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Abstract

For each of the four-dimensional indecomposable Lie algebras the
geodesic equations of the associated canonical Lie group connection are
given. In each case a basis for the associated Lie algebra of symmetries
is constructed and the corresponding Lie brackets are written down.
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1 Introduction

In this paper we continue with our investigation of the Lie symmetries of the
geodesic system of the natural linear torsion-free connection associated to any
Lie group. See [2] [3] [4] [5] and [7] for further details about this connection.
In [4] and [7] the main geometrical properties of this connection have been
listed and proofs supplied. Indeed [4] was concerned with geodesic systems
in dimensions two and three. The present article extends the investigation
to indecomposable groups and Lie algebras in dimensions four. Matrix rep-
resentations for all such groups and algebras may be found in, for example,
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in [7]. Here we shall be content simply to supply the brackets of each four-
dimensional Lie algebra.

The notation for the Lie groups in dimension four and their associated Lie
algebras is taken from [6]. However, in the interests of efficiency, we prefer to
consolidate cases 4.8,4.9 and 4.10,4.11 into single cases and hence we discern
ten classes of Lie algebra in dimension four. An important point to note is
that several classes of Lie algebra in dimension four depend on one or two
parameters. The symmetry may be broken in the sense that for exceptional
values of the parameters, the symmetry algebra may have a higher dimension.

We use R™ x R" to denote a semi-direct product of abelian Lie algebras
in which R™ is a subalgebra and R" an ideal. We will also use H to stand for
the three-dimensional Heisenberg Lie algebra.

2 Four-dimensional canonical geodesic systems
and their symmetry algebras

A4.1: [eg, e4] = €1, [e3,€4] = €9

Geodesics:
i = Zuw
=0 (1)
W =

Symmetries and Lie algebra:

er =Dy, eg=1tD,, es=D,, es=D,,es=D,, e¢ =D,, e;=2D,,
eg = wDy, eg =wD,, ejg=wDy, e = 2D, e =yDy + 2D,,

e13 = %zDz + wQDy, el = wzDy + 22D,

el5 = %DI + ’”?Dy +wD,,

e = Dy + (%2— Y ta)Dy+ (YF +5)Dy + 2D,

err = D+ (—%F + %+ 22) Dy + (Y2 + 4)Dy + wD,,

ers = 1D + (% — #2)D, + (y — %)D,,

€90 — tDt + (% - %)Dz + (% - y)Dy

[e1,e4] = es,[e1,e15] = %61, le1, e16] = %61, e, e17] = en,[er, e10] = e + %687
[61, 620] = €1, [62, 67] = €s, [62, 610] = €1, [62, 611] = €e, [62, 613] = eg+ 2e, [627 615]
= ez + %16127 [627616] = %16127 [627617] = _%6127[627618] = %697 [627620] = %6127
les,es] = es,[es, 9] = e1,[es, e12] = e + es,[es, e13] = er,[es,enn] = e +
e12, (e, e15] = %613 - %611, e3, e16] = 71613 + e3 — %&117 les, e17] = —%613 +

%611, e, e18] = %6107 [es, e10] = %64, [e3, e20] = %613—5611, e, €9] = —es, [e4, €10] =
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—er, [64, 615] = %64, [64, 616] = %64, [64, 617] = —€y4, [64, 618] = 611—%613, [64, 620] =
—€4, [65, 615] = €5, [65, 616] = 2es, [66, 611] = €s, [667 615] = _%168 + %66, [66, e16] =
_71168 + %(367 le6, e17] = €6 + %687 e, e18] = —e1, [es, €20) = —%es — eg, er, e14) =
—€s, [6%616] = 2er, [687615] = €3, [687616] = €3, [69,615] = %69, [697616] = —%69,
[697617] = €9, [697619] = €12, [697620] = €9, [6107614] = —€y, [610,615] = —%6107
[610, 616] = %6107 [610, 617] = €10, [6’10, 619] = %613, [610, 620] = €10, [611, 612] =
—€s, [611,613] = —2ey, [611,614] = —612,[6117615] = —%el?, + %611,[6117616] =
—%ew + %611, le11, e17] = €13 — e, [e1n, e1s] = —eio, [e11, €19] = —eq, [e11, €20] =
el — €3, [e12, €15 = %6127[6127616] = —%612, [e12,€17] = €1, [e12, €18] = —e,
[612, 620] = —€12, [613, 614] = —2e12, [6137 615] = —%613, [613, 616] = %613; [613, 617] =
€13, [613, 618] = —2e, [613, 620} = —€13, [614, 615] = €14, [614, 616] = —€14, [6187 619] =
€20, [e18, €20] = 2e18, [e19, €20] = —2e19.

