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ABSTRACT

Categorical closure operators were introduced by Dikranjan and Giuli in [DG87] and then developed by
these authors and Tholen in [DGT89]. These operators have played an important role in the development
of Categorical Topology by introducing topological concepts, such as connectedness, separatedness and
compactness, in an arbitrary category and they provide a unified approach to various mathematical
notions. Motivated by the theory of these operators, the categorical notion of interior operators was
introduced by Vorster in [Vor00]. While there is a notational symmetry between categorical closure and
interior operators, a detailed analysis shows that the two operators are not categorically dual to each
other, that is: it is not true in general that whatever one does with respect to closure operators may be
done relative to interior operators. Indeed, the continuity condition of categorical closure operators can
be expressed in terms of images or equivalently, preimages, in the same way as the usual topological
closure describes continuity in terms of images or preimages along continuous maps. However, unlike the
case of categorical closure operators, the continuity condition of categorical interior operators can not
be described in terms of images. Consequently, the general theory of categorical interior operators is not
equivalent to the one of closure operators. Moreover, the categorical dual closure operator introduced in
[DT15] does not lead to interior operators. As a consequence, the study of categorical interior operators
in their own right is interesting.

Most studies of categorical interior operators have-been largely restricted to point set topology; see
[CR10, CM13]. A deeper categorical-insight into interior-operators_and their applications beyond the
category of topological spaces is still lacking;In-this-thesis, -we conduct a systematic study of categorical
interior operators on category C supplied with an (&, M)-factorization structure for morphisms such
that M is a fixed class of monomorphisms. We study the notions of closed, open, initial and final
morphisms with respect to an interior operator on C. These morphisms defined via interior operators
are shown to have the cancellation, composition and pullback stability properties. Moreover, they are
(partially) characterized in terms of open subobjects, for an idempotent interior operator. In particular,
open M-morphisms with respect to any interior operator are shown to be the morphisms whose image
commutes with the interior. Some properties of theinotion ofi codenseness with respect to an interior
operator are also introduced. Indeed, the codenseness is preserved by both images under M-morphisms
and dual images under £-morphisms. We also introduce and’study a notion of quasi open morphisms
with respect to a given interior operator i. More specifically, it is shown that these morphisms are
precisely the morphisms which reflect i-codensity. We then introduce a notion of hereditary interior
operators on C using the right adjoint of the preimage of a given morphism and discuss their properties.
We show that these operators behave as well as hereditary closure operators. Notably, we obtain a
characterization of heredity of a given interior operator 7 in terms of “initial embeddings” with respect
to i. Moreover, we study the relationship between our hereditary and Castellini’'s (strongly) hereditary
interior operators. Furthermore, inspired by the works of [Cle01], we use a concept of interior operators
and a relative notion of constant morphisms to investigate the general notions of connectedness and
disconnectedness on C. We show that these notions act in the same manner as the notion of connect-
edness and disconnectedness with respect to closure operators studied in [Cle01] and extend most of the
results of [CR10] to a more general categorical setting. The thesis is concluded with interior theoretic
approaches of the notion of compactness on C in which each preimage preserves arbitrary joins. It is
shown that under appropriate hypotheses, most classical results about topological compactness can be
generalized to these settings.
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Introduction

Closure operators were first introduced in Analysis by [Moo09, Rie09] and since then they have been
defined, studied and intensively used in Logic [Her22, Tar29], Algebra [Bir37, Pie72], Topology [Kur22,
Cec?)?] and Lattice theory [Bir40]. A categorical closure operator on an arbitrary category is a family
of functions which are expansive, order preserving and compatible with taking images or equivalently,
preimages, in the same way as the usual topological closure is compatible with continuous maps. The
formal theory of categorical closure operators was introduced by Dikranjan and Giuli in [DG87] and then
developed by these authors and Tholen in [DGT89]. The theory was largely inspired by Salbany's paper
[Sal76], where regular closure operators on the category of topological spaces and continuous maps were
introduced. This categorical notion generalizes both the lattice theoretic closure operations and universal
closure operations of Topos- and Sheaf theory. In fact, it has unified various important concepts and has
led to interesting examples and applications in diverse areas of Mathematics. Since their introduction,
categorical closure operators have played a crucial role in the development of Categorical Topology.
They have been employed to characterize epimorphisms and investigate cowellpoweredness in certain
categories; see for example, [DG84, DG85, Dik92]. These operators led to an extensive programme
of research introducing and studying classical topological notions such as separation, compactness,
regularity and connectedness in abstract categories and simultaneously expanding categorical insights
into general topology; see in particular the monographs [ , | and the references therein.

The subsequent introduction of categoricaliinterior operators-in {¥orl0] has only recently received atten-
tion and a few papers are published on:the subject;see [ rib,tas 1, LTOCLL, CM13, Caslb, RH14,
Casl6]. An interior operator i on C.is a family of functions which are contractive, order preserving
and only compatible with taking preimages. |While there is a notational symmetry between categorical
closure and interior operators, the two operators are inot ‘“duall’l|to each other. Categorical interior
operators are not compatible with taking images unlike closure operators. As a consequence, interior
operators cannot be seen as endofunctors-on-asuitable class- M of embeddings, hence the preservation
property of interior operators fails (see Remark 2.1.2(a)). Contrary to this a similar property which is
called functorial property holds true foriclosure operators. T his property plays a significant role in the
development of closure operators and enables each closure operator to give rise to an endofunctor of
the arrow category M; see [Cas03]. ‘Furthermore, the dual closure'operator introduced in [DT15] is a
categorical dual to closure operator and does not lead to interior operators. Therefore, a categorical
understanding of interior operators in their own right makes sense.

The majority of the studies of categorical interior operators have been largely restricted to point set
topology. In fact, in [CR10] and [CM13] interior operators are used to study notions of connectedness
and separation on the category of topological spaces and continuous maps. A deeper categorical insight
into interior operators and their applications beyond the category of topological spaces is still lacking.
This thesis takes a further step in the study of categorical interior operators. Indeed, as the title
of the thesis suggests our aim is to conduct a systematic study of categorical interior operators and
their applications in a more general categorical setting. To this purpose, we consider an M-complete
category C supplied with an (£, M)-factorization structure for morphisms such that M is a fixed class
of monomorphisms. We further assume that the preimage f*(—) preserves arbitrary joins for every
morphism f in C and consider an interior operator ¢ on C with respect to M. In fact, the interior
operator i provides enough structure for the abstract category C to be able to regard its objects as
spaces and establish a general theory of some topological notions. We first start with further studies
of interior operators on C with respect to M; we discuss some of their properties, study their relations
with the other operators such as closure, dual closure, neighbourhood operators and topogenous orders
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and present some examples. We then investigate the notions of closed, open, initial and final morphisms
with respect to the interior operator i on the category C. We also introduce and study a notion of
hereditary interior operators on the abstract category C using the right adjoint of the preimage of a
given morphism that improves the Castellini notion of hereditary interior operators presented in [Cas11].
We demonstrate that these operators behave as well as hereditary closure operators. Moreover, inspired
by the works of [Cle01], we explore the general notions of connectedness and disconnectedness in the
abstract category C by using a concept of interior operators and a relative notion of constant morphisms.
We show that this notion behaves like the notion of connectedness via closure operators given in [Cle01]
and extend most of the results of [CR10] to a wider categorical setting. The thesis is concluded with
the interior theoretic approaches to the notions of compactness. Our consideration generalizes the usual
approach to topological spaces with respect to the classical interior operator.

We now provide a survey of each chapter:

Chapter 1 establishes the categorical framework for subsequent chapters. A brief overview of some cat-
egorical concepts such as Galois connections, factorization structures, subobjects, images and preimages
is given. We conclude the chapter by introducing a notion of dual images.

Chapter 2 deals with a further study of categorical interior operators. We present useful character-
izations of the continuity condition of an interior operator. These characterizations are essential to
explicitly define the notion of closed, open, initial and final morphisms with respect to an interior oper-
ator. Further properties of the notions of openness-and-codenseness with respect to an interior operator
are given. Indeed, the codenseness is-preserved by both“images under M-morphisms and dual images
under £-morphisms. We also show that the conglomerate of all interior operators on C with respect to
M together with composition is a monoid which-is-compatible with'its lattice structure and then present
some properties of openness and codenseness relative to composites of interior operators. Moreover,
we give a (partial) characterization of M (&)-morphism in terms of a given interior operator. We con-
clude the chapter by investigating the relationships between interior/operators with closure, dual closure,
neighbourhood operators and topogenous-orders-and-providing some examples of interior operators. We
show that interior operators are special types of neighbourhood operators (or topogeneous orders) and
under some natural conditions one can nicely move from'a closure operator to an interior operator and
vice versa.

Chapter 3 is devoted to the study of classes of morphisms with respect to an interior operator on an
arbitrary category in which the preimage functor for any given morphism preserves arbitrary joins. By
using the equivalent descriptions of the continuity condition of an interior operator i, we first explicitly
define closed, open, initial and final morphisms relative to i. These morphisms defined via interior
operators play a vital role throughout the investigation of the topological notions like connectedness,
separatedness and compactness. They are shown to have their respective cancellation, composition and
pullback stability properties. We give a (partial) characterization of each of these morphisms in terms
of i-open subobjects, for an idempotent interior operator 7. We also show that open M-morphisms
with respect to an interior operator ¢ are the morphisms whose image commutes with the interior 7.
We then introduce and study a notion of quasi open morphisms with respect to i. In particular, it is
shown that these morphisms are precisely the morphisms which reflect i-codensity and they generalize
the i-open morphisms that are studied in [Cas15]. We also explore a notion of quotient maps by using
interior operators. Indeed, their fundamental properties are presented. We show that the class of these
maps ascends along both open and closed monomorphisms with respect to an interior operator. We
conclude the chapter by investigating classes of morphisms with respect to dual closure operators and
show that these classes of morphisms behave nearly like the classes of morphisms with respect to an
interior operator.
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Chapter 4 introduces a general notion of hereditary interior operators in terms of “dual images” on
an arbitrary category in which the preimage functor for any given morphism preserves arbitrary joins.
In [Casll], the study of hereditary interior operators was proposed by a direct adaptation from the
hereditary behaviour of the classical interior operator in general topology. However, these operators
do not lead themselves to a natural and general construction in an abstract category. Furthermore,
they do not act in the same manner as hereditary closure operators in the sense of [DG87]; see in
particular, [Cas11, Examples 3.8. (b) and (¢)], [Casl5, Corollary 2] and they can not be characterized
as in Proposition 4.1.16. To this end, we introduce and study the notion of hereditary interior operators
using the right adjoint of the preimage of a given morphism by assuming that each preimage commutes
with the join of subobjects, as in [LTOCIL1]. In particular, we show that hereditary interior operators are
the counterpart of the notion of hereditary closure operators. We obtain a characterization of heredity
of a given interior operator 7 in terms of “initial embeddings” with respect to i. Moreover, we study the
relationship between our hereditary and Castellini's (strongly) hereditary interior operators. The notion
of dense morphisms with respect to an interior operator is also introduced and studied. We prove that
the class of dense morphisms with respect to a hereditary interior operator is left cancellable with respect
to the class M and the class of dense morphisms with respect to an idempotent interior operator is
stable under composition. The chapter is concluded with the investigation of maximal interior operators.

Chapter 5 presents general interior theoretic approaches to connectedness in an arbitrary category
C in which the preimage functor for any given morphism preserves arbitrary joins. We develop two
possible notions of connectedness by using a coneept of.categorical interior operators in a more general
categorical setting. The first section~investigatés the notion-of ‘connectedness and disconnectedness
with respect to a given interior operator via a relative notion of constant morphisms. Indeed, by
introducing the concept of coarse and fine objects-with respect-to a-given interior operator ¢ and a relative
notion of constant morphisms we investigate the notions of connectedness and disconnectedness with
respect to i on abstract categories in|a fashion similar to [Cle01]. We show that our notion generalizes
the notions of connectedness and disconnectedness with respect to a given interior operator on the
category of topological spaces and ‘continuous maps presented in {€210]. Furthermore, we construct
two Galois connections between the conglomerate of all interior operators on C with respect to M
with the reverse order, the conglomerate of all full'subcategories!6f C with inclusion order and the
dual of the conglomerate of all full subcategories.of C and prove that the Herrlich-PreuB-Arhangel’skii-
Wiegandt (HPAW) “(left-constant, right-constant)” ‘correspondenceis the composition of the two Galois
connections, under mild conditions on C. In the second section we study connectedness with respect to
a given interior operator based on using pseudocomplements in subobject semilattices. We use quotient
maps, dense, open and final morphisms with respect to an interior operator to investigate this notion
of connectedness. In fact, we show that under some natural conditions the connectedness defined is
preserved by preimages of subobjects under quotient maps with respect to an interior operator.

Chapter 6 investigates categorical notions of compactness via interior operators in an arbitrary category
C in which the preimage functor for any given morphism preserves arbitrary joins. We use interior
operators to provide two possible categorical approaches of studying compactness such that both ways
yield a number of results of the classical theory of compactness in topology as special cases. In the first
section, following [Tho99, CGT04], we use closed morphisms with respect to a given interior operator 4
to study firstly stably i-closed morphisms, thence a notion of compactness relative to 7 on an arbitrary
category C. We establish properties similar to those of compactness with respect to a given closure
operator studied in [CGT96]. Moreover, we present a relative notion of Hausdorff separation with respect
to i on C and provide a property which links the two notions. The second section invesigates an internal
notion of compact objects with respect to an interior operator following the Borel-Lebesgue definition
of compact topological spaces. We define compactness of objects of the category C in a natural way
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and study some of its properties.
Some of the results presented in this thesis have been discussed in [AH19a, AH19b].

Prerequisites for reading this thesis include a basic knowledge of Topology, Algebra, Category Theory
and Order and Lattice theory. For further references, we suggest the reader consult [Eng89, DF04,
AHS90, DP02].



1. Preliminaries

Throughout the thesis, we consider a fixed finitely complete category C (in particular, C has a terminal
object and admits finite products). Unless stated otherwise, all the objects and morphisms to be
considered are assumed to belong to the category C; X € C and f in C will be used to denote X
is an object of C and f is a morphism of C, respectively. We use general categorical terminologies
from [AHS90], while for categorical closure operators we refer to [DT95] or [Cas03] or [CGTO04]. In
this chapter, we discuss the concept of Galois connections, factorization structures, subobjects, images,
preimages and dual images, which are required throughout the thesis. We start with the notion of Galois
connections.

1.1 Galois connections

A Galois connection is a particular correspondence between preoreded sets or classes. Galois connections
are generalizations of the correspondence between subgroups and subfields investigated in Galois the-
ory. They enable us to move back and forth between two different structures. They also enable many
proofs to be short, elegant and transparent and are effective tools for research. We recall that a reflexive
and transitive relation is a preorder. As a result we have the following definition which is given in [DT95].

Definition 1.1.1. Given preordered classes - P-and (), a Galois-connection between P and @ is a pair
of mappings f: P — Q and g: Q — P such that f(z) <y < 2 < g(y) forall z € P, y € Q.

Remark 1.1.2. The maps f and g in Definition '1.1.1 are order preserving. Indeed, for z,z’ € P such
that = < 2’ we have that 2/ < g(f(2')), since f(«') < f(2!). Consequently, x < g(f(z")) and hence
f(z) < f(«'). Similarly, we can show-that g is-an-order preserving-map.

Since a preordered class can be viewed as a category, a Galois,connection between two preordered classes
is a special case of a pair of adjoint functors bétween two categories. In this context for the maps f
and g which are given in Definition 11 1, we say thatf7is left adjoint of g or ¢ is right adjoint of f and

write f - g. We also use the notation P é Q or (f,g) to denote a Galois connection between P and
g

Q. Furthermore, the corresponding fixed points of the Galois connection P é Qarepe Pandqge @
g
such that f(p) = g and p = g(q). More precisely, p and g are the left and right fixed points, respectively.

Remark 1.1.3. [Cas03]

(a) Adjoints determine each other uniquely, up to the equivalence relation given by
p=q< p<gqgandq < p. Indeed, if (f,g) and (f,g') are Galois connections between P
and Q then for any ¢ € Q one has g(¢q) < g(¢) & f(9(q)) < ¢ < g(q) < ¢'(q). Moreover,

g (q) <d(q) = fld(@) < g g(q) < glg). Therefore, we deduce that g(q) = ¢'(¢). Dual
reasoning yields the uniqueness of the left adjoint.

(b) The composition of Galois connections is a Galois connection.

Note that for a Galois connection P é Q of preodred classes P and () with the least elements Op in P
g

and Og in @ and the largest elements 1p in P and and 1¢ in @, one has f(0p) = 0g and g(1g) = 1p
since Op < ¢g(0g) and f(1p) < 1g. Therefore, the left adjoint is bottom-preserving and the right
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adjoint is top-preserving. The following lemma gives characterizations of Galois connections.

Lemma 1.1.4. [DT95] Let f : P — @ and g : @ — P be an arbitrary pair of maps of preodered
classes. Then the following are equivalent:

(a) fg:

(b) f and g are monotone, and p < (go f)(p) and (fog)(q) < g forallp e P and ¢ € Q;
(¢) f is monotone and g(q) = max{p € P: f(p) < ¢} forall ¢ € Q;

(d) g is monotone and f(p) Zmin{g € Q :p < g(q)} forall p e P.

Proof. (a) = (b): By Remark 1.1.2, both f and g are monotone. Furthermore, since f(p) < f(p),
one has p < (go f)(p), since g(q) < g(q), one has (fog)(q) < qforallpe P andqe€ Q.

(b) = (c): Since (fog)(q) < g forall ¢ € Q, one has g(q) € {p € P : f(p) < q}, hence
g9(q) < max{p € P : f(p) < q}. Furthermore, for all p € P such that f(p) < ¢, one has
p < (gof)p) < g(q), hence max{p € P: f(p) < q} < g(q). Therefore, g(q) = max{p € P :

f(p) <aq}.

() = (d): Let ¢ < ¢ inQ. Then {p € P: f(p) <q} C{p € P: f(p) <q} hence
glq) = max{p € P: f(p) < ¢} < max{p e P: f(p) <q} = g(g). Thus g is monotone.
Furthermore, for all ¢ € @) such that-p<-¢(g), one has.f(p) < f(g9(¢q)) < g since f is monotone
and g(q) € {p € P: f(p) <'¢f & (Foy)tq)<g hencef(p) < min{g € Q: p < g(q)}. One
also has min{q € Q : p < g(q)} < f(p)-since f(p)e{geQ :
max{z € P: f(z) < f(p)}. Therefore; f(p)=min{ge @ p < Q(Q)}-

(d) = (a): Suppose f(z) <y for z € P,y & (. Then since g is monotone and f(z) € {g € Q :
x < g(q)}, one has = < (g o f)( ;) < g(y). Furthermore, for x € P,y € @ such that z < g(y),

one has f(z) < (f o g)(y) < since f-is monotone and £gty)) = min{q € Q : g(y) < g(a)}.
Hence, f(z) <y x <g(y) forallz € P, y € Q.

9g\q
(g

mi
p <

g(q)} asp < (go f)(p) =

O

As an immediate consequence of Lemma 1.1.4 (d) one has (fogo f)(p) = f(p) and (go fog)(q) = g(q)
for all p € P,g € Q. As a result, f and g give a bijective correspondence between f(P) and ¢g(Q). It
turns out that every Galois connection gives rise to an isomorphism of certain sub-preorders. We are
now ready to show that left adjoints preserve arbitrary joins and right adjoints preserve arbitrary meets.

Proposition 1.1.5. [DT95] Let f 4g. Then f(\/ ;) = \/ f(x;) and g( Avi) = A g(yi).
iel iel iel iel

Proof. Since g is monotone and Ay; < y; for all i € I, one has g( Avyi) < g(y;) for all ¢ € I,
iel iel

hence g( Avi) < Ag(y:). Furthermore, since f 4 g and Ag(yi) < g(y;) for all i € I, one has
i€l i€l i€l
F(Ag(yi)) <w; foralli € I, hence f( Ag(yi)) < Awvi. Consequently, /\g(yz) < g( A wyi). Therefore,
i€l icl i€l iel
g preserves meets. Dually, f preserves joins. O

The following result shows the conditions under which the converse of the above proposition is true.

Theorem 1.1.6. [D795] Let P and @) be preordered classes.
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(a) If arbitrary joins exist in P. Then any map f : P — (@ that preserves arbitrary joins has a right
adjoint.

(b) If arbitrary meets exist in (). Then any map g : Q — P that preserves arbitrary meets has a left
adjoint.

Proof.  (a) Since arbitrary joins exist in P define g by g(q) = \/{p € P : f(p) < q}. Then one
obtains f(g(¢)) = V{f(p) € Q: f(p) <q} <gandp <g(f(p)) =V{peP: flp) <flp)}
Furthermore, since f preserves suprema, for p < p in P one hasp = pV p, hence f(p) =
fovp) = f(p)V f(). Thus f(p) < f(p), thatis: f is monotone. For ¢ < ¢’ in Q one also

has {p € P: f(p) <q} S{pe€P: f(p) <q} hence g(q) = \V{pe P: f(p) <q} <V{peP:
f(p) <q}=g(q) thatis: gis monotone. Therefore, by Lemma 1.1.4, f - g.

