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Abstract

For each of the two and three-dimensional indecomposable Lie alge-
bras the geodesic equations of the associated canonical Lie group con-
nection are given. In each case a basis for the associated Lie algebra
of symmetries is constructed and the corresponding Lie brackets are
written down.
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1 Introduction

Any Lie group comes equipped with a natural linear torsion-free connection
and consequently a canonical system of geodesic equations. This connection
was introduced as long ago as 1926 [2]: it is in fact E. Cartan’s “0”-connection
[4]. More recently, it has appeared in the context of the inverse problem of
Lagrangian mechanics [6,3,9]. In this paper we embark on a study of the Lie
symmetry properties of the canonical geodesic system and it is confined to the
case of indecomposable Lie groups in dimensions two and three.
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In the main body of this paper we provide systematically the Lie symmetry
algebras for each of the three-dimensional Lie algebras. For each such algebra
we provide a group matrix .S, the left and right-invariant vector fields and one-
forms and the associated system of geodesics. We list in each case a basis for
the Lie symmetries and the corresponding Lie brackets. Of course constructing
these symmetry algebras is a labor intensive albeit routine process [7] that
is aided considerably by symbolic programs such as MAPLE, which is what
was used in this paper. Nonetheless we forgo completely all the elementary
calculations and simply present the results.

The notation for the Lie groups in dimension three and their associated
Lie algebras is taken from [8]. However, in the interests of efficiency, we prefer
to consolidate cases 3.3,3.4 and 3.5 into a single case and likewise for cases
3.6 and 3.7. It is also useful to consult Jacobson’s approach at the end of the
first chapter of his book [5]. In the future we hope to investigate Lie symmetry
properties of canonical geodesic systems in dimension four and higher. We will
use R™ x R" to denote a semi-direct product of abelian Lie algebras in which
R™ is a subalgebra and R™ an ideal.

2 The canonical Lie group connection

On right invariant vector fields X and Y the canonical symmetric connection
V on a Lie group G is defined by

Vi = 2 [X.Y] 1)
and then extended to arbitrary vector fields using linearity and the Leibnitz
rule. One could just as well use left-invariant vector fields to define V but one
must check that the definition is well defined. Some properties of the canonical
connection have been derived in [3,9]. Here we shall be content to review them
as follows:

e The connection has torsion zero

The curvature is given by R(X,Y)Z = 7[[X,Y], Z]

1
4

The curvature tensor R is covariantly constant

The curvature tensor R is zero if and only if the Lie algebra is two-step
nilpotent

e The Ricci tensor is symmetric and in fact a multiple of the Killing form

e The Ricci tensor is bi-invariant
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Any left or right invariant vector field is a symmetry of the connection

Any left or right invariant one-form defines a linear first integral of the
geodesics

Geodesic curves are translates of one-parameter subgroups

Any vector field in the center of the Lie algebra is bi-invariant

3 Free particle systems

In this Section we shall review the Lie symmetries of a free particle system,
being the most extreme case of a flat connection. However, this case of course
transcends issues of any Lie group structure. The same results have been
rediscovered many times but we shall refer to [1] as one source. The geodesic

equations will be written as )
=0 (2)

where (z') are a system of local coordinates on some manifold M. It will be
helpful to define the dilation vector field A on M by

A =1tD, + 2'D; (3)

where D; denotes the partial derivative operator with respect to ' and there
is a sum over ¢ from 1 to n, the latter being the dimension of M. Then the
following vector fields comprise a basis for the space of Lie symmetries of eq(2):

Dt, Di, tDt, .fL’iDt, tDZ, .fL’iDj, tA, I‘ZA (4)

Adding up we obtain a space of dimension n? 4+ 4n +3 = (n + 2)? — 1 and
indeed we obtain a representation of the simple Lie algebra sl(n + 2, R).

