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Exact solutions of the Schrödinger equation describing a freely expanding Lieb-Liniger gas of delta-
interacting bosons in one spatial dimension are constructed. We demonstrate that for any interaction
strength the system enters a strongly correlated regime during such expansion. The asymptotic form of the
wave function is shown to have the form characteristic for ‘‘impenetrable-core’’ bosons. Exact solutions
are obtained by transforming a fully antisymmetric (fermionic) time-dependent wave function that obeys
the Schrödinger equation for a free gas. This transformation employs a differential Fermi-Bose mapping
operator that depends on the strength of the interaction and the number of particles.
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Nonequilibrium phenomena in quantum many-body
systems are among the most fundamental and intriguing
phenomena in physics. One-dimensional (1D) interacting
Bose gases provide a unique opportunity to study such
phenomena. In some cases, the models describing these
systems [1–3] allow one to determine exact time-
dependent solutions of the Schrödinger equation [4,5],
providing insight beyond various approximations, which
is particularly important in strongly correlated regimes.
These 1D systems are experimentally realized with atoms
tightly confined in effectively 1D waveguides [6–8], where
nonequilibrium dynamics is considerably affected by the
kinematic restrictions of the geometry [8], while quantum
effects are enhanced [9–11]. Today, experiments have the
possibility to explore 1D Bose gases for various interaction
strengths, from the Lieb-Liniger (LL) gas with finite cou-
pling [6,8] up to the so-called Tonks-Girardeau (TG) re-
gime of ‘‘impenetrable-core’’ bosons [7,8]. However, most
theoretical studies of the exact time dependence address
the TG regime (see, e.g., Refs. [4,12–18]). In this limit, the
complex many-body problem is considerably simplified
due to the Fermi-Bose mapping property [4] where dy-
namics follows a set of uncoupled single-particle (SP)
Schrödinger equations [4]. It is therefore desirable to em-
ploy an efficient method for calculating the time evolution
of a LL gas with finite interaction strength.

In 1963, Lieb and Liniger [1] presented, on the basis of
the Bethe ansatz, a solution for a homogeneous Bose gas
with (repulsive) �-function interactions, for arbitrary inter-
action strength c; periodic boundary conditions were im-
posed. This system was analyzed by McGuire on an in-
finite line with attractive interactions [3]. The renewed
interest in 1D Bose gases stimulated recent studies of static
LL wave functions [19–21] including a LL gas in box
confinement [21]. Besides the wave functions, the correla-
tions of a LL system with finite coupling [22–31] provide a
link to many observables and were analyzed by using
various techniques, including the inverse scattering method
[24,25,30,31], 1=c expansions [23] relying on the analytic

results in the TG regime [32], and numerical quantum
Monte Carlo techniques [28]. Regarding dynamics, a full
numerical study of the irregular dynamics in a mesoscopic
LL system was presented in [33]. In Ref. [5], Girardeau has
shown that phase imprinting by light pulses conserves the
so-called cusp condition imposed by the interactions on the
LL wave functions, and suggested to use time-evolving SP
wave functions to analyze the subsequent dynamics.
However, as pointed out in Ref. [5], the presented scheme
does not obey the cusp condition during the evolution,
which limits its validity. This situation can be remedied
by using an ansatz that obeys the cusp condition at all times
by construction [24,34].

Here we construct exact solutions for the freely expand-
ing LL gas with localized initial density distribution. We
demonstrate that for any interaction strength c, the LL
system enters a strongly correlated regime during such
expansion. Consequently, the asymptotic form of the
wave function and single-particle density assume the
form characteristic for that of a TG gas. Exact solutions
are obtained by differentiating a fully antisymmetric (fer-
mionic) time-dependent wave function, which obeys the
Schrödinger equation for a free Fermi gas [34]. This
method, outlined by Gaudin [34], employs a differential
operator that depends on the interaction strength c and the
number of particles.

We consider the dynamics of N indistinguishable
�-interacting bosons in a 1D geometry [1]. The
Schrödinger equation for this system is

 i
@ B
@t
� �

XN
i�1

@2 B
@x2

i

�
X

1�i<j�N

2c��xi � xj� B; (1)

where  B�x1; . . . ; xN; t� is the many-body wave function,
and c quantifies the strength of the interaction (for connec-
tion to physical units see, e.g., [5]). The x space is infinite
(we do not impose any boundary conditions), which cor-
responds to a number of interesting experimental situations
where the gas is initially localized within a certain region
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of space and then allowed to freely evolve. This is relevant
for free expansion [13–16] or interference of two initially
separated clouds during such expansion [12], etc. Because
of the Bose symmetry, it is sufficient to express the wave
function  B in a single permutation sector of the configu-
ration space, R1: x1 < x2 < � � �< xN. Within R1,  B obeys

 i@ B=@t � �
XN
i�1

@2 B=@x
2
i ; (2)

while interactions impose boundary conditions at the bor-
ders of R1 [1]:

 

�
1�

1

c

�
@

@xj�1
�

@
@xj

��
xj�1�xj

 B � 0: (3)

This constraint creates a cusp in the many-body wave
function when two particles touch, which should be present
at any time during the dynamics.

