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Nomenclature 

A Cross-sectional area of fin 

13i_,m Geometric parameters pertaining to area of fin 

B2,n Geometric parameters pertaining to perimeter of fin 

Cp Specific heat 

H Convection co�fficient of the surface and tip of fin 

h Conv.ection coefficient of the base 

k Conductivity 

L Coordinate at the tip of the fin 

P Perimeter or the derivative of surface area with respect to 

x of fin 

T Temperature 

t Time 

x Coordinate at any point of the fin 

x Coordinate at the base 

E Emissivity 

'Z Fin efficiency 

� Density 

er Stefan-Boltzmann constant 

Subscripts: 

o Ambient fluid 

l,f Heating fluid 



Dimensionless Parameters: 

; Coordinate 

9 Temperature 

11) Ratio of the coordinates 

T' Time 

NB Biot number of the fin surface 

N &c\ Biot number of the fin base 

'Nt Radiation parameter 

F Fin parameter 



CHAPI'ER I 

INTRODUCTION 

It has long been known that the heat transfer from a solid body 

to an ambient fluid can be increased by increasing the surface area 

of the solid body. Extended �urfaces, or fins, are in�ispensable for 

compact heat exchangers •. Geometrically, fins may be classified as 

straight fins, annular fins, and rod fins or spines. In most applica

tions of fins, a fluid is circulating inside the fin-supporting pipe 

while the outside is exposed to another ambient fluid. The purpose 

of fin analysis is to find the temperature distribution in the fin 

and the heat transfer from the fin to the ambient fluid, i.e., the 

£in efficiency, which is the basis of comparing various fin designs. 

Conduction is the heat transfer mechanism in the fin,.and convection 

and radiation occur at the surface. The amount of radiation heat 

transfer, in accordance with Stefan-Boltzmann's law, is proportional 

to the difference between the fourth_power of the temperature of the 

fin and the ambient fluid. The fourth-power_ term makes the fin 

equation non-linear and difficult to solve analytically. Earlier 

researchers linearized the radiation term by replacing the fourth

power law by an equivalent convection coefficient times the difference 

of the temperature in order to obtain an analytical solution. Thus, 

by linearization, Gardner (l)* derived a general equation for the 

*Numbers in parentheses refer to the bibliography given at the 
end of the text. 
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temperature gradient and fin efficiency for a class of one-dimensional 

extended surfaces . 

Radiating fins have become very important as a result of space 

exploration. For space vehicles at high altitude, radiation is the 

dominating heat transfer mechanism. Chamber and Somer (2), in solving 

an annular radiating fin by numerical methods, showed that the error 

in fin efficiency introduced by linearizing the radiation term can be 

· as much as 60 percent. Thus, f o·r high-temperature operation of the 

fin, the non-linear term must be included. Cobble (3) solved the 

steady-state problem of a one-dimensional constant-area fin with a 

fixed base temperature and insulated tip analytically by reducing the 

fourth power through the application of Newton's forward difference . 

Subsequently, Shouman (4,5) found the exact solution to the same 

problem. Numerical solutions are also available for steady-state 

heat transfer of some specific types of fins (6,7,8). 

The present thesis deals with the question of transient efficiency 

of radiating and convecting extended surfaces . The results are com

pared with data given in some recent publications (3,9) for the case of 

steady operation of, constant-area fins with a constant root temperature 

and insulated tip . Transient temperature and efficiency curves for 

various types of extended surfaces are presented for design purposes . 

The topic of transient temperatures and efficienc.ies of convect

ing and radiating fins was covered, for the first time, in a recent 

paper by Lumsdaine and Hwang (10). 



1. Fin Equation 

h. 

CHAPI'ER·II 

ANALYSIS 

sr�) 
H 

+.----+------- L 

Fig. 1 Generalized extended surface 

J_ 

Consider an extended surface with variable cross section (Fig. 1) 

with the following assumptions: 

l. The fin thickness is so small compared to the width that the 

problem can be considered as being one-dimensional . The temperature 
) 

distribution.is T(x,t). 

2. The fin material is homogeneous and isotropic. 

J. There is no heat source in the fin. 

4. The thermal conductivity of the fin is constant. 

5. The convection coefficient and the emissivity are constant 

over the fin surface. 



In figure 1, the cross-sectional area .A(x ) normal to x for heat 

conduction is a function of x and so is the surface area S(x ) for 

convection and-�adiation to the ambient fluid. 

4 

At an element of the fin contained between the cross· sections 

x and x + �x (Fig . 2), conduction through the cross section at x is� 

�c �,.. To 

t t 

-r(x,, t:) 

r 

Fig . 2 Heat transfer at a fin element 

oT from Fourier's law, qk = -kA ox; convection and radiation from the 

surface �S are, from Newton's law and Stefan-Boltzmann's law, 

q = h6S(T-T ) and q = �E6S(T4-T 4) r�spectively. An energy balance 
C O r 0 

on this element gives the fin equation 

or 

,. aT c.: oqk c 
�c

pot ox + qk +qr + °ax ox =  0 

o T = k 
at c>c p 

1 
A 

p 
A (T T ) - trE _P_(T4 T 4) - o �C A - o 

p 
(1) 

where P = dS/dx is the perimeter. The boundary conditions are obtained 
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by equating the heat transfer rates at the root and tip respectively, 

i.e. , 

2. (2) 

and the initial condition is 

J. T(x, o) = Z(x) 

The class of extended surfaces which will be discussed are those 

with 
dS p = � =Jt+y'2 

(3) 

where the values of B
1

, B
2

, m and n depend on the type of extended 

surface considered. In some cases when the cross section and the 

perimeter cannot be written in the form of Equation (3), the origin 

of the coordinate can be taken at the tip of the fin by simply 

rearranging the boundary conditions. Some ex amples of extended 

surfaces which satisfy Equation (3) are shown in Appendix I. 