4 2-dimensional Lie group, geodesics and sym-
metry algebra

2.1: [eq, e9] = eg:
eV x
5= { . J .
Left-invariant vector fields eYD,, —D,,
Left-invariant one forms e ?dzx, dy

Right-invariant vector fields D,, D, + 2D,
Right-invariant one forms dx — zdy, dy.
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Geodesics:
T=u1xy, y=0. (5)

Symmetry algebra basis and brackets:

€1 = Dt7€2 = D:B7e3 = yDt7€4 = €ny,€5 = tDt766 = IDI7€7 = _Dy- (6)

[617 65] = €1, [627 66] = €g, [63, 65] = €3, [637 67] = €1, [64, 66] = €4, [64, 67] = €4.

The corresponding symmetry algebra is seven-dimensional indecomposable:
the nilradical is abelian spanned by ey, es, €3, ¢4 and there is an abelian com-
plement spanned by es, eg, €7 so the symmetry algebra is R® x R*,

5 3-dimensional Lie groups, geodesics and sym-
metry algebras

3.1: [eg, €3] = eq:

S:

o O =
O~ K
— QW

Left-invariant vector fields D., D,, D, + zD,
Left-invariant one forms dz — zdy, dy, dx
Right-invariant vector fields D, D,, D, + yD,
Right-invariant one forms dz — ydz, dz, dy.

Geodesics:
Z=ay, =0, y=0. (7)

By making the change of variable 7 = z — %/, the geodesic equations can be
changed to the “free particle” system

$=0,3=0, §=0. (8)

Hence the symmetry Lie Algebra is sl(5,R) as was explained in Section 3. We
shall forgo the irksome task of transforming the generators of the free particle
into generators for the Heisenberg group under the transformation induced by
the variable Z introduced above.

3.2: [61, 63] = €1, [62, 63] =e1 + €3
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e ze*
S=10 e y
0 0 1

Left-invariant vector fields e*D,, e*(D, + 2D, ), —D,
Left-invariant one forms e *(dz — zdy), e *dy, dz
Right-invariant vector fields D,, D,, D, + (v + y)D, + yD,
Right-invariant one forms dx — (z + y)dz, dy — ydz, dz.

Geodesics:
T=(E+4+9)z =9z £2=0. 9)

Symmetry algebra basis and brackets:

€1 = Dz> €2 = _(xDx _l'yDy)a €3 = _tDta €4 = _nya €5 = Dya (10)
eg = e*(Dy, + 2D,), e = D,, eg = €*D,, eg = Dy, €19 = 2D;.

[61766] = €6 + es, [61768] = €g, [617610] = €9, [62765] = €53, [62766] = €6, [62, 67] =
€7, [627 68] = €g, [63, 69] = €9, [637 610] = €10, [64, 65] = ér, [647 66] = €3g.

It is a 10-dimensional indecomposable, solvable Lie algebra with a 7-dimensional
nilradical. In fact the nilradical is R* @ As, where R? and As; are spanned
by eg,e19 and ey, €5, €4, €7, s and the 3-dimensional abelian complement is

spanned by ey, ey, e3, respectively. The algebra as a whole is isomorphic to
Rg X (R2 D A5.1).

3.3(a=1),34(a=—1),3.5(a # 0,£1): [e1,e3] = ey, [ea, €3] = aea:

e 0 =z
S=10 € y
0 0 1

Left-invariant vector fields e*D,, e**D,, D,
Left-invariant one forms e *dx, e~ **dy, dz
Right-invariant vector fields D,, D,, D, + xD, + ayD,
Right-invariant one forms dx — zdz, dy — aydz, dz

Geodesics:
T=1xz y=ayz, Z=0. (11)
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Symmetry algebra basis and brackets 3.3:

€1 = tDt, €y = Dz, €3 — IDm + yDy, €4 = Dt, €y = Dm, €g — Dy
€7 = ZDt, €g — €ZDm, €9 = €ZDy, €10 — .Z’Dw — yDy, €11 = ny, €12 = .Z’Dy.

