New Jersey Institute of Technology
Digital Commons @ NJIT

Dissertations Theses and Dissertations

Fall 2009

Nonlinear evolution of annular layers and liquid
threads in electric fields

Qiming Wang
New Jersey Institute of Technology

Follow this and additional works at: https://digitalcommons.njit.edu/dissertations

b Part of the Mathematics Commons

Recommended Citation

Wang, Qiming, "Nonlinear evolution of annular layers and liquid threads in electric fields" (2009). Dissertations. 199.
https://digitalcommons.njit.edu/dissertations/199

This Dissertation is brought to you for free and open access by the Theses and Dissertations at Digital Commons @ NJIT. It has been accepted for
inclusion in Dissertations by an authorized administrator of Digital Commons @ NJIT. For more information, please contact

digitalcommons@njit.edu.


https://digitalcommons.njit.edu?utm_source=digitalcommons.njit.edu%2Fdissertations%2F199&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.njit.edu/dissertations?utm_source=digitalcommons.njit.edu%2Fdissertations%2F199&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.njit.edu/etd?utm_source=digitalcommons.njit.edu%2Fdissertations%2F199&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.njit.edu/dissertations?utm_source=digitalcommons.njit.edu%2Fdissertations%2F199&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/174?utm_source=digitalcommons.njit.edu%2Fdissertations%2F199&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.njit.edu/dissertations/199?utm_source=digitalcommons.njit.edu%2Fdissertations%2F199&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:digitalcommons@njit.edu

Copyright Warning & Restrictions

The copyright law of the United States (Title 17, United
States Code) governs the making of photocopies or other
reproductions of copyrighted material.

Under certain conditions specified in the law, libraries and
archives are authorized to furnish a photocopy or other
reproduction. One of these specified conditions is that the
photocopy or reproduction is not to be “used for any
purpose other than private study, scholarship, or research.”
If a, user makes a request for, or later uses, a photocopy or
reproduction for purposes in excess of “fair use” that user
may be liable for copyright infringement,

This institution reserves the right to refuse to accept a
copying order if, in its judgment, fulfillment of the order
would involve violation of copyright law.

Please Note: The author retains the copyright while the
New Jersey Institute of Technology reserves the right to
distribute this thesis or dissertation

Printing note: If you do not wish to print this page, then select
“Pages from: first page # to: last page #” on the print dialog screen



Mew |ersey’s Science &
Technology University

The Van Houten library has removed some of
the personal information and all signatures from
the approval page and biographical sketches of
theses and dissertations in order to protect the
identity of NJIT graduates and faculty.



ABSTRACT

NONLINEAR EVOLUTION OF ANNULAR LAYERS AND LIQUID
THREADS IN ELECTRIC FIELDS

by
Qiming Wang

The nonlinear dynamics of viscous perfectly conducting liquid jets or threads under
the action of a radial electric field are studied theoretically and numerically here. The
field is generated by a potential difference between the jet surface and a concentrically
placed electrode of given radius. A long-wave nonlinear model that is used to predict
the dynamics of the system and in particular to address the effect of the radial electric
field on jet breakup is developed. Two canonical regimes are identified that depend on
the size of the gap between the outer electrode and the unperturbed jet surface. For
relatively large gap sizes, long waves are stabilized for sufficiently strong electric fields
but remain unstable as in the non-electrified case for electric field strengths below a
critical value. For relatively small gaps, an electric field of any strength enhances the
instability of long waves as compared to the non-electrified case. Accurate numerical
simulations are carried out based on our nonlinear models to describe the nonlinear
evolution and terminal states in these two regimes. It is found that jet pinching
does not occur irrespective of the parameters. Regimes are identified where capillary
instability leads to the formation of stable quasi-static microthreads (connected to
large main drops) whose radius decreases with the strength of the electric field. The
generic ultimate singular event described by our models is the attraction of the jet
surface towards the enclosing electrode and its contact with the electrode in finite
time. A self-similar closed form solution is found that describes this event with the
interface near touchdown having locally a cusp geometry. The theory is compared

with the time-dependent simulations with excellent agreement.



In addition a core-annular flow problem is considered to include the external
viscous fluid. A full problem simulation, based on a boundary integral technique is
carried out to capture the full dynamics of the electrified viscous jet in the zero
Reynolds number limit. Pinching solutions of either electrified or non-electrified
viscous jets are obtained and the instantaneous velocity field and flow patterns are
studied numerically near breakup. As the electric field strength increases, the size
and shape of the drops are changed dramatically compared with the non-electrified
problem. However, the local dynamics remain the same as shown in the non-electrified
capillary breakup problem, since the main and satellite liquid masses joined by a
collapsing neck have the same potential and would not feel the strong influence of
the external field. The pinching is suppressed if the field strength is sufficiently
large and another type of breakup behavior appears. Briefly speaking, the interface
is attracted and touches the outer electrode in the radial direction in a similar
phenomenon found for a single jet problem. This type of terminal state is also
described by a lubrication model in the thin annulus limit. A comparison between

the boundary-integral simulations and the asymptotic results is also carried out.
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CHAPTER 1

INTRODUCTION

The effect of electric fields on the capillary instability of liquid jets is a fundamental
problem found in several applications, including ink-jet printing, fuel atomization,
electrohydrodynamic spraying of liquids and so on. Capillary instability in liquid
cylinders manifests itself whenever the wavelength of the perturbation is longer than
the undisturbed jet circumference. See the theoretical work of Rayleigh [52] and the
subsequent analyses of Tomotika [64] and Chandrasekhar [8]. As the perturbation
grows into the nonlinear regime the jet disintegrates into droplets and such terminal
states were described recently in terms of similarity solutions of the Stokes and
Navier-Stokes equations (Papageorgiou [45], Eggers & Dupont [17], Papageorgiou
[44]). Direct simulations of capillary instability have also been carried out by several
investigators including Day et al. [13] and Lister & Leppinen [34] (for inviscid drops or
threads), Stone & Leal [61], Lister & Stone [36] and Pozrikidis [49] (for Stokes flows),
and Ambravaneswaran et al. [2] (for Navier-Stokes equations). Good agreement
between one and two-dimensional models, as well as the experimental work of Zhang
& Basaran [68], have also been obtained. Comprehensive reviews have appeared
recently by Eggers [16] and Eggers & Villermaux [18].

Although electric field effects have been an active research area for decades
there is still considerable work that needs to be done to understand the underlying
nonlinear dynamics and mechanisms. It has been pointed out by Basset [6] and
observed experimentally in various configurations (see Raco [50], Taylor [62] and
Ramos et al. [51]) that axial electric fields stabilize liquid bridges and jets and can
act to support liquid bridge lengths beyond their critical Rayleigh length, for example.

Comprehensive linear theories providing an explanation for the effect of axial electric



field stabilization have been carried out by Saville [54], [55], [56]. A more recent
study on this is done by Volkov et al. [65] who applied boundary integral methods
to calculate the equilibrium shapes of the electrified liquid bridge.

In the present study the nonlinear evolution of a viscous liquid thread or jet in
the presence of radial electric fields driven by a cylindrical electrode placed coaxially
to the undisturbed jet is considered. Linear stability analyses in this case have been
carried out by Basset [6], Schneider et al. [58], Huebner & Chu [27] for both viscous
and inviscid fluids, typically taken to be perfect conductors. The main findings are
that electric charge tends to produce smaller droplets after breakup and evidence for
this is presented in the experiments of Magarvey & Outhouse [40]. More recent work
concentrating on absolute/convective instabilities of electrified jets under radial fields
has been carried out by Artana et al. [4], [3], where it is shown that the electric
field reduces perturbation wave speeds thereby increasing the parameter space where
absolute instability emerges. The linear theory for an imperfectly conducting jet has
been built up by Lopez-Herrera et al. [39] based on a leaky-dielectric model ( Melcher
& Taylor [41] and Saville [57]). The role of finite permittivity and conductivity has
been explored and also the validity of lower order approximations was examined and
discussed in detail. Interestingly the linear theories show that the electric stresses
also tend to destabilize the non-axisymmetric modes. This phenomenon is observed
experimentally as so called kink instabilities or whipping jets (e.g. Saville [56], Mestel
[42] and Hohman et al. [24]).

The nonlinear dynamics of electrified jets under the action of radial fields have
not received a lot of attention. Setiawan & Heister [59] computed the evolution of
an inviscid jet using a boundary integral method and found that the terminal states
can involve the usual main- and satellite-drop pinching states or, at higher electric
field values, spiky features form without jet thinning. The latter states correspond to

an axisymmetric Taylor cone and are a precursor to small droplet atomization taking



place around the periphery of the jet as was observed in the experiments of Cloupeau
& Prunet-Foch [9] and Kelly [30]. The resolution of the computations in Setiawan &
Heister [59], however, may be not sufficiently definitive to provide accurate terminal
structures - in particular the minimum jet radii achieved may not be small enough
for the stabilizing effects of the radial field to enter and compete, as our results in the
present study. Such issues are addressed in the present work by performing accurate
numerics for reduced systems.

In addition, a Korteweg-de Vries (KdV) equation is derived through a weakly
nonlinear analysis for the inviscid jet in the long-wave limit. The electric force acts as
a radial gravity term and hence plays the role of gravity in the classical water waves
derivation. This is a novel and interesting application of the KdV in axisymmetric
electrohydrodynamics.

In another related work, Lopez-Herrera et al. [38] consider one-dimensional
models of electrified capillary jets placed in a coaxial electrode. They assume that
the fluid is a perfect conductor and derive a model that includes viscosity and inertia.
In addition they use the full curvature term in the normal stress balance (even though
this is not correct asymptotically) following the ideas adopted by Lee [32], for example.
(A comparison of the effect of different models and representations of the curvature on
pinching singularities is given in Papageorgiou & Orellana [47].) The computations in
[38] are mostly carried out for small Ohnesorge numbers (defined as Oh = u/(pyRo)"/?
where u, p, v and Ry are the fluid viscosity, density, surface tension coefficient and
the undisturbed jet radius respectively) and pertain to fluids with small viscosities.
In addition, the computations are not exhaustive enough to provide the definitive
dynamics for large times - for example, it is not conclusive from the results that
pinching does indeed take place and some results are presented where pinching appears
to be arrested with a different terminal state becoming relevant. Such phenomena

are computationally challenging and one objective of the present study is to obtain
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accurate descriptions of terminal states at order one or large Ohnesorge numbers.
Our findings indicate that according to the one-dimensional models, pinching does
not occur but an interfacial cusp at a finite jet radius emerges instead. Similarity
solutions that describe these terminal structures are also constructed, and confirmed
numerically. It is intriguing to find, therefore, that the solutions near the singular
time can be expressed in closed form. Recently the work by Collins et al. [11] shows,
however, that pinchoff does happen for certain electrification levels in full simulations
of the Navier-Stokes equations using finite-element methods. Those results suggest
that the global effect of the electric field is important and the local approximation
is rather inaccurate at some point (the axial velocity may depend on the radial
coordinate) which may exaggerate the effect of the electric field in the vicinity of the
breakup point. In the work of Collins et al. [11] they did an extensive and general
computational investigation on the influence of electric stresses, capillary pressure and
surface charges to the formation of satellites and breakup times. It turns out that
the size of satellite drops will be bigger than the uncharged case and the main drops
will be elongated in the direction of electric fields, which is similar to our findings as
shown later. Another interesting result is that the charged Stokes jet breaks down
asymmetrically not like the uncharged problem, which is due to the migration of
the surface charge as the surface deforms. The sign reversal of the electric pressure,
depending on the position of the electrode wall, accelerates the breakup and attributes
to form a local thread, hence shifts the breakup points.

The core-annular flow problem is also studied in the present work by including
the effect of external viscous fluid. The problem without electric effects is itself
interesting énough, where the possible self-similar description of pinch-off solutions
has been of considerable interest for decades. The analytic solution is described
by Papageorgiou [45] for a single viscbus jet in vacuum. The infinite liquid-liquid

jet problem seems more complicated and no analytic solutions are available so far.



