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Abstract

In this paper we consider weighted polynomial approximation on unbounded multidimensional domains in
the spirit of the weighted version of the Weierstrass trigonometric theorem according to which every continuous
function on the real line with equal finite limits at +oco is a uniform limit on R of weighted algebraic polynomials
of degree 2n with varying weights (1 + t*)™"™. We will verify a similar statement in the multivariate setting for a
general class of conver weights.

We also consider the similar problem of multivariate polynomial approximation with varying weights for some
typical non conver weights. In case of non convex weights of the form wq (x) := (14 |z1|*+...+ |ﬂcd|°‘)é O0<a<l1
in order for weighted polynomial approximation to hold for a given continuous function it is necessary that the
function vanishes on a certain exceptional set consisting of all coordinate hyperplanes and co. Moreover, in case
of rational « this condition is also sufficient for weighted polynomial approximation to hold.

1 Introduction

Let us start by recalling the trigonometric version of the classical Weierstrass approximation theorem which states
that any 27 periodic continuous function f(z) is a uniform limit on [—m, 7] of trigonometric polynomials of degree
n as n — oo. Clearly the substitution ¢ = tan 3,2 € (—m,7) transforms 27 periodic continuous functions into
continuous functions on R which have equal finite limits at oo, while the trigonometric polynomials of degree n
transform into rational functions (1 + #2)~"pa,(t) with pa,(t) being an algebraic polynomial of degree at most 2n.
This results in the following equivalent version of the trigonometric Weierstrass theorem:
Every f € C(R) with equal finite limits at £0o is a uniform limit on R of weighted algebraic polynomials

w(t)"*"p2n(t), w(t) = V1+12, degpz < 2n.
Naturally this leads to the question of uniform approximation by general weighted polynomials of the form
w(t) "pa(t), degpn < n.

This question received a considerable attention in the recent years in case when the even weight w(t) grows at oo

faster than t, i.e., @ — 00 as t — 00, see for instance monographs [5] and [6]. The assumption # — oo obviously
implies that w(t) "p,(t) — 0, — Foo for all polynomials of degree at most n. Thus, naturally under condition

# — 00,t — oo weighted polynomials can not provide uniform approximation on all of the real line. Indeed,

various results given in [5] and [6] show that only continuous functions with finite support can be approximated
by weighted polynomials in this case, and in fact this finite domain of approximation which depends on w can be
determined by methods of potential theory.

In this paper we intend to consider weighted approximation on unbounded domains in the spirit of the weighted
version of Weierstrass trigonometric approximation theorem. As mentioned above if @ tends to infinity as ¢ — oo
only functions with finite support can be approximated, i.e. approximation on the whole real line is not possible in

this case. On the other hand if @ — 0 as t — oo then weighted polynomials w(t) ™ "p,(t) are unbounded as t — oo
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which also makes the approximation on unbounded domains impossible. Therefore we will require that the weights
have linear growth at infinity. Moreover, this problem will be investigated below in the multivariate setting.

Let us denote by S9! the Euclidian unit sphere in R? and consider the space Co(R%) of continuous functions on
R? which have equal continuous limits at infinity along lines passing through the origin , i.e.,

Co(RY) := {f € C(RY) : Ir; € C(S? 1) such that lim f(tx) = rf(x), uniformly for x € S~}

[t|—o0

Note that for every f € Cy(RY) and x € R?\ {0} we have that

lim f(tx) =1y (|§|>

t—+oo

and therefore it is natural to extend 7y € C(S971) to R?\ {0} by relation

rp(x) =1y (;) ,x € R7\ {0}.

Let w € C(R%),w(—x) = w(x),Vx € R? be a positive even weight function on R?. We will consider uniform
approximation of functions f € Co(R?) by weighted polynomials w™"p, on R¢, where p, € P? are multivariate
polynomials of d variables of degree at most n. We will assume throughout this paper that w is a positive continuous
even weight on R? such that tw(%) is monotone increasing for ¢ > 0 for every fixed x € R?, and has a continuous
positive limit as t — 0. This means that with some even positive continuous function

w: S R
we have by the Dini theorem that

|t]w (%) — w(x), t—0, uniformly for x € §971, (1)

Hence in particular, w(tx) ~ |tlw(x),t — oo, i.e. the weight is of order || at infinity. Evidently, extending
w € C(8971) to R?\ {0} according to the relation w(ax) = |a|w(x),a € R preserves (1) for every x € RZ. In
particular, when d = 1 we have that w(t) = c|t|, ¢ € R with some ¢ > 0.
In what follows positive continuous even weights w on R? for which tw(%) is monotone increasing with respect to
t > 0 for every fixed x € R? and (1) is satisfied with certain positive continuous function @ will be called admissible.
It is important to observe that for admissible weights w we have w™2"ps,, € Co(R?) for any po, € Ps, and n € N.
For an admissible weight w we consider its homogenization defined for every (x,t) € R*!\ {0} by
(1) = {Iflw (%), xeR%, te R\ {0} @
w(x), t = 0.

