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1 Introduction

Consider the space P, of real algebraic polynomials of degree at most n. Let
K C R be any compact set and ||p||x := sup |p(x)| the usual supremum norm
xeK
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on K. The classical Bernstein problem consists in estimating the derivative of
the polynomial p'(z) for a given p € P,, ||p||x = 1 and x € IntK. Typically,
this estimate is given in terms of the degree n of the polynomials and the
distance of point x € IntK to the boundary 0K of the compact K. This
problem goes back to Bernstein [?] who showed that when K = [a, b] we have
the estimate

V@) < —— Z) T lpllas = € (a:0). (1)

This estimate is sharp, in general. It is attained at certain points by the
Chebyshev polynomial.
The classical Markov inequality provides a uniform upper bound

2

/
<
I9/)lc < 7

||p| [a,b], P € Pn (2)
which also turns into equality for the Chebyshev polynomial.

Various extensions of the Bernstein and Markov type inequalities for more
general domains, norms and in multivariate case have been widely investi-
gated in the past decades. In this paper we will be concerned with this
question in case of weighted uniform norm on the interval. In a recent paper
[4] Mastroianni and Totik established a rather general weighted versions of
(1) and (1) for the class of so called A* weights. Let A* denote the set of
integrable weights w > 0 satisfying the inequality

w(z) < % /Ew(t) dt forall ze€ ECI:=[-1,1]. (3)

Then it is shown in [4], p. 69 that for any w € A* and p € P,
lpwp'llr < enllpllr,  Nwp'llr < en®[lwpl|ia,y, (4)

where ¢(z) := V1 — 22 and the constants above depend only on w.
The above condition A* imposed on the weights is rather general, in
particular it includes all Jacobi type weights H |z — x;| which allow the

j
weight to vanish as a power of z. In a very recent paper [?] the authors

extended (4) to a wider class of weights which may vanish exponentially.
However, all above classes of weights require that the weight has certain



symmetry, that is it vanishes to the left and to the right of the given point
with equal speed. In this paper we initiate the study of the Bernstein-Markov
type inequalities for the so called asymmetric weights which may vanish
at a given point with different rates. A typical asymmetric weight is given
by

|z|*, if —1<z<0,
o a(z) = 0<a<p. 5
Was () {xﬁ, if 0<z<l, sash (5)

First we show that this weight does not belong to A* if « < . Let 0 < h < 1
and E — [—hﬁ%h} Then

h6+1 hB+1
/ ,g < + —a < 2h° .
|E| bt has
. . B+l . o8+l 8
Thus if we had (3) with # = —he+1, this would mean h%+1 < 2Ch”, a
1
contradiction for a small h, since p+ < é
a+l «

In this paper we will give some new Bernstein type inequalities for such
asymmetric Jacoby type weights. In contrast to the estimates provided previ-
ously for the symmetric weights in the asymmetric case the resulting bounds
for the derivatives of n-th degree polynomials are typically of order n7,vy > 1,
see Section 3 below. First in Section 2 we will derive some Remez type es-
timates for asymmetric weights needed in the sequel. Section 3 contains
our main new results on Bernstein type inequalities for asymmetric Jacoby
type weights. We will also provide some converse estimates showing that
the increase of the rate of derivatives in non symmetric case is in general
unavoidable.

2 Some auxiliary Remez type estimates for
asymmetric weights

Mastroianni and Totik [4] established a rather general weighted version of
the classic Remez inequality for trigonometric polynomials which is valid for
A* weights w > 0. Namely, for any trigonometric polynomial ¢,, of degree at
most n and any w € A* we have

lwtallns < e wtallnmpe  foral  Ec[-m, (6)
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where C' > 0 is a constant depending only on w (see [4]). By a standard sub-
stitution this inequality yields a Remez inequality for algebraic polynomials
Pn € Pn

lwpn|lr < eC"‘E|||wpn||1\E for all we A, E cC[-1/2,1/2]. (7)

We will need in the sequel a certain Remez type inequality for asymmetric
Jacobi type weights. For any n € N and v > 1 let

1 1
B+1
Theorem 1. Forany0 <a<p, 1 <y < 1 and p,, € P,, we have
«Q

[wa,ppallr < (2 + 477D wg g,

Proof of Theorem 1. Introducing the notations

Ap = llwagpall,  and By = [[waspalin,

the statement of the theorem will follow from the inequality

A, < (24P )pfHimetp (8)
Without loss of generality we may assume that ||p,||; = 1. Let d,, € I be
1
a point such that |p,(d,)| =1. By v < ptl < p we have
a+1l7 «

Ay € max(ta,5(@n), wa5(5,)) = max((4n) %, (4n) 1) = wapla,) . (9)

According to the position of d,,, we distinguish three cases.