The Levi decomposition sl(2, R) x (R? x N14) is a semi-direct product of s[(2, R)
spanned by eig, €19, €99 and a 17 dimensional solvable algebra, which itself is a
semi direct product of abelian R?, spanned by e;5, €16, €17 and a 14 dimensional
nilradical spanned by ey, es, €3, ey4, €5, €4, €7, €5,

€9, €10, €11, €12, €13, €14, respectively.

A4.2a # 0 : [e1, eq] = aey, [ea, e4] = esfes, e4] = €a + €3

Geodesics:
T = azw
= (y+ 2)w
Z= ,(éw ) (2)
w=0

Symmetries and Lie algebra a # +1:

e =—2D,, ea=D,, eg=e"(D,+wD,),eq =D, ,es =€"D,, ec=wD,
er =Dy, es =Dy, eg=e""Dy, e1o=yDy+zD,, e;1 = —D,, e =1tDy,
€13 = iIZ‘Dx

[617 62] = €4, [61, 63] = €5, [627 610] = ey, [637 610] = es, [637 611] = ez+es, [64, e10] =
€4, [65, 610] = €5, [657 e11] = €5, [667 611] = €7, [667 612] = €6, [677 612] = €7, [687 613] =
€8, [697 611] = Qe€yg, [69, 613] = €9.

The Lie algebra R* x (R? @ Hj) is 13-dimensional solvable. It has a 9-
dimensional non-abelian nilradical H;®R*. Here Hy denotes the 5-dimensional
Heisenberg algebra and is spanned by eq, s, €3, €4, €5 and the R* summand is
spanned by eg, e7, eg, 9. The 4-dimensional abelian complement to Hs ® R* is
spanned by eqg, €11, €12, €13.
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Symmetries a = +1:

e1 =Dy, ea=e"D,, eg=2D,, e,=D,,e5 =e"(D,+wD,), e =D
w (1-a)w (a—1)w
er =eYD,, eg=xe 2 Dy, eg=1ze 2 Dy, ej=wDy,

enn = Dy, en= yDy +2D,, ei3=D,, ey =1tDy, e;5=1xD,.

Y

Symmetry Lie algebra a = 1:

[61768] = €¢, [617615] = €1, [62768] = €, [627613] = —€g, [627615} = €3, [63764] =
— €6, [637 65] = —er, [647 69] = €1, [64, 612] = €4, [65, 69] = €, [65, 612] = €5, [65, 613] =
—€5 — €7, [667612] = Cg, [677612] = €7, [677613] = —ér, [68769] = —¢€g, [687612] =
687[687615] = —68,[69,612] = —69,[697615] = €y, [610,613] = —611,[6107614] =

€10, [611, 614] = €11.

Symmetry Lie algebra a = —1:

[61768] = €7, [617615] = €1, [62768] = €0, [62,613] = 62,[62,615] = 62,[63,64] =
—eg, [€3, €5] = —er, [eq, eg] = ea, [e4, €12] = ey, [e5, €0] = €1, [e5, €12] = €5, [e5, €13] =
—eb — €T, [eg, e1a] = eg, [e7, e19] = e7,[er, e13] = —er, [es, e9] = —e3, [es, €19] =
€8, [687613] = —€s, [68;615] = —€g, [697612] = —€y, [697613] = €y, [697615] =
€9, [610, 613] = —€11, [610, 614] = €10, [6117 614] = €11.

