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ABSTRACT

SELF SIMILAR FLOWS IN FINITE OR INFINITE TWO DIMENSIONAL
GEOMETRIES

by
Leonardo Xavier Espin Estevez

This study is concerned with several problems related to self-similar flows in pulsating
channels. Exact or similarity solutions of the Navier-Stokes equations are of practical and
theoretical importance in fluid mechanics. The assumption of self-similarity of the solu-
tions is a very attractive one from both a theoretical and a practical point of view. It allows
us to greatly simplify the Navier-Stokes equations into a single nonlinear one-dimensional
partial differential equation (or ordinary differential equation in the case of steady flow)
whose solutions are also exact solutions of the Navier-Stokes equations in the sense that
no approximations are required in order to calculate them. One common characteristic to
all applications of self-similar flows in real problems is that they involve fluid domains
with large aspect ratios. Self-similar flows are admissible solutions of the Navier-Stokes
equations in unbounded domains, and in applications it is assumed that the effects of the
boundary conditions at the edge of the domain will have only a local effect and that a self-
similar solution will be valid in most of the fluid domain. However, it has been shown that
some similarity flows exist only under a very restricted set of conditions which need to
be inferred from numerical simulations. Our main interest is to study several self-similar
solutions related to flows in oscillating channels and to investigate the hypothesis that these
solutions are reasonable approximations to Navier-Stokes flows in long, slender but finite

domains.
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CHAPTER 1

INTRODUCTION

The incompressible Navier-Stokes equations govern the motion of viscous fluids and in a

two dimensional Cartesian coordinate system take the following form:

p(ut + uuy +vuy) = —Dx +‘u(uxx + ”yy)) (1.1
P (Ve Fuve +vvy) = —py + U(Vax + Vyy), (1.2)
ux+vy =0, (1.3)

where u and v denote the horizontal and vertical components of the velocity field of the
fluid and p is the pressure. These three unknowns depend on the spatial variables x, y
and time ¢. The parameters p and p represent the density and the viscosity of the fluid
respectively. The Navier-Stokes equations result from applying the Transport Theorem to
the integral form of the equations of balance of momentum and incompressibility of the
fluid (see Chorin and Marsden (1992)). This study is concerned with several problems
related to self-similar flows in pulsating channels, that is we are interested in a particular
class of solutions of equations (1.1)-(1.3) for channel geometries.

Exact or similarity solutions of the Navier-Stokes equations are of practiéal and
theoretical importance in fluid mechanics. In addition to direct physical applications, they
serve as benchmarks for the validity of complex numerical codes. Many basic flows stud-
ied in the field of fluid dynamics are of exact or similarity form: Poiseuille flow in a pipe,
stagnation-point flows, rotating-disk flows are some examples (for a recent and extensive
review of exact solutions of the Navier-Stokes equations the reader is referred to the mono-
graph by Drazin and Riley (2006)). The assumption of self-similarity of the solutions is
a very attractive one from both a theoretical and a practical point of view. It allows us to

greatly simplify the equations of motion (1.1)-(1.3) into a single nonlinear one-dimensional



partial differential equation (or ordinary differential equation in the case of steady flow)
whose solutions are also exact solutions of the Navier-Stokes equations in the sense that no
approximations are required in order to calculate them.

Self-similar flows have been widely used in applications. A few of them, which are
related to this study are: a model of gas transport in the airways of the lung (Hydon and
Pedley 1993), a model for oxygen transport in transmyocardial revascularization channels
or tubes (Waters 2001), (Waters 2003), a model of blood flow in coronary arteries (Secomb
1978) and flows in porous channels or tubes (Brady 1984). One common characteristic to
all applications of self-similar flows in real problems is that they involve fluid domains with
large aspect ratios. Self-similar flows are admissible solutions of the Navier-Stokes equa-
tions in unbounded domains, and in all the applications mentioned it is typically assumed
that the effects of the boundary conditions at the edge of the domain will have only a local
~ effect and that a self-similar solution will be valid in most of the fluid domain. However,
it has been shown that some similarity flows exist only under a very restricted set of con-
ditions which need to be inferred from numerical simulations (see for example Brady and
Acrivos (1982a), Brady (1984), Hewitt and Hazel (2007)). Our main interest is to study
several self-similar solutions related to flows in oscillating channels and to investigate the
hypothesis that these solutions are reasonable approximations to Navier-Stokes flows in
long, slender but finite domains.

In Chapter 2, we compare channel flows driven by accelerating (and decelerating)
surface velocity in finite, slender channels with the self-similar solution which exist in in-
finite channels. There is a direct connection between channel flows driven by decelerating
surface velocity and channel flows driven by vertically oscillating walls since the former
arises from the latter in a distinct high-frequency small amplitude limit identified and ana-
lyzed by Hall and Papageorgiou (1999).

Chapter 3 is concerned with flows driven by pulsating channels. Secomb (1978),

studied the flow driven by a two-dimensional infinite channel whose parallel walls oscillate



vertically in a prescribed way. He considered the limiting cases of low and high-frequency
wall oscillations, and also the case of small amplitude wall oscillations for arbitrary fre-
quency. Hall and Papageorgiou (1999) studied a closely related problem and presented
results for arbitrary oscillation frequencies and amplitudes. They found that the dynamics
of the flow depend on two non-dimensional parameters: the dimensionless amplitude of
the wall oscillation, A, and the Reynolds number of the flow, R (see Section 3.2.1 for a
summary of the main results concerning this flow). In Section 3.2, we study a secondary
flow which results by superimposing a pressure gradient to the flow driven by vertically
oscillating walls described in Section 3.2.1. We find that the dynamics of the secondary
flow are very different from that of the pulsating flow. In particular, we find that for any
value of the oscillation amplitude a bifurcation occurs at a critical Reynolds number above
which the flow transitions from a time-periodic state to solutions that grow exponentially in
time. In contrast with the pulsating flow, a symmetry breaking bifurcation may or may not
occur, depending on the value of the oscillation amplitude. In Section 3.4 we generalize
the similarity flow driven by vertically oscillating walls by allowing the channel walls to
move laterally as well. This flow is related to an application in passive solute transport
and diffusion in an oscillating channel which is studied in Chapter 4. In Section 3.6 we
compare the similarity flow of Section 3.4 with flows admitted in finite, truncated domains
computed by solving the Navier-Stokes equations numerically.

In Chapter 4 we study a model for oxygen transport in revascularization channels
which utilizes a self-similar solution as a model flow for the fluid inside the channel.
The transmyocardial laser revascularisation procedure is a surgical technique consisting
of drilling long narrow tunnels in certain parts of the heart with the purpose of bringing
oxygenated blood to the heart muscle. Waters (2001) used asymptotic techniques to deter-
mine the effects of the fluid flow on the delivery of solute to the walls of a two dimensional
pulsating channel by deriving an asymptotic solution in the double limit of small amplitude

oscillations and large Péclet number. We perform a numerical study of the model proposed



by Waters (2001) for a broader range of the non-dimensional parameters. Specifically,
we study how the approximation is affected when the amplitude of the wall oscillation
increases and we find an approximate range for which the asymptotic approximation and
the numerical approximation give comparable results. We conclude by outlining possible

extensions of this study and describe future research directions.



CHAPTER 2

CHANNEL FLOWS DRIVEN BY ACCELERATING SURFACE VELOCITY

2.1 Imtroduction

In this Chapter we compare the numerically computed solutions of Navier-Stokes flow in
a channel of finite length, drivén by the accelerating surface velocity of the channel walls
(which we call ‘accelerating wall’ driven flow), with the self-similar solution admitted
by the respective problem in an infinitely long channel. We are interested in studying
how the similarity solution is captured as a Navier-Stokes flow in a truncated domain, and
how the rich bifurcation structure of this class of self-similar solutions is affected by a
truncated domain (for example it has been shown that these similarity flows can produce
complex dynamics including chaotic behavior that follows a Feigenbaum period-doubling
scenario at order one values of the driving parameters, see Hall and Papageorgiou (1999),
Feigenbaum (1981)). In addition we formulate and solve linear stability problems of the
self-similar solutions to general perturbations in order to explain any discrepancies between
computed and self-similar solutions. Previous work (e.g. Brady (1984), Brady and Acrivos
(1981), Brady and Acrivos (19824)) has shown that similarity flows may not describe a
realizable flow accurately, even if only localized regions of the domain of the problem
are considered. Also, the recent work by Hewitt and Hazel (2007) has shown that non-
linear perturbations at the edge of the finite domain can significantly alter the bifurcation
structure of a similarity flow, as well as the bifurcated solutions. As we will show, similarity
flows could become linearly unstable, rendering the self-similar solution irrelevant in finite
channels after a critical value of the Reynolds number is crossed.

In Section 2.2 we introduce the equations of the problem, the scalings and con-
ventions we utilize through this Chapter. In Section 2.3 we give a brief description of the

code we use to compute our numerical solutions and in Section 2.4 we present our results.



Section 2.5 is left for a discussion and conclusions.

2.2 Mathematical Formulation

Consider a rectangular channel of semi-width a and length 27 filled with a viscous in-
compressible fluid of density p and viscosity ft. The top and bottom walls move with the

following velocity parallel to the x-axis

u(x,+a) =Ex, v(x,£a)=0, 2.1

where E is a constant with units of inverse time. In equation (2.1) and in the rest of this
Chapter, we use a Cartesian coordinate system (x,y) with the origin placed at the center
of the channel so that the walls are given by y = +a, and the channel ends are at x = +L.,
The corresponding velocity field is denoted by u = (u,v). Since the velocity due to the
accelerating wall is symmetric about the plane x = 0, it is sufficient to solve in the region
x > 0 with symmetric boundary conditions imposed at x = 0. At the edge x = L the fluid
is allowed to enter and leave the channel and the boundary conditions to be imposed there
are discussed in detail later. We emphasize that the edge boundary conditions are central to
our study since they affect the flow in the whole domain and in particular dictate whether a
similarity solution emerges or not - see later. A schematic of the flow geometry is provided

in figure 2.1.

u=FEz,v=0

¥
«*
1
L=

Uy =

u=FEz,v=0
L

Figure 2.1 Schematic diagram for the flow in a long, slender channel with accelerating
walls.



