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We show that the rank generating function Uðt;qÞ for strongly
unimodal sequences lies at the interface of quantum modular
forms and mock modular forms. We use Uð−1;qÞ to obtain a quan-
tummodular formwhich is “dual” to the quantum form Zagier con-
structed from Kontsevich’s “strange” function FðqÞ. As a result, we
obtain a new representation for a certain generating function for
L-values. The series Uði;qÞ ¼ Uð−i;qÞ is a mock modular form, and
we use this fact to obtain new congruences for certain enumerative
functions.

1. Introduction and Statement of Results
A sequence of integers faigs

i¼1 is a strongly unimodal sequence of
size n if it satisfies

0 < a1 < a2 < … < ak > akþ1 > akþ2 > … > as > 0

for some k and a1 þ…þ as ¼ n. Let uðnÞ be the number of such
sequences. The rank of such a sequence is s − 2kþ 1, the number
of terms after the maximal term minus the number of terms that
precede it.

By letting t (respectively, t−1) keep track of the terms after
(resp., before) a maximal term, we find that uðm; nÞ, the number
of size n and rank m sequences, satisfies†

Uðt; qÞ ≔ ∑
m;n

uðm; nÞtmqn ¼ ∑
∞

n¼0

ð−tq; qÞnð−t−1q; qÞnqnþ1

¼ qþ q2 þ ðtþ 1þ t−1Þq3 þ…; [1.1]

where ðx; qÞn ≔ ð1 − xÞð1 − xqÞð1 − xq2Þ⋯ð1 − xqn−1Þ for n ≥ 1

and ðx; qÞ0 ≔ 1.

Example: The strongly unimodal sequences of size 5 are: f5g,
f1; 4g, f4; 1g, f1; 3; 1g, f2; 3g, f3; 2g, and so uð5Þ ¼ 6. Respec-
tively, their ranks are 0; −1; 1; 0; −1; 1.

The q-series Uð−1; qÞ, the generating function for the number
of size n sequences with even rank minus the number with odd
rank, is intimately related to Kontsevich’s strange function‡

FðqÞ ≔ ∑
∞

n¼0

ðq; qÞn ¼ 1þ ð1 − qÞ þ ð1 − qÞð1 − q2Þ

þ ð1 − qÞð1 − q2Þð1 − q3Þ þ…: [1.2]

It is strange because it does not converge on any open subset of C,
but is well-defined at all roots of unity. Zagier (1) proved that this
function satisfies the even “stranger” identity

FðqÞ ¼ −
1

2∑
∞

n¼1

nχ12ðnÞqn2−1
24 ; [1.3]

where χ12ð•Þ ¼ ð12
•

Þ. Neither side of this identity makes sense si-
multaneously. Indeed, the right-hand side§ converges in the unit
disk jqj < 1, but nowhere on the unit circle. The identity means

that FðqÞ at roots of unity agrees with the radial limit of the right-
hand side.

We prove that Uð−1; qÞ, which converges in jqj < 1, also gives
Fðq−1Þ at roots of unity.

Theorem 1.1. If q is a root of unity, then Fðq−1Þ ¼ Uð−1; qÞ.

Example: Here are two examples: Uð−1;−1Þ ¼ Fð−1Þ ¼ 3 and
Uð−1; iÞ ¼ Fð−iÞ ¼ 8þ 3i.

Remark: Theorem 1.1 is analogous to the result of Cohen (2, 3)
that σðqÞ ¼ −σ�ðq−1Þ for roots of unity q, for the well-known
q-series σðqÞ and σ�ðqÞ that Andrews et al. (4) defined in their
work on partition ranks.

Zagier (1) used Eq. 1.3 to obtain the following identity:

e−
t
24 ∑

∞

n¼0

ð1 − e−tÞð1 − e−2tÞ…ð1 − e−ntÞ ¼ ∑
∞

n¼0

Tn

n!
·
�

t
24

�
n
; [1.4]

where Glaisher’s Tn numbers (see Eq. 2.3 and A002439 in ref. 5)
are the “algebraic factors” of Lðχ12; 2nþ 2Þ. As a companion to
Theorem 1.1, we use Uð−1; qÞ to give these same L-values.

Theorem 1.2. As a power series in t, we have that

e
t
24 · Uð−1; e−tÞ ¼ ∑

∞

n¼0

Tn

n!
·
�
−t
24

�
n

¼ 6
ffiffiffi
3

p

π2
· ∑

∞

n¼0

ð2nþ 1Þ!
n!

