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ABSTRACT

We discuss systematically the fermion mass and mixing matrices in a generic
field-theoretical flipped SU (5) model, with particular applications to neutrino and
baryon number-changing physics. We demonstrate that the different quark flavour branch-
ing ratios in proton decay are related to the Cabibbo-Kobayashi-Maskawa angles, whereas
the lepton flavour branching ratios are undetermined. The light neutrino mixing angles
observable via oscillation effects are related to the heavy conjugate (right-handed) neu-
trino mass matrix, which also plays a key role in cosmological baryogenesis. The ratios
of neutrino and charged lepton decay modes in baryon decay may also be related to
neutrino oscillation parameters. Plausible Ansétze for the generation structure of cou-
pling matrices motivate additional relations between physical observables, and yield a
satisfactory baryon asymmetry.
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1. Introduction

One of the most welcoming avenues leading beyond the Standard Model is that
leading to Grand Unified Theories (GUTSs). By unifying the three known particle gauge
interactions within a simple group G, one may understand why baryon number is con-
served to a good approximation, but not perfectly, and why neutrino masses may be very
small, but non-zero. In so doing, GUTs also offer scenaria for cosmological baryogenesis
and the nature of hot dark matter. Interest in GUTs has been further whetted by the
close consistency of the measured values of the SU(3), SU(2) and U(1) gauge couplings
with minimal supersymmetric GUTs [l], which high-precision LEP data have rendered
even more impressive [P].

With all these phenomenological motivations, it was natural that string model-
builders should seek to emulate GUTs. However, it was soon realized that there was a
sizeable roadblock to deriving a GUT from string: gauge symmetry breaking and various
other phenomenological constraints in GUTs generally require adjoint or larger Higgs rep-
resentations, and these are not obtainable using conventional model-building technology
based on k = 1 Kac-Moody currents on the world-sheet [J]. Hence the revived interest
in an SU(5)xU(1) GUT, flipped SU(5) [fl, B], which only required 5- and 10-dimensional
Higgs fields and could be derived from string. Flipped SU(5) is the closest homage string
can pay to the simple GUTs of old.

Naturally, there has been considerable discussion within flipped SU(5) of the “clas-
sic” new phenomena that motivated so much work on GUTSs, namely baryon decay [ and
neutrino masses [[, [i, B, 8, [[d, [[1]. However, there has not been a systematic investigation
of all the fermion mass matrices and mixing angles that enter into baryon decay branching
ratios and neutrino oscillations, and their possible relations to the Cabibbo-Kobayashi-
Maskawa (CKM) quark mixing matrix and cosmological baryogenesis. In this paper we
seek to remedy this lack in the literature, working in the general framework of minimal
field-theoretical flipped SU(5), supplemented at the end by some (to us) plausible general
hypotheses about mass matrices.

It may serve a useful purpose to recall first some important features of minimal field-
theoretical flipped SU(5) [B]. The first is that baryon decay via dimension-5 operators is
very strongly suppressed, and also dimension-6 Higgs exchanges are presumably negligible
compared to the dimension-6 massive vector boson exchange operators expected to dom-
inate. In minimal SU(5), it was possible to relate the mixing angles in the corresponding
dimension-6 operators for proton decay to the CKM angles, modulo two additional com-
plex phases that would be difficult to measure [[[J]. The relation is not so direct in flipped
SU(5), because the flipping of the particle assignments within 5 and 10 representations,
as well as the assignment of conjugate charged leptons to singlet representations, means
the branching ratios into different lepton species are independent of the quark mixing
angles. It has recently been realized, on the other hand, that the dominant mechanism for
baryogenesis in flipped SU(5) may be the decay of massive conjugate (“right-handed”)
neutrinos [[3], producing a lepton asymmetry which is subsequently reprocessed [[4] into
a baryon asymmetry by non-perturbative electroweak interactions [[J]. This raises the
possibility that the cosmological baryon asymmetry might be related to observable pa-
rameters in the light neutrino mass and mixing matrices, which could also show up in



baryon decay.

