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ABSTRACT

PERFORMANCE EVALUATION FOR COMMUNICATION SYSTEMS
WITH RECEIVE DIVERSITY AND INTERFERENCE

by
Debang Lao

Optimum combining (OC) is a well-known coherent detection technique used to
combat fading and suppress cochannel interference. In this dissertation, expressions
are developed to evaluate the error probability of OC for systems with multiple
interferers and multiple receiving branches. Three approaches are taken to derive
the expressions. The first one starts from the decision metrics of OC. It facilitates
obtaining closed-form expressions for binary phase-shift keying modulation. The
second approach utilizes the moment generating function of the output signal to
interference plus noise ratio (SINR) and results in expressions for symbol and bit
error probability for multiple phase-shift keying modulation. The third method uses
the probability density function of the output SINR and arrives at expressions of
symbol error probability for systems where the interferers may have unequal power
levels. Throughout the derivation, it is assumed that the channels are independent
Rayleigh fading channels. With these expressions, evaluating the error probability of
OC is fast, easy and accurate.

Two noncoherent detection schemes based on the multiple symbol differential
detection (MSDD) technique are also developed for systems with multiple interferers
and multiple receiving branches. The first MSDD scheme is developed for systems
where the channel gain of the desired signal is unknown to the receiver, but the
covariance matrix of the interference plus noise is known. The maximum-likelihood
decision statistic is derived for the detector. The performance of MSDD is demonstrated
by analysis and simulation. A sub-optimum decision feedback algorithm is presented

to reduce the computation complexity of the MSDD decision statistic. This sub-



optimum algorithm achieves performance that is very close to that of the optimum
algorithm. It can be shown that with an increasing observation interval, the performance
of this kind of MSDD approaches that of OC with differential encoding.

The second MSDD scheme is developed for the case in which the only required
channel information is the channel gain of the interference. It is shown that when the

interference power level is high, this MSDD technique can achieve good performance.
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CHAPTER 1

INTRODUCTION

1.1 Motivation

In modern commercial wireless communication systems such as code division multiple
access (CDMA) systems and time division multiple access (TDMA) systems, the
cellular concept is widely applied to increase system capacity [1]. Under this concept,
the entire service area is divided into small areas called cells. Several cells comprise
a cell cluster. A cell cluster can use all the available frequency resources. For
TDMA systems, each cell can use a portion of the available frequency channels,
but neighboring cells use different frequency channels. The cells that use the same
frequency channels are at least a cell away from each other. In this way, the limited
precious frequency resource could be reused, hence the system capacity can be increased
infinitely (at least in theory), while at the same time the interference is kept to a
minimum. What should be kept in mind is that, though the interference is reduced,
it still exists due to the fact that the same frequency channel is used by different cells.
In fact, the performance of both TDMA and CDMA cellular systems is interference
limited.

The cellular concept is shown in Figure 1.1. In the figure, A; to G; (¢ =0, 1, ...,
6) are cells that form a cell cluster. Cells A; for ¢ =0, 1, ..., 6 use the same frequency
channels, so do cells B; to G;. The user s; in cells A; (i =1, 2, ..., 6) can interfere with
the user sq in cell Ag.

Another factor that constrains the performance of wireless systems is multipath
fading. In the wireless environment, due to reflection, diffraction and scattering,
the transmitted signal may reach the receiving antenna through more than one path

(shown in Figure 1.2) and fade greatly due to the interference between paths. Since



Figure 1.1 The cellular concept. Since cells A; for ¢ = 1, ..., 6 use the same
frequency channels as cell Ag, the user s; (¢ =1, 2, ..., 6) may interfere with the user
S0 in cell Ao.

Transmitter Receiver

Figure 1.2 Multipath. The transmitted signal reaches the receiver through path 1
and path 2.



the locations of the transmitter, the obstacles, and the receiver are random, the
transmitting paths are random as well. The total effect of the path’s interference is
a random attenuation of the transmitted signal. When the attenuation is deep, the
received signal is so weak that the receiver cannot recover the transmitted signal. To
resolve this problem, diversity is introduced. With diversity, several replicas of the
same information signal are transmitted over independently fading channels. The
probability that all the signal components reaching the receiver fade simultaneously
is reduced considerably.

Three examples of diversity techniques are [2, Chapter 14]:

e Temporal diversity: the same information-bearing signal is transmitted in more
than one time slot, where the separation between successive time slots equals

or exceeds the coherence time of the channel.

e Frequency diversity: the same information-bearing signal is transmitted on
more than one carrier frequency, where the separation between successive carrier

frequencies equals or exceeds the coherence bandwidth of the channel.

e Spatial diversity: more than one transmitting and/or receiving antenna are
employed. The antennas are spaced sufficiently far apart that the multipath

components in the signal have independent fading.

Since spatial diversity does not require the expansion of bandwidth, it is desirable
for bandwidth-limited systems when cost and size permit. And as pointed out in
(3], spatial diversity could be used to cancel interference as well as to combat fading.
Capacity of systems with spatial diversity has been proven to increase with the number
of antennas [4].

It is for these advantages that the performance analysis of communication
systems with spatial diversity has been an appealing research area. In practice receive

diversity has been implemented at base stations. For example, in second generation



Figure 1.3 Diagram for systems with N4 receive diversity branches. si is the
desired signal. There could be more than one interferer s; , (only one is shown in the
figure).

IS-136 TDMA [5], two receive antennas are deployed at base stations. Technology
has been developed for deploying 4 receive antennas.

Currently much of the research on spatial diversity is focused on space-time
codes ([6], [7], [8]), which employ transmit diversity. While space-time codes can
provide some coding gain as well as spatial diversity, and could be the future application,
this dissertation focuses on a more practical problem for now: performance analysis
of communication systems with receive diversity. The basic system model used in

this work is presented in the next section.

1.2 System Model
Consider a communication system with receive diversity but with a single transmit
antenna. All the signals are represented as lowpass equivalents. As shown in Figure
1.3, there is one transmitting antenna, N4 receive branches, and N; interferers in the
system (only one is shown in the figure). The sampled output of the matched filter

for the [-th branch at time k is expressed as

Ny
Tk =V Pscisi + Z VPrcisipg +ngy, L=1,--- Ny (1.1)
-1



where the parameters in (1.1) are:
P : power of the desired signal.
¢; : channel gain of the [-th branch for the desired signal.
Sk : desired transmitted signal.
Py : power of the interferers (assume all interferers have equal power).
¢;; : channel gain of the [-th branch for the i-th interferer.
S; x : signal of the ¢-th interferer.

ng, : complex white Gaussian noise.

The signals s, and s;; could be multiple phase-shift keying (M-PSK) symbols,

differential multiple phase-shift keying (M-DPSK) symbols, or Gaussian distributed

signals. That will be defined more specifically in later chapters.

The received signal model in vector notation is

Ny
r, = v/ P,csp + v/ P]ZCiSi)kﬁ-nk, (12)
i=1
where ry = [Tk1, k2, ¢, rkYNA]T , and the superscript T" denotes vector transposition;

c,c; and ny are vectors that are defined similarly to ry. For future use, the fading

matrix for the interferers is also defined as C; = [cy,Cq, -, Cn,]. The interference

plus noise vector is defined as
Ny
Zr =/ P] E CiSik + ny.
i=1
The covariance matrix of z, conditioned on ¢;,7 =1,2,---, Ny is

Ny
R = PIZcich + diag (07,03, ,O'szA)

=1

2

where the superscript H denotes the Hermitian transposition and (Uf, 05,

is the power profile of the noise.

(1.4)

Ts)



1.3 Background
For wireless communication systems with receive diversity, optimum combining (OC)
is a well-known approach to combat fading and suppress cochannel interference. The

maximum-likelihood decision rule for OC is

Sk = arg max p (rg|sg, ¢, R), (1.5)
Sk

where p (ry|sk, ¢, R) is the probability of r; conditioned on s, ¢, and R. A simplified
version of this decision rule will be shown in Chapter 2 for BPSK modulation.

One of the efforts in this dissertation is to derive closed-form expressions for
symbol error probability (SEP) and bit error probability (BEP) for OC. These kinds
of expressions have been obtained before but only for some special cases. Some related
work about OC is summarized in Chapter 2.

OC is a coherent detection scheme. To construct the weight vector w, the
following information is required: c, the channel gain (amplitude and phase) of
the desired signal, and R, the covariance matrix of the interference plus noise. For
communication systems where channel phase information is very difficult or impossible
to recover, OC is not practical. Under this circumstance, a non-coherent detection
scheme must be considered.

One such non-coherent scheme is differential detection of differentially encoded
signals. For conventional differential detection, two received signals are used in the
observation interval to make decisions about the transmitted signal. The recovery
of the channel phase is not required. The decision rule for conventional differential
detection is

(Sk—1,38k) = arg Jnax p (rk—1,Tk|Sk—1, 5k, R), (1.6)
k-1,



where p (rg_1, rg|Sg-1, Sk, R) is the probability of rx_, ry conditioned on sg_;, s, and
R. Conventional differential detection suffers a performance penalty compared to
coherent detection.

Multiple-symbol differential detection (MSDD) achieves better performance than
conventional differential detection (but not as good as coherent detection). In MSDD,
more than two symbols are used in the observation interval. It was shown that with
the increase of the number of symbols in the observation interval, the performance of
differential detection can be improved significantly. The decision rule for MSDD is a

generalization of (1.6)

Si = argmax p (ry sy, R), (1.7)

Sk
where s, = [Sk—(K—1)," " * ,sk_1,5k|]T is a sequence of K (K > 2) symbols, r;, =
[rk_( K=1),""" ,rk}T is a vector of all the received signals in the observation interval,

and p (r,|sk, R) is the probability of r, conditioned on s, and R. Some related work
about MSDD is summarized in Chapter 5. The channels are assumed to be static
within the transmitted sequence of K symbols.

In this work, MSDD is applied to communication systems with interference. The
only required channel information for that kind of MSDD is the covariance matrix of
the interference plus noise R. By simulation and analysis results, it is demonstrated
that asymptotically with increasing observation block, MSDD achieves performance
close to that of OC with differential encoding.

MSDD is also developed for another kind of non-coherent detection, where the
only required channel information is the channel amplitude of the interference. For

the case where there is only one interference source, the decision rule is

(Sk,Srx) = arg max p (ry|sk, Srk |c1l), (1.8)
Sk,SIk



where s; and r, were defined previously; s;x = (81 k—(K-1)," " ,SIk—1,81k) is the
sequence of interference symbols; |c;| is short notation for the channel gain of the
interference, and p (ry|sk, Sr, |c1|) is the probability of r; conditioned on s, sy, and

lcrl.

1.4 Outline of the Dissertation
The main topics of this dissertation are:

1. Error probability analysis of OC.

2. Derivation of the decision statistic for MSDD and analysis of its performance.

3. Performance comparison of OC and MSDD.

The first topic is covered in Chapters 2 to 4, while the last two topics are covered
in Chapters 5 and 6. The chapter outlines are as follows:

Chapter 2: The decision metric of OC is used to derive the closed-form expressions
of bit error probability (BEP) for OC. The BEP conditioned on the fading of the
interference is derived first, then the unconditional BEP is obtained. The expressions
are for systems with binary phase-shift keying (BPSK) modulation, multiple interferers,
and multiple receive branches.

Chapter 3: By using the moment generating function (MGF) of the output
signal to interference plus noise ratio (SINR), expressions for both symbol error
probability (SEP) and BEP for M-PSK modulation are derived. The final expressions
involve only a single integration over elementary functions. With these expressions,
it takes less time to evaluate the SEP and BEP than it would take to carry out
Monte Carlo simulations or to evaluate multiple-fold integrals. Simple asymptotic
expressions for BEP of OC for M-PSK modulation are also derived. Numerical results
are used to show how close the asymptotic results are to the exact results.

Chapter 4: The probability density function (PDF) of the output SINR for OC,

which can be obtained from the reliability function (defined as the probability that the



SINR is less than a threshold), is used to derive an expression for the SEP for M-PSK
modulation. The final expression only involves a single integral with finite limits and
finite integrand. A closed-form expression for the SEP of BPSK modulation is also
derived. The new expressions for both M-PSK and BPSK are the first expressions
that can be used to evaluate the exact SEP of systems with interferers of unequal
power level.

Chapter 5: A detector exploiting MSDD technique is developed. The channel
gain of the desired signal is assumed to be unknown. M-DPSK modulation is
employed. The decision statistic for the detector is derived based on the principle of
maximum-likelihood sequence detection (MLSD). The performance of the detector is
demonstrated by simulation and analysis.

Chapter 6: Another kind of MSDD is presented to suppress cochannel interference.
The channel gain of the desired signal and the channel phase of the interference
are assumed to be unknown, but the channel amplitude of interference is assumed
to be known at the receiver. The interference signal is assumed to have the same
M-DPSK modulation as the desired signal. A maximum-likelihood sequence detector
is developed for detecting both the desired signal and the interference signal. This
receiver can be viewed as a kind of multiuser detector employing MSDD.

Summary and future work are presented in Chapter 7.



CHAPTER 2

BEP ANALYSIS FOR OC WITH BPSK MODULATION

2.1 Introduction
As mentioned in Chapter 1, for wireless communication systems with receive diversity,
OC is an efficient approach to combat fading and suppress cochannel interference. It
combines the output of the receive branches in an optimum way and achieves the
maximum output SINR.

Performance analysis of OC has been an active research area. Analysis for the
case of a single interference source can be found in [3, 9, 10]. In [3, 9], Rayleigh fading
is assumed for the desired signal, but mean values, rather than actual distributions,
are used to represent fading effects on the interference. In [10], exact expressions
(requiring integration) are developed under the assumption of Rayleigh fading for
both the desired signal and interference. Closed-form expressions of the BEP for this
case were obtained in [11].

The case of multiple interferers is more challenging. Closed-form expressions
of the BEP for a number of interferers no less than the number of receive branches
and negligible thermal noise with BPSK modulation were developed in [12]. The
performance of systems with multiple interferers has been studied extensively through
Monte Carlo simulations [3], capacity [13], upper bound [14, 15, 16], approximate
expressions [16, 17, 18], and exact expressions with integral forms [19, 20]. The
performance of OC was compared with that of maximum ratio combining (MRC)
in [21]. Performance of OC in the presence of channel correlations is evaluated in

[22, 23]. A comprehensive treatment of diversity and OC methods can be found in

[24].

10
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The conventional way of deriving the expression for SEP or BEP often starts
with the PDF or the MGF of the SINR as will be detailed in Chapters 3 and 4. These
approaches yield closed-form expressions for the BEP of BPSK modulation [25]. In
the present chapter, a different approach is taken by performing the analysis directly
on the decision statistic rather than on the SINR. It is shown that, for BPSK, this
approach allows exact BEP analysis and it requires averaging only over the fading
of the interference. Although the algebra is somewhat cumbersome, at the end this
method provides a closed-form expression.

This chapter is organized as follows: Following the system model in Section 2.2,
the conditional BEP is derived in Section 2.3. In Section 2.4, the conditional BEP is
averaged over the fading of the interference to get the unconditional BEP. Numerical

results are presented in Section 2.5.

2.2 System Model
The system model used in this chapter is similar to that mentioned in Chapter 1,
Section 1.2. For OC, symbol by symbol detection is performed and time does not
affect the analysis. Hence the time index k in (1.1) can be dropped and the system

model is rewritten as
Ny
T = \/FSCIS-FZ\/F[CMS@'-FTQ, [=1,2,-+-, Ny, (2'1)
i=1

where all quantities are defined similarly to (1.1). The symbol s is assumed to be
BPSK. The channel gains ¢; and ¢;; are assumed to be independent and identically
distributed (i.i.d.), zero-mean, circularly symmetric, complex Gaussian random variables
(Rayleigh fading), with variance 1/2 per dimension. The signal model in vector

notation is

N
rz\/FsC5+\/FIZCi3i+n:\/—ID-SCS+Z, (2.2)
i=1
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where r = [ry, 79, - - ,rNA]T, ¢, ¢;, and n are defined similarly, z = /Py ivz’l cis;+n
is the interference plus noise vector.

It is further assumed that conditioned on the vectors c;, the interference plus
noise vector z has a multivariate complex-Gaussian distribution with zero mean and
covariance matrix R = FE [zzH ] ,

Ny
R="P ) ccll +01y,, (2.3)
i=1
where the superscript H denotes the Hermitian transposition, o2 is the power of the
noise, and Iy, is an identity matrix of rank N4.

Define Npax = max(Nga, N;) and Ny, = min(Na, Ny). Diagonalize R as R =
UAU? | where A = diag (A1, Ay, -, An,), A1, A2,-++, An, are the eigenvalues of
R listed in descending order, and U is a unitary matrix whose columns are the
eigenvectors of R. Assume that the vectors ¢; (for ¢ = 1,2,---, N;) are linearly
independent (a reasonable assumption since the components of these vectors are
realizations of mutually independent random variables). It follows that [20] A; > Ay >
-++ > Ay_. are random variables, while A, = 02 for m = Npin + 1, Npin +2, -+, Na.
For later use, denote the vector of non-trivial eigenvalues as A= [A, Ao, -+ , A Nmm]T

The inverse covariance matrix of R is R™! = UAT'U¥.

2.3 Derivation of Conditional BEP
In this section and the next, the theoretical analysis of the BEP of OC for BPSK
modulation is carried out.
As shown in Figure 2.1, for the OC detector, the components of the received
signal vector r are weighted and combined to obtain the output signal. The weight
vector that yields the maximum SINR is w = R™¢ [3]'. The output of the combiner

is wfr. For BPSK modulation, the decision rule of the detector is: if Re(wH r) > 0,

Tn this report, R is the interference plus noise covariance matrix. Some authors compute
the optimal combining weight vector from the signal plus interference and noise covariance
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Detector
Re(wr)>0? | _1

v

Figure 2.1 Diagram of the OC detector for BPSK modulation.

the decision is made that 1 is transmitted; otherwise the decision is made that —1 is
transmitted. Due to the symmetry of the BPSK constellation and assuming a source
with equal symbol probabilities , it suffices to analyze the case of s = 1. For this case

the received signal is r = \/ P;c + z. Define

D = 2Re (w'r) = wr + (wr)”, (2.4)

where “*” denotes complex conjugation. According to the decision rule, when D < 0,
the decision is made that —1 is transmitted and an error occurs. Therefore the BEP
is P, ppsk = Pr(D < 0). The analysis has two steps. First, the BEP is expressed
conditioned on the fading of the interference. Subsequently, the conditioned BEP is
averaged over the fading of the interference.