· Lðχ12; 2nþ 2Þ ·
�
−3t
2π2

�
n
:

These results are related to the next theorem, which gives a
new quantum modular form. Following Zagier¶ (3), a weight k
quantum modular form is a complex-valued function f on Q,
or possibly P1ðQÞ \ S for some finite set S, such that for all
γ ¼ ðac bdÞ ∈ SL2ðZÞ, the function

hγðxÞ ≔ f ðxÞ − ϵðγÞðcxþ dÞ−kf
�
axþ b
cxþ d

�
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satisfies a “suitable” property of continuity or analyticity. The
ϵðγÞ are roots of unity, such as those in the theory of half-integral
weight modular forms when k ∈ 1

2
Z \ Z. We prove that

ϕðxÞ ≔ e−
πix
12 · Uð−1; e2πixÞ [1.5]

is a weight 3
2

quantum modular form. Because SL2ðZÞ ¼
hð1

0
1
1
Þ; ð0

1
−1
0
Þi and ϕðxÞ − e

πi
12 · ϕðxþ 1Þ ¼ 0, it suffices to consider

ð0
1
−1
0
Þ. The following theorem establishes the desired relationship

on the larger domain Q ∪ H − f0g, where H is the upper-half of
the complex plane.

Theorem 1.3. If x ∈ Q ∪ H − f0g, then

ϕðxÞ þ ð−ixÞ−3
2ϕð−1∕xÞ ¼ hðxÞ;

where ðixÞ−3
2 is the principal branch and

hðxÞ ≔
ffiffiffi
3

p

2πi

Z
i∞

0

ηðτÞ
ð−iðxþ τÞÞ3

2

dτ

−
i
2
e

πix
6 ðe2πix; e2πixÞ2∞ ·

Z
i∞

0

ηðτÞ3
ð−iðxþ τÞÞ1

2

dτ:

Here, ηðτÞ ≔ e
πiτ
12 ðe2πiτ; e2πiτÞ∞ is Dedekind’s eta-function. More-

over, taking ηðxÞ ¼ 0 for x ∈ R, h : R → C is a C∞ function that
is real analytic everywhere except at x ¼ 0, and hðnÞð0Þ ¼
ð−πi∕12Þn · Tn, where Tn is the nth Glaisher number.

Remark: Zagier (1) proved that e
πix
12 · Fðe2πixÞ is a quantum mod-

ular form. Theorem 1.3 gives a dual quantum modular form, one
whose domain naturally extends beyond Q to include H. This is
somewhat analogous to the situation for σðqÞ and σ�ðqÞ discussed
above. Zagier constructed a quantum modular form from these
q-series in example 1 of ref. 3.

Remark: Theorem 1.3 implies that ΦðzÞ ≔ ηðzÞϕðzÞ behaves
analogously to a weight 2 modular form for SL2ðZÞ for z ∈ H
with a suitable error function. Namely, Φðzþ 1Þ ¼ ΦðzÞ and
ΦðzÞ − z−2Φð− 1

zÞ ¼ ηðzÞhðzÞ; see also theorem 1.1 of ref. 6.
It turns out that Uð1; qÞ and Uð�i; qÞ also possess deep prop-

erties. We have that Uð1; qÞ (7) is a mixed mock modular form,
and Uð�i; qÞ is a mock theta function (see refs. 8–10). We use
these facts to study congruences for certain enumerative
functions.

Theorem 1.4. If 3 < ℓ≢23 (mod 24) is prime, δðℓÞ ≔ ðℓ 2 − 1Þ∕24
and ℓ∤k, then for all n

uðℓ 2nþ kℓ − δðℓÞÞ ≡ 0 ðmod 2Þ:

Example: If ℓ ¼ 7, then Theorem 1.4 gives uð49nþ aÞ ≡ 0 (mod
2) for a ∈ f5; 12; 19; 26; 33; 40g.

The nature of Theorem 1.4 suggests the existence of a Hecke-
type identity for Uð−1; qÞ analogous to those obtained for σðqÞ
and σ�ðqÞ in ref. 4. Here we obtain such an identity.