Lister & Stone [36] numerically solved the equal viscosity problem in the Stokes
limit and showed evidence of self-similar collapse close to breakup with very high
accuracy. Zhang & Lister [67] and Sireou & Lister [60] considered a wide range of
viscosity ratios and solved the self-similar equations in a transformed domain but
the question remains, and the real physical problems have not been solved as far as
we know except for the computations of Pozrikidis [49]. In our work more accurate
computations than these in the Iiterature are carried out to capture the breakup
and understand the nonlinear evolution for different ranges of viscosity ratios. In
particular the satellite structure, as shown in a later section, is quite different as the
viscosity ratio varies. For the case that the core-thread is more viscous than the
surrounding fluid, A = peqge/pins <€ 1 (1 the viscosity), the main drops become close
to spherical and are connected with a thin microthread. In the opposite limit, i.e.
the surrounding fluids more viscous, different satellite shapes form compared to the
previous case, and appear to be visually similar to the results of Tjahjadi et al. [63].
Interestingly, the extreme limits, A = 0 and A = oo in which case the jet surface is
symmetric in the axial coordinate near breakup, do not seem to connect with the
finite A\ shapes.

When the fluids are confined to a long cylindrical tube, the tube radius also
affects the nonlinear evolution and pinching may be even suppressed. This problem
was studied in a weakly nonlinear fashion by Papageorgiou et al. [46], where rich
dynamics, governed by a modified Kuramoto-Sivashinsky equation, are explored in
several distinct limits. A lubrication model was derived by Hammond [22] for an
annular film and was recently revisited by Lister et al. [35]. Complex film drainage
occurs at very long times with tiny film thickness and self-sustained axial motion
driven by surface tension alone. Their results also showed that the long-time behavior
depends on the length of the domain as well as initial conditions. Numerical computation

of the full Stokes problem with arbitrary gap between the core-fluid surface and the



tube wall, through a boundary-integral technique, was carried.out by Newhouse &
Pozrikidis [43] for purely capillary-driven flows and Kwak & Pozrikidis [31] for flows
with an interface covered by insoluble surfactant. Our present work will revisit some
of their calculations and then include the effect of electric fields. Not surprisingly the
electric force causes finite-time rupture and suppresses the axial motion found in the
uncharged case when the annulus is thin. The coupled Stokes and Laplace problems
for the fluid dynamics and electrostatics, respectively, are solved utilizing a similar
boundary-integral method to that mentioned earlier.

The structure of the thesis is as follows: In Chapter 2 the physical model of
electrohydrodynamics is introduced and the general governing equations as well as
the dimensionless parameters are given. In Chapter 3 we begin by considering a
single viscous jet subject to a radial electric field. Linear stability theory is carried
out to gain some analytic insights. A one-dimensional model is then derived and used
to investigate the nonlinear dynamics with or without inertia. Different nonlinear
behaviors for various parameters are determined. Self-similar solution in the inertialess
case is also constructed to describe flows that terminates in finite-time singularities.
The effect of inertia is discussed through a simple scaling analysis. In addition, the
reason for pinching being suppressed in the asymptotic model is given with the help
of numerical simulations. A novel derivation of the KdV equation in the long-wave
limit for an electrified inviscid thread is presented in Chapter 4. In Chapter 5 the
general problem of core-annular flows by including the effect of annular fluids is
considered. The numerical results of this chapter are presented based on boundary-
integral methods. The Green’s function for the electrostatic problem in a long tube
with a periodic boundary condition is derived. In particular, we examine how the
viscosity ratio, the dimensionless tube radius and the electric parameter affect the
nonlinear behavior. Various breakup characteristics can be determined and a new

type of breakup, ’splashing’, is found as a transition between the core-fluid-pinching
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solution and annular film-rupture solution. A lubrication model is also presented in
the limit of thin annulus similar to the uncharged case (e.g. Hammond [22]) and the
self-similar scalings are identified through accurate numerical simulations. Finally
in Chapter 5 the results from the lubrication model and the full boundary-integral
simulations are compared together. In Chapter 6 some concluding remarks are

discussed.






scale on which the hydrodynamics occurs. Therefore an electrostatic problem exterior
to the core thread needs to be solved. Note that in the static case, the equations for
the electric field and magnetic field are uncoupled. Since we are not interested in the
effect of magnetic fields only the equations for the electric field will be considered. If
the external magnetic field is absent magnetic effects can be completely ignored (see
Saville [57]).

More specifically from Maxwell’s equations the characteristic time scale for

electric phenomena (charge relaxation time) and magnetic phenomena are

Te = E,’O_’ Tm = /J,mO'lz, (21)
ag

where ¢,, ., and o are, respectively, the electric permittivity, magnetic permeability
and electric conductivity of the material, and [ is the characteristic length scale of

the system. For a typical system in experiments (around 20°C) with

c=0(10"%Sm™, v=0(50)dyncm™, ¢ =000)cs, pm=01)u, (2.2)

where €y &~ 8.854 x 10712 Fm™! and o = 47 x 10""NA~2 are the electric permittivity
and permeability of free space respectively, the time scale in (2.1) gives 7, ~ 5x 1077 s,
and 7., ~ 10712 s for a 0.01 m jet and even smaller 7,, for thinner jet.

For the electrostatic problem, the electric potential is denoted by ¢(r, z,t) and
satisfies E = —V¢, where E is the electric field and in component form we write
E = (E1,0, Ey). Since E is divergence free, the electric potential satisfies Laplace’s

equation in the annular region S(z,t) < r < b,

Vip =0, (2.3)

with boundary conditions ¢ = V; on the wall and ¢ = 0 at the interface, without loss

of generality.
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The governing equations for the fluids are then given by the Navier-Stokes
equations and the continuity equation in the core (fluid 1) and annular (fluid 2)

regions respectively.

pi(w +u-Vu) = —Vp+u,Vy, (2.4)

Veu = 0, (2.5)

where u = (u,,u,) is the fluid velocity vector, p is the pressure and p;, u;, i = 1,2
are respectively the density and viscosity of the fluids.

On the tube wall, the no-slip and no-penetration boundary conditions require
that

u = 0. (2.6)
In addition, at the fluid interface, F(r, z,t) = 0, the kinematic condition is,
Fi4+u-VF=0(, (2.7)

and tangential and normal stress balances ([ ] = indicates the jump from inside to

outside)

t- T n]=0, (2.8)

[n-T-n]=—k, (2.9)

where ¢ and n are unit tangential and normal vector respectively on the surface and

r is the curvature at the interface, defined as

1 Sza
S+ S22 T (1+ S22

(2.10)
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with v the coefficient constant surface tension, T = o+ M, a Newtonian stress tensor

and a Maxwell stress tensor which are given by

o =—pI + p(Vu+ Vul), (2.11)

M = ¢,(EE - LI|EJ?). (2.12)

2.2 Dimensionless Parameters
The problem is nondimensionalized using a for lengths, v/u; for velocities, v/a for

pressure, pya/o for time and Vj for the voltage potential:

(r,2y=ual(r,?), (u,u,)= l(u'r,u'z), p= Z;D', t= E}Et', ¢ = Vod'. (2.13)
251 a 0

The prime variables are dimensionless and we end with several parameters to measure

the physical quantities,

b %
Ro=POO Pyt b g eVo (2.14)
2
Hi £1 11 a a

R, is the Reynolds number; xy and A are the density and viscosity ratios the of
two fluids respectively; d is the dimensionless tube radius; F, is the electric Taylor
number which represents the ratio of electric to surface tension forces and measures
the strength of the electric fields. Sometimes, the electric Taylor number is also
described by E, = ¢,E% a/v (e.g. Lépez-Herrera et al. [38]), where E,, is the electric
field strength far away. Using (2.2) and taking the fluid viscosity to be O(10) Pa s,

the Reynolds number and the electric Taylor number are estimated as
R.~5x107% E,~107°E2, (2.15)
So to obtain an electric Taylor number of F, = 1, an electric field of strength

Fsw = 10° V/m is required. At a temperature of 25°C, common water has electric

permittivity e, = 80.1¢y with v = 71.97 dyn/cm, while glycerol at 20°C, has €, = 47¢
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with v = 63 dyn/cm. In order to cover certain ranges of viscosities and conductivities,
mixtures of water and glycerol are usually used (see Lépez-Herrera & Ganan-Calvo
[37]) and they typically are of the order that is considered here. At the same time
inertial effects are seen to be fairly small. In the present study, highly viscous flows
are of particular interest and an asymptotic theory is built up for a single Stokes
jet in Chapter 3. A boundary-integral simulation is carried out for Stokes flows
in Chapter 5. The parameter estimates given above provide good support for our
nonlinear modeling. Another relevant parameter for two-phase fluid systems is the
Bond number, defined as
_ Apga®

B, , 2.16
: (216

with g the acceleration due to the gravity and Ap is the density difference between
the fluids. The Bond number measures the relative importance of gravity over surface
tension, and using the physical values given above B, = O(107°). Hence, gravitational

effects can be neglected in the problems considered here.



CHAPTER 3

ELECTRIFIED VISCOUS THREADS

In this chapter the axisymmetric deformation of a perfectly conducting, single viscous
jet or thread under a radial electric field is considered. Hence p; = p and p; = p and
fluid 2 is passive, i.e. air or vacuum (p2 = 0, uz = 0). Using cylindrical coordinates
(r,0,2) and assuming axisymmetry, the fluid dynamics in the region 0 < r < S(z,t)
(region 1, say) and for the electrostatics in S(z,t) < r < d (region 2, say), where

r = S(z,t) denotes the jet interface, need to be solved.

3.1 Governing Equations
Nondimensionalization has already been introduced in Chapter 2. The dimensionless

Navier-Stokes equations are (in cylindrical coordinates).

R (uy +wur +vw,) = —pp+ Au— %, (3.1)
R, (w +uw, + ww,) = —p, -+ Aw, (3.2)
)t = 0 (3.3)
Ap = 0, (3.4)
where
”? 19 0

o2 ror 822
The parameter R, = (ypa/u?) is the square of the inverse Ohnesorge number,
Oh = (u/+/7pa) - R, is referred as a Reynolds number, as mentioned in Chapter 2.
u and w are the radial and axial velocity components, respectively. ¢ is the voltage

potential and note that the electrostatic problem needs to be solved in S(z,t) < r < d.

13
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The boundary conditions at r = S(z, t) are those of tangential and normal stress
balances, a kinematic condition, and a zero equipotential condition for the voltage.

Written out in full these read,

(uy +w.)(1 = S?) + 2u,.S, — 2w, S, =0, (3.5)
ﬂﬂ+$ﬂ@m+%hfﬁww+w%ﬁkghﬂ%ﬁ—@%ﬂ&ﬂ@
__Szz“(l'l“sf)/s |

3.6

(1+52)32 7 (3.6)

u=3S5 +wS,, (3.7)

#(S(z,t), z,t) = 0. (3.8)

Recall that the dimensionless parameter F, = (eV2/va) represents the ratio of

electric to surface tension forces and measures the strength of the electric field. In
addition to the interfacial conditions (3.5)-(3.8) regularity conditions are required for

the velocities at » = 0 and a Dirichlet condition for ¢ at the cylindrical electrode

b(d, 2, 1) = 1, (3.9)

where d = (b/a) is the dimensionless radius of the cylindrical electrode (note that

0 < 8(2,t) < d, unless the jet pinches or touches the outer electrode).

3.2 Linear Stability
3.2.1 Characteristic Equation
Linear stability theory is used to investigate the behavior of a small disturbance to
an initially uniform, unbounded liquid thread stressed by a radial electric field. The

base states are

E 1

M d)?’ : (310)
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and it is assumed that infinitesimally small perturbations have the normal-medeform
(ﬁ,w, f) = (a,w,f) (r)exp(ikz + wt), (3.11)

where k is the wavenumber, w the growth rate of the disturbance and f denotes a
perturbation function which can be pressure, interface position or electric potential.

The linearized field equations become:

~

Rowit = —p/ +u" + u% — K — 32 (3.12)

Rowid = —ikp + w" + w7/ — k%, (3.13)

%(rﬁ)' + ik = 0, (3.14)

¢+ ;1;<13’ — kK¢ =0, (3.15)

where ' = d/dr. The linearized version of the tangential and normal stress balance
equations (3.5), (3.6) and also the kinematic condition (3.7), on r = 1 read

—p+ 20 — p¢ = —k2S + §, (3.16)

ikil +w' = 0, (3.17)

4 =ws, (3.18)

where p® denotes the linearized Maxwell stress contribution to (3.6).