It is easy to see that this function w* : R¥! i R possesses the homogeneous property
w*(ex, ct) = |c|w*(x,t), Ve € R, (x,t) € RITL

In addition, w*(x, t) is positive everywhere in R9*1\ {0} and we may set preserving continuity w*(0) = 0. Evidently,
it follows from (1) that the above relation defines a continuous weight w*(x,t) € C(R%*!) since both w and @ are
continuous. Also note that w*(x,t) is even both in x € R? and ¢ € R.

The problem of approximation of f € Cy(R?) by weighted polynomials w~2"py,, uniformly on R? is closely related
to approximation by multivariate homogeneous polynomials

herf:: Zakxk:akeR
|k|=n

of degree n on boundaries of 0-symmetric convex bodies.



In this respect the following conjecture has been widely investigated in the past decade (see, for instance [2], [8],
3, 7))

Conjecture 1. For any 0-symmetric convex body K C R? and every even f € C(OK) there exist homogeneous
polynomials ha, € Hgn such that f = lim, o ho, uniformly on OK.

It is easy to see that the above conjecture is equivalent to the claim that every continuous function on 0K with
K as above can be uniformly approximated by the sum of 2 homogeneous polynomials, i.e., for every f € C(0K) we
have that f = lim,_,o h,, With certain h,, € H, + HS, ., uniformly on 0K.

This conjecture has been verified in the following three cases:

(i) when d = 2 (see [2, 8]);

(ii) for any O-symmetric convex polytope in RY,d > 2 (see [8]);

(iii) for any 0-symmetric regular convex body in R? d > 2 possessing a unique supporting hyperplane at every
point on its boundary (see [3]).

Above results on homogeneous approximation will play an important role in our considerations below.

The outline of the paper is as follows. First a general result on density of weighted polynomials in Co(R?) in
case of convex admissible weights will be given (Theorem 1). Then we proceed by exhibiting some model examples
of convex weights for which density holds. Finally, Theorems 3 and 4 will deal with analogues questions for certain
non convex weights. It will be shown that in non convex situation the density holds only for functions vanishing at
a certain exceptional set related to the weight.

New results

Our first main result provides a Weierstrass type result asserting that uniform approximation on R¢ by weighted
polynomials w™2"py,, is possible when the admissible weight is convex and, if d > 1 is also piecewise C'. The
piecewise C'! property of the weight w is meant in the sence that w is a maximum of finite number of C' weights.

Theorem 1 Let w be a conver admissible weight on R, d > 1. In addition, if d > 1 assume that w is piecewise
Cl, i.e., with some s € N we have w = max{w; : 1 < j < s} where each w; is admissible convexr and wi €

CHRIM1N\ {0}),1 < j < s. Then for every f € Co(R?) there exist polynomials pe, € PS., so that
w2"poy — f, m— 00
uniformly on R%.

Thus when d = 1 the convexity of the admissible weight yields the density of weighted polynomials w™=2"py,, in
the space Co(R). If d > 1 we need in addition the piecewise C'! smoothness of weights in order for the density to
hold. It is plausible that the convexity of admissible weights suffices for the density of weighted polynomials w=2"pa,,
in Cy(R%),d > 1, as well. Thus we would like to offer the next conjecture which would provide a full analogue of
weighted Weierstrass approximation theorem in R%.

Conjecture 2. For any conver admissible weight on RY,d > 1 and f € Co(R?) there exist polynomials pa, € Pg,
so that

W Mon — f, n— 00

uniformly on RY.
Let us now give some model examples of weights for which the above theorem is applicable.
Example 1. For any 0 < o < 0o the [, norm of x = (21, ...,24) € R? is given by the relations

W Ll |za®) =, 0 < a < o0
* maxi<;<d |Z;], o = 00.
Furthermore, for x = (z1, ...,74) € R? consider the weight

(14 |21 + ...+ |za|*) =, 0 < a < 0
max{1, |z1|,..., |zq|}, @ = 0.

wa(x) = [(1,%)]a —{

Now it easily follows that for this weight and ¢ > 0

W (x, ) = twa (?) = |(t,%)]a, (t,x) € R4



is monotone increasing for every fixed x € R%. Moreover, clearly (1) holds with

) x
We(x) = }gr(l) [t|we (;) = |%|a, x €R™%

Hence wq (x) is an admissible weight for every 0 < o < oo. Furthermore, w,,(x) is also convex whenever 1 < a < cc.
In addition, when 1 < a < oo these weights are C*, i.e., w € C'(R?!\ {0}) while for & = 1,00 the weights are
piece wise C1. Therefore for every 1 < a < oo weights wg(x) defined in (3) provide a model of weights for which
conditions of Theorem 1 hold. Hence we obtain the next

Corollary 2 Let 1 < a < oo,d > 1. Then for every f € Co(R?) there exist polynomials pa, € Py, so that
w;Q"pgn — f, n— o0
uniformly on R<.

Example 2. It should be noted that the sufficient conditions imposed on the weight in Theorem 1 allow
performing certain operations with the weights. In particular, the summation of the weights, or taking maximum of
weights preserves the required properties. Therefore based on the weights (3) it follows for instance that Theorem 1
will also hold for weights

wx)i= 3 (1|,

1<5<d
and N
w(x) i= max (14 [z[*)7,

whenever 1 < a; < 00, 1 < j < d. Note that in contrast to weights (3) the above weights are in general asymmetric
with respect to the variables z;,1 < 5 <d.