(12)
[61, e ] = —€4, [61, 67] = —eér7, [62, 67] = €4, [62, 68] = €g, [62, 69] = €9,
les, e5] = —es, es, €6] = —eq, [e3, €] = —es, [e3, e9] = —ey, [e5, €10] = €5,
[6 612] €6, [€6> 610] = —€, [66> 611] = €s, [68> 610] = €g, [€8> 612] = €y,
leg, €10] = —e9, [e9, €11] = €5, [e10, €11] = —2e11, [e10, €12] = 2e12,
[6117612] = —€10-

The symmetry algebra has a non-trivial Levi decomposition in which ejg, €11, €12
span the semi-simple part s[(2,R); the radical is a semi-direct sum consisting
of an abelian nilradical spanned by ey, e5, €6, €7, €5, €9 and abelian complement
spanned by ey, 3, e3. The algebra as a whole is isomorphic to s[(2, R) x (R?® x
R*).

Symmetry algebra basis and brackets 3.4:

e1 =tDy,ea =D, —yDy,es =xDy +yDy,eqs = Dy,e5 = Dy e = D,y
er = 2D, eg = €*Dy,e9g = e *Dy,e10 = xDy —yDy,e11 = ye* Dy, e10 = xe *D,,.

(13)
[61, 64] = —éty, [61, 6’7] = —ey, [6’2, 6’6] = €g, [6’2, 67] = €4, [€2a 68] = €s,
les, e5] = —es, [e3, e6] = —eq, [e3, €3] = —es, [e3, €9] = —ey, [e5, €10] = €5,
[65, 612] = €9, [667 610] = —€s, [6 611] = es, [687 610] = €s, [687 612] = €¢,
[69, 610] = —é€y, [69, 611] = €5, [610, 611] = —2eyqy, [6107 612] = 2eyo, [6117 612] = —€10-

The symmetry algebra has a non-trivial Levi decomposition in which eqg, €11, €12
span the semi-simple part s[(2,R); the radical is a semi-direct sum consist-
ing of an abelian nilradical spanned by ey, es, g, €7, €5, €9 and abelian com-
plement spanned by eq, ez, e3. Again the algebra as a whole is isomorphic to
s[(2,R) x (R* x RY).

Symmetry algebra basis and brackets 3.5:
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er=D,, e=1tD, es=xD,, es=yD,, e5=D,

€g — Dm, €7 = Dy, €g — ZDt, €9 — esz, €10 = €asz. (14>

[€1> 68] = €5, [61, 69] = €9, [6’1, 610] = aeéo, [6’2> 65] = —€5, [62, 68] = —E€g, [€3> 66] =
—€g, [€3> 69] = —€y, [€4> 67] = —ér, [€4> 6’10] = —€190.

It is a 10-dimensional indecomposable solvable Lie algebra. It has a 6-dimensional
abelian nilradical spanned by es, eg, €7, €3, €9, €10 and a 4-dimensional abelian
complement spanned by ey, e, 3, e4. Hence, the symmetry algebra is isomor-
phic to R* x RS.

3.6(a =0),3.7a(a #0) : [e1, e3] = ae; — ea, [e2, €3] = €1 + aey:

e**cosz e*¥sinz x
S=|—e*sinz e*cosz y

0 0 1

Left-invariant vector fields e**(cos z D, — sin zD,), e**(sinz D, + cos z D,), D,
Left-invariant one-forms e~**(cos z dx — sin z dy), e~ **(sin z dx + cos z dy), dz
Right-invariant vector fields D,, D,, D, + (ax + y) D, — (v — ay)D,
Right-invariant one forms dz — (ax + y)dz, dy — (ay — x)dz, dz.

