. Relative
to the ground-state structure, LRO parameters can
be defined.

2. The possible ground-state structures on sites of the
trigonal prism have been derived as a function of the
pairwise interaction energies following route 1. Two
of these ground-state structures form the basis for two
configurations, denoted as configurations A and B,
to which the GBW approximation is applied follow-
ing route 2. The ground-state structure forming the
basis for configuration A is characterized by an al-
ternation of (001)-planes having average composi-
tions I,V and IV,; the ground-state structure forming
the basis for configuration B is characterized by
{001)-planes having equal compositions.

3. The stabilities of the ordered configurations A and B
with respect to one another and with respect to the
disordered configuration as a function of the overall
occupancy of the interstitial sublattice can be repre-
sented by phase diagrams showing monophase (A
and B and disorder) and dual-phase (A + B) regions.
Configuration B is the more stable configuration for
interstitial contents lower than the one for the stoi-
chiometric composition M;I and higher than the one
for the stoichiometric composition M;l,; configura-
tion A is generally preferred near the stoichiometric
composition M,I. This agrees with reported data for
&-Fe,N, _,. It was found that the stronger the repulsive
interaction in the c-direction, relative to the repulsive
interaction within the (001)-planes, the broader is the
homogeneity range of configuration A. Further, the
results showed that ordering itself is a second-order
phase transition, while the transition from one or-
dered configuration to the other is a first-order phase
transition.

4. The results were compared to those of a regular so-
lution model for interstitials in an hcp lattice that ex-
cludes simultaneous occupancy of neighboring sites
in the c-direction for all compositions. The present
LRO model provides a physically more realistic de-
scription and leads to thermodynamically more stable
configurations in the ordered region.

APPENDIX A

The thermodynamic description of configuration A,
based on the prescription of the site occupancies ac-
cording to Eqgs. [9] and {10], and the thermodynamic
description of configuration B, based on the prescription
of the site occupancies according to Eq. [11], will be
given here.

VOLUME 25A, DECEMBER 1994 — 2809



Configuration A

Configurational entropy

For the (001) planes of type 1, the number of distri-
bution possibilities D;; of I and V on the i1 sites follows
from the total number of i1 sites (2/3N), the number of
I atoms on il sites (Vy;;, Eq. [9a]), and the number of
V on il sites (Ny 1, Eq. [9c]):

2
—N!

3
vy
Nl,il' NV,il‘

2
= N!
3

= [Al]
N N

The numbers of distribution possibilities D,,, D,, and
D,, of I and V on the v1, i2, and V2 sites, respectively,
are obtained in a similar way (using Egs. [9] and [10]).

The total configurational entropy S of the pseudo-
binary alloy I-V (entropy of mixing I and V) for one
(001) plane of type I and one (001) plane of type 2 (each
plane containing a total of N sites) is given by

S=k(ln(Dy) +In(D,) +In(Dy) +In(D,y)] [A2]

where k is Boltzmann’s constant. Substituting the num-
bers of distribution possibilities (¢f. Eq. [Al]) in
Eq. [A2] and using Stirling’s approximation (In (n!) =
nln (n) — n for large n) the total configurational entropy
Scont 18 readily obtained as

1
Scont = gNk {4In2) - [2+r)x]In[2+r)x]

- R-QC+r)xIn[2-Q2+r)x]
—[A=r)x]In[(d —r)x]
--AQ-rpxJInfl =1 —r)x]
= [(1 + 2ry) x;] In [(1 + 2r,) x,]
—[1=0+2r)x]In[l ~ 1+ 2r)x]
= [(2 — 2ry) x,] In [(2 = 2r,) x,]
“R-Q2-2r)x]In[2 -2 - 2r) xl}
[A3]

Since the occupation of the M sublattice is complete and
M and I atoms do not reside on each other’s sublattices,
M does not contribute to the configurational entropy and
Eq. [A3] pertains to the whole M-I alloy as well.