Example 3. Another example of piece wise smooth weights for which Theorem 1 can be applied is provided by
linear splines. Namely, we can take w to be an even convex linear spline function on R? in which case all requirements
of Theorem 1 are fulfilled again.

While the admissibility of the weight appears to be a natural requirement for approximating every function in
Co(R?) one may ask if the convexity of weight is also necessary for this approximation to hold, in general. A model
example of non convex weights is given by weights (3) when 0 < o < 1. Tt turns out that convexity of the weight is
crucial in order for the weighted approximation to hold for every f € Co(R%).

Indeed, in a recent paper [4] the authors showed that in case d = 1 and 0 < « < 1 there exist univariate
weighted polynomials w,*"pan, pn € Ps,, n € N, converging to f € C(R) uniformly on R if and only if f(0) =
f(o0) = f(—o0) = 0. Here f(o0), f(—o0) stand for the corresponding limits at infinity. Thus in case of these non
convex admissible weights some additional restrictions need to be imposed on the functions which admit a univariate
weighted polynomial approximation. Namely the function must vanish at a certain exceptional set. It is natural to
expect that this phenomena will be preserved in multivariate setting, as well. The most interesting question here
consists in finding the proper multidimensional exceptional sets.

So let us consider now approximation by weighted polynomials w,2"pa,, p2,, € Ps, when 0 < a < 1, that is the
weight is not convex.

Denote by

L? ={x=(21,..,xq) ER":2; =0},1 < j<d

the coordinate planes in R, and let
Lt .= U1§j§dL? = {X = (1‘1, ...,Z,Ed) S Kg X Xg = O}

be the union of all coordinate planes. Furthermore, we will write f(oo) = 0 if f(y) — 0 whenever |y| — oo.

The next theorem is a multivariate extension of the result given in [4]. It identifies the exceptional zero set for
the functions which admit weighted polynomial approximation on R¢ with the non convex weights w,,0 < a < 1.
Essentially our result shows that in multivariate case the exceptional zero set consists of the union of all coordinate
planes L¢ and the infinity.



Theorem 3 Let 0 < o < 1 and d > 2. Then in order for f € Co(R?) to be a uniform limit on R of weighted
polynomials w %" pay,, pan € PS. it is necessary that f =0 on LU {co}. Moreover, if 0 < a < 1 is rational then any
f € C(R?Y) which vanishes on LY U {oo} is a uniform limit on R? of weighted polynomials w,, *"pay, pan € Py,.

As mentioned above uniform approximation in Cy(R¢) by weighted polynomials w=2"ps,, is closely related to the
approximation by multivariate homogeneous polynomials on the boundaries of 0-symmetric star like domains. So we
will include now a companion to Theorem 3 related to homogeneous polynomial approximation.

Consider the L, sphere in R? given by

K= {x=(x1,..,xq) € R |21|* + ... + |24 = 1} = {|x|a = 1}, a > 0.

When 0 < o < 1 the set K2 is not convex so the problem of homogeneous polynomial approximation on this set is
not covered by the results mentioned in the Introduction. In Kroé-Totik [4] it is shown that f d =2 and 0 < o < 1
then in order that even function f(z,y) € C(K2) be a uniform limit on K2 of homogeneous polynomials hy, € H3,
it is necessary and sufficient that f(£1,0) = f(0,41) = 0, i.e., the function must vanish at all the vertices of K2.
Evidently, when d > 2 the set of all non smooth points of K2 is given by

KinL?={x= (21,..,0q) € K¢ : 21 - ... - xqg = 0},

where as above L¢ is the union of all coordinate planes in R%. It turns out that only functions that vanish at these
non smooth points admit homogeneous polynomial approximation on K¢. Thus when d > 2 the exceptional zero set
consisting of all non smooth points is essentially wider than the set of all vertices of K¢.

Theorem 4 Let d > 2, 0 < a < 1. Then in order for an even function f € C(K%) to be a uniform limit on K, of
homogeneous polynomials ha, € HY, it is necessary that f =0 on K& N LY. Moreover, if 0 < a < 1 is rational then
the condition f(x) = 0,x € KN LY is also sufficient for this homogeneous polynomial approzimation to hold.

Remark. It should be noted that Theorems 3 and 4 provide matching necessary and sufficient conditions for
multivariate weighted and homogeneous approximation for rational 0 < o < 1. In [4] analogous results are given
in the univariate case for every 0 < a < 1. In fact two proofs of sufficiency in Theorem 3 are given in [4] when
d = 1: one using potential theoretic methods for every 0 < a < 1 and another one based on a explicit construction
of approximating polynomials which works for rational 0 < a < 1. When d > 2 the needed potential theoretic
methods are not available anymore, but nevertheless it will be shown below that for rational 0 < o < 1 the explicit
construction of multivariate weighted approximating polynomials can still be accomplished even if d > 2. It appears
to be plausible that sufficiency in Theorems 3 and 4 remains valid for irrational 0 < a < 1, as well. This remains an
interesting open problem.

The next two sections contain the proofs of Theorems 1,3 and 4. We will need to verify several auxiliary lemmas
some of which are of independent interest. In particular, a general duality between weighted and homogeneous
polynomial approximation will be exhibited, see Lemmas 2 and 5 below.