The length of the channel, L, and its semi-width a provide a natural way for defining

dimensionless variables for this problem. Accordingly we set

/ /!
, U =FEt, u=

Q=

which leads to the nondimensional Navier-Stokes equations (after dropping the primes)

1 1
1 1
Ve uvy +vvy, = —Eﬁpy—k E(Szvxx+vyy), (2.3)
-+ vy =0, 2.4)

where R = pEa?/u is the Reynolds number for the flow, and the reciprocal of the aspect
ratio of the channel is € = /L. The boundary conditions (2.1) at the symmetry plane x == 0

and at the walls y = £1 become

u(0,)=0,  w(0,y)=0
(2.5)

u(x,£1) =x, v(x,£1) =0.
The boundary conditions at the scaled channel end x = 1 are left unspecified until Section
2.3 where they are required for the calculation of numerical solutions. In the case of nega-
tive acceleration, the only change is in the boundary conditions u(x,1) = u(x,—1) = —x. By
simplicity and for historical reasons (see Watson et al. (1990), Brady and Acrivos (1981)),

we will refer to this case as negative Reynolds number flow.

The problem (2.2)-(2.4) is exact and is solved numerically later. In the limiting
case when € — 0 (or equivalently when L — +oo, i.e. the geometry becomes infinite), the

equations admit a similarity solution of the form

w=xht),  v=—fOu)  p=52 ) 26)



that arises from the stream function y(x,y,t) = xf(y,t) for the flow. The function f(y,t)

satisfies the equation

1
St = fhyyy — fofyy + Efyyyy’ 2.7)

subject to the no-slip boundary conditions at the walls
fH(£L) =1, f(x1,7)=0. (2.8)

The constant pressure coefficient B and the pressure po(y) appearing in (2.6) can be calcu-
lated from the equations of motion (2.2)-(2.4) once f(y,?) has been determined.

Our objective is to study the relation between the similarity solution f with the
Navier-Stokes flow described by (2.2)-(2.5) in the case € > 0. Even though any value of
€ can be taken in a direct numerical simulation, it is appropriate to consider small values
of € corresponding to long channels. There are two reasons for this: first, we want the
channel to be sufficiently long so that different conditions at x = 1 (recall that in unscaled
terms the channel length is 1/€) have sufficient distance to adjust to the exact similarity
solution (2.6); second, a long channel enables us to also study via our full simulation, the
spatial stability of the exact solutions at different values of the flow parameters. Both of
these are addressed fully in what follows. Brady and Acrivos (1982a) studied the related
problems of a symmetric flow (about the x-axis) in a closed channel or tube, driven by the
accelerating walls of an asymptotically infinite channel or tube. They found that below a
critical value of the Reynolds number, small perturbations to the similarity velocity profiles
at the channel edge will decay to zero and consequently the similarity solution would be
a good approximation to the flow in a range 0 < x < xp < 1 which depends on R. Above
this critical value, the perturbations at the edge propagate to the interior of the channel and
affect the solution in the whole domain, fundamentally altering its nature, In our case, the
channel is of finite extent and we do not impose symmetry along the channel center-line

(y = 0) since, as seen by Watson et al, (1990), the asymmetric branch of the similarity



solution f presents a richer bifurcation structure than the symmetric branch at moderately
large values of the Reynolds number, and is also more strongly attracting since it is stable

at the higher Reynolds numbers.

2.3 Numerical Methods

In order to compare the exact solution described by (2.7)-(2.8) with the flow in a long,
finite channel with aspect ratio 0 < € <« 1, we set € = 1/100 (corresponding to a channel
100 times longer than wide) and solve equations (2.2)-(2.4) subject to boundary conditions
(2.5) plus conditions at the channel edge at x = 1. We consider two different cases: outflow

conditions

ux(layat)zvx(layvt) =0, M

and inflow conditions which consist of prescribing the exact self-similar solution at the

edge

w(Lyt) = f0nt),  v(Lyt)=—f,1). an

Conditions of type (I) are non-linear perturbations of the self-similar flow which allow us
to compare the behavior of this flow with the findings reported by Hewitt and Hazel (2007)
in a different problem of the flow between two counter rotating disks. As in the present
case, that flow admits self-similar solutions of stagnation point type when the disks are of
infinite radius.

Type (I) conditions require that the total velocity does not change in the direction
normal to the end of the channel. Conservation of mass is automatically satisfied for type
(IT) conditions, and for type (I) conditions it implies that v(x = 1,y,7) = 0, which is imposed
accordingly. We solve equations (2.2)-(2.5) numerically with a finite differences scheme

based on the projection method of Chorin that is described in the book by Griebel et al.
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(1998). We describe our numerical method in detail in Appendix A. Unless stated oth-
erwise, the initial condition for the Navier-Stokes computations is taken to be a quiescent
state throughout the channel and marching is used to reach the most attracting states of
the initial-boundary value problem., Such initializations are appropriate when making com-
parisons between the steady branches of the similarity equations and their Navier-Stokes
analogues. For our computations involving unsteady time-periodic branches, we integrate
the self-similar system (2.7)-(2.8) to large enough times so that transients die away (in
many cases this requires integrations larger than 1000 time units), and the self-similar so-
lutions obtained supply the initial conditions in the whole channel, for the Navier-Stokes
computation. Beyond this initialization, the two systems (self-similar and Navier-Stokes)
are solved in conjunction because they couple through the end conditions at x = 1.

We use two different methods to solve the similarity equations (2.7)-(2.8). The
first one consists of solving the steady version of equation (2.7) in order to obtain solution
branches that may not be stable. This nonlinear boundary value problem was solved with
MATLAB’s bvp4c solver. For values of R larger than approximately 355, where the exact
solution f becomes time dependent due to a Hopf-bifurcation, we use a time-dependent,
finite differences code based on the algorithm described by Hall and Papageorgiou (1999)
(as pointed out in the introduction, the problem studied in (Hall and Papageorgiou 1999)
and the one described by equations (2.7)-(2.8) are closely related and the numerical method
utilized in that paper can be easily modified to solve (2.7)-(2.8)). The unsteady code is
capable of calculating the most attracting stable solution since it is based on the solution
of an initial value problem. Solutions which are symmetric or non-symmetric about the
x-axis are computed throughout in order to make full comparisons with the Navier-Stokes

solutions.
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rotating disks it was reported by Hewitt and Hazel (2007) that different edge conditions
could significantly alter the location of the mid-plane symmetry-breaking bifurcation, but
such bifurcation was always present. Nevertheless, our results for type (I) conditions appear
to confirm the conclusion presented by Hewitt and Hazel (2007) that the symmetric branch
of the similarity solution is a good predictor of the flow in a vicinity of x = 0 for moderate
values of the Reynolds number (meaning in the present context R 5 200), independently of
the boundary conditions used at the edge of the domain,

We now turn our attention to type (II) flows and their bifurcations. As found by
Watson et al. (1990), when symmetry is not enforced at the channel center-line, the sim-
ilarity solution has a symmetry breaking bifurcation at the critical value R = 132.75849
where two stable asymmetric solutions appear (each of them can be obtained by reflection
about y = 0 from the other). Then, at the value R = 355.5738 the flow Hopf bifurcates and
a stable, unsteady and time-periodic solution appears. The period of the unsteady solution
increases with R, and it nearly doubles when R = 400. Eventually, when R = 1200 there is
evidence of chaotic behavior; see (Watson et al, 1990).

In order to investigate how these features of the exact solution are replicated by
our numerical solution, we performed computations with type (II) boundary conditions at
the channel edge. The profiles required for imposing type (II) conditions were computed
in two ways: a stable asymmetric branch of the exact solution is found by time-marching
the unsteady code described in Section 2.3. Other steady solution branches are efficiently
calculated with MATLAB’s bvp4c solver for boundary value problems as mentioned earlier
by using continuation methods in the Reynolds number R.

Both branches of the similarity solution, symmetric and asymmetric, are recovered
by our Navier-Stokes code. In Figure 2.5 we show the pressure gradient dp/dx(x,y = 0)
computed from the numerical solution for type (I) and type (II) edge conditions, for the
symmetric and asymmetric branches. As pointed out previously, the deviation from the

line Bx at the edge decreases when more discretization points are used. Further inside the
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stable for the Navier-Stokes equations. In order to investigate this possibility and also to
understand the development of collision regions for Reynolds number below the critical
value Ry ~ —33, we performed a linear stability analysis for small perturbations about the

exact solution f: if we look for solutions of equations (2.2)-(2.5) of the form

u=xf'+ﬂ (2.9)
y=—f+7 (2.10)
P=§x2+po+ﬁ 2.11)

and we linearize for small (&, 7, p), we obtain the following equations for the perturbations:

1 1

i+ f (xilx + @) — fiiy +xf'v = -% et E(gzﬁ"" + ilyy), (2.12)
N Y. . 1 1, 5,

T+ f (xVy — V) — fy = ~ byt I—e(e%xxwyy), (2.13)

ity + 7y =0, (2.14)

subject to conditions

i#0,y) =0

f"x(oay) =0

d(x,£1)=0
(2.15)

¥(x,£1)=0

i(1,y) = up(y)
i)‘(17})) = vp(y)'
The functions (u,,v,) correspond to perturbations of type (II) conditions at the channel

edge which allow us to take into account small perturbations to the profiles used as type

(II) conditions at the edge of the domain. The restrictions that u, and v, have to satisfy are
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up(£1) = vp(£1) =0, and mass conservation in the form

1
/_1 up(y)dy = 0. (2.16)

The spatial stability analysis performed by Durlofsky and Brady (1984) provides
a useful starting point for our analysis. They studied the evolution of perturbations of the
stream function xf(y) of the form x*g(y). This type of perturbation corresponds to the
particular case (#,7) = (x*g’,—Ax}~1g). In the € — 0 limit of equations (2.12)-(2.14)

perturbations of this form result in the eigenvalue problem
§"+R(fg' —(A+1)f'g +Af"g) = (A+1)y=0, 2.17)

subject to conditions

f(1)=¢(-1)=0 2.18)

g"(-1)=¢"(1),

where 7 is an unknown parameter. An eigenvalue A > 1 implies that perturbations of flows
with fluid moving towards zero are stable, and eigenvalues A < 1 imply that perturbations of
flows with fluid moving towards infinity are stable. It was reported by Durlofsky and Brady
(1984) that the symmetric branch of f has only positive eigenvalues for 0 < R < 11, both
positive (larger than one) and negative eigenvalues for R > 11 and only negative eigenvalues
for negative Reynolds number. They presented two interpretations to these results, In the
first one the flow is unstable for all Reynolds numbers since both the accelerating and
decelerating wall driven flows have fluid moving towards x = 4o as well as fluid moving
towards x = 0. In the second interpretation a distinction is made between fluid in the

boundary layers adjacent to the walls which form at larger values of R, and the fluid in the
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core which moves in the opposite direction. Under this interpretation the flow is stable for
all Reynolds numbers. This ambiguity does not exist in finite channels where perturbations
at x = L can only travel to the interior of the channel.