Fixing the values of the channels c; of the interference sources leads to fixed
values of the eigenvalues of the interference plus noise covariance matrix R. These
eigenvalues ), form the diagonal of the matrix A. Substituting w = R~c into (2.4)

and de-composing R™! as UA™'U¥ | D can be expressed as

Ny
D= NHgtm + gnTh) (2.5)
m=1

matrix. As shown in [26] and can be readily verified, the resulting weight vectors provide
the same performance as they differ only by a scaling factor.
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where A,,’s are the eigenvalues of R defined previously, x,,’s are elements of the

whitened observation vector

X = [21, 29, , 25,7 = Ur, (2.6)

and g,,’s are elements of the modified channel vector

g= [glvg2a e agNA]T = UHC- (27)

Conditioned on the eigenvalues A, the variable D is a quadratic form of Gaussian
random variables. The goal is to evaluate the conditional BEP B, gpsk (E|A) =
Pr(D < 0|JA), where the notation indicates the dependency on the Ny, largest
eigenvalues of R (the other (N4 — Npi,) eigenvalues are equal to the constant o).
Let ®pja(jw) be the characteristic function of D conditioned on A. Using results

from [2, Appendix B], it can be shown that the conditional BEP is

1 otjE o 1, d ",
P, spsk (E|A) = _ﬁj ’ ——D%dw = — Z Res {Lw(]—z;wn} , (2.8)
—ootye Im(wr)>0

where € is a small positive number and Res[® pja(jw)/w; wn} denotes the residue of
Ppia(jw)/w at pole w,. The summation is taken over the poles in the upper half of
the complex plane.

In (2.5), D is a quadratic form of complex-valued random vectors x and g. By
applying the results in [2, Appendix B] to (2.5) (see Appendix A for details), it can

be shown that the characteristic function ®pa(jw) is

Wiz

wl,m w2,m (2 9)

NA—Nmm Nmin
] (W= wim) (W —wom)’

Coal) = | T o= m=1
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where

w = =i (VR+ o - V/P) (2.10)
w = j(VP+a+/E) (2.11)
wim = =i (VP A+ = VP) (2.12)
wm = § (VP A+ V). (2.13)

The residue in (2.8) is evaluated in Appendix B and obtained as (B.13). After
substituting wy, we, wy m, and wa , into (B.13), B, gpsk (E|A) can be obtained as

Py gpsk (E|A)

Nmin )\m (O, )NA —Nmin

_ NA 1
N ' Z2\/13 + A (VP + A+ VPs) (A, — g2)VANmin

Nmin Na—Nnpin—1 NA _ Nmin + l —1

An 2\ NA—=Nmnin
< 11 m—{—(a) > 2.14)

n=1,n#m =0 l

{1“ e (v vy ()

2
nln#m)\ _)\ Ps+)\m
1 1

(VP 20 = VP (VP F 07 + P 1 hgy) A N

1 1
VBTV (VP t o2 — VP ¥ Am)NA‘Nm‘n'l] }
1

X .
(VP + 0%+ \/E)NAiNmi“Al (2vP; + 0?) Na=Nmin-tl

(2.15)

When the number of receive branches N, is less than or equal to the number of

. . . Na—Nmin—1
interferers, i.e., Ng < Ny, Npin = Ny, the summation >, 4 "™

in (2.14) is equal
to zero.
As an example, the expression of BEP for the special case of no interference is

now derived.
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2.3.1 Special Case: No Interference
In this case, Ny, = Ny = 0, OC becomes MRC. Eq. (2.9) becomes

wWiws

NA—Nmin
} (2.16)

®p(jw) = {(w —w1) (w — wy)

Substitute the above expression in (2.8), and carry out the calculation of the residue.

By spsk = l(l—u) NS (Nam Lk l(l—!—,u)k , (2.17)
o] L () o] )

k=0

Then

where u = 1/7v/ (1 +1), and

Py
g

is the signal to noise ratio (SNR). Since there is no interference, the BEP is unconditional.
(2.17) is the same as (14-4-15) in [2]. Note that the derivation of (2.17) did not require
integration. In [2], the BEP of MRC is obtained by integration. It was shown that

[2, Eq. (14-4-18)] for SNR ~ > 1,

ING -1\ 1
Pb,BPSK ~ ( NA )W (219)

Eq. (2.19) will be used later for comparison.

2.4 Derivation of Unconditional BEP
For the general case with interference, the unconditional BEP B, gpsk is obtained by

averaging the conditional BEP P, gpsk (E|A) over the fading of the interference c;, or

min] ?

equivalently over the eigenvalues A = [A1, Ag, -+, Ay T

Pb,BPSK = /Pb,BPSK(El)\)p)\(A)dAa (2-20)

where px () is the joint probability density function (PDF) of the eigenvalues. Serendipitously,

the PDF px(A) was developed in [20] for a signal model similar to ours and is given
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by
Neni Nmax—Non
1 ‘min A — 0_2 A — 0.2 max min
A = K €X - 1
pA( ) OP;Vmin E P < PI ) ( PI ) ]
2 g2\ ?
Jom M=o N-o ) (2.21)
4 P] PI
1<i<j<Nmin
where
1
K- (2.22)

T Mo — ] [T (Vo — ]

The conditional BEP in (2.15) is a non-rational function of the eigenvalues A,,’s.

To facilitate the integration in (2.20), define the following transformation of variables

A

Ym = 4/—+1, m=1,2--, Nuin (2.23)
Py
and define the set y = [y1, 92, ,yn..|" . Since A, is random, ¥, is random as well.
Also define
n= U—2+1—,/1+1 (2.24)
P St .
Then
A = Pi(yh—1) m=1,2,- Nup (2.25)
o’ = P (n*-1). (2.26)

By substituting (2.25) and (2.26) into (2.15), and after some straightforward manipulations,

the conditional BEP as a function of the variables y,,’s is obtained as

Nmin Nag—Nnin—1 NA . Nmin + l — 1

Pyppsk (Ely) = — Z fm (y ~Nmin Z

1=0 [

1+ Xm: h -y LY (2.27)
m, l 27])NA m1n+l ’7 bl *




where the functions f,, (y) and h,,; (y) are defined respectively as

Ng—Nnin Nmin
fo(y) = Lo (o)™ I L~y
m - NaA—Nmin —
2Ym (y2, —n?)"* neLtm Y ~ Un
and
- min—l
hma (y) = (—1)NA—Nmin—l (1+77>NA N 1
m,l y 2ym (ygn _nz)NA—Nmin"l
N .
min 1_—y2
XoNg-tut ) [ 05
n=1ln#m Ym Yn

The function by (y,,) in (2.29) is in turn defined for 1 < k < Ny — Ny, as

bk (Ym) = — (1 + Ym) (1 — Ym)® + (1 = ) (1 + ym)".
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(2.28)

(2.29)

(2.30)

Clearly, the conditional BEP B, gpsk (Fy) is a rational function of the elements

of the set y. By using the Jacobian of the transformation from A to y, the joint PDF

of y is

Nmin

py(y) = K { H exp [-0 (v —n*)] (vf - n2)N’““"_N’“i“}
x [ 1T (yf—yﬁ)ﬂ Y1Y2 " YNoin

IS'L<JSNmm

fory1 2 y2 2 -+ 2 yYn,, = 7, Where

is the signal to interference ratio (SIR) and
2Nmin

[T (Vo = 01] [T (¥ — ]

Kl — NmaxNmin

(2.31)

(2.32)

(2.33)
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The unconditional BEP B, gpsk is obtained by averaging the conditional B, gpsk (E|y)

over the random variables in the set y,

Pb,BPSK
- / Posrs (Ely) py (y)dy
N, Na ot [Ny Ny +1— 1
__ / f (9) Py )y + (—1)¥4 Mo 3
m=1 (=0 l

x (--) {1+§/ ot (7) Dy (y dy} ((277)]3?“:’::[, (2.34)

This expression can be used for any number of diversity branches N4 and any

number of interferers N;. Since, as previously mentioned, N4 < Ny, Npin = Ny,

*Nmin 1

the summation lei”(‘) is equal to zero; therefore, only the first term — Z o

f fm (¥) py(y)dy is required to calculate the BEP for Ny < Nj.

Next the terms of (2.34) are evaluated.

2.4.1 Evaluation of Y =i [ fo (y

The following definitions are needed:

1. B, is a sequence defined as

\/gexp (Bn%) Q (v28n) q=0
B,={ —-+ (i - 772> \/gexp B*)Q (V28n) q=1, (2.35)

29 —1 9 g—1
— B, 1+ ——n°B,_ > 2
L < 2/8 77) q1+ ﬁ 77 (]2 q_

where @ (-) is the Gaussian Q-function. Note that the values of B, for ¢ > 2
can be evaluated recursively from the values of B,_; and B,_,. Since (2.35) is a
second order difference equation with initial values for By, by using the method

detailed in [27], this equation can be solved and B, (for ¢ > 2) can be expressed
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in terms of the initial values By and B, as:

By = v4-1,1B1 + v4-1,2B0, (2.36)
where
q+j5—1 r
=% X Mo (2a7)
r=1 I+ +lp=g+j—1 Lm=1
Lie{1,2},lr>5
and
2¢+1
€l = —op -7’ (2.38)
2
ez = % (2.39)

The second summation in (2.37) is taken over all sets of indices satisfying the
stated conditions. Substituting By and B in (2.36), then B, (for ¢ > 2) in

closed-form is:

B, = vq_m% + [(% - n2> Vg1 + vq—1,2:| \/gexp (67%) @ (\/2—577) :

(2.40)

. Hp, is a function of integers p and ¢. For 0 < p,q¢ < Nyin — 1,

1
[T (Vo = 00! [T (N = 9]
* 2 > det W, (2.41)

mi+-+my ;o ~1=Nmin—1=p ni+-4+ny_; —1=Nmin—1—¢

m.€{0,1} n;€{0,1}

Hp,q =

where for Ny, = 1,det W =1; for Ny, > 1, det W is the determinant of an

(Nmin — 1) X (Npin — 1) matrix whose i-th row, j-th column element is

I/Vi}j=(mj+nj+Nmax—Nmm+z'+j—2)!.
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Using these definitions, in Appendix C it is shown that

Nmin

> / Fm (¥) Dy (y)dy

1 NA_Nmin I\Jmin_1 Nmin_l
= (-3) e X v
v p=0 q=0
1 l(Nmax—~NA+q)!

2.4.2 Evaluation of "= (b, (y) py(y)dy
The function by (y,,) defined in (2.30) can be alternatively expressed as (proven in

Appendix E)
(k/2]

bk (ym) = 2ym Z QA t (yrzn - 772)t ) (243)
t=0

where [k/2] denotes the largest integer that is equal to or less than k/2, and ay; is

evaluated as:

ayy = Kk —h- t) (1—n)—2n (k t__l N t)} (2n)* 7%, (2.44)

t

When calculating a, it is assumed that (™) = 0 for m < n or n < 0.
Substituting (2.43) in (2.29) and using steps similar to those in Appendix C,

then:

Nmin
> / huni (¥) Py (y)dy

[(NA‘Nmin_l)/Q]

N N A 1
— (“l)NA Nmin l(1+77)NA Nmin l/@NA_len+1 Z aNA_Nmin_l:tEm
t=0
]Vm'm_l]\[min_1 /6 P
X 3 Y (1) (Nmax = Na+ 1+t +q)lHyg (;> : (2.45)
p=0 q=0

Using the expressions obtained in (2.42) and (2.45), (2.34) can be evaluated to obtain
the exact BEP for any given number of diversity branches N4, number of interferers

N, SNR v = P,/o? and SIR 8 = P,/ P;.
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A simpler expression can be derived for the special case of Ny > N;, SNR~v > 1
and SIR 8 <« 1.

Special Case: Ny > N;, SNR yv> 1 and SIR g« 1

In this case, Npax = Na, Nmn = N;. Both (2.42) and (2.45) contain the term
BNa=Nmint1 Gince f <« 1 and N4 > Npin, terms containing SV4~Mmintl are neglected.
Therefore "= [ £ (y)py(y)dy =~ 0and - "== [ b, (y) py(y)dy ~ 0. By substituting
these approximations in (2.34) and using 7 = \/m——i_——l_ ~1+1/(2y) fory > 1,

2(Ns—Np)—1

1
B Bpsk & ( (Na— Np) >W (2.46)

Comparing (2.46) with (2.19), it can be seen that for SNR v > 1, the BEP of a
system with N, diversity branches and N; (N < N,) large interferers is equivalent
to that of a system with (V4 — Ny) diversity branches but without interference. This

is a well-known result for OC [13].

2.5 Numerical Results
Figures 2.2 to 2.5 show the BjEP versus SNR for different SIR . Figures 2.2 to 2.4 are
for N4 = 4 diversity branches, and N; = 1, 2, 3 interferers, respectively. Figure 2.5
is for N4 = 8 diversity branches and N; = 5 interferers. Figure 2.6 is for 4 branches,
varying number of interferers, and SIR = 10.

In Figures 2.2, 2.4, 2.5 and 2.6, the interference generated in the simulations
had a Gaussian distribution as assumed in developing the BEP analysis. Simulation
results in Figure 2.3 were generated for two interference sources transmitting BPSK
symbols. Analytical results were calculated using (2.34) and the related expressions
such as (2.42) and (2.45).

In all the figures, the analysis results match the simulation results. This provides

convincing demonstration of the validity of the analytical expression for BEP.
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Figure 2.2 BEP versus SNR for N4 = 4 branches, N; = 1 Gaussian distributed
interferer.

As shown in Figure 2.3 for BPSK interference, the Gaussian assumption for
the interference, while necessary for obtaining the theoretical results, is not critical
for the accuracy of the BEP expressions. This can be explained by recognizing that
the system has a sufficient number of degrees of freedom to suppress the interference
sources effectively. The interference suppression is not sensitive to the Gaussian
assumption. In fact, it is well known that OC maximizes the SINR irrespective of the

density function governing the interference.
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Figure 2.3 BEP versus SNR for N4 = 4 branches, N; = 2 BPSK interferers.
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Figure 2.4 BEP versus SNR for N4 = 4 branches, N; = 3 Gaussian distributed

interferers.
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Figure 2.5 BEP versus SNR for N4 = 8 branches, N; = 5 Gaussian distributed
interferers.
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Figure 2.6 BEP versus SNR for N4 = 4 branches, SIR = 10. The number of
interferers varies from Ny =4 to N; = 7.



CHAPTER 3

SEP AND BEP FOR OC WITH M-PSK MODULATION

3.1 Introduction
In Chapter 2, a new method was introduced for deriving the closed-form expression
for the exact BEP for OC with BPSK modulation. The method started from the
decision statistics of OC. This approach is not applicable to systems with M-PSK
modulation.

An expression for SEP for M-PSK was derived in [20]. The expression is
exact, and it applies to any number of interferers and receive branches. It involves
(Nmin + 1)-fold integration, where Ny, is the minimum number of receive branches
or interferers. An effective technique was derived to evaluated the SEP in [28]. A
simpler and more elegant SEP expression was derived in recent work [29] for the same
case. The expression contains integration over an integrand, which incorporates the
incomplete Gamma function, itself an integral form.

In this chapter, expressions for both SEP and BEP for M-PSK are derived,
with any number of receive branches and interferers. The moment generating function
approach is taken to reach the final expressions, which involve only a single integration
over elementary functions. With these expressions, it takes much less time to evaluate
the SEP and BEP than it would take to carry out Monte Carlo simulations or to
evaluate a multiple-fold integral.

The system model and assumption for this chapter are the same as those
described in Chapter 2, with the exception that now the desired signal s is an M-PSK
symbol. The expressions for SEP and BEP are developed in Section 3.2. Numerical

results are shown in Section 3.3.
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3.2 Expressions for SEP and BEP
With the OC detector, the components of the received signal vector r are weighted
and combined to obtain the output signal. The weight vector yielding the maximum

SINR is w = R !c. The output of the combiner is

wir = /P,c"R7'cs + c Rz (3.1)

The terms v/P;,c?R'cs and ¢’R ™'z represent respectively, the desired signal and
interference plus noise. The latter is Gaussian distributed conditioned on the channel
vectors ¢ and c¢;. The signal model of (3.1) is similar to that of an AWGN channel
with noise variance Eg, “CH R !z |2] , with the expectation taken over the interfering

signal s; and AWGN n.

3.2.1 Expression for SEP
For M-PSK signals over the AWGN channel, the SEP P »r.psk (E|7v) (conditioned on
the SNR ) can be expressed as [24, Eq. (8.22))

1 [M-)m/M sin? (7 /M
PS,JW—PSK (E"'}’) = ;A exp {—’}’—-—S;(n—?/g———)-} d9, (32)

where M is the number of symbols of the M-PSK modulation, and + is the symbol
SNR. Likewise, for OC with M-PSK, the SEP can be written as

Y sin? (n/M
Ps mopsk (Elv) = - / exp {—%M} ds, (3.3)
0

sin’0

where 7, is the SINR at the output of the optimum combiner. The SEP is conditioned
on channel realizations through ~;. In order to get the ensemble average SEP F; pr.psk

for OC, P prpsk (E|v:) has to be averaged over the distribution of ,

B arpsk = / P m-psk (E"Yt)p“/t (7¢) dy, (3.4)
0
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where p., (v,) is the PDF of the SINR <. Let py,x(v|A) represent the PDF of
conditioned on the non-trivial eigenvalues A = [A, Ay, -+ -, An....]” . The unconditional

PDF p., (7:) can be obtained by averaging p.,a (7:|\) over A:

Py () = / Prix (%I A) pa(A)IA. (3.5)

By substituting (3.3) and (3.5) in (3.4), and after some manipulations similar

to those in [24], it follows that

Fs mopsk = %/ [A(M—I)W/M Mo a (—M> dﬁ} PA(A)dA, (3.6)

sin’6

where M., x (-) is the MGF of the SINR v, conditioned on eigenvalues A. For the
Rayleigh fading channel, the MGF is given by [24, Eq. 10.52]

(3.7)

1 NA_Nmin Nmin 1
1—7s

Mya(s) = (

i=1 Ai

where

-

is the symbol SNR.
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3.2.2 Expression for BEP

For M-PSK modulation with Gray code bit mapping over the AWGN channel, the
BEP Py a-psk (E]7) is ([30], [24, Eq. (8.30)))

Py mopsk (Ely)
Py (Ely) M =2
5 [PL(E|y) + 2P, (Ely) + P3 (E|y)] M =4
_ 3 [PLEY) + 2P (ElY) + Ps (Ely) + 2P, (Ely) + M =g
3P (E|y) + 2B (Ely) + P7 (E]Y))
USRNSSR G s
\ Ps (Ely) + 2F (Elv) + Pr (E]7)]
(3.8)
where
1= (2k=1)/M] in? 1
P (Ely) = 51;;/0 exp {—’78 [(21;n2;) & } df
w[1-(2k+1)/M] 2
_% i exp {—’ys 1 [(21;1—:291) m/M] } dé. (3.9)

For M > 32, similar expressions can be obtained [30].