Proof of Theorem 1

We will need first to verify some auxiliary lemmas. The first lemma asserts that w* is convex on R?*! for every
admissible convex weight w, i.e., the homogenization of weights preserves convexity.

Lemma 1 For any admissible convexr weight w € C(R?) it follows that w*(x,t) is also a convexr continuous weight
on R,

Proof. Since the weight w is even it follows that w*(x,t) = [tjw (¥),x € R? is even in variable ¢. Therefore for
every (x,a), (y,b) € R¥! with some reals a,b # 0,a 4 b # 0 we have by the convexity of w

w0 (,0) = a2 ) + ok () =

la]

o g (2) e () 2 e (225



Furthermore, recalling that tw (%) is a monotone increasing function of ¢ > 0 for any x € R? yields

" « Xty Xty %
b) > b —_— | > b — | = b).
w*(x, a) + w*(y,b) = (|a| + | I>w<|a|+|b> 2 la+ '“’(|a+b|) w(x+y,a+b)

The above inequality was derived for any (x, a), (y,b) € R with a,b # 0,a+b # 0. But since w*(x, t) is continuous
on R it follows that

In addition, we evidently have w*(cx,ct) = |c|w*(x,t),c € R which together with the above inequality verifies the
convexity of w*(x,t). O

Our next lemma provides an important duality between weighted polynomial approximation on R? and homoge-
neous polynomial approximation on star like domains in R associated with the corresponding weight.

Let K C R? be a compact 0-symmetric set with nonempty interior which is starlike with respect to the origin,
that is for every x € K we have that (—x,x) C IntK.

When K is a 0-symmetric star like domain in R its Minkowski functional is defined by the relation

¢r(x) :=inf{a >0: 2 € K}, x € R

Note that ¢ (ax) := |a|pr(x),a € R,x € R? and
K={xeR%: ¢x(x) <1}, 0K := {x € R?: ¢ (x) = 1}.

Let w € C(R%),d > 1 be an admissible weight on R?. With this weight we associate a O-symmetric star like
domain defined by
Ky = {(x,t) € R w*(x,t) < 1},

where w*(x,t) is given by the relation (2). Since w*(x,t) is even, both in x € R? and ¢ € R, it follows that K, is
symmetric with respect to x € R? and ¢t € R. Thus K,, is a 0-symmetric star like domain in R4, In addition it
follows from Lemma 1 that K, is convex whenever w is convex. Moreover, it is also easy to see that w*(x,t) is the
Minkowski functional of K.

Conversely, assume that K is a 0-symmetric star like set of points (x,¢) € R+ which is also symmetric with
respect to x € R? for every fixed t € R, i.e., (x,t) € K < (—x,t) € K,Vt. Then it is easy to see that its Minkowski
functional ¢ (x,t) is even both in x € R? and t € R. Now we associate this set K with an even positive weight on
R? defined by the relation

wi (x) == g (x,1), x €RY

Lemma 2 (i) Let w € C(R%),d > 1 be an admissible weight on RY. Assume that for each g € Co(RY) there exist
polynomials pa, € Pg, so that w™2"py, — g, n — oo uniformly on R:. Then for every even function f € C(0K,)
there exist homogeneous polynomials hay, € Hg;'l for which f =lim ha, uniformly on 0K,,.

(ii) Conversely, let K be any 0-symmetric star like set of points (x,t) € R which is symmetric with respect to
x € R? for every fized t € R. Assume that for each even function f € C(OK) there exist homogeneous polynomials
hoy, € HgnH such that f = lim ho, uniformly on K. Then for every g € Co(R?) there exist polynomials pa, € P4,
so that w[_f"pgn — g, n — oo uniformly on R?.

Proof. (i) By definition (2) it follows that for every x € R?
N
v wx) wx))

0K, = {(x,t) € R¥ . w*(x,t) = 1}

Since

this means that

<wz(x)’ w(lx)) € 0K,, xcR%



Now given any even function f € C(9K,,) set

b'e 1

= _—— R,
o) =1 (i ) xe
Since f € C(9K,,) and w is positive and continuous this implies g € C'(R?). Moreover, let us show that g € Co(R?).
Indeed using that f is even it follows by (1) that as |t| — oo

1
g(tx) = f (wé}f{x)’ w(tx)) - f <u~)z{x)’o> uniformly for x € §971,

Thus g € Cy(R?) and hence there exist polynomials py,, € Pg, so that w=2"ps, — g, n — oo uniformly on RY. Now
set

X
hon (X, 1) := t*"poy, (;) € Hg:l

and
OK | = {x = (z1,..., wa41) € Ky, Tay1 > 0}.