Pairwise nearest neighbor interaction

in the c-direction of the I sublattice

The probability Py that two neighboring sites in the
c-direction are both occupied by T atoms is given by the
chance for simultaneous occupancy of il and v2 and of
vl and i2 sites. Hence, recognizing that the probability

2810-— VOLUME 25A, DECEMBER 1994

of occupancy of, e.g., an il site by an I atom is
Nia/ (2/3N), it follows that

cp 2Nl,i1 NI,vZ 1 Nl.vl Nl,i2
Py=-= o 5

2 2 1 1
32vin 3iyin
37 3 373

[Ada]

The number of i1-v2 neighbors is twice as high as the
number of v1-i2 neighbors due to the respective com-
position of the type 1 (i,v) and type 2 (v,i) planes. Fur-
ther, “Py can maximally equal 1. Both constraints are
expressed in Eq. [A4a] by the factors 2/3 and 1/3. The
probabilities ‘Pyy and Py, for V-V and I-V nearest
neighbors, respectively (in the c-direction), are obtained
likewise:

2NVi1NVv2 1IVVVIIVVQ
P = = —2 . - — - Adb
%% 32 5 3] 1 [ ]
“N-N "~ -N-=-N
3 3 3 3
¢ _2 NiaNv,a | Nya Ny
Py=-1+5—
312 2 2 2
-N-N =-N-=-N
3 3 3 3
1| Ny, Nvp Ny, Nis
+ = Vol £YV,i2 Vol {VLi2 [A4C]
3] 1 1 1 1
=N =N -N =N

3 3 3 3

The sum ‘P, + “Pyy + Py of course, equals 1.

The energy E, resulting from the pairwise nearest
neighbor interactions in the c-direction is proportional to
the sum of the products of the probabilities “Py, “Pyy,
and ‘P\y and their corresponding interaction energies
€. €vv, and e ry. Neglecting pressure and volume
(pV) effects of mixing I and V, the enthalpy H, is equal
to the energy E.. Hence, recognizing that the total
number of ¢ interactions for a pair of type 1 and type 2
planes is 2N, it follows for such a pair

H.=[Pye.y+ Pye.vwwt Pye, 2N [AS]

Using Eqgs. [9] and [10], substitution of the probabilities
given by Eq. [A4] in Eq. [AS] yields

H. =[x, + x,] H?,c +[(1—x) + (1= x)] H(\)/,c
+ NW[xi(1 — x3) + xo(1 = xp)] + 2NWeorirpxix,
[A6]
where H), = N Z./2 e.y and HY . = N Z./2 e yy With
Z./2 being the number of bonds in the c-direction per

atom (Z./2 = 1). W, is the “exchange energy” in the
c-direction:

Z
W, = '2' [2e..v — ecn — eyl [A7]

The term HY, is a fraction of HY, the enthalpy of N atoms
of the pure component I (with exactly the same lattice
as the I sublattice). Accordingly, HY . is a fraction of
HY, the enthalpy of N atoms of the pure component V
(with exactly the same lattice as the I sublattice; for the
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present case, where V of the hypothetical IV alloy rep-
resents vacant I sites, HY of course is zero). The first
two terms on the right-hand side of Eq. [A6] represent
the “ideal mixing” enthalpy of the hypothetical I-V
alloy. The third term on the right-hand side of Eq. [A6]
represents the change in enthalpy due to random mixing,
but taking into account the difference in interaction
energy of I-I, V-V, and I-V, nearest neighbors. This is
the same enthalpy change as emerging in the “zeroth ap-
proximation to the regular solutions” for an I-V alloy.
The last term on the right-hand side of Eq. [A6] repre-
sents the change in enthalpy due to ordering.