Upon substitution of Equation (3) into Equation (1), the result 

is 

oT = .JL (8 T + ....!!__ �) H p (T-To) - -�cc P
A (T4-To

·4) (4) 8t E>Cp ax2 . x ax - e cp A '-" p 

The introduction of the dimensionless parameters 
X-X

0 
X T 

� = U) = __£ Q =-
(5) T L-x L 0 

0 
and 

(L-x ) +x X (l-00)5 +w x= or -= 
0 0 L 



into Equation (4) yields 

as k 1· To°"it 
= ec ( (L-x )5 +x 

. _ p O 0 

HTO p 
-'°c A (9-1) 
' p 

4 o-E-To _L (9
4�1) A 

The multiplication by e C 1(1-x ) /kT on both sides gives 
p O 0 

a e ( 1 a Q 1 ta J 
(l-w) at = (l-w)5 +w � + 1-uJ a�z 

PL HL �LT 3 4 J - A(l-W) (-k ( 9-1) 1 k 
O ( e. -1) 

More dimensionless parameter� are-defined as 

kt 
-'t" = -- ' ' 

ec 12 

- p 

N = .J&.. 
B k 

<r� LT 3 
N = o 

r k 

It can easily be realized that PL/A is dimensionless and 

(6) 

(7) 

PL B2xn B2Ln-m+l 

(.1£_)
n-m x n-m 

A = Bi
xm L = B

1 L = F(L) (8) 

/ n-m+l where F = (B
2 

B
1) L  i s  dimensionless also . Equation (6) 

can be rewritten in terms of '7:', NB' Nr' and F as 

6 

-F ( (1- w)5 + w) n-m (1- W) ( NB( 9�1) +Nr(e4 -1) J 
(9) 



Boundary and initial conditions are now 

1. t� co, --r) = NBA (1-W) ( e(o, --z:-) - e1 (-r)l , NBA = � 

7 

2. !; (1, 'c) = - (1- LU) i NB ( G (l, 7:) -1) + Nr ( IJ
4

c1; 7::) -1)} (10) 

and 9 ( S , 0 ) = Z ( 5 ) , Z ( 5 ) · = z ( x) /T
O• 

Thus, the solution of Equations (9) and (10) is of the form 

2. Finite Difference Formulation of the Fin Equation 

If the fin is divided into q - 2 parts (Fig. J), with �he end 

points designated by the sub�cripts 2 and q, then the equivalent 

fo.rmu+ation
.
of Equations (9) and (10) in finite difference form is 

. 9.-9. 
(1 W ) 1 1 -( m -

A'c' - (1-w )si+W 

where �. = (i-2)·.6 x and 
J_ 

Q _g 
1. J 2 = N ( 1- w) · ( 92-el) A5 BA 

z. 

J. 

g _g 
g g-1 
A5 

8. = Z. at 7: = 0, with i = 2, J, . • . q 
J_ J_ 

e.+1+e. 1-2e. 
· l l- l 

) 
(A5)

2 

+ N (9.4-1)] 
r i 

i = 3, 4, . . . .  (q-1) 

(11) 

(12) 

(13) 



L X •1 Xo 
----+----i----------

• : • I . I • I •' 
1 2 1 3 : . 4 l l I 'I-I : I q, 

---- + - - - -i----------------
1� , r�x7 -h4-

Fig. J Coordinate system and subdivision for an annular fin 

'. 

O> 



In the formulation above, ei is the v�lue of 8 at ( 1; 1, --Z:), _ei+
l 

at ( s i + ..o s , -r) , e ;i.-l ·at ( � i - A 5 , �) and e ' 
i at ( ; i, '2:" + L1 'Z") o 

Equations (12) and (13) can be rewritten in ex plicit form for 

programing purposes, or 

-F ( (1-W) S i +w)
n-m 

L NB(ei-1) + Nr(ei
4-1))} 

1 = J, 4, •••• (q-1) 

Also, the boundary conditions become 
' 

1. 8 = 2 

e� ' 'tf + NBA(l-: W )Qi 

N
BA

(l-W) +_1_ . A5 

2. Nr(l-W) 8 'q4 
+ ( }S + NBA 

(1-Ul )] 

(1- GO )) = 0 
' ' 

To find the time-dependent temperature field, e 
3 

through O q-l 
were obtained from �i•s by means of Equation (14), then o•

2 
and 

(14) 

(15) 

8' were obtained by Equations (15) and (16) . In solving Equation 
q 

(16), Newton's method is used with 9' 1 as the first estimate for q-
The program for this purpose is included in Appendix II. 

J. Stability Criteria 

The numerical method presents only an approx imate solution to the 

original differential equation since the derivatives are replaced by 
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finite differences . A truncation error is introduced by the use of· 

finite subdiv�sion, and the numerical error is due mainly to the 

accumulation of round-off errors . As the increments are taken smaller 
- . 

and smaller, the numerical results approach the corresponding ex act 

values more closely. 

For non-steady numerical problems solved ex plicitly, the stability 

condition of the differential equation must be considered. Stability 

is the condition under which the truncation and numerical errors 

introduced at one point in time either damp out or increase in 

amplitude with time. 

From physical reasoning.the higher the 9i' the higher the Q•i, 

thus the derivative of e•. with respect to 0. mu.st be positive. From 
1 1 

1 · Equation _ (14), 

Notice the following inequalities, 

O < W < ( 1- aJ ) � i + W ( 1 i = 2, 3, ...... q 

and depending upon the values of m and n, one of the following 

conditions will hold 

If n < m, then U) 
n-m :> (. ( 1- u> ) S i + W] n-Ill > 1 

If n = m, then ((1-W) S i + <.o] n-m =l 

If n -:?' m, then w n-m < {(1-w) 5 i +w] n-m< 1 

(18) 

(19) 



For n < m, 

1 + ATf . -2 · 
. 1 (1� w) 2 

11 

Therefore, the stability condition can be established from the last 

inequality as 

A ,t:' < 
(1-W )

2 

and similarly, for 

,· .A 1: < 2 
·-(1-W) 2 

4. Fin Efficiency 

1 
( .A5 )

2 

n :> m 

1 
( .05 )

2 

1 
+ Fwn-m(N + 4N e 3 ) B r 1 

+ F 3 (NB + 4Nr9l) 

(20) 

( 21) 

The fin efficiency fl_ is defined as the ratio of the actual heat 

transfer from the ex tended surface to the heat transfer from the 

ex tended surface if the whole surface were at base temperature, or 

mathematically, 

s S (H(T-T
0) + U-€ (T4-T

0
4)] dS 

� = · 4 4 l H ( T(x , t) - T ] + oE (T (x , t) -. T ) } S 
0 0 0 0 

. 
. 