Then in a similar manner to Tomotika [64] and Papageorgiou [45], for example,
the linear system is solved to obtain the characteristic equation determining the _
growth rate w(k), to find

4k
R,

Rew?F(K) + 2k*w(2F (k) — 1) + ——(F (k) — F(k)) — k*(1 — k> —p°) =0, (3.19)

where F(k) = kly(k)/I(k), k* = k* + Rew and p° comes from solving the Laplace

equation in region 2 and evaluating the Maxwell stresses at 7 = 1 (see also Sawville
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[56] and Collins et al. [11])

. B (1 kKo(kd)Il(k)+Io(/€d)K1(/‘»’)>‘ (3.20)

"~ In%d Io(k)Ko(kd) — Iy (kd)Ko(k)

It is noticed immediately that (3.19) recovers the result of an uncharged jet when
Ey = 0 and this serves as a quick check for our results.

The stability for a highly viscous jet and inviscid jet can be obtained from (3.19)
by taking appropriate limits. In the viscous limit, R, — 0, the effect of inertia can

be neglected relative to viscosity. Consider the Taylor series of F'(k) for small R, so

that
ko ke + 1;7:’, (3.21)
to find that (3.19) becomes
2w(F(k)?:—1-k)—(1—k*=p°) =0, (3.22)

which coincides with the result in Wang et al. [66], where (3.22) is derived by directly
solving the linearized system with R, = 0. In another limit, the inviscid limit,

R, — o0, viscosity can be neglected relative to inertia and k can be written as

- k2
k 2 (Rew)Y? (1 +55 w) . (3.23)

After some algebra, (3.19) becomes

w2 _ ]{12(1 . k‘2 _pe)
R.F(k)

(3.24)

In the inviscid case the nondimensionalization is different in that the time scale is

taken as (pa®/v)'/? instead of uya/y. Therefore (3.24) turns out to be, after rescaling,

2 kz(l —k? —p°)
YRR

(3.25)
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3.2.2 Long-wave Expansion

The characteristic equation (3.19) is complicated since k is a function of w and is
contained in the arguements of the Bessel functions. In order to get analytic insight,
simplified equations in the long-wave limit & — 0 is considered. Thus (3.19), assuming

R.w < 1, becomes

2R.w* + 6K%w — K2(1 — o) = O(k*, K*w, w?), (3.26)

where o = FEy(Ind — 1)/(Ind)®. Immediately it is seen that some transition would
happen at Ind = 1 which indicates that the electric fields do not affect the linear
stability in the long-wave limit at this point. By solving equation (3.26) for w, the
following relation is found,

—3k% + (9k% — 2R (a — 1))Y/?k

w(k) = 2R, ’

(3.27)

and it is seen that the instability occurs when o < 1 while o = 1 gives the neutral
stability. In addition, negative o always gives instability which corresponds to the
case d < e =~ 2,7183, irrespective of ;. This implies the necessity of investigating this
case since in the literature (e.g. Satiawan & Heister [59], Lopez-Herrera et al. [38] and
Collins et al. [11]) people usually take d = 10 which is far away from the critical value
e. In the highly viscous and inviscid limit the same result is obtained in the long-wave
limit, since, as we mentioned, the electric effect only enters the normal stress balance
that gives the term 1 — k? — a. To summarize, then, the following expressions are

obtained in the long-wave limit from the full dispersion relation ((3.22) and (3.24))

w(k) = éa —a), as R.—0, (3.28)

and

w2(k:) =

oR (1—o), as R, oo. (3.29)
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They will be revisited when the long-wave model is discussed. On the other hand,
for Ind > 1, increasing F, is stabilizing against capillarity and stable wave solutions
(o > 1) might be expected when inertia is present (Grandison et al. [21] and Gleeson
et al. [20]). However it should be noted that non-axisymmetric modes may dominate
when the electrification level is too high ( Saville [56]). Different breakup modes are

identified asymptotically by Hohman et al. [24].

3.2.3 A Note on The Linear Stability of An Imperfectly Conducting Jets
For a poorly conducting jet, the governing equations for the electric potential follow
the leaky-dielectric model (e.g. Saville [57]). The long-wave axisymmetric perturbation
is still of interest and after some algebra the growth rate in highly viscous jets (the
derivation not shown here) becomes

1 3—4Ind v
B =-(14+2"212%% ) 3.30
w(k) 6( t g ”) (3:30)

Similar to the perfect conductor case the electric field still has the stabilizing effect
depending on d and E, and it is observed that poor-conductor assﬁmption only shifts
the ’critical’ value on the parameters. For example, in the case of perfect conductor,
the dispersion relation in long-wave limit indicates that d = e for fixed Ej is critical.
Going below or above it will give different dynamic behaviors, while in the poor
conductor case, the critical value for d is €%/4 ~ 2.117. Similar results in the long-wave

limit but for different viscosity ranges have been obtained by Lopez-Herrera et al. [39].

3.3 Long-wave Model

A slenderness parameter § is introduced such that

3] 0 0 0
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and no confusion should be caused by the same symbol z being used for the scaled
axial coordinate. In addition d < 67! is assumed. The asymptotic analysis is similar
to that of Papageorgiou [45], Craster et al. [12] who analyzed the non-electrified
problem.

Applying the change of variables (3.31) to (3.4) and the expansion ¢ = ¢y +

82¢1 + ..., leads to the leading order problem

10 Odo\
Lo <8—> —0, (3.32)
$a(S(2,1),2,8) =0,  ¢o(d, 2,t) = 1. (3.33)
The solution is
| S
po(r, 2,t) = SEZ Sg. (3.34)

The appropriate expansions in region 1 are

1
w=ug+0%u; +..., wzgwo—}-dwl—l—...,
p=po+&p+..., S=8+885+... (3.35)

which on substitution into the Navier-Stokes equations (3.2), (3.3) and then (3.1) and
consideration of the leading order problem yields
1
o (TwOr)r =0 = Wo = wO(Z) t)) (336)
”

(’I"U,O)T +wg, =0 = U’O(Ta Z, t) = _ngm (337)

—_ 3| =

]. £
Uger + ;’U,OT — ;EUQ =Dor = Por= 0 = Po = polz, t) (338)
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Using (3.36)-(3.38) into the normal stress balance (3.6) at r = S; provides an expression

for the leading order pressure at a given axial position,

Ey 1

T 3 Mm(d/SOP ~ S (5.39)

Do + wo,

One evolution equation (corresponding to mass conservation) connecting the leading
order quantities wq and Sy follows from the kinematic condition (3.7) at leading order,

and reads

1
S()t + ESo’sz + Soz’wo = 0. (340)

To close the system we need to proceed to the next order solution of the Navier-Stokes
system and its boundary conditions (the tangential stress balance (3.5) enters at this
order). In order to retain inertia in the second order terms of (3.2), the canonical
scaling R, = 62% with Z a positive constant is chosen. At order 6, then, the axial

momentum balance becomes

1
‘%(th + w0w0z) = —Po, + ; (Twlr)r + Woz2. (341)

Since all terms in (3.41), except the one containing w;, are independent of r, we

integrate and use regularity at 7 = 0 to obtain

r
Wy = 5 (% (wor + wowo,) — Wozs + Do) - (3.42)

The second evolution equation connecting wg and Sy arises from the tangential stress
balance condition (3.5) at leading order (order §; the O(6~!) equation is satisfied
identically), which provides an expression for wy.(So, 2, t); equating with (3.42) and

evaluating at r = Sy, after some algebra the equation becomes



21

The evolution is governed by the nonlinear system (3.40) and (3.43) (see also Eggers
& Dupont [17] and Craster et al. [12]). When E;, = 0 the system is that derived and
studied by Eggers & Dupont ([17]), while in the additional limit % = 0 the inertialess
Stokes flow model of Papageorgiou [45] is obtained. We are in a position, therefore,
to evaluate quantitatively the effect of the radial electric field on capillary instability
and jet pinching. In what follows the subscript zero is dropped from the dependent

variables and the problem on 27 spatially periodic domains is considered.

3.3.1 Conserved Quantities
Equation (3.40) represents mass conservation which can be seen by multiplication by

S and integration with respect to z to obtain

L
/ S%dz = const, (3.44)
L

where 2L periodicity is assumed. Equation (3.43) represents conservation of momentum,

that is

L
/ S?wdz = const. (3.45)
~L

To show this (3.43) is multiplied by $? and the left hand side is rewritten as

74 [(SQw)t — (SH)w + S2wwz] ,

which on elimination of (5%); from (3.40) and manipulation of the right hand side,

casts (3.43) into

% [(5°w); + (Sw?),] = 3(5™w,), + S, — By (m(; ok 2[111(; / S)P) . (3.46)

This is a conservation law for S?w and integration in z and use of periodicity gives
the result (3.45). Both conserved quantities are utilized to monitor the accuracy of

the numerical calculations described later.
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3.3.2 Linear Stability Properties
Linearizing equations (3.40) and (3.43) about the undisturbed states $ = 1, w = 0,
and looking for solutions proportional to exp(ikz+wt), yields the following dispersion

relation

2 s L _Eb(lnd“l) 2 __
Rw* + 3k*w 5 1 (md) k*=0. (3.47)

which is consistent with the result (3.26) that was derived in section 3.2.2. In the

Stokes limit Z = 0

wk) = ¢ <1 _ %—1)> (3.48)

is found, which agrees with Papageorgiou [45] in the absence of an electric field,
Ey = 0. It follows that if Ind > 1 the electric field is increasingly stabilizing as E,
increases, whereas increasing destabilization takes place if Ind < 1.

In understanding the numerical solutioﬁs that are presented later (in particular
the formation of stable slender secondary threads), it is useful to consider the linear
stability of the system about the state S = a, w = 0, where 0 < a < d is some
constant. The growth rate in this case is

_ 1/ In(d/a) — 1
w(k) = 5 (a, R 13 (d/a) Eb> . _ (3.49)

AS a — 1 (3.48) is recovered; the more relevant regime is 0 < a < 1 for which
neutral stability is always possible for non-zero E, and a sufficiently small thread
radius a, with stabilization of thinner threads. The reason for this is that as ¢ — 0
the electric field term dominates in (3.49). The physical reason for this is that the
electric field pressure at the surface of a sufficiently thin thread dominates the capillary
pressure which scales with 1/a. Since the former pressure is stabilizing it competes
and overcomes the capillary pressure that tends to pinch thé thread. This mechaﬁism

is seen in the nonlinear calculations described later.
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3.4 Results and Discussion
In this section the equations (3.40) and (3.43) are considered and solved numerically
together with some analytic descriptions. The Stokes jet is investigated first and the

results of Navier-Stokes jet are also presented.

3.4.1 Numericél Method

The highly nonlinear partial differential equations (3.40) and (3.43)‘ are solved numerically
through a pseudo-spectral method (e.g. Papageorgiou [45]) and advanced in time
using a foufth order Runge-Kutta method, where proper filters are employed to
smooth the calculation as explained below. Another code, EPDCOL (Keast & Muir
[29]), is also used to solve the initial value problem and serves as a check. The
numerical routine, which utilizes finite-element collocation in space and Gear’s method

in time, has been proven to be accurate and efficient for the jet problem (e.g Craster

et al. [12]). In general, the numerical solutions are determined starting from the
initial condition

S(2,0) =1+0.5cos(mz/L), w =0, (3.50)
together with the boundary conditions
S (£L,t) = S,en(£L,t) =0, w(£L,t) =0, (3.51)
where —L < 2z < L.

