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ABSTRACT

In t h i s  d i s s e r t a t i o n  the  dual d i f f e r e n t i a t o r  version o f  the 

Klapper-Krat t  FM d e te c to r  family i s  inv es t ig a ted  with add i t iv e  Gauss­
ian noise» P r io r  ana lys is  o f  t h i s  new d e te c to r  family has been l im i ­
ted to the no ise le s s  case.

The in v e s t ig a t io n  was conducted both a n a l y t i c a l l y  and experimen­
t a l l y .  F i r s t ,  the dual d i f f e r e n t i a t o r  version o f  the Klapper-Krat t  
d e te c to r  was mathematical ly  analyzed, assuming an unmodulated c a r r i e r  
plus ad d i t iv e  Gaussian no ise .  This an a ly s is  was v e r i f i e d  by assem­
b l ing  the  d e te c to r  and measuring i t s  performance in  the  l ab o ra to ry .

I t  was discovered t h a t  the  Klapper-Kratt  d e te c to r  without  l im i ­
t e r  performs i d e n t i c a l l y  to the  conventional l i m i t e r  d isc r im in a to r  in 
the l i n e a r  improvement region .  When compared to the l i m i t e r  d isc r im ­
i n a t o r ,  th re sho ld  occurs a t  a higher  CNR in the  new de tec to r  (without 
l i m i t e r ) .  When a l i m i t e r  i s  added to the Klapper-Krat t  d e t e c to r ,  the  
new d e tec to r  e x h ib i t s  the  same th resho ld  as t h a t  o f  the l i m i t e r  d i s ­
c r im in a to r .  The d e te c to r  was found to have extremely low delay and 
wide bandwidth. The a n a ly t i c a l  and experimental r e s u l t s  were nea r ly  
i d e n t i c a l .
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CHAPTER I

INTRODUCTION -  FM AND ITS PROBLEMS

1.1 FM and i t s  Problems
FM opera t ion  i s  ch a rac te r ized  by the  curve shown in Figure 1-1 

(Ref. 1) .  Three d i s t i n c t  regions are  ind ica ted :  (1) The FM im­
provement reg ion ;  (2) the  below th resho ld  region;  and (3) the d i s ­
t o r t i o n  l im i ted  region.

The FM improvement region i s  the  por t ion  normally used. I t  i s  
in t h i s  region t h a t  the  signal to noise  r a t i o  a t  the output  can be 
improved over the input  c a r r i e r  to  noise  r a t i o  (CNR).

The below th re sho ld  region i s  ch a rac te r ize d  by a rap id  d e t e r i o r ­
a t io n  in SNR a t  the demodulator ou tpu t .  The " th resho ld  poin t"  i s  
usua l ly  def ined as the  point  a t  which the SNR has dropped 1 dB more 
than p red ic ted  by the  l i n e a r  improvement region.

Above a c e r t a i n  level  the output  of  an FM system f a i l s  to  im­
prove, due to  various poss ib le  d i s t o r t i o n s .  This region i s  r e f e r r e d  
to as the d i s t o r t i o n  l im i ted  region.

1.2 Limiter  Discr iminator  -  Above Threshold
Let us begin with a review o f  the  opera t ion  o f  a conventional 

l i m i t e r  d i sc r im in a to r .  One o f  the  many poss ib le  forms o f  the l i m i t e r  
d i sc r im in a to r  i s  shown in Figure 1-2. O pera t iona l ly ,  the  l i m i t e r  
d i sc r im in a to r  might be represented  as in Figure 1-3. An FM signal  
can be defined as

where A i s  the c a r r i e r  amplitude,  w i s  the  c a r r i e r  frequency,  and 
<j>(t) r ep re sen ts  the in te g ra l  of the modulating s ig n a l .  Applying t h i s  
s ignal  to the demodulator o f  Figure 1-3 y ie ld s  a t  the  l i m i t e r  o u tpu t ,

e1(t) (1- 1)
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A' cos [oj t  + <t>(t)| > 

and a t  the d i f f e r e n t i a t o r  output

A' s in

( 1- 2 )

(1-3)

Notice t h a t  the d i f f e r e n t i a t i o n  transformed the FM s ignal  in to  AM. 
Next, the AM i s  demodulated by the envelope d e te c to r  and f i l t e r e d .  
The f i l t e r e d  output is

eQ( t )  = A"<j)(t) (1-4)

which i s  proport ional  to the baseband modulating s i g n a l ,  0 ( t )

Equation (1-5) describes  an unmodulated c a r r i e r  with a d d i t iv e  
narrow-band no ise .

e - ( t )  = A cos oj.t + x ( t )  cos u> t  -  y ( t )  s in  w t  (1-5)I L w V

This equat ion can be represented  by phasors ,  as in Figure 1-4 
(Ref. 2) .  From Figure 1-4,

0 ( t )  = tan' ■1 (1- 6 )
[A + x ( t ) ]

For the  high CNR case where x ( t )  and y ( t )  are  small compared to 

A, Equation 1-6 becomes

♦(t> * 4 ^

For t h i s  case ,  <|>(t) can be i l l u s t r a t e d  by Figure 1-5.

(1-7)

The p e r tu rb a t io n s  of  <j>(t) about the time axis  a re  produced by 
the random nature  of  the no ise .  The output  of  the d e t e c to r  i s  pro­
por t iona l  to  the  d e r iv a t iv e  o f  the input  phase angle ,  o r ,

e „ ( t ) y ( t )
A (1 -8 )
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1.3 Limiter  D iscr iminator  -  Near Threshold
Rice shows t h a t ,  as the CNR i s  decreased,  a s i g n i f i c a n t  number 

of  f a s t  s tep d i s c o n t i n u i t i e s  in e ( t )  occur randomly, as in Figure 1-6 
(Ref.  2) .  These s teps  may be explained as follows: I f  the  amplitude
of  the  random v a r ia b le ,  x ( t )  , becomes g r e a t e r  than the s ignal  am­
p l i t u d e ,  A, and x ( t )  i s  negat ive ,  and i f  a t  the same time y ( t )  goes 
from p o s i t iv e  to nega t ive ,  an encirclement o f  the  o r ig in  takes  p lace  
in the  phasor r e p re sen ta t io n  o f  Figure 1-4. This encirc lement  pro­
duces a 2it s tep  in e ( t ) .  The output  from a conventional d i sc r im in ­
a t o r ,  ( t ) ,  appears as shown in Figure 1-7. The s tep  d i s c o n t i n u i t i e s  
in e ( t )  produced by encirclements  appear as spikes  or  c l i c k s  in the 
rece iv e r  ou tpu t .  The number of  these "c l ick s"  per  second i s  r e l a t e d  
to  how of ten  the magnitude of  x ( t )  is  g r e a t e r  than A, which in tu rn  
i s  r e l a t e d  to the input  CNR.

More q u a n t i t a t i v e l y ,  fo r  the case o f  an unmodulated c a r r i e r  
corrupted  by a d d i t iv e  Gaussian noise and centered in a power spe c t ra l  
dens i ty  (PSD) with a r i th m e t ic  symmetry,

N = # Spikes/Sec = r 1 -  e r f  (CNR)' (Ref. 2) (1-9)

where r  is  the rad ius  o f  gyrat ion o f  the noise PSD def ined by

2 f - f c>2 w( f ) df 
r  = ^    9  (1-10)

/ ° °  W(f) df

The PSD of  the r e s u l t i n g  spikes  i s  e s s e n t i a l l y  f l a t .  The SNR a t  the 
r e c e iv e r  output i s  s u b s t a n t i a l l y  degraded by these  spikes a t  o r  below 
th re sho ld .  The po in t  a t  which the output  SNR is  degraded by these  
spikes by 1 dB from the  expected l i n e a r  FM improvement region SNR i s  
commonly def ined as the  threshold  p o in t .  Threshold i s  the l im i t in g  
f a c t o r  in a l l  FM systems t h a t  prevents unl imited t rad ing  o f  power 
versus bandwidth.

1-4. The Limiter  D iscr iminator  SNR vs CNR Rela t ionship
A few words concerning the determination o f  output  SNR as a 

funct ion  o f  inpu t  CNR fo r  the conventional l i m i t e r  d i sc r im in a to r  are
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10

0 ( t )

1 1
27r ITT

F I G U R E  I - 7.  6 ( t )



11

appropriate, ,  The FM system performance curve in Figure 1-1 i s  de­
ce iv in g ly  simple. For an actual  system, the  curve i s  very complex 
when the  threshold  e f f e c t  e n t e r s .  The equations descr ib ing  i t  a re  
very complex. These equations have been der ived by Middleton (Ref.
3) and Stumpers (Ref. 4 ) .  Middleton assumes Gaussian pre-  and p o s t ­
d e te c t io n  f i l t e r s ;  Stumpers assumes r ec tan g u la r  f i l t e r s .  The d i f f e r ­
ence i s  minor and t h e i r  r e s u l t s  compare q u i t e  c lo s e ly .  The a n a l y t ­
ica l  r e s u l t s  of  Middleton and Stumpers a re  complicated and eva lu ­
a t in g  t h e i r  equations i s  extremely d i f f i c u l t ,  with e r ro r s  being hard 
to avoid. However, a simple r e l a t io n s h ip  e x i s t s  between the SNR a t  
the ou tpu t  and the input  CNR (Ref.  5) fo r  opera t ion  above th re sho ld

(snr)tt = 3e2 (CNR)^ (1-11)

where TT ind ica tes  re fe rence  to a t e s t  tone o u tp u t ,  3 is  the modula­
t ion  index,  and (CNR)^ r e fe r s  to the c a r r i e r  to  noise r a t i o ,  with 
the noise  measured in a bandwidth of  twice the  base bandwidth ( in  
t h i s  case ,  the t e s t  tone frequency is  equal to  the base bandwidth).

Threshold CNR may be r e a d i ly  determined using a r e s u l t  p lo t t e d  
by Enloe (Ref.  7 ) ,  which i s  reproduced in Figure 1-8. The actual  
po in ts  were taken by Enloe from an unpublished memo o f  J .  0. Replogle.  
For more d e ta i l e d  an a ly t i c a l  performance da ta  f o r  the l i m i t e r  d i s ­
c r im in a to r ,  the  complex r e s u l t s  o f  Middleton or  Stumpers must be 
u t i l i z e d .

Much work has been done with phase locked loops and frequency 
feedback loops to reduce the  CNR a t  which th re sh o ld  occurs.  The new 
family o f  demodulators,  not  having some o f  the  n o n l i n e a r i t i e s  o f  the 
conventional l im i t e r  d i s c r im in a to r ,  and not  having the  feedback of  
the phase locked loop or  frequency feedback loop,  has been conjec­
tu red  to o f f e r  a new avenue to thresho ld  ex tens ion .  However, we show 
in t h i s  d i s s e r t a t i o n  t h a t  no th resho ld  advantages appear to e x i s t .
The next  chapter  descr ibes  and def ines  the  s a l i e n t  f e a tu re s  o f  the
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Klapper-Kratt  demodulator family. D e ta i l s  o f  pas t  analyses a re  pre­
sented in Chapter 3.
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CHAPTER II

A NEW FAMILY OF FM DETECTORS

2.1 Background

The development o f  t h i s  new family of  d e te c to r s  r e su l t e d  from a 
requirement to demodulate FM s igna ls  with extremely low delay and 
good s e n s i t i v i t y .  The e a r ly  work performed on these  demodulators was 
accomplished by Dr. Jacob Klapper and Edward Kra t t  and i s  descr ibed  
in t h e i r  paper presented a t  the  National Telecommunications Confer­
ence -  1975 (Ref. 1) .  Some l a t e r  an a ly s is  was performed by Gerald 
Kersus during the course o f  his  Master 's  P ro jec t  a t  NJIT under the 
guidance o f  Dr. Klapper (Ref.  2) .

T h e o re t ic a l ly ,  i n t e g r a t o r s ,  d i f f e r e n t i a t o r s ,  summers, and m u l t i ­
p l i e r s  are  low delay (zero  group delay) c i r c u i t s .  C i r c u i t s  such as 
lowpass f i l t e r s  and bandpass f i l t e r s  would normally not be low delay  
c i r c u i t s .  Their  f i n i t e  bandwidth l im i t s  th e  r a t e  a t  which t h e i r  o u t ­
put can change. Up to the p re se n t ,  a l l  FM d e te c to r s  have incorpor­
a ted  low pass c i r c u i t r y  to  f i l t e r  undes ired high frequency components 
generated  in  the d e tec t io n  process ,  and, t y p i c a l l y ,  a tuned c i r c u i t  
f o r  the  FM to AM conversion. Even previous FM d e tec to r s  using i n t e ­
g ra to r s  and d i f f e r e n t i a t o r s  incorpora te  lowpass f i l t e r s  in t h e i r  o u t ­
put c i r c u i t r y  (Refs.  3,  4,  and 5).

Klapper and K r a t t ' s  so lu t io n  to  the  delay problem u t i l i z e s  an 
i n t e g r a t o r ,  d i f f e r e n t i a t o r ,  and summer f o r  the FM to AM conversion.
A synchronous demodulator i s  then used to  d e te c t  the amplitude modu­
l a t i o n .  No delay occurs ,  and the  only undes irab le  s ignal  produced i s  
the second harmonic o f  the  c a r r i e r  frequency. This second harmonic 
could be e l iminated by the use o f  a notch f i l t e r  with some in h e ren t  
de lay .  B e t te r  y e t ,  the  inven tors  developed a method using another  
i n t e g r a to r  and m u l t i p l i e r  to  generate  a c a n ce l l in g  s ig n a l .
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2.2 Descrip t ion o f  the New Detector
Figure 2-1 shows one o f  the forms of  t h i s  new family of  d e te c ­

t o r s .  I t  i s  made up o f  i n t e g r a t o r s ,  a d i f f e r e n t i a t o r ,  summers, and 
m u l t i p l i e r s ,  a l l  t h e o r e t i c a l l y  zero delay components.

