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Abstract—Parameters of electrical machines are usually vary-
ing with time in a smooth way due to changing operating
conditions, such as variations in the machine temperature and/or
the magnetic saturation. This paper is concerned with robust
stability analysis of controlled Doubly-Fed Induction Generators
(DFIGs) that takes into account the time-varying nature of the
parameter variations as well as bounds on their rate-of-variations.
First, a self-scheduled Linear Parameter Varying (LPV) current
controller design for the inner rotor-side loop is presented. The
design is based on viewing the mechanical angular speed as an
uncertain yet online measurable parameter and on subsuming the
problem into the framework of LPV controller synthesis. Then
the parameter-dependent model of the machine is transform into
a Linear Fractional Representation, which allows to perform a
stability analysis based on a specifically chosen set of Integral
Quadratic Constraints (IQCs). Some simulation and analysis test
results are given to demonstrate the robustness margins that
result with this control algorithm.

Index Terms—Doubly-fed induction generator (DFIG), linear
parameter varying (LPV) systems, slowly time-varying parame-
ter, robust stability, integral quadratic constraints (IQC).

I. INTRODUCTION

Doubly-fed induction machines (DFIMs) are often used
as generators for variable speed wind turbines because of
their advantages in comparison with other machines. The most
important feature is that approximately 30% of the generator
power is handled by power converters. Therefore, converters
should be designed in a cost effective fashion.

In the literature, conventional control designs for DFIMs
are often relying on a nominal machine model under the hy-
pothesis that the machine parameters are precisely known. This
motivates the application of more advanced control synthesis
techniques in order to improve system performance against
changes in the machine parameters and exogenous inputs.
More specifically, an H, control approach is proposed for
induction generators in [1], [2] and for induction motor control
in [3], [4], [5]. Recently, the LPV current control approach,
which takes the parameter variations into account directly in
the control design, is applied for an induction motor in [6],
[7]. In the latter reference, the electrical angular rotor speed
and the estimated magnetizing current are considered to be
varying parameters. The control objective is to track references
for the magnetizing current and the angular electrical rotor
speed. A quasi-LPV approach is applied to the design of a
stator current controller and a speed controller. In [6], the same
method is employed for the inner current control loop, and the
LPV controller synthesis is extended to a discrete time setting.
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Robustness of such controlled systems can be demonstrated by
means of simulation for several given values of the respective
uncertain parameters [8], [5], [3]. Since such simulation re-
sults are not sufficient to confirm robustness, the structured
singular value tool can be used for robustness analysis against
Linear Time-Invariant (LTI) uncertainties [9]. For Linear Time-
Varying (LTV) parametric uncertainty, robustness analysis can
be based on parameter-dependent Lyapunov functions if the
system is dependening affinely on slowly-varying parameters
[10], [11]. As an extension of the classical multiplier theory,
the Integral Quadratic Constraints (IQCs) approach [12], [13]
provides a flexible way for robust stability analysis with both
rate-bounded LTV parametric and dynamic uncertainties.

In this paper, the machine inductances and the rotor’s
mechanical angular speed are considered as slowly-varying
parameters, and an IQC-based robust stability test is applied
for the LPV current controller that is designed for a nominal
machine model. In Section II we first present the synthesis of
a gain-scheduled current controller for DFIGs, and we show
experimental results in order to demonstrate that the LPV con-
troller achieves the desired tracking performance requirements
[14]. In Section III we discuss possible situations that might
cause changes in the values of the machine parameters. The
IQC-based robust stability test is stated in Section IV, in which
we also present our main analysis results. Section V contains
some conclusions.

II. SYNTHESIS OF GAIN-SCHEDULED CURRENT
CONTROLLER

A. The nominal machine model

In this paper, a dq reference frame, which is independent
of the machine parameters and the rotor speed measurement
accuracy, is adopted. This reference frame has the d axis
coinciding with the grid voltage vector [15]. In this reference
frame, the DFIG equations can be written as

T, = Arc(w):cr + ByoUrs

Yr = Chrex Sy

where Ty = (ird Z‘7'q \Ijsd \Ijsq)T; Urs = (Us UT>T; Vs =

(Usd Usq)T; U = (Urd Urq)T; Yr = (ird Z‘Tq)T;
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the stator and rot(;r; Vsd, Vsq, Urd, Urq, tsd, tsq, brd, irq are volt-
age and current components of the stator and rotor respectively;
Wq, ¥y are the stator flux components; L, L, are the stator
and rotor inductances; L., is the mutual inducQtance; R, R,
are the stator and rotor resistances; o = 1 — LL—LT is the total
linkage coefficient; w,, = ws — w, is the mechanical angular
velocity of the rotor; ws is the electrical angular velocity of
the stator (or grid); and w,. is the electrical angular velocity of
the rotor.