In each case the Lie algebra R* x (Ny@R?) is 15-dimensional solvable. It has an
11-dimensional decomposable nilradical, Ny ®R?, where Ny is is 9-dimensional
indecomposable nilpotent spanned by ey, es, €3, €4, €5, €6, €7, €3, €9 and R? by
€19, €11 and a 4-dimensional abelian complement spanned by ejs, €13, €14, €15.
A4.3 : [eq,eq] = €1, [e3,e4] = €9

Geodesics:
T = 2w
Y = 2w
2=0 (3)
W =0

Symmetries and Lie algebra

er =wDy, ey = %QDy +wD,, es=¢€"D,, es =Dy, e5=D,, e =D,

er =Dy, es =wD,, eg=1tD;+yD,+2D,, eio= Dy + 3D, e =xDy,
err = (wz —y)Dy + 2D., ey = 3(2tD; —yD, — zD.), e1q = tD,,

ers = 2Dy, e =D, +1tD., err = (wz—2y)Dy,

Z’LU2

e1s = 2Dy, e = (35~ —yw)D, + (wz — 2y) D,
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[61769] = €1, [617610] = —ér, [617613] = %61, [61, 614] = €g, [617616] = €9, [62769] =

€2, [627610] = —%es — €6, [627612] = €9, [627613] = —%62, [627615] = €1, [627618] =

€s, [637610] = —é€sg, [637611] = 63,[64,69] = €4, [647612] = —€4, [647613] = —%647
[64,617] = —267,[64,619] = —€g — 266,[65,611] = 65,[66,69] = €e, [667610] =
sea, [es, e12] = eg + es, [eq, e13] = —ieq, [es, €15] = e7,[eq, e17] = €1, [es, 18] =

€4, [es, e10] = ea,[er,e9] = er,[er,e13] = %67, ler,e14] = ea,[er,e16] = €6 +
%687 [68769] = 687[687610] = _64;[687612] = _687[687613] = _%6&[68;617] =
—2ey, [68; 619] = —2ey, [6127 614] = €14, [612, 615] = €15, [612, 616] = —¢€16, [612, 617] =
—€17, [6127 618] = 2ess, [612, 61sﬂ = —2eyg, [6137 614] = €14, [613, 615] = —€15, [613, 616] =
€16, [613, e17] = —€1r, [614, e15] = —€18, [614, 617] = —e1z — 3e1s, [614, 619] = —2eyg,
15, €16] = —%‘913‘1‘%612, 15, €19] = —eu7, [e16, €17] = —€19, [e16, 18] = €14, [€17, €18] =
2eqs, [6187 619] = —2e12.

The symmetry algebra is s[(3,R) x (R* x R®) where s[(3,R) is spanned by
€19, €13, €14, €15, €16, €17, €18, €19, the R? factor is spanned by eg, €19, €11 and the
nilradical R® is spanned by ey, 2, €3, €4, €5, €5, €7, €s.
Ad.4 : [eq,eq] = €1, [e2,e4] = €1 + ea]es, eq] = €3+ €3

Geodesics:
&= (T4 g)w
4 2
=G y
/lb p—

Symmetries and Lie algebra

€1 = Dac; €y = Dy7 €3 = Dz; €4 = ZDJ:: €5 = ny + ZDyy €6 = 6wDa:7
er =e“((w—1)D, + Dy), es =e“(3(w? — 2w+ 2)D, + (w—1)D, + D,),
€9 — Dt, €10 = ’lUDt, €11 = tDt, €19 = Dw, €13 = .CEZ)Jj -+ yDy -+ ZDZ.

[617613] = €1, [62,65] = €1, [627613] = €, [63764] = €, [63765] = 62,[63,613] =

€3, [64768] = —€g, [65767] = —€g, [65768] = —¢€r, [66, 612] = —€g, [667613] = €, [677612] =
—€—E€r7, [6’7, 613] = €y, [6’8, 612] = —€r—¢€xg, [687 e13] = €g, [69, e11] = €y, [610, 611] =
€10, [610, 812] = —€9.

The symmetry algebra is a 13-dimensional indecomposable solvable algebra
R? % (Ng @ R?). Its nilradical is 10-dimensional decomposable, a direct sum
of an 8-dimensional nilpotent Ny spanned by ey, e, €3, e, €5, €6, €7, es and R>
spanned by eg, e19. The complement to the nilradical is abelian spanned by

€11, €12, €13
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A4.5ab : [e1, eq] = e1, [e2, e4] = aesles, eq] = bes

Geodesics:

SAESTESHES
|
= .
.Q..
-8
=«
~—

Generic case: ab# 0,—1<a<b<1

Symmetries and Lie algebra

e1=D,, ea=D,, es=D,, e;=e"D, e5=e"D, e=e"D,, e;= Dy,

eg = why, eg =xD,, eg=yDyen =zD,, Dip=1tD, eiz= D,

[61769] = €1, [627610] = €3, [63,611] = €3, [64,39] = €4, [64,613] = —¢€y4, [65,610] =
€5, [657613] = —aes, [667611] = €e, [667613] = —bes, [677612] = e, [687612] =
€8, [687 613] = —er.