(b) It follows by dualizing (a).

1.2 Factorization structures

In the category of Sets every function f : X — Y can be expressed as the composite of a surjective
function e followed by an injective function.sm

P C—

where f[X] is the image of f, e(z) = f{z) for alt @ € X and m is an inclusion map. Factorization
structures are a generalization of thissituation-incategory- theory and allow us to define “image, preim-
age, dual image of a subobject ". In the sequel we use Mor(C), Sect(C), Mono(C), Retr(C), Epi(C)
and Iso(C) to denote the classes of all morphisms, sections; menemorphisms, retractions, epimorphisms
and isomorphisms in C.

Definition 1.2.1. [AHS90] A factorization structure for morphisms in C is a pair (£, M) of any mor-
phism classes in C such that

(a) € and M are closed under composition with isomorphisms from the left and right, respectively;
that is: Iso(C) o & C &, Mo Iso(C) C M,

(b) C has (&€, M)-factorizations of morphisms; that is: f factors into an E-morphism e followed by
an M-morphism m (f =moe < Mor(C) = Mo &), and

(¢) C has the unique (&, M)-diagonalization property; that is: for each commutative solid-arrow
square

.

d 7
/
Ul , Ju
%4

with e € £ and m € M, there exists a unique diagonal d such that doe =v and mod = .
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If (£, M) is a factorization structure for morphisms in C then C is called (£, M)-structured.

Remark 1.2.2. As a consequence of the above Definition one has the following facts.

(a) The notion of factorization structure is self-dual in the sense that C is (£, M)-structured if and
only if C is (M, &)-structured.

(b) (&€, M)-factorizations are unique up to isomorphism (essentially unique), that is: if f € C has
(€, M)-factorizations given by f = moe = m oe then there exists a unique isomorphism d
such that m = m' od and € = doe; in particular, m = m’. Indeed, this follows from the unique
(€, M)-diagonalization property.

Examples 1.2.3. [AHS90]

(a) Both (Iso(C),Mor(C)) and (Mor(C),Iso(C)) are trivial factorization structures for morphisms in
C.

(b) (regular epimorphism, monomorphism) is a factorization structure for morphisms for categories
Set, Vect, Grp, Mon.

(¢) (surjection,embedding) and (quotient, injection) are factorization structures for morphisms in Top,

but (surjection, injection) is not.

Lemma 1.2.4. [AHS90] Let C be (&;M)-structured with-e-€ E-and m € M such that the diagram

commutes. Then e is an isomorphism and g € M.

Proof. Since the diagram

commutes for d = eod and d = 1 then the unique diagonalization property yields eod = 1. Therefore,
e € Iso(C). Consequently, by Definition 1.2.1 (a), one has g € £EN M. O

Before we move to the next proposition let us recall the following from [Cas03].

Definition 1.2.5. A multiple pullback of a sink (r; : R; — X);c7 is a pair (r,S) consisting of a morphism
Ji
r: R — X and a source S = (R — R;)ier in C such that r = r; o j; for all ¢ € I and for each pair
Ji
(r',S") with ' : " — X a morphism and S = (R" — R;)ics a source in C for which ' = r; o j; for
all ¢ € I, there exists a unique morphism u : R — R with 7 = rou and j; =j;ou foralliel.

We have the following properties of the class M and £.
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Proposition 1.2.6. [AHS90] Let C be equipped with (£, M)-factorization structure for morphisms.
(a) ENM =lso(C).
(b) Both M and & are closed under composition.

(¢) M is weakly left-cancellable (g o f,g € M = f € M), left-cancellable with respect to Mon(C)
(go f € M and g € Mon(C) = f € M) and right-cancellable with respect to Retr(C) (go f €
M and f € Retr(C) = g € M).

(d) M is stable under pullback, that is: for any pullback diagram

P,y

L

Z—f)W

fEM=qge M.
(e) M is stable under multiple pullback, that is: for any multiple pullback diagram

R
S
Ji
one has r € M whenever r; € M foriall i & I.
(f) M is closed under products, that is: |if r; & M for each i & I then [[r; € M (if the products
icl
exist).

Proof. The proof can be found in [AHS20]. O

The dual properties to (c) to (f) are possessed by!the'class &'
The following theorem whose dual result is given in [AHS90] deals with the existence of factorization
structures.
Theorem 1.2.7. Let M be a class of morphisms in C such that it
(a) contains isomorphisms and is contained in Mono(C),
(b) is closed under composition,
(c) is stable under pullback, and
(d) is stable under multiple pullback (= intersection).

Then there is a uniquely determined class E of sinks in C for which (E, M) is a factorization system
for sinks in C. Consequently, there is a uniquely determined class £ of C-morphisms that (considered
as 1-sinks) belong to E such that C is (£, M)-structured.
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Following [ |, for a fixed class M of C-monomorphisms we say that C has M-pullbacks if M is
stable under pullback, that is: pullbacks of M-morphisms along C-morphisms exist and belong to M.
We also say that C has M-intersections if M is stable under multiple pullback. Furthermore, C is called
M-complete if C has both M-pullbacks and M-intersections.

Remark 1.2.8. In order to develop the theory of interior operators in the following chapters of the
thesis we need a fixed class M of C-monomorphisms, which is closed under composition and contains
all C-isomorphisms and the assumption that C is M-complete. Consequently, by Theorem 1.2.7, there
is a uniquely determined class £ of morphisms in C such that C is (£, M)-structured. Indeed, hereafter
throughout the thesis, unless stated otherwise, we work with an M-complete category C equipped with
(€, M)-factorization structure for morphisms such that M is a fixed class of monomorphisms. This in
turn implies the features of M and & listed in Proposition 1.2.6.

1.3 Subobjects, Images, Preimages

A subobject of an object in a category is a concept analogous to the concept of a substructure of a
mathematical structure. It generalizes concepts such as subsets from set theory, subgroups from group
theory, subspaces from topology. Let us now formally define subobject of an object in C.

Definition 1.3.1. | | For a given-X"e-Ci-subobjects-of-X is-a.class given by

subX=={re MTT IR S X1

Objects of subX are known as M-subobjects off X . |subX is a|preordered class with order r < s <
r = s ot for some morphism ¢ (which we shall denote by 74);

Pl

N

X

In fact, since s is monic, 75 is unique; since M is weakly left-cancellable, r; € M. Furthermore, if
r < s and s < r then 74 is an isomorphism between the domains R of » and S of s, hence r and s
are isomorphic and we write r & s. We do not distinguish between isomorphic subobjects. In fact, the
preorder relation “ < ” induces an equivalence relation “ = ” between M-subobjects of X, which is
given by r 2 s & r < s and s < r. Thus subX modulo 2 is a partially ordered class and we use the
usual lattice theoretic terminology and notations such as A,V, A,\/, etc in subX. As a consequence
of the above assumptions and terminologies one has, for each X € C, subX is a complete lattice with
Ox :Ox — X and 1x : X — X as the least and greatest member of the lattice, respectively.

Definition 1.3.2. | ] A subobject 7 : R — X is called an M-intersection of a family (r; : R; —

X)ier in subX provided that r is the meet of (r;);cr, that is: r < r; for all i € I and any morphism

that factors through each r; must also factor through r.

As the consequence of the definition, r = Ar; : A\ R; — X. One can also notice that intersections are
iel el

unique up to isomorphism and categorically characterized as a multiple pullback.
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Definition 1.3.3 (image, preimage). [CGTO04] For f: X — Y in C, r € subX and n € subY'.
(a) The image f(r) of r under f is the M-component of the (€, M)-factorization of f or, which is
described by the commutative diagram below.
R fIR]
{ fr)em
X

— Y

(b) The preimage f*(n) of n under f is the pullback of n along f, which is shown by the commutative
diagram below. The pullback f of f is also called a restriction of f.

N
Y

The fact that (€, M)-factorizations and pullbacks-are unique up to isomorphism implies both image
and preimage are uniquely defined, up-to‘isomorphism.—As-a consequence of the definition one has a
pair of adjoint functors given as follows:

(N L

roo|
X

~

—
f

Proposition 1.3.4. [CGT04] Every morphism f : X =+ ¥ in € induces an image-preimage adjunction:
f(=)
subX

1 subY , thatis: f(r) <n< r < ff(n) for all 7 /€ subX and n € subY".

(=)
Proof. Let r € subX and n € subY: and: (ey f (1)) be the (£; M )-factorization of for.
(r

(=) Assume f(r) < n. Then 3w : f[R] — N such that f(r) = now. Consequently, for = f(r)oe =
now o e. Hence the solid arrow right diagiam below

R—= f[R] R-
fowl f(r)

N——Y

commutes. Thus, by the pullback property 3! u; : R — f*[N] such that r = f*(n)ou; and woe = pou;.
Hence r < f*(n).

(<) Suppose r < f*(n). Then 3wy : R — f*[N] such that r = f*(n) o w;. As a result one has
f(ryoce= for=fof*(n)ow = nofowl and hence the left diagram above commutes. Therefore,
3 d: f[R] — N such that f(r) =nodand fow, =doe. Thus f(r) <n. O

The following statements follow from Section 1.1 and Proposition 1.3.4.
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Remark 1.3.5. Let f: X — Y be any morphism in C, r, s € subX and n, k € subY. Then since subX
and subY are preordered classes one has

(a) r<s= f(r) < f(s);
b) n<k= f*(n) < f*(k);

)
(b)
(¢) r < f*(f(r)) and f(f*(n)) <n
(d)

d) f(\V ri) =V f(ri), where r; € subX for all i € I;
el iel

(e) f*(A\ ni)= A ff(n;), where n; € subY for all i € I;
iel el

(f) f(0x) =0y and f*(1y) = 1x .

Next we see that the image of a subobject under a morphism in M can be described in terms of com-
position.

Remark 1.3.6. [DT95] Let f : X — Y be any morphism in C. Then, the following statements hold.

(@) f: X =Y eM= f(r)= forforall r € subX. Indeed, if f € M then for any r € subX, one
has both (1, f or) and (e, f(r)) for some e € £ are (£, M)-factorizations of f or. Therefore, by
Remark 1.2.2, one has f(r) = for.

b) f: X =Y €&« f(lx) =1Ly.—Indeed, if [ €& thenboth (f,1y) and (e, f(1x)) for some
e € € are (£, M)-factorizations of folx = f. Therefore, by Remark 1.2.2, one has f(1x) = 1y.
Conversely, if f(1x) = 1y thenf = fodx = f{ix)oe = lyoe = e € £. Therefore,
fe€e f(lx) = 1y.

Remark 1.3.7. For each object X & C, subX has binary meets. Indeed, the meet of s : S — X and
t: T — X insubX is given by s A t:= sos™(#) = tot*(s), which is the diagonal of the pullback diagram

SIA 5241

cla (f)J/ J]t

Note that since M is stable under pullback, one has s*(¢) € M. Consequently, since M is closed under
composition, one has s At = so s*(t) € M.

More generally, as a consequence of our assumption on M, for each X € C, subX is a complete lattice,
infima are formed via intersections and suprema are formed via (£, M)-factorizations. Indeed, the join
of (ri)ier in subX can be seen as the meet of all upper bounds of (r;);c;. In fact, the categorical
property of join is given as follows.

Definition 1.3.8. [DT95] A subobject  : R — X is called an M-union of a family (r; : R; = X)ier
in subX provided that r; < r for all ¢ € I and any morphism m in subX such that r; < m foralli € I

must satisfy the relation r < m, that is:

(a) there are morphisms t; : R; — R, i € I with the property r; = r ot; for all i € I, and
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(b) for any commutative solid diagram

inCwithmeMIA'd: R— M withr=modand v, =dot; foralliel.

Consequently, we write r = \/r; : \/ R; — X. The following are formulas for images and preimages of
iel el
composites.

Proposition 1.3.9. [DT95] For morphisms f: X — Y and g: Y — Z in C, one has

(a) (go f)(r)=g(f(r)) for all r € subX;
(b) (go f)* (k)= f*(g*(k)) for all k € subZ.

Proof. (a) Letr € subX. Then by Definition 1. 3. 3( ), one has for = f(r)oe, gof(r) = g(f(r))oe
and go for={(go f)(r )oe for some e, ¢, ¢’ EE Consequently, (gof)(r)oe/ =gofor=

go f(r)oe = g(f(r)) o ¢ oc. Hencabothwetao(r)) and (¢ oe,g(f(r))) are (£, M)-
factorizations of go for. Note that € is closed under composition. Therefore, (gof)(r)) = ( (1))

since by Remark 1.2.2 (£, M)-factorizations are-unique up to isomorphism.

(b) Let k € subZ. Then by Definition 1.3.3 (b), one has (g o f)(k) as the pullback of k along g o f
and the two pullback squares

P gt K
f*(g*(k))l Jg*(k) lk
X YA A

f g

Consequently, the outer rectangle is a pullback since the composition of pullbacks is a pullback.
Hence, f*(g*(k)) is also the pullback of k along g o f. Therefore, (go f)*(k) = f*(g*(k)) since
pullbacks are unique up to isomorphism.

O

In the sequel we use & and £* to denote the class of morphisms in & that are stable under pullback
along M-morphisms and the largest pullback-stable subclass of &, respectively. Hence, if £ is stable
under pullback then £ is stable under pullback along M-morphisms. Therefore, f € E=E* = f € g,
thatis: £ =E&* C & The following result shows the image-preimage functors are partially inverse to
each other under particular conditions.

Proposition 1.3.10. [GT00] For any f: X — Y in C, one has:

(a) f*(f(r)) = rforall r € subX provided that f € M (or f is monic and £ is stable under pullback
along monomorphisms);

(b) f(f*(k)) =k for all k € subY provided that f € £
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Proof.  (a) Suppose f € M. Then f € Mono(C), hence the diagram

1r
— R

R
T‘J/ for
X T> Y

is a pullback. In particular, r is the pullback of for along f, thatis: » = f*(for). Consequently,
by Remark 1.3.6 (a), r = f*(for) = f*(f(r)). For the case f is monic and £ is stable under
pullback along monomorphisms, see [GT00].

(b) Suppose f € £ and k € subY. Then

FIK) L= K

f*(k?)l k
X f) Y

is a pullback diagram with f € £ Hence (f k) is the (£, M)-factorization of f o f*(k).
Consequently, k = f(f*(k)) since the image of.f*(k) under [ is the M part of the (£, M)-
factorization of f o f*(k) (see-Definition-1:3.3).

O
Corollary 1.3.11. Let f: X — Y bein C.
(a) fe M= f*(0y) =0x.

(b) fe& = f(lx) = 1y. Furthérmere, if £ £ then the converse is also true.

Proof.  (a) Suppose f € M then Remark 1.3.5 and Proposition 1.3.10 (a) yield f*(0y) = f*(f(0x)) =
Ox.
(b) Suppose f € &£ then by Remark 1.3.5 and Proposition 1.3.10 (b), one obtains f(1x) = f(f*(1y)) =
ly. Conversely, if f(1x) 2 1y then by Remark 1.3.6(b) one has f € £, hence f € £ since £ C £'.

O

1.4 Dual images

This section is devoted to the notion of dual images. In order to deal with this concept we need to make
the following further assumption. We assume that the preimage f*(—) : subY — subX preserves arbi-
trary joins for every morphism f: X — Y in C, as in [LTOCL11], throughout the section. Consequently,
by Theorem 1.1.6 (a), f* has a right adjoint f,, which is given by f.(r) = \/{u € subY : f*(u) <r}.
Hence, one has f*(k) < r if and only if & < f.(r) for all r € subX and k € subY".

Definition 1.4.1. Let f : X — Y be a morphism in C and r € subX. The dual image f.(r) of r is
the greatest subobject ¢ : T — Y such that the pullback f*(t) : f*(T') — X factors throuh r.
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Remark 1.4.2. [RH14] The assumption that each preimage commutes with joins is not restrictive. Such
a condition naturally arises in topological categories C over Set. Indeed, in a such category C, for any
map f : X — Y, the preimage f*(—) : P(Y) — P(X), whichisgivenby f*(N) ={re R: f(r) € N}
for all N C Y, where P(X) is the power set of X, commutes with joins. Consequently, f*(—) admits
a right adjoint (or dual image) f.(—) : P(X) — P(Y), which is given by f.(R) = |J{N € P(Y) :
fHNYCRy={yeY:fy) CR} =Y\ f(X\R) for any R C X. Note that f,(R) is the
largest subset of Y whose preimage by f is contained in R. In fact, f~! also admits left adjoint
f:P(X)— P(Y)givenby f(R)={f(r):re R} foral RCY.

As the consequence of the above assumption on preimages and Section 1.1 one has:

Remark 1.4.3. Let f: X — Y be any morphism in C.

(=)
(a) f induces a preimage-dual image Galois connection: subY 1 subX .

fe(=)
(b) n < fi(f*(n)) for all n € subY and f*(f.(r)) <r forall r € subX.
(¢) f*(0y) = 0x and fi(lx) = 1y.

(d) f« preserves meets. On the other hand, \/ f.(r%) < f. <\/ rk> for any family (7x)ker in subX.
ke keK

() fe(r)Vn < fu(rV f*(n)) forallr-e-subX and n c-sub¥:

One says that a morphism f : X — Y reflects the least subobject 0y if f*(0y) = Ox, or equivalently,
f(m) =2 0y & m = 0x (see [H511]). Consequently, by Remark 1.4.3 (¢), any morphism in C reflects
the least subobject. However, by Corollary 1.3.11, each subobject morphism reflects the least subobject
without assuming that joins commute jwith preimage. Moreover, the above assumption on preimages
produces the following.

Proposition 1.4.4. Let f: X — Y in[C,[r € subX-and n'€ subY.

(a) If f € M (or fis monic and £.is stable under,pullback along monomorphisms) then f(r) < f.(r)
and f*(fu(r)) =r.

(b) If f €& then fu(f*(n)) = n and fu(r) < f(r).
(¢) fe& = f.(0x) = 0y.

Proof. (a) Let f € M (or f is monic and £ is stable under pullback along monomorphisms). Then by
Proposition 1.3.10 (a), one has f*(f(r)) < r, hence f* - f, gives f(r) < f.(r). Consequently,
r = f*(f(r)) < f*(f«(r)). Therefore, f*(f«(r)) = r since by Remark 1.4.3 (b), f*(f«(r)) <.

(b) Let f € €. Then for any k € subY such that f*(k) < f*(n), one has f(f*(k)) < f(f*(n)).
Consequently, by by Proposition 1.3.10 (b), one has k£ = f(f*(k)) < f(f*(n)) = n. Hence,
f«(f*(n)) = V{k € subY : f*(k) < f*(n)} < n. Therefore, this together with Remark 1.4.3
(b) imply fi(f*(n)) = n. Moreover, by Remark 1.3.5 (¢), r < f*(f(r)). Hence, fi(r) <
F(f(F(r))) = f(r).

(c) Suppose f € £ then for any n € subY such that f*(n) < Oy, one has n = f(f*(n)) < f(0x) =

Oy. Consequently, f.(0x) = \/{n € subY : f*(n) < 0x} = 0y. Of course, the assertion in (c)
follows from (b) by setting r = Ox.
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. . . . . /
The next corollary gives some characterizations of morphisms in the class £ .

Corollary 1.4.5. The following three conditions are equivalent for a morphism f: X — Y in C:
(a) fe&;
(b) fi(r) < f(r) for all r € subX;
(¢) fulr) = f(f*(fo(r))) for all r € subX provided that £ C &

Proof. (a) = (b): follows from Proposition 1.4.4(b).
(b) = (c): Suppose fi(m) < f(m) for all m € subX and r € subX. Then, in particular for m =

fr(f(r)), one has fi(r) < fu(f*(fe(r))) < f(f*(fu(r))). Consequently, f.(r) = f(f*(fi(r)))
since one always has f(f*(f«(r))) < fe(r).
(¢c) = (a): Suppose fi(r) = f(f*(fe(r))) for all r € subX. Then, in particular for r = 1x,

f(f*(1y)) = f(1x) and hence by Corollary 1.3.11(b), f € £
O

Remark 1.4.6. Let f : X — Y and g : Y — Z be-morphisms in C. Then, from the general theory of
Galois connections one has that (g o.f)s =g, 0f. is theright adjoint of (go f)* = f* o g*.

ly = fu(1x) = F(F(f+(1x)))

Recall that a complement of m € subX.is anaa/c subX such.that mAm = 0x and mVvVm = 1x. If
such an m exists then m is said to be complemented-in subX. In the sequel we use m to denote the
complement of m € subX. In categories with complemented subobjects one can express the dual image
in terms of image which is given as follows.

Lemma 1.4.7. Let f: X — Y befany €-morphism, subX beaBoolean algebra for each X € C.
(a) f* preserves complements, that is: f*(7) =./*(n) for all n/é& subY .
(b) fo(m) =\ {n € subY| f*(n) < my=2if (@) forall m csubX:

Proof. (a) Letn € subY. Then by the assumption on f*(—) and Remarks 1.4.3 (¢) and 1.3.5 (¢), one
has f*(n) A f5(70) = f*(n AT) = f*(0y) = 0x and f*(n) V f*(7) = f*(n V@) = f*(ly) = 1x.