( 22) 

If the surface is divided in the way shown by dotted lines in Figure 

3, the finite difference form of Equation (22 ) is 



P .Ax ( H ( T . -T ) 
1 1 0 

-12 

+ 0-c (T. 4 
-T· -4)]

. 
+ (P �2 + A ) ( H (T -T ) + ("E: (T 

4
-T 

4)J} (23) 1 0 q q q O q �-

{f!r(T2-To) +�(T/-T0
4

)] ( P; Ll� + i: PiLh + P/� + A
4]} -l 

When both denominator and numerator are divided by kT
0

AxB
2

Ln-l and 

with 

A2 ----= 

�xB Ln 

2 

B
l 

=-----

B 1n-m+l 
.2 

L 
Ax = g-2 

F (24) 

Equation (23) can be rewritten in terms of dimensionless parameters as 

q-1 

• 7l ={�_

n
(NB(82-l) + Nr(e2

4
-1)) + . f; ((l-W)5 i +uJJ (NB(9i-l) l i=3 

+Nr(Gi
4

-1)) + (; + g;
Z

) (NB(G
4

-l) + Nr(G
4

4
�1)JJ (25) 

Since it is impractical to store the data for the time-dependent 

temperature, the program for efficiency is included in the program 

for temperature so that both results can be obtained simultaneously. 



CHAPTER.III 

RESULTS AND DISCUSSION 

3 

To check the accuracy of the present solution, compari��ns were 

made with two recent publications for steady-state heat transfer in 

a constant-area straight fin with convection and radiation at the 

surface. Figure 4 shows the comparison with the analytical and 

experimental results of Cobble (3) and Figure 5 is a comparison with 

the work of Sparrow and Nierwith (6). The discrepancy between the 

present numerical results and the numerical results of reference (6) 

is not large and certainly withiri engineering accuracy. Figure 6 

gives the steady-state · efficiency of the same fin with and without 

tip heat transfer. Because of the numerous combinations possible, a 

parametric study will be quite involved but should be done at a 

future date. It was decided to present curves for a typical range of 

values of the dimensionless parameters. 

Figures 7 to 22 give the transient temperature and efficiency 

for annular fins and Figures 23 to 30 for straight fins. The effect 

of changing geometry on transient temperature and efficiency is 

given in Figures 31 to 36. The values are selected for typical 

applications in engineering practice. 

A constant ambient temperature was assumed in Chapter II. If it 

were time-dependent, e would be defined as 

8 = T (x,t) / T0 (0) 

6
0 

� T
0

(t) / T0 (0) 

2 3 3 0 0 8 SOUTH DAKOTA STATE U1 IVE.RSITY LIBRARY 
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4 4 and ( 9 - 9 
0 

) would take the place of. ( 9 - 1 ) and ( 9 - 9 0 ) . 

for ( e4 
- 1 ) in all the· formulas. 

Since curves on Figure 7 through 36 were run for comparison 

purposes, the temperatures of the circulating fluid and the.ambient 

fluid were assumed to be constant. In practical applications, the 

values of time-dependent temperatures should be substituted during 

calculation. 

n 

\ 



l. 7r------�--

L� 

1.5� 

}-� 1.4,_ 
� 

II \.3 
ct> 

l. 2 

ALU1v1 I NUM 

\. ' �OU --tr 

l. 0 ____ ..._____ ___ ___ 
1- 0.5 · 0 I 

x· 

f-T 

C:) 

STEEL 

ANALYTJ(AL 1(0BBU:. EXPER\MENT 
NUMER\(Al 
( PRESENT WORK) 

<..> 

0.5 

r - L 
Fig. 4 Steady-state temperature distribution for straight steel and aluminum fins 

of constant area 

·o-

� 
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APPENDIX I 

VARIOUS FIN GEOMETRIES 

1. Straight Rectangular Fin 

A =  ld 

P = 21 

F = 21 ) ·d 

2. Spine of Rectangular Profile 

A =  ¼7Id2 . Bl = ¼1fd2 , 
p = l[d B2 = 1fd ' 
F = 4L / d 

, 

m == 0 

n = 0 

m = 0 

n = 0 

49 



J� · · Annular Fin of Constant Thickness 
i 

• . .; 

A · = 2 ,rxd ; 

P = 4 7Tx ; 

- F = 21 / d 

B1 = 2 1f  d . , 

B2 = 41f , 

m = l 

n = l 



4. Straight . Hyperboltc Fin 
I . . 
I 
\ ' 
\ 
\ 
\ 
\ 
\ 

\ ' ' 

. .51 

f 

For this type of fin, the origin of the coordinate is at some

where other than the root. If x /L < 1/2 ,  then y• << 1 ,  the following 
0 

identies will hold : 

A = 21 • ( C/x) ; 

P = 21 ; 

F = L2 / C 

m = -1 

n = l 



5 .  · Annular Hyperbolic Fin 

r \ 
I \ 

\ 

0 

A = - 4 TfX 

P = 4 rr x  

F = L2 / 

\ 
\ 
\ ' ' 

(C/x) 

; 

C 

B1 = 4,r c 

B2 = 41f , 

. 52 

, m = 0 

n = 1 



6 .  Straight Triangular Fin 

· For l>)d  

A =  dl:A./L 

P ,..._, 21 - ' 
F = 2L / d 

-r
d 
L 

B1 .
= dl/L , 

B2 = 21 , 

m = l 

n = 0 

.53 



? .  Spine of Triangular Profile 

If' d << L 

A = ¼ TT ( dx/ L) 2 

P = 7T dx  / L ; 

F = 41 / d 

. .  2 B1 = ¼ "IT ( d/�) , 

B2 = d / L , 

m = 2 

n = 1 

54 
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APPENDIX II 

PROGRAMMING 

.55 

A FORTRAN program for IBM 360/30 was prepared to obtain the 

results presented in this thesis . The main program is for input , 

output, stability and stoppi�g the computing when steady-state is 

reached. If the temperature distribution at any instant '7' is 

substituted into the "SUBROUTINE NEXT, " the temperature distribution 

and efficiency at the instant T + ..6Twill be obtained. "SUBROUTINE 

NEWTON" is for carrying out Newton's method for finding roots to 

Equation (16) . In this particul�r program, the fin was divided 

into ten parts , thus, :A; = .1. 