In the TG limit (i.e., when c! 1) the cusp condition is
 B�x1; . . . ; xj; xj�1; . . . ; xN; t�jxj�1�xj � 0 [2,4], which is
trivially satisfied by an antisymmetric fermionic wave
function  F�x1; . . . ; xN; t�; thus  B �  F within R1, which
is the famous Fermi-Bose mapping [2,4]. In many physi-
cally interesting cases,  F can be constructed as a Slater
determinant

  F�x1; . . . ; xN; t� � �N!���1=2� det��m�xj; t�	
N
m;j�1: (4)

Since  B �  F within R1,  F must obey i@ F=@t �
�
PN
j�1 @

2 F=@x2
j , which implies that the SP wave func-

tions �m�xj; t� evolve according to

 i@�m=@t � �@2�m=@x2; (5)

m � 1; . . . ; N. Thus, in the TG limit, the complexity of the
many-body dynamics is reduced to solving a simple set of
uncoupled SP equations, while the interaction constraint
(3) is satisfied by the Fermi-Bose construction.

The simplicity and success of this idea motivates us to
choose an ansatz that automatically satisfies constraint (3)
for any finite c [24,34]. It can be shown that the wave
function

  B;c �N cÔc F�insideR1�; (6)

where

 Ô c �
Y

1�i<j�N

�
1�

1

c

�
@
@xj
�

@
@xi

��
(7)

is a differential operator and N c is a normalization con-
stant, obeys the cusp condition (3) by construction [24,34].
In order to exactly describe the dynamics of LL gases,
the wave function (6) should also obey Eq. (2) inside R1.
From the commutators �@2=@x2

j ;Ôc	�0 and �i@=@t; Ôc	 �

0 it follows that if  F is given by Eq. (4) and the �m�xj; t�
obey Eq. (5), then  B;c obeys Eq. (2). Note that for c! 1,
one recovers Girardeau’s Fermi-Bose mapping [2,4], i.e.,
Ôc � 1.

Interestingly, for a single time-dependent noninteracting
fermionic wave function  F, transformation (6) generates a
whole family of LL wave functions  B;c for different
interaction strengths c. An important question is this:
What is the difference in the structure of the LL wave
functions and corresponding observables for different c,
and what happens to these differences during evolution?

Let us assume that for t < 0 the LL gas is confined by an
external potential V�x� and is in its ground state, before at
t � 0 the potential is suddenly switched off. In order to find
the exact form of the ground state, we have to solve the
static Schrödinger equation for the LL gas in the potential
V�x�. By using the above formalism, we express the ground
state as  B0 �N cÔc F0, which should (within R1) obeyP
jHj B0 � EB0 B0 or, equivalently,

 Ô c

X
j

Hj F0 �

�
Ôc;

X
j

Hj

�
 F0 � ÔcEB0 F0: (8)

Here, EB0 is the ground-state energy, and Hj �

�@2=@x2
j � V�xj� is the SP Hamiltonian. Equation (8)

shows that, due to the nonvanishing commutator
�Ôc;

P
jHj	 � �Ôc;

P
jV�xj�	, operating with Ôc on the

fermionic ground state in the trap does not give the bosonic
ground state. However, for sufficiently strong interactions
and/or weak and slowly varying potentials, we can ap-
proximate �Ôc;

P
jV�xj�	 
 0. In the TG limit, the com-

mutator vanishes identically. Thus, for sufficiently strong
interactions, the ground state is approximated by  B0 �

N cÔc det��m�xj; 0�	
N
m;j�1=

������
N!
p

, where �m�xj; 0� is the
mth eigenstate of the SP Hamiltonian.

In what follows we study free expansion from
such an initial condition,  B;c�x1; . . . ; xN; 0� �

N cÔc det��m�xj; 0�	Nm;j�1=
������
N!
p

, which describes a LL
gas with a localized density distribution. Even though
this initial condition cannot be interpreted as the
ground state of a LL gas in V�x� for weak interactions,
we emphasize that transformation (6) generates a
family of exact time-dependent solutions  B;c �

N cÔc det��m�xj; t�	
N
m;j�1=

������
N!
p

for all values of c. In
what follows we assume that V�x� � �2x2=4, with � � 2.
The properties of the initial condition are illustrated in
Fig. 1 (left column), which depicts the section
j B;c�0; x2; x3; 0�j2 of the probability density for N � 3
particles, and c � 1, 3, and 10. We observe that, as the
interaction strength increases, the initial state becomes
more correlated. Given that one particle is located at
zero, for c � 1 there is a considerable probability that
the other two particles are to the left or to the right of the
first one; i.e., their positions are weakly correlated with that
of the first particle. However, for larger c, if one particle is
at zero, it is more likely that the other two particles are on
opposite sides of the first one, and their distance grows with
increasing interaction strength.
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When the harmonic potential is turned off, the evolution
of the SP states �m�x; t� is known exactly (see, e.g.,
Ref. [15]): �m�x;t���m�x=b�t�;0�exp�ix2b0�t�=�4b�t���

iEm��t�	=
��������
b�t�

p
, where Em is the energy of the mth SP

eigenstate �m�x; 0�, b�t� �
������������������
1� t2�2
p

, and ��t� �
arctan��t�=�. We can make use of the expression for the
ground state of a TG gas in harmonic confinement [35] to
calculate  F0. Employing Eq. (6), the evolution of  B;c can
be formally expressed (within R1) as

  B;c �N �c; �;N�b�t���N
2=2�e�i�N

2�=2���t�Ôce
����i�2t�=4

P
N
j�1
�xj=b�t�	

2 Y
1�i<j�N

�xj � xi�; (9)

where N �c; �;N� is a normalization constant, evaluating
to N � 1 for c! 1. The action of the operator Ôc yields
lengthy expressions already for a few particles, and par-
ticular examples will be given elsewhere. Although Eq. (9)
provides a family of exact wave functions for the time-
dependent LL gas, it is desirable to calculate the evolution
of observables such as the SP density �c�x; t� �
N
R
dx2 . . . dxNj B;c�x; x2; . . . ; xN; t�j2. This task is compli-

cated by the many-fold integral. However, we can find the
evolution of �c�x; t� numerically for small numbers of
particles. Figure 1 (right column) displays the evolution
of the SP density for three different values of c. For larger
c, the initial SP density exhibits typical TG-fermionic
properties, characterized by N small separated humps
[4,12]. For all values of c, the SP density acquires such
humps during free expansion indicating that the system
becomes strongly correlated in time. This is further illus-
trated in Figs. 2(a)–2(c), which show the section of the
probability j B;c�0; x2; x3; t�j2 for c � 0:1, at times t � 0,
0.8, and 2. By comparing Figs. 2(a)–2(c) with the left
column of Fig. 1, we clearly see that with the increase of

time the system qualitatively behaves as if the interaction
strength increases.

In order to gain deeper insight into this transformation of
the system towards a strongly correlated regime during free
expansion, it is instructive to study the exact form of the
wave functions and the particle densities for large t. This is
also motivated by the fact that the state of the system in
experiments is often studied by measuring the density of
the atomic cloud after free expansion. The spatial extent of
the wave functions presented in Eq. (9) scales as b�t� with
time [b�t� � �t for t� ��1]. Hence, we are interested in
the behavior of  B;c��1b�t�; . . . ; �Nb�t�; t� for large times,
where �i � xi=b�t� are the new rescaled spatial coordi-
nates. From the fact that the operator Ôc is invariant under
the transformation xi ! �i, c! b�t�c, we immediately
see that expansion of the system implies an increase of
the effective interaction strength, which is in accordance
with the result of Ref. [1] on the static LL gas. By using this
fact, after some algebra it can be demonstrated that the
leading term of  B;c��1b�t�; . . . ; �Nb�t�; t� for large times
is (in any region Rn)

  B;c��1b�t�; . . . ; �Nb�t�; t� / b�t�
��N=2�e�i�N

2�=2���t�e����i�
2t�=4

P
N
j�1

�2
j

Y
1�i<j�N

g��j � �i� �O

�
1

t

�
; (10)

where g��� � j�j � i��2=2c. Equation (10) readily yields a comparison of the wave functions for different c. At any c,
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FIG. 2 (color online). The evolution of correlation properties
during free expansion. (a)–(c) Contours of the probability den-
sity j B;c�0; x2; x3; t�j

2 for c � 0:1, at times t � 0; 0:8, and 2; the
labels are �i � xi=b�t�. (d) The asymptotic form of the SP
density �1;c��� for c � 0:1, 3, and 10.