It is a 13-dimensional indecomposable solvable Lie algebra R® x R®. It has
an 8-dimensional abelian nilradical spanned by ey, es, e3, ey, €5, €g, €7, g and 5-
dimensional abelian complement spanned by eg, €19, €11, €12, €13.

A4.5ab(a =1,b=1)

Symmetries and Lie algebra

e1 =D, ea=Dy, es=D,, eg=e"Dy,e5=e"D,, es=¢e"D,, e; = Dy,
eg = why, eg=xD, +yD,+2D,, eyg=1D;, ey = Dy, €12 =1yD,,

ei3 =zD,, enw=2D,, e =yD,, eig=1zD,, er7=zD,,

ey =aD, —2D,, eg=yD,— zD,.

[61769] = €1, [617613] = €9, [61,616] = €3, [61,618] = €1, [62769] = €9, [627612] =
€1, [627 615] = €3, [627 619] = €2, [637 69] = €3, [63, 614] = €2, [63, 617] = €1, [63, 618] =
—e€s, [637619] = —€3, [64,69] = 64,[64,611] = —C4, [647613] = €5, [647616] = Ce,
[64,618] = €4, 65,69] = €5, [657611] = —€s5, [657612] = €4, [657615] = €, [657619] =
€s, [€6> 69] = €, [66, 611] = —€g, [66, 614] = €s, [66, 617] = €4, [667 618] = —€e, [667 619] =

—¢Cg, [67,610] = €7, [687610] = €g, [68,611] = —ér, [6127613] = €19 — €18, [612a€14] =
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—€17, [612, 616] = €15, [612, 618] = €12, [612, 619] = —€12, [613, 615] = €16, [613, 617] =
—€14, [613> 618] = —€13, [613, 619] = €13, [614, 615] = —€19, [614, 616] = —€13, [614, 618] =
€14, [€14, €19] = 2e14, [€15, €17] = €12, [€15, €18] = —e15, [€15, €19] = —2e15, [e16, €17) =
€18, [616; 618] = —2eyq, [616, 619} = —€16, [6177 618] = 2e17, [617, 619] = €17.

It is a 19-dimensional indecomposable Lie algebra with a non-trivial Levi de-
composition. The semi-simple part is s[(3, R) and is spanned by €12, €13, €14, €15,,
€16, €17, €18, €19. Lhe radical is a semi direct product R® x R?® with abelian
nilradical spanned by ey, es, €3, €4, €5, €5, €7, s and 3-dimensional abelian com-
plement spanned by eg, €19, €11.

A4.5ab(a =1,b= —1)

Symmetries and Lie algebra

€1 = Dxa €y = Dya €3 = Dza €4 = €wa,€5 = 6wDy> €6 = e_tza €7 = Dta

eg = why, eg =tD;, eyg=3D, +2D, +yD, —22D,, enn =xD, +yDy+ 2D,
e1a = zeY Dy, ez = 2eYDy, ey =xe VD, e5 =ye VD,

e = yD,, err =aDy, eig=aD, —2D,, eg=yD, — 2D,

[617610] = €1, [617611] = €1, [61,614] = €g, [617617] = €9, [617618] = €1, [627610] =

€2, [6’27 e11] = €y, [6’27 615] = €, [62, 616] = €y, [62, 619] = €y, [63, 610] = —2e3, [63, 611] =

€3, [63, 612] = €4, [63, 613] = €5, [63, 618] = —e€g, [637 619] = —e€g, [64, 610] = —2ey, [647 611} =
€4, [64, 614] = €3, [64, 617] = €5, [64, 618] = €4, [657 610] = —2es, [65, 611] = €s, [65, 615] =

€3, [657 616] = €4, [657 619] = €5, [667 610] = €e, [667 611] = €e, [667 612] = €1, [667 613] =