The d e tec to r  may be divided in to  two bas ic  fu nc t ions :  (A) a co­
heren t  FM d isc r im in a to r ,  and (B) an RF c a n c e l l e r .  The dashed l i n e  in 
Figure 2-1 separa tes  these  fu n c t io n s .

(A) Coherent FM Discriminator
The FM to  AM conversion i s  performed by the  por t ion  o f  the 

d e t e c to r  shown in Figure 2-2.  The input  s ig n a l ,  s in  ait, i s  appl ied  
to the  inpu t  o f  I-j and D-j. The in t e g r a to r  produces a -90° phase
s h i f t ,  while the d i f f e r e n t i a t o r  produces a +90° phase s h i f t .  This
r e s u l t s  in two s igna ls  with a 180° phase d i f f e r e n c e .  The i n t e g r a to r  
and d i f f e r e n t i a t o r  are ad jus ted  to give un i ty  gain a t  some frequency,
oi0 . These two s igna ls  a re  then applied  to the  summer, S-j, the  ou tpu t
o f  which wil l  be zero when w = u>0 . Above and below t h i s  frequency, 
the summer has an increas ing  amplitude. Below ai0 the i n t e g r a to r  o u t ­
put  dominates,  while above aio the d i f f e r e n t i a t o r  output  dominates.

Coherent d e tec t io n  i s  performed by M-j. M-j m u l t ip l ie s  the  
output  o f  the  summer with the  output  of  the  i n t e g r a t o r .  The output  
o f  the m u l t i p l i e r  conta ins  the  demodulated baseband s ignal  plus a 
second harmonic of  the input  s ig n a l .

The waveforms p resen t  a t  each s tage are  in d ica ted  in Figure
2-2. Assuming a s teady s t a t e  frequency o f f s e t  inpu t  s ig n a l ,  s in  ait, 
where the  frequency i s  normalized with re spec t  to the  cen te r  f r e ­
quency ( i . e . ,  ui0 = 1).  The output  i s  p roport ional  to

This express ion  is  p lo t t e d  in Figure 2-3. Some n o n l in e a r i t y  i s  
c l e a r l y  p re sen t  near the cen te r  frequency (to = 1) .  However, the  non- 
l i n e a r i t y  i s  very small in usual ap p l ic a t io n s  where the cen te r
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frequency i s  much g r e a t e r  than the dev ia t ion .

All the components in Figure 2-2 are  capable o f  wideband 
opera t ion .  I t  i s  important  to  note t h a t  previous FM demodulators 
perform the  balancing opera t ion  a t  baseband requ i r ing  high g a in ,  low 
d r i f t ,  DC a m p l i f i c a t io n .  In the Klapper-Krat t  demodulator the  b a l ­
ance i s  accomplished a t  the  c a r r i e r  f requency, perm it t ing  high gain 
AC am pl i f ica t ion  which e l im ina tes  the  complicat ion of  high gain DC 
a m p l i f i e r s .

(B) RF Cancel la t ion .
Referring back to  Figure 2-1 ,  the  por t ion  to the  r i g h t  of

the  dashed l in e  provides RF suppression.  The i n t e g r a to r  and m u l t i -
2

p l i e r  generate  a quadrature  s ignal  p roport ional  to  s in  wt. The o u t ­
puts o f  the two m u l t i p l i e r s  are summed.

Since

cos^ wt + sin^ wt = 1 , (2- 2 )

the second harmonic i s  cancel led  with zero de lay .  The equations  in 
Figure 2-1 descr ibe  t h i s  c a n c e l la t io n .

2.3 I n te g ra to r  I n i t i a l  Conditions.
There are  many o th e r  members of  t h i s  new family o f  d e t e c t o r s .  

Figures 2-4,  5, and 6 d e t a i l  some o f  these  o th e r  forms. Notice t h a t  
a l l  of  the forms shown up to  t h i s  t ime have in t e g ra to r s  u t i l i z e d  in 
the  FM to  AM conversion. Referring back to  Figure 2-1,  no DC compon­
en t  should be p resen t  a t  the inputs o f  the  m u l t i p l i e r s  i f  the  d e tec ­
t o r  i s  to  perform as prev iously  descr ibed .  I f  t h i s  condi t ion  i s  v io ­
l a t e d ,  a cons iderable  amount of  the fundamental c a r r i e r  w il l  appear 
a t  the  output .  This p o te n t ia l  problem can r e s u l t  from the i n i t i a l  
cond i t ions  of  the i n t e g r a to r s  (which d r ive  the  m u l t i p l i e r s )  a t  the  
time o f  a rapid input  frequency change.

A worst case condi t ion  i s  shown in Figure 2-7. Assume the  input  
s ig n a l ,  e ^ t ) ,  doubles i t s  frequency ins tan taneous ly  a t  t Q. The
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ou tpu ts ,  with refe rence  to Figure 2 -1 ,  o f  D-j, I-j, and S-j a re  shown in 
Figure 2-7. At t  = t  the  output  o f  1-j i s  AQ, which becomes the  
e f f e c t i v e  i n i t i a l  condi t ion  on the  i n t e g r a to r  ou tpu t .  A f te r  t  = t Q 
the amplitude o f  the  i n t e g r a to r  output  i s  h a l f  what i t  was previous  
to  t  = t_ .  A DC term of  value A. i s  produced. The output  o f  S-, i s0 6 I
no longer balanced symmetrically about zero .  When S^( t )  i s  m u l t i ­
p l i ed  by I i ( t ) , a cons iderable  amount of  the  fundamental c a r r i e r  w i l l  
be p resen t  in the m u l t i p l i e r  ou tpu t .  The magnitude of  the  DC e r r o r  
w i l l ,  o f  course ,  depend on the time a t  which the frequency change 
occurs .  For example, i f  the  change occurs when the i n t e g r a t o r  ou tpu t  
i s  cross ing  the  a x i s ,  Aa i s  zero ,  and no e r r o r  i s  produced (Ref. 1 ) .

There are ways o f  solving t h i s  problem, but they r e q u i re  compli­
ca t ion  in the modulator and/or  demodulator.  In p r a c t i c e ,  ac tua l  i n ­
t e g r a to r s  are imperfect  and wil l  au tom at ica l ly  maintain zero DC a t  
t h e i r  output  i f  the inpu t  frequency changes are r e l a t i v e l y  slow.
This assumes the  baseband signal i s  reasonably narrow band; but what 
i f  i t  i s  r e a l l y  wideband? How can the  i n t e g ra t io n  problem be circum­
vented? For tuna te ly ,  o th e r  forms o f  the d e te c to r  do not u t i l i z e  an 
i n t e g ra to r  in the  d i sc r im in a to r  sec t io n .

Figure 2-8 i s  one o f  these  forms. I t  c o n s is t s  o f  two d i f f e r e n ­
t i a t o r s ,  one i n t e g r a t o r ,  two summers, and two m u l t i p l i e r s .

2.4 Descript ion of  the  Dual D i f f e r e n t i a to r  D e tec to r .
The coherent FM d isc r im ina to r  por t ion  o f  Figure 2-8 i s  shown in 

Figure 2-9.  The input  s ignal  i s  app l ied  to d i f f e r e n t i a t o r ,  D-j. The 
output  o f  D.j i s  fed in to  d i f f e r e n t i a t o r ,  D2 . Each d i f f e r e n t i a t i o n  
produces a +90° phase s h i f t  r e s u l t i n g  in a 180° to t a l  phase s h i f t  a t  
the output  of D2 (with re spec t  to the input  signal  phase) .  As was 
the case in the previous an a ly s i s ,  two s ig n a l s  are p resen t  with a 180° 
phase d i f f e r e n c e .  The d i f f e r e n t i a t o r  gains  in Figure 2-9 are  a d jus ted  
to give uni ty  gain a t  some frequency, uQ. Thus, when u = wQ, the  eq­
ual ampli tude,  opposi te  p o l a r i t y  s ig n a l s  cancel a t  the ou tpu t  o f  the 
summer, S-j. Above and below w0 , the summer has an inc reas ing  ampli tude.
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Below u>0 the output  o f  S-j i s  dominated by the input  s ig n a l ,  while 
above wQ the  output  o f  S-j i s  dominated by the output  of  d i f f e r e n t i a ­
t o r ,  Dg.

Coherent de tec t ion  is  accomplished by the  m u l t i p l i e r .  M-j mul­
t i p l i e s  the  output  o f  the summer with the input  s ig n a l .  For a steady 
s t a t e ,  frequency o f f s e t  input  s ig n a l ,  the  waveforms p resen t  a t  each 
s tage a re  shown in Figure 2 - 8 ,  where the  frequency, to, i s  normalized 
with r e sp e c t  to the cen te r  frequency ( i . e . ,  wQ = 1).

The ou tpu t  of  the d i sc r im in a to r  por t ion  i s  proport ional  to
(— -  to) and conta ins  the  demodulated baseband signal  plus a second to .
harmonic o f  the  input  c a r r i e r .  The express ion ,  ( ~  -  to) i s  p lo t te d  
in Figure 2 - 1 0 .  All the components o f  Figure 2 - 8  are capable o f  
wideband o p e ra t io n .  The second harmonic component may be cance l led ,
as shown in Figure 2-11. The output  o f  M1 i s  proport ional  to

2 2 s in  w t .  A quadrature  signal proport ional  to cos w t i s  developed
by I-j and M2 . The two s igna ls  are  summed by Sg cance l l ing  the  RF,
leaving

The RF ca n c e l l a t io n  i s  imperfect  f o r  a modulated input  s ig n a l .  
This appears to be t ru e  f o r  a l l  forms o f  the Klapper-Krat t  Detector  
Family. Kersus delves into t h i s  problem in his  p r o je c t  (Ref. 2 ) .  I t  
appears ,  however, t h a t  the imbalance i s  small enough to  be ignored in 
most a p p l i c a t io n s .

Recall t h a t  f o r  most FM demodulators,  as the d i sc r im in a to r  band­
width i s  widened, the  s e n s i t i v i t y  i s  reduced. This r e s u l t s  from the 
f a c t  t h a t  previous demodulators have been balanced a t  baseband. Due 
to the d i f f i c u l t y  in amplifying the r e s u l t a n t  low level DC s ig n a l s ,  
a lower l i m i t  on d isc r im ina to r  s e n s i t i v i t y  i s  e f f e c t i v e l y  s e t .  How­
ever ,  in a l l  the Klapper-Kratt  d e te c to r s  balance i s  accomplished a t  
RF, perm it t ing  accura te  high gain AC am pl i f ica t ion  o f  the  low level 
wide band s ig n a l s .
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CHAPTER I I I

THE RESULTS OF PREVIOUS ANALYSIS OF THE KLAPPER-KRATT DETECTOR FAMILY

3.1 Previous Art
E a r l i e r  analyses o f  members o f  the  Klapper-Kratt  d e te c to r  family 

have been described in the M as te r 's  P ro je c t  of  Edward Kra t t  (Ref. 1) 
and the M aste r 's  P ro jec t  of  Gerald Kersus (Ref. 2 ) .  The d e t a i l s  of  
t h e i r  r e s u l t s  w il l  be presented s h o r t l y .  An ex tens ive  search o f  the  
l i t e r a t u r e  produced no o the r  previous work on the  Klapper-Krat t  de­
t e c t o r  forms. However, a paper by J .  H. Park, J r .  (Ref.  3) did des­
c r ibe  another  d e te c to r  scheme t h a t ,  l i k e  the Klapper-Krat t  family ,  
converts the  FM to AM and then synchronously d e tec t s  the  AM. Figure
3-1 shows the  Park d e te c to r .  As in th e  Klapper-Krat t  des ign ,  the de­
t e c t o r  does not  requ ire  a l i m i t e r .  Park, however, does not balance 
a t  RF and removes the  unwanted products  of de tec t ion  in a narrowband 
fashion .

The an a ly s is  of  Park 's  c i r c u i t  i s  much e a s i e r  than t h a t  of  the 
Klapper-Krat t ,  due to the presence o f  high order  a u to c o r re l a t io n  
terms in the  l a t t e r .  In the  l i n e a r  improvement region with modula­
t i o n ,  Park shows t h a t  his  d e te c to r  (without normaliza t ion)  i s  worse 
in performance than the l i m i t e r  d i sc r im in a to r .  P a rk 's  a n a ly s i s  shows 
his d e te c to r  to be super io r  to  the  l i m i t e r  d i sc r im in a to r  a t  and below 
th re sh o ld ,  due to  the lack o f  " c l i c k s " .

3.2 K r a t t ' s  Results
Kra t t  presented the r e s u l t s  o f  h is  ana lys is  in his Master 's  

P ro jec t  (Ref. 1) .  In t h i s  t h e s i s  he analyzes the opera t ion  o f  one of  
the d e te c to r  forms described in Chapter I I .  This d e t e c to r  i s  redrawn 
in Figure 3-2. Krat t  descr ibes  the  scheme f o r  ins tan taneous  c a n c e l l a ­
t ion  o f  the  unwanted RF by developing a quadrature c a n ce l l in g  s ig n a l .

Kra t t  de r ives  the r e s u l t a n t  output  of  Figure 3-2 fo r  a tone mod­
u la ted  input  s ignal  with small modulation index. The input  s ignal i s
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modeled as the sum o f  th ree  components — the c a r r i e r  and a p a i r  of  
sidebands:

e.j ( t )  = A cos ui0t  -  j  cos (u>0 - wm) t  + j  cos (o)Q + um) t ] ,  (3-1)

where A is  the input  signal amplitude,
K i s  r e l a t e d  to  the modulation index,
a>0 i s  the c a r r i e r  frequency, and

a>m i s  the modulating tone frequency.