Adapt these expressions for OC by averaging Py (E|7y) over 7; (similar to the
derivations from (3.2) to (3.6)) so that,

Py

] [1-(2k—1)/M] sin® [(2k — 1) w/M]
L { /0 M, <~ = >d0 pa(A)dA

X w[1—(2k+1)/M] sin? [(2k + 1) 7/M]
—5- {/o Moy, a <_ sin’6 ) 4

Xpa(A)dA. (3.10)
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and
(
Py M=2
L(Py + 2P, + Py) M=4
B mopsk = § 231 (3.11)
S (PL+2Py+ P+ 2P+ 3P+ 2P+ P;) M =38
| 3k Bt i e+ B+ 2P+ P) M =16

The BEP for OC can be evaluated from (3.11) and (3.10).

3.2.3 Compact Expressions for SEP and BEP
There is a similarity between the expressions for SEP (3.6) and BEP (3.10). In fact,

if one defines

oo =1 [[ [ i (-5) ] monvar 3.12)

then the SEP in (3.6) can be expressed as

Ps,M—PSK =C ((M — 1)7T/M, SiIl2 (F/M)) s (313)

whereas the Py in (3.10) is given by
P = 5O (x[l~ (2~ 1)/M],sin[(2 — 1) m/M))
2O (R - k4 1)/M) s @k /M) (314)

Evaluation of C (¢, &) is carried out next.

3.2.4 Evaluation of C (¢,£)
Start by substituting (3.7) in (3.12),

1 ?( sintg \MATVmm [T 0 sin?g
C(6,6) = ;/{/ (w55 [H (W)]de}

xpx (A) dA. (3.15)
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The direct evaluation of (3.15) is computationally intensive even for small Ny, since
it involves a (Npn + 1)-fold integration. It will be shown that an expression for
C (¢,&) can be obtained which involves only a single integration form.

By converting the product in (3.15) into a summation,

C(9,¢)
1 ¢ Sin29 Na=Nmin [Nmin (SinZH)N’“i“

" Gy S An (A ————| db ) dA
”/{/0 (Sin29+€7> {; ( )sin29+§§—°§ (A
N,

_ Z [ B INEES (3.16)

where

)\Nmin"Q H{\iniin )\ n—1 1 Nmin 1
= — e 3.17
An (A) (SPS)Nmin_l H (An_)\z>ZH1 (/\n——)%) ( )

i=1

¢ : 29 NaA=Nnin : 29 Nmin
V) = 1/0 (——Sir-l——~—> (60) ™ g (3.18)

T sinf + &y sin®0 + E,\Bj

By starting with (3.16) and following the same procedure detailed in Appendix
C, C(¢,€) can be expressed as

C(¢,€) = (i)Nmm_l Nin—l <é>mezin:—l (_1)Nmm-1+qH T (3.19)
) - gﬁ P9 - .

=0 N7 q=0

where

is the signal-to-interference ratio (SIR). And H,, is a sequence indexed by p and ¢

defined by (2.41) in Chapter 2, and Y, is a sequence defined by

00 N N 0,2 Nmin—1

— max intq —z . 2

Tq — / ZNm; min (szm + F) e “Nmin |/ (PIszin +0 ) dZNm.m, (320)
0 I
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which can be evaluated as (see Appendix F)

Nmin NA ermn—lc
T, = ), (=€) | D Frpnt—iXgin +Yq,Nmm—k}
k= k i=1
NA N k— Nmm
A
+ Z [ Z Gk Noin—i5g,~(i+1) T Yq Noin— k} )
k=Nmin+1 k

(3.21)

where & = £v. Other terms (F, X, Y and G) in (3.21) are defined as (m is an integer)

. 1 in: m m—l
= = 1
fyr {
1| 2 ()P o 2 sin(2r-2k) 6
X o o+ -1 (=1) o ok (3.22)
k=0 k
Npmin—1—-m len 1 m ,6 l
Xgm =& — ) (Npax +qg—1-1) (3.23)
1=0 [ v
ZNmm mm‘ 1 ﬁ
}/;I,m = _51 / a‘rCtg Py (szin + fﬂ + _>t’g¢
VehJo\fon, + fﬂ +2 0 K
xexp (—zn._. ) (sz.m)N’““_ m”‘+q+m dzn. (3.24)
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D
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L
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RS
f‘r
AR

N—

x> v . (3.25)

= 2j ; -1 J
i+ () )
J

By applying the transformation zn_, = tge to (3.24),

Nmin—m

Yom = —51 \/—/ tggﬂr arctg <\/1 (tgw+£ﬁ+ﬁ>tg¢>
tep + fﬁ Jemo+€6+2 &6

)N’“‘”‘" m”‘+q+m sec? pdep. (3.26)

xexp (—tgyp) (tgp

The finite integral above is readily evaluated numerically.

An inspection of the terms that make up C(¢,&) in (3.19) indicates that the
integration in (3.26) is the only one required to evaluate C (¢,€). With (3.13) and
(3.19), the SEP can be calculated. BEP can be calculated with (3.11), (3.14) and
(3.19). Although (3.19) and the related expressions appear involved, they consist
of elementary functions and a single integral form which can be readily computed
numerically using Matlab or similar software.

These expressions are exact. But since the calculation of Y ,,, in (3.26) involves
integration, the actual accuracy of the final result will depend on the accuracy of the

numerical integration.
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3.3 Asymptotic Expressions of BEP for High SNR
In this section, closed-form expressions of BEP for asymptotically high SNR ~ are
derived. The asymptotic expressions provide an intuitive insight and are easy to
calculate. These expressions are needed later to compare the performance of OC

with that of MSDD. The case of no interference (MRC) is discussed first.

3.3.1 Asymptotic Expressions for No Interference and SNR > 1

In this case Nyin = 0. From (3.7) it follows that

M, (s)=< ! )NA. (3.27)

1 —7s

And (3.6) becomes

1 [M-lr/M sin? (w/M
s = L[ (DY
0

b sin?6
| M1/ 1 Na
T Jo L+ v

For Gray coding and high SNR, there is only one bit error for each symbol error,

hence the relation between SEP F; ps.psk and BEP B, prpsk is

1
Py mpsk = wPS,M-PSK
2
Na
1 1/(M—1)7r/M 1
- - — | . (3.29)
log, M 7 J, 1+7§%/0ﬂ
For v > 1,
b,M-PSK ~ - I
log,M 7 J, ,},sm;(;r/oM)
(M-1)n/M
_ ! ! / sin?N49dg.  (3.30)
logy M [ysin? (/M) 7 Jo

The integration in the above equation is treated separately for M = 2 and

M > 4.
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e BPSK, M =2

By using Eq. (2.513) in [31],
1 [ N 1 (2N,
; ﬂ sin“*4 8df = m( NA > (331)

Since

2N, (2N4)!
( ) NN,
QNA (2NA — 1)'
Na (Ni— 1)INA!

2 <2NA a 1> , (3.32)

/2 _
1 / sin?VA 0 = — <2N 4 1). (3.33)
0

Substitute (3.33) into (3.30), then the BEP for BPSK (which is equal to SEP)

is obtained as

2N4—1 1
Py ppsk & <NA 1 )W (3.34)

o M-PSK, M > 4
When M = 4 (QPSK), define a function p (N,4) such that

1 /34 1 [2N4—1
_7_r A SIHZNA 0d6 = 1% (NA) 22_N; ( Ni—1 ) (335)

The relation between p(N4) and N4 is shown in Figure 3.1 and the following
table.

Table 3.1 and Figure 3.1 show that p(N4) ~ 2 for Ny > 2. Therefore (3.35)

becomes

13y 1 [(2N4—-1
;/0 sin A0d9z222NA<NA_1>. (3.36)



Figure 3.1 p(N,4) versus Ng.

L
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Table 3.1 The relation between p (N4) and N4

1 L
60 70

80

Na 2

10

20

80

1.92

p(Na)

1.97

1.99

1.99

2.00

2.00

2.00

2.00
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-1
When M > 4, since B%T < (MT)W < 7 and sin®™4 6 > 0,
l 37\'/4 1 (M—l)?‘r/l\'{ 1 ™
~ / sin?V4 9df < ~ / sin®V4 9df < ~ / sin®™4 0do. (3.37)
T Jo T Jo T Jo
Since
1 T 1 /2 1 g
~ / sin®M 0df = = / sin®V4 0df + — / sin?V4 0df
T Jo T Jo T Jr/2
1 w/2 1 0
= = / sin®4 0df + = / sin®M4 (0 + 7) d (7 + 0)
™ Jo T J-n/2
1 w/2
= 2= / sin?4 6de, (3.38)
™ Jo
by using (3.33),
I [™ . on . 1 /2N4—-1

It follows that in (3.37), %fO(M—l)W/M sin®V4 0d@, for M > 4, is “sandwiched”

between two quantities approximately equal to 2—V—221 - (21]\;/:_"11), hence
1 [M=nm/M 2N 1 (2N4—1
—_ 3 A ~
- /0 sin“"4 0df ~ 222NA < N1 > (3.40)

Substitute (3.40) into (3.30), then the BEP for M >4 is

b R 1 L 1 (2Na-1
bALPSK T [y sin? (w/M)]NA 2NA\ Ny —1
2 <2NA — 1) 1
= — . (3.41)
logpM \ Ny —1 [4 sin? (W/M)}NA

In the numerical section, it is proven that for high SNR « > 1, the approximate

BEP expressions in (3.34) and (3.41) are very close to the BEP yielded by (3.29).

3.3.2 Asymptotic Expressions for Ny > N;, SIR< 1, and SNR > 1

In this case, since SIR< 1, \; > P;, from (3.7) it follows that

1 Na—Np
M’7t|)\ (S) ~ 1_ 5 . (3.42)
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The difference between the MGF for SIR <« 1 in (3.42) and the MGF without
interference in (3.27) is the loss of Ny, diversity degrees of freedom in (3.42). Therefore
the BEP for SIR « 1 can be obtained by replacing N4 in (3.34) and (3.41) with

N4 — Ny, ie., for OC in the presence of N; interference source, when SNR > 1 and

SIR « 1,
2(Ng— Np) — 1> 1
R =i s for BPSK 3.43
and
2 [(2(Nsa—Njp) -1 1
P m-psk = ____._< ) —— for M-PSK. (3.44)
logyM \ (Na—Np)—1 [47 sin® (W/M)]NA i

3.4 Numerical Results

In this section, numerical results are used to demonstrate the new exact SEP and
BEP expressions. The interference generated in the simulations had a Gaussian
distribution as assumed in the analysis. Analytical results were calculated using
(3.13) (for SEP) and (3.11) (for BEP) and related expressions such as (3.19) and
(3.14). To facilitate the comparison, both simulation results and analysis results are
presented in all figures.

Figure 3.2 shows the SEP versus symbol SNR = P;/c? for N4 = 6 branches,
N; = 4 interferers and SIR = P,/P; = 10 dB. Figures 3.3 and 3.4 show BEP versus
bit SNR = P;/a?/logy (M). Figure 3.3 is for N4 = 6 branches, N; = 4 interferers and
SIR = 0 dB. Figure 3.4 is for N4 = 4 branches, N; = 6 interferers and SIR = 15 dB.
In Figure 3.4, since there are insufficient degrees of freedom to completely suppress
the interference, the BEP reaches an error floor as SNR increases.

Figure 3.5 shows the BEP versus SIR for N4 = 4 branches, N; = 6 interferers
and bit SNR = 10 dB. Figure 3.6 shows the BEP versus the number of receive branches
N4 for Ny = 4 interferers, bit SNR = 10 dB and SIR = 15 dB. It can be seen that

log,o(BEP) decreases linearly with the increase in branches.
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Figure 3.2 SEP versus symbol SNR for N4 = 6 branches, N; = 4 interferers, SIR

= 10 dB.
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Figure 3.3 BEP versus bit SNR for N4 = 6 branches, N; = 4 interferers, SIR = 0

dB.
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Figure 3.4 BEP versus bit SNR for Ny = 4 branches, N; = 6 interferers, SIR = 15

dB.
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Figure 3.5 BEP versus SIR for N4 = 4 branches, N; = 6 interferers, bit SNR = 10

dB.
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Figure 3.6 BEP versus the number of branches N4, N; = 4 interferers, bit SNR
= 10 dB, SIR = 15 dB.

In all figures, the analysis results match the simulation results. This provides
a convincing demonstration of the validity of the analytical expressions developed in

this chapter.

Figure 3.7 shows that when there is no interference, the asymptotic results
yielded by (3.34) (for BPSK) and (3.41) (for 8-PSK) are very close to the non-
asymptotic results yielded by (3.29) for SNR > 15 dB.

Figures 3.8 and 3.9 show the results for the case with interference. The asymptotic
results are yielded by (3.43) (for BPSK) and (3.44) (for 8-PSK). The exact results are
yielded by (3.11) and related expressions such as (3.19) and (3.14). For SIR = 0 dB
and BPSK in Figure 3.8, the asymptotic results are not very close to the exact results
since SIR is not much less than 1. For all of the other cases shown, the asymptotic

results are very close to exact results for SNR > 15 dB.
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Figure 3.7 Comparison of asymptotic results and exact results, no interference,
N4 = 4 branches.
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Figure 3.8 Comparison of asymptotic results and exact results, N4 = 4 branches,
N; = 2 interferers, SIR = —0 dB.
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Figure 3.9 Comparison of asymptotic results and exact results, N4 = 4 branches,
N; = 2 interferers, SIR = —10 dB.



CHAPTER 4

SEP OF OC WITH ARBITRARY INTERFERENCE POWER

4.1 Introduction
In Chapters 2, 3 and almost all other literature that focuses on the discussion of
BEP and SEP for OC, the power levels of the interferers are often assumed to be
equal. In this chapter, expressions for the case of arbitrary interference power levels
are derived.

In most of the literature, with some exception such as [32] where the SEP was
derived from the decision metric of OC, the MGF approach is exploited to derive
SEP for systems with multiple interferers. The MGF approach is very popular for
evaluating the SEP since it requires the MGF of the SNR or the SINR instead of the
respective PDF. In many cases, the MGF has a much simpler form than the PDF.

It turns out that for OC, a simple expression for the PDF of SINR can be
obtained from the reliability function, which is defined as the probability that the
SINR is less than a threshold [33]. Subsequently, the average SEP can be obtained
by using the conventional method, i.e., by averaging the instantaneous SEP over the
PDF of SINR. In [34] this approach was adapted to analyze the error probability, but
the author used an approximate relation between the SEP and SINR, and therefore
obtained only approximate expressions.

In this chapter, the exact relation between the instantaneous SEP and the SINR
is used to derive an expression for the exact SEP for M-PSK modulation. The final
expression involves only a single integral with finite limits and a finite integrand. A
closed-form expression for the SEP of BPSK modulation is also derived.

The system model and assumption for this chapter are the same as those

described in Chapter 2, except that: (1) the desired signal s is an M-PSK symbol;

44
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(2) the Ny interferers may have unequal power levels. The sampled output of the Ny

receive branches is

Ny
r= \/}ch + Z \/Ficisi + n, (4.1)
i=1

where P, is the i-th interferer’s power; the definition of other parameters and the

assumptions can be found in Chapter 2.
Define SNR
P
y==2 (4.2)
o

gi= (4.3)

The reliability function R (y;) is defined as the probability that the output SINR of
OC is greater than a threshold +; [33]:

R(y) = exp (_%> NSVI(",;L{T)“! <%>m—1

m=1

5 Na Na—-m C i ~ m—1
t 1 t t
+exp | —— E o ’
p( 7) —~ (m— I (%+6n)<7>

m=max(N4—N;+1,1) 1 n=1
(4.4)

where C; is the coefficient of 4/ in power series expression of the product [T>%, (7 + 8a) ,
ie., Hﬁ:’; L+ Bn) = ZzN:Io Civi, from which it can be proven by the method of

mathematical induction that

_ E ny QN2 Ny
01 —_— 1 2 "‘ﬂNI . (4-5)
nitne+-+ny, =Ny—i
n,€{0,1}

The PDF of the output SINR #, is

dR (%)‘

i (4.6)

Dy (’7t) =
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The SEP expressions for M-PSK and BPSK are developed in Sections II and

[T, respectively. Numerical results are shown in Section IV.

4.2 SEP Analysis for M-PSK Modulation
For OC with M-PSK modulation, the SEP conditioned on the output SINR +; can

be written as [24]

1 (M-1)n/M -n2 M
Posspsic (Bly) = ~ / exp {—%w—)} o, (4.7)
0

sin’6

where M is the number of symbols in M-PSK modulation. In order to get the

ensemble average SEP P pr.psk, Psam-psk (E|7y:) needs to be averaged over the PDF

P () of i,
Ps,M-PSK =/ Ps,M-PSK (Eh/t)p’yt (’Yt) dy:. (4-8)
0

Substitute (4.6) in (4.8) and use the method of integration by parts. Then

M-1
Pompsk = 7
00 e sin? (/M) [ sin?® (/M)
+ R () = exp | —n——a,— | | ————— | d0d9)
0 T Jo sin“f sin“é
Define x =ctgf, the above equation becomes
M-1 0 5 .y
Pippsk = Vs R () sin® (/M) exp (—sin® (m/M)~,)
0
1 [ ,
M—-1 o [sin? (/M
= M —-/ R('Yt) ( / >6—C'7t
0 ™Y

<Q {\/ 2sin? (x /M) %cth} dv.