The eigenvalue problem (2.17)-(2.18) can be solved with MATLAB’s bvp4c pack-
age. For a given value of A and the corresponding eigenfunction g, we define the initial

conditions for (#.7)

o (x,y) = xg'(y) (2.19)

o(x,y) = —Axg(y) (2.20)

which are consistent with the boundary conditions, and we use (u,,v,) = (¢',—Ag) as type
(II) conditions at the edge. In Figure 2.14 we show the eigenvalues that we calculated and
used in the stability computations shown in Figure 2.15 and the left panel of Figure 2.16.
These eigenvalues were obtained by solving equations (2.17)-(2.18) with f in to the asym-
metric branch of the exact solution. Since these eigenvalues are negative, we would expect
this branch to be spatially unstable to perturbations of the form (i, %) = (x*g/, —Ax*~1g)
in a finite channel. We will see below that this is not the case. For studying the linear
stability of the negative Reynolds number flows we simply construct u,, v, and the initial
state using polynomials that satisfy the boundary conditions and conservations of mass.

In Figure 2.15 we show the evolution of velocity profiles é(x,y = 1/2,¢) for in-
creasing values of . These profiles were computed with the initial conditions and edge
conditions described in the lines above, with g computed for the asymmetric steady branch
of f when R = 357. The arrows show the direction of the evolution of the profiles. We
can clearly see in this Figure that the perturbations introduced at the edge decrease towards
zero as the fluid moves away from the edge.

In order to study the evolution of the perturbations in the whole channel we define
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Reynolds number less than this critical value, the flow develops a collision region at x =0
and within this region the flow is not of self similar form. Time dependent self similar

solutions are not found in a finite channel with decelerating walls.



CHAPTER 3

CHANNEL FLOWS DRIVEN BY VERTICALLY OSCILLATING WALLS

In this Chapter, we study flows in infinite or finite two-dimensional channels which are
driven by vertical oscillations of their rigid walls. The movement of the walls is prescribed
via some periodic function of time, and the symmetry of the domain with respect to one of
the spatial variables will allow us to look for self-similar solutions that satisfy a simplified
problem, typically a single non-linear partial differential equation. When a finite channel is
considered, we will integrate the Navier-Stokes equations numerically, without assuming a

special form of the solutions.

3.1 Vertical Oscillations

In this Section we consider flows in a channel whose walls move in the following way: the
position of the upper wall is y = a(¢) and the position of the lower wall is y = —a(t), as

shown in Figure 3.1. The oscillation is given by the function
a(t) =ap(1+Acoswr), 0<A<I1. (3.1

We non-dimensionalize the equations of motion (1.1)-(1.3) as follows:

x y u v p
x/=__, yl=_7 tlzw()ta u/= y v/: ’ p/=_2§7
ao a0 Wpaop Wodp pag;

where ® = ky, k is a non-dimensional frequency. The non-dimensional equations of
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form;

U= up + xuy (3.6)
v=v(y,1) (3.7
P = po+xp1+xpa, (3.8)

where ug, w1, po, p1, p2 and the vertical velocity v are functions of ¢ and y alone. This
form of the solution results from assuming that the vertical velocity v is independent of
x, which is a reasonable simplification in an infinite domain. It follows that u must be
linear in x as a consequence of equation (3.4) and that p must be quadratic in x by equation
(3.2). It is convenient to ‘fix’ the walls of the channel by introducing the variable n = y/a.
By substituting equations (3.6)-(3.8) into the equations of motion (3.2)-(3.4) and grouping
terms with the same power of x, we obtain the following equations in terms of the new

variable 7:

N 1
oy + gty + (v = Md)—= = —p1 + p3tonn, 3.9
2 L Uln 1
Ui +uy+ (v — na)T =-2p2+ Rz nm (3.10)
AYn _ Poy 1
vt—l—(v—na);———a—-}—RT‘zvnn (3.11)
Ui +v—n =0, (3.12)
a
pin =0, pay=0, (3.13)
up=u; =0, v==xdgatn==I1. (3.14)

Equations (3.10)-(3.11) for u;, v and p» can be solved independently of equation
(3.9) for up and p;. As a consequence of equation (3.12), we can define a stream function
for u; and v, and reduce the system (3.10)-(3.12) to a single partial differential equation;
see Section 3.2.1. Once the equation for the stream function is solved we can compute p;

and pg from equations (3.10) and (3.11) respectively. The unknown p; is only restricted by
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equation (3.13) and the remaining, linear equation (3.9) for the longitudinal flow 1y can be
solved if the pressure gradient p; is prescribed. In Section 3.2 we study the flow g in the

case when pj (¢) is constant,

3.2 Dynamics of the Horizontal Flow u

In this Section we study the dynamics of the horizontal flow ug, which is governed by
equation (3.9). For simplicity we consider the case when the pressure gradient pi(¢) is
constant and O(1). Equation (3.12) implies that there is a scalar function ¥ = xf(n,1)

which satisfies

ur = —fn, (3.15)

v=—f, (3.16)

(see Spivak (Spivak 1965)). Thus, by rescaling equation (3.9) with the constant p; and
replacing u; and v with the expressions above we obtain (dropping the primes of all the

rescaled quantities)
U —_1__“,” _|_(f_|_ a')_: ] _|______1 U (:tl t —0 (3 1‘7)
Or 0 ” R 2“01]7]) 0 H ) . .

A brief description of the main results regarding f is given in Section 3.2.1 below. In
Section 3.2.2 we discuss the properties of the flow ug valid in the small Reynolds number
regime and in Section 3.3 we discuss the bifurcations of (3.17) which occur at higher values

of R,
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3.2.1 Stagnation Point Flow

By differentiating equation (3.10) with respect to 17 and replacing #; and v with expressions

(3.15) and (3.16) we obtain the one-dimensional partial differential equation

1 1 1
Jane = g(zfnn + 1 fonn) Rlefmmn + Z(ffnnn — fnfan), (3.18)

which is subject to boundary conditions

fa(ELE) =0, (3.19)

F(£1,0) = Fa. (3.20)

This equation has been studied in detail by Hall and Papageorgiou (1999). For any
fixed value of the oscillation amplitude A, the flow is synchronous with the wall oscillation
a(t) and symmetric about 11 = 0 for small values of the Reynolds number. If R increases
there is a symmetry breaking bifurcation, and if R is increased further the flow becomes
chaotic, The chaotic state is the result of a period doubling cascade or a quasi-periodic
flow, depending on the value of A. Also, it is important to mention that the flow driven by
decelerating walls studied in Chapter 2 appears as a core flow driven by the steady forcing
generated by the wall layers in the small oscillation amplitude — large Reynolds number

limit of the flow f. For details about these results, see (Hall and Papageorgiou 1999).
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3.2.2 Solution for Small Reynolds Number

When R is small, we can solve equations (3.9)-(3.14) by using a regular asymptotic expan-

sion of the unknowns in powers of R. Let

u1 = w0 +Ruri + O(R?)
v =vy+Rv1 + O(Rz)

up = upo +Rupy + O(Rz).

We can eliminate the pressure term from equation (3.10) by differentiating it with respect
to 1. Then by equation (3.12), we find that the leading order terms in the expansion for u;

and v that satisfy the boundary conditions (3.14) are

a
v =75(3n-n’), (3.21)

34, ,
ulO'—EE(n —1). (3.22)

These are seen to be a squeeze flow and a Poiseuille flow. To find the leading order term in
the expansion for ug we assume that the prescribed pressure gradient p; is constant. As a
consequence of the homogeneous boundary conditions the first term in the expansion, ugg,

is zero. The first non-null term in the expansion is ug;:
Plaz 2

If we keep calculating the higher order terms in the expansion for uy we find that all of

them are even polynomials in the variable 1.
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‘below’ the solid line the flow is time periodic and in the region ‘above’ the solid line the
flow is growing exponentially in time. Likewise, above the dotted line up is asymmetric and
below it, ug is an even function of 1. Points in the doted line are labeled R, the meaning
of the other symbols in FFigure 3.2 and a detailed characterization of the different states of
the flow are given in Section 3.3.

In order to quantify a symmetry breaking bifurcation we consider the function nu%,

which is an odd function of 1) provided that g is symmetric around n = 0. The integral

| o7 L nuddnat]
o+ (1 12dndt

Iy

I(R,A) =

(3.25)

indicates any change in the symmetry properties of ug; for example, I is zero as long as g
remains even. It is understood that 7y is large enough so that any transients in the solution
disappear and a periodic state is attained, for example we took #y = 7007, At time t =0
we set ug = 0 and march forward in time until a periodic state is reached. Note that we
have normalized the value of the integral in order to control its size. For small values of R
and for any value of A the value of I(R,A) is zero, as expected. The solution is bounded
and time-periodic of period 7. As R increases the amplitude of the oscillations is also
found to increase. This behavior remains unaltered for a range of values of R until a critical
value R; is reached, above which the solution is no longer symmetric. This can be seen in
Figure 3.3, where we show I(R,A = 0.35). At R, ~ 20 there is a pitchfork bifurcation to
a solution with I # 0. Solutions in the other stable branch can be computed by reflection
about 11 = 0 combined with standard continuation techniques in the Reynolds number, As
can be seen in Figure 3.2, 4y losses symmetry at values of R which are much smaller than
the corresponding values for f.