Symbol 

B 

BA 

DT 

DX 

EFF 

F 

G 

M 

N 

R. 

S (in next) 

SUMA 

SUMB 

T 

TM 

TYPE 

Description of Programming Symbols 

Description 

NB 
NBA 
A?: 

A S 

1l 
F 

- m 

n 

w 
e/ 
Numerator of Equation (25) 

Denominator of Equation (25) 

e 
"t' 

Type of the fin 

u 

. 56 



____ R E  A l _  11: , N _ _ __ _ _ _ _  . ____ __ __ . _____ _ __ . ____ -·· . __ _____________ _ 
D I ME N S I ON T Y P E ( 7 0 ) , T ( l 2 } , S ( l 2 )  
COM MON G , B , R , F � B A , M , N , D T , T , E F F  
T ( l ) = l . 5 -
0X= . l -
R E A D  ( 1 1 , 1 1 0 )  ( T Y P E Ci > , I = l , 7 0 ) 
R E  AO  .( 1 1  , 1 0 1 ) M , . N , G , B _t R , F , BA  -----

C S T AB I L I T Y 
A = 2  / [ O X • ( l . -R ) ) • * 2  ----
C= F * ( B & 4 . • G • T ( 1 ) • • 3 ) 
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____ I __ F_(_N_-M ) 1 2 , 1 1 � 1 1  _· _________________ _ 
1 1  OT = l . / { A &C ) 

GO T O  1 3  ·---
1 2  D T = l . / ( � CC • R * � ( N- M ) J 
1 3  CONT I N UE  � - ---· - · ----· 

WR I T E ( 1 2 , 2 0 1 ) ( T Y P E ( I J , 1 = 1 , 7 0 ) , B � BA , G , F , M , N , R � D T 
C T E M P E R A T UR E  F I E L D  

---�T-M: Q . 
----------------------

E F F -= O .  ----- ---
00 2 0  1 = 2 , 1 2  

2 0  T ( I ) = l .  -----------
WR I T E  ( 1 2 , 2 1 0 )  T M , { T ( l ) , I = l , 1 2 ) , E F F  

____ 0_0_2_1 J = l , �O_ 
T J,,! = T Mt C T  
CAL L N E X T  

--2-1-"R IlEfi 2-,-2-1-0 ) -T M ,  { T ( I ) ,  I ::.;,  l ,  1 2 ) , E Ff 
C S I S O L D  T E M P . , T I S N E W  T EM P . , I F  THE COR R E S-
C PON D I NG V A L U E S O F  S ANO  T A R E  E QU A L • I . E . , 

· C S T E A D Y- S T A T E I S  R E A C H E D , S TO P  T H E  COM P U T I NG 

----

2 2  00 2 3  1 = 2 , 1 2  . ------

2 3  S ( I ) = T C I )  
--- DO 24  K =_l_, _l_O ______________ _ 

T M = T M � O T  ----- ----·-- -
2 '• C � L L  N E X T 

WR I T E  { 1 2 , 2 1 0 ) T M , ( T ( I ) , I = l , l�l1 E_F_F _________ _ 
00 2 5  J = l , 1 1  
1 = 1 3 - J  ---- ------- ---------
1 f ( T ( I ) - S ( I ) - . I E - 5 ) 2 5 , 2 5 , 2 2 

__ 2 5  S T O P  
1 0 1 F O � � A T ( F l S . 5 )  
1 1 0 FO�M A T  ( 7 0 A l ) 

------ --------------

2 u l F OR ·'-I A T  ( l H l , 3 3 H T � .t\ \J S I EN T S T UDY O F  .R A D  I A T  I O N  F I N , 
1 2 1 H  BY  F I N I T E D I F F ER E NC E / / . _ 
2 1 f. H T Y  P E O F  T H E  F I N , 7 0 A 1 Ii 

-

3 F l 6 . 5 , 2 H = S , F l 8 . 5 , 3 H = B A , F l 7 . 5 , 2 H=G  / /  . 
4 F 1 6 .  5 ,  2 H = F ,  f 1 8 .  5 , 2 H = M ,  F 1 8  • -5 , 2 H = �r- 1/ 
5 F l 6 . 5 , 2 H = R / / /  ---
6 l OH S T A 8 I L I T Y , E l 5 . 4 , 3 H = O T / / /  
7 3 2 H D I �; i:: N S I O N  L � S S T E 1'- H., E R A H�.R E F I E L O ) 

.-:·--2Tu--·1= ·0�  M·�.u--- T 1 �-f - ;-FY�- 4 ·, · 1 2  F � .  6 ;  i= 5-� 3.) · · · -- - ·· ··· · --- --· - · -·· - ·-- ·--·- - -.- - --- ·- -

·-· - --- E i" D  



___ ______ _ _  S�B �9_U T I_N _E _ _ _  N __ E X "'f  ____ --- - · · -·· - -- - -- - -- -- ----- ___ ____ ___ _ 
R E A L  M , N  
D I M EN S I ON T ( l 2 ) , S ( l 2 ). ----
COM MON G , B , R , F , B A , M , N , D T , T , E F F  
S UM A= O . __ ,,______SUM B = u .  
DO 1 1  1 = 3 , 1 1  -
X= . l • C I - 2 ) 
X l = ( l .-R ) • X & R  
S ( I ) = T ( l ) � D T• [ ( 5 . § M• ( T ( l & l ) - T ( I - l ) ) / � I &i oo . • 