B. The current control loop

The rotor current control loop with controller K,. is
depicted in Fig. 1. The design goal of the rotor current
controller K, is to achieve high dynamic performance and
robust tracking of the rotor currents. In Fig. 1, G,.. represents
the plant according to equations (1).
Ys iy
Tre Ur Grn l

j»?_—' Ky >

Fig. 1.

The current control loop

C. The current controller synthesis

In this section we briefly address the LPV current con-
troller synthesis problem. More details about designing the
continuous-time LPV current controller for DFIGs can be
found in [16]. Questions concerning the discretization of the
continuous-time LPV controller and the implementation in a
real setup are presented in [14].

The mechanical angular speed of the DFIG can be expressed
as wy, = ws(l + pydy), where —1 < ¢, < 1 and p, = 0.3.
Hence (1) becomes affinely parameter dependent and can be
rewritten as

Ty = (Arr + 6wArw) 2y + Bsvs + Bru, (5

where A,.., A, are matrices defined by

o
a1 0 TE —ai3ws
.

ais
A, = 0 a1 aizws 7 :
azr 0 ass Ws
0 a3z —ws as3
0 —WsPw 0 - auzs:jw
awsPe
Arw — Wspw 0 Lm 0
0 0 0 0
0 0 0 0

The interconnection of the system used for synthesis
is shown in Fig. 2. The external disturbance input w,.
consist of the stator voltages and the reference rotor cur-

T

rents Wy, = (vsd Vsq i:gf iref ) . The controller out-

puts are v, = (vyg Urg) . The controller inputs are
) ) T

the tracking errors which equal e, = (ercd emq) =

T
(foif —rd i;:gf — i,.q) . The controlled outputs are y, =
(ird irq)
The weighting function W,., = Wisa 0

used for
0 Wrsq
the controller synthesis is kept small over the low frequency

range for disturbance attenuation of the stator voltages. The
W'rtd 0

O Wrtq
keep the closed loop bandwidth at a desired value and to shape

the complementary sensitivity function.

first-order high-pass filter W,., = is used to

. Zrtd
@_>
irel .
rd Zrig
Witq
ref
i
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-~ Zrsd
rsd

2,
Zrsq
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v

Vsg

» >l Wy

Fig. 2. The interconnection of the system
The optimization problem is to find a stabilizing controller

of the form
() = (Eem) Bm () o

such that the closed-loop system of Fig. 2, which admits the

description
(50 - @Gl =) (56),

is internally stable and the Ls-gain of the channel w,. — 2,
is smaller than a specified bound ~ for all trajectories wy,(.)
that satisfy w,, (t) € [Wmin, Wmaz] = [(1 —pw)ws, (14 pu)ws)-
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We employ the Linear Matrix Inequality (LMI) Control
Toolbox in Matlab [17] in order to compute the vertex con-
trollers

Krcl _ <AK7'(:1

BK’!'cl AK7'(:2
) K'r‘c -
Ckre ) 2 (

BKTCQ
DK7-C1 CK'I'CQ DK7‘02
in a polytopic controller description. Then the controller is
implemented as follows: for a value w,,(¢) measured at time

t, we use

gmazr _ p(t) p(t) _ 6mzn
Kpo(t) = 2 ——— " K, 0+ ——— 2 K, 7
( ) 5{Unam _ 5;,unln 1 + 677Unaw — 5;’;7’"7‘ 2 ( )
with 8797 = 1, 67" = —1, and p(t) = <= for

WsPw
simulating the controller dynamics.