Pairwise nearest neighbor interaction within the

(001) planes of the I sublattice

The probability 'Py, that two neighboring sites within
a plane of type 1 (i,v) are both occupied by I atoms is
given by the chance for simultaneous occupancy by I
atoms of two i1 sites and of /1 and v1 sites:

LN Ny 2N Ny

1 =

i} 32 2 32 1 [A8a]
-N-—-N ~N—-N
3 3 3 3

In a plane of type 1, the number of i1-i1 interactions is
half of the number of il-vl interactions (Figure 3(a)),
which is expressed in Eq. [A8a] by the factors 1/3 and
2/3, respectively. The other probabilities in a plane of
type 1, Pyy and 'Pv, are obtained analogously:
1 1 NV,il NV,iI 2 NV,il NV,vl
Pw=32"72 *32 1

-N =N -N =N

3 3 3 3

[A8D]

Nia Ny + Ny Nya
2 2 2 2
-N-N -N-N
3 3 3 3

) 1
Plvzg

M N Vvl N V,il I_VE
2 1 2 1
-N-N =-N-=-N
3 3 3 3
The probabilities *Py,, 2Pyy, and *Pyy for a plane of type
2 (v,i) can be obtained directly from Eq. [A8], by re-
placing il by v2 and vl by i2.

The enthalpy H, for a pair of planes of types 1 and 2
due to nearest neighbor interaction within the planes is

Hp = [(IPII + 2Pn) e+ (vav + szv) €pvv

+ (lP w t ’p v) ep,lV] 3N [A9]
where e, , e, vy, and e,y are the interaction energies
between I-I, V-V, and I-V nearest neighbors within the
(001) planes, respectively, and the factor 3N accounts
for the total number of nearest neighbor interactions
within one plane. Using Egs. [9] and [10], substitution
of the probabilities given by Eq. [A8] in Eq. [A9] yields

H, =[x, + x]H, + [(1 —x) + (1 — )] HY,
+ NW,[x,(1 — x;) + x(1 — xp)}

+2 [A8c]
= v
3

1
+ NWP[Z (xlrl)z + (xz"z)z] [A10]
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where H), = N Z,/2 e,y and Hy,, = N Z,/2 e, yy With
Z,/2 being the number of bonds within one (001) plane
per atom (Z,/2 = 3). The term W, is the “exchange
energy” for the (001) planes:

W = £ [2epylv - €

=5 , [Al1]

N i ep,VV]

Interpretation of the terms on the right-hand side of
Eq. [A10] corresponds to that given for Eq. [A6].

Interaction of the M and I sublattices

Since the occupation of the M sublattice is complete
and every site of the I sublattice is surrounded by atoms
M in a similar way, the probability Py, of finding a pair
M-I for a pair of planes of type 1 and type 2 is deter-
mined only by the occupancy of the I sublattice by I
atoms:

112 { Ny Ny,
Py =-1Z M D
21312 2
-N =N
3 3
1[Ny Nin\| 1
+— )% =—(x; + xp) [Al2a]
1 1 2
-N =N
3 3

The probability Py of finding V adjacent to M is ob-
tained likewise:

1
PMVZI_PMIZE(I—XI-*—I_xZ) [Alzb]

The enthalpy Hy, due to interaction of I atoms and their
surrounding M atoms, per pair of type 1 and type 2
planes, can thus be described by

Hyw = (v, + xp) HY,y [Al13a]

where H(,,),ﬂ represents the interaction of N atoms I with
their surrounding M atoms (Note that there are 2N sites
for I atoms per pair of type 1 and type 2 planes). For
the enthalpy Hyy associated with interaction of M and
V, it is obtained

Hyw=0-x+1-x) Hglv [A13b]

where Hyy represents the interaction energy of N atoms
V with their surrounding M atoms. If V represents
vacant I sites with no interaction of M and V,
HY.y is zero.

Gibbs free energy, chemical potential,

and equilibrium condition

Using Eqgs. [A3], {A6], [A10], and [A13] and super-
imposing the Gibbs free energy of the M sublattice (i.e.,
the Gibbs free energy of the pure component M, which
is given by Hy, — TSy m for N atoms M) the total Gibbs
free energy Gy, of the M-I(-V) alloy, for the considered
pair of type 1 and type 2 planes of the I sublattice and
the associated pair of planes of the M sublattice (each
containing N atoms M), becomes
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Gua = 2(Hy — TSinm)
+ [x; + x] (H] ~ TS0 + Hin)
+ (1 —x) + (1 — ) (HY — TSy + Hiyy)
+ NW_ [x(1 — x3) + x(1 — x,)] + NW_[2r,r:x,x,]