1 ( T ( l & l ) & T ( I - 1 ) - 2 . • T C I ) ) / ( l . - R J } / ( l . -R ) 
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2 - F-• sa-;·.- ,  N--:.: rn··.-, s :.  c f  ff ">"�"f-� -ft·G* 1 r Cff. *4·.:.:1 :-r, ;---- --
---- SUM A = S UM A L X_ f iH• f� * ( B � _ ( S ( _I ) - 1 . ) &G* (_S_ ( 1)_ * • 4- 1 . _)J ___ ___ _ 

S UM B = S UM B & X I * * N  
1 1  C ON T  HW E  

----. CAL L N E W TON  ( S ( l l ) , 5 ( 1 2 ) ) 
S A= . 5+ 1 0 . / F . . 
su�A= S UM A& S A • ( B • ( S ( l 2 ) - l . ) t G • ( S ( l 2 ) • •4- l . ) )  
SUM H = S U� B f. S A  
S ( 2 ) = C l O . • S · ( 3 ) & B A * ( l . -R ) • T ( l ) ) / ( B A• ( l . - R ) & l O . ) 
S A= B • ( S ( 2 ) - 1 . ) l G* ( S ( 2 ) * * 4- l . ) ---- -------------------- -----
1 f ( N )  1 4 , 1 5 , 1 4 

1 4  SUM A = S UM A & . S * R * *_N * S/\  ______ _____ _ 
----- --SUM B= ( SU M B & . S * �* * N ) • S A  

G O  T O  1 6  
1 5  S UM A = S UM A E . S * S A  

SUM 8 = ( S U M B & . 5 ) � S A  
1 6  I F  ( G )  1 8 , 1 7 , 1 8 -
1 7 I F ( B ) 1 a , 1 q , 1 a _ 

. 1 8 E F F = S UMA / S U M B  

\. 

_____ ___ ___ GO _ T _O _ _  2 0 __ __________ . __________ _________ _ _________ _ 
1 9  E F F= l . 
2 0 DO 2 l I = 2 , l 2 ---il - T ( I ) = S ( I ) 

RE T U RN . END  
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___ �-u�_RJJ�_I J  t� J: _ tf� �H QN__ c T_ ,_s_ L __ 
COM MON·  G , B ,  R 
S =T 

1 Y = G § ( l . - R ) • S • • 4 & ( 1 0 . & B • C l . - R ) ) • S 
1 - (  1 0 . • T � B* (_ 1_ . - R )_ � G -tt _( 1 . - R ) )  ---- ----------

DY= 4 . -tt G •  ( l . - R ) • S  • *  3 &  ( l O . & B -tt  ( l . - R ) ) 
O S = Y / DY 
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Nomenclature 

A Cross-sectional area of fin 

Bi,m Geometric parameters pertaining to area of ffn 

B
2, n Geometric parameters pertaining to perimeter of fin 

C Specific heat 
p 

H Convection coefficient of the surface and tip of fin 

h Convection coefficient of the base 

k Conductivity 

L Coordinate at the tip of the fin 

P Perimeter or the derivative of surface area with respect t 

:x of fin 

. T . · Temperature 

t Time 

x Coordinate at any point of the fin 

x Coordinate at the base 

E Emissivity 

"l Fin efficiency 

� Density 

<r Stefan-Boltzmann constant 

Subscripts: 

o Ambient fluid 

l,f Heating fluid 



Dimensionless Parameters; 

s Coordinate · 

8 Temperature 

co Ratio of the coordinates 

,z:- Time 

Ns Biot number of the fin surface 

N ae\ Biot number of the fin base 

N t Radiation parameter 

F Fin parameter 



CHAPI'ER I 

INTRODUCTION 

It has long been known that the heat transfer from. a solid body 

to an ambient fluid can be increased by increa·sing the surf ace area 

of the_ solid body. Extended · surfaces, or fins, are indispensable for 

compact heat ex changers. Geometrically, fins may be classified as 

straight fins, annular fins, and rod fins or spines. In most applica

tions of fins, a fluid is circulating inside the fin-supporting pipe 

while the outside is ex posed to another ambient fluid. Tpe purpose 

of fin analysis is to find the temperature distribution in the fin 

and the heat transfer from the fin to the ambient fluid, i . e., the 

fin efficiency, which is the basis of comparing various fin designs . 

Conduction is the heat transfer mechanism in the fin, . and convection 

and radiation occur at the surface. The amount of radiation heat 

transfer, in accordance with Stefan-Boltzmann's law, is proportional 

to the difference between the fourth power of the temperature of the 

fin and the ambient fluid. The fourth-power term makes the fin 

equation non-linear and difficult to solve analytically. Earlier 

researchers linearized the radiation term by replacing the fourth

power law by an equivalent convection coefftcient times the difference 

of the temperature in order to obtain an analytical solution. Thus, 

by linearization, Gardner (l)* derived a general equation for the 

*Numbers in parentheses refer to the bibliography given at the 
end of the text. 
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temperature gradient and fin efficiency for a class of one-dimensional 

extended surfaces .• 

Radiating fins have become very important as a result · of space 

exploration. For space vehicles at high altitude, radiation is the 

dominating heat transfer mechanism. Chamber and Somer ( 2), in solving 

an annular radiating fin by numerical methods, showed that the error 

in fin efficiency introduced by linearizing the radiation term can be 

as much as 60 percent . Thus, for high-temperature operation of the 

fin, the non-linear term must be included . Cobble (3) solved the 

steady-state problem of a one-dimensional constant-area fin with a 

fixed base temperature · and insulated tip analytically by reducing the 

fourth power through the application of Newton ' s  forward difference . 

Subsequently, Shouman (4 ,5) found the ex act solution to the same 

problem. Numerical solutions are also available for steady-state 

heat transfer of some specific types of fins (6,7,8). 