(b) Let m € subX. Then by (a), one has f*(f(m)) = f*(f(m)) < m = m. Hence, f(m) € {n €
subY| f*(n) < m}. Consequently, f(m) < \/{n € subY| f*(n) < m} = f.(m). Moreover, for
n € subY such that f*(n) < m, one has by (a), m < f*(n) = f*(n). This in turn together with
Remark 1.3.5 (¢) implies f(m) < f(f*(n)) <n. Consequently, n =n < f(m) for all n € subY'.
Therefore, fi.(m)=\/{n € subY| f*(n) <m} < f(m).

O

Remark 1.4.8. For each X € C, subX has a structure of a frame. Indeed, as is mentioned before

~

each subX is a complete lattice. Moreover, one has m A \/ 7 = mom* | \/r; | 2 mo \/ m*(r;) =
i€l i€l i€l
m(\/m*(n)) = \/m(m*(r;)) = Vmom*(r;) = \ (mAwr;) for all m,r; € subX, i € I by
i€l i€l il i€l
Proposition 1.1.5 and Remarks 1.3.6(a), 1.3.7, hence meets distribute over arbitary joins in each subX.



2. Interior Operators

In general topology, the complement of the interior is the closure of the complement and the comple-
ment of the closure is the interior of the complement. More generally, closure and interior operators
characterize each other in a category with categorical transformation operator (see [Vor00]). In fact,
there is a bijective correspondence between closure and interior operators on a category having a cate-
gorical transformation operator. Consequently, most of the theory of interior operators can be derived
from that of closure operators and vice versa. But in general, it is not true that whatever one does
with respect to closure operators may be done relative to interior operators and vice versa. Indeed, it is
shown in [Vor00] that the category of groups does not have a categorical transformation, hence the two
notions are not necessarily equivalent. Moreover, in any category for which all subobjects are normal,
in particular, in all abelian categories (such as the category of modules over a ring, or the category of
all abelian groups), while there is an abundance of closure operators there is a unique interior oper-
ator, which is the discrete one (see [DT15]). As a consequence the study of a categorical notion of
interior operators for its own sake is interesting enough. In this chapter, we further study categorical
interior operators which are introduced by S.J.R. Vorster in [Vor00]. We give important equivalent
characterizations of the continuity condition of a given interior operator ¢ and discuss some properties
of the notions of openness and codenseness relative to i. By investigating the interaction of interior (or
closure) operators with neighbourhood operators and topogenous orders, we also provide a nice way of
moving from a given closure operator to _an-interior operator.and vice versa. We close the chapter by
looking at the relationship between interior-and-dual-closure-operators. As already mentioned in Re-
mark 1.2.8, throughout this chapter (with the.exception of Section 2.4) we work with an M-complete
category C equipped with an (&, M )-factorization structure for morphisms such that M is a fixed class
of monomorphisms. Consequently, for each morphism f in/ C, the image f(—) is a left adjoint to the
preimage f*(—) (see Proposition 1.3.4).

2.1 Basic properties ofinterior,operators

The following definition of an interiorioperator in'an‘arbitrary category was introduced by S.J.R. Vorster
[Vor00].

Definition 2.1.1. An interior operator ¢ on C with respect to M is a family
i = (ix :subX — subX)y ¢

of functions which are

(1) contractive: ix(r) <,

(I2) monotone: if r < s then ix(r) <ix(s), and which satisfy

(I3) the continuity condition: f*(iy(k)) < ix(f*(k)),

forall f: X =Y inCandr,s € subX and k € subY.

From now on throughout the thesis, unless stated otherwise, we use i to denote an interior operator ¢ on

17
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C with respect to M. As a consequence of the contraction property one has a canonical factorization

ix[R] R
ix (1) J
X

with ix(r) € M and j, € M for every interior operator i on C and for every M-subobject r : R — X.
The prototypical example of an interior operator is the Kuratowski interior operator k™ in the category
Top, which assigns the usual topological interior R° to each subspace R of a topological space X, that
is: kK'(R) = |J{O open in X : O C R}. The operator given by

kMN(R) = |J{C closed in X : C C R} = {z € R: kx({z}) C R}, where kx({z}) is the Kuratowski
closure of {z} in the topology of X is also an interior operator in Top. k*" is called the inverse
Kuratowski interior operator. Note that the interior operator k™" (k*i”, resp.) are induced from the Ku-
ratowski k (inverse Kuratowski k*) closure operator given in [DT95] via set theoretic complementation.
We will include additional examples later towards the end of this chapter.

Remark 2.1.2. Let i be an interior operator on C with respect to M, f: X — Y be any morphism in
C,r € subX and n € subY'.

(@)

(b)

(©)

Recall from [Cas03] that for a given categorical closure operator ¢, the continuity condition of c:
flex(r)) < ey (f(r)) yields the functorial property. of-closure operators (also called the diago-
nalization lemma in [DT95])." This property-has-ptayed a crucial role in the development of the
theory of closure operators and-is-essential“in-proving that-any closure operator gives rise to an
endofunctor of the arrow categorny, M, whose objects are the M-morphisms. Unlike the categorical
closure operator case, the continuity condition of 7 can not be described in terms of direct images,
that is: the inequality f(ix(r)) < iy (/f(r))is not true in general. Indeed, in the category of Top,
for the set i of real numbers with-the usual Euclidean topology with f(z) = 22 +1, R = [-2,2]
and i be the interior operator induced by the topology then f(i(R)) = f((—2,2)) = [1,5) and
i(f(R)) = i(f[-2,2]) = i[1,5] = (55):Thus f(i(R)) Li(f(R)). Consequently, the functorial
property (also called the preservation property in [C i |) does not hold for interior opera-
tors. Note that the preservation'property of 4 holds true if and only if f is an open morphism with
respect to i (see Remark 3.1.18(a)). Moreover, the inequality iy (f(r)) < f(ix(r)) is not also
true in general. In fact, if we consider A = {0,1}, the two element indiscrete topological space,
B = {1}, the singleton topological space, r : R = {0} — A as inclusion map and g : A — B
as the only possible function then i(g(R)) = B, g(i(R)) = 0 and hence i(g(R)) € g(i(R)); see
[Cas11].

The continuity condition of i: f*(iy(n)) < ix(f*(n)) is equivalent to [f*(n) < r = f*(iy(n)) <
ix(r)]. Furthermore, the latter is equivalent to [n < f.(r) = iy(n) < fi(ix(r))] provided that
each preimage preserves arbitrary joins in the category C.

If C-morphisms reflect 0 then t" = (#) xec with 3 (r) = Oy for all » € subX is an interior
operator on C with respect to M. We call ¢"" the trivial interior operator.

We recall the following definition from [Vor00, Casl1, Cas15] which will be used in the sequel.

Definition 2.1.3. Given an interior operator i on C with respect to M, we call

(a)

an M-subobject r : R — X i-open (in X) if j, : ix[R] — R is an isomorphism,
that is: ix(r) & r;
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(b)
()
(d)

i idempotent if for each X € C and r € subX, ix(r) is i-open in X, thatis: ix(ix(r)) = ix(r);
i standard if for all X € C, 1x is i-open subobject of X, that is: ix(1x) = 1x and

i additive if ix(r As) Zix(r) Aix(s) for all r,s € subX and X € C.

In the sequel, we use O to denote the class of i-open M-subobjects, respectively.

Remark 2.1.4. Let i be an interior operator on C with respect to M.

(@)
(b)

The contraction property produces ix(0x) = Ox, that is: Ox is i-open in X for all X € C.

The continuity condition of ¢ implies the preimage of an i-open M-subobject is an i-open M-
subobject, that is: O’ is stable under M-pullback. In particular, f*(0y) is i-open in X since
by (a) one has Oy is i-open in Y. Furthermore, O’ satisfies the left cancellation condition:
sotc Ol s € M =te O In particular, the first factor of an i-open M-subobject is i-open.

The monotonicity condition of i yields arbitrary joins of i-open M-subobjects are i-open M-

subobjects, that is: if r; € Og( for all k € K then \/ r € Og(, where Oé( denotes the class of
keK
i-open M-subobjects of X € C.

Let i be an idempotent interior operator. Then i is additive if and only if O is closed under binary

meets. Moreover, 7 induces a Galois connection 03( 1 7 subX, thatis: the class O_Z'X of i-open

(2
subobjects of X € C is a coreflectivessubcategory..of- subX:

One easily sees that the trivial interior operator ™ is not standard unless Ox = X for all X € C. On
the other hand, the following result shows that there is a smallest standard interior operator on C with
respect to M.

Proposition 2.1.5. Suppose each preimage preserves-arbitrary-joins in the category C. The operator

&)
s = (sx : subX — subX)xec defined by sx(r) = V{e*(lg) : X = E € E,e.(r) = 1g} for all r €
subX is the smallest standard interior operator on+C with respect to M.

Proof. (a) Lete: X — E € £ such that e, (r) =1y for all'r € subX. Then e*(1g) X e*(ex(r)) <7

(b)

€
for all 7 € subX. Thus sx(r) = \/{e*(1g) : X = E € £, ex(r) =1} <.
Let m < 7 in subX. Then for all e : X — E € & such that e,(m) = 1g, one has 1p =

ex(m) < e«(r), hence sx(m) = \{e*(1g) : X S Ee E,es(m) =1} <\{e*(lp): X L Ee
E,en(r) = 1p}t = sx(r).

Let f: X — Y be a morphism in C, r € subX and n € subY such that n < f.(r). Then we
need to show that sy (n) < f.(sx(r)). To thisend, let g: Y — Z € &£ with g.(n) = 1z and
(e,m)withe: X - Ee€&andm: E — Z e M be the (£, M)-factorization of go f. Then
lz & gu(n) < g.(f(r)). Consequently, e.(r) = m*(mu(ex(r))) = m*(g«(f(r))) = m*(1z) =
1g. Moreover, 17 =2 m,(1g) < my(es(e*(1g))) = g«(f<(e*(1E))), hence g*(12) < fi(e*(1E)).
Thus, for all g : Y — Z € € with g«(n) = 17 there exists e : X — E € £ with e, (r) = 1g such
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that ¢g*(1z) < f«(e*(1g)). As a consequence,

sy(n) = \/{g*(lz Y Sz e g.m=1z)

<\/{f* X—)EEEG*()_lE}
< f*(\/{e*(lE) XS Ee& en(r)21p})
= falsx(r)).

Therefore, by Remark 2.1.2(b), f is s-continuous. Hence, by (a), (b) and (c¢), s is an interior
operator.

(d) Since1x € £and (1x).(1x) = 1x,onehas 1x = 1%(1x) < \{e*(1g) : X S Ee £ e(lx) =
1E} = SX(lX), hence s = (SX)XE(C is standard.

(e) Let ¢ be any other standard interior operator. Then for alle : X — E € £ with e, (r) = 1 for all
r € subX, one has e*(1g) Z e*(ip(1p)) <ix(e*(1g)) X ix(e*(e«(r))) <ix(r). Consequently,

e
x(r) = V{e*(lg) : X =2 E € E,e.(r) = 1g} < ix(r). Therefore, s is the least standard
interior operator.

O

Remark 2.1.6. (a) In Top with M the class of embeddings, the indiscrete interior operator given
by ix(X) = X and ix(R) = () for all R @ X & Top is the smallest standard interior operator.
We also note that this operator-is the-smallest standard. interior operator on Set with respect to
M = the class of injective maps.

(b) Let each preimage preserves arbitrary joins in the category €. Then C has at least three interior
operators, namely the trivial ¢'*, the indiscrete-s and-the-discrete d'" interior operators such that
t" < s < d". We call an interior operator proper p' if it is not isomorphic to any of these.

A useful characterization of the continuity condition’of an interior!/éperator i is given in the following

proposition.

Proposition 2.1.7. Let f : X — Y be any morphism in C, m € subX and n € subY. If preimages
commute with the joins in the category C then for a given interior operator i on C with respect to M,
the following statements are equivalent:

(a) f is i-continuous, that is: f*(iy(n)) <ix(f*(n));
(0) iy (fe(m)) < fulix(m));
(e) f*(iy(fe(m)) <ix(m);
(d) iy(n) < fulix(f*(n))).
Proof. Let m € subX and n € subY.

(a) = (b): Suppose f*(iy(n)) < ix(f*(n)) then the adjointness of preimage and dual image
(f*, f+) yields f*(iy (f«(m))) < ix(f*(f+(m))) < ix(m), hence iy (fi(m)) < fi(ix(m)).
(b) = (c¢): This follows from the fact that f* - f,.
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(¢c) = (d): Putting m := f*(n) in ¢, one obtains f*(iy (f«(f*(n)))) < ix(f*(n)). Therefore,
iy (n) < iy (£u(F*(n))) < fulix(f*(n))) by adjointness.

(d) = (a): This is obtained from adjointness of (f*, fs).

We obtain the following property of M (£')-morphisms from Propositions 1.4.4 and 2.1.7.

Corollary 2.1.8. Let preimages commute with arbitrary joins in the category C, f : X — Y be a
morphism in C and ¢ be an interior operator on C with respect to M.

(a) feM=iy(f(m)) < f(ix(m)) < fi(m) for all m € subX.

(b) f € & = iy (f«(m)) < flix(m)) < f(m) (or f*(iy(fe(m))) <ix(m) < m) for all m € subX.
In particular, one has iy (f«(0x)) = Oy for all f € £. Furthermore, if i is standard and £ C g
then the converse is true.

Proof.  (a) Suppose f € M. Then by Propositions 1.4.4(a) and 2.1.7 and the contraction property
of i one has iy (f(m)) < iy (fu(m)) < fulix(m)) < fi(m) for all m € subX.

(b) Suppose f € £. Then by Propositions 1.4.4(b) and 2.1.7 and the contraction property of i one
has iy (fs(m)) < filix(m)) < f(ix(m))-<-f(m) for all m € subX. The converse follows by
setting m = 1x. Conversely, assume that 7y (f.(m)) < f(ix(m)) for all m €subX. Since i is
standard then for m = 1y onethas by = oy (ly) Sy (fi(lx)) < f(ix(1x)) = f(1x), hence
f(1x) = 1y. Consequently, by Remark 1.3.6(b).f.€ E. Therefore, f € £ since £ C £'.

O

Next we introduce some basic properties of the notion of codenseness with respect to an interior oper-
ator ¢ on C with respect to M. We begin-with-the following:

Remark 2.1.9. Recall from [Eng@9] that a subset R of a topological space X is called codense in X
if the complement X \ R of R in X isidense in X, that is: if kx(X \ R) = X, which is equivalent to
k:')’}(R) = (), where k and k™" are the Kuratowski closure and interior operators, respectively.

The above description of codenseness in terms of the Kuratowski interior operator motivates the fol-

lowing:

Definition 2.1.10. Given an interior operator i, we say that an M-subobject r : R — X is i-codense
(also called i-isolated in [CR10, Casl1]) in X if its i-interior is isomorphic to O, thatis: if ix(r) = 0x.

ix[R] R
ix(r) J
X

A notion of i-codense subobjects was used in [CR10] to define indiscrete objects with respect to an in-
terior operator ¢ in the category Top of topological spaces. We use C"* to denote the class of i-codense
M-subobjects.
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Remark 2.1.11. (a) An M-subobject r: R — X is i-codense in X if and only if j, : ix[R] — R is
isomorphic to Og. Indeed, ix(r) =2 0x < roj, = 0x = r(0g) X ro0r < j, = O0g since 7 is
monic.

(b) An i-codense and i-open subobject is a least subobject. Indeed, let m be an i-open and i-codense
subobject of X then m = ix(m) = 0x. Note that since ix(0x) = Ox, Ox is both i-open and
i-codense subobject of X.

(¢) The monotonicity condition of ¢ also yields arbitrary meets of i-codense M-subobjects are i-

codense M-subobjects, that is: if 1, € C% for all k € K then A 1 € C%, where C% denotes
keK
the class of i-codense M-subobjects of X € C (see [Casl1]).

(d) Let subX be a Boolean algebra for every C-object X and for every C-morphism f let f* pre-
serve complements. Let ¢ be a closure operator and i be the induced interior operator from ¢
given by 5. (m) = cx(m) for all m € subX, where ™ denotes the complement of m. Then an
M-subobject r : R — X is i®-codense in X if and only if 7 is c-dense in X ; see for example [DT95].

Examples 2.1.12. (a) In the category Top, @ and R\ @ are codense with respect to the interior
operator induced by the Euclidean topology. In fact, for the Kuratowski interior operator k' of
Top, k'"-codense for a subspace inclusion R — X means codense in the usual topological sense.

(b) Consider the normal interior operator n_given-byna(H) = \/{N < G : N < H} on the category
Grp. Then every subgroup H, .+ G-of a-simple group-G-is-n=codense in G. On the other hand, a
Dedekind group G has only the trivial subgroup {ec } whichis n-codense in G.

(c) For any category C, the least subobject 0x of X € C is the only subobject which is codense in
X with respect to the discrete interior|operatorion C.

The following partial characterization of M-morphisms will be used in our next proof.

Lemma 2.1.13. Let ¢ be an interior operator on C with respect to M and let f : X — Y be a
morphism in M. Then iy (f(m)) < f(ix{(m))forall m € subX.

Proof. Since f(m) = fom < f, one has iy(f(m)) < iy (f) < f. Consequently, iy (f(m))
iy (f(m) = fo f*(iy(f(m))) < foix(f*(f(m))) = foix(m)= f(ix(m)).

O

For any given interior operator 7, i-codenseness is preserved by images under M-morphisms:

Proposition 2.1.14. Let f: X — Y be a morphism in C, r € subX and n € subY'.

(a) If ris i-codense in X and f € M, then f(r) is i-codense in Y. That is: M-morphisms map
i-codense M-subobjects to i-codense M-subobjects.

(b) If f*(n) is i-codense in X and f € &', then n is i-codense in Y.

Proof.  (a) Indeed, since f € M, one has iy (f(r)) < f(ix(r)) by Lemma 2.1.13, hence iy (f(r)) <
flix(r)) = f(0x) = Oy.

(b) I ix(£*(n) = 0x and f € €, then iy (n) = F(f*(iy (n)) < f(ix(f*(n))) = F(0x) = Oy.

Remark 2.1.15. Let ¢ be an interior operator on C with respect to M.
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(a) The class of i-codense subobjects is stable under composition with the class M from the left.
Indeed, let ¢t : T'— S be an i-codense M-subobject of S and s: .S — X be an M-subobject of
X. Since sot = s(t), by Proposition 2.1.14(a), one has sot is an i-codense M-subobject of X.

(b) The class of i-codense subobjects is stable under composition with the class M from the right.
To this end, let s : § — X be an i-codense subobject of X and ¢t : T — S be a subobject of S.
Then sot <s, hence ix(sot) <ix(s) = 0x. Therefore, ix(sot) = 0x.

(¢) Let r and s be subobjects of X such that r < s. If s is i-codense in X then so is 7. Indeed, this
is clearly equivalent to (b).

(d) Let preimages commute with arbitrary joins in the category C, f : X — Y be a morphism in C,
m € subX and n € subY. Since f*(fi(m)) < m and n < f.(f*(n)), it follows from (c) that the
statements

(7) if f*(n) is i-codense in X, then n is i-codense in Y,
(73) if m is i-codense in X, then f.(m) is i-codense in Y

are equivalent. Consequently, Proposition 2.1.14(b) yields that i-codenseness is preserved by dual
images under £'-morphisms, that is: if f € £ then (ii) holds. Of course, Propositions 2.1.7(b)
and 1.4.4(c) imply that &' -morphisms map i-codense subobjects to i-codense subobjects.

Some additional properties of the notion-of codenseness with-respect to 7 will be discussed later in this
section, section 3.2 and section 4.1.

In the remainder of this section we focus on operations oninterior operators. We use INT(C, M) to
denote the conglomerate of all interior operators on C with respect to M. INT(C, M) is preordered
as follows. Fori,j € INT(C,M),i < j < ix(m) < jx(m) for all m € subX, X € C, where < is the
order on subobjects. Consequently, meets-and-joins-of non-empty families of interior operators exist and
are formed “pointwise”, which is shown in the following result (see [Cas11]).

Proposition 2.1.16. INT(C, M) is a large complete lattice.

Proof. Let (i;);cr, be a non-empty family of interior operators. Define (/\u) (m) = A (i1) x (m)
leL / x leL
for all m € subX, X € C. Then one can observe that A i; € INT(C, M) and is the infimum of the
leL
family (¢;)icr in INT(C, M). Consequently, by the general property of a preordered class, \/ i; exists
leL
in INT(C, M). O
The discrete interior operator d™ given by di)”((r) & r for all r € subX is the largest element in
INT(C, M). In fact, d" is the greatest standard interior operator. If C-morphisms reflect 0 then
the trivial interior operator ¢t is the least element in INT(C, M). Furthermore, if preimages com-
mute with the joins in the category C then the joins of the family (i;);c; are explicitly expressed as:
(\/u) (m) := \ (i) x (m) for all m € subX, X € C. Below we list some properties which are
X leL

leL
stable under meet or join.
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Remark 2.1.17. (a) The property of being standard (additive, resp.) is stable under arbitrary meet,

that is: for any family (ix)rex of standard (additive, resp.) interior operators A i is also
keK
standard (additive, resp.). On the other hand, if 3k € K such that iy is standard interior operator

then sois \/ ix.
keK

(b) The property idempotency is stable under arbitrary join (see [Casl1]).
Definition 2.1.18. [Casl1] The composite of two interior operators i and j on C with respect to M is
given by composing the maps ix and jx: (joi)x(r):=jx(ix(r)) for all r € subX.
One readily checks that the composition j o i of two interior operators ¢ and j on C with respect to
M is in fact an interior operator on C with respect to M. Consequently, (INT(C, M), o) is a monoid
which is compatible with its lattice structure. More precisely, one has the following properties:
Lemma 2.1.19. Let 4,5,k € INT(C, M).