K ra t t  f inds  the output  o f  t h i s  d e te c to r  (assuming Equation 3-1 as 
the input)  to be

2
e n ( t )  = A ko -o- 2 ( 4  - 3 1 ^  + m  cos 00mt  

o 4(1-R ) L m

+ 2 kR(2 -  R2 ) cos2 wmt  

+ R(2  + 3R -  R3 ) cos ( 2  U(J -  u>m) t  

-  R ( 2  -  3R + R3 ) cos ( 2  u Q + o ^ J t

2 ^ n4>

-  2 kR (3 - R2) (1 -  cos 2 „0t ) ]  (3-2)

O)
where R = —0)0

I f  R i s  small ( i . e . ,  R « l ) ,  the express ion in Equation 3-2 may 
be approximated by

e0 ( t )  -  A2 kR 2 cos o)mt  + kR cos 2 tomt

+ J  (2 + 3R) cos (2 u0-  o)m) t  

-  (2 -  3R) cos (2 u>0 + um) t

- |  kR (1 -  cos 2 u>0t ) ]  (3-3)

From Equation 3-3,  i t  i s  observed t h a t  the  demodulated output  
c o n s is t s  of  an un d is to r ted  baseband term, a low level component of
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twice the  baseband frequency, a low level component o f  f i r s t  order  
sidebands about twice the cen te r  frequency,  and low level components 
a t  DC and twice the cen te r  frequency.  The amplitudes o f  the  d i s t o r ­
t io n  components become smaller  as R becomes sm a l le r .  Assuming the 
i n t e g r a to r  i n i t i a l  condi t ion  problem discussed in Chapter II  i s  
so lved ,  K r a t t ' s  ana lys is  can be r e a d i ly  extended to  the  wideband case.

In h is  p r o je c t  Krat t  a l so  considers  the  e f f e c t s  o f  s ine wave 
in t e r f e r e n c e .  Consider the s i t u a t i o n  where the  input  co n s is t s  o f  a 
des i red  c a r r i e r  a t  f requency, co ,̂ and an i n t e r f e r i n g  c a r r i e r  a t  f r e ­
quency, to.*, o r ,

e.  ( t )  = A cos oj^t + B cos co-t . (3-4)

where u)d = <o + o>

“1 = “o + wr

The baseband output  i s  der ived by Krat t :

n  CO o  (On (Op

e ( t )  * 2A -£■ (1 -  -£ )  + 2 B d —  (1 -  — )
0 “o V  “o V

+ AB
co (Op <0 top 2

2 (—  + — ) -  (—  + — )(0„ co ' (0- co '0 0 0 0 -

COS ((Op -  (0 ) t

co cop 2
- AB (-£. -  J i )  COS (uH + (0,)t (3-5)

o o
The f i r s t  term i s  the des i red  DC ou tpu t .  The remaining terms 

are  i n t e r f e r e n c e  DC and beat  frequency o u tpu ts ,  r e s p e c t iv e ly .

I f  co = 0, the output  reduces to

.  m  WR /Bx2 . “ R B ,  WR _  n /o c\
e o ( t )  "  I T  (? )  + S ’ co s  “ R4 * S T  ^  1 (3_6 )

0 0 0

Corrington (Ref. 4) has derived the  equ iva len t  output  f o r  a conven­

t io n a l  l i m i t e r  d i sc r im in a to r  fo r  w = 0,
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“R ( nr\c + + B\—  (COS 0)Rt  + j)
0

A R 2 COS U)Rt  + g- +
(3-7)

Comparing the  l a s t  two equat ions ,  observe t h a t  a t  high des i red  
to i n te r f e r e n c e  c a r r i e r  r a t i o s  (A »B) ,  both d isc r im in a to rs  produce 
approximately the same output .  However, as the  i n t e r f e r i n g  s ignal  
i n c re a se s ,  the Klapper-Krat t  d e te c to r  has a much higher  output  p u r i ty .  
K ra t t  concludes from these  promising s ine  wave in te r f e r e n c e  r e s u l t s  
and from the absence o f  l im i t in g  t h a t  t h i s  new demodulator may e x h ib i t  
a th resho ld  reduct ion  c a p a b i l i t y  when compared to the l i m i t e r  d isc r im ­
i n a t o r .

3.3 Kersus1 Results
In his  p r o j e c t ,  Gerald Kersus (Ref. 2) performs an an a ly s is  sim­

i l a r  to t h a t  o f  K ra t t .  Kersus chose to  analyze the d e t e c to r  form 
f i r s t  shown in Figure 2-8 and repeated in Figure 3-3. Kersus, as did 
K ra t t ,  der ives  the  output  from the d e t e c to r  fo r  both a narrow band 
input  and fo r  an i n t e r f e r i n g  c a r r i e r  inpu t .

The narrow band, tone modulated input  signal  of  Equation 3-1 
w il l  be considered f i r s t .  For t h i s  input  s ig n a l ,  Kersus shows the  
demodulator output  to be

where Ay K, uQ> wm, and R are defined as in Equations 3-1 and 3-2.  
For R « 1 ,

(3-8)

+ 2 R2K (R2-2)

eQ( t )  - y "  -4 cos a)mt  -  RK cos 2 0)mt
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- RK (1 -  2 cos 2 u>0t )  + R cos (2 a)Q -  a)m) t

- R COS (2 a>0 + 0)m) t  . (3-9)

This o u tp u t ,  s im i la r  to K r a t t ' s ,  c o n s is t s  of a des i red  baseband 
component, a low level  component o f  f i r s t  order  sidebands around 
twice the c en te r  frequency,  low level  components a t  DC, a t  twice the 
cen te r  frequency,  and a t  twice the  modulating frequency.

Next Kersus considers  the e f f e c t s  of  s ine wave in t e r f e r e n c e .  As
was done p rev io u s ly ,  l e t  the input  s ignal  c o n s is t  o f  a des i red  c a r ­
r i e r  a t  frequency a>d and an in te r f e r e n c e  c a r r i e r  a t  10̂ . Then

E.j ( t )  = A cos u)dt  + B cos oi^t (3-10)

For the above d e te c to r  input Kersus der ived the  output  to  be 
approximately

3.4 Analyt ica l  Performance Comparisons of  Two Versions o f  the 
Klapper-Kratt  Detector
No d e sc r ip t io n  of  the performance o f  the Klapper-Krat t  de tec to rs  

would be complete without  comparing the  r e s u l t s  with the  conventional 
l i m i t e r  d i sc r im in a to r .  Recall from Chapter I ,  Equation 1-3,  th e  ou t­
put (assuming no noise)  from a l i m i t e r  d i sc r im in a to r  i s

where cod = to0 + w

I f  to = 0, the  normalized output  o f  the  d e te c to r  reduces to

(3-12J

(3-13)
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And, a f t e r  pos t d e tec t ion  f i l t e r i n g ,  the  output  becomes

eQ( t )  = A" * ( t )  (3-14)

where A" i s  the l i m i t e r  d isc r im ina to r  s e n s i t i v i t y , ,  For a cos inu­
so ida l  modulating s ignal  Equation (3-13) becomes

e ( t )  = -  a)c + Ka)m cos a)mt io t  + K s in  to t  c m (3-15)A" s in

where K represen ts  the modulation index, and Equation 3-14 becomes

eQ( t )  = A" K cos a)mt  (3-16)

Hence, the output fo r  t h i s  ideal  l i m i t e r  d isc r im in a to r  c o n s i s t s  
only o f  the  und is to r ted  baseband modulating s ignal with an amplitude 
p roport iona l  to the modulating frequency and the  modulation index.

In Equations 3-3 and 3-9,  i t  was found t h a t  the  Klapper-Krat t  
d e te c to r s  have several  small d i s t o r t i o n  components in the ou tpu t .
At f i r s t  i t  appears the  l i m i t e r  d isc r im in a to r  i s  super io r  to  the 
Klapper-Krat t  d e tec to r  in view o f  the  foregoing d i s t o r t i o n  a n a l y s i s .  
However, i t  must be remembered t h a t ,  f o r  wideband systems, i t  i s  very 
d i f f i c u l t  to  approximate an ideal  l i m i t e r  d i sc r im in a to r  with rea l  
components. On the o the r  hand, the Klapper-Krat t  d e te c to r  o f  Figure 
3-3 has been b u i l t  using o f f - t h e - s h e l f  components. I t s  opera t ion  
c lo se ly  approximates the  ideal  Klapper-Krat t  d e te c to r .  This c i r c u i t  
and i t s  operat ion  i s  described in d e ta i l  in Chapter V.

To gain a q u a n t i t a t i v e  fee l  f o r  the  actual  amount o f  d i s t o r t i o n  
p re sen t  in the ideal Klapper-Krat t  d e t e c t o r s ,  the  r e s u l t a n t  RMS d i s ­
t o r t i o n  vol tages  may be r e a d i ly  c a lcu la ted  from the r e s u l t s  of  
Equations 3-3 and 3-9.  Recall t h a t  Equations 3-3 and 3-9 are  the 
ou tpu ts  ( fo r  the narrowband case) of  the  Klapper-Kratt  demodulators 
shown in Figures 3-2 and 3-3,  r e s p e c t iv e ly .

From Equation 3-3 the  des ired  component i s
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2 cos w t  m (3-17)

The remainder of  Equation 3-3 i s  d i s t o r t i o n  —

KR cos 2 Gô t + ^- (2 + 3R) cos (2 ioQ -  u^J t

- £  (2 -  3R) cos (2 a)0 + o>m) t  -  |  KR (1 - cos 2 a)Qt )  (3-18)

Calcula t ing  the RMS d i s t o r t i o n  y i e l d s ,

_ }  (RK)2 + ?  [ £  (2+3R)J 2 + \  [ |  (2-3R)] 2 + ( |  RK)2 + 1- ( |  RK)2
d =

k  6 (RK)2 + 2R2 ]  h

I (2 ) 2 H. (3-19)

(3-20)

The amount of  d i s t o r t i o n  with R 
sented in Table 3-1.

U)
—  and with K
CO0

= .1 i s  p re -

TABLE 3-1 
RMS DISTORTION -  FIGURE 3-2

.001

.005

.01

.05

.10

di (dB r e l a t i v e  to  d es i r ed  

output)
-77.5
-63.5
-57.5
-43.5
-37.5

A s im i la r  an a ly s is  has been performed fo r  the dual d i f f e r e n t i a t o r  
version o f  the  Klapper-Krat t  d e t e c to r .  From Equation 3-9 the  demodu­
l a t e d  output  i s

e0( t )  = -4 cos a>mt  - RK cos 2 wn)t

- RK (1-2 cos 2 io0t )  + R cos (2 uQ 0) ) t  nr
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- R cos (2 o)0 + o)mt  J . (3-9)

The u n d is ta r ted  output  component i s  4 cos a>mt .  The remaining
terms a re  d i s t o r t i o n  components. The rms d i s t o r t i o n  can be e a s i l y  
c a lc u la te d .

i  (RK)2 + 3 (RK)2 + R2
d =

7 (RK)2 + 2 R2]

1
I

(3-21)

Equation 3-21 i s  p resented  in t ab u la r  form in Table 3-2 (K = .1 ) .  
Upon comparing the r e s u l t s  in Tables 3-1 and 3 -2 ,  i t  i s  ev ident  t h a t  
the amounts o f  d i s t o r t i o n  in th ese  two versions  o f  the d e te c to r  are  
s im i l a r  and very small .

TABLE 3-2 

RMS DISTORTION -  FIGURE 3-3

R d (

.001

I

-77.9
.005 -63.9
.01 -57.9
.05 -43.9
.10 -37.9

des i red  output)

Next, the  performance of  the  l i m i t e r  d i sc r im in a to r  and the two 
Klapper-Krat t  de tec to rs  in the  presence of s inuso ida l  i n t e r f e r e n c e  
w il l  be compared. For the input  signal described by Equation 3-4 ,  
Corrington (Ref. 4) has der ived the RMS output  o f  the l i m i t e r -  
d i s c r im in a to r .  From Corrington,

t j f ) 2
RMS

f o r

[ 2  [1 -  ( | ) 2]  ^
(3-22)

a)c = 0, and B/A < 1.
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Curves of Equation 3-22 fo r  var ious  values of  B/A and <*>R/u)0 are 
shown in Figure 3-4. The output  i s  symmetrical about wR/w0 = 0. 
Therefore ,  only p o s i t i v e  values of wR/u>0 a re  p lo t t e d .

Previous ly ,  the  output  o f  the Klapper-Krat t  d e te c to r  o f  Figure
3-2 with sinewave in te r f e r e n c e  was der ived .  This r e s u l t  i s  repeated 
below.

For the Klapper-Kratt  d e tec to r  of  Figure 3-3 ,  a s im i la r  a n a ly s i s  
y i e ld s  the same r e s u l t .  Curves of Equation 3-24 are presented in Fig­
ure 3-5.  Observe t h a t  the  performance o f  the  Klapper-Krat t  d e tec to r s  
i s  nea r ly  id e n t ic a l  to  t h a t  o f  the  l i m i t e r  d i sc r im in a to r  f o r  small 
values  o f  B/A. However, as the i n t e r f e r i n g  s ignal  increases  (B/A£l),  
the Klapper-Krat t  d e tec to r  has a much h igher  output  p u r i t y .

Curves o f  Equations 3-24 and 3-26 are  presented in Figures  3-5 
and 3-6 ,  r e s p e c t iv e ly .  Observe t h a t  the  performance o f  the  d e te c to r  
o f  Figure 3-2 i s  nea r ly  id en t ic a l  to t h a t  o f  the  l i m i t e r  d i sc r im in ­
a t o r  in the presence o f  s ine  wave i n t e r f e r e n c e ,  and t h a t  the Klapper- 
Kra t t  d e te c to r  in Figure 3-2 is  3 dB b e t t e r  than the d e te c to r  in Fig­
ure 3-3.