Geodesics:

i=(ai+9)%, = (ay—#)3 5=0. (15)

Symmetry algebra basis and brackets 3.6:

e =D, — %(— cosz Dy +sinz D), e =D, +yD, ,e3 =tDy, ey = Dy
es = Dy, e6 = 2Dy, e7 = Dy, eg = —yD, +aD,, eg = sinz D, + cosz D,,
elp = —cosz Dy +sinz Dy,
ey1 = (—xcosz+ysinz)D, + (ycosz + xsinz)D,,
e1o = (ycosz +wsinz)D, + (xcosz —ysinz)D,,.
(16)
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le1, e5] = —2er, [e1, e6] = eu, [en, e7] = Les, [en, es] = Leg, [e1, €] = —1es,
e, 5] = —es5, [ea, e7] = —ex, [e2, e5] = —eg, [ea, e9] = —ey, [e3, €4] = —e,
[63, 66] = —€g, [65, 610] = —ér, [657 611] = €9, [65, 612] = —€g, [677 610] = €5,
[6 611] = €g, [67, 612] = €9, [687 610] = —€y, [687 611] = €7, [687 612] = —é€s,
leg, e10] = es, [eg, e11] = €5, [€g, e12] = €7, [e10, €11] = 2e12, [€10, €12] = —2e€11,
le11, e12] = —2eq.

The symmetry algebra has a non-trivial Levi decomposition in which eqg, €11, €12
span the semi-simple part s[(2,R); the radical is a semi-direct sum consist-
ing of an abelian nilradical spanned by ey, €5, €6, €7, s, €9 and abelian com-
plement spanned by ey, es, e3. Hence, the symmetry algebra is isomorphic to
sl(2,R) x (R* x RO).

Symmetry algebra basis and brackets 3.7:

€1 = tDta ey = xD, + yDyv €3 = _me + ny7 €4 = D27 €5 = Dya €6 = ZDtu

er = Dy, es = Dy, eg = e**(sin z D, + cos z D)), e19 = —e**(cos z D, — sinz D,).
(17)

[61766] = —€g, [61768] = —€g, [62765] = —€xs, [62, 67] = —é€r, [62, 69] = —€y, [62, 610] =

—€10, [63, 65] = ér, [637 67] = —€s5, [637 69] = —¢€10, [637 610] = €9, [647 66] = €g, [647 69] =

aeg — e, [eq, €19] = aeip + eg.

It is a 10-dimensional indecomposable solvable Lie algebra. It has a 6-dimensional
abelian nilradical spanned by es, eg, €7, €3, €9, €190 and a 4-dimensional abelian
complement spanned by eq, e9, e3, e4. Hence, the symmetry algebra is isomor-
phic to R* x RS,

3.8 (snnple 5[(2, R)) [61, 62] = 262, [61, 63] = —263, [62, 63] = €7:

e (1 +ay)? 2xe*(1+ay) e2*a?

S = y(1+ zy) 1+ 22y x

—2z,,2

e y 2 6_2Zy 6_2Z

Left-invariant vector fields: —2zD, +2yD,+ D, (1+2xy)D,—y*D,—yD., D,
Left-invariant one forms: yda+(1+2xy)dz, de+2zdz, —y*dx+dy—2y(1+zy)dz
Right-invariant vector fields D,, e**(2?D, + D, — 2D,),e %D,
Right-invariant one forms dz + xdy, e~ **dy, ¢**(dz — 2%dy).
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Geodesics:

P o= Aa?yi + 2wiy — 202, i = 202, F = —2xyi — @), (18)

Symmetry algebra basis and brackets:

ey =Dy, ea =D, +2(2*D, + D, —2D,), e3 = (—zy — %)Dx + %Dy +2D.,
es= D, e5=e*D,, eg = e**(2*D, + D, — xD,), e = tDy, es = D;.
(19)

le1, 2] = 2ey, [e1, €3] = e, [e2, €3] = 2e3, [eq, 5] = —2e5, [es, €6] = 2eg, [e5, €6] =
—ey, [e7, es] = —es

The symmetry Lie algebra is an 8-dimensional decomposable algebra. It has
two copies of s[(2,R) spanned by ey, e, e3 and ey, €5, e7 and a non-abelian 2-
dimensional algebra As; spanned by ez, es. Hence, the algebra is isomorphic
to 5[(2, ]R) s> 5[(2, ]R) S¥) A271.