(a) The composition o is associative, that is: (ko j)oi=ko (joi);

(b) The discrete interior operator d is an identity element for the composition o, that is: doi =i = iod;

(c) If preimages commute with the joins in the category C then the trivial interior operator ¢ is
absorbing, thatis: tot =t =1t oyq;

(d) If i < j then the monotonicity properties ok <jok and koi < ko j hold;

(e) (Aji)oi = A jioiand if preimages commute with-thejoinsinthe category C, (\/ j;)oi = \/ jioi;

leL leL leL leL
(f) Go(ANi) < Njedrand jo (N i) < Vijoi.
leL el HE  [lleeo

Remark 2.1.20. (a) If both i and j are standard {additive, resp.) interior operators then j o is
also standard (additive, resp.). However, the composite of idempotent interior operators need not
be idempotent. Indeed, both-the inverse: Kuratowski interior ‘operator k*" and the Kuratowski
interior operator k™" are idempotent interior operators in, Top but the composition k*" o k™" is not
idempotent. To see this, consider (X = {1,2,3}, 7x = {0,{2},{2,3},{1,2}, X}) in Top. Then
for R = {1,2}, one has kit (R) = R, hence k3"(k'?(R)) = k3"(R) = {1}. On the other hand,
kX" (R (k" (K% (R)))) = FX" (kX ({1}) = kX"(0) = 0.

(b) Leti,j,k € INT(C, M). If k is additive then one has the distributive law: ko(jA7) = (koj)A(kot).

The following facts follow immediately from the respective definitions.

Proposition 2.1.21. Let i,j € INT(C, M) such that i < j and r € subX.
(a) If r is j-codense then it is i-codense, that is: i < j = C7 C C".
(b) If 7 is i-open then it is j-open, that is: i < j = O C O7.
and for (i;)ier, C INT(C, M), as is observed in [Casl1], one has:

(¢) ris A i;-open if and only if 7 is i;-open for all k;
leL
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(d) If preimages commute with the joins in the category C, then 7 is \/ i;-codense if and only if r is
leL
1;-codense for all [.

The following lemma deals with openness and codenseness for composites.

Lemma 2.1.22. Let i,j € INT(C, M).
(a) OF = O™,
(b) C* C CI°,
(¢) i0j < jAi. Furthermore, j Ai < j Vi, provided that preimages commute with arbitrary joins in
the category C.
Proof. (a) Since i o4 < i then by Proposition 2.1.21(b) one obtains O C O%. On the other hand,
r = ix(r) implies r 2 ix(r) £ ix(ix(r)), hence O C O™,
(b) Since j oi < i then by Proposition 2.1.21(a) one obtains C* C (7°%,
(¢) From Lemma 2.1.19(b) and (f), we obtainioj=1io0(jAd) < (ioj)A(iod) <jANi<jVi.
O
Given an interior operator i, Lemma 2.1.22(b) gives I-c.['°" However, I* is not equal to It in
general. Indeed, for (X = {1,2, 3}mv ={0. {1} {2}{1 2}, X}) € Top and the interior operator
O (R) = {r € R : 3 a open neighbourhood U, of 7 in X such that kx(U,) C R}, where kx(U,) is
the Kuratowski closure of U,, defined-in [CR10], one has 6% ({1,3}) = {1} and 67 (6% ({1,3})) =
OR({1}) = 0. Therefore, {1,3} is 6™ o/¢'"-codense but not|§"-codense in X.
Theorem 2.1.23. Leti,j € INT(C,.M). Then
(a) O = (I = 0N = 0N O/.
(b) C™J = ("N Y, provided that preimages commute with-arbitrary joins in the category C.

Proof. (a) Fromioj < jAi (see Lemma 2.1.22(c)), we obtain O C 0%, On the other hand,
let 7 be j Ad-open in X € C. Then r = (jAi)y (1) = jx(r) Nix(r) < jx(r),ix(r), hence

r = ix(r) = jx(r). Consequently, (joj)y (r) = r. Thus O C O™,

(b) From i,j <1V j, we obtain C*¥7 C (% C7 (see Proposition 2.1.21(a)), hence C*¥7 C C* N (V.
The other inclusion is obvious.

O

2.2 Interior, neighbourhood operators and topogenous orders

Inspired by the categorical study of convergence, a notion of neighbourhood with respect to a categorical
closure operator was introduced in [GS05] and then subsequently studied in [S1208, G509, Slal1]. The
formal theory of categorical neighbourhood operators was introduced by Holgate and Slapal [H§11].
Since then, these operators were used to study a categorical notion of convergence, separation and
compactness. The following is a list of some of the papers that have contributed to the development
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of neighbourhood operators: [Hgll, Raz12, RH14, RH17]. In this section we discusss the relation
between interior and neighbourhood operators (or topogenous orders). We show that interior operators
are special types of neighbourhood operators (or topogeneous orders). For X € C, we use P(subX) to
denote the class of subclasses of subX.

Definition 2.2.1. [Raz12] A neighbourhood operator on C with respect to M is a family
v = (vx :subX — P(subX)) ¢

of functions which are

(N1) stack: if s <tands € vx(r)thentevx(r),

(N3) antimonotone: if m < r then vx(r) C vx(m), and which satisfy

(N3) the property: if s € vx(r) then r < s and

(Ny) the continuity condition: f*(vy (k)) C vx(f*(k)), thatis: if n € vy (k) then f*(n) € vx(f*(k)),
forall f: X —Y inCand m,r,s,t € subX and k,n € subY.

We note that f*(vy (k) = {f*(n)| n € vy(k)}. Consequently, by applying the antimonotonicity prop-

erty of v (see Definition 2.2.1(c)) and the adjointness property (see Remark 1.3.5), one can equivalently
describe the continuity condition of v as follows:

Proposition 2.2.2. [Raz13] Let f : X — ¥ be any morphism in C, m € subX and n € subY. Then
for a given neighbourhood operator v, the following statements-are equivalent:

(a) fis v-continuous, that is: [*(vy(n)) C vx(f*(n));

() vy (f(m)) C fvx(m));

(c) f*(vy(f(m)) € vx(m);

(d) vy(n) C frx(f*(n))).
We use NBH(C, M) to denote the conglomerate of all neighbourhood operators on C with respect to
M. As for INT(C, M), NBH(C, M) is ordered pointwise, v < v/ if and only if vx(r) C v (r) for
all r € subX and X € C. Consequently, NBH(C, M) is a large complete lattice, that is: arbitrary

meets and joins of neighbourhood operators exist in NBH(C, M). Indeed, the meeet and join of the

family (vk)kek is given by () (vx)x(r) and | (vg)x(r) for all » €subX and X € C, respectively
keK keK
(see [Raz12]). Next we focus on special classes of neighbourhood operators which are stable under join.

To this end, let v be a neighbourhood operator on C with respect to M and G C subX, X € C. We
observe that v satisfies the property: if p € vx(m) for all m € G then p € vx(\/ G) if and only if v
has a right adjoint. This motivates the following definition.

Definition 2.2.3. [RH14] A neighbourhood operator v on C with respect to M is a left adjoint
neighbourhood operator if it satisfies the property: if p € vx(m) for all m € G then p € vx(\/ G).

The conglomerate of all left adjoint neighbourhood operators on C with respect to M is denoted by
LNBH(C, M). Like the NBH(C, M), LNBH(C, M) is ordered pointwise and is a complete lattice with
set theoretic union and intersection yielding join and meet, respectively. The next proposition states
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that every interior operator induces a left adjoint neighbourhood operator and each left adjoint neigh-
bourhood operator induces an interior operator.

Proposition 2.2.4. [H511, Raz12, RH14] LNBH(C, M) is order isomorphic to INT(C, M).

Proof. For v € LNBH(C, M) and i € INT(C, M) define i%(r) := \/{k € subX : r € vx(k)} and
Vi (r) :={k € subX : r <ix(k)} forall 7 € subX. Then, r € vx(k) = k < i%(r) and k € Vi (r) &
r <ix(k).

Claim-1: ¥ € INT(C, M). In order to show this,

(I1) let r € subX. Then for all k € {k € subX : r € vx(k)}. By (N3), one has k& < r, hence
i%(r)=V{kesubX : revx(k)} <r.

(I2) let r,s € subX such that » < s. Then for all k£ € subX with r € vx(k), one has s € vx(k) by
(N1). Consequently, {k € subX : r € vx(k)} C {k €subX : s €vx(k)}, hence
i%(r) =V{kesubX : revx(k)} <V{kesubX: secvx(k)} =i%(s), and

(I3) forany f: X - Y € C and n € subY’, one has i}.(n) = \/ {p € subY : n € vy(p)}. Hence
n e vy(\V{pesubY : nevy(p)}) = vy(iy(n)) since v is a left adjoint neighbourhood oper-
ator. Consequently, with the continuity condition (N4) one has f*(n) € vx(f*(i}-(n))), hence
[*(#%(n)) € {k € subX : f*(n) € vx(k)}. Therefore,
(@ (n)) < V{k esubX : f*(n) € vx(k)}=-45(f"(n)).

Claim-2: v* € LNBH(C, M). To this-end;

(N1) let k < m in subX such that k& #k(r). Then < ix(k) <ix(m). Consequently, m € vi(r),

(No) let m < 7 in subX. Let k € vi (), Then m < r < ix(k), hence k € vi(m). Therefore,
v (r) € vx(m),

(N3) let r, s € subX such that s g@(r)—Thenr<-ix(s)<-s and

(Nyg) forany f: X — Y in C and n, k1€ subY suchithatn e vi(k), one has k < iy (n). Consequently,
with the continuity condition of i one has [*(k) < f*(iy(n)) <ix(f*(n)).
Hence f*(n) € vi (f*(k)).

Claim-3: The assignments v+ i¥ and i — 1/* are monotone and inverse to each other. Indeed,
(a) let i,j € INT(C, M) such that i < j. Then for k € Vi (r), one has 7 < ix(k) < jx(k), hence
k € V% (r). Therefore, i < j = 1" <17, thatis: i — 1" is a monotone map,
(b) letv, v’ € LNBH(C, M) such that v < v/, Then {k € subX : 7 € vx(k)} C {k €subX : re u%(k:)},
hence i% (r) = \/ {k € subX : 1 € vy (k)} < \/ {k csubX : r e u;((k:)} = i% (r).
Therefore, v < v implies ¥ < z'”l, that is: the map v + ¥ is monotone,

(c) let 7 € subX. Then i%(r) = V{kesubX: revi(k)} = V{kesubX: k<ix(r)} =
ix(r), and

(d) let k € vx(r). Thenr € {p € subX : k € vx(p)}, hence
r <\ {pesubX: kevx(p)} =i%(k). Consequently, k € i (r) = {p € subX : r <i%(p)}.
Hence vx(r) C vi (r). On the other hand, let k € vi (r). Then r < i%(k), hence by the
animonocity property of v one has vx(i%(k)) C vx(r). Consequently, k € vx(r) since k €
v (i% (k).
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O

The previous proposition shows that interior operators are special neighbourhood operators which re-
spect joins. Indeed, INT(C, M) = LNBH(C, M) is reflective in NBH(C, M), which is shown below.

Proposition 2.2.5. [Raz12] INT(C, M) = LNBH(C, M) is reflective in NBH(C, M) and the reflection
of a neighbourhood operator v is v+ = {V/ € LNBH(C,M): v < 1/}.

Proof. As stated above, an arbitrary intersection of left neighbourhood operators is a left adjoint neigh-
bourhood operator, hence v € LNBH(C, M). Consequently, one has the adjunction

NBH(C, M) 1% LNBH(C, M) = INT(C, M) .
Therefore, the inclusion functor v’ < v/ has a left adjoint. Therefore, INT(C, M) = LNBH(C, M) is
reflective in NBH(C, M). O

Remark 2.2.6. If preimages commute with the joins in the category C then for any neighbourhood oper-
ator (not only left adjoint neighbourhood operator) v, the assignment i% (r) := \/ {k € subX : r € vx(k)}
is an interior operator. Indeed, for any f : X — Yin C and n € subY the continuity condition (/N4) of
v yields
(@ (n) et =€ SubY —nerip)})

= \/-H4(p) e subX —n € vip)}

<\ {f3(p) gsubX|: fH{n) glvx (F* (@)}

< \/ {kg subX : |fF(n) € vx(k)}

=i (7 (m)).

In the remainder of this section we discuss the relation between interior operators and topogenous orders.
Topogenous orders on an arbitrary category were introduced in{H*10] with the assistance of both cate-
gorical closure and interior operators, inspired by the works of Csaszar on syntopogenous structures and
spaces presented in [Cs363]. These orders provide a unified categorical framework for closure, interior
and neighbourhood operators and are defined as follows.

Definition 2.2.7. [HIR16] A topogenous order on C with respect to M is a family

C= (Ex)xec
of relations which satisfy the properties
(Ty) if r Cx s then r <s,
(Ty) if r <sCx p<gqthenrCxq, and
(T3) the continuity condition: if n Ty k then f*(n) Cx f*(k)

forall f: X =Y inCandr s, p,q€ subX and k,n € subY..
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The conglomerate TORD(C, M) of all topogenous orders on C with respect to M is a preordered class
and ordered by the relation EQQ' if and only if r Cx s implies r E'X s for all r,s € subX and X € C.
Consequently, TORD(C, M) is a large complete lattice, that is: arbitrary meets and joins of topogenous

orders exist in TORD(C, M). Indeed, the meeet and join of the family (Cy)rex is given by (] Cp
keK
and |J L, respectively (see [HIR16]). In the next proposition we see that every neighbourhood oper-
keK
C

ator v induces a topogenous order C¥ and each topogenous order C induces neighbourhood operator v=.
Proposition 2.2.8. [HIR16] TORD(C, M) = NBH(C, M).

Proof. Let v € NBH(C, M) and C € TORD(C, M). Then the order relation =" given by

r C% s & s € vx(r) is a topogenous order and the class 1/)%(7') = {kesubX: rCxk}is a
neighbourhood operator. Indeed, these are consequences of (N3) < (T7), (V1) and (N2) < (1») and
(Ny) < (T3). Furthermore, it is clear that both C = and v —C¥ are monotone and inverse to each
other. O

Consequently, topogenous orders are precisely neighbourhood operators.

Definition 2.2.9. [HIR16] Let X € C, s € subX and {r; : k € K} C subX. A topogenous order C
with the property:
if 7. Cx s-for-all-k ek then \/ rx Cx s
LEK

is called a topogenous order which respects joins.

The conglomerate of all topogenous orders on C|with lrespect to MM which respect joins is denoted by
\V-TORD(C, M). Similar to TORD(C, M), \/-TORD(C, M) is stable under arbitrary intersections.
The following proposition shows that topogenous orders which respect joins are precisely the interior
operators, that is: every topogenous-order-which-respect joins-induces an interior operator and each
interior operator induces a topogeneus,order which respect-joins.

Proposition 2.2.10. [HIR16] \/-TORD(C; M) = INT(C,M).

Proof. Let C € \/-TORD(C, M) and i € INT(C, M).

(a) The order relation given by r C% s < r < ix(s) for all r € subX is a topogenous order
which respects joins. Indeed, this is due to (I;) = (T1), (I2) = (1) and (I3) = (T3) and
(Vk € K) (re EY% s = rp, < ix(s)), hence \/ r <ix(s). Therefore, \/ r; C's.

keK keK
(b) The operator given by z)%(r) =V {k €subX : k Cx r} is an interior operator. Indeed,
(Th) = (1), (T3) = (I2) and for any f: X — Y in C and n € subY’, one has
z%(n) =V {p €subY : pCy n}, hence z%(n) Cy n since C € \/-TORD. Consequently, with
(T3) one obtains f*(%(n)) Cx f*(n). Therefore,
Fr(5) < ix(f*(n) =V {k € subX : kCx f*(n)}.

(¢) It is clear that both Ci 5= and i ++C* are monotone and inverse to each other.
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Consequently, one has the following proposition.

Corollary 2.2.11. [HIR16] INT(C, M) = \/-TORD(C, M) is reflective in TORD(C, M) and the re-
flection of a topogenous order C is CT= [ {Ele \/-TORD(C, M) : EQE/}.

Analogous to Remark 2.2.6, one obtains the following.

Remark 2.2.12. If preimages commute with the joins in the category C then any topogenous order
(not only topogenous order which respect joins) C, the assignment z%(r) =\ {kesubX: kCx r}
is an interior operator. Indeed, for any f : X — Yin C and n € subY the continuity condition (73) of
C yields

frizm) = f*(\/{p € subY : pCy n})
= \/{f*(p) €subX : pCy n}
<\ {f*(p) esubX : f*(p) Cx f*(n)}
<\/{kesubX : kCyx f*(n)}
=i (f*(n).

The remark certainly should not surprise us-as topogenous.orders are essentially the same as neighbour-
hood operators (see Proposition 2.2:8).

Definition 2.2.13. [HIR16] A topogenous order, = with the property: for all r Cx s in subX there
exists p € subX such that r Cx p Cix s for all X|€ C is called interpolative topogenous order.

The conglomerate INTORD(C, M) of all interpolative topogenous orders on C with respect to M is
stable under arbitrary unions. Hence, INTORD(C M) is coreflective in TORD(C, M). Furthermore,
we do have the following relation.

Corollary 2.2.14. [Ira16] ldempotent interior. operators are precisely interpolative topogenous orders
which respect joins.

Proof. Let i be an idempotent interior operator. Then by Proposition 2.2.10 the relation given by
r C% s & r < ix(s) for all X € C is a topogenous order in \/-TORD(C, M). Moreover, since i is
idempotent one has ix(s) = ix(ix(s)), hence

rCy ser<ix(s)Zix(ix(s))

So, there exists p = ix(s) in subX such that r QX D Efx s. Therefore, C' is an interpolative topoge-
nous order. On the other hand, if C is an interoplative topogenous order then by Proposition 2.2.10
the operator given by z%(r) =\ {k €subX : k Cx r} is an interior operator. Furthermore, since C is
an interoplative topogenous order, for k € subX such that k Cx r, one has the existence of p € subX
suchthat kCx pCx 7, hence k <k Cx p < z)%(r) Consequently, by (13), k Cx z)%(r) Therefore,

{kesubX: kCyr}C {quubX: ¢ Cx i)%(r)}. Thus,
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ix(r)=V{kesubX: kCxr} <V {q €subX : ¢LCx z%r} = i5(i5%(r)). Hence, i& is an idem-
potent interior operator. O

The following diagram summarizes the relation of interior operators with neighbourhood operators and
topogenous orders.

TORD(C, M) = NBH(C, M), 1 LNBH(C, M) = \/-TORD(C, M) = INT(C, M) .

2.3 “Duality” between interior and closure operators

Although the associated closure and interior operators provide equivalent descriptions of the topology
for a given topological space, categorical closure and interior operators are not “dual” to each other.
This is due to the fact that categorical interior operators are only compatible with taking preimages
unlike closure operators (see Remark 2.1.2(a)). As a consequence, the preservation property, which is
the symmetric counter part of the functorial property of closure operators, does not hold for interior
operators, hence results which are analogous to results involving the functorial property of closure op-
erators may not hold (see [CM13, Casl5, Casl6]).

Definition 2.3.1. [DG87] A closure operator ¢ on-€-with respect to M is a family
¢ = (cx i subX — subX) v

of functions which are

(C1) extensive: r < cx(r),

(C2) monotone: if r < s then cx (1) < ex(s);

(C3) and which satisfy the continuity condition: f(cx(r)) < ey (f(r)),
forall f: X - Y inC and r,s esubX.

The image-preimage adjunction allows us to equivalently describe ‘the continuity condition (C3) as
ex(f*(n)) < f*(ey(n)) or flex(f*(n))) < cy(n) or ex(r) < f*(ey(f(r))) forall f: X - Y inC

and n € subY and r € subX.
Definition 2.3.2. [DG87, DT95] Let ¢ be a closure operator.
(a) An M subobject 7 € subX is called c-closed if cx(r) = 7.
(b) An M subobject r € subX is called c-dense if cx(r) = 1x.
(¢) A morphism f: X — Y in Cis called c-dense if ¢y (f(1x)) = 1y.
(d)

d) c is called idempotent if cx(r) is c-closed in X, that is: cx(cx(r)) = cx(r) for all € subX,
X eC

(e) cis hereditary if cx(rs) = s*(cx(r)) = s*(ex(s(rs))) for all r < sinsubX, X € C.

We use CLOS(C, M) to denote the conglomerate of all closure operators on C with respect to M. Like
INT(C, M), CLOS(C, M) is preordered by <. For ¢,¢ € CLOS(C, M) one defines ¢ < ¢ < cx(m) <
c/X(m) for all m € subX, X € C, where < is the order on subobjects. Consequently, meets and joins of
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non-empty families of closure operators exist and are formed “pointwise” (see [DT95]). In order to see
the relationship between closure operator and topogenous order and hence interior operator let us first
recall the following definition from [HIR16].