D. Experimental results

In the laboratory test model, an 11kW induction machine
was used as the prime mover. An 4kW doubly-fed induction
generator was used for all experiments. Fig. 3 shows the
performance of the inner current-control loop corresponding to
step changes of the rotor currents i,.¢ and ¢,.,. The rotor speed
is set to 1350 rpm. The reference value of the d-component of
the rotor current is set to perform a sudden step from 0A to
1.5A while the g-component of the rotor current is kept at 0A
as shown on the left of Fig. 3. Similarly, as on the right of Fig.
3, the reference value of the q-component of the rotor current
is set to perform a sudden step from 0A to —2A while the
g-component of the rotor current is kept at 0A. As we can see
from Fig. 3, the LPV controller achieves good tracking of the
references although the current measurements are corrupted by
noise.

dq components of rotor currents

dq components of rotor currents

!

-2 Mme«wm

-0.2 0 0.2 0.4 0.6 -0.2 0 0.2 0.4 0.6
Time (s) Time (s)

Fig. 3. Performance of the controlled system with step changes of 7,4 (left)
and 7,4 (right)

III. THE SYSTEM REPRESENTATION WITH UNCERTAINTIES
A. Parameter variations

The machine parameters can be considered as slowly time-
varying parameters since their values depend naturally on
slowly time-varying characteristics of the machine, namely
temperature and magnetic saturation. The variations of the
machine resistances R, R, are mainly due to machine temper-
ature changes. However, by simulation it can be verified that
changes in the values of R, and R, do not cause significant

changes in performance of the controlled system. Therefore,
their variations will not be considered in the robust stability
analysis of this paper.

The stator and rotor inductances L, L,, and the mutual
inductance L., vary with the machine flux due to magnetic
saturation and winding current modulus [18]. Since Lg, L,,
L., and the mechanical angular speed of the rotor w,, are
all bounded, the uncertainty set & of the parameter vector
0 = (Ls, Ly, Ly, wp,) is taken to be the corresponding 4-
dimensional cube, which is a polytope with 257¢(9) = 24 — 16
generators:

6 = CO{(LS,LT‘7LTVLﬂan) 1 Ls € {stfs},l/r S {L7.7f7'}7

Lpm € {Lmzzm}7wm S {Emvwm}} .

As will be presented in the next sections, robust stability
analysis can be performed for a common variation of all
parameters in this polytopic region. However, an investigations
of closed-loop stability/performance subject to variations of
individual machine parameters (while fixing the other three)
is also useful in providing information about robustness of
the controlled system in the controller design process. Fig.
4 shows, for instance, the closed-loop performance of the
controlled system with respect to rotor inductance variations
in the range of 95% to 125% of its nominal value. Fig. 4a -
Fig. 4d show the Bode plots of the reference inputs i"¢/ and
the stator voltages vs to the outputs i, and the control errors
er, respectively. Fig. 4e - Fig. 4f depict the step responses
from the reference inputs i’/ to outputs 7, and control
errors e, respectively. It can be observed that, in the face of
the uncertainty, the performance characteristics undergo some
changes. Although the overshoots become larger, the system
seems to remain robustly stable. This motivates a theoretically
sound robust stability analysis as presented next.

B. Linear fractional representation of the system

Since the matrices of the state-space description (5) depend
rationally on the machine inductances L, L,, and L,,, it is not
difficult to obtain a Linear Fractional Representation (LFR) of
the plant.

We employ the Robust Control Toolbox in Matlab [19] in
order to extract certain and uncertain components of the un-
certain system. When we use the numerical reduction method
in the robust control toolbox, which is similar to truncated
balanced realizations, we note that the order of the uncertainty
matrices will be reduced significantly.

The uncertainty matrix A, of the uncertain plant can be
described as

Arp - dlag (6517‘5 ) 57“]’7",,-; 5mIrm ) 5erw) 5 (8)

in which rs, r., 7,, and r, are the dimensions of the
uncertainty blocks corresponding to the machine inductances
Lg, Ls, L and the rotor speed w,, respectively. The sizes of
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Bode plot of reference inputs to outputs

Bode plot of reference inputs to control errors
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Fig. 4. Performance of the controlled system subject to the rotor inductance
variations from 95% to 125% of its nominal value. (a) - (d) in frequency
domain, (e) - (f) in time domain characteristics. Thick lines, dashed lines,
solid lines, and dotted lines correspond with nominal, minimum, maximum,
and intermediate values of the varying parameter, respectively.