3.5 Threshold Comments of  Kra t t  and Kersus
Both Krat t  and Kersus s t a t e  t h e i r  susp ic ions  th a t  th re sh o ld  r e ­

duction may be p oss ib le  with the Klapper-Kratt  designed demodulators.  
They base t h e i r  comments on the  absence o f  l i m i t e r s  in t h i s  new fam­
i l y  o f  d e t e c to r s ,  and on the  use of  synchronous d e te c t io n .

(3-23)

Hence

(3-24)
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B / A - 0 . 9

B / A - 0 . 5

0.01
B / A - O . l

0.0010.00 0.02 0 . 0 6 0 . 0 8

FIGURE 3 - 4 .  L IMIT ER  DISCRIMINATOR I N T E R F E R E N C E  
CHARACTERISTIC CURVE (EQUATION 3 - 2 2 )
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B / A  - 1 . 0

B / A  -  0 . 5
e

0.01
B / A - 0 . 1

0.001
0.00 0.02 0 . 0 4

wr /w,
0 . 0 6 0 . 0 8

F I G U R E  3 - 5 .  K L A P P E R - K R A T T  DETECTOR I N T E R F E R E N C E  
C H A R A T E R I S T I C  CURVE 3 - 2 4 )9021
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Chapter IV i s  a d e t a i l e d  an a ly s is  o f  the  Klapper-Krat t  d e t e c to r
in the  presence of  no ise .  This an a ly s is  demonstrates t h a t ,  while  pe r ­
formance above th re sho ld  i s  id en t ic a l  to  t h a t  of  the l i m i t e r  d isc r im ­
i n a t o r ,  th resho ld  reduction does not occur ,  as was previously  sus­
pected.  The experimental r e s u l t s  of  Chapter V v e r i fy  t h i s  conclus ion .

References -  Chapter I I I
1. E. K ra t t ,  NJIT M aste r 's  P ro jec t ,  Newark NJ.
2. G. Kersus, "An Analysis  o f  the Klapper-Kratt  EM D etec to r ,"  NJIT

M aste r 's  P ro je c t ,  Newark, NJ, 1976.
3. J .  Park, "An FM Detector  fo r  Low S/N," IEEE Transact ions  on

Communications Technology, Vol. COM-18, No. 2,  April 1970.
4. M. Corr ington,  "Frequency Modulation Caused by Common-and-

Adjacent-Channel In te r f e r e n c e , "  RCA Review, Vol 7, No. 4,  pp.
1051-1092, Dec. 1946.



46

CHAPTER IV

PERFORMANCE OF THE KLAPPER-KRATT DETECTOR IN THE PRESENCE OF NOISE

4.1 In troduc t ion
There are  many forms of  the  Klapper-Krat t  d e t e c to r .  I t  would be 

imprac tica l  to  perform a noise  an a ly s is  on a l l  o f  them. The version 
shown e a r l i e r  in Figures 2-8 and 3-3 was chosen to  be analyzed in de­
t a i l .  This d e te c to r  i s  again p resented  in Figure 4 -1 .  The primary 
reason f o r  t h i s  choice was determined by the lack o f  an i n t e g ra to r  in 
the demodulator por t ion  of  t h i s  d e te c to r .  With no i n t e g r a t o r s ,  the 
p o te n t ia l  i n t e g r a to r  i n i t i a l  condi t ion  problem prev ious ly  described 
is  n o n ex is te n t ,  r e s u l t i n g  in a d e te c to r  with t ru e  wideband perform­
ance.

4.2 Noise Representa t ion
Before proceeding with the  a n a l y s i s ,  i t  i s  worthwhile to  discuss  

the p r o p e r t i e s  o f  the assumed noise and i t s  r e p re s e n ta t io n .  The noise  
wil l  be considered to be narrowband. I t s  bandwidth can be no wider 
than twice the RF cen te r  frequency. Such noise  can be modeled as

n ( t )  = x ( t )  cos w0t  -  y ( t )  s in  u)Qt  (4-1)

Equation 4-1 descr ibes  a c a r r i e r  a t  the  cen te r  frequency,  u)0 , modu­
la te d  by two random v a r i a b l e s ,  x ( t )  and y ( t ) .  The random v a r i a b l e s ,  
x ( t )  and y ( t ) ,  are assumed to have the  following p r o p e r t i e s :

(1) Lowpass, r ec tangu la r  power spec t ra l  d ens i ty  (PSD) of  band­
width ,  B, and amplitude,  n (Figure 4-2a) .

(2) Zero mean.

(3) Gaussian d i s t r i b u t i o n .

(4) °2n( t )  = ° 2x ( t )  =°2y ( t ) .

(5) x ( t )  and y ( t )  are independent .
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4.3  Noise Analysis
The output of  the  d e te c to r  w il l  be derived as a function of  t ime. 

The a u to c o r re la t io n  of  t h i s  time func t ion  w il l  be computed, and t r a n s ­
formed to output  power spec t ra l  d en s i ty  (PSD). The output  PSD w il l  be 
used to der ive  an SNR versus CNR r e l a t i o n s h i p .  This r e s u l t  w i l l  be 
compared to  t h a t  o f  a conventional l i m i t e r  d i sc r im in a to r  in t h i s  chap­
t e r  and in Chapter V.

The demodulator por t ion  of  Figure 4-1 i s  drawn in Figure 4-3.  
Various po in ts  in the signal flow path have been labeled to  a id  in 
the  following d e r iv a t io n .  The input  signal  c o n s is t s  o f  an unmodu­
l a t e d  c a r r i e r  with the  add i t iv e  noise  of  Equation 4-1. The d e r iv a t io n
of  the SNR versus CNR r e l a t io n s h ip  i s  q u i te  lengthy.  What follows i s  
an o u t l in e  of  t h i s  d e r iv a t io n .  The d e t a i l e d  d e r iva t ion  i s  included 
in Appendix I .

Input = A s in  a)Qt  + x ( t )  cos u>0t  -  y ( t )  s in  to0t ,  (4-2)

where i s  the RF (or IF) cen te r  frequency,
and A i s  the  amplitude o f  the  s ignal  c a r r i e r .

At the output  o f  the  f i r s t  d i f f e r e n t i a t o r ,  (b ) ,  we obta in

(b) = —— I oj0 A cos w0t  + x ( t )  cos u)Qt  -  (joq x ( t )  s in  uQt  
“o L

-  y ( t )  s in  uQt  -  w0 y ( t )  cos u0t  . (4-3)

The l/co0 term i s  necessary to  cancel the gain f a c t o r  of  ioQ in h e r ­
en t  in the d i f f e r e n t i a t i o n .  Another 1/w term is  necessary in the 
second d i f f e r e n t i a t i o n .

At the ou tpu t  o f  the second d i f f e r e n t i a t o r ,

-  ui02 A s in  o)Qt  + x ( t )  cos u)Qt  - wc x ( t )  s in  u)Qt  -(u>0 x ( t )

s in  u> t )

(c) = - L  2 
"o



50



51

n

-  0)Q x ( t )  COS 0)ot  -  y ( t )  sin u)Qt  -  a)Q y ( t )  COS a ^ t

- y ( t )  cos U t  + o)Q y ( t )  s in  a)Qt (4-4)

At po in t  (d) ,

(d) = A s in  a)Qt  + x ( t )  cos wQt  - y ( t )  s in  a)Qt  - A s in  wQt  

+ l/a)02 x ( t )  cos u>0t  -  2/w0 x ( t )  s in  ajQt  -  x ( t )  cos u)Qt  - l /wQ2 y ( t )

sin  a)Qt  - 2/a)Q y ( t )  cos u)0t  + y ( t )  s in  u)Qt
V I / .

= cos u „ t  -  x ( t )  s in

(4-5)

(4-6)
GJ,

- s in  a)0t  -  2^ - ) -  cos a)Qt .
0),0 0 

The output ,  Z ( t ) ,  i s  the  product of  (a) and (d ) .  After  m u l t i ­
p l i c a t i o n  and s im p l i f i c a t i o n ,

Z( t)  = 2Ax(t) _ Ay(t) . 2 y ( t ) x ( t ). y ( t ) y ( t )
to. t o .

x ( t ) x ( t )  _ 2x( t) .y( t )

ta.

to.

COS ui^t

to.
s in 2 u)Qt

a x ( t )  2Ay(t) 2 x ( t ) x ( t )  x ( t ) .y ( t )  ,y ( t )x ( t )
2 2 2to.0 0 

+ 2 y ( t ) y ( t )
t o „

t o . 0),

s in  a)0 t  cos o)Qt . (4-7)

Using app rop r ia te  t r igonom etr ic  i d e n t i t i e s ,  Z ( t )  becomes

Z ( t )  = ■Ax(t) _ 2Ay'(t) + y ( t ) x ( t )  + y ( t ) y ( t )
to. 2(0. 0), 2u>,

Ax(t) .  b & t)  + y ( t ) x ( t ) + y ( t ) y ( t )
to. 2w, to. 2u>,

cos 2 oi0t
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x ( t ) x ( t )  _ x ( t ) y ( t )  

2“ o2 “o -

x ( t ) x ( t )  .  x ( t ) y ( t )

• 2“o2 “o ■
cos 2 u)Qt

Ax(t ) _ Ay(t) _ x ( t ) x ( t )  _ x ( t ) y ( t )  _ y ( t ) x ( t )  + y ( t ) y ( t )
2m t o . 2u>„ 2oj, 0)

s in  2u)Qt .

o

(4-8)

Taking baseband terms only,  the demodulator output  reduces  to

z ( t )  = - -  M l )  + y J D i i l l  + y ( . t )y ( t )
2u, 2 ( j0 ,

+ x ( t ) x ' ( t )  _ x ( t ) y ( t )

2“o2 “o
2

Assuming uQ »  ui0 , Equation 4-9 may be approximated by 

Z( t)  = - Ax( t ) + y ( t ) x ( t )  _ x ( t ) y ( t )
to.0 0 0 

Next, the au to c o r re l a t io n  o f  Z( t )  i s  def ined by

Rz z (t ) = E f z ( t )  Z ( t  + x))

From Equation 4-10

Kzz ( t) -  E _ Ax( t ) + y ( t ) x ( t )  _ x ( t ) y ( t )
<0 , 0),

(4-9)

(4-10)

(4-11)

Ax(t+x) + .y(t+x)x(t+x) _ x( t+x)y(t+x)
0 0 0 

Equation 4-12 may be rew r i t ten  as the  sum of  expected values  and 
s im p l i f i ed .

(4-12)

RZZ(X) = E A’
U)L- 0

2  x ( t )  x ( t  + x) + E 1
0) u 0

2  y ( t )  x ( t )  y ( t  + x) x ( t  + x)

^ ~ 2  y ( t )  x ( t )  x ( t  + x) y ( t  + x) -  E - ^ - x ( t )  y ( t )  y ( t  + x)
'  Lo)„to u 0
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x ( t  + T) + E 1 x ( t )  x ( t  + t ) y ( t )  y ( t  + t ) (4-13)

Fur ther  s im p l i f i c a t io n  y i e ld s

Rz z «  = “ T  Ri x (x) + 2 1)2 Ry y ( t )  rx x ( t )CO0
(2 D2 ) E x ( t )  x ( t  + t )

A2 d Rx x ( t )  . 2  R / t R / t _2_ 
.. 2 a_2 . 2  y y ^  xx( T' " 2a) cIto

d RXX( t )
3t

(4-14)

(4-15)

The Four ie r  transform of  Rzz( t ) w i l l  produce the ou tpu t  power spec­
t r a l  d en s i ty ,

Rz z ( - ^ Szz ( f ) w a t t s / Hz (4-16)

o r , Sz z M  = - L - to2  S ( e )

“ o L
Ryy(T) R^tT)

t d rx x ( t )
dx (4-17)

Where S(oi) i s  as shown in Figure 4-2a.

The second and t h i r d  terms of  Equation 4-17 may be evaluated 
using convolut ion techniques .  Af te r  much manipula t ion ,  the ou tpu t  
sp e c t r a l  d ens i ty  becomes

A
SZZU )  = 2 a)2 S(u)

irui

2Tl
3

l 4 . ^  ^  4- f  ^ \ ̂(w + p +  Kp -  B < oj< 0

2n
3

i , B\3 , t B\3 
( - t o  +  p +  ( t t ) 0<o)<B

1



(Symmetric in  Pos it ive  H a lf Plane)

where n i s  the amplitude o f  the PSD o f  x ( t )  and y ( t ) ,  and B i s  the 
bandwidth of  the p rede tec t ion  f i l t e r  (Figure 4 -3 ) .

Total noise  power a t  the  d e te c to r  ou tpu t  i s  equal to  the i n t e ­
gra l  of  the noise  power spec t ra l  d en s i ty ,  Sz z (<d) ,  over the  pos t  de­
t e c t i o n  f i l t e r  bandwidth. Hence,

Since the u n i t s  o f  $ZZM  are wat ts /Hz, the 1/2it f a c to r  i s  necessary  
when in te g ra t in g  over w ( rad ians /second) .

Noise
Power (4-19)

Noise
Power

(4-20)

assuming .

Completing the in t e g ra t i o n  r e s u l t s  in

NOISE POWER
3 ir a ^ 2 4n̂ <*>_̂  6 it a)o o o
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2 2 r 2 2 n3n u>. B n u). B ,
b -  b (4-21)+

a  2 2 '  2 2
4  n t»>0  d  it o)q

In o rder  to  obta in  the ou tpu t  s ignal  to noise  r a t i o ,  the  s ignal
output  power from the demodulator must a lso  be obta ined .  S ingle  tone 
modulation i s  a common standard  o f  comparison. Assuming s in g le  tone 
modulat ion, the  input  signal can be w r i t t e n  as

Input  Signal = A cos (u>0t  + e s in  iomt )  (4-22)

where e = modulation index,
a)m = frequency o f  modulating s ig n a l .