Definition 2.3.3. Let X € C, s € subX and {r : k € K} C subX. A topogenous order C with the

property: if s Cx 7 for all k € K then s Cx A ry is called a topogenous order which respects meets.
keK

The conglomerate of all topogenous orders on C with respect to M which respect meets is denoted by
/\-TORD(C, M). Similar to \/-TORD(C, M), A-TORD(C, M) is stable under arbitrary intersections
and hence reflective in TORD(C, M). The following proposition shows that topogenous orders which
respect meets are precisely the closure operators.

Proposition 2.3.4. [HIR16] A-TORD(C, M) = CLOS(C, M).

Proof. We observe that the proof is similar to the proof of Proposition 2.2.10. Let C € A-TORD(C, M)
and ¢ € CLOS(C, M).

(a) The order relation given by » C% s & cx(r) < s for all 7 € subX is a topogenous order
which respects meets. Indeed, this is due to (Cy) = (T1), (C2) = (T2), (C3) = (T3) and
s)

(Vk € K) (s CS 1 = ex(s) < rp). Hence cx(s) < A 7. Therefore, s C¢ A ry.
keK keK

(b) The operator given by ¢ (1) =/A{kesubX :  Cx k}isa-closure operator.
Indeed, (T1) = (C1), (12) = (C3) and for any f : X — YV in C and n € subY, one has
c%(n) = A{p € subY : n Cy:p}eHence n ity c%(n) since'_ € A\-TORD. Consequently, with
(T3) one obtains f*(n) Cx f*(c%(n)) Therefore,
K (f*(m) = Ak € subX « fiiln) B k} < S5 ().

(¢) It is clear that both Ci = and-¢+—E5are order reversing and inverse to each other.

O

Remark 2.3.5. As pointed out in | |, because f* commutes with meets one always obtains the

continuity condition (C3) of a closure operator ¢, hence ¢= is a closure operator for any topogenous

order (not only for topogenous orders which respect meets) L.

As a consequence of Proposition 2.3.4, one has the following corollary.

Corollary 2.3.6. [HIR16] CLOS(C, M) = A-TORD(C, M) is reflective in TORD(C, M) and the
reflection of a topogenous order C is CT= ) {EIG /\-TORD(C, M) : EQE,}.

Analogous to Corollary 2.2.14 one has the following.
Corollary 2.3.7. [lral6] Idempotent closure operators are precisely interpolative topogenous orders
which respect meets.

The following diagram summarizes the relation of closure operators with neighbourhood operators and
topogenous orders.

NBH(C, M) = TORD(C, M), 1 A-TORD(C, M) = CLOS(C, M) .

If preimages commute with joins in the category C then combinining Propositions 2.2.10 and 2.3.4 and
Remarks 2.2.12 and 2.3.5 one has a natural correspondence between closure and interior operators, that
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is: every closure operator gives rise to an interior oparator and vice versa. More precisely, one has the
following theorem.

Theorem 2.3.8. Let c € CLOS(C, M) and i € INT(C, M).

(a) The family (cx)xec, where ¢ (r) := N{k € subX : r <ix(k)} for all r € subX, is a closure
operator.

(b) If each preimage commutes with the joins in the category C then the family (ix)xecc,
where i (r) := \/ {k € subX : cx(k) <r} is an interior operator.

(c) The maps i+ c¢' and c s i€ are order reversing between INT(C, M) and CLOS(C, M).

Proof. This follows by composing the maps
CLOS = A-TORD: T TORD = NBH L SLNBH = \/-TORD = INT.
O

Theorem 2.3.8 deals with general method of constructing interior operators from closure operators and
vice versa.

Remark 2.3.9. The correspondence in Theorem-2.3.8-states that for any interior operator 7, the com-
position i —C%— = is a closure operatorand-if each preimage commutes with the joins in the category
C, then for each closure operator ¢, the composition ¢/ Z%= i 1is an interior operator.

As a consequence of Corollaries 2.2.14 and 2.3.7 and Theorem 2.3.8 one has the following.

Corollary 2.3.10. If preimages commute with the joins in the category C then each idempotent interior
operator induces an idempotent closure-operator and-vice-versa.

The maps i — ¢ and ¢ — i€ in Theorem 2.3.8 are neither Galois connections nor inverse to each other
but they are a natural way of moving between'interior and closure'operators. Consequently, the maps
yield a certain “duality” between INT(C, M) and CLOS(C, M).. They become inverse to each other if
for each X, subX is a Boolean algebra. Indeed, we obtain the following consequence of Lemma 1.4.7(a)
and Proposition 1 of [HS11].

Proposition 2.3.11. If subX is a Boolean algebra for every C-object X and for every C-morphism f,
f*(—) preserves complements. Then interior operators i on C with respect to M are in bijective cor-
respondence with closure operators ¢ on C with respect to M, via ¢’ (m) = ix(m), i (m) = cx(m),
for all m € subX, X € C.

Remark 2.3.12. Recall from Lemma 1.4.7(a) that if subX is a Boolean algebra for every C-object X
and the preimage f*(—) preserves arbitrary joins for every morphism f in C then each f* preserves
complements, hence by the above Proposition there is a bijective correspondence between interior and
closure operators on C with respect to M, via ci(m) = ix(m), i (m) = cx(m), for all m € subX,
X eC.

Let us also note that the following is a generalization of Proposition 2.3.11 proved in [Vor00].

Proposition 2.3.13. If the category C admits a transformation operator there is a bijective correspon-
dence between interior and closure operators on C with respect to M.
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In [H§18], by using the notion of relative closed and open they estabilished possible correspondences
between closure and interior operators. But unless the subobject lattices are Boolean algebras the cor-
respondences do not yield a satisfactory way of moving from one operator to the other. The situation is
discussed in the remainder of this section. Given an interior operator i, based on the topological notion
we define closed subobjects with respect to ¢ as follows.
Definition 2.3.14. [HS518] Let i € INT(C, M), X € C. An M-subobject r : R — X is called:

1. A’-closed if for all s € subX, ix(rVs) <rVix(s);

2. Bi-closed if for all s € subX, rV s 1x = rVix(s) = 1x;

3. C'-closed if r is pseudocomplemented and 7¢ =2 ix(r®), where the pseudocomplement of 7 is an
M-subobject ¢ : R — X such that for any m € subX, m <r*<mAr =0x.

One readily sees that when the subobject lattices are Boolean algebras the above three definitions
coincide. One can also derive some relations in between them under some conditions (see [H518]).
Furthermore, the three definitions induce three types of closure operators as discussed below.

To this end, we construct the smallest pullback stable class F* containing a given a class F C M.
Indeed, F* is given by F* = {f*(n) : n € F, f in C} (see [CHO03a, HS18]).

Proposition 2.3.15. [CHO03a, H518] The family (ck)xec, where ¢k (r) == A {r’ € F* : 7 <1'}, is an
idempotent closure operator.

Proof. (a) Let r <7’ for all 1/ € 7 Then's-< A{rleFtip< '} = L (r).

(b) Let r < sinsubX. Then {r' € F*: s </} CT{s" € F :r <7}, hence
ckr)y=N{r' e Fr:r <o} AN € FHE s €17} 5 ck(8).

(c) Let f: X =Y € C and n € subY. Then
& (f*(n) = Nk € Frofiin) sk}
< AU, € F e ) £ £ ()
< AN{F@)eF n<nt= (N e F in<n'}) = f(F(n)).

(d) Since ¢
& (r)

r) < c%(r), one has ¢k (ck(r)) = N{r' € F*: ck(r) <r'} < c&(r). Furthermore,
% (¢% (1)) by (a). Consequently, ¢} (c% (r)) = §(7’)

Ny

O

Note that c)f((r) = for all r € F, that is each r € F is ¢/ -closed. Consequently, ¢’ is the largest
closure operator satisfying this property.

Definition 2.3.16. [H518] Let i be an interior operator. By considering the class of A’-closed, B’-
closed, C'-closed subobjects for the class F, we define closure operators o, 3% and 7, respectively.

Consequently, one has the following.

Remark 2.3.17. [H518]
(a) The maps i +— 3% and i +— +* are order reversing maps from INT(C, M) to CLOS(C, M).
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(b) The map i + o' does not respect order. Indeed, if we assume C-morphisms reflect 0, then
both the trivial #'" and discrete d'" interior operator induce the same closure operator given by
o (r) =2 r = a® (r).

By assuming preimages commute with the joins in the category C one obtains an interior operator
analogous to the construction of the above closure operator as follows (see also [H518]).

Proposition 2.3.18. Let preimages commute with the joins in the category C and F C M. The family

(i%)xec, where i%(r) := \/ {r' € F* : 7/ <r}, is an idempotent interior operator.

Observe that zf((r) >~ r for all r € F, that is each r € F is i*-open. Consequently, 7 is the smallest
operator satisfying this property. By defining open subobjects with respect to a given closure operator
one obtains three types of interior operators. To see this, we start by recalling the following definition
from [HS18].

Definition 2.3.19. Given a closure operator ¢, an M-subobject r : R — X is called:
1. A%open if for all s € subX, r Acx(s) < ex(rAs);
2. B¢-open if for all s € subX rAs=0x = rAcx(s) =0x;

3. C%open if r is pseudocomplemented and r¢ = cx (r°).

Definition 2.3.20. [H§18] Let ¢ be-a~closure-opérator. "By considering the class of A°-open, B°-open,
C¢-open subobjects for the class F, weidefine interior operators @f, b and ¢, respectively.

The maps ¢ — b® and ¢ > ¢© are order reversing while ¢ — a¢ does not respect the order. Furthermore,

the pairs (o, a), (3,b) amd (v, ¢) form Galois connections if the subobject lattices are Boolean algebras
(see [HS518]).

2.4 Interior and dual closure operators

In this section we first discuss dual ‘closure operators‘in an ‘arbitrary category and we then compare
them with interior operators. Dual closure operators are defined for an arbitrary category with a suitable
quotient object structure. Throughout this section we consider a finitely cocomplete category C with
(€, M)-factorization systems for morphisms such that £ is a fixed class of epimorphisms. We begin
the section by defininig £-quotient objects. The notion of quotient objects provides the categorical for-
mulations for structures such as quotient sets in set theory, quotient groups in group theory, quotient
rings in ring theory, quotient modules in module theory and quotient spaces in topology. In an arbitrary
category we define dual closure operators on a suitable axiomatically defined class of quotient objects.
Quotient objects are described by special morphisms in C which may be thought of as quotient maps.
It is a dual concept to subobjects.

Definition 2.4.1. For a given X € C, quotX := {e € £| domain of e is X}.
Remark 2.4.2. (a) quotX is naturally ordered by p < g < Je (p = e o q) as shown in the diagram

below (see [AHS90]). The fact that ¢ is epic ensures that e is unique. Also, since p is epic we
have e is also epic. Geometrically this ordering makes sense as the codomain of p is “smaller”
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than the codomain of g¢.

P+ Q
}1

)
X

Indeed, the relation “ < 7, which is defined above is reflexive and transitive. Hence quotX is a
preordered class.

~

(b) If p < g and ¢ < p then codom(p) = codom(gq) and we write p = ¢q. We do not distinguish
between isomorphic quotient objects. We shall assume that quotX is a set or a small class, i.e.
C is £-cowell-powered.

(c) Every object X has at least one £-quotient object, namely 1x. Since p =polx < p < 1x for
all p € quotX, one has 1x is the largest quotient object of X.

(d) In the categories of Ab, Grp, Modg, and Rng, each quotient object
X - P2 X — X 7ker(X — P). Indeed , this is due to the first isomorphism theorem in the
respective categories.

Definition 2.4.3 (Left E-factorization). [DT95] Let f: X — Y be in C withe: X — M € £ and
m: M — Y in C. Then any factorization f = m o e such that for any commutative diagram

s

le

n v

J{’HI/

ZT>Y

in C with n € & there exists a uniqueyw 7 — M with\v = m.ow,eou = won is called a left
E-factorization of f. The property of existence of w is called the diagonalization property of the factor-
ization.

Remark 2.4.4. (a) A left E-factorization of f in C is a right E-factorization of f in C°P. Indeed, we
reverse the arrows and interchange the roles of e and m.

(b) Let & be closed under composition. Then C has (£, M) factorizations if and only if every morphism
has a factorization which is simultaneously a left £-factorization and a right M-factorization.

(¢) If C has (£, M)-factorizations then C° has (M, &)-factorizations. Thus if a property holds for
M then its dual is also true for £ and vice versa.

The following is dual to the image-preimage definition given in Definition 1.3.3.

Definition 2.4.5 (co-image/co-preimage). For f: X — Y in C, p € quotX and g € quotY we define
the co-image f°(q) € quotX of g under f as the £-component of the left £ factorization of go f, which
is described by the left commutative diagram below, and the co-preimage f,(p) € quotY of p under f
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as the pushout of p along f, which is shown by the right commutative diagram below.

f f

X y—2 50 x— vy
fm % pi )
Q] P — fo[P]

As a result of the co-image/co-preimage definition we get for every morphism f : X — Y there is
co-image/co-preimage adjunction f° - fo : quotX — quotY. That is, for ¢ € quotY and p € quotX
one has f°(q) < p if and only if ¢ < fo(p). In the sequel we use M’ to denote the class of morphisms
in M that are stable under pushout along morphisms in £ and M* to denote the largest pushout stable
class in M. Consequenlty, one has the following dual results given in Remark 1.3.5.

Remark 2.4.6. Let f : X — Y be any morphism in C and p,p; € quotX and ¢,q; € quotY for all
i € I then since quotX and quotY are preordered classes, one has the following properties:

(a) ¢ < fo(f°(q)) and f°(fo(p)) < p
(0) oV @)=V f(a) and fo(A pi) = N\ fo(pi),

i€l iel el el
(¢) feMifandonlyif fo(1y) = 1x;
(d) If f €&, or fis epic and M is stable under pushout alongepimorphisms then f,(f°(q)) = ¢;
(d) If f € M then f°(fs(p)) = p
(e) f €& then f°(q) = qo f. In particular, we have p°(1p) = 1p o p = p.

Now we are ready to define dual closure operators. ‘A dual closure operator d on C with respect to
(€, M) factorization system is defined as a closure operator on €% with respect to (£, M°P) = (M, E)
factorization system. As a result we have the following definition.

Definition 2.4.7. [DT15] A dual closure operatorid on C with respect to £ is a family
(dx : quotX — quotX) ¢

of functions which are

(D1) extensive: p < dx(p),

(D3) monotone: if p < p’, then dx(p) < dx(p),

(D3) and which satisfy the continuity condition: f°(dy(q)) < dx(f°(q)),
forall f: X Y € C and p,p € quotX and g € quotY’.

The above definition of a dual closure operator is basically equivalent to the one which is given in [DT15]
with the order relation reversed. Since the dual closure operator is acting on the quotient objects rather
than subobjects the choice of our order makes sense geometrically, as mentioned at the beginning of
this section. Let us also note that a very early attempt to introduce a notion of dual closure operators
in the categories of groups was made by [Cas86] and it was termed coclosure operators.
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The extension condition (D;) implies that for every £-quotient object p : X — P has a canonical
factorization

P+ Dy[P]

x de (p)

X
Thatis: p=polx =dpodx(p).

Remark 2.4.8. Let sub X be the subobjects of X in the opposite category. Then d is a family of
functions {dx : sub X — sub X|X € C} such that for all X in C we have:

(a) (Vp°P € sub/X)(p"p < dx(p°P)) if and only if (Vp € quotX)(p < dx(p));

(b) (VpP,t € sub X)(p < t% = dx (p°) < dx(t°°)) if and only if
(Vp,t € quotX)(p <t = dx(p) < dx(t)) and

(¢) (Vg? e sub'Y and VfP : Y — X € CP)(f°!(d ( P)) < dx(f(¢°))) if and only if
(Vg € quotY and Vf : X =Y € C)(f°(dv(q)) < dx(f°(a))) -

Lemma 2.4.9. The continuity condition of a dual closure operator d can be expressed as

oy (q)) < dx(f°(q)) < dy (fo(p)).=foldx(p)) for all ¢ € quotY and p € quotX.

Proof. (=) Let g € quotY such that f*(dy(q)) < dx(f°(g)): Then for p € quotX since (f°, fo) is a
Galois connection we have fo(p) € quotY and hence we get f°(dy'(fo(p))) < dx(f°(fo(p))) < dx(p).
Thus dy (fo(p)) < fo(dx(p))-

(<) Let p € quotX such that dy (f5(p)) < fo(dx(p)). Then for ¢ € quotY since (f°, f5) is a Galois
connection we have f°(q) € quotX and hence we get dy (q) < dy(fo(f°(q))) < fo(dx(f°(q))). Thus
72 (dv (@) < dx /(). .

Furthermore, one has the following:

Remark 2.4.10. The following are also' equivalentdescriptions of the continuity condition of a dual
closure operator. Let ¢ € quotY and p € quotX. Then f°(dy(q)) < dx(f°(q)) & dy(q) <
foldx (f°(q))) & fo(dy (fo(p)) < dx(p)-

Before we consider examples, let us recall the following terminologies from [DT95].

Definition 2.4.11. A preradical on Ab (Grp, Modg, resp.) is a subfunctor of the identity functor of
Ab (Grp, Modg, resp.); that is, rX is a subgroup (subgroup, submodule, resp.) of X for every X €
Ab (Grp, Modg, resp.) and for every homomorphism f: X — Y, f(rX) <rY. ris called radical if
r(X/rX) =0, idempotent if r(rX) = rX, hereditary if rM = M NrX, for every subgroup (subgroup,
submodule, resp.) M of X and cohereditary if for every subgroup (subgroup, submodule) M of X,
r(X/M)=(M+rX)/M.

Examples 2.4.12. [DT15]

(a) Consider the category Ab of abelian groups and group homomorphisms with (surjective homo-
morphisms, injective homorphisms)-factorization. We have the following prototypical dual closure
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operator d'. Let A< X € Aband tA={a € A:(3In € Z")(na=0)} be the torsion subgroup
of A. Define di (X — X/A) = X — X/tker(X — X/A) = X — X/tA. Then

() Since tA < A we have X — X/A < X — X/tA =d\ (X — X/A);

(73) Suppose X — X/B < X — X/A then A < B and hence tA < tB. As a result,
A (X = X/B) = X — X/tB < X — X/tA = di (X — X/A);

(797) Let f : X — Y be any homomorphism and X — X/A € quotX. Then since f(tA) <tf(A)
and the pushout of X — X/Ais Y — Y/f(A), we have

&y (foX — XJA)) = dip(Y — Y/J(4)) =Y — Y/tf(4)
<Y 5 Y/F(EA) = fo(X = X/tA) = foldiy(X > X/A))

Therefore by (i), (i4), (iii) we have d’ is a dual closure operator on Ab.

(b) Consider the category Modgr of R modules and R-linear maps, for a commutative unital ring
R, with (surjective linear maps, injective linear maps)-factorization. One can have the following
dual closure operators induced by preradicals. Recall that a preradical r in Modg is a subfunctor
of the identity functor Ipodr of Modgr. That is, r is a functor on Modg such that r assigns
to every R-module M a submodule rM of M (i.e. rtM < M) and f(rM) < rN for every
R-linear map f: M — N. Now, let M <. X-eModgr and r be a preradical in Modg. Define
(de)x (X = X/M) = X — X/eketfXe=-X/N)=2X=X/rM and
d% (X = X/M) = X — X/ker(X-—X/M)ArX-=X—=>X/M NrX. Then

(¢) Since rM < M and M NeX <M one has
X = X/M<X— X/rM=(dt) x(X —X/M)| and
X o X/M <X = X/MOrX = dS(X b X /M) ;

(7i) Suppose X — X/N <'X — X/M . Then M < N-and hence for the injection MEN we
get tM =i(rM) < rNqand M QrX < NrX: As aresult,
(de)x(X > X/N) =X = X/rN<X=X/rtM = (dy)x(X - X/M) and
(X = X/N) = X XN QX< X = XfMnpX = d5 (X — X/M) ;

(797) Let f: X — Y be any homomorphism and X — X /M € quotX. Then since

f(eM) <rf(M) (because M —>ff(M) can be considered as linear map),
f(MNrX) < f(M)Nf(rX)) < f(M)NrY (because M NrX < M,rX and f(rX) <rY)
and the pushout of X — X/M is Y — Y/f(M), hence
(dr)y (fo(X = X/M)) = (de)y (Y = Y/f(M)) =Y = Y/rf(M)
<Y =SY/feM) = fo(X = X/tM) = fo((dp)x (X — X/M)) and

dy (fo(X = X/M)) = (de)y (Y = Y/f(M)) =Y = Y/f(M)NrY
<Y S Y/f(MNrX) = fo(X = X/MNrX) = fo(d5 (X — X/M)).

Therefore by (7), (i), (i73) we have dy and d* are a dual closure operators on Modg.