Note that for any (x,t) € 0K}, we have tw(x/t) = 1,t > 0. Thus using substitution y = x/t € R? and relation
t =1/w(y) we arrive at

ﬂxﬂ—@Axﬁzf@w—ﬁ%m(j)=f@£b%£w)—w*%wmawzgwwwf%wm%wy (4)

Since w~2"py,, — g, n — oo uniformly on R? we obtain that f = lim hy, uniformly on K. Since both f and ha,
are even continuous functions the last statement clearly extends to all of 0K, OJ.
(ii) For any g € Co(R?) set

o g(%), x € R te R\ {0}
USRS {rg(x), t=0

where by the definition of the space Cp(R%)

| l‘im g(tx) = r,(x) uniformly for x € S,
t|—o0

This easily yields that f is continuous on R4t*\ {0}. In addition, it is clear that f is even. Then by the assumption
(ii) there exist homogeneous polynomials hs, € Hg: ! such that f = lim,,_, ho, uniformly on 0K. Recall that for
(x,t) € 0K C R4 we have by the definition of wp

X

1= o, t) = ltione (3.1) = It (X))

ie., [t| = wi' (%). Now we set pan(y) := han(y, 1) € Pg, and use again substitution y = x/t € R? yielding
_ X 2n X _ —2n d
f(X, t) - hQn(Xa t) =g ? -1 h2n ?7 1) = g(Y) — Wy (y)an(Y)7 y € R (5)

Since f = lim,,_, s ho, uniformly on 9K it follows that w;f”pgn — g, n — oo uniformly on R%. This completes the
proof of the lemma.

The next lemma appears to be of independent interest. It shows that if weighted polynomial approximation on
R? holds for the admissible weights wj,1 < j < s then it also holds for their maximum w := max{w;,1 < j < s}.
The proof of this statement will be based on Lemma 2 and an elegant result of Varju [8]. This latter states that given
any two O-symmetric star-like domains K, Ky € R satisfying the homogeneous polynomial density Conjecture 1
formulated in the Introduction it follows that the same holds true for their intersection K1 N Ks, as well.

Lemma 3 Let w; € C(RY),d > 1,1 < j < s be admissible weights on R? such that each g € Co(R?) is a uniform

limit on R? of some weighted polynomials w; 2”p2n,j, Dan,j € Pd.,1<3j<sasn— co. Then the same holds true
with the weight w := max{w;,1 < j < s}.



Proof. Assume that each g € Co(R?) is a uniform limit on R? of weighted polynomials w; 2";0271,]', D2n,j €
Pg., 1< j<sasn— oo Then by Lemma 2 (i) every even function f € C(0K,,) is a uniform limit on 0K, of
some homogeneous polynomials hay, ; € ngf 11 <j<s, where K, are the 0-symmetric star like domains defined
by Ky, :={(x,t) € R¥*! : wi(x,t) < 1}, with w} (x, t) given by relation (2) being the Minkowski functionals of Ky,
Then by the result of Varji [8] mentioned above the homogeneous polynomial density will hold for the 0-symmetric
star like domain K := N1<;j<sKy,, as well. It is easy to see that the corresponding Minkowski functionals satisfy the
relation
¢x = max{¢r,;,1 < j < s} =max{w;,1 <j < s}

Furthermore, since for each even function f € C(OK) there exist homogeneous polynomials hs,, € Hg;[ ! such that
f = lim,_s o hoy, uniformly on OK it follows by Lemma 2 (ii) that for every g € Co(R?) there exist polynomials
pan € Pg so that wl}Q”an — g, n — oo uniformly on R?, where by the previous relation and (2)

wi (x) = ¢ (x,1) = max{w;(x,1),1 < j < s} = max{w;(x),1 <j <s}, x€ R4,

i.e., weighted polynomial approximation on R? also holds with the weight w := max{w;,1 < j <s}. O

Now we are in position to verify Theorem 1. First let us note that based on Lemma 3 it suffices to prove the
theorem for the case s = 1. Thus consider a convex admissible weight w on R? d > 1 such that in addition, w* is
Ct on R\ {0} if d > 1. Consider the O0-symmetric star like domain associated with w given by

Ky = {(x,t) € R w*(x,t) < 1}.

Here as before w* (x,t) given by relation (2) is the Minkowski functional of K,, which is even in both x € R% and t € R.
Note that since w is convex it follows by Lemma 1 that w*(x,t) is convex too, and therefore K,, is a 0-symmetric
convex domain in R, Moreover, if d > 1, i.e., d + 1 > 2 then the Minkowski functionals of K,, given by w* is
C' which implies that K,, is a reqular 0-symmetric convex domain in R%t! when d 4+ 1 > 2. Then by the results on
homogeneous polynomial approximation proved in [2],[8] and [3] for the case of convex bodies of dimension 2, and in
case of any 0-symmetric regular convex body, respectively (see the introduction above), it follows that for each even
function f € C(0K,,) there exist homogeneous polynomials hs,, € ngf ! such that f = lim,,_ o0 ho, uniformly on
0K,. Then by Lemma 2 (ii) for every g € Cy(R?) there exist polynomials py, € P§, so that wl}i"pgn — g, n— 00
uniformly on RY. Here wp,, is the weight associated with K, which satisfies relations

wk, (X) == ¢k, (X,1) = w*(x,1) = w(x), x€ R?.