Case 1: d,, € I,,. By the mean value theorem and the Bernstein inequality

|pn(dn) _pn(an)’ , n 4
— n < —— < — , n c [77,7
Tt ) s < g €
whence
4 1
|pn(an)| >1-— gn(dn — an) > 5
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But then by (9),

A

3

W =

1
B, > wa,ﬁ(an)’pn(an” > gwaﬁ(an) >

Case 2: d,, € [-1,a,]. Then again by (9),

A, .

W

By 2 wa,p(dn)|pn(dn)| = wa,5(dn) = wa,s(an) >

Case 3a: d,, € [b,, 1] and \, € [0,b,] where A,, = wa 5(A\)|pn(An)|. Then

Bn > wa,ﬂ(dn”pn(dn” = wa,ﬁ<dn) > wa,ﬁ(bn) > wa,ﬁ()\n) > An .

Case 3b: d,, € [b,,1] and A\, € [a,,0]. Then by the mean value theorem
and Bernstein inequality

Pn(An) = Pulan)| < (An — an)‘p;(fn” < dnla,| < nl_’yv n € (an, M),

whence

Ay = wa 5(An) [Pn(An)] < woc,ﬁ(an)|pn(an)|‘|‘"LUO[,5(CLn)nl_7 < B,+4 " pl70+a)
On the other hand,

1
(dn)?”

By 2 wo,5(cn)|pn(dn)| = wa,5(dn) > wa,5(bn) =
and thus
A, < B, + 4—an1—7(1+a)Bn(4n)ﬁ <1+ 46—an[3+1—7(a+1))Bn

which completes the proof. [
Remarks. 1. In the special case « = § (i.e., v = 1) Theorem 1 yields for

1 1
In: BT E
[ 4n 4n]
|wa,apnllr < 3||Wa,abnll i, for all p, € P,.

which is of course consistent with (7) and w, , € A*.
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a—+1

511 Theorem 1 yields

Similarly, if v =

| wa,spnllr < (2 + 47" |waspnllng, — forall p,eP,,0<a<p.

The last two estimates correspond to the cases when deleting a proper
set can change the norm of the polynomial only by a constant factor. In
contrast to this when v = 1 Theorem 1 yields with I, = [—1/(4n), 1/(4n)]

lwa,ppallz < (2+ 477"~ [wa,ppalln1,-

Here the asymmetry of the weight causes and increase of the norm estimate
by a factor n”~®. We will show now that apart from a log-factor, this upper
bound is sharp.

Proposition 1. Let 0 < o < f and I,, = [-98logn/n,0]. Then there exist
polynomials p,, € P, such that

B—«
n
fnapals, = () lwasmln,

where ¢ > 0 1s a constant depending only on o and f3.

(Here and in what follows, ¢ > 0 will denote unspecified constants inde-
pendent of n, not necessary the same at each occurrences.)

Proof. We will make use of the so-called "needle” polynomials

T:(1+1? - 2?)
Qn,h(x) = 2 B
T2(1+ h?)

€ Pun, 0<h<1,

where T,(z) = cos(narccosz) is the Chebyshev polynomial (see [3]). It
satisfies the following lower and upper estimates:

1 8nz? na? 1
— — < <4 e < h<-. 1
4exp( ; )_qn,h(m)_ exp( Qh)’ ]x|_h_4 (10)
To show these inequalities, we use the formula
1
T() = 5l + V@@ TP 1)+ o= VP ()



We obtain

2n
1+h2—22+ /(1 +h2—22)2—-1
Qn,h(-r)§4 \/< )
L+ h%2+/(1+h?)2 -1

. 1_$2+h\/2+h2—\/(1+h2—x2)2—1 -
B 14+ h?+ hy/2 + B2

2n
2 2 2 212
<4<1 22+ hVv2+h \/(1—|—h x?) 1)

2+3

222 n
=1 (1 2+ + 2\/§)h)

22 \ " nz?
< - — < e <h<1).
_4(1 18h) _4exp( 9h> (e <h < 1)

The lower estimate of g, () in (10) can be shown similarly. The mono-
tonicities of ¢, () in the intervals h < |z| < 1 also imply