Theorem 1.5. We have that

Uð−1; qÞ ¼ ∑
n>0

∑
6n≥j6jþ1j

ð−1Þjþ1q2n2−jð3jþ1Þ
2

þ 2 ∑
n;m>0

∑
6n≥j6jþ1j

ð−1Þjþ1q2n2þmn−jð3jþ1Þ
2 :

These congruences appear to have refinements modulo 4.
In analogy with the theory of partition ranks (11–13), we suspect
that ranks also “explain” these congruences. Namely, let
uða; b; nÞ be the number of size n strongly unimodal sequences
with rank ≡ a (mod b).

Conjecture 1.6. If ℓ ≡ 7; 11; 13; 17 (mod 24) is prime and ðk
ℓ
Þ ¼ −1,

then for all n we have

uðℓ 2nþ kℓ − δðℓÞÞ ≡ 0 ðmod 4Þ: [1.6]

Moreover, for a ∈ f0; 1; 2; 3g we have uða; 4;ℓ 2nþ kℓ − δðℓÞÞ ≡
0 (mod 2) and

uð0; 4;ℓ 2nþ kℓ − δðℓÞÞ ≡ uð2; 4;ℓ 2nþ kℓ − δðℓÞÞ ðmod 4Þ:
[1.7]

We have that uð1; 4; nÞ ¼ uð3; 4;nÞ, and so the truth of Eq. 1.7
is a proposed explanation of Eq. 1.6. Therefore, it is natural to
studyUð�1; qÞ and the third-order mock theta function (14–16):

Uð�i; qÞ ¼ ΨðqÞ ¼ ∑
∞

n¼1

qn2

ðq; q2Þn
¼ ∑

∞

n¼0

ð−q2; q2Þnqnþ1

¼ q
ðq4Þ∞

· ∑
n∈Z

ð−1Þnq6nðnþ1Þ

1 − q4nþ1
:

Using this mock theta function, we are able to obtain the follow-
ing related congruences.

Theorem 1.7. If ðQ; 6Þ ¼ 1, then there are arithmetic progressions
Anþ B such that

uð0; 4;Anþ BÞ ≡ uð2; 4;Anþ BÞ ðmodQÞ:

Example: ForQ ¼ 5, the cusp form in the proof of Theorem 1.7 is
annihilated by Tð112Þ, and so if

að24n − 1Þ ≔ uð0; 4; nÞ − uð2; 4; nÞ ðmod 5Þ

[note. aðnÞ ¼ 0 if n≢23 (mod 24)], then for every n ≡ 23; 47
(mod 120) we have that

að121nÞ −
�
n
11

�
aðnÞ þ aðn∕121Þ ≡ 0 ðmod 5Þ:

Because ð n
11
Þ ¼ 0 and aðn∕121Þ ¼ 0 when 11jjn, this gives con-

gruences such as

uð0; 2; 73205nþ 721Þ ≡ uð2; 4; 73205nþ 721Þ ðmod 5Þ:

2. Quantum Properties of Uð−1; qÞ
Here we prove the quantum properties of Uð−1; qÞ. We first
prove Theorem 1.1 relating the values of Kontsevich’s FðqÞ
andUð−1; qÞ at roots of unity. We then prove Theorem 1.2 giving
a new representation of Zagier’s L-value generating function,
and we conclude with a proof of Theorem 1.3.

2.1 Proof of Theorem 1.1: For ξ a fixed kth root of unity, define the
polynomial
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CðXÞ ¼ ∑
k−1

n¼0

ðX − ξ−1Þ⋯ðX − ξ−nÞ:

We have the identity

Cðξ−1XÞ ¼ ðX − 1Þ2CðXÞ −XðX k − 1Þ þX: [2.1]

Define the functions uaðXÞ for a ≥ 1 by

ð2−XkÞuaðξ−aXÞ ¼Cðξ−aXÞ− ð1−XÞ2⋯ð1− ξ−ða−1ÞXÞ2CðXÞ:

Hence, for a ¼ k we have

XkCðXÞ ¼ ukðXÞ: [2.2]

Then we have

ð2 −XkÞðuaþ1ðXÞ − uaðXÞÞ ¼ ð1 − ξXÞ2⋯ð1 − ξaXÞ2ðCðξaXÞ
− ð1 − ξaþ1Þ2Cðξaþ1XÞÞ:

By Eq. 2.1, we have

CðξaXÞ ¼ ð1 − ξaþ1XÞ2Cðξaþ1XÞ þ ξaþ1:

Letting X ¼ 1 gives uaþ1ð1Þ − uað1Þ ¼ ξaþ1ð1 − ξÞ2⋯ð1 − ξaÞ2.
Induction and Eq. 2.2 give