In this paper, we investigate these possibilities systematically, starting from an adap-
tation in Section 2 of the analysis of ref. [[J] to diagonalize the fermion mass matrices and
determine the independent unitary flavour rotation matrices. Next, in Section 3 we apply
these results to derive interrelations between observables in conventional weak decays,
proton decay, neutrino oscillations and cosmological baryogenesis. Then, in Section 4 we
postulate plausible Ansétze for the fermion mass matrices which lead to certain additional
quantitative relations between the different flavour rotation matrices and hence observable
quantities. Finally, in Section 5 we summarize our conclusions and mention directions for
future study.

2. Flipped Mixing Matrices

Let us first remind the reader of the various coupling matrices that appear in the
minimal field-theoretical version of the flipped SU(5) model. The superpotential that
characterizes its Yukawa couplings is [H]

W = XY F,Fjh+ M3 Fy fih+ A filSh+ A H Hh+As HHA AN Fy H o+ Arhhoo+ prapdady (1)

where the F}, f;, [ (i=1,2,3) are the three generations of 10, 5 and singlet representations
of SU(5) that comprise the light matter particles of the Standard Model, H and H are
10 and 10 Higgs representations, h and h are 5 and 5 Higgs representations, and the
b0, 0o (a = 1,2,3) are auxiliary singlet fields. The first 3 terms in the superpotential ([l])
give masses to the charge 2/3 quarks wu;, charge -1/3 quarks d; and charged leptons I;
respectively, the next two terms split the light Higgs doublets from their heavy colour
triplet partners in a natural way, the sixth term provides a large element in the see-saw
neutrino mass matrix, the product A; (¢g) gives the traditional Higgs mixing parameter,
and the last term is the auxiliary singlet mass matrix [[.

Our task in this section is to diagonalize the coupling matrices A; 236 and the cor-
responding mass matrices m,, q;, identifying in the process the needed unitary rotation
matrices whose observability we will explore in Section 3. Our analysis of the diago-
nalizations is modelled on that made for minimal SU(5) in reference [[J]. We start by
diagonalizing the Ay coupling matrix with the unitary transformations

f=ful. , F=UF (2)

which yield
fAF = flUpe MU F' = fAPF 0 AP = U, N, (3)

As a result, the \; coupling term becomes
FI\F =F"\\F  : N =U'\NU, (4)
We now diagonalize this by a further unitary transformation on the fields F":

F=UF : N =U'\Py, (5)



Asinref. [[7], it is convenient to separate phase factors in the matrix Uy: denoting elements
of this matrix by e u;; where 7;; and u;; are both real, we decompose

U, =UsUUgs . Us = diag(e™) | Us = diag(e"™i)e~"™ (6)
This leads to the representation
N, = UsUTUNPUUS : Uy =U? (7)

and we impose a phase convention: detU; = 1. We can then absorb the Ug phases into the
fields B B

f// — f/Uék , F// — UGF/ (8)
leaving the diagonalized matrix A\»” unchanged. In this basis, the first term in equation

(M) becomes
FTUTUN NPUFE” (9)

The charge -1/3 quark mass matrix may finally be cast in real and diagonal form by the
redefinitions
F(;”B = UFC'Y/ﬁ forl1<a,p <4
Flfy =UFl, forl1<a,f<3 (10)

of relevant components of the 10 representations F'.

In contrast to the conventional SU(5) case discussed in ref. [[7], the charged lepton
mass matrix is not directly related to the quark mass matrices. Starting from the third

term in the superpotential (1) and making the above transformations of Egs. (B, §) of the
5 fields f, we find

FAle = f(UsUpeAs)l¢ (11)
which we now diagonalize by the new transformations
fr=pul e =ule (12)
leading to
NI 0 A = UUsUye AsUpe (13)

for the diagonalized mass matrix.