Thus the required weighted polynomial approximation holds true for the weight w. This completes the proof of
Theorem 1. [J

Proof of Theorems 3 and 4

Proof of necessity in Theorem 3. Assume now that f € Co(R?) is a uniform limit on R? of weighted polynomials
w5 pon, pan € Pg.. In particular, this implies that for every y € K2, |y|, = 1 the univariate function g(t) := f(ty)
is a uniform limit on R of univariate weighted polynomials (1 + [¢|*)~2"/“py,,, pon € P).. Then by [4], Theorem 1
9(0) = g(o0) = g(—o0) = 0. Since f € Co(R?) and thus limp_,eo f(tx) = 75(x) uniformly on S?~* it follows that
ri(x) =0,Vx € S71 ie., f(00) = 0. Furthermore, for any 1 < j < d and any x = (21, ..., 2j-1,0,Zj11, ..., Ta) € L?
set a := (14 [x|%)"/*. Now consider the univariate function

g(t) = f(z1,...,zj—1,0t, Tjq1, ..., Ta).
Since f = lim,, o0 W, 2" pa,, uniformly on R? it obviously follows that
g(t) = nler;o(l + )72 %o, qon = a7 Pon (@1, ey Tj_1, At Tji1, ., Ta) € Pay.

Then using again [4], Theorem 1 we obtain g(0) = f(x) = 0. Thus in addition to f(oco) = 0 we also have that f =0
on L% [
Proof of necessity in Theorem 4. When 0 < a < 1 the I, sphere in R? given by

K ={xeR%:|x|, =1}



is not convex. In this case it has been verified in [4], Corollary 2 that if an even function f(z,y) € C(K2),d =
2,0 < a < 1 is a uniform limit on K2 of even homogeneous polynomials f = lim, . hon, hen, € HS,, then
f(£1,0) = £(0,£1) = 0, i.e., the function must vanish at all vertices of K2. Consider now arbitrary

vy = (y1,.-y4) € Kgf nLY, ¥le =1, y1 .- ya =0}, d > 2.

Then we can assume without loss of generality that y = (0, s, ...,y4), and hence |y2|® + ... + |yq|* = 1. Denote
a; == (1,0,...,0) € R? and let M :=span{y,a;}, be the 2 dimensional plane spanned by y,a;. Then evidently

KinM = {tia; +toy € K& : t1,t, €R} =

{(t1,t2) € R®« [t1]* + [L2|* (o] ™ + .. + [yal®) = [t2|* + [t2]* = 1}

is a 2 dimensional [, sphere. Moreover, if the even function f € C(K?) is a uniform limit on K¢ of homogeneous
polynomials hy,, € HE, then the bivariate continuous function g(t1,ts) := f(t1a; +t2y) is a uniform limit on K< N M
of corresponding bivariate homogeneous polynomials. Then using the bivariate result from [4] cited above it follows
that g(£1,0) = ¢(0,41) = 0. Hence in particular, g(0,1) = f(y) = 0. This verifies that any even function f € C(K2)
which is a uniform limit on KZ of homogeneous polynomials hs,, € Hg, must vanish at every point of K¢ N LY, i.e.,
the necessity in Theorem 4 follows. [J

Now we proceed to the more difficult task of verifying the sufficiency in Theorems 3 and 4.

First we present a lemma which establishes an equivalence between weighted polynomial approximation on R?
and homogeneous polynomial approximation on K91 in the presence of exceptional zero sets. This lemma and its
proof is similar to the duality statement of Lemma 2 and therefore we only briefly outline its proof.

Lemma 5 Letd > 1,a > 0. Then the following statements are equivalent:
(i) For any g € C(R?) such that g =0 on L U {co} there exist pa, € Pg, so that

g = lim w;*"(y)pan(y)- (6)
n—oo
uniformly on R%.
ii) Fvery even function f € C(K%1) such that f = 0 on K41 N L s a uniform limit on K% of certain
homogeneous polynomials hs, € ng{l of degree 2n.

Proof. (i) = (ii) For any even function f € C(K2*!) such that f =0 on K&+ N L4+ set

— y 1 — f(x d 5 ¢ pi+
g(y)'_f(wa(y)’wa(y)) f(x), y eRY x e R

As shown in the proof of Lemma 2 (i) it follows that g € Cy(R%). Now we need to show that in addition g = 0 on
L% U {oo}. First note that if y = (y1,...,94) € L%, ie., y; = 0 for some 1 < j < d then also x; = 0 yielding that
x € K& N L4+ Hence g(y) = f(x) =0, i.e., g = 0 on L¢. Furthermore, since

1
wa(y) 2 max |y;| > d”=[y]

it follows that 411 = ﬁ(y) — 0 whenever |y| — co. Thus using again that f € C(K2*!) and f(x) =0 if 2441 = 0

we obtain that g(y) = f(x) — 0 if |y| — oo. Thus summarizing above observations we obtain that g € Co(R?)
and g = 0 on L? U {o0}. Therefore by (i) with suitable ps, € Pg,,n € N relation (6) must hold uniformly on R¢.
However, as shown in (4) for every x € K3+ 24,1 >0

9(y) — w2 (y)p2n(y) = f(X) — han(x),

where hs, is a homogeneous polynomial of x € R4+ of degree 2n. Thus since both f and hs, are even continuous
functions it follows that f = lim hs,, uniformly on K4+,
(i) = (i) Consider any g € C(R?),d > 1 such that g = 0 on L? U {cc}. Given x € KI+! set

F(x) = {9 (xﬁﬂ..., ﬁ) , Tay1 # 0

0, Td4+1 = 0.