In the region 0.473 < A < 0.556 three bifurcations occur, For any fixed A within
this region the flow changes it stability properties when R crosses the solid line shown in

Figure 3.2. For example, when A = 0.5, if R < 12 (labeled as R.), the flow is stable, if
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wall. The functions a and b are given by a = aga’ and b = agb’ where

d =1+ A;sin(ot), (3.28)

b =1+ Aysin(@rt +qo). (3.29)

The non-dimensional constants 0 < Aj,A; < 1 are the oscillation amplitudes and ¢gq is a
phase shift. As in the previous example, it is convenient to change to a frame of reference
where the channel walls are fixed. Accordingly we non-dimensionalize the Navier-Stokes

equations (1.1)-(1.3) in the following way

X u V
62—/7 nz—_y—/) t/=wt, ulz——) V/:'_—_7 p/:_gi'
aob aoa Wag way pajmw

Then the non-dimensional equations are (dropping all the primes)

b a 1 1 1 1/1 1
Uy =& pug — Nt + pusg +=vitn = —2pe + 5  yuge +—zunn |, (3.30)
b a 1 1 1 1/1 1
Vi —551’& —NovntpWetovn = ——pnt+ 5 (ﬁ"éé + h—zvnn) ; (3.31)
1 1
Eué + ZVT’ = 0, (332)

where again R = pwa3 /L. The non-slip boundary conditions in this case are

w(,£1,t) =bE, v(E,£1,t) = =+q, (3.33)

with a, b given by (3.28)-(3.29), primes removed.

We can modify the ansatz (3.6)-(3.8) to take into account the horizontal oscillations
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by making the following modifications:

u=EbU, (3.34)
y=—V, (3.35)
p=E**P+ Ry, (3.36)

where the unknowns U, V, P and P, are independent of £. Note that we have not included
the terms that correspond to uy and p; in the previous problem, because we are not in-
terested in considering the effects of a driving horizontal pressure gradient, at least at this
stage. This effect can be included in a straightforward way by including ug and p; in the
ansatz. The minus sign in front of (3.35) was included for convenience, as it was done with
equation (3.16).

We substitute these equations into (3.30)-(3.32), and replace U = Vy/a in the mo-

mentum equation (3.30) to find that V satisfies

a 1 1
Vane = —(2Van +1Vann) + =5 Varnn + = (VVamn — Vo V), (3.37)

subject to boundary conditions

V(£1,6) = Fa (3.38)
Vi (£1,0) = %b- (3.39)

where a =14 Ay sin(t), b = 1+ Azsin(f + qp). Is now clear from equation (3.39) that as
the amplitude of the horizontal oscillations go to zero we recover the flow (3.18)-(3.20).
In the following Section we briefly discuss some of the characteristics of the self-
similar flow defined by V, with special emphasis on the states that occur at moderate os-
cillation amplitudes (A; = Az < 0.4) and moderately large values of the Reynolds number

(R < 150). This flow is part of a model for oxygen transport and diffusion, which we study



43

in Chapter 4 and the regime that we just described is important for that application of this
flow. As described in (Hall and Papageorgiou 1999), flows governed by equation (3.37)
support very complex dynamics and have rich sets of bifurcations and bifurcated states
(see Section 3.2.1). It is outside the scope of the present study to provide a comprehen-
sive classification of such states; we will only show particular examples of cases in the
four-dimensional parameter space A; — Ay — go — R and we will describe a very interest-
ing effect of the phase parameter go which can completely “laminarize” flows which are

otherwise chaotic, for example.

3.5 The Effects of Wall Stretching

We find numerically that for small values of the Reynolds number and any value of the
oscillation amplitudes the flow is synchronous with the wall motion. This behavior is
characteristic for these types of flows, and an example is the flow (3.18)-(3.20) which is
recovered in the Ay = 0 limit,

First we consider the case A; = Ay = 0.4, go = 0 and we track the changes that
occur to the flow as R grows. As described in Section 3.3, a quantity like the integral
defined in equation (3.25) can be used to characterize a symmetry breaking bifurcation
which in the present case occurs at the value R ~ 39. In order to analyze the dynamics of
the flow at larger values of R, we construct a time signal by Vp(t) = V(—1/2,¢). When
the flow is synchronous with the wall motion this signal is a 27-periodic function of time,
all its maxima are equal and separated by a period of 27. If we denote the maxima of
the signal by {M;} and the times when a maximum M; is attained by ¢, it follows that in
this case these points satisfy M;;; =M; and t;1; —t; =27, i =1,2,.... We can use these
values to construct a Poincaré return map by plotting the points (M;,M;y1), i = 1,2,....
Clearly, the return map of a 27 periodic signal consists of a single point. When a period
doubling bifurcation occurs, the maxima of the signal lie in two straight lines with its points

satisfying M;.p = M;, tiyo —t; =4m,i = 1,2,... and the return map consists of two points
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ticipate that the unsteadiness of flows driven by oscillatory walls will affect the stability of
any self-similar solution at smaller values of the Reynolds number. As observed in Section
2.4, in the case of flows driven by accelerating walls, unsteady brénches become linearly
unstable at some finite albeit large value of R. In this Section we concentrate in finding
approximate ranges of values of R(A) for which the self-similar solution is recovered as
a Navier-stokes flow, when we impose self-similar profiles as Dirichlet conditions at the
edge of the domain (what we called type (II) conditions in Section 2.3).

The oscillating channel of this Section has finite length b(t) = bob’ and half width
a(t) = apa’ where d’ and b’ are time-periodic functions. We use a viscous scaling and

non-dimensionalize the dependent and independent variables as follows

2
X Y / / u ’ v / agp
= —— = T =Wt U = —— V = — =
s bob’’ n aopd’’ ’ by’ wap’ b%co,u’

which results in the following dimensionless equations (primes dropped)

b a 1 1 1 1 (8% 1
ut—ézug —N— i+ g + —vin = —-pe + o | Trvee + i | (3.40)
b a 1 1 1 1 (82 1
Vr —égvé - n;vn + Euvé + avvn = —6—2'R'—apn + E (ﬁvgg + '&3%117) ’ (3.41)
1 1

where R = pwa3 /i, as in Section 3.4. We will be mostly computing flows in slender
channels, satisfying 6 = ag/by < 1. We need a set of four boundary conditions to complete
the system. For compatibility with stagnation point similarity flows we impose symmetry

at& =0

u(0,m,t) =0, (3.43)

ve(0,m,1) =0. (3.44)
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The no-slip boundary conditions at the top and bottom walls are
u(&,+1,0) =0, v(&,£1,t) ==a. (3.45)
At the channel entrance at & = 1 we impose the Dirichlet condition

b
u(lan)t): EVn(n»f), (34‘6)

V(lvn)t)z"v(n7t)) (347)

where V satisfies equation (3.37) subject to (3.39). Conditions (3.46)-(3.47) correspond
to what we called type (II) conditions in Section 2.3. The numerical method described in
that Section can be modified to solve equations (3.41)-(3.47). The problem for V is solved
numerically with the solver described in (Hall and Papageorgiou 1999) and the flow V
is coupled to the modified Navier-Stokes solver of Section 2.3 through equations (3.46)-
(3.47).

Considering that all the stagnation point self-similar flows of this Chapter are gov-
erned by the same basic equation (3.18), and that cases corresponding to different forcings
at the walls can be obtained via elementary transformations, we consider only the case of

vertically oscillating channels:

=1+ Acos(2t), (3.48)

b=1, (3.49)

and we adjust the boundary conditions for the Navier-Stokes flow accordingly. Also, it is
important to note that we have abundant knowledge about the self-similar solution driven
by oscillations (3.48)-(3.49) thanks to the detailed study of Hall and Papageorgiou (1999).
For all the computations performed in this Section we set the aspect ratio of the channel to

be 6 = 0.01.















CHAPTER 4

SOLUTE TRANSPORT IN PULSATING CHANNELS

In this Chapter we study a two dimensional model for oxygen transport in an idealized
channel, which was proposed by S. Waters (2001), Waters (2003) in an attempt to inves-
tigate how blood flow modifies oxygen delivery to the walls of laser induced revascular-
ization vessels. These tubes are drilled in the heart muscle as part of a surgical procedure
intended as a means for increasing the delivery of oxygenated blood to certain parts of the
heart. As described in Waters (2001), the main purpose of that study is to gain a qualita-
tive understanding of the basic physical mechanisms involved in the solute transport and
consumption inside these channels. This is achieved by constructing an asymptotic solu-
tion to a simplified version of the model, which consists of a stagnation point type flow
for an oscillating channel geometry, coupled with an advection diffusion equation for the
solute (o0xygen) in the channel. The medium that surrounds the channel adsorbs the solute,
a process which is modeled through a diffusion equation that incorporates uptake of solute
in order to account for the oxygen consumption by the muscle tissue. The solute concen-
tration at the walls couples with the flow inside the channel through a chemical reaction
boundary condition at the channel-wall interface.

Our main objective is to evaluate quantitatively the solute uptake dynamics as a
function of the time periodic or aperiodic flows that derive from the self-similar Navier-
Stokes solutions studied in previous chapters. As a consequence of this quantitative study,
we will be able to determine a range of values of the parameters of the problem for which
the asymptotic solutions of Waters (2001) provides a good approximation for the computed
solutions.

In Section 4.1 we present the governing equations and the boundary conditions for
this problem. In Section 4.2 we review the asymptotic solution valid in the double limit of

small amplitude oscillations and large Péclet number derived in Waters (2001). In sections
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4.3 and 4.4, we present our numerical results and finally in Section 4.5 we discuss several

extensions and modifications of the model.

4.1 Governing Equations

We model the blood as being a homogeneous, incompressible Newtonian fluid, the»oxygen
in the blood as a passive solute and the muscle tissue as an homogeneous medium that ab-
sorbs oxygen at a constant rate, Since the tissue is mainly composed of water, the diffusion
coefficient in the channel and in the walls are taken to be equal and the transfer of oxygen
from the fluid to the walls is assumed to be controlled only by a permeability parameter.
At the open end of the channel we assume that there is fluid with conétant solute concen-
tration Cy. The blood fills an oscillating channel of finite length b(¢) = bob’ and half width

a(t) = apa’ where @’ and b’ are given by formulas (3.28)-(3.29), i.e.

a =1+A;sinwt,

b =1+ Aysin(wt+qo).