Passing t h i s  s ignal  through the  demodulator y ie ld s

4 2 2
Output Signal _ A e wm (/l „o\
Power RMS 9 2

2 “o
(The d e t a i l s  o f  t h i s  operat ion a re  presented in Appendix I I . )

The SNR a t  the de te c to r  ou tpu t  i s  simply the r a t i o  of  Equation
4-23 and Equation 4-21, assuming t h a t  the  signal and noise  terms can
be considered ad d i t iv e .  This assumption held s u f f i c i e n t l y  well in
the ana lyses  o f  previous  i n v e s t i g a t o r s ,  except when deep below th r e s h ­
o ld ;  t h e r e f o r e ,  4 2 2

A 6 “ m (4-24)
9 2

“o
SNR = 72 3 2 4 2 37 2 272 2 73A n wb b n Mjj B b B n u>b B

+   ■ "X-----5T + ----------2 o „ 2  2 . 2 2  A 2 2 7 2 2Q 2 4 n oj0  6 i t  ( j 0  4 7r o j0  7 7r

Dividing the  numerator and denominator o f  Equation 4-24 by

«2 3A n wb
7 F
3 77 w0

and r e c a l l i n g  t h a t
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m

CNR 3 ^ - j p -  = (4-25)
n(27>

y ie ld s  2

|  (CNR) B g2 3
SNR = -------------------------------------------- 'Lh------- ------  . (4-26)

1 + T + 1 3x . x
1 8x(CNR) 2(CNR) " 4 (CNR) 2 (CNR)

D
where x = —  

wb

Equation 4-26 was der ived fo r  q u i te  general c ircumstances .  Only 
the following assumptions were made:

2
( 1 )  to > >  to '  ' o 0

(2) u>b < •

(3) Signal and noise  terms are  ad d i t iv e .

4 .4  Special Case — High CNR
For the high CNR s i t u a t i o n ,  the l a s t  four  terms in the  denomin­

a t o r  of  Equation 4-26 w i l l  become n e g l ig ib le .  Hence,

to2
SNR (High CNR)** |  (CNR) B g2 - y  (4-27)

w b
For b e s t  performance s e t  = tob> then

2
SNR (High CNR) = |  (CNR) (4-28)

b

Recall  t h a t

CNR^ = CNR ( ^ - )  (4-29)

2to.
or  CNR = (CNR^) ^  (4-30)
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In se r t in g  Equation 4-30 in to  4-28 produces

2(d. Re2
SNR (High CNR) = 3/2 (CNR^) = 3 3

'b
3 e2 CNRW (4-31)

Equation 4-31 descr ibes  the SNR improvement expected in the l i n ­
ea r  improvement region.  This expression i s  id e n t ic a l  to the expres ­
sion derived for  the conventional l i m i t e r  d i sc r im in a to r  in Chapter I ,  
Equation 1-11. Hence, the performance o f  the Klapper-Krat t  d e t e c to r  
above th resho ld  i s  id e n t i c a l  to  t h a t  o f  the  l i m i t e r  d i sc r im in a to r  
above th resho ld ,  without  the use of  a l i m i t e r .  A conventional d i s ­
c r im in a to r ,  however, has a highly degraded performance without  a 
l i m i t e r .

4 .5  Threshold
Equation 4-26 may be used to  determine th resho ld  occurrence fo r  

a sp ec i f i e d  and B. Equation 4-26 has been evaluated fo r  th re sho ld  
fo r  various values o f  the  r a t i o  B/2 and the r e s u l t  i s  p lo t t e d  in 
Figure 4-4.  This r e s u l t  i s  compared to  data  fo r  the  conventional 
l i m i t e r  d isc r im ina to r  (Ref. 1).  Apparently no th resho ld  improvement 
e x i s t s ,  as was p rev ious ly  thought .  However, the new d e t e c to r ,  w i th ­
out the add i t iona l  complexity o f  a l i m i t e r ,  w i l l  perform near ly  as 
well as the l i m i t e r  d i sc r im in a to r  in many cases .

4 .6  RF Canceller
Up to  t h i s  po in t  of  the a n a ly s i s ,  the RF cance l l ing  por t ion  of  

the d e t e c to r  has been ignored. I t  has been assumed t h a t  the can­
c e l l e r  simply e l im ina tes  the undesired high frequency products  o f  
d e te c t io n ,  and has no e f f e c t  on the output  s ignal  to  noise r a t i o .
This assumption i s ,  in  f a c t ,  t r u e ,  as w il l  now be demonstrated.

From Equation 4-6 ,  the output  of  the f i r s t  summer in Figure 4-1
is

<d) =
0
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- s in  a) t  -  cos a) t
0)Q 0 wo 0

For high o>Q Equation 4-32 becomes

(d) ^  j=- x ( t )  s in  (oQt  - y ( t )  cos u)Qt  
0 0

(4-32)

(4-33)

S im i la r ly ,  f o r  high u)Q, the output  from the f i r s t  d i f f e r e n t i a t o r  

(Equation 4-3) i s

(b) = A cos u)Qt  -  x ( t )  s in  u)0t  -  y ( t )  cos u)Qt

Hence, the  output  o f  the second m u l t i p l i e r  in Figure 4-1 i s

(4-34)

-  2 f { k  s in  ai0 t  + y cos a)Qt )  d t

= -  2 A cos o>0t  J ( x  s in  o)Qt  + y cos mQt)  dt

+ 2 x s in  io0t  j (x sin u)Qt  + y cos u)Qt )  dt

+ 2 y cos u ^ t ^ x  s in  (oQt  + y cos <D0t )  d t

A cos a)Qt  -  x s in  u)Qt  -  y cos w0t

(4-35)

(4-36)

Mult ip le  i n t e g ra t i o n s  by pa r t s  (assuming high a)Q) solve the  above

i n t e g r a l .

J U  s in  co0t  + y cos w0t )  d t  =
• • «

—  cos oj„t + - ^ r  s in  tortt  u>„ o 2 o0 0)0

+ X— s in  wrtt  + cos ui„t o 2 o
0  a)0

(4-37)

S u b s t i tu t io n  of  Equation 4-37 in to  Equation 4-36, followed by group­

ing o f  te rms,  produces

0)L 0 ( J L ) , <i>„ W-

Ax Ay yx + yy xy xx
(1), to. to. to.

cos 2 u)Qt



59

z  s

o

I O
3
M

O
t-
<t
oc

(0P)WV0NO Q1OHS30H1

FIG
UR

E 
4*

4. 
TH

RE
SH

OL
D 

CAH
U 

VS 
IF 

TO 
BA

SE 
BA

ND
 

RA
TIO



Subtrac t ing  the output  of  the second m u l t i p l i e r  (Equation 4-38) 
from the output  of  the f i r s t  m u l t i p l i e r  (Equation 4-8) y i e ld s  the  
ou tpu t  from the c a n c e l l e r  c i r c u i t ,  i . e . ,  the f in a l  d e te c to r  ou tpu t .  
This r e s u l t  i s  shown below.

Cancel le r  = - 2AX(t) . AV(t) + 2 .y(t )x( t )  _ .y(t).y(t)
Output 9 2 9 2

%  o “o o

_ 2 x ( t ) y ( t )  _ x ( t ) x ( t )  (4-39)
to 2(i)n20 0

2
For high wn , the con tr ibu t ion  of  the l /wn terms may be con- 0 9

s ide red  to be n e g l ig ib le .  Eliminat ing the l/t»0 terms, the  c a n c e l l e r  
ou tpu t  is

_ 2Ax( t )  + 2 y ( t ) x ( t ) _ 2 x ( t ] j l t )  (4_40)
“o %  “ o

The unwanted harmonic terms are  gone. Equation 4-40 i s  i d e n t i c a l  to 
the e a r l i e r  derived o u tpu t ,  Z ( t ) ,  in  Equation 4-10, with the excep­
t ion  of  a f a c to r  o f  two. This f a c t o r  o f  two does not  e f f e c t  the  SNR 
a t  the  d e te c to r  o u tpu t ,  s ince  both the  s ignal  and the noise  w i l l  be 
m u l t ip l ie d  by i t .
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CHAPTER V 

EXPERIMENTAL VERIFICATION

5.1 In troduct ion
The demodulator por t ion  o f  the dual d i f f e r e n t i a t o r  vers ion  of  

the Klapper-Kratt  d e te c to r  has been b u i l t  and i s  o p e r a t io n a l .  Data 
taken with t h i s  demodulator are presented fo r  comparison with the  
an a ly t i c a l  r e s u l t s  of  Chapter IV and with the conventional l i m i t e r  
d i s c r im in a to r .  The block diagram o f  t h i s  demodulator i s  shown in 
Figure 5-1.  I t  i s  only necessary to  bu i ld  the demodulator p o r t ion  of  
t h i s  d e te c to r  to  determine d e te c to r  performance in the  presence of  
noise .  Recall  t h a t ,  in Chapter IV, i t  was demonstrated t h a t  the  can­
c e l l i n g  por t ion  o f  the d e te c to r  does not e f f e c t  the  CNR-SNR r e l a t i o n ­
ship o f  the Klapper-Kratt  d e te c to r .

5.2 C i r c u i t  Descr ip t ion  and Operation
The c i r c u i t r y ,  assembled with s i l i c o n  monoli thic i n t e g ra te d  c i r ­

c u i t s ,  i s  p resented  in Figure 5-2. Each s tage  i s  labe led  and photo­
graphs o f  the actual  waveforms a t  various t e s t  po in ts  a re  shown.
These waveforms were recorded with a sinewave modulated FM input  s ig ­
nal centered a t  1000 Hz. Such a low IF frequency permits  the  use of  
o f f - t h e - s h e l f  opera t ional  a m pl i f ie r s  and m u l t i p l i e r s .  These i n t e ­
gra ted  components make i n i t i a l  assembly and l a t e r  m odif ica t ion  e a s i e r  
than i f  d i s c r e t e s  were used e x c lu s iv e ly .  A peak frequency dev ia t ion  
of  i  75 Hz about the 1000 Hz c a r r i e r  was e s t a b l i s h e d ,  r e s u l t i n g  in 
t r u l y  wideband performance.

The modulated input  s ignal  i s  produced by a func t ion  genera to r .  
This input  s ignal  c o n s i s t s  o f  a 1000 Hz c a r r i e r  dev ia ted  +_ 75 Hz by 
a 25 Hz sinewave. This signal i s  appl ied  to the  demodulator in p u t ,
TP (A). A f te r  a m p l i f i c a t io n ,  the signal  i s  d i f f e r e n t i a t e d .  The d i f ­
f e r e n t i a t e d  output  appears a t  TP (C), where i t  i s  app l ied  to  the  
second d i f f e r e n t i a t o r .  P rac t ic a l  d i f f e r e n t i a t o r s  a re  im perfec t ,  due 
to t h e i r  in he ren t  frequency l i m i t a t i o n s .  To circumvent t h i s
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TP A* BASEBAND MODULATION COMPARED TO TP C: BASEBAND MODULATION COMPARED TO
FM MODULATED CARRIER (IQ n s/d iv ) FIRST DIFFERENTIATOR OUTPUT

(lO m s/d iv)

TP D: BASEBAND MODULATION COMPARED TO 
SECOND DIFFERENTIATOR OUTPUT 
(1 Ctos/div)

TP Es BASEBAND MODULATION COMPARED TO 
SUMMER OUTPUT ($ns/d±v)

, 1 ^ % ,
iliillllilHiilllliliillU

TP F: BASEBAND MODULATION COMPARED TO 
MULTIPLIER OUTPUT (S m s/d iv )

FIGURE 5 - 2b. TEST POINT WAVEFORMS
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c h a r a c t e r i s t i c ,  a co r rec t ion  element i s  placed across  each d i f f e r e n ­
t i a t o r .  This element i s  a c tu a l ly  an ad ju s ta b le  r e s i s t o r  which pro­
vides a c a n c e l l a t io n  voltage a t  the  d i f f e r e n t i a t o r  ou tpu t .  This 
c a n c e l la t io n  technique was f i r s t  used by Klapper and K ra t t ,  and a 
d e t a i l e d  explanat ion  o f  the technique i s  provided in Appendix I I I .

The output  o f  the  second d i f f e r e n t i a t o r  i s  summed with a sample 
o f  the inpu t  s ig n a l .  The summer output  appears a t  TP (E).  The summer 
output  is  then m u l t ip l ied  with the input  s ig n a l ,  and the  demodulated 
output  appears a t  TP (F).  The various  f ixed  r e s i s t o r s  and c ap ac i to r s  
determine the  gains and time cons tan ts  f o r  the  various s ta g e s .  A num­
ber of  v a r ia b le  r e s i s t o r s  are provided to  a d ju s t  the demodulator f o r  
optimum performance.

5.3 Experimental Performance Results
P r io r  to  making any noise measurements,  the l i n e a r i t y  o f  the  de­

modulator and the demodulator response to  s ig n a l -o n ly  were recorded.  
The s teady s t a t e  input  frequency versus  output  voltage f o r  the  c i r ­
c u i t  in Figure 5-2 i s  p lo t t ed  in Figure 5-3. Figure 5-3 shows sub­
s t a n t i a l  l i n e a r i t y  over a 20% bandwidth.

Next, the  funct ion  genera tor  was ad jus ted  to produce a 1000 Hz 
c a r r i e r  FM modulated by a 25 Hz s inuso ida l  baseband s ignal  (+ 75 Hz 
d e v ia t io n ) .  The baseband signal  i s  shown superimposed on the demodu­
l a t o r  output  in Figure 5-4a. Results  assuming o the r  baseband wave­
forms are shown in Figures 5-4b and 5-4c.  In each case ,  the envelope 
o f  the m u l t i p l i e r  output  c lo se ly  resembles the  baseband waveform.
These waveforms a lso  v e r i fy  t h a t  t h i s  version of  the Klapper-Krat t  
d e tec to r  can handle very wideband s ig n a l s .