The present thesis deals with the question of transient efficiency 

of radiating and convecting ex tended surfaces . The results are com

pared with data given in some recent publications (3,9) for the case of 

steady operation of constant-area fins with a constant root temperature 

and insulated tip . Transient temperature and efficiency curves for 

various types of ex tended surfaces are presented for design purposes . 

The topic of transient temperatures and efficiencies of convect

ing and radiating fins was covered, for the first time, in a recent 

paper by Lumsdaine and Hwang (10). 



1 Fin Equation 

h. 

of-

CHAPTER II 

ANALYSIS 
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Fig. 1 Generalized extended surface 

3 

To 

Consider an extended surface with variable cross section (Fig p 1 )  

with the following assumptions: 

1. The fin thickness is so small compared to the width that the 

problem �an be considered as being one-dimensional. The temperature 

d�stribution is T(x, t). 

2. The fin material is homogeneous and isotropic. 

3. There is no heat source in the fin. 

4. The thermal conductivity of the fin is constant. 

5. The convection coefficient and the emissivity are constant 

over the fin surface. 



In figure 1, the cross-sectional area A(x ) normal to x for heat 

conduction is a function of x and so is the surface area S(x ) for 

convection and radiation to the ambient fluid . 

4 

At an element of the fin contained between. the cross sections 

x and + �x (Fig. 2 ) � conducti on through the cross section at x is , 

'{;c � r- To 

t t 

,(x, 1:) 

f 

Fig . 2 Heat transfer at a fin element 

from Fourier's law, qk = -kA �!; convection and radiation from the 

surface 6S are, from Newton's law and Stefan-Boltzmann's law, 

q = h6S(T-T ) and q = O-E6S(T4-T 4) respectively. An energy balance 
C O r 0 

on this element gives the fin equation 

or 

,. o T  c o qk 
� cp ot  o x + 

qk +qr + Tx X = 0 

o T = k o t (°C  p 

1 
A 

p 
A 

(T-T ). - <rE _P_(T4-T 4) 
o C C A o p 

(1) 

where p = dS/dx is the perimeter. The boundary conditions are obtained 
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by equating the heat transfer rates at the root and tip respectively, 

i. e. , 

1. 

2 ( 2) 

and the initial condition is 

J. T(x, o) = Z (x ) 

The class of extended surfaces which will be discussed are those 

with 
p dS ._· __ =

�
=

jl+y'2 (J) 

where. the values of B1, B
2 , m and n depend on the type of ex tended 

surface considered . In some cases when the cross section and the 

perimeter cannot be written in the form of Equation (3) , the origin 

o£ the coordinate can be taken at the tip of the fin by simply 

rearranging the boundary conditions . Some ex amples of ex tended 

surfaces which satisfy Equation ( 3) are shown in Appendix I .  

Upon substitution of Equation (3) into Equation (1), the result 

is 

en = .1L 
(
a2T + � �) .JL _p_ (T-T ) - ..f:.L _p_(T4-T 4) ( 4) rt ecp dX2 x ox - e Cp A o f> C

p 
A . o 

The introduction of the dimensionles s  parameters 
X-X X T Q = -s = 0 w = ---2. To (5) 
1-x 

0 
and · 

x= (L-x ) + X or .L = (l-o.>)5 + w  
0 0 L 



into Equation (4) yields 

o Q  · k ( . 1 To a°t 
= 

. e C
p 

-(L ___ x_0_) 5-+x_0_ 

HTO p 
-�c A (9-1) 

p 

4 

o-�To p 4 T (0 -1) 

The multiplication by e C L(L-x ) /kT on both sides gives 
p O 0 

D C  L2 

� p 
(l ) a e ( 1 a e 1 :e J 

k -«> at = 
(l-W)5 +w � + 1-w osz 

PL ( HL <r£- LToJ 4 J . - T(l-W) -k-(0-1) 1 k (e -1) 

More dimensionless parameters are defined as 

kt . . '1:'" = -- , 
· fC L2 

p 

N = � 
- B k 

cr� LT J 
N = o 

r k 

It can easily be realized that PL/A is dimensionless and 

( 6 

(7 )  

B
2xn B Ln-m+l n-m n-m Il = -- L = 2 (�) = F(�) (8) A �xm B

l 
L L 

I · n-m+l where F = (B
2 

B
1) L  is dimensionless also . Equation (6) 

can be rewritten in terms of "?:", NB, Nr, and F as 

) a e  ( m 
(l- oJ a°t = -(l---w)-5+_u>_ 

� + 1 
os 1- W 

6 

-F ( (l- c.u)5 + W) n-m (1- W) l NB( 0-1) +Nr( 04 -1) J 
( 9) 

, , 



Boundary and initial conditions are now 

1. t � ( 0, T )  = NBA ( 1� W ) ( 9 ( 0 , -r ) - 91 ( -r ) l , NBA = � 

. 7 

2 ,  
. 
t; (1, --i-)  = -(1- w ) 1 NB [ 9(1, Y ) -1) + Nr  ( o

4
c1 ,c: ) -1)} (10) 

and 9 ( S , 0 ) = Z ( 5 ) , Z ( � ) = · z ( x) /T
O 

• 

Thus, the solution of Equations (9)  and (io ) is of the form 

2. Finite Difference. Formulation of the Fin Equation 

If the fin is divided into q - 2 parts (Fig. 3 ) , with the end 

points designated by the subscripts 2 and q, then the equivalent 

formulation of Equations (9) and (10) in finite difference form is 
I ' 

.Q
. -9 . 

[ 
9 .  +1-9 . l l 9 . +1+9 . 1-29 . . l l m l 1- + __ l 1- l ) (1- w ) L\. � = 

(1-w )Si +w 2 . "'iS 1- W 
(A S  )

2 

+ N (9.4-1)] 
r l 

i = 3, 4, • • • •  ( q-1) 

where ; 
. 