In the case Z = 0, only the initial condition for S is needed and the axial

velocity can be determined immediately from the momentum equation. To see this

Ietsz—Eb(

ln(dl/S) - 2[1n(;/5)]2> and integrate (3.43) once to obtain

w, = %(%—?‘) , (3.52)
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where k(t) is to be found. A further integration over one period gives

J(x/8%)dz

k(t) = .
Q [27(1/82)dz

(3.53)

Equation (3.52) shows that w follows from § and hence an initial condition on w
would over specify the problem. The numerical method is similar to Papageorgiou
[45] and utilizes the integrated form (3.52). A pseudo-spectral method is employed
and all required integrals are evaluated spectrally (whether by computing the Fourier
transform of the integrand or by using a trapezoidal quadrature) . The numerical
procedure starts with knowing the shape S at either £ = 0 or at a given time level
and using it in (3.53) to compute k(t). With k(¢) known we integrate (3.52) to obtain
w - this is done by inverting —i/ kH, where H is the Fourier transform of the right
hand side of (3.52) (the mode k = 0 is set to zero due to the odd parity of w). With
w updated, S can be evolved through the kinematic condition (3.40). The derivative
S, is computed spectrally and time integration is done in real space using a fourth

order Runge-Kutta method.
The numerical method deals with aliasing errors by employing a cutoff filter of

the form (see Hou & Li [25])
e IR/ F(py, (3.54)

which sets to zero all Fourier coefficients which are below the filter level ¢;. Unless
otherwise specified, typical values used here are ¢y = 36,p = 36,¢; = 107*2. The
filter is implemented at every time step and whenever a fast fourier transform (FFT)
i1s used. In order to resolve the solution near a finite time singularity, an adaptive
method is implemented to gain spatial accuracy when needed. The computation
monitors the index of the smallest non-zero Fourier mode after every filter operation.
If this index is greater than N/4, where N is the number of current grid points,

the solution is padded with zeroes in Fourier space to a transform containing 2NV
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modes. An inverse FFT provides a spectrally interpolated solution in real space.
The higher spatial resolution requires a smaller time step to preserve stability and
this is implemented by choosing an empirical constant C < 1 and updating the time
step using At = C/N%?. The adaptive method stops if the minimum value of the
difference between jet and electrode, d — Spaz S8y, is less than 1077, i.e. right before
the sﬁrface touches the outer electrode, or if Sy, (the shape minimum) is less than
1077, or if the number of points becomes larger than 2562. These stopping criteria
are sufficient to produce an accurate almost singular solution that agrees with the
self-similar asymptotic theory developed later.

In the Stokes limit the model contains two dimensionless parameters, d and Fj,
that correspond to the distance between the undisturbed cylindrical liquid surface
and the outer electrode, and the strength of the electric field, respectively. According
to the linear dispersion relation (3.48), it is established that if In(d) < 1 the liquid jet
will be linearly unstable, while if In(d) >> 1 then linear stability ensues if Fy > Ej, =
(Ind)®/(Ind — 1). Both of these cases are considered and in particular the dynamics

is followed numerically into the nonlinear regime.

3.4.2 Stokes Jet: In(d) > 1
Numerical solutions are first presented for the system (3.40) and (3.43) in the Stokes
limit Z = 0. In order to fix things the effect of the radial electric field on the
dynamics when d = 5 is considered. Note that this implies the value Fy, = 6.84 and
so according to linear theory the jet is unstable if £, < 6.84 and stable if £, > 6.84.
The relatively large initial condition (3.50) with L = 7 places us outside the
realm of linear theory, but as the latter suggests, two distinct behaviors are found
depending on the value of E,. If Fj is sufficiently small (smaller than a number
between 1 and 1.5 for the present set of parameters - this is smaller than E,. ~ 6.84

due to the size of the initial disturbances), we find that the shape evolves to a sequence
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of large drops connected with very thin stable threads whose radius decreases with
decreasing Ey. Figure 3.1 (L = 7) depicts the evolution of S and w for E}, = 1 as well

as the corresponding electric stresses (square of surface charge density ¢), defined as

1
L 3.55
= e 1(4)s) (3.55)
which relates the electric pressure as
E
¥ =3¢, (3.56)

and the minimum thread thickness S,.,. At early stages the shapes of the surface
and the axial velocity (Figure (3.1) (a), (b)) evolve in a fashion reminiscent of
non-electrified inertialess jet breakup (see Papageorgiou [45]) but at large times
breakup is arrested and a long thin thread survives connecting neighboring drops.
The surface charge begins to accumulate around the center-thread part as seen in
panel (c), and panel (d) shows that S, becomes almost a constant. The magnitude
of the axial velocity decreases monotonically with time but eventually sharp features
evolve at large times as can be seen in the results of Figure 3.2 which show the
final computed interfacial profile and corresponding axial velocity. It is observe
that S becomes increasingly steeper with time and w appears to be forming a cusp
singularity - eventually the interfacial slope becomes unbounded and violates the long
wave approximation. What is particularly striking, however, is the stabilization and
formation of the thin connecting threads. Considering the results of Figure 3.1(d)
for Fy = 1, for example, the asymptotic value Sy, =~ 0.022872 is found. The linear
result (3.49) predicts a balance between capillary destabilization and electric field
stabilization (i.e.” neutral stability) at a value a = 0.0311 and the agreement is
seen to be good - a possible source for the discrepancy is the fact that the linear
stability is performed about a uniform quiescent state which is not quite the case in

the quasi-static stages of the dynamics.
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1072 and 107%. At previous times and in particular when 1072 < d — Sppos < 1072
in this example, the interface behaves as if it is almost stationary. The singularity
formation takes place over a very fast time-scale when the quasi-static evolution
brings the interface very close to the electrode. The left panel in Figures 3.6 depicts
the interface at the final time and a detail of the liquid surface near the electrode.
The right panel shows the evolution of d — Smee and indicates the fast dynamics as

the singularity is approached.

3.4.4 Finite-time Singularity and Self-similar Solutions

The numerical results suggest two canonical scenarios: (i) the liquid jet thins to
form an electrically stabilized micro-thread that does not break, and (ii) a nonlinear
evolution that causes the interface to touch the cylindrical electrode in finite time.
This section is concerned with the analysis of the second regime which is generic in
cases where the electrode is sufficiently close to-the undisturbed interface (In(d) < 1
- see results of section 3.4.3), or if it is sufficiently far away (In(d) > 1) then the
electric field strength measured by F, is in the spike formation range as discussed
in the results of section 3.4.2. Our analysis is started from the dimensionless system

below

1
St + §Swz + S,w =0, (3.57)

2 ]’ 1 —
3(S%w,), + S, — Ej (hl(d/S) - 2(ln(d/S))2)z = 0. (3.58)

Since we are interested in solutions that touch the cylindrical electrode r = d after
a finite time, ¢ = t, say, we look for similarity solutions near the touchdown point
z = z, and at times 7 = t; — ¢ close to the singular event. Introducing a similarity
variable £ = (z — z,)/7P, where 8 > 0 is to be determined, the following expressions

are used

S(zt) =d=71f(§), w=7"g9(), (3.59)
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where o > 0 but v can be negative. Equations (3.57)-(3.58) transform according to
3% — T%a% and % — —% + ngagé, and a dominant balance Qf terms can be carried
out for 7 < 1. To leading order a balance of terms S; ~ Sw, in equation (3.57) and a
balance between the term 35%w,, and (E,/2) ((1?@1/_5'))_2) ] in equation (3.58) are found.
Note that not all terms in the equations balance because S ~ d to leading order, and
hence Sw, > S.w, for example, with similar deductions holding for equation (3.58).

Carrying out the dominant balances gives « —1 =+ — 3 and v — 28 = —2a — § from

equations (3.57) and (3.58), respectively. Solving yields

and the following equations for the scaling functions:

f-8pef' + 29 =0, (3.61)
s B 1Y
g _1__69(?) =0. (362)

g can also be eliminated to get a single equation for f,

36EF" + f <35 ~1-— g%) =0, (3.63)

. The equations (3.61)—(3.63) need to be'solved for —oo < ¢ < o0 and the numerical
results will be shown later. It is noted that it is sufficient to solve for £ > 0 due
to the symmetry g(—¢) = —g(¢) and f(—€) = f(£) (observed from our numerical
simulations also). Here, we first combine local analysis and far field solutions to fix

the parameter J. The behavior for large £ is established as

FE&) ~ [E]VEP (&) ~ |E|77BA, |¢] - oo (3.64)

The balance can be obtained from equation (3.61) and (3.62), which means the

solution should be quasisteady far away (the quantity w, behaves quasi-statically
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there). It is concluded that f grows and ¢’ decays for all 3. The large ¢ behavior of

g(€) from (3.64) is obtained by integration to find

g(&) ~ i+ €', (3.65)

where the constant ¢; is undetermined by this analysis and the constant ¢, is expressible
in terms of A > 0 if we write f(§) = A¢ %+ 0(5"%). The initial value problem
indicates that ¢; # 0 because the axial velocity w blows up away from the similarity
region - see Figure 3.5 (b) for example. Using (3.64) and (3.65) into the ansatz
(3.59) and expressing in terms of z provides the behavior of the outer solutions as the

touchdown region is approached, i.e. as z — 04. The result is

S~ d— Az, W e rPE oy z — 0+, (3.66)

which shows the blowup of w away from the centerline.
On the other hand, f and g are expanded near ¢ = 0, which is a singular point

of equations (3.61)-(3.62), to perform a local analysis:

fe~fot&fh+ e+, (3.67)

g~ Eg +E8g3+ Egs + ... (3.68)

From equation (3.63) and (3.61), the expression of fy and g; in terms of d, £ and 3

are obtained

, dE, \* N
Jo= (12,3-2) ; (3.69)
-2
= —fo. 3.70
Y Jo (3.70)
It can be shown that the higher order coeflicients fy, fs, . . ., 93, g5, . . . can be expressed

in terms of fy (and (). In particular

for  n=0,1,... . (3.71)
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Next (3.62) is integrated once to obtain

, E
g€ =r— 6—;2, (3.72)

where x is some constant independent of £. Setting £ = 0 in equation (3.72) and
using (3.69), (3.70) gives

5= %(2,@ _1). (3.73)

In (3.72), it has been shown that, ¢ — 0, 1/f2 — 0 for ¢ — oo which

immediately implies that x = 0. Hence, § = 1/2. So the scalings become

d—S~TY3 w8 =52 (3.74)

and
S, ~w o~ 70 w, ~ 723 (3.75)

follows. Hence, equation (3.63) becomes

f'—f+§§=o, £>0, (3.76)

3¢
5

which can be solved in closed form to give

1/3

with A > 0 a constant introduced earlier in our far-field analysis. The analogous

expression for ¢g(¢) can be written as the quadrature

Ey, [¢ dn
H= -2 , 3.78
g(\) 6 0 (A3772 + EZd)Q/?) ( )

with the odd parity properties providing g(—¢) = —g(§). Sample solutions are given
in figures 3.7 for two different values of A®> = 0.6,1, d = 2 and E, = 2. As can be
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by the predicted infinite slope of this function at t = ¢, we simply approximate ¢,
with the last computed time and exclude this data point from the constructions in
the figures. Guided by the theoretical predictions (3.79) and (3.80) we superimpose
dashed straight lines of slopes 1/3 in panel (a), —1/6 in panel (b) and 1 in panels (c)
respectively. It is seen that the predictions of the theory are supported very well by
the numerical work. Additional evidence of the cusp-like behavior of d — S(z,t) in
the vicinity of the touchdown point can be inferred from the spectrum of d — S(z, t)
at times close to the singularity. - According to the theory the spatial dependence of
the singularity is given by d — S ~ 2?/% as seen from (3.66) with 8 = 1/2. Using
Watson’s Lemma, (see Bender & Orszag [7] for example) we deduce that for large &
the spectrum should behave like k%3, This agreement is shown in figure 3.9 where
the evolution of the spectrum of d — S(z,t) is depicted with the right panel showing
the spectrum at the final time. A line of slope —5/3 is superimposed indicating good
agreement and providing further support for the self-similar asymptotic structures.
Briefly speaking, we are interested in the spectrum of the function d — S,

F(k) = /_ " ek () da (3.81)

o0

and the asymptotic behavior for large k in the above integral. Assuming f is analytic

(except perhaps at z = 0) and has an asymptotic approximation

fr~agz®™ 4+ az® + .- as x — 0, ’ (3.82)

Watson’s lemma enables us to integrate term by term to produce the asymptotic

result,

n

B ,
/ e f(2)dz ~ Y aT™* (e +1),  asT — oo, (3.83)
0 0
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t = 10.3 for £, = 0.1 compared to the breakup time ¢ = 9.4343 for E, = 0. The
axial velocities decrease in magnitude (dash-dot line for E, = 0.01 and dashed line
for B, = 0.1) when E, increases as seen in panel (c¢) of Figure 3.13 and local cusps
are observed corresponding to the points where a steep jet profile is found. Finally
the interface meets with infinite slope singularity (see dashed line result in panel (a)
of Figure 3.13) before it pinches. This result is consistent with the results that we
show for the Stokes jets. The contribution of individual terms on the right hand side
of (3.84) is investigated numerically at the final computed stage (Spmin & 0.001) for

Ey, = 0.1 and d = 5 in Figure 3.14. Different terms are defined as follows,

_ S, — F Sz(ln(d/s) _ 1)
T52 T TEL3Es)
25w,

S

T

T3 = Wy, + Ty = 31‘3 “+ 1 — X9. (386)

x; represents the capillary contribution to the momentum and x5, z3 stand for electric
and viscous effect respectively. z4 represents the total contribution at the right hand
side of (3.84). It turns out that as the jet thins the gradient of the viscous, capillary
effect and electric forces are comparable. Therefore it is conjectured that the local
dynamics may be influenced significantly by the electric field and this is left for future
work of simulation of the full problem.