−5 5
0

1

ρ(
x,

t)

0

1

ρ(
x,

t)
0

1

ρ(
x,

t)

x3

x3

x3

x2 x

c=1

c=3

c=10

c=10

c=50

c=52

-2

2

-2

2

-2 2

-2

FIG. 1 (color online). The correlation properties of the initial
state and the evolution of the SP density for various interaction
strengths, for N � 3 particles. (Left column) The probability
density j B;c�0; x2; x3; 0�j

2 for c � 1, 3, 10. (Right column) The
SP density at t � 0 (black solid line), t � 0:5 (red dotted line),
and t � 1 (blue dot-dashed line), for c � 5, 10, 50.
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the wave function (10) has TG structure; i.e., it is zero for
�i � �j, i � j. As a consequence of that, the asymptotic
SP density �1;c��� � limt!1b�t��c��b�t�; t� has a TG
multihumped structure at any c [see Fig. 2(d) for N � 3].
It is interesting to note that for weaker interactions c, the
asymptotic SP density has deeper valleys between the
humps. This follows from the fact that as two particles
approach the amplitude of the wave function Eq. (10)
decreases faster for smaller c; in the TG limit the ampli-
tude behavior is dominated by g��i � �j� � j�i � �jj,
whereas for small c the term g��i � �j� � ��i � �j�2=c
dominates.

It should be emphasized that the Fermi-Bose trans-
formation employed here differs from the fermion-boson
duality discussed in Ref. [36] (see also [37]), because it
transforms a noninteracting fermionic wave function
into a family of wave functions describing LL gas. Using
Ref. [36] it can be shown that the approach used here can
also be applied to construct wave functions for a time-
dependent Fermi gas with finite-strength interactions.

In conclusion, we have constructed exact solutions for
the freely expanding LL gas with a localized initial density
distribution. We have demonstrated that the system enters a
strongly correlated regime during such expansion. The
asymptotic form of the wave function is shown to have
the form characteristic for that of a TG gas. Wave functions
are obtained by differentiating a fully antisymmetric (fer-
mionic) time-dependent wave function, which obeys the
Schrödinger equation for a free Fermi gas. For a number of
physically interesting situations, by using the operator Ô,
the state of the system can be derived from N SP time-
dependent states, as anticipated in Ref. [5]. The construc-
tion of LL wave functions for various external potentials
V�x�, and the derivation of correlation functions within the
employed formalism is the subject of ongoing work.
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[13] P. Öhberg and L. Santos, Phys. Rev. Lett. 89, 240402

(2002).
[14] M. Rigol and A. Muramatsu, Phys. Rev. Lett. 94, 240403

(2005).
[15] A. Minguzzi and D. M. Gangardt, Phys. Rev. Lett. 94,

240404 (2005).
[16] A. del Campo and J. G. Muga, Europhys. Lett. 74, 965

(2006).
[17] M. Rigol et al., Phys. Rev. Lett. 98, 050405 (2007).
[18] R. Pezer and H. Buljan, Phys. Rev. Lett. 98, 240403

(2007).
[19] J. G. Muga and R. F. Snider, Phys. Rev. A 57, 3317

(1998).
[20] K. Sakmann et al., Phys. Rev. A 72, 033613 (2005).
[21] M. T. Batchelor et al., J. Phys. A 38, 7787 (2005).
[22] D. B. Creamer, H. B. Thacker, and D. Wilkinson, Phys.

Rev. D 23, 3081 (1981).
[23] M. Jimbo and T. Miwa, Phys. Rev. D 24, 3169 (1981).
[24] V. E. Korepin, N. M. Bogoliubov, and A. G. Izergin, Quan-

tum Inverse Scattering Method and Correlation Functions
(Cambridge University Press, Cambridge, 1997).

[25] T. Kojima, V. E. Korepin, and N. A. Slavnov, Commun.
Math. Phys. 188, 657 (1997).

[26] M. Olshanii and V. Dunjko, Phys. Rev. Lett. 91, 090401
(2003).

[27] D. M. Gangardt and G. V. Shlyapnikov, New J. Phys. 5, 79
(2003).

[28] G. E. Astrakharchik and S. Giorgini, Phys. Rev. A 68,
031602(R) (2003).

[29] P. J. Forrester, N. E. Frankel, and M. I. Makin, Phys.
Rev. A 74, 043614 (2006).

[30] J.-S. Caux, P. Calabrese, and N. A. Slavnov, J. Stat. Mech.
(2007) P01008.

[31] P. Calabrese and J.-S. Caux, Phys. Rev. Lett. 98, 150403
(2007).

[32] A. Lenard, J. Math. Phys. (N.Y.) 5, 930 (1964).
[33] G. P. Berman et al., Phys. Rev. Lett. 92, 030404 (2004).
[34] M. Gaudin, La fonction d’Onde de Bethe (Masson, Paris,

1983).
[35] M. D. Girardeau, E. M. Wright, and J. M. Triscari, Phys.

Rev. A 63, 033601 (2001).
[36] T. Cheon and T. Shigehara, Phys. Rev. Lett. 82, 2536

(1999).
[37] V. I. Yukalov and M. D. Girardeau, Laser Phys. Lett. 2, 375

(2005).

PRL 100, 080406 (2008) P H Y S I C A L R E V I E W L E T T E R S week ending
29 FEBRUARY 2008

080406-4