(4.10)
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Let v, = tan? ¢, then the final expression for the average SEP can be obtained as

— 1 M)
Fompsk = -2\ ——— sin’ W/ / (tan® ) exp [—sin® (r/M) tan® ¢]

xQ { 2sin? (7 /M) tan npctg(——M—)} (1+ tan go) de. (4.11)

The above expression only involves integration of a finite integrand over finite limits;
therefore its evaluation is fast and accurate. It can be used for any M, including

M = 2, i.e., BPSK modulation.

4.3 SEP Analysis for BPSK Modulation
Though (4.11) is easy enough to evaluate, it would be more desirable to obtain a
closed-form expression, since closed-form expressions are usually faster when it comes

to numerical evaluation. Up until now, (4.11) is the best that can be obtained for

M-PSK when M # 2; whereas for BPSK, a closed-form expression can be derived.

In the case of BPSK, M =2, @ [\/251n (/M) tangoctgg—ﬂ] =Q(0) = 3,

e (4.12)
s,BPSK AR V)Nt Tt .

Substitute (4.4) in (4.12). Then

(4.10) becomes

1
P ppsk = 3~ T, — Ty, (4.13)
where
Na—N;
1 /1 1 1 3

T, = =—./= - - - ZpTOM 4.14
1 2\/; 2 (m~1)wm—1/0 e (4.14)

m=1

Ny Np-—m
1 /1 C; 1
Ty, = =4/ S Y
2 2\/; - (m—l)lfym—l
m=max(Ng—Nr+1,1) =0

m+z——

/ 102 (v + Ba)

o = 141 4.16
7 (4.16)

e dry, (4.15)
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By using Eq. 3.381.4 and Eq. 8.339 in [31], T; can easily be expressed in the

following closed form:

v S NI "em-1 1
b 7+1 2mml (v +1)"
Ny— N[ 1 1 m
— {__-_—} . (4.17)
7+1 4(y+1)

Next T, will be expressed in closed form.

4.3.1 Expansion of 1/ [T, (v + 8,)

The evaluation of Ty involves the integration over the rational function 1/ I—[ﬁll (7 + Bn)
that may have more than a single pole. To facilitate the integration, this function
needs to be expanded into the summation of rational functions, each with a single
pole.

The Ny SIR terms 3, (n = 1,2, -+, N;) may or may not be equal to each other.
They may be separated into N, sets, with the SIR’s in the same set equal to each
other. The SIR’s from different sets are unequal. More specifically, assume the first
set contains n; SIR §,’s with each equaling [1; the second set contains ny SIR 3,’s
with each equaling By;- - ; the N,-th set contains ny, 8,’s with each equaling ﬁ}vp.

Then ny +ny+---+ny, = Ny and 8, 5, - - ,ﬁ}vp are distinct. With this assumption

1 1
T (e + Ba) T2, (e + B)™

= szk A (4.18)

k=1 i=1 ’YtJrﬁk

where

1 dme—0) (’yt + 5;)%
(e = O dy™ O TIE (e + B)™

Apy = (4.19)

’Yt'—"—ﬁ;lc

Two special cases are used to illustrate this procedure.
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e All the SIR’s are equal

In this case, there is only one unique . Therefore N, = 1,n; = Ny, By = B

Hence
1 1
N = Ny (4.20)
| Il (t"‘ﬁn) (v + B1)
and
1 k=1,l=N;
Agr = . (4.21)
0 others

e All the SIR’s are unique

In this case 8; # B; for any 7 # j. Hence B, =B, forn=1,2,---,N;, N, =
Npng=1fork=1,2,---,N,, and

1 Ak
= — 4.22
Hff;l (7 + Bn) Z Ve + Br ( )
where
Ary (ve + Br)
’ Hiill (’Yt + 61) ~e=—0%
1

SR— (4.23)
1—.[1 11 JA#Ek ('8 /Bk)

4.3.2 Evaluation of the Integration in Equation (4.15)
Substitute (4.18) into (4.15),

1 Na Ngp—m Np ng
[ Z Z ( _1 A 1 ZZAlemzkh (4.24)
=1

m=max(Ng—Ny+1,1) =0 k=1
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where
00 m+i—3
8 _
Bkt = / — e MMy,
o (%+5)
0 m+i—1 1
- / = , l:I Y femMdy

0 (7t + Bk)

m-+i—1—1

= /°° Z M+ Z JaN
0 )11) (7t +/Bllc)p q=0 b

p=max(l—(m+i—1

_1
X7, 2e” M dyy, (4.25)

in which Dy, ; 51, and Fp, ;51,4 are evaluated as:

m+i—1—1

1 d-p) AN s
Dm,i,k,l, = (’Y + ﬁ > - Fm,i,k,l, 7q

1 d(l*p) m+i—1

ve=—B,

T U-pla ,
'Yt:"ﬁk
1 (m+1i—1)! ,\ mi—1=(-p)
= — 4.26
(l—p)!{m+i~1~(l—p)]!( 5) (4.26)

i— [
) N — [ L 7 ' Z Do ikt

m,t,K,t,q - | q Y —7 B
q: d7t (f)/t + ﬁk) sza-x(l—(m—i-i-—l),l) (')/t ‘+‘ /Bk)

l .
1 et ]— O\ mti—1-l—q
_ 2 : (_1) +i—1—l4+p+q (Bk)

p=max({—(m+i—1),1)
1 (m+i—1)! (p+q—1)!

7t=0

x , (4.27)
((=pltim+i-1-({-p]' (p—1)!
The By ik, in (4.25) can be further expressed as
l l—p m+i—1-1
Bkt = S Duiws2(8)7 Gt D PrikiHe  (428)
p=max({—(m+i—1),1) q=0



where

ka = ;1/00 ;,p’?’tw%e_a%d%
2(8): " Jo (nt )

H, = AMVE‘
\/E (29)!
a (4a)! g!

In deriving (4.30), Eq. 3.381.4 and Eq. 8.339 in [31] are used.

N

e T dy;

Let v, = B,y%, then (4.29) becomes

0 1 ,
Gk,p = / “"'““'e_aﬁkyzdy,
o (

21y
from which
Geo = 5/ air
Gr1 = geaﬁ;erfc (\/a—ﬁ,;>
and , ’
o= |1~ 551~ o S

51

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

for p > 2. The above equation shows that the value of Gy, for p > 2 can be evaluated

recursively from the values of Gi,—1 and G, (e.g., Gr2 = (% —aﬁ;c) Gr1 +

aB3,Go). Since (4.34) is a second order difference equation with initial values G

and Gy 1, Gk can be solved by the method detailed in [27]. The solution is omitted

here since it is not as simple as (4.34) for evaluating G .

To summarize, by combining together (4.13) and the related expressions (4.17),

(4.24), (4.28), and (4.30), the closed-form expressions for the SEP of BPSK can be
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obtained as

. 1 1 [ NA‘ZJEH 2m R
sBPSK 2 2Vy+1 &~ . 4(y+1)

1 /1 Na Naer ¢ 1
_5\/; Z Z (m — 1)l ym-1

m=max(Ng—Ny+1,1) =0

Np ng l
1_
X E E A E 2(64)2 " Din,ik1 pGrop
k=1 l=1 p=max(l—(m+i—1),1)

m+i*171F \/? (2(])' a5
o P STy (499

with C; defined in Section 4.1, Ay, defined in (4.19), Dy, ;. defined in (4.26) and
Gp given in (4.32) to (4.34).

4.3.3 Special Case: No Interferer
In this case, N; = 0, (4.35) becomes

Ng—1 m
1 2m 1
- = —7—2 |, (4.36)
2V v +1 & 4(y+1)

(NN

P Bpsk =

which is the same as Eq. (C-18) in [2].
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4.3.4 Special Case: One Interferer
In this case, N; = 1, N, = 1,n; = 1, 44, = 1, B, = 3 (the SIR of the only interferer),
(4.35) becomes

Psppsk =

RN
2V (NA - 1)!’)/NA_1

1, Naz? T (2g)!
X 2827 Dnyo1,1,1G11 + ZFNA,O,l,l,q o ()7 g

q=0
_ 1.1 _LNZ m 71 )"
2 2Vy+1 &= 4(y+1)

[\/— eaﬁerfc \/‘ Niz ] ( 4aﬁ>q}, (4.37)

q=0

which is the same as Eq. (16) in [11].

The SEP of BPSK can be calculated from both (4.13) and (4.35). The evaluation
of (4.35) takes less time for small N (number of receive branches) and N; (number
of interferers). For large N4 and Ny, (4.35) is less accurate than (4.13) due to its

complexity and the numerical accuracy of the Matlab software being used.

4.4 Numerical Results
In this section, both analysis results and simulation results are provided. The analysis
results were calculated using (4.11), and are represented by continuous curves while
Monte Carlo simulation results are indicated by discrete symbols.
Figure 4.1 shows the SEP versus SNR for QPSK modulation, 4 branches, varying
number of interferers, and SIR = 10 dB for each interferer. Figure 4.2 shows the SEP
versus SNR for N4 = 8 branches and N; = 6 interferers. The SIR’s for the 6
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Figure 4.1 SEP versus SNR for QPSK modulation, N4 = 4 branches and SIR = 10
dB for each interferer. The number of interferers varies from N; = 3 to N; = 6.
interferers are 10 dB, 10 dB, 2 dB, 2 dB, 0 dB, 0 dB, respectively. Figure 4.3 shows
the SEP versus SIR for BPSK modulation, N; = 9 interferers and SNR = 10 dB,
with the number of branches varying from 7 to 10. The SIR’s of 7 interferers are fixed
to 0 dB, while the SIR’s for the other 2 interferers vary from 0 dB to 30 dB as shown
by the x-axis. Figure 4.4 shows the SEP versus the number of branches N, for 32
interferers at fixed SNR = 10 dB. The SIR’s for 16 interferers are 0 dB, while the
SIR’s for the other 16 interferers are 2 dB.

The analysis results match the simulation results in all figures that cover various

configurations. This proves that the analytical expression can be used to evaluate the

SEP.
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Figure 4.2 SEP versus SNR for N4 = 8 branches and N; = 6 interferers. The
SIR’s for the 6 interferers are 10 dB, 10 dB, 2 dB, 2 dB, 0 dB, 0 dB, respectively.
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Figure 4.3 SEP versus SIR for BPSK modulation, N; = 9 interferers and SNR
= 10 dB. The number of branches varies from Ny = 7 to N4 = 10. The SIR’s for 7
interferers are fixed to 0 dB. The SIR’s for the other 2 interferers vary from 0 dB to
30 dB as shown by the abscissa.
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Figure 4.4 SEP versus the number of branches N for N; = 32 interferers and
SNR = 10 dB. The SIR’s for 16 interferers are 0 dB, while the SIR’s for the other 16

interferers are 2 dB.



CHAPTER 5

MSDD WITH KNOWN COVARIANCE MATRIX OF
INTERFERENCE PLUS NOISE

5.1 Introduction
In the previous chapters, the performance of OC was analyzed. OC is a coherent
detection technique which requires information on the channel phase of the desired
signal. In this and the next chapter, the non-coherent detection scheme multiple
symbol differential detection (MSDD) is presented.

Multiple symbol differential detection (MSDD) was first proposed for detecting
M-PSK signals transmitted over an additive white Gaussian noise (AWGN) channel
[35]. The main advantage of MSDD is that it does not require a coherent phase
reference at the receiver. It does require, however, the ability to measure relative
phase differences. MSDD performs maximum-likelihood detection of a block of information
symbols based on a corresponding observation interval. The method was presented
to bridge the gap between the performance of coherent detection of M-PSK and
conventional differential detection of M-DPSK [35]. The channel phase was assumed
to be unknown to the receiver, but constant over multiple symbol intervals. In [35] it
was shown that for a long observation interval, the performance of MSDD (in terms
of the required SNR for a given BEP) approached that of coherent detection (with
differential encoding at the transmitter).

The MSDD scheme was extended to trellis coded M-PSK in [36]. MSDD for
the fading channel was analyzed in [37] and for correlated fading in [38]. MSDD
application to multiuser code division multiple access (CDMA) was considered in

[39]. Performance of MSDD with narrow-band interference over a non-fading channel

57
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was discussed in [40]. A system with MSDD and receive diversity was formulated in
[41], while [42, 43] considered MSDD with transmit diversity.

In this chapter, an extension to MSDD is derived for communication in the
presence of interferers. The channel of the desired signal is a diversity Rayleigh
channel with multiple outputs. For an antenna array at the receiver of a communication
system operating over a slow fading channel, any signal source is spatially correlated.
The channel realizations at each output are mutually independent, constant over the
observation interval, and unknown to the receiver. The Gaussian assumption is made
with respect to the aggregate of interference plus noise. The covariance matrix of
the interference plus noise is assumed to be known. The MSDD decision statistic is
derived based on the principle of MLSD. A closed-form expression for the conditional
pairwise error probability (PEP) is derived. A closed-form expression for the BEP is
intractable; however, one is obtained for an approximation to the union bound. The
approximation utilizes only dominant terms in the union bound and is shown to be
a good approximation of the BEP for some cases.

The computational complexity of direct computation of the decision statistic
grows exponentially with the number of symbols in the observation interval. For single
channel MSDD, an optimum algorithm was proposed in [44]. Sub-optimal decision
feedback algorithms for the single channel case were suggested in [45, 46, 47]. No
efficient MSDD algorithm was published for MSDD with diversity. In this chapter,
the sub-optimal decision feedback algorithm in [47] is applied to MSDD with diversity.
The main improvement over published algorithms is the introduction of iterations for
symbol detection.

This chapter is organized as follows: Section 5.2 presents the signal model. The
MSDD decision statistic is derived in Section 5.3. The error analysis is developed in

Section 5.4, while Section 5.5 presents the numerical results.
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5.2 System Model
Since there are some differences and some additional assumptions for MSDD, the
system model that was initially described in Section 1.2 needs to be expanded. For a
wireless communications system with N, independent receive branches, the sampled

output of the matched filter corresponding to time k£ and the [-th branch is

Tkt =V Pseisp + 2y, 1 =1,2,--+, Ny, (5.1)

where P; is the power of the desired signal, ¢; is the channel gain of the [-th branch,
sk is the transmitted M-DPSK symbol, and z;,; is interference plus noise. For M-
DPSK modulation, the transmitted signals can be expressed as s, = /%, 6§, =
21 (i, — 1) /M, ir, = 1,2, - , M. The transmitted symbols are differentially encoded,
ie., O = 01+ Ab, where Af; is the phase representing the transmitted information
at time k.

The signal model in vector notation is

rr = \/ Pscsg + 2z, (52)

where ry = [re1, - rena) s €= [cr, s ena)’ s Ze = 21, Zenal -

The channel gains ¢;’s are assumed to be independent and identically distributed
(i.i.d.), zero-mean, circularly symmetric, complex Gaussian random variables (Rayleigh
fading), with variance (/2 per dimension. The correlated noise term z; is the
aggregate of an interference source and AWGN. It is assumed to be complex-valued,
zero-mean, circularly symmetric, and governed by a Gaussian distribution with covariance
matrix R = F [zkz,{f] . For interference of N; sources plus AWGN, the covariance
matrix can be expressed as

Ny
R=F [zkzkH] = P[Zcicfl + diag (of,a%,--- ,UfVA), (5.3)

i=1

where the parameters are defined in Chapter 1.
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Consider a sequence of K symbols running from time k — (K — 1) to k. Assume

the channel is static over the duration of this sequence. Using vector notation,
r, = /PHs; +z, (5.4)

where r;, = [rk_(K_l), ce ,rk]T, s, and z, are vectors defined similar to r;,. And
H = Ix ® c is the channel matrix for the signal of interest, where the symbol ‘®/
denotes the Kronecker product, and I is the identity matrix of rank K.

Asin Chapter 2, define N, = max(Ny4, N7) and Ny, = min(N4, Ny) . Diagonalize
R as R = UAU¥ where A = diag (A1, g, - - - ,An,). The eigenvalues Ay > Ay >
-++ > Ay are random variables, while \,, = 02 for m = Npin + 1, Npin +2, -+, Na.
Denote the set of non-trivial eigenvalues as A = [Ay, Ay, - -~ ,)\Nmm]T. The inverse

covariance matrix of R is R~ = UATIU*.

5.3 Decision Statistic
The decision statistic for a symbol sequence s, = [sk_(K_l), e ,sk]T based on an
observation interval of length K as embodied in the vector r, will be formulated in
this section. Assume the covariance matrix of the interference plus noise R is known.

Then the maximum-likelihood detector for the sequence sy is given by

S, = arg max p(rg|si, R), (5.5)
Sk

where p(r.|sg, R) is the likelihood of the observed data r, given the transmitted
symbol sequence s; and the covariance matrix R. Under the Gaussian assumption
for the aggregate of interference and noise, the observation r, (conditioned on the
transmitted sequence s, the covariance matrix R and channel ¢) has a multivariate

Gaussian distribution. The conditional probability p(r, sk, R, ¢) can then be expressed
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as

p(zkislm R) C)

ﬂ,——KNA|RI—K

K-1
Xexp{- Z iy \/—C'Slc 1 rk i \/_CSk —1 } (56)

1=0

Since R™! = UAT'U*,

p(rylse, R, 8)

W_KNA’R|_K

K-1
X €Xp {— Z(Xk-i - \/Egsk—i) Xk —i \/_gsk } (5.7)
i=0

where

xp—; = Ufrg; (5.8)

g = Ufc (5.9)

Xy_; is the whitened received signal vector, and g is the modified channel vector.
Note that since U is unitary, the modified channel vector g has the same distribution
as the original channel vector ¢. Let the components of the modified channel vector
g be expressed as g, = oqe’?, [ =1,..., N4. Likewise, let the [-th component of x;_;
be z_;;. Expand the exponent in (5.7) and group terms that do not depend on g or

Sk—i»

p(rlse, R, g) = 7 "M|R| X exp {-Co}

Na
xHexp{wKPS)\ 2 4 oV /PA |y (k)] cos (¢ — el(sk))},
=1

(5.10)
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where
K—1 Na4

ZZ el (5.11)

=0 =

K-1
*
E L—i1Sk—4
=0

lyr (sk)] edfi(sk) (5.12)

and

Yy (Sk)

Note that y; (sx) is a function of both the transmitted sequence s; and the observed
sequence ry.