€9, [66, 618] = —€g, [66, 619] = —€g, [677 69] = €7, [68, 69] = €g, [68, 610] = —367, [612, 614] =
—€18, [6127 615] = —€16, [612, 617] = €13, [612, 618] = 2eyq2, [612, 619] = €12, [613, 614] =

—e€17, [613, 615] = —€19, [613, 616] = €12, [613, 618] = €13, [613, 619] = 2ey3, [614, 616] =

—€15, [614, 618] = —2eyy, [614, 619] = —€14, [615, 617] = —€14, [615, 618] = —€15, [615, 619] =
—2eys, [6167 617] = €19—€18, [6167 618] = €16, [616, e19] = —€16, [617, 618] = —€1r, [6177 619] =
€17.

It is a 19-dimensional indecomposable Lie algebra with a non-trivial Levi de-
composition. The semi-simple part is s[(3, R) and is spanned by €12, €13, €14, €15,
€16, €17, €18, €19. The radical is a semi direct product R® x R® with abelian
nilradical spanned by ey, e, €3, €4, €5, €5, €7, s and 3-dimensional abelian com-
plement spanned by eg, €19, €11.

A4.5ab(a = 1)

Symmetries and Lie algebra
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er =Dy, =Dy, e3=2z, eg=e"Dy,e5=e€"D,, eg=e"D,, er =D,
eg = why, eg =D, eyg=xD,+yD,, en =2zD,, en=1tD,
ei3 =Dy —yDy, eu=yD,, eis =xD,.

[61, 610] = €1, [61, 613] = €1, [6’1, 615] = €3, [62, 610] = €3, [62, 613] = —€9, [62, 6’14] =
€1, [es, e11] = e3, [es, e9] = —ey, [eq, €10] = ey, [e4, €13] = €4, [e4, €15] = €5, [e5, €9] =
—€s5, [65, 610] = €5, [657 613] = —€s5, [657 614] = €4, [667 69] = —beg, [667 e11] =
es, (€7, €12] = er,[es,eg] = —er,[es,e1n] = es,[e13,€14] = —2es, [e13,€15] =
2es, [614, 615] = —€13.

It is a 15-dimensional indecomposable Lie algebra with a non-trivial Levi de-
composition. The semi-simple part is s[(2,R) and is spanned by ej3, €14, €15.
The radical is a semi direct product R® x R? with abelian nilradical spanned
by ey, es, €3, 4, €5, €5, €7, €3 and 4-dimensional abelian complement spanned by
€9, €10, €11, €12-

Ad.5ab(a = —1)
Symmetries and Lie algebra

€1 :Dxa 62:Dy7 63:D,Z7 64:€wDa:765:€7wDya eﬁzebwDZa
er =Dy, eg=tDy, eg=wDy, ey =2D,+xD,—yD,, ey =zxD,+yD,,
erp=2D,, ei3=aD, — yDz,n ey = ye Dy, e5 = xe_wDy'

[61, 610] =el, [61, 611] =el, [61, 613] = €1, [61, 615] = €5, [62, 610] = —€9, [627 611] =

€2, [627 6’13] = —€9, [62, 614] = €4, [63, 612] = €3, [64, 610] = —€y4, [64, 611] = €4, [64, 613] =
€4, [64, 6’15] = €9, [65, 6’10] = €5, [65, e11] = €5, [65, 6’13] = —€s, [65, e14] = €1, [667 e10] =
—2beg, [667 612] = €, [87, 69] = €7, [68, 69] = €g, [68, 610] = —2er, [6137 614] =
—2eqy, [613, 615] = 2eys, [6147 615] = —€13.

It is a 15-dimensional indecomposable Lie algebra with a non-trivial Levi de-
composition. The semi-simple part is s[(2,R) and is spanned by ey, €14, €15.
The radical is a semi direct product R® x R* with abelian nilradical spanned
by eq, eq, €3, €4, €5, €6, €7, €g and 4-dimensional abelian complement spanned by

€9, €10, €11, €12-
A4-6ab[€1, 64] = aeéy, [6’27 64] = bey — e3, [63, 64] = ey + bes

Geodesics:
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Symmetries and Lie algebra

er =Dy, ea=D,, e3=D,, es=D, e5=e"D,, e5=e"(sinwD, + cosw D,),

(7
er = e"(—cosw D, +sinw D,), es =wD;, eg=2D,, eyg=—yD,+xD,,

enn = xDy +yDy,e12 = 1D, e13 = Dy,

[617612] = €1, [62,610] = €3, [62,611] = €2, [637610] = —€, [63, e11] = €3, [64,69] =
€4, [65769] = €5, [657613] = —ae€s, [667610] = €7, [667611] = €g, [667613] = —beg +
er, [er, er0] = —eg, [er,e11] = er, [er, e13] = —ber — eq, [es, e12] = es, [es, €13] =
—e.