A further novel feature beyond the analysis of ref. [[J] is the diagonalization of the
light and heavy neutrino mass matrices. We start by diagonalizing the ¢ mass matrix:

"up ="y o ¢ =Ulp | pP =UluUy (14)
which leads to the representation
FT\ep = F""No! DNy = UsUI U, (15)

The v¢ = Fj; mass matrix is of the see-saw form in the (F};, ¢) basis, and so can be
written in the form

(Fis+. ) me(Fis +..) 0 me = g ()G (V)% (16)
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where (V) = (10). We recall that the transformations ([[{]) applied to the coloured
components of F' in order to diagonalize the quark mass matrices have not been applied
to the v¢ = Fy5 components. We now define

Fi3 = UlFi; (17)
in terms of which the v mass matrix is diagonal:
FErmBFy o mb = UlkmlUye = UEN ()N (V)2 U,e =
Uye (U A UuU) (U U (U Uy AeUs) (V)2 Use (18)

The light neutrino mass matrix is also of the see-saw form, this time in the (v = f,, Fs5)
basis. We diagonalize it in terms of the diagonalized v° masses mL. ([§). In terms of the
unitary transformations already made:

JidoFys = _Z)\gDchFig (19)
yielding ~ ~
ymu fiT oy = A Upe(my2) " Ug S (20)

which we must diagonalize by the further transformation

=AUl s m) = U DU () " U U (21)

12
for the light neutrino mass eigenstates.

After this profusion (confusion?) of diagonalizations and unitary matrices, we take
mercy on the reader by summarizing the final mass eigenstates (represented by suffices
F):

up = (UsU})Fica<ss U = frea<s(ULUS) (22)
dp = (UUsU}) Ficacss  d% = (UsUUU}) Fi<a pes (23)
lp = f(ULUZUN | 16 = ULl (24)
v = L(ULULUD) V5 = (USUsUD) Fis (25)
3. Specific Processes

As we mentioned earlier, among the motivations for Grand Unified Theories is the
possibility for baryogenesis and small neutrino masses. One of the remarkable features
of the flipped SU(5) model is its ability to provide cosmologically-interesting neutrino
masses (i.e., for v,), while at the same time allowing for observable Mikheyev-Smirnov-
Wolfenstein (MSW) [L§] neutrino oscillations and baryogenesis via leptogenesis and sub-
sequent sphaleron reprocessing. All three of these highly desirable features are related
to the same neutrino mass matrix [[[(}, [J]. Given the complete decomposition of mass
eigenstates in the flipped SU(5) model above, we are now in a position to examine in
detail the interrelationships between the various mixing matrices and phases of interest.
In particular, we will be interested in identifying the mixing matrix for the MSW mixing
and the origin of the necessary CP violating phase for the production of the cosmic lepton
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asymmetry. We will also identify the Cabibbo-Kobayashi-Maskawa (CKM) matrix and its
role, as well as those of other matrices of interest in proton decay processes.

We begin with the MSW mixing matrix. MSW solar neutrino mixing will result
if there is a mismatch between the neutrino states produced in the charged current in-
teractions and the neutrino mass eigenstates. Therefore, we can define the MSW mixing
matrix by

v =1pUpnswip (26)
Given the previous results for the mass eigenstates Ir (B4) and vp (BH) we find quite

simply
Unsw = UUJ (27)

Similarly, the CKM matrix is the charged current mismatch in the quark sector,
ud = upUckpdp (28)
Using now the expressions (P2) and (B3) for the mass eigenstates ur and dr we can write
Ucgn = UT (29)

A priori, we see no relationship between the quark and neutrino mixing matrices.

Next we study the effective Lagrangian for baryon decay in the flipped SU(5) model,
which has been discussed previously in ref. [[7]. As has already been recalled, the dominant
mechanism for baryon decay is expected to be dimension-6 vector boson exchange. Using
the analysis of the previous section, as was done for conventional SU(5) in ref. [[F], we
find the following massive vector boson couplings:

Lx = X7 [ Uy Prdy, + iy Prvf) + hec.