(¢) Consider the category Grp of groups and surjective group homomorphisms with (RegEpi, mono)-
factorization. Let N < G € Grp. Then
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(1) (dr)a(G— G/N)=G — G/rker(G - G/N) =G — G/rN and

dt.(G — G/N) =G — G/ker(G — G/N)NrG = G — G/NNrG, where r is a preradical in
Grp, are dual closure operators on Grp. Indeed, since r is a subfunctor of an identity functor
lgrp of Grp we have rG < G and for any automorphism of G, f(rG) < rG and hence
rG is a characterstic subgroup of GG, denoted by rG char G, hence rG < G. Consequently,
rN char N < G implies rN < G. Therefore, (dy)q(G — G/N) = G — G/rN and
dt:(G — G/N) = G — G/N NrG are well defined. Furthermore, for any surjective
homomorphism f : G — H, we have N < G = f(N) < H. We also have f(rG) < rH
which in turn implies f(N NrG) < f(N) N f(rG) < f(N) NrH and hence the continuity
conditions of the two dual closure operators hold true. The extension and order preservation
properties are trivially true for the two operators.

(i1) (de)g(G — G/N) =G — G/cker(G — G/N) =G — G/cN and
d&(G — G/N) = G — G/ker(G — G/N)NcG = G — G/N NcG, where cN is the
commutator subgroup of NV in Grp, are dual closure operators on Grp. In fact, ¢G < G and
for any group homomorphism f : G — H we have f(cG) < cH. Hence, assigning to G its
commutator subgroup cG defines a preradical of G. Therefore, by (a), d. and d€ are dual
closure operators.

(d) Consider the category Rng of unital rings and surjective ring homomorphisms with (RegEpi,
mono)-factorization. Let / << R € Rng. Then d%(R — R/I) = R — R/I"™, where I" is finite
sums of n-fold products of elements-in I, defines a dual closure operator. Here, I = ker(R —
R/I). Note that I" < I, Iy C Iy ==F—~c—fl—and for-any surjective ring homomorphism
f:R— S wehave f(I) < S and-f(I™)-<t"(f(T))"

(d) Consider the category Top with (quatient, injection)-factorization. Let A be the class of all non-
empty connected subset of X & Top and p: X|+> P be a quotient map then
ewh(X = P) = X — X/ ~|whete|x Uy < [p(d) = p(y)]&[(34 € A)(A € p~L({p()})]
with x,y € A defines a dual closure-operator. The construction of this dual closure operator leads
to (A-monotone, A-light)-factorization of morphisms whose codomain is T}.

We define closed and sparse quotient objects as in [D115].

Definition 2.4.13. An £-quotient object p: X — P of X is said to be

(a) d-closed if p°? : P — X is closed with respect to d as a closure operator in C°P, that is:
dx(p) = p < 6, : dx[P] — P is an isomorphism;

(b) d-sparse if p°? is dense with respect to d as a closure operator in C°P, that is:

dx(p) 2 1x & dx(p) : X — dx[P] is an isomorphism.
Proposition 2.4.14. Let f: X — Y be a morphism in C.

(a) f p: X — P € quotX is a d-closed then f,(p) is a d-closed quotient object of Y.

(b) If ¢: Y — @ € quotX is a d-sparse and f € M then f°(q) is a d-sparse quotient object of X.

(c) If each p; : X — P; is a d-closed quotient object of X then /\ p; is a d-closed quotient object of
¥ i€l

(d) If each g; : X — Q; is a d-sparse quotient object of Y then \/I q; is a d-sparse quotient object of

i€

Y.
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Proof. The dual proof can be found in [Cas03, Lemmas 4.11 and 4.13]. O

Remark 2.4.15. In the last section of the next chapter, we will see that a closed morphism in £ is a
closed quotient object.

Corollary 2.4.16. Let p be an epimorphism such that g o p is a d-closed £-quotient then ¢ is d-closed.

Proof. Since p is an epimorphism the diagram

is a pushout, hence q o p is d-closed implies ¢ is d-closed. O

Hereafter, we use Cy and S; to denote the class of d-closed and the class of d-sparse morphisms in £
respectively. The dual of the next definition is given in [DT95].

Definition 2.4.17. A morphism f : X — Y is d-sparse if f°(1y) is a d-sparse quotient object of X.
That is, dx(fo(ly)) =~ 1x.

Remark 2.4.18. (a) f : X — Yn-C-is-d-sparse-if—f=¥. = X in C is dense dense with
respect to d as a closure operator.in C%. That'is, f°2(1y-) is dense in Y, which is equivalent to
dx(f*(ly)) = 1x.

(b) M is a subclass of Sy.

(¢) Sy is closed under limits in C2. In particular, if for any'morphisms p and ¢, gop € Sy, then p € S;.

Examples 2.4.19. [DT15]

(a) Consider the dual closure operator d' defined by d (X — X/A) = X — X/tA,
where A < X € Ab. Then

(1) If Ais a torsion subgroup then tA = A and hence
d (X — X/A) = X — X/tA = X — X/A. Therefore, X — X/A is d'-closed quotient
object of X.

(7i) If Ais a torsion-free subgroup then tA = {0} and hence
di(X = X/A) =X = X/tA=X — X/{0} 2 X — X 2 1x. Consequently, X — X/A
is d'-sparse quotient object of X .

(b) Consider the dual closure operator d. defined by (d¢)a(G — G/N) = G — G/cN, where
N <G € Grp. Then

(1) If N is a perfect subgroup then cN = N. Consequently,
(de)a(G — G/N) = G — G/cN = G — G/N. Therefore, G — G/N is d.-closed
quotient object of G.

(73) If N is an abelian subgroup then cN = {e}. Consequently,
(de)a(G - G/N)=G — G/cN =G — G/{eg} = G — G = 1¢. Therefore, G - G/N
is dc-sparse quotient object of G.
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(¢) Consider the dual closure operators(dy)x (X — X/M) =X — X/rM and
&% (X — X/M) = X — X/M NrX, where M < X € Modg. Then

(1) X — X/M is dy-closed (dy-sparse) quotient object of X if and only if M C rM (rM = {0}),
respectively;

(11) X — X /M is d*-closed (d*-sparse) quotient object of X if and only if M CrX (M NrX =
{0}), respectively.

The following lemma is a dual of the Diagonalization Lemma given in [DT95].
Lemma 2.4.20 (Dual Diagonalization Lemma (DDL)). For any commutative left diagram below

X—>Y

—Y
ldY(Q)
dX 4) dy [Q]
Q

517 6‘1
P—
P—Q

with p,q € &, there is a unique morphism w :.dx{P] — dy[Q] such that the above right diagram
commutes.

Proof. By the diagonalization property of left £-factorizations onel has u°(q) < p in quotX. Hence by
the order preservation and continuity, condition of a dual closure operator we get u°(dy (q)) < dx(p).
Therefore, w is the composite dx [P| = u?[dy [@]] —dy [Q]. O

Corollary 2.4.21. (a) If g in (DDL) is d-sparse then there exists a unique ¢ : dx[p] — Y such that
todx(p) =wand vod, = qgou;

(b) If pin (DDL) is d-closed then there exists a unique 5 2 = dy [Q] such that sop = dy(q) ou
and v =40 s;

(c) In (DDL) if q is d-sparse and p is d-closed then there exists a unique d : P — Y such that dop = u
and g od = v, that is: we have the following commutative diagram.

x-2.p
Y ——Q

(d) C4N Sy is the class of isomorphisms in C

Definition 2.4.22. [DT15] The dual closure operator d is

(a) idempotent if it is idempotent as a closure operator in C°, that is, dx(dx(p)) = dx(p) for all
p: X - Peg;

(b) weakly cohereditary (wch) if it is weakly hereditary as a closure operator in C°P, that is, dp :
dx[P] — Pis d-sparse, which is equivalent to dg, p|(dp) = 14, (p) forall p: X — P € &;



Section 2.4. Interior and dual closure operators Page 43

(c) cohereditary (ch) if it is hereditary as a closure operator in C°P, that is, for every pair of £-quotient
objects p, g of X € C with p < ¢ one has dg(pg) = ¢o(dx(p)), where p, is the unique morphism
such that p = p, o ¢, shown in the commutative diagram below. We observe that p,; = ¢.(p).

(d) maximal if it is minimal as a closure operator in C°P, that is, dx(q) = q V dx(p) for all p < ¢ in
quotX.

As a consequence of Definition 2.4.22 we have the following remarks, which are dual to the results given
in [DT95].
Remark 2.4.23. (a) For an idempotent dual closure operator d, every morphism has a left Cy-
factorization and Sy is closed under composition.
(b) For a weakly cohereditary dual closure operator d, every morphism has a right Sy-factorization
and Cjy is closed under composition.
Remark 2.4.24. The following assertions-are equivalent-for-a.dual closure operator d:
1. d is idempotent and wch;
2. d is idempotent and Cj is closed under composition;
3. dis wch and Sy is closed under composition;
4. C has (Cgq, Sq)-factorizations.

As a consequence one has:

Remark 2.4.25. Let d be a dual closure operator.

(a) dis ch if and only if d is wch and Sy is right cancellable with respect to € (gop € Sq = q € Sy).
Consequently, using Remark 2.4.24 we also have d is ch and idempotent if and only if d is wch,
Sq is right cancellable with respect to £ and S, is closed under composition.

(b) d is maximal if and only if d is idempotent and Cj is left cancellable with respect to £ (gop €
Cy = p € Cy). Consequently, using Remark 2.4.24 we also obtain d is maximal and wch if and
only if d is idempotent, Cy is left cancellable with respect to € and Cy; is closed under composition.

Examples 2.4.26. [DT15]

(a) Consider the dual closure operator d* defined by
d' (X — X/A) = X — X/tA, where A < X € Ab. Then

(i) Since t(tA) = tA we have d'(d% (X — X/A)) =d'(X — X/tA) = X — X/t(tA) = X —
X/tA =d% (X — X/A) and hence d' is idempotent.

(4i) Since ker(X/tA — X/A) = A/tA and t(A/tA) = {0a} we have dx/4(X/tA — X/A) =
dxpa(X/tA — (X/tA)/(AJtA)) = X/tA — (X/tA) /t(AJtA) = X/tA — (X/tA), {04} =
X/tA — X/tA=1x/4 = 14, (5-5x/4)- Thus d" is a wch dual closure operator.



Section 2.4. Interior and dual closure operators Page 44

(i73) d' is maximal by Remark 2.4.25(b). Indeed, by (ii), d' is idempotent and for A < B < X

and X—%X/ALX/B, if gop € Cy4 then B is a torsion subgroup and hence A is a
torsion subgroup and this in turn implies p € Cy.

(iv) d' is not cohereditary by Remark 2.4.25(a). Indeed, for A < B < X and X -5 X/A-% X/B

if gop € Sy then B is torsion free and this may not imply ker¢ = B/A is torsion free and
hence ¢ € ;.

(b) Consider the dual closure operators(dy)x (X — X/M) =X — X/rM and d% (X — X/M) =
X = X/M NrX, where M < X € Modgr. Then

(1) d" is idempotent and maximal,
(7i) dy is idempotent if r is idempotent;

(¢) (de)a(G —- G/N) =G — G/cN, where N < G € Grp is wch but not idempotent (hence not
maximal).

(d) Let H < G € Ab and m € Z* then d%(G — G/H) = G — G/mH is a dual closure operator,
which is cohereditary (hence wch).

In what follows we compare dual closure operators with interior operators. In Definitions 2.1.1 and 2.4.7
we have seen that interior operators act-on-subobjects while-dual closure operators act on the dual
of subobjects, quotient objects rather than subobjects. We also know that the notion of dual closure
operators is the categorical dual of the notion of closure operators and the notion of interior operator is
an order dualization of the notion of closure operators.|In fact, in any category where all the subobjects
are normal (= their morphisms are equivalently described by their kernels), that is, when & is the class
of regular epimorphisms of the category, for example in all abelian categories, one can redefine dual
closure operators on subobjects rather than on-quotient objects-as given below.

Definition 2.4.27. A dual closure operator d on|C ‘withrespect to, M is a family
(x5 SUbX |5 sub X))k

of functions which are

(D1) contractive: dx(r) <,

(D2) monotone: if r < s, then dx(r) < dx(s),

(D3) and which satisfy the continuity condition: dx(f°(n)) < f°(dy(n)),
forall f: X - Y €Candr,s €subX and n € subY.

Consequently, we can study the relationship between dual closure and interior operators. Indeed, they
share two of the three characteristic properties (order preservation and contraction conditions), but the
continuity condition of each is different, and this difference is significant: in all abelian categories we
have abundant dual closure operators and contrary to this there is only one, discrete interior operator.
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2.5 Some Examples of Interior operators

Most of the examples given in this section will be used throughout the thesis.

Examples 2.5.1. (a) [CR10, Casll, CM13] Let C be the category Top of topological spaces and
continuous maps with (Surjections, Embeddings)-factorization system and R C X € Top. We
define the following interior operators on C =Top with respect to M = Embeddings.

(i) The Kuratowski interior operator given by ki (R) = (J{O open in X : O C R}.

(i4) The inverse Kuratowski interior operator given by k%"(R) = J{C closed in X : C C R} =
{z € R: kx({z}) C R}, where kx({z}) is the Kuratowski closure of {z} in the topology
of X.

(i43) The ©™M-interior given by O (R) = {r € R : 3 a open neighbourhood U, of 7 in X such
that kx (U,) C R}, where kx(U,) is the Kuratowski closure of U,. With the trivial obser-
vations that ©'F(R) = J{k(C) : C C R, C closed in X}.

(iv) The quasicomponent interior operator given by ¢ (R) = (J{O clopen in X : O C R}. Note
that, by Proposition 2.3.11 and the Theorem in [DT95, p. 87], the quasicomponent interior
operator ¢™ is the smallest proper interior operator of Top and satisfies t" < s < ¢i" <
p™ < d" for any proper interior operator-pi"_(see also Remark 2.1.6(b)).

(v) The bi"-interior (or front interior) defined-by-b'%-(R) ={ic R : 3 a open neighbourhood U,
of r in X such that kx ({r}) U, C R}, where kx({r}) is the Kuratowski closure of {r}.

(vi) The l"-interior defined by I'™(R) = {r € X : (). € R}, where C, denotes the connected
component of r € X.

(vii) The sequential interior operator given by sx(RR) = {1 &€ R : there does not exist a sequence
(z5,) in X \ R converging tor}.

(viii) The zero-interior operator 2! defined lby 2% (R) = J{@ € X : Q C Rand X \ Q is a zero
set}. Note that a zero set S is the preimage of zero under a continuous function from X to
R, that is: S = f71(0) = {zcX": f(x)="10},'with f :'X — R continuous.

(b) Let C be the category SGph of directed spatial graphs and graph homomorphisms with the
(Surjective homorphisms, Embeddings)-factorization system, where a directed spatial graph (G, R)
consists of a set G of vertices and a reflexive relation R C G x G of edges of the graph (there is a
loop at each vertex/point of the directed graph). We use g — J < (g,g/) € R to describe there
is an edge from g to ¢’. A graph homomorphism f : (G,R) — (G, R’) is an edge preserving
map, that is, f : G — G’ such that g — ¢ implies f(g) — f(g) for all g,¢' € G. For H C G,
we have (H, RN (H x H)) is a subgraph (an embedding) of a directed spatial graph (G, R) and
for the class M of all embeddings, SGph is M-complete and hence finitely M-complete; see
[DT95]. For each directed spatial graph (G, R) and a subset H of G, consider the assignments
1in and ' given as follows:

(i) the up-interior 1% (H) = {h € H :Ag € G\ H suchthatg — h} = {h € H: (Vg €
G\ H) there is no edge g — h};

(ii) the down-interior |t (H) = {h € H :Ag € G\ H suchthat h — g} ={h € H: (Vg €
G\ H) there is no edge h — g};
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Both 11" and |’ are standard and non-idempotent interior operators of SGph.

Let C be the category Unif of uniform spaces and uniformly continuous maps with (Surjections,
Uniform embeddings)-factorization system, where a uniform space (X,U) comprises a set X and
a filter U of reflexive relations on X such that for every U € U there exists V, W € U with V! =
{(y,2) : (z,y) eV} CU, WoW = {(z,w): (Fy € X)(z,y),(y,w) € W} C U. A uniformly
continuous map f : (X,U) — (Y,V)isamap f : X — Y such thatforevery V € V thereisU € U
such that f : (X,U) — (Y, V) is a spatial graph homomorphism, thatis: (f x f)(U) C V and for
the class M of all uniform embeddings, Unif is M-complete; see [DT95]. For each uniform space
(X,U) and subset R of X define ¢4"(R) = J{U C X : U C R, X \ U uniformly clopen}. Then
" = (qB’}”)XGUnif is a standard, idempotent and additive interior operator. Note that a subset R
of a uniform space X is called uniformly clopen if the characterstic function yz : X — D = {0,1}
with D discrete uniform space is uniformly continuous.

Let C be the category QUnif of quasi-uniform spaces and uniformly continuous maps with (Sur-
jections, Quasi-uniform embeddings)-factorization system, where a uniform space (X,U) com-
prises of a set X and a filter U of reflexive relations on X such that for every U € U there
exists V € U with VoV C U. A uniformly continuous map f : (X,U) — (Y,V) is a map
f + X — Y such that for every V€ V there is U € U such that f : (X,U) — (Y,V) is
a spatial graph homomorphism and for the class M of all quasi-uniform embeddings, QUnif is
M-complete; see [FL82, , |. Let (X,U) be a uniform space and R C X. Then
d(R) =  {X\UYNX\R] : UelUl; BUHBR)=+HX \ (UNUYH[X\R]: U € U} and
YR(R) = U{X \U[X \ R] : '€ U4}, where-/{R}-denotes {5 € X : (z,y) € U for some x € R},
are standard, idempotent and additive interior operators-on QUnif with respect to M. More-
over, for a subcategory A of QUnif;, regint%(R) = [J{Sep(f,9) CR: f,g: X — A/ A c A},
where Sep(f,g9) = {z € X : f(x) # g(x)} is an idempotent interior operator. In fact, there are
abundant interior operators of QUnif.

The above examples of interior operators-all-are-obtained from-their.corresponding well known closure
operators by applying Proposition 2.3.11. Indeed, by Proposition 2.3.13 every closure operator gives rise
to an interior operator on a category C having a lcategorical transformation operator.

()

[Casll] Let C be the category Grp of groups and group homomorphisms with the (Surjective ho-
momorphisms, Injective homomorphisms)-factorization system. Let H be a subgroup of G €Grp.
Define ng(H) = \/{N < G : N < H} with N < H standing for “N subgroup of H” and N 4 G
for “N normal subgroup of H", which is the subgroup generated by all the normal subgroups in
G contained in H. Then for a group homomorphism f : G; — G2 and K subgroup of G5 we
obtain ng,(K) < Gy as the subgroup generated by the family of normal subgroups is normal.
Also, since the inverse image of a normal subgroup is normal we get f~!(ng,(K)) is a normal
subgroup contained in f~}(K). Hence f~1(ng,(K)) < ng, (f1(K)). We can easily verify the
other two conditions of interior operators. Therefore, ng(H) is an interior operator in Grp and n
is called the normal interior operator. Note that if G is a Dedekind group (a group in which every
subgroup is normal), then the normal and discrete interior operators coincide.

[Cas16] Consider the category Rng of rings and ring homomorphisms with the (Surjective ho-
momorphisms, Injective homomorphisms)-factorization system. The ideal operator .J, defined for
S < R € Rng by jr(S) = \/{I anideal of R: I < S} is an interior operator on Rng with
respect to injective homorphisms since ideals are preserved under suprema and preimages. Note
that even if R has a unity, its subrings need not contain this. Let us also note that if R is a cyclic
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ring (a ring in which its additive group is cyclic, hence each of its subrings is an ideal), then the
ideal and discrete interior operators coincide.

(9) [DT15] In the category R-Mod of modules over a commutative ring R and module homomor-
phisms with the (Surjective homomorphisms, Injective homomorphisms)-factorization system, one
only has the discrete interior operator. Indeed, for N < M € R-Mod let ips : subM — subM
be an interior operator. Then for any module homomorphism f : M — M’ and N’ < M’, by the
continuity condition (I3), f~!(iar/(N")) < iar(f~1(N')). In particular, for the quotient module
homomorphism f : M — M/N, one has N = kernel of f = f~'(0pr/n) = [~ (ipr/n (Ongyv)) <
ive(f71({0nyn})) = ine(IN). Therefore, ips(N) = N for all N < M, that is, the interior operator
1 is discrete.

Remark 2.5.2. (a) [DT15] As a generalization of the Example (g), in any category where all the
subobjects are normal (= their morphisms are equivalently described by their kernels), for example
in all abelian categories including the category Ab of abelian groups and group homorphism, the
category F-Vect of vector spaces over a field F' and linear transformations, R-Mod and so on,
one only has the discrete interior operator.

(b) The category Set with M the class of injective maps has no proper interior operators. Indeed,
this follows readily from Proposition 2.3.11 and the Lemma in [DT95, p. 87].

By considering a pseudofunctor & : C — Pos, wherePos is the category of partially ordered sets and
monotone maps, such that for any f-+X-=¥=n C one can-assign-an adjoint pair

L)

i FE SX .

f1(=)
one can have further examples. As pointed out in [RH17], considering a category C with the pseud-
ofunctor § is opening up a wider range of examples-of-interior-operators operating on SX instead of
subX for each X € C without requiring-the structure of a factorization system.