Before meaningful noise  measurements can be made, the  t e s t  con­
f ig u ra t io n  and p rede tec t ion  and post  d e tec t io n  f i l t e r s  must be sp e c i ­
f i e d .  The t e s t  equipment layout fo r  the  measurements o f  SNR versus  
CNR f o r  the  Klapper-Krat t  demodulator (without l i m i t e r )  i s  diagrammed 
in Figure 5-5.
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(A) SINUSOIDAL BASEBAND (IQ m s/d iv )

(B) TRIANGULAR BASEBAND (IC tas/div)

(C) SQUARE BASEBAND (lO m s/d iv)

FIGURE BASEBAND SIGNAL SUPERIMPOSED ON MULTIPLIER OUTPUT
FOR VARIOUS BASEBAND WAVEFORMS
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This diagram shows an I n t e r s t a t e  E lec t ron ics  (IEC) funct ion  gen­

e r a t o r  FM modulating a Wavetek genera to r  with a 25 Hz sinewave. The 
IEC genera to r  output level  i s  ad jus ted  to produce + 75 Hz d ev ia t io n .  
The Hewlett-Packard 3722A noise genera tor  produces Gaussian noise 
w i th in  the bandwidth of  i n t e r e s t .  The noise  power can be ad justed  on 
the  HP 3722A. The signal  and no ise  are  summed, and the  r e s u l t a n t  
s ignal  plus noise  is  appl ied  to the  p rede tec t ion  bandpass f i l t e r .
This f i l t e r  c o n s is t s  o f  th re e  Krohn-Hite a c t iv e  f i l t e r  u n i t s  in cas ­
cade. Together they produce the  response in Figure 5-6. The p re ­
d e tec t io n  f i l t e r  output  i s  appl ied  to  the demodulator.  The output  
from the demodulator i s  then lowpass f i l t e r e d .  A s in g le  Krohn-Hite 
f i l t e r  u n i t  serves as the  pos t  de tec t io n  f i l t e r .  This f i l t e r  r e ­
sponse i s  presented in Figure 5-7. The output power from the  pos t  
d e tec t io n  f i l t e r  i s  measured with an HP 3403C t ru e  RMS meter.

Klapper and Frankie desc r ibe  two techniques f o r  measuring SNR 
as a func t ion  o f  CNR (Ref.  1).  One technique allows measurement of  
the ou tpu t  noise with modulation p re sen t .  However, t h i s  r eq u i re s  the  
a d d i t io n  o f  a narrowband r e j e c t  f i l t e r  ahead of  the  t ru e  RMS power 
meter to  remove the  tone modulation. The o the r  method requ i res  the  
l e a s t  equipment, but provides CNR versus SNR information in the  ab­
sence o f  modulation. Measurement o f  data  fo r  t h i s  chap te r  u t i l i z e d  
t h i s  l a t t e r  method. The e f f e c t  of  modulation on th re sh o ld  i s  ignored,  
as in the  a n a ly t ic a l  p a r t  o f  t h i s  d i s s e r a t i o n .  Using t h i s  technique ,  
the noise  output  i s  measured with the  RMS power meter a t  each value 
o f  CNR (no modulation) .  A refe rence  signal output  from which SNR 
c a l c u l a t i o n s  are  made i s  obta ined  by removing the  noise  and adding 
tone modulation to the c a r r i e r  a t  some s p ec i f i ed  d ev ia t io n .  To insu re  
accuracy near  th re sh o ld ,  twenty measurements were averaged f o r  each 
input  CNR.

A p l o t  o f  the measured SNR versus CNR c h a r a c t e r i s t i c  fo r  the 
Klapper-Krat t  demodulator i s  shown in Figure 5-8.  The term (CNR)^M 
i s  the  c a r r i e r  to noise  power r a t i o  with the  noise  measured in a
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OEMOD M T i T l — OUTPUTS BPF

FJ

e aS
a sasco

C N R a n  ( d B )

FIGURE 5 - 8 .  EXPERIMENTAL PERFORMANCE OF K L A P P E R -
KRATT DEMODULATOR WITHOUT L IMIT ER
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f i l t e r  bandwidth o f  twice the basebandwidth, or 

( C N R ) * '  (CNR)

Figure 5-9 i s  an expanded por t ion  o f  Figure 5-8. Figure 5-9 shows 
th resho ld  occurr ing  a t  (CNR)^ = 1 6 . 9  dB. The SNR improvement above 
th resho ld  i s  12.3 dB.

Next, a l i m i t e r  was added between the  output  o f  the  p rede tec t ion  
f i l t e r  and the  input  of  the  demodulator.  The a c t iv e  l i m i t e r  in Fig­
ure 5-10 was designed f o r  t h i s  ta sk .  Actua l ly ,  the  c i r c u i t  o f  Figure
5-10 con ta ins  two cascaded l i m i t e r s ,  followed by a lowpass f i l t e r .
Two l i m i t e r s  insure  hard l im i t in g  on small s ig n a l s .  The lowpass f i l ­
t e r  i s  used to  remove the  harmonics generated  in the  l im i t in g  process .  
The SNR-CNR re l a t io n s h ip  fo r  the  Klapper-Krat t  demodulator with lim­
i t e r  i s  p resented  in Figures 5-11 and 5-12. Threshold occurs a t  
(CNR)^j = 11.2 dB. The SNR improvement above th resho ld  i s  12.6 dB. 
Hence, the  add i t ion  of the l i m i t e r  improves th resho ld  performance by 
3.5 dB. The l i n e a r  improvement region i s  not  s i g n i f i c a n t l y  changed. 
The apparent  .3 dB improvement could well be the  r e s u l t  o f  e r ro r s  in 
the measuring equipment.

5.4 Comparison o f  the Experimental and Analy tical Results  f o r  the 
Klapper-Krat t  Demodulator
Table 5-1 summarizes the a n a ly t i c a l  and experimental r e s u l t s  fo r  

the Klapper-Krat t  d e te c to r  in terms o f  (CNR)^ dB:

Table 5-1

Analyt ical Experimental
Improvement Threshold Improvement Threshold

No
Limiter 12.2 19.9 12.3 16.9

With
Limiter 12.6 11.2
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THRESHOLD OCCURS AT C N R .u  - ! 6 .9 d B

cnrah (dB)

FIG U R E  5 - 9 .  E X PERIM ENTAL PE RFO RM ANCE  OF K L A P P E R - K R A T T  
DEMODULATOR WITHOUT LIMITER (E X P A N D E D  S C A L E )
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The a n a ly t i c a l  performance f ig u re s  in Table 5-1 were der ived 
using the  r e s u l t s  of  Chapter IV. Equation 4-26 provides the  amount 
of improvement expected in the l i n e a r  improvement reg ion ,  and i s  
s u f f i c i e n t  to  der ive  the th resho ld  (CNR)y^. For these  c a l c u l a t i o n s ,  
the experimental parameters of  t h i s  chapter  were used, i . e . ,
B = 2ir( 165),  = 2tt( 32),  and = 2ir(75). Analysis  o f  the Klapper-
Kra t t  d e te c to r  with a l i m i t e r  has no t  been accomplished.

A graphica l  comparison of  the an a ly t ic a l  and experimental r e ­
s u l t s  f o r  the Klapper-Kratt  demodulator with no l i m i t e r  are presented 
in Figure 5-13. Agreement well above thresho ld  and well below th r e s h ­
old i s  e x c e l l e n t - t h e  two curves co inc ide .  These same curves ,  while 
not c o in c id e n t ,  are q u i te  s im i l a r  in the v i c i n i t y  of  th re sh o ld .  The 
small (<1.0 dB) d i f fe rences  between the  measured and a n a ly t i c a l  SNRs 
produce the 3.0 dB d i f f e ren ce  in the experimental versus a n a ly t ic a l  
th re sho ld  CNR. The e f f e c t  of  these  small d i f f e ren ce s  in measured SNR 
is  magnified by the very gradual "break" near th re sh o ld .  Hence, 
small changes in measured SNR can s u b s t a n t i a l l y  e f f e c t  the  measured 
th re sho ld  p o in t .  Comparison o f  the Klapper-Krat t  demodulator r e s u l t s  
with those fo r  the  l im i t e r  d i sc r im in a to r  in Figure 5-13 shows the 
s u b s t a n t i a l l y  sharper  "break" o f  the l i m i t e r  d i sc r im in a to r  a t  th re sh o ld .

5.5 Comparison o f  the Klapper-Krat t  Demodulator and the  Limiter
Discr im inator
For the  purpose of  ob ta in ing  comparison d a ta ,  the d i sc r im in a to r  

in Figure 5-14 was assembled. The s ignal  input  to  t h i s  d i sc r im in a to r  
was taken from the  output o f  the l i m i t e r  used in the  Klapper-Kratt  
d e t e c to r .  By switching the  pos t  d e tec t ion  f i l t e r  (descr ibed  in Sec­
t io n  5 .3)  between the l i m i t e r  d i sc r im in a to r  and the Klapper-Krat t  
d e t e c t o r ,  near simultaneous data  were av a i l a b le .  The experimental 
performance curve fo r  the l i m i t e r  d i sc r im in a to r  i s  p resented  in Fig­
ure 5-13. For comparison, the  t h e o r e t i c a l  l i m i t e r  d i s c r im in a to r  per ­
formance p red ic ted  by Stumpers (Ref.  2) i s  included in Figure 5-13.
The agreement of  the l i m i t e r  d i s c r im in a to r  experimental and t h e o r e t i ­
cal data  i s  s im i l a r  to t h a t  o f  the  Klapper-Kratt  d a ta ,  i . e . ,  e x c e l l e n t



79

40 -

30 -

an

asae
CO

20  -

10

FIG U R E  5 -

A  L 0  (S T U M P E R S )
O  R L A PPE R  lO U N /E X P E R IN E R T A l 

O ' — o — o  C LA PPER  COLIN/ANALYTICAL 
*- - - - * - - - - X 1 0  (E X P E R IM E N T A L )

n o t e :
L 0  A N 0 K-K V IT N  LIM ARE N EA RLY  COINCIDENT

10 20
( C H R )a h  ( d B )

30

13 ANALYTICAL AND E X P E R IM E N T A L  COM PARISON OF THE
K L A P P E R - K R A T T  AND LIMITER D EM ODULATO RS01043710



80

<J>

c ooa.
o

CSC

o

"O

a>

o
CO

I
1 0

CO

c=> »—



81

agreement e x i s t s  above and below th re sh o ld .  However, near  th re sh o ld ,  
small d i f f e ren c es  (<1.0 dB) between the measured and th e o r e t i c a l  
values f o r  SNR e x i s t .  These l i m i t e r  d i sc r im in a to r  r e s u l t s  a re  sum­
marized in Table 5-2. The d i f f e r e n c e s  in measured versus t h e o r e t i c a l  
SNRs r e s u l t  in a 1.0 dB d i f f e re n c e  between the  experimental and t h e ­
o r e t i c a l  l i m i t e r  d i sc r im in a to r  th re sh o ld s .

Table 5-2 a l so  compares the  conventional l i m i t e r  d i s c r im in a to r  
performance with t h a t  of the Klapper Krat t  demodulator.  Performance 
of  the Klapper-Krat t  d e tec to r  (with or  without a l i m i t e r )  in the  
l i n e a r  improvement region i s  the  same as t h a t  of  the l i m i t e r  d isc r im ­
i n a t o r .  Threshold performance of  the  Klapper-Kratt  d e te c to r  with a 
l i m i t e r  i s  s l i g h t l y  b e t t e r  than t h a t  o f  the  l i m i t e r  d i s c r im in a to r .

Table 5-2
Comparison of the Limiter  Discriminator  

with the  Klapper-Krat t  Demodulator

Analy t ica l Experimental

CNRAM(dB) Improvement Threshold Improvement Threshold

Limiter

Discriminator
12.2 12.5 12.6

T
11.5

No
Klapper

Limiter
Kratt

12.2 19.9 12.3 16.9

With

Limiter
— 12.6 11.2

However, th resho ld  performance of  the  Klapper-Kratt  d e t e c to r  with no 
l i m i t e r  i s  worse than t h a t  o f  the  conventional l i m i t e r  d i s c r im in a to r .
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An expanded sca le  comparison of  the Klapper-Kratt  demodulator with 
l i m i t e r  and the l i m i t e r  d i sc r im in a to r  i s  provided in Figure 5-15.

References -  Chapter V
1. J .  Klapper & J .  T. Frankie ,  Phase Locked and Frequency Feedback

Systems, Chapter 10, p. 329, Academic P ress ,  1972.
2. L. Stumpers,  "Theory o f  Frequency Modulation Noise",  Proc. IRE,

Vol. 36, No. 9, p. 1081-1092, September, 1948.
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CHAPTER VI

CONCLUSIONS

6.1 Conclusions
In the  above thresho ld  region the  Klapper-Krat t  d e te c to r  per­

forms i d e n t i c a l l y  to  the l i m i t e r  d isc r im in a to r .  Threshold in  the 
Klapper-Krat t  d e te c to r  occurs a t  a higher  CNR than t h a t  o f  the 
l i m i t e r  d i s c r im in a to r  (Figure 4 -4 ) .  For small or  moderate modulation 
in d ices ,  t h i s  d i f f e re n c e  in th re sho ld  performance i s  q u i t e  small .  
Small enough, in f a c t ,  t h a t ,  in ap p l ic a t io n s  where a l i m i t e r  i s  un­
d e s i r a b l e ,  the Klapper-Krat t  d e te c to r  would l i k e l y  be a p re fe r red  
a l t e r n a t i v e  to the  conventional l i m i t e r  d i s c r im in a to r .  The primary 
a p p l ic a t io n  fo r  t h i s  demodulator i s  where absolu te  delay must be 
minimized.