Cð1Þ ¼ ∑
k−1

n¼0

ξnþ1ð1 − ξÞ2⋯ð1 − ξnÞ2:

2.2 Proof of Theorem 1.2: By the results of Andrews et al. (6) (see
equation 9.2 and propositions 9.2 and 9.3) with q ¼ e−2πz, we
have

qvðqÞ ¼ ∑
∞

n¼0

qnþ1

ðqnþ1; qÞ2∞
¼ e

π
6
ð1z−3

2
zÞffiffiffiffiffi

3z
p

Z
∞

−∞
xe−

πx 2
3z

·
sinhð2πx

3
Þ

cosðπxÞ dx · ð1þOðzNÞÞ

for any positive N where vðqÞ ¼ ∑∞
n¼0

qn

ðqn ;qÞ 2∞. Because we have

Uð−1; qÞ ¼ ðq; qÞ2∞qvðqÞ a n d ðq; qÞ2∞ ¼ e−
π
6ð1z−zÞz−1ð1þOðzNÞÞ

for any positive N, we have

q− 1
24Uð−1; qÞ ¼ 1ffiffiffi

3
p

z
3
2

Z
R
xe−

πx2
3z ·

sinhð2πx
3
Þ

cosðπxÞ dxð1þOðzNÞÞ

for any N. The Glaisher’s T-numbers are given by

sinhð2πx
3
Þ

coshðπxÞ ¼
2

i ∑
∞

n¼0

Tn

ð2nþ 1Þ!
�
iπx
3

�
2nþ1

: [2.3]

We also have the identity

Z
R
x2je−

πx2
3z dx ¼ ð2jÞ!

2jj!

�
3

2π

�
j ffiffiffiffiffi

3z
p

zj:

Combining these identities and then setting t ¼ 2πz completes
the proof.

2.3 Proof of Theorem 1.3:DefineGðzÞ ≔ ðe2πiz; e2πizÞ∞Uð−1; e2πizÞ.
Theorem 1.1 of ref. 6 gives

GðzÞ− i
2
ηðzÞ3

Z
i∞

−z

ηðτÞ3
ð−iðzþ τÞÞ1

2

dτþ
ffiffiffi
3

p

2πi
ηðzÞ

Z
i∞

−z

ηðτÞ
ð−iðτþ zÞÞ3

2

dτ

¼ z−2
�
G
�
−
1

z

�
−
i
2
η
�
−
1

z

�
3
Z

i∞

1
z

ηðτÞ3
ð−ið− 1

z þ τÞÞ1
2

dτ

þ
ffiffiffi
3

p

2πi
η
�
−
1

z

�Z
i∞

1
z

ηðτÞ
ð−iðτ− 1

zÞÞ
3
2

dτ
�
: [2.4]

Note that using ηð− 1
zÞ ¼

ffiffiffiffiffiffiffi
−iz

p
ηðzÞ, we have

η
�
−
1

z

�
3
Z

i∞

1
z

ηðτÞ3
ð−iðτ − 1

zÞÞ
1
2

dτ

¼ ð
ffiffiffiffiffiffiffi
−iz

p
Þ3ηðzÞ3

Z
0

−z

ηð− 1
τÞ3

ð−ið− 1
z −

1
τÞÞ

1
2

τ−2dτ

¼ ð
ffiffiffiffiffiffiffi
−iz

p
Þ3ηðzÞ3

Z
0

−z

ð ffiffiffiffiffiffiffiffi
−iτ

p
ηðτÞÞ3ð−zτÞ1

2

ð−iðzþ τÞÞ1
2

τ−2dτ

¼ −z2ηðzÞ3
Z

−z

0

ηðτÞ3
ð−iðzþ τÞÞ1

2

dτ: [2.5]

Similarly, we have

η
�
−
1

z

�Z
i∞

1
z

ηðτÞ
ð−iðτ − 1

zÞÞ
3
2

dτ ¼ −z2ηðzÞ
Z

−z

0

ηðτÞ
ð−iðzþ τÞÞ3

2

dτ:

[2.6]

Combining Eqs. 2.4–2.6 gives

GðzÞ − z−2G
�
−
1

z

�
¼

ffiffiffi
3

p

2πi
ηðzÞ

Z
i∞

0

ηðτÞ
ð−iðzþ τÞÞ3

2

dτ

−
i
2
ηðzÞ3

Z
i∞

0

ηðτÞ3
ð−iðzþ τÞÞ1

2

dτ:

Dividing by ηðzÞ and using its modular transformation property
give the result for x ∈ H.