The symmetry algebra is a 13-dimensional indecomposable solvable algebra
R®%RE. Its nilradical is 8-dimensional abelian and spanned by ey, es, €3, €4, €5, €6, €7, €5.
The complement to the nilradical is abelian and spanned by ey, €19, €11, €12, €13-

A4.6ab(b = 0)
Geodesics:
T =gw
j = —2W
Z = azuw (7)
W =

Symmetries and Lie algebra

e1r =Dy, eg=D,, e3=D,, eg=D,, es=1D;, es = Dy,
er =zD,, es=wDy, eg=1D,+yD,, en=—yD,+axD,, e =e"™D,,
e12 = sinw D, + cosw Dy, e;3 = —cosw D, +sinw D,,

e14 = (ycosw + xsinw )D, + (zcosw — ysinw)D,,

e15 = —(xcosw —ysinw)D, + (ycosw + xsinw)D,
[61, 69] = €1, [61, 610] = —€g, [617 614] = —é€13, [61, 615] = €12, [627 69] = €9, [62, 610] =
€1, [627 614] = €12, [62, 615] = €13, [637 67] = €3, [64, 68] = €, [64, 611] = aers, [64, 612] =
—€13, [64, 613] = €12, [64, 614] = —€15, [64, e15] = €14, [65, 66] = —€, [65, 68] =
—e€g, [677 611] = —€11, [69, 612] = —€12, [69, 613] = —€13, [6107 612] = —€13, [6107 613] =

€12, [€10, €14] = —2e€15, [€10, €15] = 2e14, [€12, €14] = €2, [€12, €15] = €1, [e13, €14]
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—e1, [e13, €15] = e, [e14, €15] = 2e10.
The symmetry algebra is a 15-dimensional indecomposable algebra that has
a non-trivial Levi decomposition. The semi-simple part is s[(2, R) and spanned

by ey, €14, €15. The nilradical is abelian and spanned by ey, es, €3, ey, €5, €g, €7, €3
and the complement to the nilradical is abelian and spanned by eg, €19, €11, €12.

A4 [eq, e3] = e, [e1, eq] = 2e1, €2, €4] = €9, [e3, 4] = €2 + €3.
Geodesics:

= 20 + 2 — (y + 2)ii

ij = i + A
5= (8)
W =0

Symmetries and Lie algebra

er= Dy, ea=2D,, e3=Dy+2z2D,, ea=D, —yD,, es = e D,,
eg =e"(Dy —2D,), er=€"(D,+ (w—1)Dy + (y + 2 —wz)D,), es = Dy,
€9 — IUDt, €10 = tDt, €11 = ljw7 €19 = 2:[,‘Dx + yDy + ZDZ

le1, e10] = 2e1, [e2, €3] = —e3, [e2, €5] = —e5, [e4, €5] = €3, [e4, €9] = 2eg, [€4, €11] =
€11, [647 e12] = e11teéiy, [667 68] = —é€r, [66, 612] = —€11, [€7> 68] = —2ey, [6’7, 610] =
€7, [68>€10] = €s, [69,610] = 2ey, [610,611] = —€11, [6107612] = —€12, [611,612] =
269.

The symmetry algebra is a 12-dimensional indecomposable solvable algebra
R® x (N; @ R?). Its nilradical is 9-dimensional decomposable, a direct sum of
a 7-dimensional nilpotent N7 spanned by ey, e, €3, €4, €5, €5, 7 and R? spanned
by eg, eg9. The complement to the nilradical is abelian spanned by eqq, €11, €12.

A4.8,4.9b e, e3] = ey, [e1, ea] = (b+ 1)ey, [ea, e4] = €2, [e3, €4] = bes.