+NW, [x(1 — x) + x(l — x;)]

1
+ NWpl:Z (xl"l)2 + (erZ)Z] - Tsconf

[Al4]

where S, is given by Eq. [A3] and HY is the enthalpy
of N atoms of the pure component Q (Q M, I, V;
H=H,+ H],, HY)) and S%,, denotes
“the v1bratlona1 enu'opy of N atoms of the pure compo-
nent Q, which is assumed to be independent of com-
position and ordering. The first three terms on the
right-hand side of Eq. [A14] represent the standard state
of the M-I alloy. It is noted that the contribution of the
M sublattice and its interaction with the T sublattice only
change the standard state and, consequently, do not
affect ordering on the I sublattice. Recognizing that V
;;:g)resents empty sites on the I sublattice: e,y = 0 and

v — 0

In Gy, as given by Eq. [A14], pairwise interactions
on the I sublattice up to second nearest neighbors (i.e.,
first nearest neighbors within the (001) planes: inter-
actions A1-B1, A1-Cl1, etc.) are taken into account. Ac-
counting for the effect of at least second nearest
neighbors is necessary to attain a useful thermodynamic
description. In general, the exchange energies associated
with the interactions are unknown and should, therefore,
be considered as parameters to be fitted to experimental
data. Adding more nearest-neighbor-interaction terms to
the thermodynamic description increases the number of
such fit parameters. This number should be kept as small
as possible.

The Gibbs free energy Gy, of the M—I allo?' in general
can be related to chemical potentials ‘x; and 'y of I and
v, respectlvely, in (001) planes of type 1 and to chem-
ical potentials “u; and *uy of I and V, respectively, in
(001) planes of type 2 and to the chemical potential py
of M:

Gt = 2pm + 2 '+ (1= x) 'y

+o 2+ (1 - %) Puy [A15]
where the chemical potentials pertain to N atoms (M, 1,
V), while the Gibbs free energy pertains to 2N atoms of
M and (x; + x,))N atoms of I. If V represents vacant I
sites, it holds that ' ;Lv = 2y = 0. Then, the chemical
potentials 'x; and %y, each for N atoms I in the corre-
sponding planes are defined as for an open system (cf.
Eq. [2]:

0Gm G
= ’ M=

ax 1 aXZ

{Al6]

For equilibrium between I atoms in the two types of
planes, it holds that

Gy Gy

0x; ax,

==y =0 [A17]
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The occurrence of ordering originates from a Gibbs free
energy for an ordered configuration of the I atoms lower
than that for the disordered configuration. The degrees
of order in the planes of type 1 and type 2, r; and r,,
respectively, will take values corresponding with a
minimum value for the Gibbs free energy, according to
Eq. [A14]. Hence, for equilibrium,

0Gm. 0Guy

=0 and
arl 6r2

=0 {A18]

Thermodynamical equilibrium of the M-I alloy is de-
scribed by the Gibbs free energy given by Eq. [Al4]
subject to the equilibrium conditions, according to
Eqgs. [A17] and [A18]. The equations for the equilibrium
conditions obtained in this way are nonlinear with re-
spect to the variables x,, x,, r;, and r,. The numerical
evaluation method for solving these equations is given
in Appendix B.

Order-disorder transition

The three equilibrium conditions (Eqs. [A17] and
[A18]) can each be written as f(x) = f(ry, ry, X1, X)) =
0. If x + dx and x are sufficiently close, it holds for all
x that
fx+dx)y= f(x)+—fdr,+—fdr2+a—fdxl dxz

ar, ar, ax, ax;
provided that f(x) is continuous for x. If equilibrium
holds for both x and x + dx it thus follows that
—ajidr, afdz+ﬁj:dx1 +g-dx2=0
ar 1 or 2 0x 1 3x2