The equation describ ing  the  performance o f  the Klapper-Krat t  de­
modulator (Equation 4-26) and repea ted  below i s  very s imple.  This 
r e s u l t  i s  v a l id  below th re sh o ld ,  a t  t h re sh o ld ,  and throughout the 
l i n e a r  improvement region.  2

I  (CNR) B g 2 ^ 1
SNR = -------------------------------- ------------------------ , ________ (6-D

1 1 3x x
1 + 8x(CNR) + 2 (CNR) " 4(A) + 2(A)

where x = B/oĵ .

Compare Equation 6-1 with the equations  used by Middleton (Ref.  1) 
to  descr ibe  the l i m i t e r  d i sc r im in a to r  performance, Equations 6-2 and
6-3. These equations  are  exceedingly complex and extremely hard to 
eva lua te  f o r  s p e c i f i c  system parameters .

cos o)4.dt

(6- 2 )
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SNR2 =
(6-3)

f f df £ An W1 + na)a + CJ)+ Wl K  + na)a " “ >]o n=o

6.2 Future E ffo r t s
I t  i s  worthwhile to mention areas  where fu tu re  work should be 

d i r e c te d .  Below are several  areas which seem ap p ro p r ia te  a t  t h i s  
t i  me:

(1) Klapper-Krat t  d e tec to r  performance in terms o f  e r r o r  r a t e s  
fo r  d i g i t a l  FM d e tec t ion .

(2) A lowpass to bandpass t ransformation  to  make the de te c to r  
more d e s i r a b le  a t  higher  c a r r i e r  f requenc ies .

(3) An extension in to  general networks, having outputs  with 
opposing p o l a r i t i e s  but d i f f e r e n t  amplitude versus frequency 
responses ,  as candidates  f o r  FM d e tec t io n .

(4) An ana lys is  in to  the r e l a t i v e  mer i ts  o f  the var ious  forms 
o f  the  Klapper-Krat t  d e te c to r .

References -  Chapter VI
1. D. Middleton, An In troduc t ion  to  S t a t i s t i c a l  Communication Theory, 

Chapter 15, Section 15 .5-7 ,  McGraw-Hill, 1960.
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Input

Noise
Input  = A s in  co0t  + *'x(t) cos to0t  -  y ( t )  s in  aj^t^ 
At (b) we have

Z ( t ) ,  Output 

( 1)

1 a» A cos ai0t  + x ( t )  cos a)Qt  - a)Q x ( t )  s in  a)Qt

- y ( t )  s in  a)Qt  - u y ( t )  cos ai0 t .

At ( c ) ,

1 <o A s in  (o0t  + x ( t )  cos u)Qt  -  co0x ( t )  s in  u)Qt

- oiQ x ( t )  s in  u)Qt  - a)0 x ( t )  cos a)Qt

- y ( t )  s in  a ) .t  - un y ( t )  cos io_t -  ton y ( t )  cos w . t

+ a>02 y ( t )  s in  to0t
or

' V -  0), . A s in  u t  + x ( t )  cos <o_t ■ x ( t )  s in  to_t

to 2 x ( t )  cos id t  -  y ( t )  s in  toQt  
o

p
-  2 co y ( t )  cos to t  + toQ y ( t )  s in  toQt

At po in t  ( d ) ,  (d) = (a) + (c)

( 2 )

(3)

(4)

(5)

o r ,  A s in  to t  + x cos toQt  - y s in  toQt

1 •• 0 •

- A s in  u)Qt  + —y  *x ( t )  cos ^ s ’’n a)ot
to„ o

- x ( t )  cos u0 t  — ^ y ( t )  s in  toQt  - ~ - y ( t )  cos <oQt
u> 00

+ y ( t )  s in  to t (6)



89

= • ^ 1 ’ cos U()t  -  2 -  x ( t )  s in  to0 1  - s in  U()t  -  cos w t  ( 7 )
0 w0

(The c a r r i e r  balances o u t . )  

For z ( t ) ,  m u l t ip ly  (d) by (a)

A s in  a)0t  + x ( t )  cos w0t  -  y ( t )  s in  <oQt

cos a i . t  - —  x ( t )  s in  wnt  - ^ 4 -  sin  t o . t  - Cos io _ t

“ o

A s in  m t

0 to 2 ” 0 " ai w - ” 0 '
%  0

( 8 )

2 —  “'o
0 ) n

COS u . t A sin M„t
<0,

x ( t )  s in  unt

A s in  toQt

x ( t )  cos <oQt

x ( t )  cos a)0 tj

y ( t )  s in  u t

i L t l s in  M„ t

x ( t )
a).

2 cos t

x i t )

|_y(t) sis in  (oQt

2 cos (oQt

f t * )  s in  t  o s in  cj_c
L w0

A sin w„t

x ( t )  cos a)Qt

x ( t )  cos <o0t

y ( t )  sin to0t

y ( t )  s in  a)0t

cos a) t(i) _ o0

2  * /  v—  x ( t )  s in  <o„t 
“o 0

■ COS to t  
%  0

§ -  x ( t )  s in  (0 t

COS o u t

( 9 )

Ax(t)
~ 2  s in  %  oto0

t  cos to t  -  s i n 2 a)Qt

Ay.( t ) ,- s i n 2 . _ 2Ay_( t )_ s in  t  CQS t
(0,

+ x(.t ) x ( t )., cos2 _ M i l x l t i  s in  t  cos t
2 0 to„ 0 0to0 0



- sin  a) t  cos to t  -  cos2 w t
OJ 0 0 0)o 0

y ( t ) x ( t )  s in  cos + 2y.(-t-)-X.(.t ) . s i n2 u t —n 0 0 0
M0

+ y ( t .) y ( t ) , s1n2 Uot + i x t e W t l sin w„t cos oj„t
<0 ,

or
2ftx(t) _ Ay(t) , 2 y ( t ) x ( t )  , y ( t ) y ( t )

“ o "  2 “o «, 20 0
s i n 2 o)0 t

x ( t ) x ( t )  _ 2x ( t ) y ( t )  
2

(0 r (Or
COS 0)0t

Ax(t). _ 2/\y(t) _ 2 x ( t ) x ( t )  _ x ( t ) y ( t )  _ y ( t ) x ( t )  + 2 y ( t ) y ( t )

(o J  (l3° “o a>n oi°

s in  <o t  cos to t  o o

Using t r igonom etr ic  i d e n t i t i e s ,

2 1s in  x = j  (1 -  cos 2x)

cos2x = j  (1 + cos 2x)

sinx cosx = y  s™ 2x

We obta in

Ax.(,t ). _ m . t )  + y. (t )x_(t l  + y l t j y j t ).
0), 2w, 2o),

_ Ax(t) Ay(.t) + y ( t ) x ( t )  y ( t ) y ( t )
“> 2 o 2

2  m . (o.
cos 2m A
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2 to. to.
x i i ) x ( . t ) .  _ X ( t ) y ( t )

9 2 0)
. 2 0)o 0

COS 2 u,0t

M ( t l  _ Ay_(t)_ .  x ( t )x . ( t )  _ x , ( t j ,y M  _ y ( t ) x ( t )  + y ( t ) y ( t )  
2 a)02 wo “o 2 a,02 2 a,02 %

sin  2 (i>01 (15)

Taking baseband terms only,

Z( t)  = - Ax(t)„ Ay(t) h y ( t ) x ( t )  y ( t ) y ( t )
to . o  2o 2 a)0 to.

to.

+ xjt)_x(t).  _ x ( t)y.(t) ,
2  to. to.

To determine the  PSD o f  Z ( t )  we must f i r s t  f ind  Rz z (x )> hence,

Rz z (x) = E { z ( t ) z ( t  + t )}

Let B = ; C = - ^ - 5-
Wo 2 u 20

D .  - L ; F .  1
(0 — o £0 2 a,0

Then

(16)

(17)

(18)

(19)

Z ( t )  = B x ( t )  + C y ( t )  + D y ( t ) x ( t )  + F y ( t ) y ( t )  

+ F x ( t ) x ( t )  -  D x { t ) y ( t ) ( 20)

Rz z (t ) = E B x ( t )  + C y ( t )  + D y ( t ) x ( t )  + F y ( t ) p ( t )

+ F x ( t ) x ( t )  -  D x ( t ) y ( t ) ]  [b x ( t  + t )  + C y ( t  + t )

- D x ( t  + r ) y ( t  + t )  J  . ( 2 1 )
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= E< B2 x ( t ) x ( t  + t )  + BC x ( t ) y ( t  + T) + BD x ( t ) y ( t  + T) x ( t  + T) 

+ BF x ( t ) y ( t  + x )y ( t  + t) + BF x ( t ) x ( t  + x ) x ( t  + x)

- BD x ( t ) x ( t  + x )y ( t  + x) BC y ( t ) x ( t  + x)

+ C2 y ( t ) y ( t  + x) + CD y ( t ) y ( t  + x )x ( t  + x)

+ CF y ( t ) y ( t  + x )y ( t  + x) + CF y ( t ) x ( t  + x )x ( t  + x)

- CD y ( t ) x ( t  + x )y ( t  + x)

BD y ( t ) x ( t ) x ( t  + x) + CD y ( t ) x ( t ) y ( t  + x)

+ D2 y ( t ) x ( t ) y ( t  + x)x( t  + x) + DF y ( t ) x ( t ) y ( t  + x )y ( t  + x)

+ DF y ( t ) x ( t ) x ( t  + x )x( t  + x) -  D2 y ( t ) x ( t ) x ( t  + x )y ( t  + x)

[bf y ( t ) y ( t ) x ( t  + x) + CF y ( t ) y ( t ) y ( t  + x)

+ DF y ( t ) y ( t ) y ( t  + x)x(t + x) + F2 y ( t ) y ( t ) y ( t  + x )y( t  + x

+ F2 y ( t ) y ( t ) x ( t  + x)x(t + x) -  DF y ( t ) y ( t ) x ( t  + x)y(t  + x

BF x ( t ) x ( t ) x ( t  + x) + CF x ( t ) x ( t ) y ( t  + x)

+ DF x ( t ) x ( t ) y ( t  + x)x(t  + x) + F2 x ( t ) x ( t ) y ( t  + x )y( t  + x

+ F2 x ( t ) x ( t ) x ( t  + r ) x ( t  + t) -  DF x ( t ) x ( t ) x ( t  + x )y ( t  + x

BD x ( t ) y ( t ) x ( t  + x) -  CD x ( t ) y ( t ) y ( t  + x)

- D2 x ( t ) y ( t ) y ( t  + x )x ( t  + x) - DF x ( t ) y ( t ) y ( t  + x ) y ( t  + T

- DF x ( t ) y ( t ) x ( t  + x )x ( t  + x) + D2 x ( t ) y ( t ) x ( t  + x ) y ( t  +

= E B2 x ( t ) x ( t  + x) + E BF x ( t ) x ( t  + x )x ( t  + x)

+ E _c2 y ( t ) y ( t  + x) + E CF y ( t ) y ( t  + x )y ( t  + T)

(22)
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+ E | j )2 y ( t ) x ( t ) y ( t  + x ) x ( t  + x)J -  E [p2 y ( t ) x ( t ) x ( t  + x ) y ( t  + x )

+ E [cF y ( t ) y ( t ) y ( t  + x)J  + E [ f 2 y ( t ) y ( t ) y ( t  + x ) y ( t  + x)

+ E [ f 2 y ( t ) y ( t ) x ( t  + x ) x ( t  + t )J

+ E+ E [ bF x ( t ) x ( t ) x ( t  + x)

+ E [ p 2 x ( t ) x ( t ) x ( t  + x )x*(t + x)

+ E |jD2 x ( t ) x ( t  + x ) y ( t ) y ( t  + t )

Further  s im p l i f i c a t i o n  y i e l d s ,

F2 x ( t ) x ( t ) y ( t  + x ) y ( t  + x)

-  E D2 x ( t ) y ( t ) y ( t  + x ) x ( t  + x)

(23)

Rzz (t ) = (B ) R ^ ( x )  + (BF) E

+ c Ryy(T) + ( cp) E

+ ° 2 Ry y ^  Rx x ^ ^  " E

x ( t ) x ( t  + x ) x ( t  + x)  

y ( t ) y ( t  + x ) y ( t  + x)  

y ( t ) y ( t  + T)

+ (CF) E

+ (F2) E

+ (BF) E

+ (F2 ) E

- (D2) E

y ( t ) y ( t ) y ( t  + t )

y ( t ) y ( t )

+ (F ) E 

x ( t  + x ) x ( t  + x)

x ( t ) x ( t )

x ( t  + x ) x ( t )

y ( t ) y ( t  + x ) y ( t ) y ( t  + x)

x ( t ) x ( t ) x ( t  + x) + (F2 ) E
- j

x ( t ) x ( t  + x ) x ( t ) x ( t  + x)

y ( t  + x ) y ( t  + x)

x ( t ) x ( t  + x ) y ( t ) y ( t  + x)

+ D R (x ) R • * (x ) .  xxv 1 yyv '

= B2 R . . ( x )  + (BF) E

yy'

(24)

x ( t ) x ( t  + x ) x ( t  + X)

yy' XX'

y ( t ) y ( t + x ) y ( t  + x )

(D2 ) E2 x ( t  + x ) x ( t )

+ (CF) E y ( t ) y ( t ) y ( t  + x) + (F£) E y ( t ) y ( t  + x ) y ( t  + x )y ( t )
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+ (F2) e2 jy(t)y(t)] + (BF) E [ x ( t ) x ( t ) * ( t  + T)J 

+ (F2) E2 [x(t)x*(tjj + (F2 ) E j~x(t)x(t  + x ) x ( t ) x ( t  + t  )J 

x ( t ) x ( t  + x)(D2) E2 + D2 R (t ) R - ( t ) .  xxv ' yyv ' (25)

Fur ther  s im pl i fy ing ,

Rz z (t ) = B2 R ^ ( t ) + (BF) E [ x ( t ) x ( t  + x ) x ( t  + t ) ]  

+ C2 R««( t ) + (CF) E [ y ( t ) y ( t  + -c)y(t + x)

+ 2D2 Ryy(x) R - ^ x )  - (2D2 ) E2 | x ( t ) x ( t  + x)

+ (CF) E [ y ( t ) y ( t ) y ( t  + x) + (2F2 ) E 

+ (2F2 ) E2 [ x ( t ) x ( t ) j  + (BF) E

Recall t h a t  B = C =

x ( t ) x ( t  + x ) x ( t ) x ( t  + x)

x ( t ) x ( t ) x ( t  + x)

-A

D = —0)0

2oj

(26)

(15)

F =
2oj,

then,
Rz z (t ) = (A2/wq2) R ^ ( t )  -  (A/2uo3) E | x ( t ) x ( t  + x ) x ( t  + t )  

+ (A2/4u)q4 ) R»~(x) -  ( A / ^ 04) E [ y ( t ) y ( t  + x ) y ( t  + x)

+ (2Ao0 2) Ryy(x) R ^ ( t )  -  (2/(dq 2) E2 Jx( t ) x ( t  + x)

(A/4w04) E [ y ( t ) y ( t ) y ( t  + i ) + i5 o
-p* m x ( t ) x ( t  + x)

x ( t ) x ( t  + T>] + (l/2w04) E2 x ( t ) x ( t )

(-A/2a)03) E | x ( t ) x ( t ) x ( t  + x) .