TABLE 1
UNCERTAINTIES AND MATRICES

[ Uncertainties | Uncertainty matrix A, size |
Ls A4 x4 (rs=4,1r=0,7, =0, 10, =0)
L, 2X2(rs=0,r=2,1rm =0,7r, =0)
Lm 6X6(rs=0,7-=0,7rm =6, 7, =0)
Wm 8xX8(rs =0, =0, 7 =0, 7r, =0)
Lg and wpm, 8xX8(rs =4, =0,7m =0, 7, =4)
Ly and wm 6X6((rs=0,1r=2,7m =0,7ry, =4)
Ly, and wy, 100x 10 (rs =0, 7 =0, 7y, =6, 17, =4)

the resulting uncertainty matrices for different parameters are
summarized in Table I. The LFR of the plant and the LPV
rotor current controller as well as the interconnection of the
closed-loop system is depicted in Fig. 5.

The LFT representation of the LPV controller is constructed
similarly. From the polytopic controller description (7) we have

0y +1

KlP'U _ 1-— (5w
rc 2

Krcl + K’ch . (9)

The resulting uncertainty matrix A, is

Ay = 6,16 (10)

|
I Ary )
I —1 Ap |
! I
| I
! I
| >
| Arg :
! I
P J
Te
izt ,
Wyrp Zrp o
Us Grp +
Uy - 1)
Wrk Zrk
Ipv
Urk K Yrke

Fig. 5. The interconnection of the closed-loop controlled system

IV. ROBUSTNESS ANALYSIS

In this section the set of real symmetric matrices of di-
mension m X m is denoted by S". Moreover, L"*" denotes
the set of all causal linear operators that map L%[0, c0) into
L3*[0, c0). Recall that, roughly, an operator is causal if the past
output (at any current time) is not affected by any modification
of the future of the input signal. We refer to the set of stable
and causal LTI systems by RHL*".

Let us now consider the standard setup for stability analysis,
as given in Fig. 6, where M € RHEX? is a known causal linear
time-invariant operator and A € £LP*P is a causal linear time-
varying operator. For some set of uncertainties A C LP*P
we say that M is robustly stable against A if the feedback
interconnection of M and A in Fig. 6 is well-posed and stable
for all A € A.

Fig. 6. The standard setup for robust stability analysis

For the standard set-up in Fig. 6, if A is a linear time-
invariant system that is bounded as ||A]ls < 1, robust
stability is guaranteed if || M| < 1. Furthermore, frequency
dependent scalings can be used in order to arrive at a less
conservative measure for robust stability if the uncertainties
are structured. In case that A € L. is a general LTV
uncertainty with bounded Ls-gain, the scaling matrices need to
be frequency-independent [20], [21]. However, static scalings
are conservative if A results from structured parametric rate-
bounded uncertainties as appearing in our DFIM model. An
effective solution for such problems is to use the IQC approach
for robust stability analysis as presented in the next part of this
section.
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A. 1QC-based robust stability analysis

Theorem 1 (IQC stability [12]): Let 11 = H}} e
iy Ilzo

be an IQC multiplier, a transfer matrix with II* = II that
is bounded on the extended imaginary axis and that satisfies

L,\" I,
<TA> H(TA)ZO VA € A, Vr € [0,1]. (11)

Then the feedback system of Fig. 6 is robustly stable against
A if the following conditions hold:

(i) (M, TA) is well-posed for all 7 € [0, 1] and for all A € A.
(i1) There exists an € > 0 such that

(A4§iw)>*ll(ju0 (A4§iw)> < el Ywe,00). (12)

Recall from [12] that the search for suitable multipliers II
in order to guarantee the frequency domain inequality (12)
can be transformed into an LMI by employing the Kalman-
Yakubovich-Popov (KYP) lemma [22], [23].

In this paper we apply a particular IQC test for LTV
uncertainty that relies on the so-called swapping lemma [13],
[24]. More specifically, we employ the following generalized
version of this auxiliary result as given in [22].