Evidently, since g € Cp(R?) and g(oc) = 0 it follows that f € C(K2*!). Furthermore, f is even and since g = 0 on
L4 we also have that f =0 on K4 0 L1, Then by assumption (ii) f = lim hop, ho, € He' uniformly on K2+,
Setting y; := 2 /441,1 < j < d for any x = (21, ..., z4+1) € K1, 2441 > 0 we obtain

1 .
Tagpl = ——, Tj = Ji 1< <d

wa(y)’ wo (y)

and hence as in (5)
F(x) = han(x) = g(y) — wa " (¥)p2n(y) = 0

uniformly on R? .
The next lemma provides an explicit construction of certain multivariate polynomials which are used for multi-
variate weighted approximation in R%, d > 2.

ki

Lemma 6 Let o = %p,q eENandty, =ea ,1<k< 2q, be the 2q-th roots of unity. Then for any n € N and
x € R4

Qn(x) = |z1|“...|24|” Z toyots, (14 ts, |21|™ + ... + to,|24|*)"? € P2 ot (7)

1<s;<2q,1<5<d

Proof. We use the relation )
q
!
S =0,
k=1

which holds for any integer [ # 2rq, r € N. To verify that, it suffices to note that, by the periodicity of roots of
unlty, Zk 1 th =t Ziq tt . Hence if t, # 1, then the above relation must hold. In addition, we evidently have

k:1 t! = 2q whenever | = 2rq,7 € N.
Using these relations and the multinomial formula we have for any u = (u1, ...ug) € R?

Q(u) := uq...uq Z sy ts, (1 4+ tsur + .. + ts,uq)™
1<s,<2q,1<5<d

= Uy...ug > to, . ls, > b (ts, 1) ™ ... (s, ug)™

1<s;<2q¢,1<j<d mi+...4+mg<ng
m1+1 md+1 m;41
Z by H Z by’
mi+...+mg<ngq 1<j<d1<s;<2q

with proper multinomial coefficients by,. Clearly, we have for the product

H Z tm]+1 2q)

1<j<d1<s;<2q
whenever m; +1 = 2¢r;,1 < j < d for some integers r; € N, and otherwise this product is always zero. Thus we
obtain that
2 2
Q(u) — Z Crulqu u dqrd
2r1+...+27‘d§n+7
with some ¢, € R. Hence setting u; := |z;|* |x| 7,1 < j <d it follows that u2qr] = x?prj7 1 < j < d and therefore

Qn(x) == Q|21 ..., [a|™) = > !t a € Py O
2r14..+2rqg<n+ ¢

Lemma 7 Let0 < a = %,p, g€ NandQ, €
of degree at most p we have

pn+d be the polynomial given by (7). Then for any polynomial G € P;f

CX)Qu(x)  C(x)|r1...va
We (x)P(ntd+2) W (x)Pd+2)

:O<1),neN. (8)
C(RY) n
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Proof. We will need the following identity which holds for any given @ > 0 and t, = e« ,1 <k < 2q

k
11+ tral? = (1 + aRty)? + a®(St)? = (1 + a)® + 2aRty — 2a = (1 + a)? — 4asin? ;L
q

Evidently it implies that whenever 1 < k < 2¢ — 1, i.e, tx # 1

4 k
1+tka|§(1+a)\/l—( a4 sin2ﬂ-—§1+a— sin21:1—|—a— Ve

Vg = 2sin’ x. (9)

1+ a)? 2q 1+a 2q 1+a’ 2q

Iterating the above estimate further consider the sum |1 + t5, a1 + ... + t5,aq],a; > 0,1 < s; < 2¢ assuming that
ts, 7 1. Then by (9)

Vq@d

1+ts,a1 + ... +ts,aq| < a1+ ...+ ag-1+ |1 +ts,04] <1+ay+...+aq— T+ o (10)
d
Now we will apply relation (7) which yields using notation [x|q := (J&1|® + ... 4 |z4]®)=
n(x1, ..., x T1...2q|%
Onlrn, ota) _ Joutal® | ey (11)

(1+ [x[g)amts (1 + [x[9)*
where "
|Z1.ca|® D sy ots, (L + s, || ™ 4 o+t |Ta] )™

R(.’El, ...71'(1) = (1 I ‘X|g)qn+s

with the symbol > " indicating summation over all 1 < s; < 2¢,1 < j < d except the term corresponding to
$1 = ... = 84 = 2q. Thus in each term of >_" at least one of ¢;-s is distinct from 1. Therefore using relation (10) and
the symmetry we obtain that for each term in }_*

1] (1 + x| — 22 )

21al® (1 b [91] + e+ by )™ e
1+ Ixlz)m s . {1+ ey
C(R4)

Thus for the remainder term in (11) we obtain the next estimate

jo1..wal (1 + |x|3 — 2elzalsyna

R < (29)° zdl
|| ||C(]Rd) = ( Q) (1 ¥ |X|g)qn+s
C(R4)
We will now give an upper bound for the norm of the above function using notations
v(x) = v(x1, . xg) =14 XS, w(x) =u(zy,....2q) = L.
(L + [za]*)v(x)
Applying these notations in the above estimate for || R[|c(ray and using that
21z 1]* <o)L |zg]® < v(x)Pu(x)
clearly implies
o (1= yqu(x))™ u(x)(1 — you(x))™
Bl < (20)" ] SN oy | wCIC 3GV
v(x) C(Re) v(x) C(Re)

