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Sliding Down Inlines with Fixed DesentTime: a Converse to Galileo's Law of Chords

Je� BabbSuppose that a vetor is anhored at the origin and lies along the posi-tive x-axis. Consider rotating the vetor ounter lokwise about the originthrough an angle A, with 0 < A < π. Consider a partile of mass m whihis initially at rest and then slides, under gravity and without frition, from astarting point on the inlined vetor down towards the origin. Let DA denotethe distane of the starting point from the origin. For eah value of A, sup-pose that DA is hosen to ensure that the partile requires exatly T seondsto reah the origin. Determine the urve haraterized by the starting pointsof the partiles.For the partile under onsideration, let dA(t) be the distane travelledalong the vetor at time t, vA(t) = d′
A(t) be the veloity along the vetor attime t, and let aA(t) = v′

A(t) be the aeleration along the vetor at time t.Note that by de�nition, DA = dA(T ).If aA(t) is some onstant K, then
dA(t) =

K

2
t2 . (1)This may be on�rmed by integrating aA(t) twie with respet to time andapplying the initial onditions dA(0) = 0 and vA(0) = 0 to obtain zero forboth onstants of integration.Sine the partile is sliding down a fritionless inline in the Earth'sgravitational �eld, the omponent of aeleration along the inline is

K = g sin A, where g is the aeleration due to gravity at the Earth's surfae.If the desent time is �xed at T seonds, then
DA = dA(T ) =

g

2
T 2 sin A . (2)A point (r, θ) in polar oordinates may be expressed in Cartesian oordinatesas (x, y), where x = r cos θ and y = r sin θ. Consider the following equa-tion, whih is expressed in polar oordinates as

r = 2c sin θ , (3)where r > 0 and 0 < θ < π. Multiplying both sides of equation (3) by ryields
r2 = 2cr sin θ (4)Copyright c© 2008 Canadian Mathematial SoietyCrux Mathematiorum with Mathematial Mayhem, Volume 34, Issue 8
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482
By setting x = r cos θ and y = r sin θ, equation (4) may be re-expressed inCartesian oordinates as

x2 + y2 = 2cy .Subtrating 2cy from eah side and ompleting the square on y2 −2cy yields
x2 + (y − c)2 = c2 (5)whih is the equation of a irle of radius c entred at the point (0, c).Thus, as depited in the �gure at right,the lous of points de�ned by equation (2) isa irle resting upon the origin (0, 0), entredat (0,

g

4
T 2
) on the vertial axis, and of radius

g

4
T 2.On an historial note, the motivation forthis problem arose while onsidering the Lawof Chords, whih was stated and proven byGalileo Galilei in his 1638 masterpiee Dia-logues Conerning Two New Sienes. Galileoonsidered rates of desent along a vertial ir-le and, with his Proposition VI, establishedthe Law of Chords (see [1℄, p. 212):
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0,
g

4
T 2
)

If from the highest or lowest point in a vertial irle there bedrawn any inlined planes meeting the irumferene, the timesof desent along these hords are eah equal to the other.Galileo's proof of the Law of Chords is presented via a series of geomet-ri propositions, whih require familiarity with many of Eulid's theorems.The question the author wished to address was whether the vertialirle is the only urve with the property that desent time to the lowestpoint on the urve is onstant for all hords. This paper demonstrates thatthe vertial irle, or one of its omponent ars interseting at the lowestpoint of the irle, is indeed the only suh urve.Referenes[1℄ Galilei, Galileo. 1638/1952 Dialogues Conerning Two New Sienes,translated by H. Crew and A. de Salvio, Enylopaedia Britannia,Chiago, 1952. Je� BabbDepartment of Mathematis and StatistisUniversity of WinnipegWinnipeg, MB, R3B 2E9Canada
j.babb@uwinnipeg.ca