Recall that the components of the modified channel vector g have the same
distribution as the components of the channel vector c. It follows that ¢, is Rayleigh
with E [af] = ; and ¢, is uniformly distributed in the interval [0, 27). To average

the conditional distribution p(r,|si, R, g) over the modified channel g, the integral

plryls, R)= / p(rels, R, g)pg (g) de (5.13)

needed to be evaluated, where pg (g) is the PDF of g. Assume the channels are

mutually independent, then

= [ pa(@a)ps (1), (5.14)

=1

where p,, (o) and pg,(¢;) are the PDFs of o; and ¢; respectively. For Rayleigh fading

channels,

2 2
Doy (1) = ﬂexp (—%) 0<a <00 (5.15)

Po () = or 0< ¢ <2m. (5.16)
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Substitute (5.10), (5.14), (5.15) and (5.16) into (5.13), and separate the integrations,

p(rils,, R)
= W‘KM]RI—Kexp{—Co}ﬁ{E/mexp{— (KP/\ + 1) 2}0@(1&;
= S o Q
1 27
% exp{Q\/—)\ lyr (sk)| ay cos (¢ — )}d¢g}. (5.17)

After the averaging over the uniform distribution of ¢; is carried out,

p(rls, R) = 7 “MAR|™" exp {—Co}

2 [ 1
|| = exps — | KPA + }
[ [ e {-(kmateg)o
X Io(2v/ P i (se)] aw)eude, (5.18)

where Ip(x) is the zeroth order modified Bessel function of the first kind. Using the
integration expression of Bessel function I (z) in Appendix G,

Na

- _ A
plrdse R) = 7K Y4R| ¥ exp {~Co} (Hm>

X exp § P, %A: U [y (s (5.19)
N (KPS + X))

In (5.19), only the argument of the exponential function is dependent on the transmitted
sequence sy, since only the terms y; (si)’s are functions of s;. Due to the monotonicity
of the exponential function, maximizing p(r,|sx) with respect to sy is equivalent to

maximizing the following decision statistic:

Na

 |yi(sk)]
5.20
ZAI (KPS + M) (5.20)

From (5.5), the corresponding MSDD decision rule is

8p = arg max 7(sk). (5.21)
Sk
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Figure 5.1 The diagram of a multiple symbol differential detector. For M-DPSK
with M symbols, the number of symbol sequences that need to be tried is M; = ME-1,
The detector searches through sequences s; and chooses the sequence that has the

largest decision metric n(sg). A diagram of the MSDD receiver is shown in Figure 5.1.

It follows that the optimum multiple symbol differential detector for multiple
channel branches in the presence of interference, is a weighted sum of correlations of
whitened observations and hypothesis symbols. Note that this decision statistic does
not require knowledge of the signal channel vector.

The decision statistic in (5.20) provides multiple symbol differential detection
for a M-DPSK sequence transmitted over multiple independent fading channels in

the presence of correlated Gaussian noise.
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The decision statistic is ambiguous with respect to an arbitrary phase ¢'. Indeed,
let s), = ei%sy., then

6’

wl = |ue”sy)

K-1 .
o

E Tp—il (67 5k-—i>

i=0

= |yi(se)l- (5.22)

Differential encoding at the transmitter is required to resolve this ambiguity.

5.3.1 Iterative Decision Feedback Algorithm

The complexity of MSDD for M-DPSK with an observation interval of K symbols
increases with M%~!. For large K, this complexity makes simulations impractical.
To overcome this difficulty, a practical sub-optimal algorithm that uses decision
feedback is introduced. The basic purpose of the algorithm is to make symbol by
symbol decisions rather than testing the full sequence of symbols simultaneously.
The algorithm proceeds from symbol to symbol along the sequence of K symbols. At
symbol ¢ it maximizes a decision statistic assuming that the other (K — 1) symbols
have been detected and are known. Several iterations can be carried out to improve

performance. The algorithm is implemented in the following procedure:
1. Initialization:

(a) Initialize iteration index, m = 0.
T
(b) Initialize Sgcm) é 1:1, Sl(crz)(K-Q)’ SI(CT)(K—@’ Ty S]E:m):| = [17 07 0) e JO]T‘
(c) Initialize time index ¢ = K — 2.
2. Increase iteration index m + 1 — m.

3. Fori=(K—-2)to0
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Figure 5.2 Comparison of optimum algorithm and iterative decision feedback
algorithm for L = 4 branches, DPSK modulation, SIR = —6 dB.

i (m)

T
Evaluate s = arg max 1) ({1, S\ kg S S ,sé’”‘”] ) '
Sk—i

End loop .

4. 1If m is not equal to the required iteration number (which is determined empirically),

go back to step 2.

5. Differentially decode s,(cm) to get the final output.

To demonstrate the performance of this sub-optimal decision feedback algorithm,
Figure 5.2 compares the performance of sub-optimal and optimal (based on (5.21))
algorithms. The comparison is for the case of Ny = 4 diversity branches, one
interferer, binary PSK (DPSK) modulation, and SIR = —6 dB. For an observation
interval of K = 12 symbols, with just 2 iterations, the performance of the sub-optimal
decision feedback algorithm is within just 0.2 dB of that of the optimum algorithm.
The advantage of the sub-optimal decision feedback algorithm is, of course, that it

takes much less time to run than the optimum algorithm. From the figure, it can also
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be observed that iterations are beneficial to the performance of decision feedback.
The second iteration provides about 0.5 dB gain relative to that without iteration

(iteration 1). Additional iterations do not seem to improve the performance.

5.3.2 Special Case
Some special cases provide insights into the operation of MSDD. For a channel with a
flat gain profile ), = 1, and a flat AWGN profile 67 = ¢® for [ = 1,2,---, Ny, (5.20)

can be expressed as
-5l (529
Eq. (5.23) can be further specialized in the following special cases.
e No Interference

In this case, P; = 0, the noise covariance matrix is R = o?Iy,, eigenvalues

N=021=1,2,--,Ng, and U = Iy,. Eq. (5.12) simplifies to

K-1
(77} (Sk) = Z Tk—i,lSZ—i' (524)
i=0
The decision statistic in (5.23) becomes
n(sk) = KP e Z lyi(se)|”- (5.25)

Since the term outside the sum is independent of sg, the above decision statistic is

equivalent to

Ny Ny |K-1
n(sk) =D lu(se)l’ =D D reigsies (5.26)

This decision statistic is the same as that in [41, equation (8)]. Indeed (5.20) is the

generalization of [41, equation (8)] to MSDD in the presence of interference.

e N4 > N; and Interference > Noise
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In this case, Nypin = N;, i =02 forl = N;+ 1, Ny +2,---, N4. It follows that

the decision statistic in (5.23) becomes

Z |yz Sk I % lyl(sk)|2 (5 27)
A (K P, + o?) Mot 02 (KP, + %) '

For high interference to noise ratio, \; > o2 for | = 1,2, ---, N;. Therefore, the first

summation in (5.27) can be neglected and (5.27) can be approximated by

IR S 10 ‘o8
Mo~ D KR+ (5.28)
l=N[+1

The interpretation of this result is that for a system with /V; strong interference
sources, the decision statistic is similar to that of MSDD without interference and
Ny fewer degrees of freedom. This result will be further demonstrated in the ensuing

error probability analysis.

5.4 Error Probability Analysis
An exact expression for the BEP for differential detection can be obtained only
for DPSK modulation and the special case of K = 2 symbols. The exact error
analysis is intractable in the general case of MSDD with M-DPSK modulation over
diversity channels and in the presence of interference. The alternative approach is
to obtain an analytical approximate upper bound. An expression is derived in this
section for the PEP under the Gaussian assumption for the aggregate interference plus
noise. Then the union bound of the BEP can be derived from this expression. From
the union bound, an approximate upper bound is derived. The approximate upper
bound consists of relatively simple algebraic expressions. Even simpler expressions
are obtained for large SNR and small SIR. In the numerical results section, it is shown
that in many cases, the approximate upper bound is very close to the BEP obtained

by simulation.
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In the derivation of the PEP, assume a uniform flat power profile for the desired
signal channel, ; = 1, and a flat AWGN profile with 0? = 0% for [ = 1,2,--- , Na.
The PEP is developed for correlated interference plus noise characterized by the
covariance matrix in (5.3).

Let s, and s) denote two sequences, each containing K M-DPSK symbols.
Conditioned on A, the PEP that sy is transmitted but s, is detected (s, # sosk, where
So is an arbitrary M-PSK symbol) is denoted as P (sy — sj|A). It is conditional on

the vector of random value A since 7(s) depends on A.

5.4.1 Evaluation of the Conditional PEP
First evaluate the unconditional PEP P (s — s;|A). When s, is transmitted, a

pairwise error event occurs when 7n(sx) < n(s}). Define the random variable D,

D = n(si) — n(s})- (5.29)

Note that D is random due to both the random noise and the random channels. The
probability that D < 0 conditioned on A is evaluated now. Using steps similar to [2,
Appendix BJ, it can be shown that

L [*7° Spp(jw)

P A = —— Rl
(Sk_-)sk’ ) 27Tj oo w w
B (s
= — > Res [M;wm], (5.30)
Im(wm)>0 v

where ¢ is a small positive number; ®pz(jw) is the characteristic function of D

|:‘I)D|)\(jw) (jw)
w

conditioned on A; Res ;wm] denotes the residue of %—':)—— at pole w,,; and
the summation is taken over the poles in the upper half of the complex plane.

In Appendix H, the following expression is derived for the characteristic function
of the random variable D:

Wiy

(w—=wi) (W = wp)

WimWa,m (5.31)

Na—Nmin Nmin
} (W wim) (W= wam)

Ppajw) = {

m=
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where

V(2P +4(KP, + 02) 0% — (P,

o — j\/§2P§+4(KPS+02)o—2§+CPS’ (5.33)
2¢

Wim = _j\/C2P3+4(KP;;Am)AmC_CPs (534)

o j\/C2PS2 +4 (KP;gL Am) AmC + (P (5.35)

form=1,2,---, Nni, and

¢ = K%—|v(sksp)? (5.36)

v(sg,sy) = silsy. (5.37)

In (5.36), v(sg, s)) is the correlation coefficient between the transmitted sequence sy
and the detected sequence sj. Note that 0 < v(sg,s) < K.

The characteristic function shown in (5.31) has the same form as the one shown
n (2.9) (except for the definitions of wy, we, etc. that are different). Therefore, the

residues derived in Appendix B can be used for (5.30). From (5.30) and (B.13),

P(sk — 8| A)

) (

w2 m W1 (wz,m — W2 Wam — uJ1,m)

Nmm

% H ( W1 nWon

n=1n#m Wa,m — wlm) (wQ,m - w2,n)

N Na—Napin—1
(W) VA~ Nmin (—1)Na~Nain=1 B Z (Na— Nuin — 1+ 1)!

(NA_Nmin_l)! —o l!
N,
1 min 1_ 1
X _ + Al ,m _ + AZ,m _ A
{wéVA Nmin—! n; (Wz —w m) Nmin—! (CUQ _ w2,m)NA Nmin—!
1
X (5.38)

((-‘-)2 _ wl)NA-—Nmin-H’
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where
w Hmin W1 W
Apge = —22 Ln (5.39)
(Wl,m - w2,m) n=1n%m (wl,m - wl,n) (wl,m - cU2,n)
w Nomin I
R Lnt2n . (5.40)
(WQ,m - wl,m) n=1n#m (WZ,m - wl,n) (w2,m - WQ,n)

5.4.2 Evaluation of the Unconditional PEP
The unconditional PEP P (s; — s).) is obtained by averaging the conditional PEP

over the random vector A,

Hw~w=wa~%WMMM (5.41)

where p(A) is the PDF of A given in (2.21). The former expression is the exact
PEP of MSDD with diversity branches and multiple interference sources. Both
P (s — s}|A) and p(A) are very complicated functions. Approximate expressions
for the unconditional PEP are derived next.

When N4 > Nj, by following arguments similar to [17, 16], the following

approximation can be made

P sk — s3) & P(s6 = S| A)aon » (5.42)
where AO = [)\011, )\0,2, e ,)\O’NA]T, and
PrNpax + 02 [=1,2,--, Npin
Ao = : (5.43)
0'2 l:Nmin-f—l,N[-f'Q,"',NA

As mentioned in [24, p. 441] and [17], this approximation is valid for N; < Ng
and SIR < 1. For N; = 1, the approximation in (5.42) is very accurate. For other
circumstances, such as N4y < N, SIR ~ 1, it is shown in the numerical section that

(5.42) is an upper bound, just as in the case of the OC detector.
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The forms of both the conditional and unconditional PEP are quite complicated
and do not afford much insight. It is of interest to obtain simpler expressions for
special cases. In the ensuing analysis, the symbol SNR is v = P,/0?, and SIR is
P,/ P;.

o No Interference

In this case N; = 0. The characteristic function is

N,
wWilso A

(w—w) (w—ws)

Note that since there is no interference, the characteristic function is unconditional.

After carrying out the evaluation of the residue in (5.30),

Nalf Ny—1+1 (wiwy) V4

P(sp—sp) = (=DM ) e

1=0 [ Wy l(w2 - Wl)N"H'

(5.45)

For all the cases tried, (5.45) yielded the same numerical results as the PEP developed
in [41]. However, (5.45) has the advantage of providing the PEP in closed form
without the need of integration.

The case of no interference can be further simplified for large SNR v > 1. For

~v > 1, (5.32) and (5.33) can be approximated as

Ko?
wp R~ —]T- (5.46)

jotn. (5.47)

&

wa

Substitute these results in (5.45) and notice that wy > wy. Then

KNV [ Na—1+1
— . 5.48
Cv) 2 (5:45)

Pl s~
1=0 {

Using Eq. (0.151) in [31],

() ow
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This expression clearly exhibits the N-order diversity of the system. It should be
pointed out that since ( is proportional to K, P (s — s} ) does not necessarily increase

with K.
e Ny>N;, SIR <1, SNR > 1

By assumption P; > P, > o2, therefore \,, > P, > 0% w; and w, can be

approximated as in (5.46) and (5.47). wy;, and ws,, can be approximated as

A
Wim N e (5.50)
1 V<
w2,m ~ -)‘m (551)

j—.
V<
Hence both w;,, and wy,, are much larger than w; and w,. By substituting these

approximate values into (5.38) and keeping only the dominant term, after some

manipulations,

2(Na — Np) — 1) (K)NA‘N’
P (s — s}) =~ ( — : 5.52

From the comparison of (5.52) and (5.49), it can be seen that the PEP for
systems with diversity Ny and N; large interference sources equals the PEP for
systems with diversity (N4 — Nj) without interference. This result is well known
for interference suppression using OC. This analysis proves that the loss of degrees of

freedom due to interference suppression carries over to MSDD.

5.4.3 BEP Approximate Upper Bound

The sequence s of M-DPSK symbols corresponds to (K — 1)log, M information
bits (with differential encoding, the first symbol is known). Let ui be the sequence
of (K — 1)log, M information bits encoded as sy, and let uj, be the sequence of

information bits which results from the detection of sj,. The pairwise BEP associated
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with transmitting a sequence u and detecting another sequence uj, is given by

1
(K —1)log, M

Py (s — sj,) = h(ag, we) P (sk — ), (5.53)

where h(ug, u},) denotes the Hamming distance between uy and uy.

The BEP that s; is transmitted, and an error sequence (any error sequence) is
detected, is upper bounded by the union of all pairwise bit error events. Since s; can
be any input sequence (e.g., the null sequence s; = [1,0,0,- - ,O]T), the dependency
on s, can be dropped from the notation. The union bound on the BEP can then be

written as

P, < ) PByfs—sy)
uFug
1

= (K-1)log, M > h(ug, W) P (s — s), (5.54)
uj #ug

where the summation is taken over all the sequences u)’s that are different from the
transmitted sequence of information bits uy.

Direct application of (5.54) does not shed light on the mechanisms affecting
MSDD performance. A clearer picture is obtained by developing an approximation
to the union bound. Note that the union bound in (5.54) is a function of the PEP’s,
which in turn are determined by wi,ws, w1, and wq ., (see (5.38)). From (5.32) to
(5.35), wy,ws, w1 m and ws,, are functions of the quantity |v(sk,s§€)|2 through the
relation ¢ = K2 — |v(sg,s,)|*. In [35], it is shown that on the AWGN channel, for
large SNR, the dominant terms in the BEP occur for sequences for which the quantity
[v(sk, s;)|* is maximum. By carrying over the same approach to the diversity fading
channel, keeping only the dominant terms, and noticing that P (sp — s}) is constant

if |v(sk,s})| is constant, the following approximation to the union bound can be
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obtained
1
A — !
(K — 1) 10g2 M u;cz#;lk h(ukz) uk:)
| [o(sko%) [=[0(5k54) | o
% [P (5 = )yl ) (5.55)

The maximum value of |v(sy,s})| (for s, # S¢Sk, where sq is an arbitrary M-PSK

symbol) was shown in [35, Eq. (38)] to be

v (K, 84)]. = \/(K 124 2(K - 1) (1 — 2sin? %) +1. (5.56)

Also, from [35, Appendix B, for sequences such that |v (s, s})| = |v (sk,s})] the

max ’

accumulated Hamming distances are

1, K=2
> h(ug, u) = (5.57)
uj #ug 2(K—1), K>2

[v(snist)[=[0(sk:50) | o
for binary modulation, M = 2 and
, 2, K =

Z h{ug, u) = (5.58)
ul Fuy 4(K-1), K>2

[v(sosi) [=lv (s 5 |

for multilevel modulation, M > 4.

Strictly speaking, (5.55) is not an upper bound of the BEP. Numerical results
however, show that it is very close to, or larger than the BEP obtained by simulation.
Therefore, (5.55) can be used to study the performance of MSDD in the presence of
interference.

Next, the approximate upper bound for differential binary PSK (DPSK) and
M-DPSK (M > 4) modulations will be evaluated.
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e DPSK (M =2)
In this case, from (5.56)

I’U (Sk) S;c)|max =K -2 (559)

For conventional differential detection, the observation interval is K = 2 symbols,
|V (Sk, S} )] e = O- In this case, there is only one error sequence; therefore the PEP is
also the BEP,

Sk,S;C)|=O )

Substitute P (sy — s}) from (5.45) into (5.60). The exact BEP for DPSK over
N, diversity fading channels without interference can be obtained. For high SNR
> 1, using (5.49),

(5.61)

2N, -1 1
Py ppsk ~ ( 4 )

Na ) (@y)Na
This expression is the same as the one in [2, Eq. (14-4-28)]. It demonstrates that
familiar expressions for differential detection can be obtained as a special case of the
general case treated in this report.