Geodesics:
F=9yz—yiw+ (b+1)iw
ij = i
Z = biw 9)
w =20

Symmetries and Lie algebra
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er=D;, ea=D,, e3= Dy + 2D, e4= €(b+1)wa7€5 = ewDy’
eg =e (D, +yD,), e =tD,, es =Dy, eg=wDy, eyg=wDy,
€11 = xDx —+ yDy, €19 = .CCDx -+ ZDZ, €13 = Dw-

[617610] = €1, [617611] = €11, [62763] = €1, [62,611] = €2, [637610] = €3, [647610] =
64,[647611] = 64,[647612] = —(b+ 1)647[65766] = 64,[65,610] = 657[65,612] =
—es, s, e11] = e, |€6, €12] = —bes, [e7, e9] = €7, [e7, €12] = —es, [es, €9] = es.

The algebra is a 12-dimensional indecomposable solvable. The nilradical is
8-dimensional decomposable, spanned by ey, es, €3, €4, €5, €6, €7, €g and isomor-
phic to H @ H @ R®. The complement is 4-dimensional abelian and spanned
by eg, €10, €11, €12.

A4.8(b = —1)

Symmetries and Lie algebra

e1=D,, ea=D,, e3=Dy,+2D,, eg=¢€"D,, es =e (D, +yD,),
eg = —tD,, e;r =wD;,

€] — Dt, €9 = U)Dm, €10 — t.Dt,

€11 = IDm + yDy7 €19 = .%'DI + ZDZ, €13 = Dw

[e1, enn] = ex, [e1, e12] = ez, [e2, €3] = €1, [e2, e12] = €3, [es,en] = e, [es, 5] =

€1, [64, 611] = €4, [64, 613] = —€4, [65, 612] = €5, [65, 613] = €13, [66, 67] = €9, [66, 68] =

€1, [66, 610] = —€g, [66, 611] = €11, [66, 612] = beg, [67, @10] = er, [67, 613] = —eg, [687 610] _
es, [eg, e11] = eg, [eg, €12] = ey, €9, e13] = —e;.

The algebra is a 13-dimensional indecomposable solvable. The nilradical is
9-dimensional indecomposable and spanned by ey, s, €3, €4, €5, €g, €7, €3, €9 and
the complement is 4-dimensional abelian and spanned by eqq, €11, €12, €13.

A4.9b(b = 0)

Symmetries and Lie algebra

€1 = Dx; €2 = Dz; €3 = Dy + ZD:EJ €4 = ewDya €5 = yDacv
eg = zDy, ez =Dy, eg=€"D,, eg=wD;, ey =tD;,
enn =xD, +yD,, era=xD,+2D;,e13 =D,

[617611] = €, [617 612] = €12, [62763] = €1, [62766] = €7, [627612] = €3, [63765] ==
€1, [637 611] = €3, [647 65] = €g, [647 611] = €4, [647 613] = —€y4, [657 e12] = €5, [667 610] =
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€6, [667 612] = —é€g, [67, 610] = e, [687 611] = €g, [€8> 6’12] = €g, [€8> 6’13] = —é€g, [69, 610] =
€9, [69, 613] = —¢€r7.

The algebra is a 13-dimensional indecomposable solvable. The nilradical is 9-
dimensional decomposable Ng @& R and spanned by ey, e, €3, €4, €5, €6, €7, €3, €9
and the complement is 4-dimensional abelian and spanned by e, €11, €12, €13.

A4.9b(b = —3)
Symmetries and Lie algebra

e1r=D,, ea=D,, e3=D,+2D,, eq = e_%(DZ +yD,), e5s= zez D,

ee = —eDy, er = e2D,, es=D,, eqg=wDy,

€10 — tDt, €11 = ZEDI + yDZW €12 = .TDQ; + ZDZ, €13 = Dw
[617611] = €1, [61,612] = €12, [62,63] = €1, [62,65] = €7, [627612] = €g, [63,611] =
€3, [647 65] = €1, [64, 66] = ér, [64, 612] = €4, [64, 613] = %64, [65, 611] = €5, [65, 613] =
—%ea les,e11] = es, [e6,€13] = —eg,[er,en1] = er,[er,enn] = ez, [er,es] =

—%e7, [es, e10] = es, [e9, €10] = €9, [€9, €13] = —es.