We use the characteristic length and width of the channel by, ag to measure horizontal
and vertical distances. Accordingly we non-dimensionalize the dependent and independent

variables as follows

X Yy / / u / v ’ p
=" n=—, f=wt, =—0yV, V=— =,
5 bod"’ n apd’’ ’ wby’ wap’ P pbiw?

The non-dimensional equations of motion for the fluid inside of the channel take the form

(primes dropped)

b a 1 1 1 1(6? 1
Up = G ue =T~y + pulte + -y = —7pe+ 5 | pruge T ozt |

b a 1 1 1 1 /62 1
V;—éEV(E—HZVn+ZUV€+ZVVn=—6—26'lpn+ﬁ —];—2-v‘§5+?vnn .
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We make the assumption that the channel is slender, satisfying 6 = ap/bo < 1. Under this
condition we assume that the velocity field inside of the channel is well approximated by
the self-similar solution (3.34)-(3.36), and given that we do not calculate the velocity field
outside the channel, we assume that the velocity field is given by equations (3.34)-(3.36)
everywhere in the channel, including the entrance at & = 1. This hypothesis was examined
in Section 3.6 for the case of vertically oscillating flows, and it was shown to be adequate
for small oscillation amplitudes and moderate values of the Reynolds number.

Let C = CyC" be the concentration of solute in the fluid inside the channel and
8 = Cy8’ the concentration of solute in the surrounding tissue. C satisfies the advection

diffusion equation

C,H+u-VC=DV?*C, 0<x<b, —-a<y<a,

where u is the velocity field of the fluid inside the channel and D is the diffusion coefficient

of the fluid. 9 satisfies the reaction diffusion equation

6, =DV?6—-08, 0<x<b, a<ly <.

The term Q6 represents the consumption of solute in the tissue.

The non-dimensional concentration equations are (dropping all primes)

u b v a 62
and
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where A = Qa2 /D is the ratio of consumption timescale to diffusion timescale in the sur-
rounding medium and Pe = waZ/D is the Péclet number. In terms of the Reynolds num-

ber, Pe = Ro where 0 = v/D is the Schmidt number, and v is the kinematic viscosity of
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and we assume that far away from the fluid-wall interface the wall concentration decays to

Zero,

6=0 atn=doo. “4.4)

At the fluid-solid interface oxygen is absorbed from the fluid into the permeable walls. This
effect can be thought of as an irreversible chemical reaction and can be described with the
equation:

DVC-A=—B(C-8), 4.5)

which indicates that the rate at which this transference occurs is proportional to the differ-
ence of concentrations between the two media. The parameter 8 measures the permeability
of the wall. If we require also the solute flux to be continuous at the interface, after non-
dimensionalization , the interfacial boundary condition takes the form

()

Cy=6y=—22(C-8) atn=1, ' (@.6)

«

Co=6y=22(C-0) an=-1 @.7)

)

The non-dimensional parameter k = D/Bag is the ratio of the timescales of uptake to dif-
fusion as we will see below, and is of order one in applications. If we denote the tissue
concentration at the upper interface 6 (€, 1,¢) by 6;, according to Purnama (1995) and Bod-
dington and Clifford (1983), the concentration of solute at the interface between a liquid
and a solid which reacts with the solute present in the liquid is given by the two equations

below:

DVC-A = —B%Gi, (4.8)

where 6; satisfies

268, = C(&,1,0) - 0(¢, 1) “9)
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The first term on the right hand side of (4.9) represents the solute adsorbed from the fluid
and the second term represents the solute leaving the tissue; the coefficients in front of the
two terms are equal since in this model the channel walls represent heart muscle which
is mainly composed by water, as is the fluid in the channel. For more details about these
boundary conditions for flows in reacting media see Purnama (1995) and Boddington and
Clifford (1983).

We will see in Section 4.2 that in the asymptotic limit of small & the longitudinal
diffusion is neglected. This results in effectively ignoring solute diffusion at the wall ends,
and as a consequence a boundary condition for 8(1,7,¢) is not necessary. On the other
hand we need a boundary condition for 6(1,n,¢) in order to do numerical computations.
We impose a homogeneous Neumann condition which implies that there is no change of
properties of 6 at the wall ends. We find numerically that this boundary condition gives
results that are in good agreement with the asymptotic solution derived in Section 4.2.
As an alternative we have also used a homogeneous Dirichlet condition, for matching the
outer wall concentration. Such a boundary condition introduces a layer near the wall ends
at & = 1 which can be resolved by taking enough discretization points, even though the
effect is artificial.

In order to set the boundary condition for the channel concentration C at the channel
entrance & = 1, we need to consider the relative size of the advective terms with respect
to the diffusive terms in the equation for the solute flux at the channel entrance. When
the advective terms are dominant, to leading order the equation for C is hyperbolic, and
can in principle be solved by the method of characteristics. As the walls of the channel
move laterally apart, fluid is sucked into the channel, and assuming that mixing outside
the channel occurs rapidly enough, we also assume that fluid with solute at concentration
Co will enter the channel. As the walls contract fluid is expelled and the solute leaving the

channel will depend on the concentration of the solute upstream. In other words we assume



59

that the solute flux at the channel end

/ (_MC+DCX|x=b(t)) dy, 4.10)

—a

will depend only on the advective term. Therefore the dimensionless time-dependent

boundary condition for C takes the form

C(1,n,1)=1fort € [—g,g] +27n, @.11)

T 3%

Ce(1,m,t) =0fort € [5,—2-]—{—27511, 4.12)
where n € N and the time origin is chosen so that the horizontal velocity term in the channel
entrance is u(1,7,%) < 0 in (4.11) and u(1,7n,%) > 0 in (4.12). This boundary condition
is of Danckwerts type and is appropriate for slowly varying flows; see Hydon and Pedley
(1993), Smith (1988) and Danckwerts (1953).

As an alternative to (4.11)-(4.12) the Dirichlet boundary condition
C(1,m,t)=1fort >0, (4.13)

was used by Waters (2001), since the resulting problem is more tractable from an analyt-
ical point of view. This boundary condition implies that the time-average of the solute
flux (4.10) depends only on the diffusive term, as follows from taking C(1,7,¢) =1 and
replacing u by the horizontal similarity flow bEU of Section 3.4. It follows from equations
(3.34)-(3.39) that the first term in (4.10) will depend only on the values of the vertical sim-
ilarity flow V at the boundaries and the periodic function a(z), thus the time average of this
quantity is zero.

Numerical simulations of this problem are performed in Section 4.3 and both bound-
ary conditions are implemented and compared. Also a comparison of the numerical and

asymptotic results of Section 4.2 is presented in sections 4.3 and 4.4,
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4.2 Solution Valid in the Small Amplitude Oscillations—-Large Péclet Number Limit

An asymptotic solution valid in the double limit of small amplitude oscillations-large Pé-
clet number was derived by Waters (2001). In this Section we re-derive this approximate
solution because a good understanding of it is important when boundary conditions are
chosen for the truncated domain used in numerical computations, and also because we are
interested in comparing this asymptotic solution with our numerical solution,

When the amplitude of the oscillations of the channel is small, Aj = Ay = € < 1,

we expand the velocity field U, V in powers of € as follows:
v(n,t) = e[VI(n)e" +c.c) + (VM) +c.c) + (VM +-co)l +... (4.14)

and similarly for U. The term c.c stands for complex conjugate. Because of the small
amplitude we expect that the leading order velocity field will have the same frequency as
the channel oscillations. The second order terms are decomposed as shown to balance the
terms that appear as result of the nonlinear terms in equation (3.37). This includes the
steady streaming term 14508

The term V1 is computed straightforwardly from equations (3.37)-(3.39):

v 1 {sinh(kn) _ cosh(k) ~ sinh(k) TI} 7 (4.15)

AN 2 1~ 73

with k = v/Re™/* and E = cosh(k) — sinh(k) /k. The next two terms were calculated with

the help of Maple:

VB0l _ g {isinh(kn) 1 [122 sinh(kn +kn)  k*sinh(kn —kn)

Ek  2EE| k(k+k)* k(k —k)*
sinh(k) ncosh(kn) _sinh(kn)\ ksinh(kn +&n)
- ( i -l-cosh(k)) ( w3 -5 i ) - Gl
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and

vl E%f (k(l — x)sinh(k+kn) + (1 — k*n) cosh(k +kn)

+k(1+n)sinh(kn — k) — (14 k*n) cosh(kn — k)
2
+ 2K2E cosh(kn)n + 4kE (1 + i%) sinh(kn)). 4.17)

Bars denote complex conjugates. We look for solutions of the concentration equations

(4.1)-(4.2) in the form:

C(n,&,1) =€, &) +e[C(n,&)e” +c.c] + O(e?), (4.18)

0(n,&,1) =0, &) +e[0M(n,&)e" +c.c] + O(e?). (4.19)

If we ignore the O(82) terms and expand equations (4.1)-(4.2) in powers of € we find that
at leading order
il 1)y 9%

ci =i(——;-n +vith= +iéj(—%+v,, 5E

g 4.20)

To obtain the governing equation for % we substitute the expression for CI!!l above and

computing the time—average of the equation for O(€2) terms over a period

0% 0¢ 10°¢

g%x‘f“/ym = EW;

4.21)

where % = V2% — iVl (—n/2+ V) 4 cc. and ¥ = VO 4 i(1/2 ') (—n /2 +

V[”]) + c.c.. The asterisk denotes complex conjugate. The steady streaming Péclet number
p = €%Pe is defined based on the form of the expansion for the velocity field and allows
us to obtain the meaningful balance shown in equation (4.21); the transverse diffusive term
would dominate otherwise.

In a similar way the governing equation for ® can be derived from the equation for
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O(€?) terms in the expansion of 8, by replacing the identity for 8!!1/ which results from
the O(€) equation and by taking a time-average over a period:

PRI

W —A0=0. (4.22)

The solution for 1 > 1 is given
® = A(§)exp(—A'/*n), (4.23)

The unknown A depends on % and is found from the interfacial boundary condition. For
1 < —1 the solution has the sign inside the exponential reversed.