= (i-2)·� x and 
l 

9 -9 1. 3 2 = N (1- w) · (92-91) A 5  BA 
g _g 4 2 ,  � -�rl = -(1- W )  ( NB( e  q 

-1) + Nr ( e
4 

-1) ] 

3 . e .  = Z . at -C: = 0 , with i = 2, 3, • • . q 
l l 

( 11) 

(12) 

(13) 



L 
X 

Xo 
- - - - + - - - -

I I I • 
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I I 
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- 1 
1 q, 

1�1-

Fig. J Coordinate system and subdivision for -an annular fin 
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... 

_In the formulation abov�, ei is the value of 9 at ( S i ' --Z::- ), ei+l 

at ( � . + .6 S , -Z:-) , 8 . l at ( � . _ - A 5 , 7:) and 6 ' . at ( S . , '?: + Ll 7:) • 
J. . . J.- ') J. J. J. 

Equations (12) and (13 ) can be rewritten in explicit form for 

programing purposes, or . 

e :• = e. + A"t r· 1 
( m 

i 1 1- w ( 1- u> ) 5 i +w 

6i+l-8i-l + 1 
_ 2 · A§ 1- W 

i = 3 ,  4,  ( q-1) 

(14) 

- Also, the boundary conditions become 

1.  
l 

2 .  N ( 1- W ) r 

(1- lO )) = 0 
' ' 

To find the time-dependent temperature field, � 3 through 0 
q-1 

were obtained from G . ' s  by means of Equation (14) , then o • 2 and . J. 

(15) 

0' were obtained by Equations (15) and (16) . In solving Equation 
q 

(16) , Newton ' s  method is used with e •  1 as the first estimate for q-

e •  • The program for this purpose is included in Appendix II. q 

J .  Stability Criteria 

9 

The numerical method presents only an approximate solution to the 

original differential equation since the derivatives are replaced by 
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finite differences . A truncation error is introduced by the use of 

finite subdivision, ·and the numerical error is due mainly to the 

accumulation of round-off errors . As the increments are taken smaller 

and smaller, the numerical results approach the corresponding ex act 

values more closely.  

For non-steady numerical problems solved ex plicitly, the stability 

condition of the differential equation must be considered. Stability 

is the condition under which the truncation and numerical errors 

introduced at one point in time either damp out or increase in 

amplitude with time . 

From physical reasoning the higher the Q. ,  the higher the Q• . ,  
1 1 

thus the derivative of 9' . with respect to 9 .  must be positive. From 
1 1 

Equation (14),  

Notice the following inequalities, 

0 < w < < 1- CIJ_ ) 5 i + w < 1 i = 2, J , • • • • • •  q 

and depending upon the values of m and n, one of the following 

conditions will hold 

If n < m, then U) 
n-m :> ( ( 1- u> ) S i + W] n-m � 1 

If n = m, then ((1- W ) S i + to J n-m =l 

If n ""?' m, then W n-m < L ( 1- U) )  5 i + W] n-m ( 1 

( 18) 

(19) 
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For n < m �  

1. + ATf 
-2 

2 (1- UJ )  

1 

.65 - F ( (1-W )  5 .  +w] n-m (NB + 4N e . 3) J  1 . r 1 

Therefore, the stability condition can be established from the last 

inequality as 

A -t:< 
2 

( 1- W )2 

and similarly, for 

-r <  
2 

(1- W ) 2 

4 Fin Efficiency 

1 

( a; ) 2 

n :> m 

1 
( .05 ) 

2 

+ Fwn-m(N + 4N 8 
3) · B r 1 

+ F (NB
+ 4Nr8l ) 

( 20)  

( 21) 

The fin efficiency 12. is defined as the ratio of the actual heat 

transfer from the ex tended surface to the heat transfer from the 

ex tended surface if the whole surface were at base temperature, or 

mathematically, 

-rz _ Js f.H(T-T
0) + <rE (T4-T

0
4) ) dS 

- { H ( T(x
0

, t) - T
0 ) + crE(T4(x

0 , t) - T
0
4 ) J S 

( 22) 

If the surface is divided in the way shown by dotted lines in Figure 

3, the finite difference form of Equation (22 ) is 
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(P �2 + A ) ( H (T -T ) + ff:€ (T .4 -T · 
4)J } (23) 

q q q O q 0 

When both denominator and numerator are divided by kT
0

AxB2
Ln-l and 

with 

A B Lm B 2 1 1 1 ---- = 
�xB Ln B Ln � x -_ · B Ln-m+l 

2 2 2 

L 
A x  

= g-2 
F ( 24) 

Equation (23) can be ·rewritten in terms of dimensionless parameters as 

q-1 

i=3 

+Nr C t\
4

-1 ) )  + ( � + 9;2 ) ( NB( eq-1) + N/ eq
4

-1)J J ( 25)  

W n q-1 

2 + L (1- W � + W) n 
+ l -1 9-2 f1 

i=J 2 F � 

Since it is impractical to store the data for the time-dependent 

temperature, the program for efficiency is included in the program 

for temperature so that both results can be obtained simultaneously . 



CHAPTER III 

RESULTS AND DISCUSSION 

To check the accuracy of the present solution, � comparisons were 

made with two recant publications for steady-s'tate heat transfer in 

a constant-area straight fin • with convection and radiation at the 

surface. Figure 4 shows the comparison with the analytical and 

experimental results of Cobble (3) and Figure 5 is a comparison with 

the work of Sparrow and Nierwith (6 ) . The discrepancy between the 

p�esent numerical results and t�e numerical results of r�ference (6) 

is not large and certainly _within engineering accuracy. Figure 6 

giv�s the _ steady-state efficiency of the same fin with and without 

_ tip heat transfer. Because of the numerous combinations possible , a 

parametric study will be quite involved but should be done at a 

future date. It was decided to present curves for a typical range of 

values of the dimensionless parameters . 

Figures 7 to 22 give the transient temperature and efficiency 

for annular fins and Figures 23 to 30 for straight fins . The effect 

of changing geometry on transient temperature and efficiency is 

given in Figures 31 to 36. The values are selected for typical 

applications in engineering practice. 