For a longer observation interval K > 2, substitute (5.59) and (5.57) into (5.55)
to obtain

Apesic =2 P (5 = )l oy 2 (5.62)

This expression is for the approximate BEP upper bound for DPSK over slow-fading
Rayleigh diversity channels with interference. Next, some special cases for K > 2

and SNR v > 1 will be computed, resulting in simplified expressions.

No Interference, SNR > 1
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Using (5.49) in (5.62), the approximate upper bound is

2N, — 1 1
Appsk = 2( )
Na (%’Y)NA |v(sk.s}) |[=K—2
2N, — 1
- 2( ]/\1/ 1> - (5.63)
A Jal-%)]

Ny > Ni, SIRK 1, SNR > 1

Substitute (5.52) in (5.62). The result obtained is similar to (5.63), except N4

is substituted with (N4 — Ny).

o (2(Na—=Np) -1 1
Appsk = 2( Ny N, ) T(1-2)] N (5.64)

o M-DPSK (M > 4)

For M-DPSK, substitute (5.58) and (5.56) into (5.55). The approximate upper

bound would be:

2 /
Avorsic = o g P (5 7 S0l =2l ] (5.65)
for K = 2 symbols and
A -t p ’ 5.66
e 7 A L N B e e

for observation intervals of size K > 2.

Simplified expressions for special cases are computed below.

No Interference, SNR > 1

By using (5.49), from (5.65) and (5.66), the approximate upper bound is

(5.67)

| 2 <2NA - 1) 1
M-DPSK 10g2 M Ny [2’)’ Sinz (W/M)] "
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for K =2 and

(5.68)

4 (2NA—1> 1
08, M\ Na ) [4(1—L)~sin? (x/M)]"™

An-ppsk :l
for K > 2.
N4a> N, SIR <1, SNR > 1

Substitute (5.52) in (5.65) and (5.66). A result similar to (5.67) and (5.68) is

obtained, except that N, is substituted with (N4 — Ny),

2 2(N4y— Nyp)—1 1
Ap.pPSk = 1*——( (Na ! ) (5.69)

ogy M Na— Ny 27 sin? (W/M)]NA_NI
for K =2 and
4 [(2(Na-N))—1 1
AM-ppPSK = ——< - (5.70)
log, M Na—N; [4(1— 1) ysin® (W/M)]NA M
for K > 2.

5.5 Comparison with OC

In this section, the BEP of MSDD is compared analytically with that of OC. Since
the expression of the BEP for the general case is very complex, performance can
be compared analytically only for the cases of small SIR (relative large interference)
and no interference. Since both cases yield similar results, only the case of small
SIR is treated here. Performance comparison of MSDD and OC based on numerical
examples follows in the next section.

From (3.43) and (3.44) in Chapter 3, for Ny > Ny, SNR v > 1 and SIR < 1,

the BEP for OC is approximated by the expressions

_(2(Na—Np)—1 1
By psk & ( (Na— Np)—1 >(47)NA_N, (5.71)
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and

2 [2(Na—N;) — 1) 1
By pmpsk & ——— . 2.72
PMESE T Jog, M < (Na=Ni) =1/ [4ysin? (W/M)]NA_N’ (572

Since MSDD uses M-DPSK modulation, OC and MSDD are compared on the same
basis.

For OC, the exact expression of the BEP for M-DPSK is very difficult to obtain.
But judging from Eq. (4.200) in [48], the BEP for M-DPSK is about twice that
of M-PSK except for very small SNR. That can be demonstrated by simulation.
Therefore, the BEP for M-DPSK is

By m-ppsk ~ 25 pmopsk- (5.73)

Substitute (5.71) and (5.72) in (5.73), the BEP for OC using M-DPSK is

2(Na—Np) — 1 1
~ _ .74
P, ppsk 2< (Na—Np)—1 ) (ay)a s (5.74)
and
4 2(NA—N1)—1) 1
IZyva N — ; 5.75
> M-DPSK log2M< (Na—Np)—1 [47 sin® (ﬂ/M)]NA_NI (5:75)

The ratio of the BEP of OC and the approximate upper bound of MSDD (for
K > 2) is given by the ratios of (5.74) to (5.64) and (5.75) to (5.70), respectively

1— —

= (5.76)

Poopsk _ By am-ppsk _ ( 1 )NAANI

Appsk Ap-DPSK '
This expression holds for Ny > Ny, SIR <« 1 and SNR > 1. It can be concluded
that for Ny > Ny, SIR <« 1 and SNR > 1, when the observation interval of MSDD
increases to infinity, i.e., K — o0, the performance of MSDD with non-coherent

detection approaches that of OC with differential encoding.
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Figure 5.3 BEP versus SNR for N4y = 4 branches, N; = 1 interferer, SIR = —6
dB, DPSK modulation.

According to (5.73), the BEP of OC with differential encoding is about twice
that of OC without differential encoding. Therefore for MSDD of large K, the BEP

is only about twice that of OC without differential encoding.

5.6 Numerical Results

Numerical results presented in this section include Monte Carlo simulation results
and analysis results. In all cases, the channel branches and noise power profiles are
assumed to be uniform, i.e., @ = 1 and 07 = o2 for [ = 1,2,---, N4. The bit SNR
is (P;/ logs(M)) /o%. For comparison purposes, BEP curves for OC with differential
encoding is also provided. Except for Figures 5.6 to 5.8, all others figures are for one
interferer.

Figure 5.3 shows the BEP versus SNR for DPSK at SIR = —6 dB. Curves
labeled “Simulation” represent simulation results, while curves labeled “Analysis”

show analytical results as yielded by the approximate upper bounds (5.60) (for K = 2)
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Figure 5.4 BEP versus SNR for Ny = 4 branches, N; = 1 interferer, SIR = —6

dB, DQPSK modulation.

10 T T — T T
- . .| = MSDD: K=2 (Analysis)
- ¢ MSDD: K=2 (Simulation)
>>>>>>>>> | = - MSDD: K=7 (Analysis)
A MSDD: K=7 (Simulation)
- = MSDD: K=40 (Analysis)
- O MSDD: K=40 (Simulation)
10 1 - OC: (Simulation) E
Zoof R TN
B b NS TR
3
a 107
e
i
5 .............
107 ;
A
........ 9
,,,,, k
10—‘ ! 1 L ! I
0 2 4 6 8 10 12
Bit SNR (dB)

Figure 5.5 BEP versus SNR for N4 = 4 branches, N; = 1 interferer, SIR = —6

dB, 8-DPSK modulation.
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Figure 5.6 BEP versus SNR for N4 = 8 branches, N; = 3 interferers, SIR = —10
dB, DPSK modulation.
and (5.62) (for K > 2). In all cases, PEP’s were computed by (5.42) and (5.38). The
interference plus noise term was generated such that its covariance matrix followed
(5.3). The OC curve was generated by simulation. It can be observed that analysis
results are very close to simulation results. It is also observed that the performance of
MSDD approaches that of OC with differential encoding as K (the number of symbols
in observation interval) increases. For example, at BEP = 2 x 1073, when K = 2, the
SNR difference between MSDD and OC is about 2.2 dB. When K = 7, the difference
is about 1.0 dB. At K = 40, the difference becomes an insignificant 0.2 dB.

Figures 5.4 and 5.5 are respectively, for DQPSK and 8-DPSK. The curves in
these figures follow the same trends as in Figure 5.3.

Figure 5.6 is for N4 = 8 branches, N; = 3 interferers, and SIR = —10 dB. The
analysis results are still very close to simulation results since SIR< 1. In Figure 5.7
where SIR = 0 dB, the analysis results are not close to simulation results. They are

more like the upper bound of the simulation results. In Figure 5.8 only simulation
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Figure 5.7 BEP versus SNR for N4 = 6 branches, N; = 4 interferers, SIR = 0 dB,
DPSK modulation.
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Figure 5.8 BEP versus SNR for N4 = 4 branches, N; = 4 interferers, SIR = 10
dB, DPSK modulation.
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Figure 5.9 BEP versus the number of symbols in the observation interval K for
N4 = 4 branches, N; = 1 interferer, SIR = —6 dB.

results are shown. From Figures 5.6 to 5.8 corresponding to the case of more than
one interferer, it can still be observed that the BEP of MSDD approaches that of OC
as K increases.

The results shown in Figures 5.9 to 5.11 are all analytical results. In these
figures, bit error probabilities are represented by their approximate upper bounds.
The approximate upper bound is computed based on the PEP expressions (5.38) and
(5.42), except for Figure 5.11.

Figure 5.9 shows the BEP of MSDD as a function of the number of symbols in
the observation interval, K. It is evident that for both DPSK (binary modulation)
and for 8-DPSK (M = 8), the performance of MSDD approaches that of OC as the
observation interval increases.

Figure 5.10 shows the BEP versus SIR, for bit SNR = 10 dB, and for the cases
of K =2 and K = 40 symbols. When K = 40, MSDD achieves performance close to

that of OC with differential encoding regardless of the SIR.
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Figure 5.10 BEP versus SIR for N4 = 4 branches, N; = 1 interferer, bit SNR = 10
dB, DQPSK modulation.
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Figure 5.11 Comparison of asymptotic results and exact results for Ny = 4
branches, N; = 1 interferer, SIR = —6 dB, DQPSK modulation.
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Figure 5.11 is intended to verify the asymptotic large SNR approximation to the
PEP. The signal modulation is DQPSK. Curves labeled “asymp” represent asymptotic
results computed by applying (5.69) (for K = 2) and (5.70) (for K = 40); curves
labeled “exact” represent exact results from (5.65) (for K = 2) and (5.66) (for K =
40). Tt is observed that for most SNR of interest (SNR > 10), the approximate upper
bound based on asymptotic PEP is very close to the approximate upper bound based

on the exact PEP.



CHAPTER 6

MSDD WITH UNKNOWN INTERFERENCE PHASE

6.1 Introduction

Two kinds of detectors for communication systems with reception diversity in the
presence of white Gaussian noise and interference source have been discussed thus
far. In Chapters 2 to 4, a detector using OC was discussed. To implement OC, side
information on the channel gain of the desired signal and the covariance matrix of
the interference plus noise must be available to the receiver. In Chapter 5, MSDD
was discussed for the case where the channel gain of the desired signal was assumed
to be unknown, but the covariance matrix of the interference plus noise was assumed
to be known. Both detectors show the ability to suppress interference.

It would be desirable to be able to suppress the interference without requiring
any information about the interference. Unfortunately, that is impossible. In Chapter
2, the interference plus noise is modeled as

Ny
Z, = \/FI Z CiSik + Ng. (6.1)

i=1

If no information about ¢; (which is assumed to be Gaussian distributed) is available,
conditioned on the interference signal s; i, the interference term VP; Zf;’l ¢;S; , would
be the same as Gaussian noise and could not be distinguished from the white Gaussian
noise n. Therefore, at least some information about the interference is required.

In this chapter, a detector is developed for the case in which the only required
channel information is the amplitude of the channels of the interference. The scenario
is similar to that in Chapter 5. But in addition to assuming that the channel gain of
the desired signal is unknown, the phase of the channel of the interference is assumed

to be unknown as well. The channel amplitude of the interference is assumed known.
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Moreover, the interference is assumed to have the same MDPSK modulation as the
desired signal. A maximum-likelihood sequence detector (MLSD) is formulated for
the joint detection of the desired signal and the interference. Simulation is performed
for DPSK modulation. Simulation results in terms of BEP versus SNR are provided
and compared with the results obtained by other detection schemes.

It is shown that when the interference level is high, this MSDD technique can

achieve better performance than detectors using OC (with differential encoding).

6.2 System Model
The system model used in this chapter is similar to that presented in Section 1.2,
except that now it is assumed there is only one interferer. The output of the match

filter is

Ty = V Pscise + / Prerispe +nggy, 1=1,2,--+, Na. (6.2)

The definitions of the variables are in Section 1.2. Both the desired signal s; and the
interference source s;j are assumed to be M-DPSK symbols.

The signals in vector notation are

rp =/ Pscsg +\/ Pregsy g + ng, (6.3)

where vy = [Tg1, Tk, - ,rk,NA]T; c,c; and ny are vectors that are similarly defined
as ry.

Assume both ¢ and ¢;; are zero-mean complex Gaussian random variables
(Rayleigh fading), and that they are mutually independent. For convenience, define
a = oqe?? cry = apef®) vector o= [ay,ay, -+ ,an,]. Vectors ¢, ay and ¢; are
defined similarly to a. In this chapter, «; is assumed to be known, but «, ¢ and ¢,

are assumed to be unknown.
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Assume the covariance matrix of ny is

Rn =F [nknkH] = dlag [0127 Ug) e )O-JQVA] ) (64)
where o7 (I =1,---, Ny) is the power of the noise on the [-th branch.

Consider a sequence of K symbols running from time k — (K — 1) to k. Assume

the channels are static within the duration of this sequence. Using vector notation,

r, = v/ PsHsy + / PiH;s;, + ny, (6.5)

where r;, = [rk_(K_l)jrk*(K*Q), e ,rk}T. The channel matrix is H = Ix ® ¢, where

Ik is the identity matrix of rank K. Other quantities are defined as: H; = Ix ® ¢y,

T T T
Sk = [Sk—(K—1)7 T ,Sk] y 81k = [Sl,k—(K—l)a T aSI,k] y Mg = [nk—(K—l)a Tt »nk] .
Some other assumptions about the signals and channels will be provided in the

derivation of the decision statistic.

6.3 Decision Statistic
In this section, the decision statistic is derived for MSDD with known channel gain
for the interference a;. MSDD is a form of MLSD. The decision is made after K
symbols are transmitted and received. Conditioned on the channels ¢ and c;, the

coherent decision criterion for sequence detection is given by

(Sk,S14) = arg max p(ryls;, Sk, € Cp). (6.6)

Note that both the desired and the interference symbols are detected. The pair
(sk,srk) that maximizes p(ry|s,,srk,c,c;) is chosen as the detected symbols. When

the only known channel information is «;, the decision rule for MLSD is

(§k7§1,k) = arg max p(.liklsk,SI,k, ar). (6.7)
Sk,S1,k

Next the expression for p(r;|s,, s, ar) is derived.
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At time k, the probability of ry conditioned on s, sy k, ¢, and ¢y is

p(rklsk,sl,k,cacl)

= F_NAani_l exp {—- (I‘k — \/FSCSk — P]C]SI’k)H R;l
X (I‘k - \/Fscsk -V Prersy k)} (6~8)
_ W'NAIRnl_lexp{ Z |7"kl'“\/_cl5k - \/FICIZSIk| } (6.9)

Uz

Assume sy, s7x, and ny are independent. The conditional probability of ry is

p(zk‘sky Sk, C, CI)
k

= H p(rilsiusl,i;C,CI)
i=k—(K—1)
k 2
/P /P )
— W—NAK‘RnI—KeXp _ Z Z |T1l Pscis; — 101,151,11 }.(6.10)
o}
i=k—

By denoting the exponent in (6.10) as A, and expanding it,

k
|rsi—V/Pscysi PICuSu’
ve oy Sl

i=k—(K—1) I=1

Na 1 k Na 1
- - Z ) Z raal* = Z 2 [KPIO@J -/ Pryrcr
1=1 ! i=k—(K-1) 1=1 !

Na

1
~VPinci)| =3 — [KPat+ (VP — VPyi ) @

1=1 !

+ ( PSPJy*cu - \/—};syl) C;} , (6.11)
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where

o= Y. Tus (6.12)
Y = Z Ti187 (6.13)

Yy = Z Siszi- (614)

Note that y;,y;,; and y are functions of s, and/or sy .

Define

Co = Zaif Z il (6.15)

i=k—(K-1)

1 *
G = = [KPIaI,z— vV Py; e — \/P,y,,,c“] (6.16)

{

= |m|e™ =/ PPyc,— Py, (6.17)
then (6.11) becomes

=—Cy— Z C - Z [K Psa} + 2 |z] a; cos (¢ + )] (6.18)

lll

Substitute it into (6.10). Then

p(xlsy sk €5 €) (6.19)
Na
= Dgexp {— Z Cl} (6.20)
5
xexp{—zp [KPsoj + 2|z] ay cos (¢>l+¢l)}}, (6.21)
— 0i

where

Dy = V4K |R| K exp {-Cp} . (6.22)
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As mentioned above, the channel ¢ is assumed to be unknown. Eliminate c¢ in

p(ry|se, S1.k, €, €;) by integrating over it,

p(!klskv SIk,Cr)

_ / P(E4 |50, 810, €, €1 )pe () de

= //p(zklsk,sm,c,cf)pa(a)p¢(¢)dad¢, (6.23)

where p, (€) , pa () and pg (¢) are the PDFs of ¢, o and ¢ respectively.

Since the channels are independent of each other,

P (@) P (#) = [ [ Pas(c)ps (1), (6.24)

=1

where p,, (o)) and py, (¢;) are the probability density functions of o; and ¢; respectively.

For Rayleigh fading channels,

2a a?

Doy () = ﬁll exp <——Q—ll> 0<q < (6.25)
1

Pa (o) = o 0< ¢ <2m, (6.26)

where Q; = E [o}] is the mean square of the amplitude of the I-th channel.
Substitute (6.24), (6.25) and (6.26) into (6.23). After some straightforward

manipulations,

P(£k|5k, SIk; cr)

- D ﬁ b o Ul g (6.27)
-0 'L KPSy + of P o? (KPS + of) ya '

By expanding the exponent in (6.27) and collecting the terms that contain ay,
and ¢1,la

Q |z
012 (KPS + o})

KP
= D — —0*2*104%1 + Dz,za?r,l + 2| Dy sl g cos (¢r1 — 1), (6.28)
i

el
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where
0P, |yl*|2
D .2
Bl o? (KPS + 02) (6.29)
PPyl
D .
b2 o2 (KPS + 02) (6.30)
Dl’g = ’Dl’3‘ ei“"
KP 2) /P v/
_ ( sQl + g, ) I QlPs PI U (631)

o (KP,Q + o}) yri = o? (KPQy + Uf)y
Substitute (6.28) into (6.27),

P(Ek lSk, STk, CI)
2

D N S
0 g KP,Q; + o?
KP

—~a}, + Digof; 4+ 2|Dysl ayycos (¢ — <pl)}. (6.32)
;

X exp {DM

In (6.32), the probability of r, is dependent on ¢;; (I =1,---, N4) (which is included

in cy). This dependence can be eliminated by integration,

p(relsg, Sk, 0r) = /P(Ekismsf,k,cr)wl (¢;)doy, (6.33)

where pg, (¢;) is the probability density function of ¢;. For independent Rayleigh

fading channels,

1\
Pe, (@1) = (g) 0< 11, 1N, <27 (6.34)

Substitute (6.32) and (6.34) into (6.33) and carry out the integration,

p(rLls,, Srk, or)

= D ﬁ__af__ NE ifi of nNSDD(SkS) (6.35)
"l KR + o I LR AT

=1

where
Ny

nuspp (S Spx) = H exp {Dy1 + Diga,} Io (2|Dyslary), (6.36)

=1
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and Iy(z) is the zeroth order modified Bessel function of the first kind. Note that
Mmsop (Sk, S x) is a function of s and s; .