Now recalling that s > d + 1 and using that v(x) > 1, x € R? we obtain

(29) n c(q,d)

[ Rllogay < 1t =)™ low) <
Vq n
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with a constant ¢(q,d) depending only on ¢ and d. Applying this estimate in (11) yields

Qn(x) |£U1....’Ed|a c(q,d) J
A+ [xo)em+s T+ xe)e| = n 0 ¥ (21,..,7a) €RY, neN (12)

Now we can observe that for any polynomial G € Plfl of degree at most p we have

HG <e
wéllogs) ~
Thus multiplying relation (12) by the bounded quantity |wfggp | and setting s := p(dTH) >d+11in (12) yields
Gx)Qn(x)  Gx)|r1..7a|® _0 1
W (x)P(Fd+2) wa (X)PEHD) || o ga) n)’

which is the statement of the lemma. [J

Proof of sufficiency in Theorems 3 and 4. Now the proof of the sufficiency in Theorem 3 can be finalized by
using a Stone-Weierstrass-type argument. For any closed subalgebra of functions A C C(K) with K being a compact
Hausdorff space denote by Z4 := {z € K : g(x) = 0,for all g € A} the zero set of A. Then the Stone-Weierstrass
theorem (see e.g., [1, p. 13]) states that if A separates points in K \ Z4, then any f € C'(K) which vanishes on Z4
belongs to A, i.e., A={f e C(K): f=0o0nZs}. We will use this statement in the space

C*(RY) :={f € C(RY) : f(o0)} =0

of continuous functions vanishing at infinity which clearly provides the needed compactification of the domain.
Let o = 57 p,q € N, 0 < a < 1. The proof will be accomplished in two steps. First we will verify the need

statement for the subsequence N, := {pn : n € N}.
Set
Ap ={f € C*RY): f = lim wi"gpn, gpn € Py}

Obviously, A, is a closed subalgebra of C*(R%), where by the already proven necessary condition in Theorem 3 we
have LY U {0} € Z 4,- Furthermore it follows by Lemma 7 that for any polynomial G € P;f of degree at most p we
have

G(X)| 1.4 “we (x) P2 € A, (13)

Since function |z1...24|%wa (x) "P(@+2) vanishes only on L% U {oo} it follows that LU {oo} = Z4,. Moreover polyno-
mials G € P¢,p > 1 separate points in all of R and hence functions (13) separate points in R? \ {L? U {oo}}. Thus
any function f € C(R?) which vanishes on L% U {oo} is in A, i.e., is a uniform limit on R? of weighted polynomials
—pn d
W " Gpns Gpn € Py
Now for any 0 < j < p — 1 and any polynomial G € P{ of degree at most 1 consider continuous functions

[i(x) = 1. 24G(X)we (x) P77 0<j<p—1.
It can be easily verified that f; vanishes on LAU {oo} = Za,, for every 0 < j < p— 1. Thus by the previous step of
the proof each f; is a uniform limit on R? of weighted polynomials WP gjn, Gin € Pgn,O < j <p-—1. Of course
this is equivalent to
Wo (X) P g (%) — z1..24G(x)we (x) P74 e C*(RY), 0<j<p-—-1, n — oo.
Now for an m € N, m = j (mod p), say for m = pn + j with some n € Nand 0 < j <p—1, set
gm = gjn € PL, C P2
Then the last relation means that we found a sequence of polynomials g,, € P4, m = 1,2,..., such that

We (X) "™ G (X) = 124G (X)wa (x) P74 € O*(RY), 0<j<p-1, n — 00.
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Therefore, if we define
A:={fecC*RY): f= lim w,"gm, gm € P},
m—0o0

then it follows that x1...74G(X)ws(x) P91 € A for any polynomial G € P{ of degree at most 1. Just as above
this means that Z4 = L? U {co} and we have suitable test functions in the closed subalgebra A C C*(R?) which
separate points in R\ {L¢ U {oc}}. Hence, repeated application of the Stone-Weierstrass theorem implies that any
function f € C(R?) which vanishes on L¢ U {oc} is in 4 i.e., is a uniform limit on R% of weighted polynomials
W, "gn, gn € P3. This completes the proof of the sufficiency in Theorem 3. Moreover, recalling Lemma 5 we obtain
the sufficiency in Theorem 4, as well. O]

Conclusions. As it can be seen from the above results convexity of the weight plays a crucial role in the study
of density of weighted polynomial approximation. In this respect it would be very important to verify that density
holds for every convex admissible weight without the assumption of piecewise C'' smoothness as stated in Conjecture
2 for d > 1. Another promising line of investigation could be related to the study of non convex weights. As it is
indicated by Theorem 3 in non convex case certain exceptional zero sets come into play and finding these sets poses
a rather nontrivial question. Furthermore, the study of weighted polynomial approximation in Cy(R?) might lead to
a further insight into the question of density of multivariate homogeneous polynomials.
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