Moreover, the infinitesimal changes dr,, dr,, dx,, and
dx, within the range x to x + dx can be taken propor-
tional to one another. The ratios of dr,, dr,, dx,, and dx,
are defined as follows: dr, = g-dry, dx, = h-dr,, and
dx, = i-dr, (g, h, and i are yet unknown real values),
provided that dr; # O (this holds within the ordered
region at least at the order-disorder transition). Explicit
substitution of f(x) by the three equilibrium conditions
(Eqgs. [A17] and [A18] and dropping the subscript M-I)
thus yields

a (dG d (oG d (oG
—|—)+g—|—)+h—|—
ar; \adr, ar, \or, dx, \or,

d [dG
+i— (—) =0 [A19a]
axZ ar,
3 (aG) 3 (aG) 9 (ac)
—|—}+e—1—)+h—|—
dar; \or; ar, \adr, dx, \dr,
.8 {8G
+i—\|—]=0 [A19b]
axZ Brz

0 (aG ac)+ ) (aG ac;)
or, \dx, 0x, garz dx, Ox,

3 (aG aG) 3 (aG aG)

+h————)+i— |-

dx, \dx; 0x, dx, \dx; dx,
[A19c]
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Since f(x) has to be continuous for x, and since f(x)
represents first derivatives of the Gibbs free energy with
respect to ry, ry, Xx;, and x,, the order-disorder transition
cannot be a first-order phase transition. At the order-
disorder transition, equilibrium requires that

[A20]

Substitution of G according to Eq. [Al4] and of
Eq. [A20] in Eqs. [A19] yields a description of the
order-disorder transition. It is obtained that

g=05, h=1i,

1 4kT
X1, =X, == (1 * 1+ ————————) [A21]
2 W .+ W, - W,

where x;, and x,, are x, and, x, respectively, at the
order-disorder transition. Hence, ordering occurs for
1 - a < x; + x, < (1 + a with a =
V1 + 4T/2W. + W, — W,,). In Eq. [A21] (and in @),
the influence of the third nearest-neighbor exchange
energy W,. (due to interactions A1-B2, A1-C2, etc.) on
the order-disorder transition is also taken into account
(Section III-A). At the onset of ordering, the evolution
of the r, and r, are coupled through g, and the evolution
of the interstitial contents x; and x, are coupled through
h and i. The results of Eq. [A21] are identical to the
results of Eq. [7] for case (2) as expected.

r=r=0, X = Xy

Configuration B

Gibbs free energy, chemical potential,

and equilibrium condition

Proceeding analogously, as for configuration A,
expressions are obtained for the configurational entropy
of the I atoms on their sublattice and for the enthalpies
associated with pairwise interactions of I atoms in the
c-direction as well as within the (001) planes of the I
sublattice. Then, including the interaction between the
M and I sublattices, the Gibbs free energy Gy, for a pair
of (001) planes and the associated pair of planes of M
atoms is obtained as (¢f. Eq. [A14])

1 2 1
EGM-I = (Hgd - TS(v)ib.M) + [5 Xy t gxd] (H? - TS&b.n + H(lzlll)

2 2 1 1
+ I:(g - g-xiv) + (g"gxd):' (H(\)' - ngib,v +H?vlv)

2 1 2

+ NW, [5 x(1 —x,)+ gx,,(l - xd):l + NW. 3 (x7)’
1 1 1

+ NWp gxiv(l ~x) t+ gxiv(l - x,)+ gxd(l - Xy)

1 1
+ NW, 5 (x,r)? + gNkT {lA + Ax,) In [(1 + r)x,]

+{1-A+rx]In[l -1+ rx,]
+{(1 = rx) In [(1 = r)x;,]
+ {1 - —rx,]Infl — (1 —r)x,]

+ [x]In[x,] + [1 —x]In[1 — x,}} [A22]
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The Gibbs free energy Gy, of the M-I alloy in general
can be related to chemical potentials gy, ', Mv, uy,
and % of M and I and V for iv and d sites, respectively:

3

+1 d+(1 : )d}
- X, - — =X
3dﬂx 3 3de

where the chemical potentials pertain to N atoms (M, I,
V), while the Gibbs free energy pertains to 2N atoms of
M and [(4/3)x;, + (2/3)x,IN atoms of 1. If V represents
vacant I sites, it holds that u% = uj = 0. For equilib-
rium, the chemical potentials of I on the order (i and v)
and disorder (d) sites, where the two contents x;, and x,
refer to, have to be identical. It thus holds that (cf.
Egs. [A16] and [A17])