In (6.35), only narspp (Sk, s, ;) is dependent on (s, sy ) . Maximizing p(ry|sy, srk, cr)
with respect to (s, s;) is equivalent to maximizing numspp (sk,s;x) - Therefore
NMSDD (SkaI,k) can be used as the decision statistic for the MSDD detector. The

corresponding decision rule is

(Sk,S1k) = arg sIanaX NIMSDD (Sk, Sf,k) . (6.37)
WSk

The MSDD detector searches through all possible (s, s I,k) and chooses the pair that
has the largest naspp (sk, sl’k) as the detected output.

To complete this section, the maximum-likelihood (ML) detector is introduced
for the case when both ¢ and c¢; are known to the receiver. It is used in the simulation
results section for comparison with MSDD. The ML detector is a kind of coherent
detection technique that requires the channel gain of both the desired signal and
interference. It makes symbol-by-symbol detection instead of sequence detection for

MSDD. The ML decision rule is given by

(Sk, 81,k) = arg max p(re|sk, S1.k, €, ). (6.38)

From (6.38) and p(r|sk, Srk, €, ;) shown in (6.9), the equivalent ML decision rule
can be obtained as

(gkygl,k) = arg max nyr (Sk, SI,lc) ) (6-39)
SkySI,k

where the decision statistic

2
Al |rea—vPscisi — V/Prerisi x|
nmr (Sk; Stk) = Z 2 .

=1

(6.40)

0y
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6.4 Simulation Results
In the simulations, 4 receive branches and DPSK modulation were used. The channels
of both the desired signal and the interference were assumed to have uniform power
profiles, i.e., @ =1, F [a%l} =lando}=0c%forl=1,2,--- Ny

In the figures SNR = P,/0?, and SIR = P,/P;. Figure 6.1 and Figure 6.2 were
generated for SIR = 10 dB and SIR = —10 dB, respectively.

The curves labeled “MSDD(K = 2)” and “MSDD(K = 7)” are the results
for the MSDD detector developed in this chapter. It is observed that performance
improves with the increase in K, the number of symbols in the observation interval.
For example, in Figure 6.2, at BEP = 2 x 1073, the required SNR for K = 2 is about
8.5 dB; for K = 7 it is 5.5 dB. That means increasing the observation interval from
K =2 to K = 7 symbols results in a 3 dB SNR improvement.

The curves labeled “OC” are the results for OC. The curves labeled “MSDD
(known cov, K = 13)” are for the MSDD detector discussed in Chapter 5, which was
developed for known covariance matrix of the interference plus noise. MSDD (K = 7)
has about the same computation complexity as MSDD (known cov, K = 13).

In Figure 6.1, the BEP of MSDD (K = 7) is larger than that of MSDD (known
cov, K = 13) and OC. In Figure 6.2, the BEP of MSDD (K = 7) is less than that of
MSDD (known cov, K = 13) and OC. It can be concluded that at a high interference
level, MSDD (K = 7) has better performance than MSDD (known cov, K = 13) and
OC. This can be explained by the following: MSDD (K = 7) detects the interference
signal s; x as well as the desired signal si, but the MSDD (known cov, K = 13) and
the OC detector detect only the desired signal. MSDD developed in this chapter is
a kind of multiuser detection that gets better performance as the interference power
increases. These results are reflected in Figure 6.3 which shows the difference between

the required SNR of MSDD and OC at BEP= 1073.
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T T
-~ MSDD (K=2)
—— MSDD (K=7)
~O- MSDD (known cov, K=13)
-0 OC

4 5
SNR (dB)

Figure 6.1 BEP versus SNR for MSDD, OC and ML. For N4 = 4 branches, SIR

= 10 dB.

In both Figure 6.1 and Figure 6.2, the performance of MSDD (K = 7) is not

as good as that of the maximum-likelihood detector (curves labeled “ML”). But the

difference is small for a high interference level. In Figure 6.2, at BEP = 2 x 1074,

the difference of the required SNR is about 1.6 dB. These results are reflected in

Figure 6.4 which shows the difference between the required SNR of MSDD and ML

at BEP= 1073. It can be expected that this difference will decrease as K increases.
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TR S [STMSDD (K=2)
Sl . L © 1 —9- MSDD (K=7)

-O- MSDD (known cov, K=13)

Bit Error Probability

Figure 6.2 BEP versus SNR for MSDD, OC and ML. For N4 =
= —10 dB.

35 * ! ! ! ' ‘ !

MSDD ~ SNRoc (@8)

-1.5

-20

SIR (dB)

Figure 6.3 The difference between the required SNR (at BEP=
and OC versus SIR.

20

10-3) of MSDD
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SNRMSDD —QSN RML (dB)
o
T

250 - .

20

Figure 6.4 The difference between the required SNR (at BEP= 107?) of MSDD
and ML versus SIR.



CHAPTER 7

SUMMARY AND SUGGESTIONS FOR FUTURE WORK

7.1 Summary

This dissertation accomplished the following:

e Obtained closed-form expressions of the BEP of OC with BPSK modulation.

e Derived expressions of the SEP and BEP of OC with M-PSK modulation, which

only involve integration over elementary functions.
e Formulated simpler asymptotic expressions of BEP for OC with M-PSK modulation.

e Derived expressions of the SEP of OC with M-PSK modulation. The expressions

can be used for systems with interference of unequal power levels.

e Developed the decision statistic of MSDD. The performance of this detection
scheme was analyzed. Through analysis results and simulation results, it is
proven that with an increasing observation interval, the performance of MSDD

approaches that of OC with differential encoding.

e Evaluated the performance of MSDD for the case when the channel gain information

of the interference is known, but the phase is unknown.

To summarize, for OC, there are three approaches for analyzing the error
probability: the first starts from the decision metric, the second starts from the
MGF of SINR, and the third starts from the reliability function. All approaches lead
to closed-form expressions for the case of BPSK modulation. Since the reliability
function is in simple form and can be used for systems with unequal interference

power levels, the approach presented in Chapter 4 is less complicated than other
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approaches, and its final expressions are relatively less involved and more desirable.
For MSDD, two types of detection schemes have been developed: one for systems
with a known covariance matrix of interference plus noise, and one for systems with
known interference amplitude but unknown phase. Both show good performance with
the increase of the number of symbols in the observation interval. The MSDD scheme
presented in Chapter 5 is practical for long observation intervals after the introduction
of an iterative decision feedback algorithm, which greatly reduces the computational

complexity.

7.2 Suggestions for Future Work

Looking into the future, there are three research topics related to this dissertation:
e Evaluate the error probability of OC and MSDD for a more realistic channel

Thus far, all the analyses and simulations are based on the assumption that the
channel information (amplitude, phase, covariance matrix, etc.) is perfectly known
at the receiver. In future work, more realistic channel models and information will be
considered. For example, the channel gain and covariance matrix will be estimated
through training sequences. The MSDD, which was developed on the assumption
that the channel is static within the observation interval, should be evaluated for the
case in which the channel is time-varying at various rates. Work could also be done
for developing MSDD algorithms for other fading channel models (such as Ricean,
Nakagami, etc.), or for applying the algorithms developed for Rayleigh channels to
other channel models in order to evaluate the performance. New expressions may
be derived for OC applying to various channel models. With modifications, some
methods presented in this dissertation may be applied to systems with both transmit

diversity and receive diversity.

e Evaluate the error probability of OC and MSDD for more complicated system

models
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The discussion in the previous chapters focuses on simplified systems with
M-PSK or M-DPSK modulation. Other modulation schemes, such as quadrature
amplitude modulation (QAM), can be evaluated in future work. OC and MSDD can

be incorporated into more complicated systems with coding.
e Evaluate the SINR for MSDD

The SINR of OC has been studied thoroughly and good expressions have been
derived. In some applications, SINR is a more convenient parameter than error
probability, especially when it comes to analyzing the performance of systems with
many modules. For MSDD, all the research until now has been focused on error
probability analysis. The analysis of output SINR of MSDD will facilitate its application

to more complex systems.



APPENDIX A

DERIVATION OF THE CHARACTERISTIC FUNCTION FOR OC

In this appendix, the expression for the characteristic functions ®px(jw) of the test

statistic D of OC is derived.

Define
e = N g + Ay s (A1)
then from (2.5),
Na
D= dn (A.2)
m=1

From the signal model in Section 2.2, and the definition of the whitened interference-
plus-noise vector x and the modified channel vector g in (2.6) and (2.7), the covariance

matrix of x and g can be evaluated as

R,; = E[xx"] =PIy, +A (A.3)
R,, = In, (A.4)
R.; = Ry =Py, (A.5)

To use the results in [2, Appendix B], identify the following quantities using
the notation in the reference: X,, = Zp,, Yy = gm. Then from (A.3) to (A.5) (in the

notation of the reference)

Xy = Y, =0 (A.6)
farm = 3 (Pat ) (A7
b = (A8)
Hzym = “yr,m:%\/ﬁ; (A.9)
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Substitute the above equations into Eq. (B-6) and Eq. (B-5) in [2, Appendix B],
together with A,, = B,, = 0 and C,, = A\.!. After some straightforward manipulations,

the characteristic function of d,, is obtained as

A
b, (Jw) = : e : (A.10)
‘ [+ (VP Tt om = VP)] [w =7 (VB  Am + VP)]
By substituting (A.10) into ®pa(jw) - N4 ¢a,, (jw) and using Ay, 41 =

ANpmt2 =+ = An, = 0%, Ppja(jw) is obtained as shown in (2.9).



APPENDIX B

EVALUATION OF THE RESIDUES

In this appendix, the residue shown in (2.8) is evaluated.

By using (2.9), the term ®pjx(jw)/w in (2.8) can be expressed as

W1,m W2 m (B 1)

Ppalw) _ 1 [ wiwy
w | ( (W—wim)(Ww—wam)

Ng—Nuin Nmin
w w—wl)(w—wz)}

m=1

Since Im (w1) < 0,Im (w1,,) < 0,Im (ws) > 0, and Im (wgm) > 0,

@ mln @ @ .
E Res {M } E Res { D), 2,m:| + Res [D—M(]—w—);wz} .
w w
Im(wm)>0
(B.2)

The residues are evaluated using the following complex variables theory [49]: if

a function f (w) has a pole wy of order N, the residue of f (w) at wy is

1 d(N—l)

(N = 1)l dw®-D [(w —wo)" f (W)] (B.3)

Res[f (w);wo] =

w=wo

B.1 Evaluation of the Residues at Poles w; ,

For 1 < m < Npn, the poles wsy,, are of order 1, hence

© ol
Res [ qu(]w);wzm}

w
P pa(jw)
= (w—wyp) ——
w W=W2,m
i 1 1: wWiwo :| Na=Numin wl,mWZ,m
wom | (wom —wi) (Wam — wa) (Wo,m — Wi,m)
Nmin

v H W1 nWan
(Wam — win) (Wo,m — wWan)

n=1,n#m
~ [ W1ws jINA_Nmin Wi m
(wz,m - wl) (w2,m - w2) (wz,m - w],m)
Nmin

< I ( Y1n2n . (B.4)

n=1,n#m Wa,m — wly") (Wg_m - w?,n)
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B.2 Evaluation of the Residue at Pole w;

Since the pole w = ws is of order (N4 — Nuin),

)
W

1 dNA—Nmin"l NA_N ‘
N (NA - Nmin - 1)' dwNa—Nmin—1 {(w - w2)
_ 1

Ppia(jw)

w

W1,mwW2m

dNA_Nmin—l Wiwe Na=Nmin 1 Niin
x il
do‘)]\]A_jvmin—:l (W —_ w1> w me1 (w - wlym) (w - w?,m)

First expand the production into summation as

( wiwa >NA_N"““ 1 ﬁn W1,m W2,m
w — w W (Ww—wim) (W —wam)

m=1
Nmin

Ng—Nni
CUWJQ A min
W — Wi

where

Nmin

AO Al,m
w + Z (W—wim)

1 Wi1mWwW2m wl,n Wan

Nmin

Al,m =
v (w - (.4)2,m) n=1,n#m

Nmin

(Ww—wipn) (W—wap)

W2 m H WinWan

W=Wim

(wl,m - w2,m) n=1n#m

Nmin

(wl,m - C’-)l,n) (wl,m - w2,n)

A _ 1 W1,mWam H WinWan

om = —mERm

" w (W — wim) Lt (W—wipn) (W —wsy)
Wi m pLt WinWan

W=W2,m

(W2,m a Wl,m) n=1,n#m

(w2,m - Wl,n) (UJZ,m - W2,n) ‘

w=w?2

}
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(B.5)

(B.6)

(B.7)

(B.9)
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Then by substituting (B.6) into (B.5) and using the following derivation principles

al [f(w)gW)] = Z<n> I W) dgw) (B.10)

dwn —\I dwnt  duwt
d" 1 n(m+n—1) 1
— = (-1 B.11
dw™ (w + a)™ (=1) (m—-1)! (w+a)mtr’ (B.11)

after some manipulations, it follows that

Res [ 22),

)

w
_ . N4g—Nnpin—1
_ (L«J1W2)NA Nenin (_l)NA_Nmin"l A Z (NA — Npin — 1 + l)!
— o — 1) |
(NA Nmm 1) =0 l!
N

1 min 1

X ——v—— + A — + Ay e
{wéVA_Nmm"l ; Lm (CUQ _ wl’m)NA_Nmm_l sm (CUQ _ wQ,m)NA Nmin l:| }

1

X (0 — o) NNl (B.12)

B.3 Summary

By substituting (B.4) and (B.12) into (B.2),

= o[t

Im(Wm)>0

- NZ [( [0

oy L\wW2m — w1) (Wa,m — wa)
Nmin

H W1 nWan
X

(w2,m - wl,n) (W2,m - WQ,n)

Wl,m
(w2,m - wl,m)

} NA—Nnin

n=1,n#m
— N, N4g—Nnpin—1
(NA - Nmin - 1)' =0 I WéVA‘Nmi"_l
N,
min 1 1
+ Al, N _ + A2,m N —
WLZ=1 m w2 _ wl,m)NA Nmm l (w2 _ w2’m)NA Nmm l

X . B.13
(w2 —_ wl)NA—Nmin+l ( )



APPENDIX C

EVALUATION OF THE SUM OF INTEGRALS

Nmin
m=1

In this appendix, the sum of integrals > '™ [ f,, (y)py(y)dy is evaluated and the
relation in (2.42) is proven. The main steps of the evaluation are as follows:

1. Combine the sum of Ny, integrals (each is an Ny;,-fold integral) into one
Nmin-fold integral.

2. Change the integration limits to simplify the evaluation of the integral.

3. For Ny, > 1, separate the Ny;,-fold integration.

C.1 Combination of N, Integrals
Here the goal is to convert the sum of Ny, integrals into one integral. First consider
the integrals [ f (y)py(y)dy for 1 < m < Ny, then for m = 1 and m = Nyin.
For each m, 1 < m < Ny, first carry out the integration over y,,, then over
YN, next yn,_. —1, and finally over y;. Recall that the values of the yn,’s (defined
in (2.23)) descend with the increase in index m. The integration limits of y,, are

Ymi1l < Ym < Ymo1. Since n <y, < - < yo < yp < 00, [ fm (y) py(y)dy can be

expressed as

/MMmMW
AL AL
X o dYmir} dYm-r} - dya} dyn, (C.1)

with the inner integrations being carried out before the outer integrations.
Substituting f,, (y) (from (2.28)) and py (y) (from (2.31)) into (C.1), and changing

the variables from y to ¢ as follows:

Y — tla Yo — t2; oy Ym—1 tm—la Ym+1 — tma 0y YNpin tNmin—la Ym — tNmm)
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an expression (which is omitted here to save space) of [ fm (y)py(y)dy for each m,

1 < m < Ny, is obtained. Expressions for m = 1 and m = N, can be obtained

similarly. It can be shown that the sum of these expressions is

mm

Z / f () Py (y
o0 t1 min— n )
= S [ / / {H (1= ) (& =)o
n n =1
 exp [=8 (2 = 7))} [ m - @)2]
1<i<j < Noin—1
77

2
N
n=1
(C.2)

2) Nmax—N

where zg = 1 — n* = —1/v. Note that (C.2) consists of only one Nyi,-fold integral.

To simplify notation, perform the change of variables: (t2 — n?) — z, forn =1,

2, -+, Npin — 1. Then (C.2) becomes

Nmin
> / fm (v) Py (y)dy
m=1
K _ ‘ o0 21 szin_2 min _ '
- gt [T [T s )
o Jo 0 ey

X [ H (2 — Zj)ﬂ {/noo (1= tnp) (E3. — ng)Nmax—N

1<i<j< Nin—1

Nmin 1
X [ H (t?vmin - 772 - Z”)j| exp [_ﬁ (t?\fmin - 772)] dtNm'm} A2N -1+ + d2pd21.
n=1
(C.3)
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C.2 Change of Integration Limits

Consider the integrations in (C.3). The integration limits for variables z; (1 <7 <
Npin — 1) are (listed in the order of integration starting with the innermost integral):
0<zn,.-1<2zn -2 ,0<23 < 2,0 <2 <21,0< 2 < oo. Make the following
observations:

(1) The integrand is symmetric with respect to the variables z;, 1 <4 < Nyju—
(ie., forany 1 <4, j < Npin — 1, ¢ # J, 2; and z; can be interchanged leaving the
integrand the same).