Compared to the pinching solution presented by Collins et al. [11], for both
Stokes and Navier-Stokes jets, the low order system derived in the long-wave approximation
does not lead to the pinching phenomenon. The discrepancy occurs partially due to
the long-wave description of the axial velocity, w = w(z,t), which in the charged
case depends on the radial variable as well (see Collins et al. [11]). However, the
local behavior is expected to be captured. For Stokes jet in Figure 3.1, charge
accumulates in the middle portion of the thin thread and acts against the surface
tension, hence stabilizes the jet and a quasisteady microthread is formed between main

drops. Before the neck reduces to zero the infinite-slope singularity is encountered first
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as Rey = pya/p?. Near touchdown z and w evolve as

~ a8 ~ LTy 3
z a(to) ;W M(to) : (3.87)

Substituting these into the expression for the Reynolds number and using the scalings

we derived in the Stokes the limit gives,

Pa T\ _ 1/3
R, = =R, 3.88
Y ( ) ( ) (3.88)

Hence R, — 0 as 7 — 0, and it is concluded that we can approximate the motion
by ignoring the inertia near touchdown. The inertia only affects the flow outside the
touchdown region.

Next, if it is assumed that touching of the outer electrode takes place in finite
time, then we proceed as before with a balance of terms in order to determine a
possible self-similar structure. Assuming an ansatz as in (3.59), it is found that
the kinematic condition (3.40) allows a leading order balance of terms S; ~ Sw, if
a—1=y—p0, as before. In (3.84) balance the inertial terms on the left hand side with
the second derivative of the axial velocity and electric field terms on the right hand
side to obtain y—1 = —2y+(—2 and y—1 = y—28. Combining these findings leads to
the same scalings we found for the Stokes limit case, ie a= 1/3,y=-1/6,8=1/2.
For completeness, the similarity equations are given for the inertial analogues of the
scaling functions f(¢) and g(¢) introduced by (3.59) - these equations are not pursued
further in the present work:

f_;gfurﬁ 0, (3.89)

Ey 1

3 ()" (3.90)

1
Mg+ +5g)=3g"+ 2
In Figure 3.15, sample numerical results of the initial value problem are shown

to support our analysis. Panel (a) shows the spike shape of liquid jet near touchdown.

The axial velocity is plotted in panel (b) showing a shock discontinuity in the vicinity






CHAPTER 4

ELECTRIFIED INVISCID THREADS

In this chapter the viscosity of the core jet is neglected é,nd the annular fluid is
taken to be passive. Hence the governing equations become the Euler equation. For
convenience the velocity potential ¢ is introduced in the rest of this chapter, which
satisfies u = V¢ and V¢ = 0 in the fluid domain. The boundary conditions are the
kinematic and dynamic boundary condition (Bernoulli equation) on the jet surface.
The electric potential ¢° as usual satisfies VZ¢® = 0 in the annular region. The
full nonlinear dynamics was investigated by Setiawan & Heister [59] by a boundary
element method and axisymmetric traveling wave solutions were computed by Grandison
et al. [21]. Our interest in the present work lies in the stabilizing effect of the electric
fields in the long-wave limit as shown below. Therefore a slender jet will be considered

for the rest of this chapter.

4.1 Linear Stability
Before deriving the evolution equations, the linear stability is reviewed. As mentioned

in Chapter (3), the linear dispersion relation of the full problem is given by

E Ko(kd)I1 (k)+Io(kd) K1 (k)
9 k? (1 —k? - Hfﬁ(l + klo(Ek)Koékd)—Ig(kd)K(lj(k)))

Y= klo(k)/ (k) , @)

and in the long-wave limit (k — 0)

2

wi(k) ~ %(1 - a), (4.2)

where o = Ey(Ind — 1)/(Ind)3. The stabilizing effect of the electric fields is observed
when o is sufficiently large (o > 1) as illustrated in Figure (4.1) which shows the

growth rate curves of the full dispersion relation (4.1). As the electric field increases,

48
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the kinematic condition on r = S(z, 1),

br = €(S: + ¢,5.), (4.5)

and the Bernoulli equation on r = S(z,t),

1 14 €52

197
T+esyi 3 (a4

¢t + 5

E
—€5.) = (4)" +
Ey

=1-—2
21n?d

(4.6)

In (4.6) ¢2 = n - V¢ and (Ep/2)¢? represents the electric force and the constant on
the right hand side is obtained from the unperturbed state. The electric potential in

the annular region (S < r < d) is governed by

1 /7
ot gL, =0, (4.7)

with boundary conditions

$°(r = S(z,1) =0, ¢*(r=d)=1. (4.8)

4.3 Weakly Nonlinear Analysis: Electro-capillary Solitary Waves
In addition to the long-wave assumption, the interface is assumed to deform to heights
4, that is we write S = 1 + 6n(z,t) where §(¢) < €. The derivation here is similar to
the derivation of the Korteweg-de Vries equation in shallow water theory (see Johnson
[28]), but in a completely different physical problem and geometry.

The electric potential has the asymptotic representation in the annular region

¢° ~ O+ E2PF + g+ (4.9)

From the Bernoulli equation (4.6) it is seen that (¢2)* is central in the derivation.

Given the normal vector on the interface n = {1,—¢S,)/(1 + €25?)/2 the normal
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derivative of the electric potential at the interface can be written as

e __ ¢$ - 62¢§Sz
" T 1+ 252)ire

= (67)° = (¢6,)" +2€205,95, + - . (4.10)

QS N¢8r+€2 T'r‘_625nz¢82+'” :

It will be shown later that higher order terms in (4.10) are not necessary in our

derivation. First, the O(1) equation is considered
1 €
; (¢0'r‘)r = O) (411)

which, subject to the boundary conditions $§(r = d) =1 and ¢§(r = S(z,t)) = 0,

gives

. In(r/S(z,t))

%= n(d/S( 1))

(4.12)

Substituting S = 1+ dn(z,t) into ¢¢,. yields

1
(14 6n)(Ind — In(1 + d7))

$or =
1

Ind —on+6n2/2+ -

1 5 § 52
~—(1mn+&2? N (12 =Sy C 2
g~ o8+ )(+lnd(n ")ttt )
1 1—1Ind 2—3Ind+2In%d
~—11 4.

lnd( wd T T amia " )

~ (1 =6+ 8+ -)

and

1 1—Ind 3—5Ind+3In%d
(¢8r>2~—-—(1+2 i b

22 4.0 ). 4.13
n’d nd In?d "t ) (4.13)

It is also necessary to proceed to the next order (O(c?)) problem which is

1
- (@5), + 95, = 0, (4.14)
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with boundary conditions ¢¢(r = d) = ¢$(r = S) = 0. -Setting ®(z) = <m5(rd/‘s‘))

yields the following expression for ¢§,,
$o = In(r/d)2(2). (4.15)

On substitution of (4.15) into (4.14) and integration with respect to r yields

7,2

2
ﬁ:—zvaW+%@+AMT+& (4.16)
where A = A(z,1) and B = B(z,1).

Applying the boundary conditions, it can be found that

d2

2 2

- %1n(5/d)q>+%q>+A1nS+B =0,

which gives
82 d2 . 52
= —4+_———__1® : 4,
Az, t) <4 +4ln(S/d)> (2,t) (4.17)

Since only the derivative with respect to r is required to leading order, B(z, t) is not

needed in the sequel. It follows from (4.16) that
e (T T A
= (-5tr/a)+ ) e+, (4.18)

and on the interface

Ind 1) 0Ny, _I_lnal—d2—|—1577 +

€ _ ~ _+_ ' ~
Birlr=1ssn (2 4/ %4 41n°d
2In?d+2Ilnd — d? + 1

_ .. + 006%), 4.19
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Substituting (4.13) and (4.19) into (4.10) yields

1 1—-1Ind . 3—5lnd+3In%d
eQN 522
(¢n) 1n2d(1+2 ma ot % d T >+
1 1—1Ind 2In?d+2Ind — d? + 1
22— (1 s ) -
¢ lnd< T Thd 577)( 218 d 7 >+

which simplifies to

1 1-Ind. 3—5lnd+3ln2d

e\2 — 2 6 . 62 2
() =g T2y Ot In*d g
2In’d+2lnd — d®2 +1
I 26n,, + O(&26%). (4.20)

Having the information of the electric forces (4.20), we now turn to the fluid

mechanics problem and assume that the velocity potential has the appropriate expansion

¢~ (g + Ep1 + *pg + -+ ). (4.21)

The solutions for the first few orders are obtained by inserting (4.21) into (4.4) and

solving sequentially to find

$o = do(z, 1), (4.22)
,),.2
¢1 = —qu()zz + 91(2: t)a (423)
,',,4 . ,',.2
¢2 = 24_8’¢Ozzzz - Zglzz + 92(z7 t)y | (424)

where 6,(z,t) and 65(z,t) are unknown functions.

Next the boundary conditions (kinematic and Bernoulli condition) are considered
on the jet surface S = 1+ dn(z,¢). The kinematic boundary condition (4.5) by
substituting (4.22)-(4.24) becomes

DO | b=

-1 1
5 <_2—_(1 + 5"7)¢02z + 62 (1‘2‘(1 + 577)3¢02zzz -

(1+ 577)91“). +- )

1 .
= 517,: + (32"72 <¢Oz + 62 (—Z(l -+ 57})2¢Ozzz + 01z> -+ .- ) . (425)
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The Bernoulli equation (4.6) becomes

252

9 1
6¢0t+6~5 (—Z(l + 677)2¢Ozzt + 011&) + o+ 6—8—(1 + 677)2(;‘,%2,2 +
52 ,f 1 . 2
+_§_ ¢OZ+€ _Z(1+577)¢Ozzz+91z + - + .=

252
1= (o) - G+ i+t 5 (GF - ) (29

Balancing the leading order in (4.25) and (4.26) gives

i ¢Ozz
2

~ (1 —I— (1 —Ind))n, (4.28)

which yields the following equation for  at the leading order

By

_——(1+
ntt 13d

(1 =1nd))n,.. (4.29)

Clearly, if the coefficient in front of 7., in (4.29) is positive, a wave equation follows
which is consistent with our analysis in section 4.1. Hereafter we consider this case

and set

Ey

c =—~(1+ Bd(l—lnd)). (4.30)

In

Next the kinematic and Bernoulli equations are rewritten by truncating terms

up to O(de?) and O(§?) in (4.25) and (4.26). Eliminating §, equation (4.25) becomes

1 1 €2 ¢ §
‘§¢Ozz - §5n¢0zz + E¢0zz2z - "2—01z2 =M + 577z¢02: (431)

Meanwhile, (4.26) gives
€’ 2 9 o 2

- Z¢02zt + €701 + 3P0z =1 + €Nt
(1 —Ind  3Wn*d—-5lnd+3_,

By

2In*d +2Ind + 1 — d*)n,,
mig 1t omtad " +414 (2n"d+2Mnd + )">

(4.32)
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Let = z—ct and look for traveling wave solutions by applying the transformations

0 0 0 0 d

where ¢ is given by (4.30). Then (4.31) becomes

62

1 1 €
—”§¢O:m: - ’2'677¢0:m: + E(ﬁmemm - Eelac:c =N — N + 6nx¢0ma (434)

and (4.32) becomes

2 )
¢Ot - C¢Ox - Z((bOxact - C¢0x:ca:) + 62(0113 - Calac) + _¢gm =1 + 6277:c:n+
(1—lnd 3ln*d—5Ilnd+3
Ey

(5772 +

2In’d+2Ind+1— d®)n,, | .
mig 1T 2In*d (21n"d+2Ind + n )

41 41n*d
(4.35)

Differentiating (4.35) with respect to = and changing time scale by 8, — Ad,
yields

2

€
. Aporg - CPozz + ZCQSOzxww - €2celxm + 0PoePoge + -+ ~ Ne + 627’]959“3—{—

1—1Ind 3In’d —5Ind + 3 €2
E i S 4+ ———
”(13d"+ Ind T Amtd

(2In®d +2Ind+1 - d2)nm) .
(4.36)

Next (4.34) is multiplied by 2c¢ and beccmes

2
_C¢0zm - C5n¢0ww + C%¢Ozwmm - 06291:5:3 = AZC’I’]T - 202771‘ + 205nm¢0z (437)

Then the subtraction of (4.37) from (4.36) gives

62 62
A¢0'ralc + ZC¢0xmwm + 6¢09¢¢0wx + 05n¢0xx - C€¢mexm Ao

~ Nazs — D201, — 26815 Pop + -+ +

B 31n2d—51nd+35 N €2
b In*d M ™ it g

(2In*d+2Ind+1 - d’-")nm) . (4.38)
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Set A = § = ¢ and notice that ¢o, ~ 2cn follows from the leading order balance
$ot — oz ~ —2c*n. On substitution of this relation into (4.38) yields a final evolution

equation for surface elevation 7

02

4eny + (10¢® — P)nny + ( 5

1-— P2> ) (4.39)

where P, and P, are defined as

_3In’d—5lnd+3

P. F 4.40

1 11’l4d by ( )
2In?d+2lnd+1 — d?