1
Zexp(—th) < gnp(x) < 4dexp(—nh/9), h<l|z| <1. (12)

After these preliminaries let

1
() = () with h = 9flogn )

n
V1
Using the lower estimate in (10) we obtain with zy = _VBlogn €l,,
n

\/ﬁlogn)a

n

1
i apalls, = wasteolna(an) = § (

On the other hand, using the upper estimate in (12),

[ wa, 00| {hejei<1 } < 4e7P18" = dn~"

5 n%x?
o (~5er)

Comparint the last three inequalities, we obtain the statement. [

and

< <3\/ﬁlogn)ﬁ |

04

|wa,8Pn 0,0 =



3 Bernstein-type inequalities for asymmetric
weights

In order to state our Bernstein type inequality, we need the following Schur
type result. Denote

B dx

o
the Chebyshev measure of a set £ C I. Let ¢(z) < 1 be a bounded, a.e. pos-
itive function on I, and for any 6 > 0 denote

P(6) :==sup{c>0:pulxel:p(x) <c) <d}.
Lemma (Kro6 [2], Lemma 1). For any weight w € A* and p, € P, we have

el < gy loopall (13)

With the functions ¢ and v defined above, we now state a Bernstein type
inequality.

Theorem 2. Let W(x) = w(x)p(z), wherew € A* and 0 < ¢(z) <1 a.e. on
I. Then we have

leWpllr < ———Wpullr  forall p, € Py
@/}(1/ )

where p(z) = V1 — 22

Remark. Since ¢ need not be symmetric, W can be asymmetric, too.
Proof. Since w € A*, we have
lpwpn |l < enllwpnll;

(see Mastroianni-Totik [4], (7.28)). Using this and the Lemma we obtain
H<PWP§LH1 < l¢lls- IISOUJPLIII < enllwpnlls

lowpnllr = W pnllr -

(/) ((/)



Theorem 3. We have

lpwa,spillr < en” || wa,spnlr

for all p, € P,, where ¢ > 0 is a constant depending only on «, 3, and

1
1+0—« if 0<a<p<a+ ot ,
f+1 +1 2ot
Q@
T=3Y14+ ——— 4 <p<2 1,
+2(a+1) if a+2a+ Ié] a+
2, if B>2a+1.

Proof. First estimate. Choose
w(r) = wea(r) € A and d(x) = wo p—a(z),

then clearly W (z) = wq g(r) and 1(8) = 6°~*, 0 < § < 1. Thus Theorem 3

yields

1+8—«a ||wa

lpwa,spnllr < cn BDnll1 -

Second estimate. Using the classic Bernstein inequality on the interval
[—1. — 1/2] we get

[owa,gpill-1,-3/4) < 8[I(1 +2)|1/2 4 2|p] |l1-1,-3/4

< 8I[(1+2)[1/2 + 2[p) l-1.-1/2) < enllwaspnlli-1,-1/2) < enllwa,ppallr -
Similarly,
lowa,s05 | 3/2,1) < enl|wa,spnllr -

It remains to estimate ||@wq gp),||[—1/2,1/2). Using Theorem 1 on the interval

1
J =1-1/2,1/2] (with J, = §In) we obtain

lpwa,s0 l=1/2,1/2) < | Wa,sP,ll0 < cllwa,spy |1\,

\/‘G—H\/!l’\ (1 + 2)wa,s0,|l-1,0 + \/—Hv T)Wa,80, |l10,1] -

Since wy g(2) is an A* weight on the intervals [—1, 0] and [0, 1], we can apply
the Bernstein inequality from [4] (see (7.28) there) to get

g1
||90waﬂp;z||[*1/2,1/2] < cn' 2T [ wWa,ppnll1 -
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Third estimate. When 8 > 2a+1, the Bernstein factor becomes n? which
can be seen by applying (7.30) in [4] separately for [—1,0] and [0, 1]. O

Next we give an example which shows that the Bernstein factor indeed
can be of higher order than O(n) in some cases.

Example 2. Let the weight w(z) > 0 (x € I) satisfy

log w(x
= sup (L)

1
and  f 98v®)
_1/2<z<0 l0g log 7]

1
5 >0. 14
3 o<z<1/2 logw (14)

Then for any A € (u,1/3) there exists a polynomial p, € P, such that

lpwpl|lr > enlog*™ nljwpn|l: - (15)

Remark. For example, the weight in [—1, 0] can be chosen as log™* —, and

|z]

2
in [0,1] as 2*log” - (a, B > 0), or exp(—1/x).