Examples 2.5.3. [RH17] Let C =Loc be the category of localesrand locale maps. Then its dual Frm
is the category of frames and frame homomorphisms. Indeed, for each locale map f: X — Y one has
an adjunction

(=)

oYy 1 0Xx .

f<(=)
where OX is the lattice of “open sets” of a locale X and f* is the frame homomorphism. Since f*
preserves joins it has right adjoint f. given by f.(z) = \/{y : f*(y) < x}. Therefore S = O is the
required pseudofunctor. Define ix(m) = \/{x € OX : = < m}, where < is the rather below or
completely below or proximity relation on frames. Then as a result of the properties of < we have
i ={ix : X € Loc} is an interior operator on C with respect to O.

Next we study interior operators induced by reflections.
e
Proposition 2.5.4. Let S be a full reflective subcategory of C, X € C and X — rX be the reflection

morphism. Then j5 (m) = r%((rx)«(m))) defines an idempotent and standard interior operator j° on
C with respect to M.
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Proof. It is obvious that j° is contractive and monotone and ji(lx) = 1lx. To show the remaining
property, let f : X — Y be a morphism in C and n € subY. Then there exist reflection morphisms

ryof

rx: X —orXandry : Y = rY with rX,rY € S such that for morphism X — ry,3lg : rX — rY in
S such that the diagram

X Xorx

N

rY

commutes. Thatis, gorx = ry o f. Consequently,
Fry(n) = Ay ((rv)«(n)) < F 05 ()« (fe(F* () = (ry 0 £)*((ry © F(f*(n))) =
(gorx) ((gorx)(f*(n)) = rx (9" (g:((rx)«(f*(n)))) < 1% ((rx)«(f*(n)))) = 5% (f*(n)).
ne

Thus 5% is an interior operator. Moreover, since 1% - (rx). one obtains

Jx (m) =i ((rx)«(m))) < % (rx)«(rk ((rx)+(m))))) = r¥ (rx)« (7% (m)) = j% (5% (m)). Therefore,

4% is idempotent. O

~—

In fact, if S is M-reflective subcategory then j° coincides with a discrete interior operator.

Remark 2.5.5. For a full reflective subcategory S of C with X € S and m €subX one has 1x as
reflection morphism. Consequently, j$ (m) = m = d(S) x (m).

As a generalization of Proposition 2.5.4-one has:

Proposition 2.5.6 (Lifting of an interior operator). Let S be a reflective subcategory of C and ¢

be an interior operator on S with respect to M. If preimages commute with arbitrary joins in the

category C then the family (i(S)x : subX — subX)yee such that for all X € C, i(S)x(m) =
.

X
% (irx ((rx)+(m))), where X — rX 'is the S-reflection morphism, is an interior operator on C with
respect to M.

Proof. (a) Let m € subX. Then w.(% x ((rx)+(m))) < 7% ((rx)il(m))) < m;
n) A

(b) Let m,n € subX such that m|[<"n|then[{rx).(m (rx)«(n). Hence i,x((rx)s«(m)) <
irx ((rx)s«(n)). Therefore i(S)x (m) = r (irx ((rx)«(m))) < ri(irx((rx)«(n))) =i(S)x(n).

(c) Let f: X —Y be a morphismin C and n € subY. Thensincery : X - rX andry : Y —» 1Y
are reflection morphisms 3lg : X — 7Y in S such that gorx = ry o f. Consequently,
fiS)y(n) = f*(ry (iry ((ry)«(n)))) = 15 (9" (iry ((ry)+(n)))) < rX (irx (9" ((ry)«(n)))) <
r(*)é()ir;((;gz(gv)"y)*(f*(f*(n)))))) — P (inx (9 (9 ((rx)-(F )))) < Py lirx () (F(n))) =
W(S)x(f*(n)).

O

We call the interior operator i(S) a lifted interior operator on C from S. The lifted interior operator is
a counterpart of the lifted closure operator, found in [Cas03].

Corollary 2.5.7. Let i be an interior operator on a reflective subcategory S of the category C such that
preimages commute with arbitrary joins in C and i(S) be a lifted interior operator on C from S. Then
the following assertions hold.
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(a) An M-subobject m is i(S)-open in X implies (rx).(m) is i-open M-subobject in X, provided
that S is &'-reflective.

(b) An M-subobject n is i-open in rX implies r% (n) is i(S)-open in X.

(¢) 1,x is i-open in rX implies 1x is i(S)-open in X. Furthermore, if S is £'-reflective then the
converse is true.

(d) If i is idempotent and S is &’-reflective then i(S) is idempotent.
(e) If i is additive then so is i(S). Moreover, if i is standard then so is i(S).
Proof. (a) Suppose m is i(S)-open in X and rx € £ then
irx ((rx)«(m)) = (rx)«(rx (irx ((rx)«(m)))) = (rx)«(i(S)x (m)) = (rx)«(m).
(b) Assume n is i-open in X then 7% (n) = 7% (i,x (n)) < % (i,x ((1x)«(r% (n)))) =2 i(S)x (1% (n)).

(¢) Suppose 1,x is i-open in rX then

i(S)X(lx) = T}(irx((rx)*(lx))) = 7’;/((@'7«)((17«)()) = T;((lrx) = 1)(. On the other hand
assume lx is i(S)-open in X and rx € £ then

(rx )« (rx (irx ((rx)+(1rx))))
(rx )w (5 (i x (rx) £ (1)« (1x))))) = (rx)«(i(S) x (1x)) = (rx)«(1x) = 1rx.

12

/[:'I’X (]—T’X)

12

(d) Suppose i is idempotent and rx € £ then for all m € subX,

i(S)x (i(S)x(m)) =r

|
=

(e) This follows from the fact that tbothi 7% and (rx). commute with arbitray meets (hence with
binary meets) and additivity of 7. In fact, the standardness of #(S) follows from Remarks 1.3.5(f)
and 1.4.3(c).

O



3. Special Morphisms with Respect to an
Interior Operator

In the first three sections of this chapter, as in the previous chapters we work with an M-complete
category C equipped with (£, M)-factorization structure for morphisms such that M is a fixed class of
monomorphisms (see Remark 1.2.8) and we consider an interior operator i on C with respect to M.

3.1 Classes of morphisms with respect to an interior operator

In this section we investigate the four classes of morphisms (initial, closed, open and final morphisms)
with respect to a given interior operator. We study cancellation and stability (under composition and
pullback) properties of each of the four classes of morphisms. We also discuss the interrelationships
between these morphisms. These classes of morphisms are essential tools for understanding topological
constructions. Indeed, in the coming chapters we use these morphisms to investigate categorical notions
of connectedness and compactness. To this end, as in the case of Section 1.4, we further assume that
the preimage f*(—) preserves arbitrary joins for every morphism f in the category C. Consequently,
as already mentioned in Section 1.4, the preimage f*(—) has a right adjoint f.(—) : subX — subX,
as the right adjoint of a frame homomorphism:~Then, by-looking at the equivalent descriptions of the
i-continuity condition given in Proposition 2.1.7(a), (), (c) and (d) one would ask when do we have
“227” instead of “ <”. In such cases we-obtain thenotions of open, closed, initial and final morphisms
with respect to i, respectively. These notions are studied for closure and neighbourhood operators;
see, for example, [DT95, GT00, 01, Razl3, RHIT]. In [Cas13], the notion of open morphism with
respect to an interior operator is introduced.

Definition 3.1.1. A C-morphism f: X — Y is called

(a) [Caslb]i-open if ix(f*(n)) =f (iy(n))foralln € subY, thatis: the preimage f*(—) commutes
with the interior operator i;

(b) i-closed if fi(ix(m)) = iy (f«(m)) for all m € subX, that is: the dual image f.(—) commutes
with the interior operator i;

(¢) [LTOCLI] ¢-initial if ix(m) = f*(iy (f«(m))) for all m € subX;
(d) i-final if fi(ix(f*(n))) =iy (n) for all n € subY".

Of course, as is studied in [Cas15], the notion of i-open morphism does not need the assumption that
each preimage preserves arbitrary joins. In [HIR16], it is shown that i-open morphisms are precisely
C-strict morphisms. From now on we use O(i), K (i), Z(i), and F(i) to denote the class of all i-open,
i-closed, i-initial, and i-final morphisms, respectively.

Remark 3.1.2. Let f: X — Y be a morphism in C, m € subX and n € subY. Then the equivalent
formulations of the continuity condition of i yield:

(a) feO(i) < ix(f*(n) < f*(iv(n);
(b) e K@) e fulix(m)) <iy(fu(m));

50
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() [ €1(i) & ix(m) < f*(iy (fu(m)));
(d) feF@i) & fulix(f*(n))) <iv(n).

Using the relationship between interior operator ¢ and left neighborhoud operator v given in Proposition
2.2.10, one has i-initial (i-open, i-closed, i-final, resp.) morphisms are precisely v'-initial (v*-open,
v'-closed, v'~final, resp.) morphisms (see [Raz13, RH17]). Moreover, since here the preimage functor
for any given morphism is assumed to preserve arbitrary joins (hence binary joins), Lemma 1.4.7(b) and
Remark 2.3.12 yield the following:

Proposition 3.1.3. Let subX be a Boolean algebra for every C-object X, ¢ be a closure operator and
i¢ be the induced interior operator from c given by 5 (m) = cx (), where 7 denotes the complement
of m. Then a morphism f is i“initial (i®-open, i°-closed, i“final, resp.) if and only if f is c-initial
(c-open, c-closed, c-final, resp.); see for example [GT00, CGTO1].

Next we discuss some basic properties of i-closed morphisms and their “duals”, i-open morphisms. The
class K (i) of i-closed morphisms has the following fundamental properties which are called basic stability
properties.

Proposition 3.1.4. The class K(i)

(a) is stable under composition,

(b) is left-cancellable with respect-to M that'is: if gofe(i)-and g € M then f € K(7),
(c¢) contains all the isomorphisms and
(d)

d) is right-cancellable with respect to &, that is: if go f € K(i) and f € E then g € K(i).

Proof. Consider morphisms f: X — Y andg:Y — Z in C.
(a) Suppose f,g € K(i). Then forany m € subX we have

(g 0 fa(ix (m)) = (g o fi)(ix(m))
= ge(A(ix ()
= g4 (ty (f«(m))) (f i-closed)
= iz(g«(f+(m))) (g i-closed)
=iz((go f)«(m))

(b) Suppose go f € K(i) and g € M. Then for any m € subX we have

felix(m)) = g*(g(fi(ix(m)))) (geM)
= g"((g 0 f«(ix(m)))
= g%(iz((g o f)«(m))) (9o f€K(i))
< iy (9" (g«(fx(m)))) (g is i-continuous )
= iy (fe(m)) (9 €M).

(c) If f: X — Y is an isomorphism with inverse f~! : Y — X then f~!o f = 1x is obviously
i-closed and f~! € M. Consequently, (b) implies f € K(i).
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(d) Suppose go f € K(i) and f € £. Then for any n € subY we have

9+ (iy (n)) = g« (f«(f* (iv (n))))
= (g0 f)«(f"(iv(n)))
<(go ) (ix(f*(n))) (f is i-continuous )
=iz((go f):(f"(n)) (g o f i-closed)
= iz(g+(n)).

A straight application of Proposition 3.1.4 gives the following corollary:
Corollary 3.1.5. Let f =moe withm € M and e € £. f € K(i) if and only if m, e € K(i).

Remark 3.1.6. In the category of Top, closed morphisms with respect to the Kuratowski closure
operator k are exactly the closed maps (see [GT00]). Consequently, by Proposition 3.1.3 the k'™-closed
morphisms are precisely the closed maps.

There is the following interaction of an i-closed morphism with i-open subobjects.
Proposition 3.1.7. Let f : X — Y _bean--=closed morphism;-Then-the right adjoint f, of the preimage
f* maps i-open M-subobjects into i-openM=subobjects: Moreover, if i is idempotent then the converse

is true.

Proof. Let f: X — Y be an i-closed morphism such that m is an/i-open subobject of X. Then

fe(m)

1%

o (ixtmny) {(mi-open in X)
iy (fx(m)) (f € K(3)).

Therefore, f.(m) is an i-open subobject of Y. Conversely, if ¢ is an idempotent and f, maps i-open
subobjects into i-open subobjects then ix:(1m) is lan #-open subobject of X and hence f.(ix(m)) is
an i-open subobject of Y. Consequently, fi(ix(m)) = iy (fe(ix(m))) < iy(fi(m)). Hence f is
i-closed. O

I

Corollary 3.1.8. Let f : X — Y be an i-closed morphism in M. Then every i-open subobject m of X
is of the form f*(n) for some i-open subobject n of Y.

Proof. Let m be an i-open subobject of X. Then by the above proposition, f.(m) is an i-open subobject
of Y. Consequently, with Remark 2.1.2(b), m = f*(f«(m)) is an i-open subobject n of Y since f € M.
Therefore, m = f*(n) with n = f.(m) i-open subobject of Y. O

Corollary 3.1.9. Let f: X — Y be an i-closed morphism in £. Then n is an i-open subobject of ¥’
if and only if f*(n) is an i-open subobject of X.

Proof. The necessary part is true by the Remark 2.1.4 (b). To show the sufficient condition let f*(n)
is be an i-open subobject of X. Then since f € £, by Proposition 3.1.7, one has n & fx(f*(n)) is an
i-open subobject of Y. O
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The following is a characterization of closed morphisms with respect to an interior operator.

Proposition 3.1.10. Let ¢ be idempotent. A morphism f : X — Y € K(i) if and only if for every
i-open subobject m of X and for every subobject n of Y such that f*(n) < m, there exists an i-open
subobject k of Y such that n < k and f*(k) < m.

Proof. (=) Suppose f : X — Y € K(i), n € subY and m is an i-open subobject of X such that
f*(n) < m. Then, there exists k = f.(m) such that n < f.(m) =k and k = f.(m) is an i-open
subobject of Y by Proposition 3.1.7. Moreover, f*(k) = f*(f«(m)) < m.

(<) Suppose f: X — Y satisfies the condition in the proposition and let m be an i-open subobject of
X. Then, for n = f.(m), one has f*(n) = f*(f«(m)) < m. Consequently, there exists an i-open
subobject k of Y such that [n = f.(m) < k and f*(k) < m] < [n= fi(m) <k and k < f.(m)].
As a result, fi(m) = k and hence f.(m) is an i-open subobject of Y. Therefore, by Proposition
3.1.7, f is i-closed.

O

Similar to the class of i-closed morphisms we have the following properties of the class of i-open mor-
phisms.
Proposition 3.1.11. [Casl5] The class O(4)

(a) is stable under composition,

(b) is left-cancellable with respect ‘to M, that is: if go f € O(¢) and g € M then f € O(3),

(c) contains all the isomorphisms and

(d) is right-cancellable with respect to £, that is: if go f '€ O(i) and f € £ then g € O(i).

Proof. Given the role of adjunctions, the proofis computationally analogous to that of Proposition
3.1.4. O

From Proposition 3.1.11 one deduces the following corollary:

Corollary 3.1.12. Let f =moewithme Mandec E. f e O(i) if and only if m,e € O(i).

In the following proposition we discuss interaction of an i-open morphism with i-open subobjects. In-
deed, for an idempotent interior operator 7, i-open morphisms are characterized by preservation of i-open
subobjects.
Proposition 3.1.13. Recently in [Cas15] it was proved that:

(a) f € O() if and only if f(ix(m)) <iy(f(m)) for all m € subX.

(b) If f: X — Y isi-open morphism then f maps i-open M-subobjects into i-open M-subobjects.
Moreover, if i is idempotent then the converse is true.

Consequently, with Lemma 2.1.13, one has:

Proposition 3.1.14. Let i be any interior operator on C with respect to M. Then the following
statements hold for an M-morphism f: X — Y:
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(a) feO@G) < flix(m)) =iy(f(m)) for all m € subX. That is: the image f(—) commutes with
the interior ¢ for any i-open M-morphism f;

(b) If f € O(i) then every i-open subobject m of X is of the form f*(n) for some i-open subobject
nof Y;

(c) If f € O(i) and i is idempotent then j; : iy [X] — X is an i-open subobject (see [Casl5]).

ir

Zy[X] — X
ix(f) lf
Y

Proof. (a) Let m € subX. Since f € O(i), from the above proposition one obtains f(ix(m)) <
iy (f(m)), and since f € M, one has iy (f(m)) < f(ix(m)) by Lemma 2.1.13. Consequently,
flix(m)) =iy (f(m)). In fact, the converse is true by the above proposition.

(b) Let m be an i-open subobject of X. Then by the above proposition, f(m) is i-open subobject of
Y. Consequently, with Remarks 1.3.10(a) and 2.1.4(b), m = f*(f(m)) is i-open subobject n of
Y since f € M. Therefore, m = f*(n) with n = f(m) is an i-open subobject of Y.

(c) Let f be ani-open morphism in M. Then (a) and idempotency of i yield foix(jr) = f(ix(j¢)) =
iy (f(g)) = iy (f ojy) = iy (iy (f))-=dw(f)-="F oy Consequently, ix(js) = jy since f is

monic.

O

Proposition 3.1.14(a) states that i-open M-morphisms are the morphisms whose image commutes with
the interior 1.

Corollary 3.1.15. Let rs : R — S be an i-open M-subobject and s : S — X be an i-open morphism
in M. Then r = sorg is an i-open M-=subobject of.X.

Proof. Since s is an i-open morphism and 7, is an Z=open subobject, Proposition 3.1.13 (b) yields s(r)
is an i-open subobject. Consequently, with Remark 1.3.6 one derives 7 = s org = s(rs) = ix(s(rs)) =
ix(sors) Zix(r). O

Similar to Corollary 3.1.9 we also have the following.

Corollary 3.1.16. Let f : X — Y be an i-open morphism in £. Then n is an i-open subobject of ¥
if and only if f*(n) is an i-open subobject of X.

Proof. The necessary part is true by the Remark 2.1.4 (b). To show the sufficient condition let f*(n)
be an i-open subobject of X. Since f € £, by Proposition 3.1.13 (b), one has n = f(f*(n)) is an
i-open subobject of Y. O

The following is a characterization of open morphisms with respect to an interior operator.
Proposition 3.1.17. Let i be idempotent. A morphism f : X — Y € O(i) if and only if for every

i-open subobject m of X and for every subobject n of Y such that m < f*(n), there exists an i-open
subobject k of Y such that £k < n and m < f*(k).
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Proof. (=) Suppose f : X — Y € O(i), n € subY and m is an i-open subobject of X such that
m < f*(n). Then, there exists k = f(m) such that k = f(m) < n and k = f(m) is i-open
subobject of Y by Proposition 3.1.13(b). Moreover, m < f*(f(m)) = f*(k).

(<) Suppose f : X — Y satisfies the condition in the proposition and let m be an i-open subobject of
X. Then, for n = f(m), one has m < f*(f(m)) = f*(n). Consequently, there exists an i-open
subobject k of Y such that k < f(m) =n and m < f*(k)] < [k < f(m) and n = f(m) < k.
As a result, f(m) = k and hence f(m) is an i-open subobject of Y. Therefore, by Proposition
3.1.13(b), f is i-open.

O
We note that for the normal interior operator n, which is idempotent on the category Grp of groups
and group homomorphisms with the (surjective homomorphism, injective homorphisms)-factorization

system, the n-open morphisms are precisely group homomorphisms which preserve normal subobjects.
In fact surjective group homomorphisms preserve normal subobjects.

Remark 3.1.18. Let i be a standard interior operator and f : X — Y € O(i). Then f(1x) is an
i-open subobject of Y. Indeed, by Proposition 3.1.13(a), f(1x) = f(ix(1x)) <iy(f(1x)). This is of
course an immediate consequence of Proposition 3.1.13(b). Note that for a standard interior operator
1, 1x is an i-open subobject of X.

Remark 3.1.19. Let i be an interior-operator-on-E-with-respect'to. M and

o=t

X—T+Y

with m,n € M be a commutative diagram. Then:

(a) f € O(1) if and only if there is a uniquely determined morphism w : ix[M] — ix[N] making the

diagram
ix[M]—"—ix[N]
jml ljn
M—" N
X f} Y
commutative: that is: the preservation property of ¢ holds if and only if f € O(i) (see [Casl5,
Casl6]).

(b) If f € O(i) and n is i-open subobject, then there is a uniquely determined morphism
s:ix[M] — N with s=1yos=wuoj, and nos= foix(m).

(c) If f € O(i) and m is i-codense subobject, then there is a uniquely determined morphism ¢ :
Oy — ix[N] with uo Oy = jpot and foOx =ix(m).

(d) If f € O(i), m is i-codense subobject and n is i-open subobject, then there is a uniquely deter-
mined morphism d : Oy — N with uo 0y =d and nod = f o Ox.
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Indeed, (b), (¢) and (d) are direct consequences of (a).
We now turn to some properties of i-initial morphisms and their “duals”, i-final morphisms. The class
Z(i) of i-initial morphisms behaves as follows.
Proposition 3.1.20. The class Z(i)

(a) is stable under composition,

(b) is left-cancellable, that is: if go f € Z(i) then f € Z(1),
(¢) contains all the isomorphisms and
(d)

d) is right-cancellable with respect to &£, that is: if go f € Z(i) and f € & then g € Z(i).