For high a>Q Equation (27) becomes

(27)

RZZ( t )  -  R - ( t )  + Ryy(-t) R - ( t )  -  E2 [ X( t ) x ( t  + T)
(2871<i), W,
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Rzz(t ) <=3* Szz (a)) watts/Hz (29)

SZ2 (u)) = (-Aj-) a)2 S (to) + ( -^ r )  ^

- ( A )  *
d Rx x ( T )

dx

R y y ( T )  R X X ( t )

(30)

where S(co)

n(w/Hz)

Hi

-B/2 B/2

-The 2nd and 3rd terms o f  Equation (30) may be reduced as follows:

S = S Hyy v 1

Ryy(T) R^X(f)
T_
2tt

Hi

A
2

+B
2

S = 0)2S(0))
xx v '

B
2

B
2

(31)

dL
2

2tt S * S*« yy xx 2l T  o ?  nu)2 do) - B < t  < 0 (32)
-_B

2

2 3 t  +

27r 3 -B
2

1  22 = U_
6ir ( t  + I ) 3 + ( | ) 3 B< t< 0 (33)
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Changing v a r i a b le s  back to  o r ig i n a l ,

.2n
6tt

2n
6tt

Next

( 2ir) $

t . Bn3 . /B\3 
(m + p  + ( p

( - »  + 1)3 + (|)3

d Rxx(t )

- B a) < 0

0  <  id < B

(34)

(35)

dx

J  U j  S O J  

i'JB
o s )

■a
z S.

2:

This convolution i s  symmetric about the  00 = 0 axis  and can be broken 

in to  4 p a r t s ,  as fol lows:

( 1) .

( 2 )

(3)

(4)

..r \

- B  -B.
2.

2a.

3  a. 3a.

CO

UJ

U J

00



For ( la )

A *  T

I I I 2 r z
2tt

(-nx) n ( x - t )  dx - B <_ x <_ - n-

-B
2

■ 2 r °
( l b ) h x - T  / (-nx) n  ( x - t )  dx -

— 8 1* ft—JL T o
2

t2a)
- B _  O 

2

• ^ r  J  (-nx) 
-B_

2

B

- n(x-x) dx -

(nx) n ( x - t )  dx2ir 7  
0

B
‘2

Evaluating the ( la )  co n t r ib u t io n ,

ro
|oa



Evaluating the (16) co n t r ib u t io n :
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Evaluating the (2a) term.

L d l
2tr (-nx) -n ( x - t )  dx =

-B
2

_ 2
x ( x - t )  dx

- B
2

(52)

2-  -n 3 2X X \ - n 2 / 3 3 -1
T  T - ( f )3 <f>2;

2ir 3 ‘ 2 T _ — -B 2* I 3 _ 2 3 2
(53)

2
2 7

t3 (f)3
6 T -

( f ) 2 x
(54)

Evaluating the (3a) term,

2ir

B 4-
T  T

B + x
2 f  2

(nx) n(x-x) dx + ^  I x ( x - t )  dx
0

(55)

2tt -n x_
3

x_
2 (56)

1_
2tt

/B\ . 3
(t ) + T

/B  . v 2  
( o '  +  x )

(57)

2-n
2ir

(I)3 / B \ 2  
(t ) t

/B\ 2 , t
V— )  T  +  Q—V 7 3

/Bx2
^  T #Bx 2 

2 "

T_
2 (58)

2-n
2 tt

(I)3 / B \ 2  
( j v  x T_

6 (59)
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R l a  n 2
fo r  -  B £  w £  - jj- -----> ^ , 2 /B\3 , /B\2 to' 

+ 3 (2 ) + (2 ) “ “ 6 " (60)

2
2ir

3 3
6 ' 6 3

+ tO_ + (0 ( f )3 (|)2„ (f)3 (I)22 ' to , of
1 + 6

2
n_
2tt

to_
2

2 ( | ) 3 ,Bx2 
(oV 0)

(61)

(62)

r  2
IL_
2tt

f d Rx x ( t )

dx
<

3 2 (—)3 o> d{2 } ,Bv2 2 -  3 ( 2) to B „
A

» “ 2 — w £. 0

‘(63)

2
J3_
2ir

2 (—) 3 3' 2 '  , /B\2 uj
3 + (2> w • 6" B <_ a) <_ - 2 )

Now, Equation (30) may be w r i t t e n  as

a2 9 2
Sz z ^  = — 2 u + — 2_2a)0 3Tra,0

(oj + | ) 3 + ( | ) 3 -  B < to < 0

(-to + Ij-)3 + (^-)3 0 <_ to <_ B

IT tO,

2 /B\3 , /B\2 to n , , B
•3 Kj) + ( p  u " g-  *

3 2 (f )3 /B\2 B g
""" *" 3 “ 2 "* 2  ̂ U (64)

Symmetric in p o s i t iv e  ha l f -p lane

The t o t a l  no ise  power a t  the d e t e c to r  ou tpu t  is  equal to  the  in teg ra l  
o f  l/2ir Sz z (to) over the pos t  de tec t io n  f i l t e r  bandwidth, o r ,

27 b Sz z M  dto , tob < |
“Wu

(65)



t
Post Detection F i l t e r  Response

-U!b

w.

i _
2ir

-At I a)2 S(oj) dm + - ^ 3-
O)0 -a). 3iro)

I + B\3 , /B\3 U  + o’) + lo-) du
o -tor

i l L
TTOl

3
2

2 ( | ) 3 /B\2
I p  ( J O dio, ( 66 )

0  - 0).

Recall  S(oj) ------>
H

- _ B  8_
2 2

where B i s  the IF bandwidth
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+ 2n
3tto)

_L
2 ir

Noise
Power

■ /Bn3
T w

“W.

2 4
+ n “«> + +  o +

4TTUK

2r 3n o  W|j
7 2 "6 ITUl

2r 2 2 n B w0

a  2  4 TTU)„ (68)

22 A 2 4
11 Mb
6iro) 2

2 3r 
Jbri oju B

3ira),

2 2n2 2d3ri o)̂  B n B a)

4irto, 12iro),

2r 3 n B wj.

12ira)̂ ^

2 4 
n %
4™ 2

2r 3 
n d  (Oj.

6mo 2

2r2 2 
n  B aijj

4iruj 2
(69)

fl2 3 2 4
A na)b + n %

3irui 2 9A 2 224ir u)Q

2 3r n tojj B
, 2 2  OTT U)Q

2 2R2niOjjB
A 2 2 

%

A2B3wb

6tt2u)0 2
(70)
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Derivat ion o f  Signal Output Power from Demodulator fo r  General Case

Assume Input  = A cos U 0t  + 3 s in  o^t)  (71)

where A = c a r r i e r  amplitude
3 = mod. index
tom = frequency o f  cosinusoidal modulating s ignal

At the output  o f  the  f i r s t  d i f f e r e n t i a t o r ,  (point  b) ,

(b) = ^  (<oQ + P \  cos umt )  s in  (u>0t  + 3 s in  a>mt )  (72)

= -A s in  (a)0t  + 3 s in  wmt)

A3<o
-  — —  cos a ^ t  s in  (w0t  + 3 s in  a^ t )  (73)

At the ou tpu t  o f  the second d i f f e r e n t i a t o r ,  (po in t  c ) ,

(c) = ^  (to + 3 cos to t )  cos (to t  + 3 s in  to t )
0

A3com
- -----2 cos (“o + e “hi cos cos (“o* + e s in

wo

A3wm2
+  s in  l0int  s in  (wot  + e S1' na>mt ) (74)

wo

Summing, (p o in t  d ) ,

(d) = A cos (<o0t  + 3 s in  to^t)

" ^  (“o + e “m005 cos K *  + 3 s in  a>mt ^

A3a)m

“o
2  cos tomt  (toQ + 3 wm cos tomt )  cos (a)0t  + 3 s in  <omt )
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Ago).
+  Sj n ^  S1-n + p S1-n w t ) ,

“o
Mult iplying y i e ld s  the demodulator output

2 2A cos (u)Qt  + 3 s in  o^t)

(75)

- ((O0 + 3 0)m cos 0)mt )  cos2 ( a t  + 3 Sin o^ t )
0

A23o> 2
-  g (wo + e wm cos cos “m1' cos ^ o 1* + p s in

+ ------ 2~ s in  “n't cos (“o'*1 + & S1n s in  (“ o't + e s™ u\nt )

(76)

Recall

cos2 x = 1/2 (1 + cos 2x)

s in  x cos x = 1/2 s in  2x

(77)

(78)

then Equation (6) becomes 

.2
-  A_ 

2 1 + cos (2 a>0t  + 2 3 s in  ^ t )

2^ -  (“o + S %  cos V * 1 + cos (2 a)0t  + 2 3  s in  a>mt)

A2e«j|I1
T T  <“o + 6 “m cos cos “hi* 1 + cos (2 a)Qt  + 2 3  s in  u>mt )

_

A23oj2
t   Tj- s in  a)mt  s in  (2 uQt  + 2 3 s in  iomt ) (79)

2a>

Eliminating unwanted harmonics r e s u l t s  in 

A2 A2 ,
= 2“  -  2 ^  ("o + 6 cos V )



and e lim in a tin g  the cos 2 a)mt  term and d .c . term,

Desired Demod. .2 ga)m f
Output Voltage u>Q

and,
«2 2 A 3 w m

Power = --------5- ^
2“o



General Expression f o r  SNR as Function o f  CNR

SNR = Signal Output 
Noise Output

2“o2
, 2  3 2 4 2 3 R 2 2 r 2 2 r 3A n w ^  n to k n oi t i o j ^d n d

« 2 + 0n 2 2 + f. 2 2 " .  2 2 + 7 2  23ira) 24tr u>„ oir ui bir a) _0 0 0 0 0

Divide numerator and denominator o f  (86) by

A' n<u2 2 
 b

37ruo2

a V c A  3™  2m o
2 n2 3

C l i \

SNR =

1 + + ^  _ 3WB2 +  n l 3
8irA2 2irA2 4ttA2oj|3 2 irA2ojjJ2

C[\jr =  A . / j r . . . = T[A_ 
LNK nB /2ir nB

trfi2Writing (87) in terms of  = CNR,
nt>
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|  (CNR) B 3^ —j  
wb__________________________________ l b ___________________

1 1 3 x x2
1 + 8x(CNR) + 2TENR) " T  JC M J  + 2(CNR)

(90)

where x =
“ b

Assume Hi - CNR,
2

SNRHi-CNR = |  (CNR) B |52 ^  (91)
“b

For optimum performance s e t  = 
then

2
SNR = |  (CNR) (92)

2u).
Recall t h a t  CNR = (CNR^) { - f - )  (93)

hence, ^  2

sn rh i - c n r  ■ T  <CNIW  - r  ^  <94>

= 3 e2 CNR^ (95)

which i s  id e n t i c a l  to the express ion fo r  an L-D well above th resho ld .
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APPENDIX II 

REAL AND IDEAL DIFFERENTIATORS

The ideal  d i f f e r e n t i a t o r  would possess the p e r f e c t  90° phase 

s h i f t  o f  Figure I I -1. However, real d i f f e r e n t i a t o r s ,  due to  t h e i r  
inhe ren t  frequency l i m i t a t i o n s ,  produce a phase s h i f t  d i f f e r e n t  than 
90°. The response of a rea l  d i f f e r e n t i a t o r  i s  shown in Figure I I -2.  
In his  p r o je c t  K ra t t  descr ibes  a simple method f o r  c o r rec t in g  t h i s  
phase e r r o r ,  as i l l u s t r a t e d  by Figures I 1-3 and I 1-4. A sample o f  
the input  s ig n a l ,  V., i s  added to  the d i f f e r e n t i a t o r  output  to  pro­
duce the des i red  90 phase s h i f t .  This technique works very w el l .  
Laboratory measurements ind ica ted  t h a t  the  phase e r r o r s  o f  the 
d i f f e r e n t i a t o r s  o f  Chapter V with phase co r rec t io n  c i r c u i t r y  are 
l e s s  than .75° over the e n t i r e  20% bandwidth.



V.

V: 0°

FIGURE I - 1 .  IDEAL DIFFERENTIATOR

/ V|/
/

/
/

/

V,

FIG U R E  1 - 2 .  REAL DIFFERENTIATOR
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FIGURE H - 3

FIGURE I - 4 .

ATTENTUATOR

- 7 d t

BLOCK DIAGRAM OF REAL DIFFERENTIATOR WITH PHASE CORRECTION

PH ASOR DIAGRAM FOR REAL D IFFER ENT IA TO R  WITH PH ASE CORRECTION
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