Equation (4.21) can further simplified by assuming that € < p < 1. If p is small,
the transverse diffusive term in equation (4.21) is dominant and it tends to equilibrate the
concentration of solute across the channel, allowing us to seek an approximation in powers
of p as shown below. The assumption € < p < 1 is compatible with the previous expan-
sions, and it only restricts the value of the Péclet number to the range el Pexe?

We expand % as follows

o~

¢ =%F(&)+peM(En), (4.24)

where by definition f means fol fdn, i.e. we are decomposing ¥ in its n-average plus
small fluctuations (by definition €() contains all powers of p). Note that we only consider
positive values of 1 in this expansion since for small oscillation amplitudes and small
Reynolds numbers the flow is symmetric about = 0. By expanding all terms in equation

(4.21) in powers of p we get

¢ W\ _ 9e)  g2g)
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which at leading order is
2 n
1) = %—?/0 F(s)ds whereﬁ=/0 U (s)ds. (4.26)

By integrating equation (4.25) with respect to 11 between 0 and 1 we get

A
an

pEue) +pye) = lg=1. 4.27)
With the help of Maple one can show that the 7n-average of % is zero, which implies
that the first term in (4.25) is gone after the averaging. If we expand all the terms in the
interfacial boundary condition (4.6)-(4.7) in powers of j, it follows from equation (4.23)

that at leading order

o) A AL/
an |n=1 = —--p:cg where A = m, (428)
is assumed to be O(p). Thus the governing equation for ¢ is
&€ _.d¢ 5 A1
2
— +26— —Y¥ =0, where Y = - ———. 4.29)

If y < 1, the leading order solution for equation (4.29) which satisfies the boundary
condition (4.13) is ¢ = 1, which means that in the asymptotically small solute uptake
regime the solution for an impermeable channel is recovered. As is readily seen from the

definition of y
1 A2 1
PP 1+ %12 L g2an’

Y

the limit ¥ < 1 corresponds to either A < 1, ¥ = O(1); or ¥ > 1, A = O(1), which are
respectively, small solute consumption in the channel walls, and small wall permeability. In
Figure 4.2 we show the &-average of the numerical solution of the concentration equations

(4.1)-(4.2) subject to the boundary conditions described in Section 4.1, for several values
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otherwise dominant diffusive term. This implies that ¥ must satisfy p < y~1/2 « 1 as seen
from the definition of the stretched variable z.

In the present regime, the advective term in the solute flux at the channel entrance
dominates the diffusive term since the ratio of the characteristic steady advection to lon-
gitudinal diffusion in this region is O(/82). Thus, the boundary condition of choice for
the channel entrance should be (4.11)-(4.12). Comparisons between the results obtained
by using the ‘advective’ boundary condition and the ‘diffusive’ one (equation (4.13)) are

shown in the next Section.

4,3 Numerical Solution and Results

We discretize equations (4.1)-(4.2) with a Peaceman-Rachford ADI scheme. Spatial dis-
cretizations are done in a uniform grid and all spatial derivatives are approximated with
centered differences with the exception of the advective terms which are approximated
with upwind first order finite differences. In order to compare the numerical results with
the asymptotic solution derived in Section 4.2 we use the boundary condition (4.13) at the
channel entrance, but we also present computations were the boundary condition (4.11)-
(4.12) was employed. We indicate which boundary condition was used in each case. It
is expected from the asymptotic solution (4.31) that the concentration in the surrounding
media will decay very fast away from the fluid-tissue interface at 7 = £1. Accordingly we
truncate the domain for calculations in the vertical direction from n = —3 to n = +3 and
we impose a homogeneous Dirichlet condition at these boundaries. We find that these con-
ditions produce results that are consistent with the asymptotic computations of the previous
Section. A detailed description of the numerical scheme is given in Appendix B.

As explained in Section 4.1, the typical values for the non-dimensional parameters
in this problem are ¢ = 1000, Pe = 1000, k¥ ~ 0.5 and A ~ 0.2. In all the numerical
calculations we set 8 = 0.01, which is appropriate given that a value 6 = 0.05 results from

the typical radius and length of a revascularization channel. The amplitude is fixed at the
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without assuming a special form for the velocity field and the pressure.

The asymptotic solution of Section 4.2 gives us a basic understanding of how the
concentration of solute depends on the governing parameters of the model. Equipped with
this knowledge we can now pursue studying more sophisticated models numerically. An
obvious extension would be coupling the solution to the equations of motion of Section
3.6 (in the case of non-zero lateral oscillation amplitude) with the concentration equation
(4.1) directly without assuming that the flow is of self similar form. As seen in Section 3.6,
for relatively large values of the oscillation amplitude, the difference between the Navier-
Stokes flow and self-similar solution can be significant even at order one values of the
Reynolds number. Also in cases of smaller oscillation amplitudes, the discrepancy between
the imposed self-similar solution at the channel entrance and the flow at the interior of the
channel might produce changes in the solute concentration near the channel entrance that
have to be investigated.

For simplicity, we assumed in equation (4.2) that the solute consumption term was
linear. This assumption is reasonable when the wall concentration is small. It would be
more realistic to take into account the effect of cell saturation by modifying the solute

consumption term to
62
02+a’

-0 (4.33)

where o is a constant. When 8 is large this term is nearly constant equal to —(Q, and
corresponds to consumption in a saturated state (see Murray (2003a), page 7 and Murray
(2003D), page 263).

A related problem of self-similar oscillatory flow in a cylindrical tube was studied
by Blyth, Hall and Papageorgiou (Blyth et al. 2003). In that paper, it was found that with
the exception of the behavior at small Reynolds numbers the dynamics of the axisymmetric
flow differs considerably from the dynamics of the two-dimensional case. As in the chan-
nel flow, the dynamics depend on R and A, and for any value of the oscillation amplitude a

Hopf bifurcation takes place as R increases. They also found that, in a sharp contrast with
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the channel case, for values A < 0.2 and values A > 0.45 chaotic behavior is not observed.
These differences for self-similar flows between channel geometries and axisymmetric ge-
ometries, together with the asymptotic study of O’dea and Waters (2006) of solute transport
and uptake in twisting tubes, motivate future extensions of the work of Sections 3.6 and 4.3

to the axisymmetric case.



APPENDIX A

NAVIER-STOKES SOLVER

The time discretization uses a forward Euler scheme treating the pressure terms implic-
itly while the viscous and convective terms are explicit (see (A.4)-(A.5) below). Stability
is maintained by adapting the time-step so that a CFL condition is satisfied (see Griebel
et al. (1998), Tome and McKee (1994)). The incompressibility equation is used to derive a

Poisson equation for the pressure at time ¢, which has the form

R
Ap™tl = y” {F"+G)"}, (A.D)
where
1 n
Fﬂ = un +At {E(uxx +uyy)n - (uz)xn - (MV)y } s (A.2)
1 n
G"=Vv"+ At {E(vxx + Vyy)* — )y — (uv)x"} . (A.3)

Once p"*! has been computed the velocity field is updated according to the equations

below

uHl— % (px"“) ’ (A4)
vn-l—l =G"— % (pyn+1) ) (A.S)

Spatial derivatives are discretized on a uniform staggered grid in the following way:
the pressure is evaluated in the middle of the discretization cells, u at the midpoints of the
vertical edges of the cells (the x-momentum equation (A.4) is discretized at the same points)
and v is evaluated at the midpoints of the horizontal cell edges (the y-momentum equation

(A.5) is also discretized at these points), see Figure A.1.
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of motion as can be seen from the equations above, we conclude that the discretization of
equation (A.1) using homogeneous Neumann boundary conditions, produces a singular
linear system with a matrix that has a block TST (Toeplitz, symmetric and tridiagonal)
structure. As explained by Griebel et al. (1998) this singular system can be replaced by an
approximate non-singular system which results from replacing the homogeneous Neumann

conditions with the approximate Dirichlet conditions

pg}l‘l:p'il‘], p;;jllzp:;[*lj .]=177jM> (A6)
1 . ,
p?0+ = p?l? p;‘_l,?:,ll = p’isz_l i=1,...,im. (A7)

This numerical scheme can be validated by comparing the numerical solution with the

Beltrami flow:

u = —cos(x) sin(y) exp(—2¢/R), (A.8)
v = sin(x) cos(y) exp(—2¢/R), (A.9)
p=R (Sin(x)z‘;sin(y)2 ___1> eXp(—4t/R), (A.10)

which is an exact solution of the Navier-Stokes equations in a [0 7] x [0 7] square (see Sec-
tion 4.6 of the Book by Drazin and Riley (2006) for a description of Beltrami flows). The
pressure term satisfies homogeneous Neumann conditions at the boundary of the square
[0 7] x [0 =], and our extensive numerical experiments show that the errors introduced
by the change from Neumann to Dirichlet conditions are small enough that do not com-
promise the second order spatial accuracy of the scheme. In Figure A.2 below, we plotted
the error defined as the Frobenius norm of the difference between the exact velocity field
shown in equations (A.8)-(A.10) and the numerical solution computed by imposing initial
and boundary conditions according to the same Beltrami flow. Since the pressure (A.10)

is unique up to a constant, it is not possible to compare the exact and numerical pressures
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padding z with zeros:

0z=F"42), 2=10,z1,---,2js,0,---,0].

This Poisson solver was also validated independently, by comparing the numerical solution

with eigenfunctions of the Laplace operator in a rectangle.



APPENDIX B

NUMERICAL SCHEME FOR SOLVING THE SOLUTE TRANSPORT
PROBLEM

We now describe the numerical method used for solving concentration equations (4.1)-
(4.2). We discretize the time variable in the following way: #, = nAt, where At =27 /M.

We discretize the interval 0 < & < 1 by defining a regular grid of the form

. R . 1
§j=8, j=0,..N+1, with Af = .

We discretize the interval —3 < 11 < 3 by defining a regular grid which consists of three

sections:;

1. ni=-34+iAn, i=0,...,N+1, where An = NLH The values of the tissue con-
centration, 6(&;, M;,t,), in the region 0 < & < 1, —3 < 1 < —1, are stored in the first

N +2rows of a matrix {Sp;}, 1 <p<N+2,1<g<N+2,

2. i =-1+4+iAn, i=0,...,N+1, where An = ﬁi The values of the channel
concentration C(&;,M;,t,), in the region 0 < & <1, —1 < n < 1, are stored in the

rows N +3,...,2N +4 of the matrix {Spq}, N+3<p<2N+4,1<g<N+2.