V2
Ly = %Yi_u[eijkdiFU7U7MPLujp + Ui,y Pl + hec. (30)

where we have worked in the mass eigenstate basis for the quarks, denoted by subscripts
F, the lepton fields are in the f” basis of the previous section, the colour indices (i, j, k)
are noted explicitly, and we have indicated the handednesses of all fermion fields by using
the projection operators P, and Pg. The exchanges of X and Y bosons (assumed as usual
to have indistinguishable masses) therefore give rise to the following effective Lagrangian
for baryon decay:

g2
oM
+ (é7*dy, UzUY" Prug, ) (wi,y, Prl) + hoc (31)

LAB+o [(eijka;F Uy Prd;, ) (wipy, Prv) + hec.

As in the case of conventional SU(5), we see from this expression that two additional C P-
violating phases appear in the quark parts of the AB # 0 operators [i.e., from U; = U2 in
Eq. (B) and det U; = 1], beyond the single phase in the CKM matrix: these are in principle
measurable via loop diagrams. Since the only quarks of relevance for baryon decay at the
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tree level are u, d and s, and not more than one of the latter, we can write the relevant
parts of the AB # 0 Lagrangian (above) as:

g2
N
+  (€9%(dge* ™ cos B, + 5pe ™ sin 0,.)y" Prug) (uiy, Prly) + h‘c'} (32)

Lap0 [(eijkcﬁezimlfy”PLdj)(uifyuPLul) + h.c.

where we recall that vy, and [, are not in the mass eigenstate basis, so that
vy = vrU, , o =1pU (33)

The phase factors in (BJ) are not measurable, nor can one distinguish between the different
neutrino flavours, so the following are the predictions that can be made on the basis of

B2):
+
L(B = (Xv) + Xlsrange) 0 D(B = U7 + Xlstrange) tan® 6, ~ 1 (34)

F(B — (ZV) + X|non—strange) B ’ F(B — l+ + X‘non—strcmge) B ¢ 20

Comparing decays to neutrinos and charged leptons requires knowledge of specific hadronic
matrix elements. Following ref. [I7], we find

cos? 6.

I(p—en®) = UL PT(p — prt) = cos? 0| Uy, IPT(n — v7°)
I(n—etn )= QF(p —etr?) |, T(n—ptn)=20(p — pu*n°)

CoS 9

I'(p— ptn°) = UL 12T (p — ort) = cos? 0| U, |*T(n — o7°) (35)
Thus it is possible in principle to correlate baryon decay branching ratios with the CKM
angles, and to measure elements of the charged-lepton mixing matrix U;, though not of the
neutrino mixing matrix U,,. Moreover, we note that the decay branching ratios above are
characteristically different from those in conventional SU(5) [[1]. However, it lies beyond
the scope of this paper to calculate the total baryon decay rate in flipped SU(5).

We now examine the mixing matrix and the necessary CP-violating phase which
can provide for a net lepton asymmetry, and subsequently a net baryon asymmetry via
sphaleron reprocessing [[[4]. As described in Ref. [[J], the lepton asymmetry is produced by
the out-of-equilibrium decay of the mass eigenstate v = F}? via the mass term f4,5)\2F45.
In terms of mass eigenstates the neutrino mass term becomes

[0 AU Fie (36)
It is then natural to introduce the lepton-number-violating coupling
A = U AU (37)

We expect the dominant contribution to the lepton (baryon) asymmetry to be that due to
decays of the lightest v mass eigenstates, which we expect to be that associated with v, ,
and call v1 5. The CP asymmetry in the decay of v{ into 2nd and 3rd generation particles

is given by )
_ ml(A A )] 2 /772
= e 3 (bl 0 o9



where

1+z 4
(~— ;x>1) (39)
x NG
where (BY) is the supersymmetric expression for the CP asymmetry [[§]. Analogous ex-

pressions can be written for the corresponding asymmetries €; 3 in the decays of v5 3. Using
the definition (31) of A, we find

g(x) =4y/xIn

AL = Ul.(\D)2U,. (40)

This depends only on U,. and, what is more, the CP-violating phase we are interested
in is a priori unrelated to the CKM phase or MSW mixing. In general, we could expect
(AL ~ (AD33)? (the largest entry in AD), and if it were the case that M; ~ My < M;

we would estimate
N 2In2

e~ T2\ 41

22l (a1)
where § is the phase associated with the imaginary part of (Af A7) in (E0). (This is
slightly larger than our previous estimate [[3J].) A satisfactory baryon asymmetry would
result for 62,1072 In the next section we will revise this generic estimate in the light of a
specific Ansatz for neutrino masses.