Py = E,. 4.41

2 At d b (441)

The properties of equation (4.39) are analogous to the classical Kortweg-de Vries
equation. Existence of depression or and elevation traveling wave solutions depend
on the sign of the second and third terms. For example, when 10c2 — P, > 0,
/6 — 1 — P, > 0 gives elevation waves while ¢2/6 — 1 — P, < 0 gives depression
waves.

Finally a large gap (d — oo) limit is considered. In order to maintain the

electric field term, ¢¢ ~ Inr at infinity and hence F; can be expanded as

Ey ~ (Ind)*Ey+ -+, as d — oo. (4.42)

It follows that

1 1
C2~—§(1—Eo)+"', P34, P2~§+---. (4.43)

In this case the evolution equation of elevation traveling waves for an inviscid charged

jet is obtained to leading order

2 3

where ¢ = —3(1 — Ey) provided Ey > 1.



CHAPTER 5

ELECTRIFIED CORE-ANNULAR FLOWS

In this section the core-annular flow inside a cylindrical tube is considered. For
simplicity set x = 1 so that the densities of the two fluids are equal and buoyancy
effects are negligible. The relevant physical quantities are discussed in Chapter 2 and

in this chapter results in the low Reynolds number case are presented.

5.1 Governing Equations
The governing equations (nondimensionalized as in Chapter 2) for the fluids are then
given by Stokes equations and the continuity equations in the core (fluid 1) and

annular (fluid 2) regions respectively.

~Vp+AViu=0, V- -u=0, (5.1)

where 4 = (u,,u,) is the dimensionless fluid velocity field, p is the pressure and
A =1,X = A = py/p is the viscosity ratio of the two immiscible fluids. On the

tube wall, the no-slip and no-penetration boundary conditions require that

u, =0, u,=0. (5.2)

In the annular region, the electric potential (denoted by ¢) satisfies Laplace’s equation,

brot 291+ s =0, (5.3)

with boundary conditions ¢(r = d) = 1 on the wall and ¢(r = S) = 0 at the interface;
as in previous chapters, the core fluid is taken to be a perfect conductor.

In addition, at the fluid interface, r = S(z, ), the kinematic condition reads
Up = St -+ ’U,ZSz, (54)
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and tangential and normal stress balances

[t T n]=0, (5.5)

[n T -n]=2¢ g A (5.6)

where t and n are unit tangential and normal vector respectively on the surface,
with Fp = E”W—‘;"Z the electric Taylor number, x the curvature at the interface, T the

Newtonian stress tensor defined in Chapter 2.

5.2 Linear Stability
From the governing equations, it is easy to find the steady solutions for a perfectly
cylindrical interface:

B
2(Ind)?’

_ Inr

U = U, =0, p=

(5.7)

Imposing a small perturbation to the unperturbed state, the radial position of the

interface is described as

r=14+en+cc, (5.8)

where ¢ is a small dimensionless coefficient, n = Ajexp(ikz + wt) is the wave form
of the perturbation and A; is the complex amplitude. Taking advantage of the
axisymmetry of the flow, the velocities are expressed in terms of the Stokes stream
function ;, where j = 1,2 for the inner and outer fluid respectively. The axial and

radial components of the perturbation velocity are given by

1oy _ 1oy,

i A A (59)

Using (5.9) and solving for the vorticity transport equation for the axisymmetric flow,

the following équation for 4 is obtained

E*E*); =0, (5.10)



59

where E? is a second order differential operator given as

P P 19

E?=_—~_4+ - _ -2 1
022 + or: ror (5:11)
The general solution can then be written as
Y;(r,t) = ¢;(r)exp(ikz + wt)
= T‘(El,jjl(k’l") + FleKl(k}T')-l—

Eg)j’r'[o(kir) + Fg,jT'Ko(l{l’l"»eXp(’LkZ + wt), (512)

where F;; and I} ; are unknown coefficients.
Next kinematic and dynamic boundary conditions at the interface are considered.

Using (5.12), the continuity of velocities at the interface requires.

q§1 = ¢2, ¢/1 = ¢I2, at r=1. (513)

Meanwhile, the boundary conditions on the tube wall require that

¢2(d) =0, ¢5(d) = 0. (5.14)

Finally, substituting (5.12) into the linearized version of the tangential stress balance
Ouzy | Oupy ' Ouzp | Ourp

: =~ ] — ’ =) = 15

(87"+8z> A(m*‘w 0 (5.15)

and normal stress balance

O, O,
=+ P2 =2 8?"’2

= eA1(1 — k* — Ap®)exp(ikz + wt), (5.16)

where

(5.17)

N (1_ kKo(kd)Il(k)+Io(k:d)K1(k))’

= m Io(k)Ko(kd) — Iy(kd)Ko (k)

yields a homogeneous system for the growth rate w, with

Mw=0 (5.18)
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where w is a vector of unknown coefficients defined as

= [Er1, By, Fip, Fop, Evg, Eap, Fig, Foo (5.19)

and the coefficient matrix is given by

- -

L(k) Io(k) —IL(k) —Io(k) —Ki(k) —Ko(k)
)

klo(k) Ly —kIo(k) Ly  kKo(k) Ls
0 0 Li(kd) dly(kd K (kd dKo(kd
. (kd)  dlo(kd)  Ki(kd)  dEo(kd) 0
0 0 klp(kd) L —kKo(kd) Ls
S1 5 S Sy Ss S
Tl T2 Tg T4 T5 T6

L. =

The expressions for the components of matrix M are given out in Appendix A. Details

of similar derivations can also be found in Tomotika [64] and Kwak & Pozrikidis [31].

5.2.1 Long-wave Expansion

In the limit £ — 0 in (5.20), the following growth rate can be obtained explicitly

w=k(l-a)F (5.21)

with
- %El'd_)—i*l b (5.22)
~ T6x [(1 2 ( (d(A1+— Ad2) 1)) —4in(l/d) ~ 24 +-2/. (5.23)

Equation (5.21) is valid for A away from extreme values. This result is consistent
with the one in Georgiou et al. [19] for the uncharged case. Clearly it is seen
from (5.21) that the way the electric fields affect the stability does not change much

compared with the single jet case in Chapter 3 because of the assumption of the
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Following Hammond [22], set € = (d — 1)/d and assume ¢ < 1 and eA < 1. In

this limit the variable y = (d — r)/c is used so that the interface may be described by

y=2=5@0 ey (5.24)

€

with h = O(1). The velocity and pressure fields in the film region are written as

w=w'(y,z), u=é(y, z), p=-1+¢(y,2), - (5.25)

and in the core

W=¢eW, U=U, P=EP. (5.26)

Substituting (5.25) into the Stokes equations in the film region yields

1 1
U+ ~Ur = U =P p, = O(c?), (5.27)
1
- (rwp), +w,, =0 = p, —wy = 0(c), (5.28)
% (ru), +w, =0 = w,—u, = O0(e). (5.29)

No slip on the tube wall requires that

w'(0, 2) = u/(0,2) =0, (5.30)

and the continuity of velocities at the interface requires

W'(d = eh(z,1),z) —w'(h(z,t),2) =0, U'(d— eh(z,1),2) = ev'(h(2,1),2), (5.31)

which approximately are

W'(1,z) —w'(h(z,t), z) = O(c), U'(L,z)=O(c). (5.32)
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The tangential stress balance at the interface reads

(1 = eh3)(—Ew), + e*ul) + 2ch,(Eul, — Sw))

=X’ [(1 = ErD) (W) + U,) + 2¢(U. — W))], (5.33)

from which the equation for w’ becomes

wy(h, 2) = O(eA). (5.34)

The normal stress balance becomes

EN ~ (1 + ERDP + 22U + eh, (U, + W,) + ER2W)))
— (L+ER2)(1 — ep + Ap°) — (—26%u), + 267h, (u), — w)) + 2" h3w,)

= —(1+ R (1 —eh) ™ + (1 + hH) " hy,) (5.35)

from which we obtain

P20, 2) = —(h+ s — 22 4 O(e2,20), (5.36)

€

where Ap® is the electric force that is fixed later. The set of equations and boundary
conditions suggest that we pose asymptotic expansions ¢ ~ @g+€p1o+€eApg1, where ¢
is some function (h, w, p), even though only the zeroth-order terms will be considered
here. Dropping primes, using (5.27), (5.28) subject to (5.30) and (5.34) the solution

for w at leading order is obtained as

- : wy = %(yQ — 2hy). (5.37)

Similarly equation (5.29) implies

3 2
Uy = p(;zz(%— - hy2) — %p()zhz. (538)
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Formally it is seen that the core fluid does not enter into the leading order balances

in this case. In addition, combining the kinematic condition

hy = —wgh, — ug, (5.39)

with the solutions (5.37), (5.38), yields

1
ht = §(p0zh3)z- (540)

The Ap® in (5.36) is obtained by solving Laplace’s equation for the electric potential

in the film region

brr + % + ¢ =0, = ¢y = O(e), (5.41)
which at the leading order gives
b —
¢ = ~h—2 (5.42)

Then
Ap® = ¢ = —=¢2 = : (5.43)

In order to retain electrostatic effects the canonical limit E, = €8, with 8 = O(1),
so that (5.36) becomes
¢

Po = —h — hzz + 5;’/’2‘, (544)

which on substitution into (5.40) yields the thin-film type equation

1
hy = -3 (h*(hz + hazo) + Bhs) . (5.45)

When f = 0 electric fields are absent and the resulting equation has been studied
by Hammond [22], Lister et al. [35], who find that touchdown does not occur in
finite time. Our results show next, however, that the inclusion of electrostatic effects

induces finite time touchdown.
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5.3.1 A Note on Non-axisymmetric Modes

Here consider non-axisymmetric modes and the 6 dependence is assumed g(r, 0, z,t) =
G(r)et+ilmi+kzs)  where g denotes a function under consideration at least in linear
theory. Due to the assumption of perfect conductor-core, it has already been mentioned
that the electric force term will only enter into the normal stress balances, since the

interface has uniform potential. The full curvature now has the form

1 1
K= =
V1+52+82/825

S, S \ 1 .