3. ni=14iAn, i=0,...,N+1, where An = NLH The values of the tissue concen-
tration, 8(§;,Mi,t,), in the region 0 < & <1, 1 < n < 3, are stored in the rows of

2N +5,...,3N +6 the matrix {Spg}, 2N +5< p<3N+6,1<g<N+2.

We will see below that the advantage of using this grid is that the boundary condition (4.6)-
(4.7) will not alter the tri-diagonal structure of the matrix resulting from the discretization
of the concentration equations. We use the notation D’é l’; to mean the central difference

approximation of the k-th order &-derivative of f atp =1n;, & = §; and t =1¢,. The same
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symbol, with a bar over it will mean a forward difference approximation and the symbol
with a bar under it will mean a backward difference approximation.

We first explain the discretization of the problem for the tissue concentration, and
then we explain the differences for the discretization of the channel concentration. The

tissue concentration equation (4.2) is

b a 1 (8% 1
By denoting the coefficient in front of 6 by g7}, and defining the quantities ot =max{w,0}
and ¢~ = min{¢,0} for any real number @, we can write the first order upwind finite dif-

ference approximation of the advective term é%@g as
(85;) "D 8] + (87) ™ De 6.

We discretize the tissue concentration equation (B.1) with a two-step ADI scheme as fol-
lows: during the first step of the calculation for each i we take the i-th row of the matrix of
unknowns S and we solve for the vector of unknowns Sp = (Sp2,...,Spn+1) at ime 4,41 /5.

The discrete form of equation (B.1) is

—9.’&1/2 —9 +1/2 & ppant12 1o +1/2

tJ tj _ n n n n

At/2 —Zguel‘] +Pe b2+1/2D§6ij +P—e a%DnelJ——Zﬁ,GlJ 5 (B.Z)
n

where .%), is the first order upwind finite difference approximation of the advective terms
in (B.1). For each i, equation (B.2) holds for j =1,...,N. Together with the homogeneous
Neumann boundary conditions at & = 0 and & = 1 this results in N equations for the un-
known vector SZH/ 2= (Sp2,---»Spn-+1) at time ¢,/ given information at time #,. The

system can be written in matrix form as follows

ASyT? = A8t 4 BS0, (B.3)
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where the operator .25 comes from the terms defined at time ¢, in equation (B.2) which do
not come from .#; 6{;. The matrix A is time dependent, tri-diagonal and diagonally dom-
inant. We solve the system (B.3) by an LU factorization with recursive back substitution.
When N 43 < p < 2N +4, the changes that come from the channel concentration equation
(4.1), which is

52

b 1 , 1 1

are that the coefficients in front of the advective terms are different from those in (B.1) and
there is no A term. Thus, the matrix B which results from the discretization of (B.1) has the
same properties of A.

The second step of the ADI scheme consists of the following: for each g, 2 <
qg < N +1, we take the gth-column of § and solve for the vector of unknowns S, =

(S2g;-+-,83n45 ¢) at time £, 1. The discrete form of (B.1) is now

Jj ij 2 antl/2 2 antl
= D< 0" + D76, B.5
N2 R, o TReay B2

All the non-diffusive terms have not been included in this step since they were included in

equation (B.2). The discrete form of the interfacial boundary conditions (4.6)-(4.7) is

n+1 n+1
0

N+2 j PN+lj  Gntl ~ndl  antl
AT = (Chs j— Ovia ) (B.6)
atn =—1, and
9n+1 —gnrtl
N+4 j N+3j _ Gntl mtl  pntl
An R (Cis T ON+2 j)’ B.7)

at n = 1. Equation (B.5) holds for2 < g<N+1,2<p<N+land2N+6<p<
3N +35. In the second step of this numerical scheme the discrete form of (B.4) has the
same form of (B.5), thus equations (B.6)-(B.7) together with (B.5) and the homogeneous

Dirichlet conditions at 7 = #£3, resultin 3N 4 4 equations for the unknown vector SZH/ 2=
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(S245-++,53N+5 ¢) at time £, given information at time #,,.1/,. The matrix A resulting
from writing the system in matrix form is also time dependent, tri-diagonal and diagonally
dominant.

Due to the difficulty of finding a test solution for the problem given by equations
(4.1)-(4.2) and boundary conditions (4.4), (4.3), (4.6), (4.7) and (4.13), we validate the
code in the following way: we separate the domain of the problem in three parts, two cor-
responding to the tissue wall and one corresponding to the channel. In this way we can
compare the numerical solution with an eigenfunction which satisfies one of the decou-
pled concentration equations in one of the three regions, satisfying appropriate boundary
conditions,

If A} = Ap = 0 the concentration equations (4.1)-(4.2) are reduced to

1
G =5 (8°Ceg +Cm), ' (B.8)

1
6 = 5 (8°0z¢ + O — 1.6) . (B.9)

Accordingly we set initial and boundary conditions in the numerical scheme by employing

the eigenfunctions

e =cos(Esntamens (< (5+1)1), (B.10

valid on the region0 <& <1,-1<n <1,

2.2
(G0 =eos(aEexp(VAL-m)exp (<), @D

valid on the region 0 < € < 1,1 <7 < 4 and

2.2
A(E 00 =cosmt) (VAo (~0 ), B2






APPENDIX C

NUMERICAL SCHEME FOR CALCULATING

We discretize the time variable in the following way: #, = nAt, where At = 2n/M. We

discretize the interval —1 < 7 < 1 by defining a regular grid of the form

. . . 1
n,=iAn, i=0,....N+1, WlthAn=]m.

We use the notation DX nJi' to mean the central difference approximation of the k-th order
n-derivative of f at n =n; and t = 1,,.

A suitable numerical scheme for solving the inhomogeneous linear equation
/i 1 L] 1
UOt=—1—7u0+(f+na)7+RT‘2u0nna uO(:Hat):Oa C.1)
is the Crank-Nicholson scheme. Accordingly we discretize the equation as follows:

1 1
Y — (up?™ —ug?) = 3 (Luo?tt + Lugl),

where

1 1
Luy! = —1— (—Dl fn) Z‘ (fin-l-nidn)D}?uo?-l— Ra 2D%uol (C.2)

Equation (C.2) holds fori=1,...,N. The homogeneous Dirichlet conditions for uy provide
the equations uoy = ugy, ¢, thus there are N equations for the unknown vector sl =
(o™, ., ugt1) at time £, given information at time £,. The system can be written in

matrix form as follows

AS"™H =Fs", (C.3)

where A is a tri-diagonal time dependent matrix. We solve the system (C.3) by an LU
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factorization with recursive back substitution. Here we assume that a numerical approxi-
mation of the background flow f has been calculated at the discrete points f,i=1,...,N.
Details of a numerical scheme for calculating f can be found in (Hall and Papageorgiou

1999).



REFERENCES

Ablowitz, M. J. and Fokas, A. S. (2003), Complex Variables, Cambridge University Press.

Aris, R. (1956), ‘On the dispersion of a solute in a fluid flowing through a tube’, Proceed-
ings of the Royal Society of London 235.

Batchelor, G. K. (2002), An Introduction to Fluid Dynamics, Cambridge University Press.

Benzi, R., Biferale, L., Sbragaglia, M., Succi, S. and Toschi, F. (2006), ‘Mesoscopic mod-
elling of heterogeneous boundary conditions for microchannel flows’, Journal of
Fluid Mechanics 548.

Bergé, P., Pomeau, Y. and Vidal, C. (1984), Order Within Chaos, Towards a Deterministic
Approach to Turbulence., Wiley-Interscience.

Birkhoff, G. (1983), ‘Numerical fluid dynamics’, SIAM Review 23.

Blyth, M. G., Hall, P. and Papageorgiou, D. T. (2003), ‘Chaotic flows in pulsating cylindri-
cal tubes: a class of exact navier-stokes solutions’, J. Fluid Mech. 481.

Boddington, T. and Clifford, A. A. (1983), ‘The dispersion of a reactive species (atomic
hydrogen) in a flowing gas’, Proc. R. Soc. Lond. .

Bracewell, R. N. (2000), The Fourier Transform and Its Applications, third edn, McGraw-
Hill.

Brady, J. F. (1984), ‘Flow development in a porous channel and tube’, Physics of Fluids
27.

Brady, J. F. and Acrivos, A. (1981), ‘Steady flow in a channel or tube with an accelerating
surface velocity. an exact solution to the navier-stokes equations with reverse flow’,
Journal of Fluid Mechanics 112.

Brady, J. F. and Acrivos, A. (19824), ‘Closed-cavity laminar flows at moderate reynolds
numbers’, Journal of Fluid Mechanics 1185.

Brady, J. F. and Acrivos, A. (1982b), ‘Closed-cavity laminar flows at moderate reynolds
numbers’, J. Fluid Mech. .

Bundy, R. D. and Weissberg, . L. (1970), ‘Experimental study of fully developed laminar
flow in a porous pipe with wall injection’, Physics of Fluids 13.

Carlsson, M., Cain, P., Holmqvist, C., Stahlberg, F., Lundback, S. and Arheden, H. (2004),
“Total heart volume variation throughout the cardiac cycle in humans’, Am. H. Phys-
iol. Heart Circ. Physiol. 287.

Childress, S. and Dudley, R. (2004), ‘Transition from ciliary to flapping mode in a swim-
ming mollusc: Flapping flight as a bifurcation in reg,’, Journal of Fluid Mechanics
498.

88



89

Choi, C. H. and Kim, C. J. (2006), ‘Large slip of aqueous liquid flow over a nanoengineered
superhydrophobic surface’, Phys. Rev. Lett. 96.

Chorin, A. and Marsden, J. (1992), A Mathematical Introduction to Fluid Mechanics,
Springer-Verlag.

Cottin-Bizonne, C., Jean-Louis Barrat, L. B. and Charlaix, E. (2003), ‘Low-friction flows
of liquid at nanopatterned interfaces’, Nature Materials 2.