2 iv 2 2 iv
Gui=21mum + Sxiv/-"I +l-- gxiv MKy

[A23]

) Gy 090G\
w=p=m>om =0 (A2
—axi _axd
3 3

The degree of order r will take a value corresponding
with the minimum value (stable state) for the Gibbs free
energy according to Eq. [A22]. Hence,

3Gy _
ar

0 [A25]

Thermodynamical equilibrium of the M-I alloy is de-
scribed by the Gibbs free energy given by Eq. [A22]
subject to the equilibrium conditions according to
Eqgs. [A24] and [A25]. The equations for the equilibrium
conditions obtained in this way are nonlinear with re-
spect to the variables x;,, x,, and r. The numerical eval-
uation method for solving these equations is given in
Appendix B.

Order-disorder transition

A description of the order-disorder transition for con-
figuration B can be obtained in a similar way as for con-
figuration A. Now, instead of three equilibrium
conditions with four parameters, there are only two con-
ditions with three parameters. Of course, the same order-
disorder transition is found, as expressed by Eq. [7] for
case (2) (Section III-A) and by Eq. [A21]. No fixed
interdependence exists for the evolutions of x;,, x,, and
r at the onset of ordering in contrast with the evolutions
of x;, x,, r;, and r, at the onset of ordering, according
to Eq. [A21] for configuration A.

APPENDIX B

Numerical evaluation method for route 1

For the numerical evaluation of the cases of ordering
evolving from the six nonlinear equations that make up
Eq. [3], the following route can be conveniently fol-
lowed. For a particular combination of the values for
W./kT, W,/kT, and W,./kT, Figure 2 indicates the most
stable configuration and the values for f ... j to be con-
sidered. From Eqs. [7] and [8], x, is obtained. Using
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one of the six equations of Eq. [3], the value for
(u — m)/KT for the order disorder transition can now
be calculated. By a small variation of this value for
(u; — m)/kT, the region where ordering occurs is en-
tered. Next, a guess is made for the corresponding
change of one of the xx’s with respect to x,. The values
for f ... j now provide (estimates for) the change of the
occupancies of the other kinds of I sites with respect to
x,.. Then, at equilibrium and for the chosen value of
(u; — w)/KT, the real values for x,, ..., X, can be
obtained from the six equations that make up Eq. [3] by
an iterative numerical method (e.g., Newton-
Raphson!!®)). Subsequent stepwise variation of the value
for (u, — w{)/kT allows investigation over the whole
composition range of the M-I alloy, where the values of
Xals --.» Xco Obtained in the preceding step are used as
initial guesses for the step considered.

Numerical evaluation method for route 2

For a particular combination of values for W, /kT,
W,/kT and W,./kT, the minimum content for ordering
x, is obtained from Eq. [A21]. Then, one of the inter-
stitial content variables, x, for configuration A and x;,
for configuration B, is raised to a value just above x,.
Next, for configuration A, the three nonlinear equilib-
rium conditions (Eqs. [A17] and [A18]) are used to cal-
culate the values of x,, r;, and r, pertaining to the chosen
value of x, in an iterative manner applying the Newton—
Raphson method, where initial guesses for x,, r;, and r,
were taken such that x, = x; and r, = 2r, (¢f. Eq.
[A21]). For configuration B, the two nonlinear equilib-
rium conditions (Eqs. [A24] and [A25]) are used to cal-
culate the values of x, and r pertaining to the chosen
value of x;, in a similar manner. Investigation of the
entire composition range of the M-I(V) alloy is realized
by a stepwise increase (by a small amount) of the value
of x, for configuration A and the value of x;, for config-
uration B; for a particular step, the values of x,, r;, and
r, for configuration A and of x, and r for configuration
B obtained in the preceding step are used as initial
guesses for application of the Newton—Raphson
procedure.
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