(2) There are (Npin — 1)! possible permutations of the integration limits of z;

for which (C.3) will yield the same result. For example, one such permutation is:

OSZN

min

-1 < 2N ,0<23<2,0< 21 <29, 0< 2y < 0. In this example,

min—2)
the order of integration is reversed for z; and 2.

(3) These (Npin — 1)! integration limits are disjoint, and their union is the
region: 0 <23 <00,0< 29 <00,0< 23<00,:-+,0Z 2n,,,—1 <00,

It follows that (C.3) is equal to the integrand integrated over 0 < 2y, 29, 23, -+ ,

2N, -1 < 00 and divided by (Npin — 1)

/fm y)py(y

K1 NN
( mm_l)lgNmm 0

L ()

% { H (2 — Zj)2] {/noo (1—tn,,.) (t?\’mm _ n?)Nmax—N

lgi<j§Nmin—1

Npin—1
x { i @, - zn>] exp [=8 (B, 1) dtNm}

n=1

xdzn <o dzedzy. (C4)

min

The integration above is treated differently for Ny, = 1 and Ny, > 1.
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For Npin = 1, (C.4) is a single integration. Use (2.33) and 2o = —1/7,

mm

Z/fm (¥) oy (y

1 v (1Y 1 (Nax — N)!
W11 (‘5) Y — I

where

B, 2 / T = ) exp [<B (£ — )] diy (C.6)

for g =0,1,2,---,00. Appendix D shows that (2.35) can be derived from (C.6).

Next consider the case for Ny, > 1.

C.3 Separation of the Npy,-fold Integration for Ny, > 1

It can be shown that an integration of an integrand which involves [] ., ;<n,

<Nmin—1

(z; — zj)2 can be converted to an integration of an integrand containing the determinant

of a matrix [50, Chapter 3]. By exploring this result, from (C.4) it follows that

mln

Z/fm y) oy (¥

= 2N,3m 2 Nmm/ / / { H 20 — zn) €Xp (—Bzn) 2, N N’"‘“}detZ

N:lin_l
X ! H (R, — — zn)} exp [0 (t?vmin —n%)] dtNmin}

n=1

1 - dzdz, (0-7)

Xdzn

min—

where det Z is the determinant of the matrix Z, whose i-th row, j-th column element

is 217

i . Note that all the elements on the j-th column of the matrix Z depend only

on variable z;.
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Obviously, Hi:l (20 — 2,) can be expressed as

[T(o—2) =) (=178 > A"z (C.8)

n=1 p=0 my+moe=2—p
mi,ma€{0,1}

The second summation is taken over all sets of m; and mgy satisfying the stated
conditions. Expanding the two products in (C.7) similarly,

Nmin

> / fu (¥) Py (y)dy
m=1
K Nmin—1 Npin—1
1 N—Nmin Nm‘m_l_ Nmin_ -
= SN 20 (1) s Z (1) e
p=0 q=0

x 2 2

mi+-+my, 1=Nmin—1-p mi+-+ny, 1=Nmin—1—¢

min min T

m;€{0,1} n;€{0,1}
Nmin_

max ~{VminTMM;TN;
X/ / / l I Zj exp(—ﬁzj)
0 0 0 j=1

X det Z dZNmin_l e ngle

X { / (1= tw) (B =7 exp [-8 (83 —n?)] dtNmm}ccs)
n

Since the elements on the j-th column of matrix Z depend only on variable z;,
zjv'““— mintT T oD (=Bz;) (for j = 1,2,-++, Npin — 1) can be multiplied with all
elements of the j-th column of Z. Then the j-th column is integrated with respect
to z; before the determinant is calculated. In this way, the Npyis-fold integration
is separated into independent integrations. By carrying out these straightforward
integrations and substituting K; from (2.33) and 2, = —1/v in (C.9), after some
manipulations, (2.42) is obtained.

When Nyin = 1, if assume det W =1, then it can be shown that (2.42) yields

the same result as (C.5). Therefore (2.42) can be used for Ny, = 1 as well as for

Npin > 1.



APPENDIX D

DERIVATION OF SERIES B

In this appendix, the method of calculating the series B, (¢ =0,1,2,---) is derived.
In the following, the expressions for By and B, are derived first. Then it will

be shown that for ¢ > 2, B, could be evaluated by B,_; and By_,.

D.1 Evaluation of B
From (C.6),

By, = /00 exp (—ﬁ (t2 — 172)) dt

= exp (,87]2) /00 exp (—6t2) dt, (D.1)

which can be easily shown to be equal to

By = \/geXp (67*) Q (\/27377) : (D.2)

where @ (+) is the Gaussian Q-function.

D.2 Evaluation of B;
Again from (C.6),

B, - /:’(t?_ 2) exp (= (£ — 1)) dt

Define 322 = (8t?, then ¢t = \/L?BZ’ 2z = /20t, and

* 1 1 1 o 1 1
By = exp (ﬂnQ) [/mn ib—z?exp <—522> mdz — ?72/2(31; exp (—522> mdz}
_ 1 n| 1 [ AN A L,
= \/Z—BEXP (B7%) [Qﬁ /mnexp< 57 ) 2°dz —n /mnexp< 5% ) dz] :
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After some manipulations,

B, = 26 \[[ ]exp (67*) @ (\/ﬁn)

D.3 Evaluation of B, for ¢ > 2

For ¢ > 2, the following proves that B, can be expressed as a function of B,_; and

Bq_zl

— [2 (q—1) (t2 _ 772)11—2 (t2 . 772) n (t2 _ nz)q—l]
X exXp (—6 (t2 — 772)) dt — nZBq_l

1 * 2 2\9-1 2 (42 2\9—2
2_5/77 [(261—1)(?5 -n)" +2(g - 1) (£ —°) ]

X exp (—B (t2 - 772)) dt —n*B,1

By (2q - 1) Bq—l +2 (q - 1) n2Bq’2} - nQBq—l

|:(2q _ 1) _ 772:| Bq—l + (q /; 1)772Bq—2- (D4)




APPENDIX E

DERIVATION OF By (Yy) AS A SUMMATION OF (Y3 — %) TO
INTEGER POWER

In this appendix, (2.43), which expresses the function by (y.,) (defined in (2.30)) as a
summation of (y2, — n?) to integer power, is proven.

For notation simplicity, define

bk =~ (1+Ym) (1= )" + (1 = ym) (0 + ym)". (E.1)

Then
bo = —2Yn (EQ)
b = 2(1=1)Yn. (E.3)

By substituting in b,_; and by_o, it could be easily proven that

be = 2nbe—1 + (v2, — n°) bi—2. (E.4)

To further simplify the notations, define mathematical symbols P = 29, @ =

yZ, — n*. Then (E.4) becomes

by = Pby_1 + Qbg_o. (E.5)

Next, try to find the relation between by and by, b,. From (E.5),

by = Pbr_1+ Qbr_2
= P (Pbgp_z + Qby_3) + Qbr_o

= (P2 -+ Q) br_o + PQby_3. (E6)
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Continue on in this way,

be = (P°+2PQ) b3+ (P°Q+ Q%) be—s (E.7)

b = (P'+2P'Q+ P°Q+ Q) brs + (P°Q +2PQ%) be_s. (E.8)

Judging from (E.5) to (E.8), it can be predicted that the relation between by

and bx_1,br_r—1 (I is any positive integer) is:

e When [ is odd,

(0] (0]
bk — ZI (I - t) PI—QtQt bk—[ + ZI (‘[ —-1- t) PI——2t-1QH—1 bk—I——l-
t=0 t t=0 t

where Oy = (I — 1) /2.

e When [ is even,

Oy Or—1
11—t I—-1-t¢
b, = [E ( . )Pl—tht} by + l: ( . >P1—2t—1Qt+1:l br_1_1.

t=0
(E.10)
where O; = I/2.

(E.5) to (E.8) have shown that (E.9) and (E.10) are valid for I =1,2,3,4. The
validity of (E.9) and (E.10) for any positive integer / could be proven easily by the
method of mathematical induction.

From (E.9) and (E.10), the relation between b and by, by can be obtained as

follows:
e When £ is even,

let I =k — 1 and substitute it into (E.9),

O[ OI
- {Z <k -1- t) - {Z (k 1-1- t) Pk_l_zt_lQm} b

t=0 t=0
(E.11)
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Define T £ k/2. Since I = 20; + 1,

=1 _k=l=l ko (E.12)

O, = -
! 9 2 2

Substitute (E.12) into (E.11). The relation between by and by, by can be obtained

|
t

as

- |
t

e When £ is odd,

~
—
~
—

k—1—t i
( . >Pk12tQt

(k -1 t_ 11— t) Pk:—l»-Zt—lQH—l bo.

Il
o
i
=)

(E.13)

similarly as above,

Ty T1—1
k—1-—t k—2—t
Z ( ) )Pk—1—2tQt b1 + ( . )Pk—2—2tQt+1:| bO) (E14)

t=

where T = (k — 1) /2.
Finally, by substituting P = 2n, Q@ = y2, — 1%, by = —2ym, and by = 2(1 — 1) Ym

in (E.13) and (E.14), and after some manipulations,
[k/2] t
b (Um) = 2Um > _ ane (¥2 — %), (E.15)
t=0

where [k/2] denotes the largest integer that is less than k/2. And ay, is calculated

differently for when k is even or odd as follows:

e When £k is even,

(@2n)" ' (1 =) t=0
ane= 9 [T Q=m =2 @ 1<t <k/2) -1 - (E16)
~1 t=[k/2]
e When £ is odd,
k—1 —
o = (2n)" (1 =) =0 ®mim

[ a=—m =209 @7 1<t < [k/2]
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Assume (") =0 for m < norn <0, (E.16) and (E.17) can be expressed as a

single expression:

Ay = Kk - tl - t) (1-m)—2n (k t__l N t)] (2m)* 7,

for 0 <t < [k/2].



APPENDIX F

EVALUATION OF T,

In this appendix, the integral defined in (3.20) is evaluated. Substitute the function

V (+) from (3.18) in (3.20),

o0
Tq = / D (ZNmin) fq (ZNmin) dszin’
0

where

1 ¢ . 20 NA—Nmnin . 20 Niin
Diow) = L / (L) (sin*0) ™"
0

T sin6 + £, sin?6 + &
&G = &
_ Py
@ = Przy,,, + 02
2\ Nmin—1

First evaluate D (2,

m.

purpose is to express D (zn_, ) without integration.

F.1 Evaluation of D (zy_, )
From (F.2),
( ) P Na
(sm 0+& — 51) 1
D(ZNm‘m) - .92 Na—=Nmin gj 20
T Jo (sin®0 + &) sin“0 + &2

de.

By using the binomial expansion,

Na [ Ny 1 /¢ 1
D(zy. )= _ ’“—/ — —  (sin%0 Newin =k 10
=2 | ) o' 3 [ o )
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(F.1)

(F.2)
(F.3)

(F.4)

(F.5)

), which involves the integration over variable 6. The

(F.7)
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Separate the summation into two parts according to whether Ny, — k& is non-negative

or negative.

Nmin NA
D(2Npw) = Y (—&)" BNk (61,6)
k=0 k
Na Ny,
+ > (—&1)" UkmNpn (€1,82) (F.8)
k=Nmpin+1 k
where
Enlen&) = | coprg (it +6)" a0 (F.9)
1 [¢ 1 1
Un(6,&) = — /O 91 & (o 8+€1)md0. (F.10)

F.1.1 Evaluation of E,, (&,&)
For m =0,

¢
Eo(fz) = ‘1‘/0 .——L—Ow

T sin?f + &,

1 1 E+1
_ 1 / F.
TG 1).&chtg ( 3 tch)) , (F.11)

where the result from [31, Eq. 2.562] is used. For m > 1, it can be shown that

Ep (61,62) = Frno1 (&) + (61— &) B (61,62) (F.12)

where

]
F, (&) = % / (sin29 + fl)m do. (F.13)
0

By using the binomial expansion and [31, Eq. 2.513.1], the expression for F,, can be
obtained as shown in (3.22). When (F.12) is expanded further,

m(6,6) = 3 (6= &) Fni () + (6 — &) Bo (&), (F.14)
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which shows E,, (£1,£2) can be evaluated from F,,_; and Ej.

F.1.2 Evaluation of U, (&,&)

Similarly to the evaluation of E,, (£1,&2),

m~-1 i+1 1 m
m (&1,&) = Z <€1 €2> Gm-i (&) + (fl — §2> Ey (&2), (F.15)

=

where

1 [ 1

By using Eq. (29) and (40) in [51], the expression for G, (£;) is obtained as shown

n (3.25).

F.1.3 Summary for D (zn_, )
Substitute (F.14) and (F.15) in (F.8). The expression for D (zy,,, ) is obtained as

D(szin)
Nmin N

=S| e
k=0 k

Nin—k
X [ Z (&1 — &) Fup—i—i (&1) + (& = &)V 7" By (&)

i=1

Na N k—Nmin—1 i+1
+ 3 A —e)t [_ 3 (&i&) CrNei (£1)

k=Nmpin+1 k =0

1 k—Nmin
* (51 - §2> Eo(&)

which does not contain any integral forms.

, (F.17)
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F.2 Evaluation of T,
Substitute (F.17) into (F.1). Then

Tq
Nmi .
min NA

= Z (—&)"
k=0 k

Nmin—k 00 .
l: Z FNmin—k—i (&1) -/O (51 - 52)2_1 fq (szin> dZNmin
1=1

00 Ny N
v (61—52)N“"‘“_kEo(éz)fq(sz-.n)dZNmm]+ S

k=Nmnin+1 k

k—Nmin—1 ~ . i1
X (—51)'C [_ ; G- Nopin—i (51)/0 (ﬁ) fa (2w dan,,
o0 1\ b~ Nmin
+ /0 (51 — §2> EO (52) fq (szin) dZNminl . (F18)

Substituting f, (zn,,,) (from (F.5)), Ey (from (F.11)) and & (from (F.4)) into

(F.18), after some straightforward manipulations, T, is obtained as shown in (3.21).



APPENDIX G

INTEGRATION OF I,

In this appendix, the following integration of zeroth order modified Bessel function is

proven:

/ te= Io(21/Bt)dt = 3 (G.1)
0 20

Eq. (6.614.3) in [31] is

® e ets T(v+1) 8
/0 € [2,/(2 ﬁ:z;)dx = MF(QV—I— 1)M_%)U(a). (GZ)
Let v = 0,
o0 et 3
\/0\ e—am[O(Q ﬁ:r)dx = ﬁM_%yo(a). (Gg)

By using equation of M_, 1 (z) in [52, P. 432 ],

'2'71“‘
0o 18
_ eza G118 1 8
a:l,‘]’ 2 d — — a = —@a, G4
| e neyimae - S5 Gt - e (G4)
Define = = t?,
oo oo 2 1 8
/ e 1y(2+/fz)dx = / 2te= " I(2/Bt)dt = —es (G.5)
0 0 o
It follows that
o 1
/ b= [o(2+/Bt)dt = e (G.6)
0 2a
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APPENDIX H

DERIVATION OF THE CHARACTERISTIC FUNCTION FOR MSDD

In this appendix, the expression (5.31) for the characteristic function @ p, a(jw) of the
MSDD test statistic D is derived. To that end, by using (5.23) and (5.29), the test

statistic D can be expressed in the following quadratic form:
D= Z b2, (lym(s)* = lym(s3)I") (H1)

where

1
b = \/ Am (K Py + Am) (H:2)

form=1,2,---, Ns. Define

A = B2, (1vm(56)” = ym(s3)°) (H.3)
then
Ny
D= dn. (H.4)
m=1
Also define vector y (si) = [y1(sk),¥2 (k) ,un, (s¢)]”, then from (5.12)
and (5.8),

K-1 K-1
= (Z xk_isZ_Z) =u (Z rk_isz_l) : (H.5)
=0 1=0

From the signal model in Section II, E [y (sx)] = E [y (s})] = 0. After some

algebra, the covariance matrix of y (sx) can be evaluated as

E [y (sk)y(sk)H} = E|U" (KZ_I rk~isz_i> (}(2—:1 rk_ms,‘;_m> U

1=0 m=0

= K°PIy, + KA. (H.6)
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Similarly,
Ely(s)y ™| = |v(sesi) Py, + KA
Ely(se)y ()| = v(sks}) (KPIy, +A)
Ely(s,)y (sk)H = v(sg,sy) (KPIn, + A),

where v(sg, s},) = sifsy.
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To use the results in [2, Appendix B], identify the following quantities using the

notation in the reference: X,, = ym(sk), Y = Ym(sy). Then from (H.6) to (H.9), in

the notation of [2, Appendix B],

Xpm = Y, =0
Bzzm = % (K?Ps + KAp)
Hyym = % (|U(Sk, S;c)|2 P+ K/\m>
poym = " (5k,5k) (KP4 A)
Pyzm = %v(sk, sp) (KPs + Ap) -

(H.10)
(H.11)
(H.12)
(H.13)

(H.14)

Substitute the above equations into Eq. (B-6) and Eq. (B-5) in [2, Appendix

B|, together with A = b2, B = —A?

m?

manipulations, the characteristic function of d,, is obtained as

. wl,mem
W)= y
¢dm])\ (j ) (w — wl,m) (w — w2,m)
where
1
= g |VOPEFATKE A ) And — ()
1
wom = Jop |VEPEFARP 4 M) hnl +CP
and

¢ =K — |u(sg,sp)]

and C,, = 0. After some straightforward

(H.15)

(H.16)

(H.17)

(H.18)
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It follows that the characteristic function of D is

Na

I1 ( Wim@2,m . (H.19)

W= wim) (W — wom)

Ny
Ppia(jw) = H Pdnir (Jw) =
m=1

m=1

Remember that for a system with NV; interference sources, the eigenvalues of

the interference plus noise covariance matrix are \,,, = 02 for m = Npin + 1, Npin + 2,

<+« , N4. Define
1
@ 2 rpn = gz [VOPITA(RP ) e —CP]  (H20)
1
()] =S W2 Npin+1 = ]'Q—C' |:\/<'2P32 +4 (KPS -+ 02) UZC + CPS:| . (H21)

It follows that wy,, = w1, and wym = wy for m = Npin + 1, Nin + 2, - -+, Na. Hence

the characteristic function can be expressed as (5.31).
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