Lemma 1 (Swapping lemma): Consider A, = diag(I,, ®

01,y I, ®6,) € A, together with G; = diag(Gh,...,G,),
where G; = |-AG:| B | o pygin 4o ¢ mbodk,
CGi DG-; B

Bg, € RFxmi Cg, € RixFi Dg. € RliX™ for i = 1,..,v,
with A¢, having all its eigenvalues in the open left-half plane.
Let A £ diag(l, ® 01,...,1p, ® 0y), Va £ diag(Ir, ®
51,...,Iku ® 5,,), and define Gp = diag(Gp,,....,Gp,),
Ge £ diag(Ge,, ..., Ge,) with

G,

i

(s — AGz‘)ilBGi
Gci CGi(SI — AGi)_l.
where G, € RHY*" and G¢, € RHY*% . Then

A
A

GelAeT = AelC:eT (13)

where Go = (Gol GIC i Ao = (VAA&B>; Ag =

A 00, (G
(3o (G

C?ai\%i on this ,fles ltéet us introduce the abbreviations L =
er e . L L A ]
( Gel ) o {%TL} ’ where Me - (M Orexke) with

Te = Y i 7i and ke = >0 | k; is an extended version of
the original system M and A7 € R?*? is stable. Define the
set

A
Aer = .
AL (VAkGB>
¢ A, =diag(ly, @ Ay, .0l @A) €A,
Va, = diag(Iy, ® 61, ...y Iy, ®0,)
(14)

Then we note that, for X, € S™, U, € S™, and Y, €
R™e*"u where ne = Y ., (l; + ki), and ny, = >0 (l; + ki),
the inequality

I ’ G:rXeGer GerKiGel I
TAer Zl}/eTGer G:erGel TAer
(TN (X YN[ T
- Ger <7'Ael> (Y;T Ue> <7'Ael> Ger (15)

will be satisfied if

I\ /X, Y. I
(L)Y (5 5) (L) =0 wena. ao

It is easy to verify that robust stability of M against A
follows from robust stability of M. against A.. By apply-
ing the IQC stability theorem with the multipliers II. =

GZTXeGer GerYeGel
(GzlYeTGe,« GLUGe )’
frequency domain inequality. With the KYP lemma we arrive
at the following robustness test: M is robustly stable against
A if there exists an F' € F such that

o
IA

robust stability is reduced to a

RTFR; <0, (17)
where
1 0
Ry =|AL Bg (18)
CrL Di
and
0o P ‘ 0 0 X, € Sne,
A | P 0] 0 0 U, € S™,
F=0r= 0 0] X. Y Y, € Rexmu
0 0|YT U, Pecs?
(19)
Note that we choose G; for ¢ = 1,...,v as described by

the minimal realization [23]

—Di 0 0 1
1 —Pi 0
0 1
CGi DGi : .. . —Di 0 :
0 - - 1 —piloO
0 1
L Iqi O J
(20)

As a result, we arrive at [; = (¢; + 1)r;, and k; = ¢;r;. We
stress that the choice of ¢; influences the McMillan degree of
G; and hence the size of the LMI (17).
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B. Stability test for time-varying parametric uncertainties

Motivated by our setup, let us now consider the set A
defined by the following structured time-varying repeated
parametric uncertainties:

A (t) = diag(Iy, @ 01(¢), ..., Ir, ® §,(t)).

It is assumed that the value of the parameter J,() and
its rate-of-variation 9;(t) = 0;(t) are contained in the hyper-
rectangular region

Rj = {(zj.y;) : 2 € [0;.0,],y; € [9;,U;]} = coR§ (21)

where Qj gog@,ﬁj SOgﬁj and

RS = {(55_1),195_1)), (5§2)7ﬁ§_2>)7 (5](-3)7195-3))7 (5§4>719§_4))}

for j =1,...,v, as depicted in Fig. 7.

9.
A’

@) 9@ 3 4B
(5j 779]‘ ) Ej (5]‘ ,19]‘ )
® ®

(x5, y5)
V=9
| _
éj | 0;
- > 0j
0 Zj
@ 3 L
; 2 2
(a5, 95 S (@70
Fig. 7. The region of variations R ;.

With A% 2 diag(L, ® 6\, ... I, © 0%, I, @9V, ..., I, ®
191(,1)) for (5?),19;1)) € R, the robust stability test can be
formulated as follows.

Theorem 2 ([23]): M is robustly stable against A if there
exists F € F with REFR;, <0 and

T
I Xe Ye I
Ueu = O’ Ue22 = 07 (Aél> <}/6T Ue) (Azl) ="

o (22)
for all (6;2),1957)) € RS, j=1,...,v. Here U,,, and U,,,
denote the left-upper and right-lower diagonal blocks of U, of
dimensions »_._, l; and >_"_, k; respectively.