3.9 (snnple 50(3)) [61, 62] = €3, [62, 63] = €1, [63, 61] = €9:

COSXT COSY cOSz —sinx sinz  sina cosy cosz + cosxsinz —siny cos 2
S = | —coszrcosysinz —sinxrcosz —sinxsinzcosy+ cosxcosz sinysin z
€Oos T sin y sin x sin y cos Yy

Left-invariant vector fields D,, -4 D, +cosz Dy+3-2 D, — =220 ], —

sin y siny siny
sinz D, + g?ﬁ;Dz
Left-invariant one forms dz+cosy dz, cos x dy+sin z siny dz, — sin xdy+cosx siny dz.
Right-invariant vector fields: D, :EZ »+cosz Dy— %Dz, gﬁf; D,—sin z D,—
%Dz Right-invariant one-forms dz+cos y dx, sin y sin z dz+cos z dy, siny cos z dr—

sin z dy.

Geodesics:

¥ =cscy(Z—cosyi)y,j = —siny iz, 2 = cscy (& —cosy2)y (20)

Symmetry algebra basis and brackets:
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egr=D,, eo=222D, +cosz D, — =L=22D)

siny siny
€3 = Z?j;Dx —sinz D, — %D% ey = Dy,
__ CcosycoszT : __cosz __ cosysinz - __ sinz
€5 = “omy D, +sinxz D, SinyDZ, €6 = g D, —cosxz D, SinyDZ7
€7 = tDt, €g — Dt.
(21
[e1, €2] = e3,[e1,e3] = —eq,[e2, €3] = ey, [eq, e5] = —eq, [e4, €6] = €5, [e5, 6] =

—€y4, [677 68] = —€g.

The symmetry Lie algebra is an 8-dimensional decomposable algebra. It
contains two copies of s0(3) spanned by ej, ey, e3 and ey, e5,e¢4 and a non-
abelian 2-dimensional algebra A,; spanned by e7,es. Hence, the algebra is
50(3) ®s50(3) B Aa .

ACKNOWLEDGEMENTS. The authors thank the Qatar Foundation
and Virginia Commonwealth University in Qatar for funding this project.

References

[1] K. Andriopoulos, S. Dimas, P.G.L. Leach and D. Tsoubelis, On the sys-
tematic approach to the classification of differential equations by group

theoretical methods, Journal of Computational and Applied Mathematics,
230(1), 224-232, (2009).

[2] E. Cartan and J.A. Schouten, On the geometry of the group-manifold of
simple and semi-simple groups, Proc. Akad. Wetensch., Amsterdam 29,
803-815, (1926).

3] R. Ghanam, E. J. Miller and G. Thompson, Variationality of four-
dimensional Lie group connections, Journal of Lie Theory, 14, 395-425,
(2004).

[4] S. Helgason, Differential Geometry, Lie Groups and Symmetric Spaces,
Academic Press (1978).

[5] N. Jacobson, Lie Algebras, Interscience Publishers (1962).

[6] Z. Muzsnay and G. Thompson, The inverse problem of the Calculus of
Variations on Lie Groups, Differential Geometry and its Applications,
23, 257-281, (2005).

[7] P. Olver, Applications of Lie groups to Differential Equations, Springer
Graduate Texts in Mathematics, 17, (1987).



Symmetry algebras of the canonical Lie group geodesic 47
[8] J. Patera, R.T. Sharp, P. Winternitz and H. Zassenhaus, Invariants of
real low dimension Lie algebras , J. Math Phys 17, 986-994, (1976).

[9] I. Strugar and G. Thompson, The Inverse Problem for the Canonical Lie
Group Connection in Dimension Five, Houston Journal of Mathematics,
35(2), 373-409, (2009).

Received: January 22, 2018



	Symmetry Algebras of the Canonical Lie Group Geodesic Equations in Dimension Three
	Downloaded from

	RyadGhanam.dvi