4. Phenomenological Ansatze

In this section we propose some plausible forms for the various matrices appearing
above, and obtain correlations among the various observables of interest. Clearly, the uni-
tary matrices U are not expected to be equal to the identity matrix. However, experience
with the CKM and MSW mixing matrices indicates that they probably should not differ
too much from unity either. We therefore write

for all matrices U; defined above, with

0 iz 0
Ro=| -6 0 6. (43)
0 —05 0

such that U,UiT = 1 through order 6, since RZT = —R;. By analogy with the CKM matrix,
we have neglected the far off-diagonal entries in the matrices R;.

For the MSW matrix Uy sw = UyUJ we have Rysw = R; + R, = R — R, and
eeu = 9i2 - T2> eu'r = 9l23 - 53’ (44)

where 0., are the usual MSW mixing angles. It is interesting to note that the baryon
decay branching fractions in Eq. (BY) depend in this approximation on

Ul11 =1, Ullz = 9l12> (45)
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giving
1
L(p—etn’) = 3 —cos?0.I'(p — vr™) = cos?0,I'(n — vn°). (46)

Note that our general Ansétze about mixing angles indicate that the baryon decay branch-
ing fractions into muons should be suppressed relative to those into electrons. Also, R,
remains undetermined this way since only the sum over all branching fractions into neu-
trino final states can be observed. On the other hand, Eqs. (0,21 allow us to obtain U,
once U, and mZ. are given. Since the latter two appear in the baryogenesis parameter ¢
(Eqgs. B§AQ), it is interesting to correlate all these parameters.

Starting from Eq. (R1]) and writing U, = 1+R, and U,. = 1 + R, we obtain
= (AD)i(m2) (AD)s, (47)

which leads to the previously advocated phenomenologically interesting neutrino mass
ratios [[[Q]. Moreover, from (m?2);; = 0 for i # j we find R, in terms of R,c,

(R = 7o ODUOD), (R = (g | (a9

My, — My,

where M; = (mZ2.);;. In particular

v _>\u>\c |: Ve 1 *C 1 :| _) )\u *1C M2 (49)
12 — my# _ mye 12 M2 12 Ml >\C 12 ]\41 .
The last expression holds in the limit My > M. Also,
— AN ¢ 1 e 1 Ae e M3
Voo ve - *U e pxp© TS 50
2= o —m, M, { 23 U2 Mg] - N B (50)

with the final expression valid in the limit M3z > M.

As is plausible for any matrix with a hierarchy of eigenvalues, such as a see-saw
mass matrix, we make the Ansatz

c Ml c M2
07y >~ [ — 055 >\ — 51
12 M27 23 M37 ( )
/ M3
12 — N 23 — )\t —2 (52)

If for the moment we neglect the 912723 contributions to the neutrino mixing angles [see
Eq. (f4)], the prediction for 6, in Eq. (B2) is ezactly what was proposed in Ref. [I0]
on purely phenomenological grounds. This relation (with Ms/M; ~ 10) and the ratios
of neutrino masses in Eq. ([[]) have been shown [[{(] to lead to interestingly observable
v, — v, oscillations and a 7 neutrino mass large enough to provide an interesting amount
of astrophysical hot dark matter. The other relation in Eq. (b2) should reproduce the
present fits to the solar neutrino data based on the MSW mechanism. These require

which gives

8



0c = (3.2—6.1) x 1072 [I9] and therefore My/M; = 64—225. (Note: the present expression
for 6., differs from that in Ref. [[T].)