For proving this result, it suffices to observe that the validity
of (22) at the generators R for j = 1,..., v implies (16) for
arbitrary parameter curves (0;(t),9;(t)) = (d;(t),d;(t)) that
are contained in the full polytope R; for j =1,...,v.

TABLE 11
STABILITY MARGINS
[ Tests [ Uncertainties | Ranges of variation | Rates |
1 Lg 90.50% — 111.73% 0 —0.645
2 Ly 90.50% — 111.72% 0 —0.042
3 Lo, 92.50% — 105.10% 0—0.033
4 Wm 26.5% — 173.5% 0 — 600000
Ls and wy,
5 Ls 91% — 109% 0—0.01
Wm 65% — 135% 0—125
L, and w.,
6 Ly 90.50% — 109.50% 0—0.01
Wm 65.00% — 135.00% 0 — 250
Ly, and wy,
7 Lm 93% — 105% 0—0.01
wWm 65% — 135% 0—125

C. Stability margin with rates of variation

Based-on the configuration as shown in Fig. 5 we can easily
construct the standard configuration as in Fig. 6 for testing
robust stability of the LPV-controlled system within the above
given IQC-framework.

For this purpose, we describe the machine inductances, the
rotor mechanical speed w,,, and their variations as uncertainties
in a convex hull as in (21). The result in Theorem 2 is then
implemented with the help of YALMIP, a toolbox [25] for rapid
prototyping of optimization problems. The obtained results are
summarized in Table II. For the purpose of investigating the
stability margin of the controlled system in the face of only one
parameter variation, the tests 1, 2, 3, and 4 are performed for
Lg, L, L,,, wn, and their variations, respectively. The LFR
form of the closed-loop system is constructed with the help
of the robust control toolbox, while the corresponding region-
of-variation (21) is re-constructed for each of the respective
parameter variations. The results show that the closed-loop
system remains stable when L varies from 90.5% to 117.33%
of its nominal value while its rate varies in [0, 0.645]. The same
conclusions are drawn, with the respective numerical results in
Table II, for variations in L.., L,, and w,, respectively. Note
that the stability region for the mechanical rotor speed w,, is
quite large, even if allowing for very fast variations. This is
indeed consistent with the controller design algorithm which is
based on the assumption that there are no bounds on the rate-
of-variation. The tests 5, 6, and 7 are performed in the same
fashion but for the uncertainties of w,,, in combination with L,
L., and L,,, respectively. It is interesting to observe that, in
these cases, the stability of the system is no longer guaranteed
for arbitrary fast variation of the mechanical rotor speed wy,.
Its rate-of-variation has to be decreased to [0, 125] in the tests
5,7 and to [0, 250] in the test 6, respectively, while its range-of-
variation decrease to [65%, 135%]. Still, these margins for the
mechanical rotor speed w,, are in line with the practical need
of tolerating up to [70%, 130%)] of its nominal synchronous
speed value.

These analysis results also confirm the reliability of the
DFIG with the designed LPV controller in the real experi-
mental setup as presented in Section II.
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V. CONCLUSION

This paper presents IQC analysis results for a LPV-
controlled doubly-fed induction generator. The design of the
LPV current controller is relying on the nominal model of
the doubly-fed induction generator, and it is based on viewing
the online measurable mechanical angular speed of the rotor
as a time-varying parameter. Robust stability of the controlled
system is tested by considering the machine inductances and
the rotor’s mechanical angular speed as slowly time-varying
parameters. This analysis has been performed based on the IQC
framework which allows to include bounds on both the values
and the rate-of-variation of the parameters. Robustness margins
have been given to prove that the controlled system remains
stable in face of slowly time-varying parametric uncertainties
of the machine.
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APPENDIX

Doubly-fed induction machine parameters referred to the stator
side:

Rated power 4EW
Stator voltage 230/400V (A/Y)
Rotor voltage 950V

Rotor current 2.7TA

Rated speed 1440rpm
Moment of inertia 0.032kgm?
Stator resistance R, = 1.07012
Rotor resistance Rs = 1.32Q
Stator leakage inductance Lo, = 0.0066H
Rotor leakage inductance Lo = 0.0098H
Mutual inductance L., = 0.1601H
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