For x ∈ Q, note that ðe2πix; e2πixÞ∞ ¼ 0. Moreover, Zagier, in
the discussion after the theorem of section 6 of ref. 1, explains
how the integral ∫ ∞

0 ηðzÞðzþ xÞ−3
2dz is real analytic for real x.

3. Congruence Properties and the Hecke-Type Identity
We first prove Theorem 1.4 on the parity of uðnÞ, and we
then prove Theorem 1.5 giving the Hecke-type identity for
Uð−1; qÞ. We then conclude this section with the proof of
Theorem 1.7.

3.1 Proof of Theorem 1.4: By theorem 1 of ref. 14 (see Eq. 1.2), we
have that

Uð−1; qÞ ¼ 1

ðq; qÞ∞
·
�
∑
∞

n¼1

ð−1Þn−1ð1þ qnÞq3n2þn
2

ð1 − qnÞ2 −∑
∞

n¼1

qn

ð1 − qnÞ2

þ 2∑
∞

n¼1

ð−1Þn−1nqn2þn
2

1 − qn

�
:

If sptðnÞ is the smallest parts partition function of Andrews, then
by theorem 4 of ref. 17 we have:
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SðqÞ ≔ ∑
∞

n¼0

sptðnÞqn

¼ 1

ðq; qÞ∞

�
∑
∞

n¼1

qn

ð1 − qnÞ2 þ∑
∞

n¼1

ð−1Þnq 3n2þn
2 ð1þ qnÞ

ð1 − qnÞ2
�
:

We have used the elementary fact that

∑
∞

n¼1
∑
d∣n

dqn ¼ ∑
∞

n¼1

qn

ð1 − qnÞ2 ¼ ∑
∞

n¼1

nqn

1 − qn : [3.1]

We have Uð−1; qÞ ≡ SðqÞ (mod 2), and so the theorem follows
from theorem 1.2 in ref. 18||.

3.2 Proof of Theorem 1.5:We prove Theorem 1.5 using the method
of Bailey pairs. As usual, we let ðaÞn ≔ ða; qÞn. Two sequences
ðαn; βnÞ form a Bailey pair for a if

βn ¼ ∑
n

r¼0

αr

ðqÞn−rðaqÞnþr

αn ¼ ð1 − aq2nÞðaÞnð−1Þnq
nðn−1Þ

2

ð1 − aÞðqÞn ∑
n

j¼0

ðq−n; qÞjðaqn; qÞjqjβj:

The following Bailey pair is central to the proof of Theo-
rem 1.5.

Lemma 3.1. If βn ¼ 1 and α0 ¼ 1 and for n > 0

αn ¼ ð1− q2nÞq2n2−n
�
q− 2

1− q
þ∑

n

j¼2

ð−1Þj ð1− q2j−1Þ
ð1− qjÞð1− qj−1Þq

−3jðj−1Þ
2

�
;

then ðαn; βnÞ is a Bailey pair with respect to 1.

Proof: We apply theorem 8 of ref. 19 with βn ¼ 1 for all n. By
letting b; c; d → 0, and then letting a ¼ 1, one obtains the lemma.
Some care is required for the j ¼ 0 and j ¼ 1 terms.

The following is Bailey’s Lemma (for example, see ref. 19).

Lemma 3.2. (Bailey’s Lemma). If αn and βn form a Bailey pair re-
lative to a, then

∑
n≥0

ðρ1Þnðρ2Þnðaq∕ρ1ρ2Þn
ðaq∕ρ1Þnðaq∕ρ2Þn

αn

¼ ðaqÞ∞ðaq∕ρ1ρ2Þ∞
ðaq∕ρ1Þ∞ðaq∕ρ2Þ∞ ∑

n≥0

ðρ1Þnðρ2Þnðaq∕ρ1ρ2Þnβn:

Proof of Theorem 1.5: By Lemma 3.2 with ρ1 ¼ x, ρ2 ¼ x−1 and
a ¼ 1, Lemma 3.1 gives

∑
n≥0

ðxÞnðx−1Þnqn ¼ ðxqÞ∞ðx−1qÞ∞
ðqÞ2∞

þ ðxÞ∞ðx−1Þ∞
ðqÞ2∞

× ∑
n≥1

qn

ð1 − xqnÞð1 − x−1qnÞ · αn:

Dividing by ð1 − xÞð1 − x−1Þ and collecting the n ¼ 0 terms give

∑
n>0

ðxqÞn−1ðx−1qÞn−1qn ¼ 1

ð1− xÞð1− x−1Þ

·
�ðxqÞ∞ðx−1qÞ∞

ðqÞ2∞
− 1

�
þ ðxqÞ∞ðx−1qÞ∞

ðqÞ2∞
×∑

n≥1

qn

ð1− xqnÞð1− x−1qnÞ · αn:

[3.2]

To simplify the αn, we have that

1 − q2j−1

ð1 − qjÞð1 − qj−1Þ ¼
1

2
·
�
1þ qj

1 − qj þ
1þ qj−1

1 − qj−1

�
;

which in turn implies that

∑
n

j¼2

ð−1Þj ð1 − q2j−1Þ
ð1 − qjÞð1 − qj−1Þ q

−3jðj−1Þ
2 ¼ 1

2
·
1þ q
1 − q

· q−3 þ ð−1Þn
2

·
1þ qn

1 − qn · q−3nðn−1Þ
2 þ 1

2∑
n−1

j¼2

ð−1Þjþ1ð1þ qjÞq−3jðj−1Þ
2

1 − q3j

1 − qj :

Thus, α0 ¼ 1, and for n ≥ 1 we have

αn¼ð1−q2nÞq2n2−n
�
q−2

1−q
þ1

2

�
1þq
1−q

·q−3þð−1Þnð1þqnÞq−3nðn−1Þ
2

1−qn

þ∑
n−1

j¼2

ð−1Þjþ1ð1þqjÞð1þqjþq2jÞq−3jðjþ1Þ
2

��

¼ð1−q2nÞq2n2−n
�
−1þ∑

n−1

j¼1

ð−1Þjþ1ð1þqjÞq−jð3jþ1Þ
2

þð−1Þnq−3nðn−1Þ
2

þn

1−qn

�

¼ð1−q2nÞq2n2−n
�

∑
n−1

j¼−nþ1

ð−1Þjþ1q−jð3jþ1Þ
2

�
þð−1Þnð1þqnÞqnðnþ3Þ

2

¼ð1−q2nÞq2n2−n
�
∑
n−1

j¼−n

ð−1Þjþ1q−jð3jþ1Þ
2

�
þð−1Þnð1þqnÞqnðnþ1Þ

2 :

We note that

lim
x→1

1

ð1 − xÞð1 − x−1Þ
�ðxqÞ∞ðx−1qÞ∞

ðqÞ2∞
− 1

�
¼ ∑

n>0

qn

ð1 − qnÞ2

¼ ∑
n>0

ð−1Þnþ1q
nðnþ1Þ

2 ð1þ qnÞ
ð1 − qnÞ2 :

Now, insert these facts in Eq. 3.2, let x → 1, and use the iden-
tity 1þqn

1−qn ¼ 1þ 2∑m≥1q
mn.

3.3 Proof of Theorem 1.7: We give a sketch because it is analogous
to theorem 1.5 of ref. 12 and theorem 1 of ref. 20. We have

Uð�i; qÞ ¼ ΨðqÞ ¼ ∑
∞

n¼0

ðuð0; 4;nÞ − uð2; 4; nÞÞqn;

where ΨðqÞ is one of Ramanujan’s third-order mock theta func-
tions. We have that q−1Ψðq24Þ is the holomorphic part of a weight
1∕2 harmonic Maass form whose shadow is a unary theta func-
tion. Using quadratic and trivial twists modulo Q, one obtains
a weight 1∕2 weakly holomorphic modular form. By work of

||Theorem 1.2 in ref. 18 is not stated correctly in ref. 18. One must replace pm2 by p4aþ1m2

where gcdðp; mÞ ¼ 1. Recent work by Andrews et al. (23) gives a new proof of this result.
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Treneer (21), one obtains weakly holomorphic forms of half-in-
teger weight that are congruent to cusp forms modulo Q. By the
Shimura correspondence, we obtain even integer weight cusp
forms, which by lemma 3.30 of ref. 22 are annihilated modulo
Q by infinitely many Hecke operators TðpÞ. Because the Shimura
correspondence is Hecke equivariant, it follows that infinitely

many half-integral weight Hecke operators Tðp2Þ annihilate
these cusp forms modulo Q. The proof follows from the formula
for the action of these operators.
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