_ =) - 0 2) . (5.46)
VI+SE+55/5%2)  \SY1+S2+55/5%),

Again for the thin annulus case, d = 1 + ¢, and in the leading order, the following

equation can be obtained in a similar way as described above

1
hy = ——g (h,g(hz + hyyy + hzgg) + ﬁh’z)z . (547)

The growth rate follows immediately

2
w(k) = -]‘%(-k:2 +m?—1-p), (5.48)

compared with the one from the axisymmetric case

wk) = —’f;(kz —1-p). (5.49)

Therefore it is seen that the growth rate from (5.48) is smaller than the one from
(5.49) for m > 0 which means the axisymmetric perturbation in thin annulus limit is
dominant over the non-axisymmetric perturbation. Hence attention will only be paid

to the axisymmetric case for the rest of this thesis.
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5.3.2 Self-similar Solution
When g # 0, it is interesting to find that the thin film equation assumes a solution

of the following form
z
h(z,t) = (t, — )3 f <m> , (5.50)

where t; is the breakup time. The scalings can be obtained by balancing h, ~
(P*hsss)s ~ Bh,,. Notice that without the electric force term, Hammond [22] shows
numerical evidence of an infinite time singularity. More resolved and extensive
numerical work by Lister et al. [35] reveal that touchdown does not occur but instead
a multiscale in time drop sliding and thinning takes place. In the electrified problem,
however, we have a finite-time singularity which will be confirmed by the numerical

simulations showed later.

5.3.3 Numerical Results

In order to solve equation (5.45), EPDCOL is used here, which utilizes finite element
collocation in space and Gear’s method in time (see also section 3.4.5 in Chapter 3).
A typical run is presented in Figure 5.4. Panel (a) shows the shape of the film at
the breakup time with an initial condition h(z,0) = 1+ 0.5cos(2n/Lz). To verify
the self-similar behavior close to breakup, panel (b) illustrates that the evolution of
hmin follows the self-similar scaling through a log-log plot, where ¢, is estimated from
simulation and the solid line has slope —1/3. Additional evidence is shown in panel
(c) of Figure 5.4, which indicates h., ~ h} (solid line is of slope one) since h, ~ 771/8
and h,, ~ 7723, It can be seen from the figure that the simulation struggles when
the spike forms since only equal-spacing grids are used here. An adaptive-grid code
may resolve the singular solution better, but we do not pursue this in the present

study.
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where the subscripts run over cylindrical coordinates z or r, PV denotes the principal
value of} the double-layer integral, I is the interface over one period, xy lies on the
interface and n is the unit outward normal vector along the interface. The kernels M
and () are the periodic Green’s functions of axisymmetric Stokes flow for the velocity
and stress inside the tube. Af is the force jump across the thread surface and is

given by

_ E, (06\>.

where & is the curvature and Fj is the electric parameter defined in section 5.1 (see
also Dubash & Mestel [14]); ¢, will be calculated from the electrostatic problem which
is discussed later in this section.

The velocity field will be determined by the single layer potential only for the
simplest case A = 1. In that case only the Green’s function inside the tube is needed
and the no-slip boundary condition requires that the Stokeslets should vanish at the
wall. The details of the construction of the Stokeslets can be found in Pozrikidis [48].
Meanwhile, it is found that the double layer potential term will disappear along the
tube wall automatically. So the axisymmetric free space Stresslets is used directly in
our computation for A # 1.

Next the boundary integral equation for electric potential ¢ is given. From

Dubash & Mestel [14], the equation can be written as

——;—¢(x0)+ i ﬂaxrixi)ﬂx)r(x)dl=/IP(X,XO‘)¢SR(X)?"(X)CZZ, (5.53)

where P is the periodic Green’s function for the potential problem. Knowing ¢ =1 at
the wall, it also requires P vanishes on the wall. In addition, no flux condition due to
the periodic structure is required along z =0 and z = L, i.e. ¢p(z =0,7) = ¢, (2 =
L,r) = 0. Hence, axial images are chosen so that P,(z = 0,7) = P(z = L,7r) =0 is

satisfied.
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Before constructing P we first show how to choose axial ir.nages‘ We denote the
axisymmetric Green’s function by G and express it in cylindrical coordinates (r, z),
G(r, 2,10, 20) Z (G® (r 2,70, 20 + 2kL) + G®(r, 2,70, —20 + 2kL)), (5.54)
k=—00
where G2 is the axisymmetric free space Green’s function given in Appendix B and L
is the period. Therefore, a simple calculation confirms G,(z = 0) = G,(z = L) = 0.

We show the calculation of G, at z = 0 for completeness and start from the 3-D free

space Green’s function Gy(x, %) of the periodic version,

+00
GP(-"E) Y, z, g, yO’zO Z GO ’B y U, 2,20, Yo, 20 + QkL) _LGO(:U Y, T, Zo, Yo, —20 + QkL)

k=—o00

1
Z < Am((z — mo 24+ (y —yo)? + (2 — 29 — 2kL)?)V/2
. 1
An((z —20)* + (y — %) + (2 + 20 — 2kL)*)H>

(5.55)

Notice that the complementary part of the Green’s functions has not been added
yet which aids to satisfy the boundary conditions at the wall. However the idea and
calculations are similar (not shown here). Taking a derivative with respect to z in

expression (5.55) gives

3GP($ - ) = “io z— 29— 2kL
I Y, 0, Yo, 20 R Ar((z — z0)? + (y — %0)? + (2 — 25 — 2kL)2)3/2
— 2kL
_ Z 1 % . (5.56)

Ar((z — 20)? + (y — Yo0)? + (2 + 20 ~ 2kL)2)3/2
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Evaluating (5.56) at z = 0 yields

9GP +00 20+ 2kL
e (z,y,2 = 0,20, 10, 20) = k_z_:oo dr((z — 20)% + (Y — Y0)? + (20 + 2k L)2)%/2
—zy + 2k L
+ dm((z — 20)? + (y — yo)? + (20 — 2kL)?)3/2

3 i"f 2 + 2kL
o Ar((x = w0)? + (y — wo)® + (20 + 2k L)2)32

. f —2y — 2kL
= Ar((z = 0)? + (y — yo)? + (20 + 2kL)2)3/?

= 0. (5.57)

Also noting that the z direction (axial direction) is independent of #, G, at z = 0

becomes

=0. ' (5.58)

A similar procedure works for z = L.
After manipulating the images in the axial direction, a simpler expression for ¢

is obtained

plxo) =1+ / P (%, %0)dn(x)r(x)dI(x). (5.59)

The derivation of P is similar to Stokeslets and is simpler. Starting from the
ring of point forces, G in free space, the Green’s function inside a tube can be written

as

GT' =GR 4G9, (5.60)
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the superscripts T" and C stand for "tube’ and *complementary’ respectively. GT(z, 29,7 =
d, o) = 0is required, where d is the tube radius. After some algebra and manipulating

identities (see Duffy [15] and Pozirikidis [48]), the Green’s function reads

2m
GR = = L
4'/T 0 |X — XO‘
~ (m)
T/ (z — 20)? + (1 + 19)?
= -71;/ To(kro) Ko(kr) cos(k(z — zo))dk, (5.61)
0
- _l/oo Ko(kd) B
G° = = Tk Io(kr)Io(kry) cos(k(z — z))dk, (5.62)

where m = 4rr¢/((z — z0)* + (r + 70)?) and F is the complete elliptic integrals of the

first kind. Letting
G¢ = / g(k) cos(k(z — z))dk, (5.63)
0

the singular behavior of the integrand is observed when k tends to zero, namely,
g = %lnk + .... Because this is just logarithmic, the corresponding integral still
exists. For a computation convenience, we regularize the integral representation by

using the identity (e.g. see Pozrikidis [48])

2((z = z)? + (2d — r — 1))V

5 / Ko(k(2d —r —1q)) cos(k(z — z))dk  (5.64)

and write

o _ /Ooo(g(k,) + %Ko(k(zd — 1 —10))) cos(k(z — z0))dk
1
2((z — 20)2 + (2d — 1 = ro)2) /2’

(5.65)

As k tends to zero, Ko(k(2d—r—rg)) behaves as — In(k(2d—r—ry)) and the modified
integrand '

1
gd=g+ —Ko ’ (5.66)
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tends to a finite value. Then the periodic version the Green’s function can be obtained

immediately by summing over the index,

(o)

P(z,7r,20,70) = Z (G®(z +nL, z,7,70) + G (2 +nL, 29,7, 70)),
2r |1, > )
= 7|39 (k=0)+ Z g (kn,) cos(km2)
m=1
3 1
R z —
+ n;oo I:G (Z+T7L) 2((2_[_77,[/)2_1_ (zd—T—T‘O)Z)l/Qj'(&G?)

where L is the period, &y, = 2rm/L and 2 = 2z — 2. The first sum in (5.67) converges
exponentially, while the second one converges algebraically. The convergence of the

sum is discussed in detail in Pozrikidis [48].

5.4.2 Numerical Method

In this section the numerical implementation of the boundary-integral method is
briefly described. Because of the nature of the electric fields, we can compute ¢, by
only knowing the surface position and independently of the flow. Then substitute
it into (5.52) and solve for (5.51). After obtaining the velocities, the interface is
advanced by the kinematic condition. In the simulations presented in this chapter,
the time integration is carried out by an Euler method or second order Runge-Kutta
method. The weak singularities in the kernels in the single-layer potential terms are
handled by Gauss-log quadrature and the regular integrals are computed by standard
8-point or 16-point Gauss-Legendre quadratures. Another way to tame the singularity

in (5.51) is to take advantage of the result with xo on the interface /
/ Mag(x, %0)na(x)di(x) = 0. (5.68)
I

So the single-layer term in (5.51) can be rewritten as

/, Mag (%, %0) (A f5(x) = £ f(x0))di(x), (5.69)
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whose kernel now is regular, hence Gauss-Legendre quadrature can be applied directly.
The curvature of the interface is calculated by using cubic-splines which is also used to
redistribute the nodal points along the interface at each time step in order to maintain
good resolution. The linear system after discretization of the integral equations is
solved by fortran package LAPACK. Also, in our computations, the for-aft symmetry
is forced, hence only half the period of the thread needs to be computed.

Introducing u = (u,,u,) and F = (F,, F}), (5.51) may be written as

U ) Al / Sez Sar we )| (5.70)
" dr(A+1) Jg, S.. S Uy F. ’ '
where S,3 = Qagyny. In addition,
FZ 1 MZZ MZ'I" Afz
R / : dl, (5.71)
F, Smls\ M., M, |\ of

where Af is given in (5.52). Therefore, a linear system with unknown u = (u,,u,) is
obtained.

Before presenting numerical results of electrified threads we test the numerical
results against the linear theory. Figure 5.6 shows the evolving amplitude from a
nonlinear computation for a set of particular parameters, d = 2.5, E, = 0.47, ka = 2/3
and A = 1. The dimensionless amplitude of the perturbation is taken to be 0.01
which is small. Clearly the solid line that corresponds to the nonlinear computation
evolves with the dashed line that is predicted by linear result from section 5.2 and

the agreement is excellent. Further validations of the code are presented later.

5.5 Results and Discussion
5.5.1 Nonlinear Evolution of Unbounded Liquid Threads
We begin by considering an unbounded thread (d = co) with the electric field absent.