Cottin-Bizonne, C., Jurine, S., Baudry, J., Crassous, J., Restagno, F. and Charlaix, E.
(2002), ‘Nanorheology: An investigation of the boundary conditions at hydropho-
bic and hydrophilic interfaces’, European Physical Journal E 9.

Cox, S. M. (1991), “Two-dimensional flow of a viscous fluid in a channel with porous
walls’, Journal of Fluid Mechanics 227.

Crawford, J. D. (1991), ‘Introduction to bifurcation theory’, Reviews of Modern Physics
63.

Danckwerts, P. V. (1953), ‘Continuous flow systems: Distributions of residence times.’,
Chem. Eng. Sci. 1.

Davies, J., Maynes, D., Webb, B. W. and Woolford, B. (2006), ‘Laminar flow in a mi-
crochannel with superhydrophobic walls exhibiting transverse ribs’, Physics of Flu-
ids 18.

Drazin, P. and Riley, N. (2006), The Navier-Stokes Equations, A Classification of Flows
and Exact Solutions, Cambridge University Press.

Durlofsky, L. and Brady, J. F. (1984), ‘The spatial stability of a class of similarity solutions’,
Physics of Fluids 27.

Dyke, M. V. (1965), Perturbation Methods in Fluid Mechanics, Academic Press.
Erdelyi, A. (1956), Asymptotic Expansions, Dover Publications, INC.

Feigenbaum, M. (1981), ‘Some formalism and predictions of the period-doubling onset of
chaos’, North-Holland Mathematics Studies 61.

Feigenbaum, M. J. (1980), ‘The transition to aperiodic behavior in turbulent systems’,
Communications in Mathematical Physics T7.

Ferro, S. and Gnavi, G. (1999), ‘Spatial stability of similarity solutions for viscous flows in
channels with porous walls’, Physics of Fluids 12.

Franklin, J. N. (2000), Matrix Theory, Dover Publications, INC,

Golub, G. H., Huang, L. C., Simon, H. and Tang, W.-P. (1998), ‘A fast poisson solver for
the finite difference solution of the incompressible navier-stokes equations’, SIAM
Journal of Scientific Computing 19.



90

Griebel, M., Dornseifer, T. and Neunhoeffer, T. (1998), Numerical Simulations in Fluid
Dynamics: A Practical Introduction, SIAM.

Hall, P. and Papageorgiou, D. (1999), ‘“The onset of chaos in a class of navier-stokes solu-
tions’, J. Fluid Mech. 393.

Heil, M. and Hazel, A. L. (2003), ‘Mass transfer from a finite strip near an oscillating stag-

nation point - implications for atherogenesis’, Journal of Engineering Mathematics
47.

Heil, M. and Waters, S. L. (2006), “Transverse flows in rapidly oscillating elastic cylindrical
shells’, Journal of Fluid Mechanics 547.

Hendy, S. C. and Lund, N. J. (2007), ‘Effective slip boundary conditions for flows over
nanoscale chemical heterogeneities’, Physical Review E 76.

Hewitt, R. E. and Hazel, A. L. (2007), ‘Midplane-symmetry breaking in the flow between
two counter-rotating disks’, J. Eng. Math 57.

Holmes, M. H. (1995), Introduction to Perturbation Methods, Springer-Verlag.

Horvath, K. A., Smith, W. J., Laurence, R. G., Schoen, F. J., Appleyard, R. F. and Cohn,
L. H. (1995), ‘Recovery and viability of an acute myocardial infarct after trans-

myocardial laser revascularization’, Journal of the American College of Cardiology
25,

Huang, L. C. (1996), ‘On boundary treatment for the numerical solution of the incompress-
ible navier-stokes equations with finite difference methods’, Journal of Computa-
tional Mathematics 14.

Hydon, P. E. and Pedley, T. J. (1993), ‘Axial dispersion in a channel with oscillating walls’,
J. Fluid Mech. 249.

Iserles, A. (2008), A First Course in the Numerical Analysis of Differential Equations,
second edn, Cambridge University Press.

John, F. (1986), Partial Differential Equations, Springer-Verlag,
Kincaid, D. and Cheney, W. (1996), Numerical analysis, Brooks/Cole.

King, J. R. and Cox, S. M. (2005), ‘Self-similar “stagnation point” boundary layer flows
with suction or injection’, Studies in Applied Mathematics 115.

Kunert, C. and Harting, J. (2007), ‘Roughness induced boundary slip in microchannel
flows’, Physical Review Letters 99.

Lagerstrom, P. (1988), Matched Asymptotic Expansions: Ideas and Techniques, Springer-
Verlag,



91

Lauga, E. and Stone, H. A. (2003), ‘Effective slip in pressure-driven stokes flow’, Journal
of Fluid Mechanics 489.

Lima, E. L. (1999), Curso de Andlise Vol. 2, CNPq, Brasil.

Lin, C. C. and Segel, L. A. (1974), Mathematics Applied to Deterministic Problems in the
Natural Sciences, Macmillan Publishing Co.

Mackenzie, J. A. (2004), On the conditioning of an upwind finite-difference approximation
of a convection-diffusion boundary value problem on an adaptive grid, Technical
report, Department of Mathematics University of Strathclyde.

Majda, A. J. and Bertozzi, A. L. (2002), Vorticity and Incompressible Flow, Cambridge
University Press.

Maynes, D., Jeffs, K., Woolford, B. and Webb, B. W. (2007), ‘Laminar flow in a mi-
crochannel with hydrophobic surface patterned microribs oriented parallel to the
flow direction’, Physics of Fluids 19.

Moffatt, H. K. (1963), ‘Viscous and resistive eddies near a sharp corner’, Journal of Fluid
Mechanics 18. '

Moffatt, H. K. (1964), ‘ViscousA eddies near a sharp corner’, Archives of Mechanics 16.
Murray, J. D. (2003a), Mathematical Biology I: An Introduction, third edn, Springer.

Murray, J. D. (2003b), Mathematical Biology II: Spatial Models and Biomedical Applica-
tions, third edn, Springer.

Ockendon, H. and Ockendon, J. R. (1995), Viscous Flow, Cambridge University Press.

O’dea, R. D. and Waters, S. L. (2006), ‘Flow and solute uptake in a twisting tube’, Journal
of Fluid Mechanics 562.

Perko, L. (2001), Differential Equations and Dynamical Systems, Springer.

Philip, J. R. (1972), ‘Flows satisfying mixed no-slip and no-shear conditions’, Journal of
Applied Mathematics and Physics 23.

Priezjev, N. V,, Darhuber, A. A. and Troian, S. M. (2005), ‘Slip behavior in liquid films on
surfaces of patterned wettability: Comparison between continuum and molecular
dynamics simulations’, Physical Review E 71,

Purnama, A, (1995), “The dispersion of chemically active solutes in parallel flow’, J. Fluid
Mech. .

Rudin, W. (1970), Real and Complex Analysis, McGraw-Hill.

Ruith, M. R., Chen, P. and Meiburg, E. (2004), ‘Development of boundary conditions for
direct numerical simulations of three-dimensional vortex breakdown phenomena in
semi-infinite domains’, Computers & Fluids 33.



92

Sbragaglia, M., Benzi, R., Biferale, L., Succi, S. and Toschi, F. (2006), ‘Surface roughness-
hydrophobicity coupling in microchannel and nanochannel flows’, Physical Review
Letters 97.

Sbragaglia, M. and Prosperetti, A. (2007), ‘A note on the effective slip properties for mi-
crochannel flows with ultrahydrophobic surfaces’, Physics of Fluids 19.

Secomb, T. W. (1978), ‘Flow in a channel with pulsating walls’, J. Fluid Mech. 88.
Smith, R. (1988), ‘Entry and exit conditions for flow reactors.”, IMA J. Applied M. 41.
Spivak, M. (1965), Calculus on Manifolds, Harper Collins,

Strikwerda, J. C. (2004), Finite Difference Schemes and Partial Differential Equations,
SIAM.

Thomas, J. W. (1995), Numerical Partial Differential Equations, Finite Difference Meth-
ods, Springer.

Tome, M. F. and McKee, S. (1994), ‘Gensmac: A computational marker and cell method
for free surface flows in general domains’, Journal of Computational Fhysics 110.

Trefethen, L. N. (2000), Spectral Methods in Matlab, SIAM.

Waters, S. L. (2001), ‘Solute uptake through the walls of a pulsating channel’, J. Fluid
Mech. 433.

Waters, S. L. (2003), ‘A mathematical model for the laser treatment of heart disease’, J.
Biomech 37.

Watson, E. B. B., Banks, W. H. H., Zaturska, M. B. and Drazin, P. G. (1990), ‘On transi-
tion to chaos in two-dimensional channel flow symmetrically driven by accelerating
walls’, Journal of Fluid Mechanics 212.

Ybert, C., Barentin, C., Cottin-Bizonne, C., Joseph, P. and Bocquet, L. (2007), ‘Achieving
large slip with superhydrophobic surfaces: Scaling laws for generic geometries’,
Physics of Fluids 19.

Young, W. R. and Jones, S. (1991), ‘Shear dispersion’, Physics of Fluids 3.

Zauderer, E. (1998), Partial Differential Equations of Applied Mathematics, Wiley-
Interscience.



	New Jersey Institute of Technology
	Digital Commons @ NJIT
	Spring 2009

	Self similar flows in finite or infinite two dimensional geometries
	Leonardo Xavier Espin Estevez
	Recommended Citation


	Copyright Warning & Restrictions

	Personal Info Statement

	Abstract

	Title Page

	Copyright Page

	Approval Page

	Biographical Sketch

	Dedication Page

	Acknowledgment

	Table of Contents (1 of 2)
	Table of Contents (2 of 2)

	Chapter 1: Introduction

	Chapter 2: Channel Flows Driven by Accelerating Surface Velocity 

	Chapter 3: Channel Flows Driven by Vertically Oscillating Walls

	Chapter 4: Solute Transport in Pulsating Channels

	Appendix A: Navier-Stokes Solver

	Appendix B: Numerical Scheme for Solving the Solute Transport Problem 

	Appendix C: Numerical Scheme for Calculating u0

	References


	List of Tables

	List of Figures (1 of 3)
	List of Figures (2 of 3)

	List of Figures (3 of 3)