Proof. In constructing our polynomial, we use two well-known polynomials.
The first is the needle polynomial introduced in the proof of Example 1. The
other tool we use is a so-called fast decreasing polynomial r,, € P, which is
even and has the properties

rn(0) =1, and 0 <r,(z) <Cexp(—nf(x)) (Jz|] <1) (16)

1
—f(f)dx < oo (cf. Ivanov and Totik [1]). Here we choose
x

if and only if /
0

__ I .
flz) = log 2N 2 (n<A<1/3

||

then the above integral condition is obviously satisfied.
After these preparations our polynomial is defined as

Pn(x) = qup(z)rp () 122+ 1) >0 (Jz] < 1,m = [6/nlog?n]),

where



and the constant ¢ > 0 will be determined later.
Let 7y = —1/n? and Q,(z) = Tn(2)qn (), then [|Qnllr < ¢. Then by

(14) w(zg) > and we obtain

no 2

[zol

C

lewpyllr = cw(wo)p, (o) = log—“n[TT/n@xO +1)@n(wo) — @n(xo)]. (A7)

Since the argument 2x + 1 is at a distance O(m™*) from the endpoint 1,
evidently T7, (220 + 1) > em? > enlog*n. By the mean value theorem and
using that ||@,||; < ¢ implies ||Q/, |72 < cn,

11— Qn(xo) = Qn(o) - Qn(ajo) < C?’L_QIQ;@”)‘ < C/n (gn € (ZEQ,O)) )

whence Q,,(z9) > ¢ > 0. On the other hand, since ||Q||;/4 < cn®, we obtain

Q(w0) = @n(20) — Q. (0) < |Q(m)ln™ < ¢ (na € (20,0)).

Thus we get from (17),

> enlogh ™ n.

lpwpyIr > enlog™ n —
log# n
In order to show (15) we have to prove that ||wp,|; < ¢. Obviously,

|wpn || {—1<z<0y < c. For the case 0 < x < 1 we distinguish three cases.

1 2—\
Casel: 0 <z < 6 n

n
exp(cmy/x) (which follows from (11)), as well as the inequality w(z) < z°
with some € > 0 (which follows from (14)),

. Then, using the estimate 0 < T,,,(2x + 1) <

e(2—X)

1
w(x)pn(x) S xeTm<2x + 1) S xsecmﬁ S u . ecélogn S 1
neé

provided § < g/c.

log?™* ]
Case 2: o8 n<x§hzog

n n
use the needle polynomial and its upper estimate (10):

32X

. Then, instead of the weight, we

w(2)pn(2) < @up(2)Tn(2x + 1) < dexp (—T;—fj + cm\/E) :

11



Here the exponent is negative if

2/3 2-\
. <9chm> > (965)2/310g n

n n

which holds in the interval in question if § < 1/(9¢). Thus w(z)p,(z) < 1in

this interval.

1 3—2)\
Case 3: h = mCE

n
mial and its property (10):

< x < 1. Then we use the fast decreasing polyno-

logﬁ(lf’\) n

Here the exponent is negative if

3-2)
. (@)2 log?1= 1y — (c5)? 28"
n n
which holds in the interval in question if § < 1/c. Thus w(x)p,(x) < 1 in
this interval as well. [

The next theorem shows that with a proper weight the Bernstein factor
can be arbitrarily close to O(n?).

Theorem 4. Let {¥, }>° | be an arbitrary sequence of positive numbers mono-
tone increasing to oo as n — oo. Then there exist a weight w € C(I),
w(0) =0, 0 <w(z) <1, 0<|z| <1, and polynomials p, € Pn,n € N, such

that
2

cn
lpwpnllr = G—llwpnllr, n e N.
n

Proof. We may assume that ¥, = o(n?), otherwise the statement is triv-
ial. We shall again apply Chebyshev polynomials T},(2z + 1) and needle
polynomials g,—p, »(x) with

n a
= | — h:=—
. [w} ’ n

where v, := +/¥,, and the constant a > 0 will be specified below. We have
that with certain positive absolute constants co < 1 < ¢4

T,2x+1) < VI )< <1, 0< Gn-mp(x) < e—e2nmmh p < <1

12



2c
Now we set p,, := T5.qn—m,n € P, with a := -1

Co
Let w € C[—1,1], w(0) =0, 0 < w(xz) <1, 0 < |z| <1, be such that
w (i) — 6_2a2nw;3/27 w(_n—2) — ;17 ne N,
Un
and let w be linear between the adjacent points where the values are pre-

scribed.
Let us show first that ||wp,||; < 1. By the above estimates we have

il = s (g o), o o), s (o))

< max <w<h)€c1m\/fl’ €C1m702(n7m)h’ 1)

c1in
on

Now we can get a lower bound for |pwp!,| as follows

< max (exp(—Qa2 + erva)ny??) exp — (—tby + 2), 1> =1.