Figure 5.7 shows the nonlinear evolution in this case with differing viscosity ratios.
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In terms of dimensionless groups, in the present work, Q% = 487 E,V, where V is
Table 5.1 Some Characteristics Of Main And Satellite Drops After Pinch-off For
The Case d = 2.5 & ka = 0.6667

Eba' RS/RSO Rm/RmO QRS QS/QRS QRm Qm/QRm
0.005 1.0214 0.9999 1.0057 4.6604 15.3487  4.6084

0.01 1.0429 0.9999 14667 3.2181 21.7063 3.2610.
0.05  1.2403  0.9991 42554 1.1577 484754  2.0429
01 1.5613  0.9965 84990 1.1663 68.2937  1.4934

Table 5.2 Some Characteristics Of Main And Satellite Drops After Pinch-off For
The Case d =5 & ka =0.5

Eba RS/RSO Rm/RmO QRS QS/QRS QR’m Qm/QRm
0.1 1.0726 0.9985 13.88 0.7167  90.75 0.4423

0.2 1.1634 09955 22.17 0.4991 127.83 »0.311
0.4 14631 0.9862 44.22 0.2217 178.15 0.3716
0.43 1.5347 09831 49.25 0.2097 183.83 0.4344

the dimensionless volume of a drop. Since many drops formed at breakup are highly
deformed, the ratio Q/Qr < 1 does not guarantee the stability of the drops after
pinch-off. On the other hand, the case Q/Qgr > 1 usually implies instability and the
drop will breakup further into more droplets to redistribute the amount of charge it
carries. Table 5.1 outlines the change of surface charge and effective drop radius in
the case d = 2.5 and ka = 0.6667, where the subscript s and m represent the satellite

and main drops, respectively. The effective drop radius is defined as

1/3 '
R= <%‘§) : . (5.73)
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and Ry corresponds to the effective radius in the non-electrified case. Table 5.1 shows
that the effective radius of satellite drops increases as Ej increases, which provides
evidence of bigger satellite drops with increasing electric field. At the same time the
size of the main drop decreases as expected. It is interesting to notice fhat in the case
d = 2.5 < e the ratio Q/Qg is always bigger than one for both main and satellite
drops. Thus further breakup is expected to follow. In addition, Q/Qg decreases as
Ej increases which shows a certain sfabilizing effect of the electric field but we also
notice that the change of the charge ratio is not monotonic which differs from the
results shown for most cases in Collins et al. [11]. For example, Q,/Qg; for Eya = 0.1
is slightly bigger than the value for Eya = 0.05. As will be shown later this is due to
a transition between different breakup scenarios. In Table 5.2 analogous results are
presented for the case d = 5 and ka = 0.5. Again bigger satellite and smaller main
drops are found. For this case d = 5 > e, and the charge ratios are all belov§ unity,
which indicates that an electrode loéated far away leads to relatively stable drops
after pinch-off. |

Figures 5.14 and 5.15 illustrate further the fluid motion (d=2andd =25
as in Figure 5.12) approaching breakup for the core-annular flow with and without
electric field. In Figure 5.14, d = 2, and, the electrode is relatively close to the fluid
interface compared with d = 5 in Figu}e 5.15. A pinch-off solution is still obtained
and the flow pattern is almost the same when an electric field is present as in the
non-electrified case near the break point. However the far field flow on the main drop
is quite different as seen from the resﬁlts. Based on previous linear theory it is shown
that when d < e always leads to linear instability. Physically this is due’ to thé ‘small
gap between the electrode and the S,,,;, so that the electric stress is bigger alohg the
interface of the big drop where more charge accumulates. This can also be discovered
from Figure 5.12 (b) which shows ¢2 along 0 < z/L < 0.1 is bigger than the value

near z/L = 0.5. Therefore after pinch-off, the main drops will tend to be unstable
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up by the electric force then moves towards the electrode. Figure 5.17 illustrates
different breakup behaviors for the threads under the electric field. The breakup
times are presented by the vertical coordinates in the figure. The upper panel shows
the behavior for d = 2 and ka = 0.3, while in the lower panel corresponds to d = 5
and ka = 0.5. If a pinch-off solution is obtained, the results show that the breakup
is retarded and the shape of the droplets is changed as we discussed earlier. As the
electric field increases further, the pinch-off solution is suppressed as we showed in
Chapter 3 in the long wave model, and a transition to a touchdown solution takes
place.A A spiky Solution is found for the case d = 2 (see the uppér panel) around
Ey, = 0.25. If Ej, increases further, e.g. F, = 0.5027 in the figure, the shape is
completely different and the sinigular time is smaller than in the previous cases; the
fluid spikes up and shoots toward the electrode. For a case that has the electrode is
far away, d = 5 (lower panel), similar behavior is found. In addition, Between the
pinch-off and spike solution, a "transition’ solution has also been found. In the lower
pénel of Figure 5.17 at F, = 7.54, a small droplet tenas to bé ejected from the top
tip of the interface. In Collins et al. [11] a similar solution was presented but they
claimed that pinch-off still occﬁrs. The difference is due to the choice of d. In their

paper, d = 10 is taken and this large distance value allows pinching to happen first.

5.5.3 Local Dynamics

As discussed in Lister & Stone [36], near pinch-off the local scaling analysis shows a
linear dependence of S,,;, with 7 = {,—t for the non-electrified problem and the aspect
ratio is proportional to O(ftegt/ tint)?/? which is constant instead of asymptotically
small. This implies that for Stokes flow, directly solving the problem may do a
better job than the long-wave approximation. It is pointed out in Cohen et al. [10]

that the slope of the decrease is around —0.0335 (compared with —0.0304 for single
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adding an electric field when the slender geometry is assumed. In fact the gradient
of the electric force becomes comparable to the gradient of curvature in the long
wave model and hence the pinch-off solution can not be obtained. In contrast, the
scaling analysis in the full problem suggests the use of the full curvature and the
pinch-off solution is obtained. This indicates that thé long—wave model overestimates
the electric force and exaggerates it when the neck is small. However, some useful
information is still obtained by considering the shallow cone of the pinching solution.
Locally it is still a slender thread so we see that the electric effect (balancing the
leading order of curvature effect) stops the thread to break at the point where it
would have done so in the non-electrified problem. Thus the breakup is retarded and
the thin thread keeps extending until the capillary effect dominates over electric effect
near the minimum neck region. This explains the formation of a bigger satellite drop
in the electrified problem compared to the non-electrified one. In addition, this does
not depend on the viscous effects, so big satellite formation is alwdys observed (see
Satiawan & Heister [59] and Collins et al. [11]). Consistently, Huebner [26] shows the
size of main droplets decreases as the voltage increases.

Next we show that the eiectric field does not affect the local dynamics near
pinching. In Figure 5.18 the evolution of S,,;, is plotted against time, showing the
numerical evidence of the predicted slope (dashed line in figure) for infinite and
core-annular threads irréspective of the electric field. This is consistent with the
obsérvaﬁion'that ¢n — 0 at the minimum neck. Additional evidence can be seen from
Figuré 5.19 where the rescaled function H(£) = S/Sn is plotted for various cases.
Panel (a) shows the collapse of the infinite jet profiles (three pfoﬁles) near breakup,
Smin’ =~ 0.005, and suggests self—similarity. This agrees with the result in Lister &
Stone [36] where simulations of a finite viscous drop was carried out. Panel (b) in
Figure 5.19 illustrates several jet profiles at the final computed stage for the vlvide

range of parameters of Figure 5.18 and again we see that they almost have the same
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which implies that the lubrication model is appropriate and useful near the film
rupture. Unfortunately, direct comparison between the boundary-integral simulation
and the lubrication results does not show good agreement. Higher order model may
be required and meanwhile in the full simulation a sufficiently small gap (d—1) might
be necessary in order to apply the lubrication model. But due to the expensive cost

these are left for future work.



CHAPTER 6

CONCLUSION

The nonlinear dynamics of perfectly conducting liquid jets or.threads subject to a
radial electric field has been studied here. In the single jet case (the annular region is
passive), we have addressed the effect of the electric field by initially investigating a
long-wave model by adopting a local approximation of the electric potential. Pinching
is eventually suppressed and stable quasi-static microthreads connected to large drops
are found for relatively large outer electrode radii, that is, relatively weak fields. The
jet can also be attracted to touch the outer electrode in finite time for different
parameter settings, in which case, the touchdown singularities are examined and
similarity solutions are constructed énalytically. Those results are supported by
numerical simulations of the nonlinear partial differential equations with excellent
agreement. When the viscosity of the jet is negligible, a Korteweg-de Vries equation
is derived in the weakly nonlinear regime in the long wave limit which corresponds
to the stabilizing effect of the electric field.

A boundary-integral method has also been implemented to solve the full problem
(Stokes equations) when the external viscous drag is reintroduced. The construction
of the Green’s function for the electrostatic problein was presented in detail. From the
numerical results, different breakup scenarios are identified with different parameters.
Pinch-off solution is still obtained and a local dynamics analysis reveals the mechanism
of bigger satellite drop formation based on the slender-jet approximation. Our results
also showed that the local dynamics at pinching is not changed to leading brder, by
a adding radial'électric field; this was shown by illustrating the computed thread
profiles in a self-similar frame. Additionally, the instantaneous flow patterns were

presented to obtain the nonlinear evolution and fluid motion. As the electric field
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strength increases, or the gap between the electrode and fluid interface decreases, a
'spike’ solution appears as described in our previous long wave model. In particular,
when the annulus is thin enough a lubrication model was derived to describe the
touchdown and self-similar scalings are verified through numerical simulations.

Our formulation assumed that the core-thread is a prefect conductor while
the surrounding fluid is insulating. Recent research implies that the leaky-dielectric
model, which allows for the accumulation of free charge along the interface, may be
better suited to describe the electric problem. At this point the finite permittivities
and conductivities become important, and this constitutes a wide field for future

research.



APPENDIX A

THE COMPONENTS OF MATRIX

In this Appendix, the expressions of the components of the matrix M defined in

equation (5.20) are presented.

Ly =2I(k) + kI (k), Ly = —2Io(k) — kI, (k),

Ly = —2Ko(k) + kK1(k), Ls=2Iy(kd) + kdI, (kd),
Ls = 2Ko(kd) — kdK; (kd),

Sy =2kIy(k), Sy =2(L(k)+ kIo(k)),

Sy = —2X\kI;(k), Sy = —2X\L(k) + ko(k)),

Ss = —2\kK(k), Ss = —2\(kKo(k) — K1(k)),

' Ko(kd)I1 () +Io (kd) K1 (k)
, (1=K — gty (L + kg - Nk
Ty = 2k(kIy(k) — I, (k)) — In®(d) To(k) Ko (kd)—Io (kd) Ko (k) I
w
2 E Ko(kd)I1 (k)+Io (kd) K1 (k)
T = 2kl (k) — -~ w @ P nEgom -
w

Ty = —2\k(kIo(k) — L1 (k)), Ti= —2\kI(k),

(k),

Io(k),

Ty = 22k(kKo(k) + K1 (k)), Ts = 22kK;(k)k.
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APPENDIX B

GREEN’S FUNCTIONS

Green’s function for potential flow problem:

R F(k)
¢ = ) B.1
T/ (r +70)% + (2 — 2)? (B.1)
oG" _ 1 (20 — 2)F
2 T/ (r + 1) + (2 —~ 20)% (1 — 10)* + (2 — %)%’ (B.2)
i 1 Loroorte=a)l g gy (B.3)

or 7r\/(r +70)2 + (2 — 29)? 2r (r—ro)?+ (2 — «)?

where k? = (Z_zofg’"% and F' and E are the complete elliptic integrals of the first

and second kind with argument k, defined as

27 dp 2
— — /
F(k) = /0 1= o2 6)2 Ek) = i (1 — k? cos? 0)/2d9. (B.4)

The Stokeslets and Stresslets used in the boundary-integral formulations for Stokes
flow are well documented in the literature (see Pozrikidis [48], Lee & Leal [33]). The

Stokeslets in our notation are given by

M,, = 2k(r10)1/2(F + oo ZS;_:‘();QM —2F) (B.5)
Mey = b (F = (5 = 1" (= 20)) e o) (B.6)
Mew = k2P 4 (=17 = (2= 20 e ek (B)
M, =mir(:—o)”2((r§ + 7%+ 2(z = 20)") F-

(22— 20)* + 8(z = )23 +1%) + (13 — 1)) = (B.)

(2 — 20)% + (r — rg)2”’
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and the Green’s functions in double layer potential (Sug = Qapyn4) are given by

S, = (—6r(z — 2)%n, — 6r%(z — 20)*n, ) Iso + 6770(2 — 20)*n, L5,
Sor = (=6r*(z — 20)’n — 6r°(z — 20)n,) Is0+
(6rro(z — 20)2n, + 12r%ro(z — 20)n,) Is1 — 6775 (2 — 29)n, I,
Spy = (6r79(2 — 29)*n, + 6r%ro(z — 29)n ) Iso+
(—6r2(z — 2)°n, — 6r(z — 20)(r2 +1r2)n,) Isy + 67%ro(2 ~ 20)nr I,
Sy = (672%r9(2 — 29)n, + 6r%rony ) Iso + (—67(2 — 20)(r® + r8)n.—
672 (r? + 2rd)n, )51 + (6r%ro(2 — 2)n, + 67(rs + 2r°rg)n. ) s,

- 6r2r§nrl53,

where the integrals I,,,,, are defined as

4k™ /"/2 (2cos?w —1)"
o

I S ——y 2
mn(zf’"f 20,70) (47“7“0)m/2 1 — k2 cos? w)m/2

and k is the same as it appears above.

(B.9)

(B.10)

(B.11)

(B.12)

(B.13)
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