Turning now to the baryogenesis parameter €, from Eq. (0) we have (to order 6)
(LA = )50 + (Rue)iy [OF)F = (93] (53)
Thus Im (AL AL)2 = Im (ALA)%, = 0, and

Im (AfAL)2, o~ A4075]2 cos 261
Im (AL AL)3; = A7[655]% cos 2¢; (54)

where ¢;; = arg(@fjc). Analogously, the denominator factors are given by

AL = A2+ 22012
AEAL)2e = A2+ X202

(AAL)ss ~ A2 (55)
We finally get
2 oM,
= Il
€1 70, 12
2 oMy
= SN2
€2 T tMg 23
4 oMy Mz, .
€3 = ;)\?EIDE‘GZS 2(523 (56)

where

012 = cos 2¢12, 023 = COS 2¢23 (57)

For the decay of the first and lightest generation v{, this result is a factor of (A./ )‘t)2(1nA2JK42 ) ~

107% smaller than that obtained in the generic case in Eq. (41) above. However, we see
that for the decay of the second generation v§ the result is only suppressed by (ln]\24]$43) ~ T,
and is therefore large enough a priori to produce a satisfactory lepton, and hence baryon,

asymmetry.

Normally, it is the lightest generation which produces a net asymmetry [B0]. This
is because the lightest generation will typically wipe out any prior asymmetries (e.g., via
inverse decays) before producing its own. If we considered a standard out-of-equilibrium
decay mechanism, we would have to require that both first- and second- generation v’s
be far out-of-equilibrium at the time of their decay. This would impose the restrictions
()\TL)\ £)11.225103 My 5 /Mp, conditions which would be difficult to satisfy given our Ansitze.

However, invoking a mechanism first proposed in Ref. PI] we assume here that
the v¢’s are produced in the decay of the inflaton, 7, subsequent to inflation. Then ¢
decays occur immediately and out-of-equilibrium at 7' < M., and no destruction of an
asymmetry can occur. Thus our only requirement is that M;, < m,. This is satisfied
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for m, ~ few x 10" GeV as inferred from the COBE result on density fluctuations
M8, [J. Our final lepton and hence baryon asymmetry now becomes

ng np 1 <m77)1/2 _ My _8
Ny Ty A \Mp (61 62) 0 M3 2 0 23 (58)

where A ~ 1072 is an entropy dilution factor which accounts for the entropy produced
during breaking of SU(5) x U(1) [B3, [[3]. This is encouragingly large: recall the phase o3
is not related to the standard (CKM) source of CP violation, and is not expected to be
particularly suppressed. Note that there could be extra sources of entropy which would
further suppress the estimate (B§), so d23 may not need to be very small.

5. Summary and Outlook

We have made in this paper a systematic study of the mass matrices and mix-
ing angles in the minimal field-theoretical version of flipped SU(5). We have identified
the mixing angles that appear in observable processes such as neutrino oscillations and
proton decay, as well as the CKM angles in the charged electroweak interactions, and
related them as far as possible in a independent way. We have also discussed a scenario
for producing the baryon asymmetry via the out-of-equilibrium decays of heavy singlet
conjugate neutrinos, which produce a lepton asymmetry that is subsequently reprocessed
into a baryon asymmetry by sphaleron transitions. Additional plausible Anséatze for the
mixing angles lead to a number of further relations, and a satisfactory baryon asymmetry.

We were motivated to study flipped SU(5) because it is the only GUT that can be
derived from string theory, and it was precisely the baryon- and lepton-number-violating
processes discussed above that motivated the derivation of a GUT from string. However,
the minimal field-theoretical flipped SU(5) model analyzed above is not what one obtains
from string theory. On the one hand, flipped SU(5) models derived from string contain
more states, thus complicating the analysis, but on the other hand they can cast light on
plausible forms for the mass matrices and mixing angles. Therefore it would be desirable
to complement this general analysis with some more model-dependent studies.

We believe that flipped SU(5) can give us many insights into the exciting new era
of massive neutrino physics that solar neutrino experiments and models of the formation
of large-scale astrophysical structures suggest may be opening up before us.
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