A constant ambient temperature was assumed in Chapter II. If it 

were time-dependent, e would be defined as 

8 = T (x , t) / T
0 

( 0) 

00 � T
0

( t) / T0 ( 0) 

, , 



4 . .  4 and ( 9 - 9 ) would take the place of ( 9 - 1 )  and ( 9 - 9 ) 
0 0 

for ( e4 - 1 ) in a-11 the formulas. 

14 

Since curves on Figure 7 through 36 were run for e:om;P?rison 

purposes, the temperatures of the circulating fluid and the ambient 

fluid were assumed to be constant. In practical applications, the 

values of time-dependent temperatures should be substituted during 

calculation. 

\ 
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APPENDIX I 

VARIOUS FIN GEOMETRIES 

·· 1. Straight Rectangular Fin 

A =  ld 

P = 21 

. F = 21 / · d 

B . = ld 1 ' 

B . = 21 , 
2 

2. Spine of Rectangular Profile 

P = lfd 

F = 4L / d 

B1 = ¼Tfd2 

B2 = lfd , 

' 

m = 0 

n = 0 

m = 0 

n = 0 

49 



3�  · Annular Fin of Constant Thickness  

A =_ 2 1fxd ; 

P = 4 7fx ; 

F = ZL / d 

i . 

B1 = 2Tf d _ , 

B2 = 41f , 

m = l 

n = l 

· 50 



4e Straight· Hyperbolic Fin 
l- . ' 
,. 
\ 
\ 
\ 
\ 
\ 
\ ' 

I ;: ot:= 0 

' ' 

- 51 

f 

For this type of fin, the origin of the coordinate is at some

where other than the root . If x /1 < 1/2, then y' << 1,  the following 
0 

identies will hold : 

A = 21 • ( C/ x) ; 

P = 21 ;  

F = L2 / C 

m = -1 

ri = 1 



5 .  Annular Hyperbolic Fin 

r : 
\ 
\ 
\ 
\ 
\ 

A = 4 lfx ( c/ x) ; 

P = 4 rr x  ; 

F = L2 / C 

m = O 

n = 1 

- 52 



6 . Straight Triangular Fin 

. For· l>)d  

A =  dlx/L ; 

P '::' 21 ; 

F = ZL I d 

-r
d 
L 

� ,= dl/L , 

B2 = 21 , 

m = l 

n = 0 

-53 



7.  Spine of Triangul�r Profile 

If d «  L 

A = ¼ lT  (dx/L) 2 ; 

p = 1T d:x:  I L ; 

F = 4L / d 

B1 = ¼ ;-( d/L) 2 , 

B2 = d / L , 

m _ = 2 

n = l  

-54 



APPENDIX II 

PROGRAMMING 

55 

A FORTRAN program for IBM 360/30 was prepared to obtain the 

results presented in this thesis. The main program is for input , 

output, stability and stopping the computing when steady-state is 

reached. If the temperature distribution at any instant T' is 

substituted into the "SUBROUTINE NEXT, "  the temperature distribution 

and efficiency at the instant -r + A5'Z"will be obtained. "SUBROUTINE 

NEWTON" is for carrying out Newton's method for finding roots to 

Equation (16) . In this particula� program , the fin was divided 

into ten parts , thus , �� = • 1.  



Symbol 

B 

BA 

DT 

DX 

EFF 

G 

M 

N. 

. / R 

S (in next) 

SUMA 

SUMB 

T 

TM 

TYPE 

Description of Programming Symbols 

Description 

F 

N . r 

m 

n 

'° 

Numerator of Equation (25) 

Denominator of Equation (25) 

e 

Type of the fin 

u 

56 
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R E A L  1J. ,  N . __ _ _ ____ __ __ _ _ __ _ _ _ ____ __ __ _____ . ___ ___________ _ 
D I M E N S I ON T Y PE ( 7 0 ) , T ( l 2 } , S ( l 2 )  

____ C_OM MON G , B , R , �, B� , M , �, Dr , T , E_F_F __ _ 
T (  U = l . 5  
OX= . 1  
R E A D  _(_l_l_t _l_l_O_) ( T YP E l I > , I = l , 7 0 )  

____ R_E_A_D __ (· 1 1  , 1 0 1  ) M , _ N , G , 8 _, R ,  F ,  B A_�---------
C S T A B  I L  I T  Y 

A- 2 . / ( DX • ( l . -R J ) * � 2  ----
C= F • ( B & 4 . • G• T ( l ) • * 3 _ )  
I F  ( N- M ) 1 2 , 1 1 , 1 1 

1 1  O T= l . / { A & C )  
GO T O  1 3  ---- ---

1 2 O T = l . / ( A lC • R • § [ N- M ) ) 
__ 1 3  CONT I N U_� ---- -----· 

WR I T E ( 1 2 , 2 0 1 ) ( TY P E ( I J , I = l , 7 0 ) , B � BA , G , f � M , N , R � DT 
C T E M P E R A T U R E  F I E L D . 

----cT
---
M-,= 0 • 

____ E_F_f =  O_e __ 
00 2 0  1 = 2 , 1 � 

2 0  T ( I ) = l . 
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W R I T E ( 1 2 , 2 1 0 ) T M , ( T ( l ) , I = l , 1 2 ) , E F F  
0 0  2 1  J = l , 1 0 

--- T �!= T M CC T  
-'--------------------------

C 

C AL L  N E X T  
2 1  WR I T E -{ 1 2-,-2-1_0_) _T_M_,_(_T_(_I ) , I = 1 , 1 2  ) , E Ff 
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ST E A D Y- S T A T E  I S  R E A C H E D , S T O P  T H E  CO MPUT I NG ----
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4 F 1 6 . 5 , 2 H = F , F l 8 . 5 , 2 H : M � F l 8 . 5 , 2 H = N  / /  
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SUB �OU T I N E N E X T  
-·---- - -R E.A i.. · - ·M , ri · · ·· · . - ·  

·-- - · · ·-··- -· - ·- · ·- -· -· -·· --- --------

O I M E NS I 0N T ( l 2 ) , S ( l 2 )  
---- COM MON G , B , R , F , 8 A , M , N , D T , T , E F F  

SUMA=O . --�-
SUM B= O . 
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