The algebra is a 13-dimensional indecomposable solvable. The nilradical is 9-
dimensional decomposable N; @ R? and spanned by eq, s, 3, €4, €5, €6, €7, €s, €9

and the complement is 4-dimensional abelian and spanned by e, €11, €12, €13.

A4.10,4.11a : [es, e3] = ey, [e1, e4] = 2aey, |2, e4] = aey — e3, [e3, e4] = €2 + aes

Geodesics:
¥ = (at + y)w
= (2az + (ay — x)& — (ax + y)y)w
w=20

Symmetries and Lie algebra

e1 =2e"D,, ey =e™(sinwD, + cosw D, + (xcosw — ysinw)D,),

es = e (—cosw D, +sinwD,, + (ay cosw + azxsinw)D,),

es=—2D,, es=D,+yD,, e¢=Dy—xD,, e;=D,, eg= D, =wD;,
€9 = LL’Dy — me, €10 — tDt, €11 = JfDx + yDy + 22D27 €19 = Dw.

le1, e11] = 2e1, [e1, e12] = —2aeq, [e2, €3] = €1, [e2, €10] = €3, [e2, €11] = €2, [e2, €12] =
—aestesz, [637610] = —€y, [63, 611] = €3, [63, 612] = —a€e3—ey, [647611] = 2ey, [65766] =
€4, [6’57 610] = €, [6’57 611] = €5, [66, 610] = —€5, [667 6’11] = €, [877 6’9] = €y, [687 69] =

€s, [€8> 612] = —¢€r.
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The algebra is a 12-dimensional indecomposable solvable. The nilradical is 8-
dimensional decomposable H & H & R? and spanned by ey, e, €3, €4, €5, €5, €7, €3
and the complement is 4-dimensional abelian and spanned by eg, €19, €11, €12-

A4.10(a = 0)

Symmetries and Lie algebra

er=2D,, eo=D,—aD,, e3=D,+yD,,

eq = cosw D, —sinwD, — (ycosw + xsinw)D,,

es =sinw D, + cosw Dy + (xcosw — ysinw )D,, es = D;, er =2tD,, es =wDy,
eg = —2wD,, e =1tD, en=xDy—yD,, en=aD,+yD,+22D,, e;3=D,

le1, e12] = 2eq, [e2, €3] = aeq, [e2, e11] = —e3, [e2, €12] = €2, [e3, €11] = €2, €3, €12] =
€3, [64, 65] = €1, [64, 611] = €5, [64, 612] = €4, [64, 613] = €5, [65, 611] = —€y4, [65, 612] =
€5, [657 613] = —€y4, [66, 67] = €y, [667 610] = €, [67, 68] = €9, [67, 610] = —¢er, [67, 612] =
2e7, [es, e10] = es, [es, €13] = —eg, [eg, e12] = 2eg, [eg, €13] = e1.

The algebra is a 13-dimensional indecomposable solvable. The nilradical is
9-dimensional indecomposable and spanned by ey, e, €3, €4, €5, €g, €7, €5, €9 and
the complement is 4-dimensional abelian and spanned by eqq, €11, €12, €13.

A412 : [eq, e3] = eq, [e2, e3] = ea, [e1, €4] = —ea, [e2,e4] = €1

Geodesics:
T =1xz+ yw
i =92 — i
5=0 (11)
w =0

Symmetries and Lie algebra

e1r =D, ea=D,, e3=D,, es=wD;, es =2D;, e =e*(sinwD, —cosw D,),
er = e*(cosw D, +sinw Dy), es =—D,, eg =tDy, eyo=2xD, +yD,

€11 = .%'Dy — ny, €19 = Dw

[61769] = €, [627610] = €9, [62,611] = €3, [637610] = €3, [63,611] = —€9, [64,69] =

€4, [6’47 612] = —é1, [65, 68] = €1, [65, 69] = €5, [66, 68] = €, [66, 610] = €, [66, 611] =
er, les, e12] = er, [er, es] = ez, [er, e10] = e, [er, e11] = —es, [e7, €12] = —es.
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The symmetry algebra is solvable with nilradical R” spanned by e1, s, €3, €4, €5, €6, €7
and abelian complement RS spanned by eg, eg, €19, €11, €12.
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