2llpwpllr > |wpl,|(=n7%) > [wTy,gn-mnl(=177) = W), pl(=077) >
LT, (1= 207 — il (=07 2 i —0() 2 25 = .
2 n -m n—m,h - n - w% \I[n .

These results naturally lead to the following
uestion 1. Consider an arbitrary a.e. positive weight w. Is it true tha
Question 1. Consid bit 1) jght w. Is it true that
lwpn 1 = o(n®)lwpalz

for all polynomials p, € P,?

uestion 2. Consider an arbitrary nonnegative weight w. Is it true that
Y g g
lowpl, |l = O(n®)|lwpnl|1
for all polynomials p, € P,?

The example

pu(z) = T,(22 4+ 1)

1 if —1<x<0,
0 if O0<zx<1,

13



shows that the O(n?) Bernstein factor can be attained, since p/,(0) = 2n?.

Finally, we show that for a wide class of weights (including asymmetric
weights), if we perform a slight change in the weight, namely add a properly
chosen quantity to it which goes to zero as n goes to infinity, then the classic
Bernstein inequality holds.

Theorem 5. Let w(x) be an r > 0 times continuously differentiable positive
weight in I except that w(0) = 0. Further let

wp(x) = w(m)—l—gw (w(r),l> (lzg| <1, n=1,2,...)
n" n

where w is the modulus of continuity of the corresponding function, and ¢ > 0
15 an arbitrary constant. In case r > 1, also assume that

/
sup Jrer(@)] < 00. (18)
0<|z|<1 w(x)

Then for all polynomials p,, € P, we have
lewnpiyllr < enljwnpnllz - (19)
Proof. We distinguish two cases.

Case 1: r = 0. By the Jackson theorem, for a sufficiently large ¢ > 1,
there exist polynomials ¢,(x) € P., such that

1 1
— < Z i
”wn QnHI > QW <w7 n)

1
Since wy,(z) > w (w, —), hence
n

S0u() Swn(@) < Squle) (2l < 1). (20)
Also,
ol < e (a2 ) en

1 1 1
<cn|wl| gy, — Wy, — | +w|w,,— <cwlw,— ).
n n n

14



Thus we obtain

3 3 3

We estimate the two terms on the right hand side separately. Concerning
the first term, we use the ordinary Bernstein inequality for the polynomial

GnPn € P(chl)n to get

l(npn)llr < enlignpnlls < enllwnpallr, (23)

where we used (20).

1
As for the second term, using (21) and w (w, —) < wp(x) we get
n

1
ledmls < cn (w5 ) Il < enlfnls

Collecting these estimates, we obtain the statement of the theorem in
Case 1.

Case 2: v > 1. Then there exist polynomials ¢, € P., such that

N 1 1 ,
[w® — ¢} < S (w(r)7 ﬁ) (1=0,...,7), (24)

provided ¢ > 1 is large enough. Using this estimate with + = 0 as well as the
1 1

inequality —w (w(r), — ) < wy(z), we obtain (20). Next, using (24) with
n’ n

i =1 as wells as (18) we get

(o) < /(o) + e (07

2nr—1 n

w(z)

< e——= + cnwy(x) < cnwy,(x) (1I/n<|z|<1).
x
Hence by the Remez inequality
legnpnllr < cllgupall{1/n < |z[ < 1} < enflwnpa|r-

Using (22)-(23) together with this estimate, we can finish the proof as in
Case 1. O

15



Remark. In particular, if
c
Wy () = wag(z) + v 0<a<p),
then we have (19). Namely, in this case

T:{m if o > [a],

a—1 if o« =a] >0,

w(w™, k) < h*", and for a > 1, (18) holds.
Moreover, if a = 3 > 0, then we obtain by the classic Remez inequality
lpwaapnlls < llpwapillr < enllwapallr < waapallr + en'=|palls

< CnHwnanI < ||wa,apn||1+cn1_a||pn||1+cn1_aHan{IxIZl/N} << CnHwa,apn”I

which is just a special case of the inequality (7.28) in [4].
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