Proof. Consider morphisms f: X —Y andg:Y — Z in C.
(a) Suppose f,g € Z(i). Then for any m € subX we have

(m) = f*(iy (f«(m))) (f is i-initial )
= (9" (iz(gx(f<(m))))) (g is i-initial )
= (go f)*(iz((go f)«(m))).

(b) Suppose go f € Z(i). Then forany-m esubX we-have

ix(m) = (go f) (iz((go f)aln))) (go f is i-initial )
= (g (iz(gx (£ (m)))))
< frliv(g (g« (f(m))))) (g is i-continuous )
< [*(iy (f«(m))) (6"  g+)-

(c) If f: X — Y is an isomorphism with inverse J 7" %V, 73 /X then f~'o f = 1x is obviously
i-initial. Consequently, (b) implies f € Z(i).

(d) Suppose go f € Z(i) and f € £ Then for any n € subY we have

iy(n) < fu(f*(iv(n))) (f* A1)
< fulix(f*(n))) (f is i-continuous )
= fullgo ) (iz((go f)«(f7(n))))) (go f is i-initial)
= [ (g7 (iz (g« (f<(f(n)))))))
= g*(iz(g+(n))) (fe&).

As an immediate consequence of Proposition 3.1.20 we obtain:

Corollary 3.1.21. Let i be an interior operator.
(a) Let f =moewitheec & feZ()if and only if m,e € Z(i).

(b) Every section or split monomorphism is i-initial.
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Proof.  (a) It follows immediately from Proposition 3.1.20.

(b) Let s: X — Y be a section. Then 3r: Y — X such that 7o s = 1x. But since 1x € Z(i) then
by Proposition 3.1.20 (b) we have that s € Z(7).

O

Remark 3.1.22. (a) Let T'y = (1x,f) : X — X XY be the graph of f : X — Y in C. Then
mx o'y = 1x, hence I'y is a section. Consequently, by Corollary 3.1.21(b), I'y is i-initial. That
is: ix(m) = T} (ixxy (I')«(m))) for all m € subX.

(b) Let 0x = (Ix,1x) : X — X x X be the diagonal of X € C. Then 7x o dx = ly,
hence 0x is a section. Consequently, by Corollary 3.1.21(b), dx is i-initial. That is: ix(m) =
% (ixxx((0x)«(m))) for all m € subX.

Note that from the adjointness property, one has f : X — Y € Z(i) & f(ix(m)) < iy(f«(m). Let i
be an idempotent interior operator. Then we have the following characterization of é-initial morphisms
in an arbitrary category.

Proposition 3.1.23. Let i be idempotent. A morphism f : X — Y in C is ¢-initial if and only if for
every i-open subobject m of X, there exists an i-open subobject n of Y such that m = f*(n).

Proof. (=) Suppose f is an i-initial morphism and-m-is.an i-open subobject of X. Then m = ix(m)

iy (fe(m))) = f*(n), where n is iy(fi(m))-such thatdy-(u) =iy (iy ((f«(m)))) = iy (f(m)) = 7:

Thus m 2 f*(n) with n as i-open subebject of ¥

(<) From idempotency of i, for all & subX, ix{(m) is an i-open subobject of X and as a result there
exists an i-open subobject n of Y such thatix(m) = f*(n). Hence,

ix(m) = f*(n) (Assumption and i-idempotent)
= f*(iv(n)) (n—i-open )
< [y (f(f7(n)))) (f 1)
= f*(iy (flix (m)))) (ix(m) = f*(n))
< f*liy (f«(m)) (i-contractive).
Therefore, f € Z(i). O

Definition 3.1.24. An interior operator i is said to be initial with respect to a reflective subcategory S of

.
C if for every X € C the reflection morphism X S rXis i-initial, that is, ix(m) = r% (i, x ((rx)«(m)))
for all m esubX.

Consequently, one has the next remark.

Remark 3.1.25. Let S and S’ be reflective subcategories of C and 7,7 € INT(C, M).
(a) If i and i are initial with respect to S and i < i on 'S, then i <.

(b) If SC S and i is S-initial then i is also S -initial. Indeed, for any X € C there exist S-reflection

Tx

morphism X —> rX and S'-reflection morphism X — 7' X. Besides, the fact that S C S’ implies
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Jg : r X — rX such that rxy =go r'X. Consequently,

ix(m) Zryx(iyx((rx)«(m))) (7 S-initial)
= 739" (inx (94((rx )« (m)))))
<r¥(ivx(g ( ((rx)«(m))))) (g i-continuous)
< ¥ (i, x ((ry)e(m))) (9" gs).

Analogous to the class of i-initial morphisms we have the following properties of the class of i-final
morphisms.

Proposition 3.1.26. The class F(i)

(a) is stable under composition,

(b) is right-cancellable, that is: if go f € F(i) then g € F (i),
(c) contains all the isomorphisms and
(d)

d) is left-cancellable with respect to M, that is: if go f € F(i) and g € M then f € F(i).

Proof. Consider morphisms f: X — Y andg:Y — 7 in C.
(a) Suppose f,g € F(i). Then for-anyp&subZ we have
(g0 fx(ix((go /)" ()= ga(fulix (g () )]))

Hg.(ivt(g" () (f i-final )
Hiz(p (g i-final ).

Therefore, go f € F(1).
(b) Suppose go f € F(i). Then forany p €subZ we have

9«(iv (9" (P))) < gx(f(F (i{g=(m)))) (f* A1)
< g«(Jlix (S (97 (1)) (f i-continuous)
= (9o f)(ix((ge f)*(p)
=iz(p) (g o f i-final).

(¢) If f: X — Y is an isomorphism with inverse f~! : Y — X then fo f~! = 1 is obviously i-final.
Consequently, (b) implies f € F(i).

(d) Suppose go f € F(i) and g € M. Then for any n € subY we have

filix (f*(n))) = g" (9= (flix (f*(97(9+(n))))))) (g€ M)
= 97(g0 f«lix((g 0 f)"(9x(n))))
= g"(iz(g«(n))) (g o f i-final)
< iy (9" (g«(n))) (g t-continuous)
=iy (n) (g e M).
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Of course, given the role of adjunctions, the proof of the above proposition is computationally the same
as that of Proposition 3.1.20.
Corollary 3.1.27. (a) Let f =moe withm € M. f € F(i) if and only if m,e € F(7).

(b) Every retraction or split epimorphism is i-final.

Proof. (a) It is a consequence of Proposition 3.1.26.

(b) Letr: Y — X be a section. Then 3s: X — Y such that ros = 1x. But since 1x € F(i) then
by Proposition 3.1.26 (b) we have that r € F(i).

O
Proposition 3.1.28. Let ¢ be an interior operator.
(@) [:X =Y € F(i) & f(ix(m)) < iv(f(m).
(b) If i is a standard interior operator then F (i) C £.

(c) If i is a standard interior operator then M N F (i) is a class of isomorphisms.

Proof. (a) If f: X — Y € F(i) then for n = f(m), where n € subY and m € subX the in-
equality fi(ix(f*(n))) < iy(n) implies fulix(f*(f(m)))) < iy (f(m)). This turns out to be
felix(m)) < fulix (f*(f (m)))-<iy(Fm)),"siace-f-=f~. Hence, f.(ix(m)) < iy(f(m)).
Conversely, for m = f*(n) the inequality fi(ix(m)) = 4y(f(m)) gives that f.(ix(f*(n))) <
iv (f(f*(n))) <iy(n) and hence [.(ix([*(n))) < iy-(n). Therefore, fi(ix(f*(n))) <iy(n) if
and only if fi(ix(m)) < iy (f(m)).

(b) Let f € F(i). Then by (a) we get fulix(m)) < iy (f(m)). In particular, for m = 1x one has

f*(ix(lx)) < iy(f(lx)). This turns out'to be 1y = f*(lx) = f*(ix(lx)) < iy(f(lx)) <
f(lx) <1y and hence 1y & f{1x ). Thus f €&

(¢) This is an immediate consequence of ().

In the following proposition we give a partial characterization of final morphisms.

Proposition 3.1.29. Let f: X — Y be an i-final morphism. Then a subobject n of Y is i-open if and
only if f*(n) is i-open in X.

Proof. Since the necessary part is well known we focus on the sufficient condition. Suppose f*(n) is
i-open. Then since f is i-final and f* - f. we obtain n < f.(f*(n)) < fi(ix(f*(n))) < iy(n), as

desired. O
Definition 3.1.30. A C-morphism f : X — Y is called weakly i-final if n A f.(ix(f*(n))) = iy (n) for
all n € subY'.

We use WF (i) to denote the class of all weakly i-final morphisms. Clearly, finality implies weak finality
since if n € subY then iy (n) <n, hence n Aiy(n) = iy(n) and consequently, for f : X — Y € F(i),
one has f.(ix(f*(n))) =iy (n). Therefore, n A fu(ix(f*(n))) ZnAiy(n) =iy (n).Thus f € WF(i).
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Remark 3.1.31. Let f: X — Y in C and n € subY.

(a) feWF(i) e nAfilix(f*(n))) <iy(n). Indeed, since iy (n) < nandiy(n) <iy(fi(f*(n))) <
£u(ix (f*(n)). one always has iy (n) < n A fulix (f*(n))).

(b) WF(@)NE C F(i). Indeed, if f €& then f.(ix(f*(n))) < fu(f*(n)) = n. Consequently, with
f € WF(i), one has f.(ix(f*(n))) =nA fi(ix(f*(n))) <iy(n).

It is also routine to verify the following.

Proposition 3.1.32. The class WF (i)
(a) is stable under composition,
(b) is right-cancellable, that is: if go f € WF(i) then g € F(7),
(¢) contains all the isomorphisms and
(d) is left-cancellable with respect to M, thatis: if go f € WF(i) and g € M then f € WF(i).

We obtain the following corollary from Proposition 3.1.32.
Corollary 3.1.33. Let f = moe with m € M. f € WF(i) if and only if m,e € WF(i).

Definition 3.1.34. Let i be an interior operator:

Il

(a) A cone S := (f; : X — X;)ier is called i-initial (or the |f;’s are jointly i-initial) if ix(m)
V f¥(ix, ((fi)«(m))) for all m esubX.
iel
(b) A cocone (f; : X; — X);es is called weakly i-final (or the f;'s are jointly weakly i-final) if
ix(m) =mA A (fi)(ix,(f(n))) forlall m esubX.
iel
As a generalization of Propositions 3.1.20 and 3.1.32 we have the following.
Proposition 3.1.35. (a) Let S := (f; : X — X;);e; be a.cone and u: Z — X be a morphism such
that (fiou: Z — X;)cr is i-initial. Then
(1) w is i-initial;
(i3) (fi : X — X;)ies is i-initial provided that u € & .

(b) Let (fi : X; — X);er be a cocone and u : X — Z be a morphism such that (uo f; : X; — Z)cr
is weakly i-final. Then

(1) u is weakly i-final;
(ii) (fi: Xi = X)ier is weakly i-final provided that u € M.

The following proposition shows connections of i-initial morphisms with the other three morphism classes.
Proposition 3.1.36. Let ¢ be an interior operator.

(a) KEi)N M CZ(7).

(b) O@{) N M CZ(4).
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(¢) Z()NE CK()NO®GE) N F(i).

Proof.  (a) Suppose f: X — Y € K(i) N M. Then for any m € subX one has

ix(m) = f*(fi(ix(m))) (feM)
= f*(iy (fo(m))) (f i-closed)
= feI(i).

(b) Suppose f: X —Y € O(i) N M. Then for any m € subX one has

ix(m) =ix(f*(f(m))) (f e M)
= iy (fe(m))) (f i-open)
= feZ(i).

(¢) Suppose f: X =Y €Z(i)N & Then for any m € subX and n € subY one has

Folix(m)) = fu(£*(iv (£.(m)))) (f € Z(i))
=~ iy (f.(m)) (Fee)
= f e K(i),

ix(f*(n)) = Py (FtFm))) (f €Z())
= |f1(ivi(n) (fe&)
= fle O() and

Flix (f*(m)) = L Gy (F(FF () (f € Z(i))
=) (feg)
=2 T (1)

Similar to the proposition above there are the following immediate connections between i-final and the
other three morphism classes.

Proposition 3.1.37. Let i be an interior operator.
(a) K(i)NE C F).
(b) OG)NE C F(i).
(¢) F(i)N M C K1) N O(i) NZ(i).
Proof. (a) Let f: X =Y € K(i)N E. Then fu(ix(f*(n))) = iy (f.(f*(n))) = iy(n) for all n €
subY". Therefore, f € F(i).

() Let f: X =Y € O@G)N E. Then fi(ix(f*(n)) = fo(f*(iy(n))) = iy(n). Consequently,
[ e F(i).
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(c) Suppose f: X — Y € F(i) N M. Then for any m € subX and n € subY one has

felix(m)) = fe(ix (f*(f+(m)))) (f eM)
=iy (fu(m)) (f € F(2))
= fek(@),

ix(f*(n) = f*(f(ix (f(n)))) (f eM)
= f*(iv(n)) (f € F(i))
= f € O(i) and

ix(m) = f(fu(ix (f7(f<(m))))) (f eM)

= iy (f«(m))) (f € F(2))
= feZ(i).

O
In the remainder of this section we focus on the pullback behaviour of i-closed, i-open, i-initial and
i-final morphisms. We begin with the following-equivalent.descriptions of the Beck-Chevalley Property

(BCP) using the right adjoints of preimages.

Lemma 3.1.38. For a commutative diagram

A B
a lb
Xom—ma¥
I
one always has:
(a) For all tinsubB, f*(b.(t)) < a«(g*(t))
(b) For all m in subX, b*(f.(m)) < g«(a*(m))
Proof.  (a) Let t in subB. Then
FH(0:(1)) < ax(a®(f7(b4(1)))) (a" Ha.)
= ax((f 0 a)"(b«(2)))
= a.((bog)*(b«(1))) (foa=bog)
= a. (g7 (0" (+(1))))
< ax(g" (1)) (6% 4 bs).

(b) follows from (a).

Remark 3.1.39. [DT95]
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(a) We say that the commutative diagram in Lemma 3.1.38 satisfies the Beck-Chevalley's Property
(BCP) if for every m € subX, g(a*(m)) = b*(f(m)). In fact, we also have for every n €
subB, a(g*(n)) = f*(b(n)).

(b) Every pullback diagram in C satisfies the Beck-Chevalley Property (BCP) if and only if £ is sta-
ble under pullback. Indeed, consider the pullback diagram in Lemma 3.1.38 with f € £. Then
by Remark 1.3.6, 15 = b*(ly) = b*(f(1x)) = g(a*(1x)) = g(14). Consequently, g € €.
The converse follows from the pullback property. Further, let the diagram above be a pullback
with b € M and & be stable under pullback along M-morphisms then the diagram satisfies (BCP).

Lemma 3.1.40. If the commutative diagram in Lemma 3.1.38 is a pullback and satisfies the Beck-
Chevalley's Property (BCP) then
(a) ax(g*(t)) = f*(b(t)) for all t in € subB and

(b) g«(a*(m)) = b*(fi(m)) for all m in subX.

Proof. (a) Let t € subB. Then

ax(g%(t)) < 7 (f(ax(g"(2)))) (f =41
< fH0(0"(f(ax(g™ (1)) (6" +b.)
= - (balgla(o=(g (1)))))) (BCP)
<F—{brtgte™ (1) (@ A ax)
= 0. (t)) (919"
< a.(g7(?)) (Lemma 3.1.38).

Therefore, a.(g*(t)) = [*(b.(t)).

(b) This follows from (a).
O
Remark 3.1.41. The converse of Lemma 3:1:40 holds; that is:1if (a) or (b) is true then the pullback

~

diagram of Lemma 3.1.40 satisfies the Beck-Chevalley's Property (BCP). Indeed, suppose a.(g*(t)) =
[*(b(t)) for all t € subB. Then for any m € subX one has:

b*(f(m)) < b*(f(ax(a™(m)))) (0" 4 ax)
< 0" (f(ax(g"(g(a*(m)))))) (9497
=" (f(f7 (b« (g(a™(m)))))) (a(g7 (1)) = f*(b.(1)))
< b (ba(g(a”(m)))) (f 45
< g(a*(m)) (0" +b.)

Therefore, g(a*(m)) = b*(f(m)) for all m € subX since one always has g(a*(m)) < b*(f(m)).
Furthermore, a similar argument vyields that a(g*(t)) = f*(b(t)) = b*(f«(m)) = g«(a*(m)) for all
t € subB and m € subX.

The following theorem shows i-initial, i-open, i-closed and i-final morphisms ascend along i-initial mor-
phisms and they descend along i-final morphisms.
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Theorem 3.1.42 (Pullback ascent and descent). Assume that £ is stable under pullback and consider
the pullback diagram

A—2-B
1
X—Y
f
Then:
(a) [a € Z(3i) and f € Z(:)(O(i),K(3),F(i), resp.)] = g € Z(i)(O(i),K(i), F(i), resp.). Moreover,
beZ(i).
(b) [b Eé(z)) and g € F(i)(0(i),K(3),Z(3), resp.)] = f € F(i)(O(i),K(i),Z(i), resp.). Moreover,
a € F(i).

(¢) [a€eZ(i),be M and f € WF(i)] = g € WF(i).
(d) be WF(i),f € M and g € Z(i)] = f € Z(3).
Proof. Note that the assumption & is stable under pullback implies the above pullback diagram satisfies
the Beck-Chevalley Property (BCP) by Remark 3.1.39(b).
(a) Suppose a is i-initial.
(-initial): If f is i-initial then
dyf € L(1)= [0 a € I(i)

= bog e (i) (foa=bog).
Therefore, by Proposition 3.1.20(h), g € Z(1).

(i-open): If f is i-open ‘and t € subA then

g(iA(t)) Zgla™lix(a.)))) (a € Z(3))
& b (fi(ix(ag(?) (BCP)
=0 (iy (f(ax(t)))) (f € O(1))
<ip(b*(f(a«(t)))) (b i-continuous)
= ip(g(a®(a«(t)))) ( BCP)
<ip(g(t)) (a* H ax).

Hence, g € O(i).

(i-closed): If f is i-closed and ¢t € subA then

9:(1a(1)) < gu(a(ix(ax(1)))) (e € Z(i))
= b*(fu(ix(ax(t) ( Lemma 3.1.40)
= b (iy (f(ax(1)))) (f € k()
< ig(b*(fi(ax(t)))) (b i-continuous)
~ip(g«(a*(ax(t)))) ( Lemma 3.1.40)
<ip(g«(t)) (a" Ha.).

Hence, g € K(7).
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(i-final): If f is i-final and p € subB then
9:(1a(g"(P)) = gu(a™(ix (a(9"(p))))) (e € Z(2))

= b*(fulix(ax(g*(p))))) ( Lemma 3.1.40 )
=07 (felix (f7(b<(p))))) ( Lemma 3.1.40 )
= b (iy (b«(p))) (f € F(3))
<ip(b*(b«(p))) (b i-continuous)
<ip(p (b* 4 by).

Hence, g € F(i).

Furthermore, b is i-initial. Indeed, since ¢g* - g« and g is i-continuous we get

ip(p) <ip(9+(9"(p)) < 9x(1a(g”"(p)))

(b) Suppose b is i-final.
(i-final): If g is i-final then

Therefore, by Proposition 3.1:26 (b)), f & F (i)t

(i-open): If g is i-open and m € subX then

k) ol e @t b
= b @@ xm)P F, (BCP)
< bi(g(ia(a®™(m)))) (a i-continuous)
= b.(ip(g(a”(m)))) (9 € O())
~b,(ip(b"(f(m))  (BCP)
=iy (f(m)) (b€ F(i)).
Hence, f € O(i).
(i-closed): If g is i-closed and m € subX then
felix (m)) < b (0 (f+(ix (m)))) (0" Hby)
~ b, (g«(a*(ix(m)))) ( Lemma 3.1.40 )
< be(g«(ia(a™(m)))) (a i-continuous)
= b.(ip(g«(a™(m)))) (9 € K(4))
=~ b, (ip(b*(fx(m)))) ( Lemma 3.1.40)
=iy (fu(m)) (b € F(i))-

Hence, f € K(7).
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(-initial): If g is é-initial and m € subX then

ix(m) <ix(ax(a”(m))) (" Ha.)
< a«(ia(a*(m))) (a i-continuous)
= ax(g7(iB(g+(a”(m))))) (9 € Z(2))
= (b (iB(b"(f(m))))) ((Lemma 3.1.40 )
= iy (f«(m))) (b e F(i)).

Hence, f € Z(3).

Furthermore, a is i-final. Indeed, since f* - f. and f is i-continuous we get

ax(ia(a”(m)))

IA IR R

(c) Let p € subB.

P A g(ia(g"(p))) = p A g+ (o (iaebaxly” ))))) (a € Z(2))

NA
'
S
—
Q
/'\
3
g
~—
—H
~_~
= B

= b* (b P (falix(as (b € M and Lemma 3.1.40 )
= " (b () A L lx (L (0())))) (b* 4 by and Lemma 3.1.40 )
= b" (ivy(6- (P))) (f e WF(i))
< ip(b(b(p))) (b i-continuous)
Hence, g € WF(i).
(d) Let m € subX.
ix(m) < ix(ax(a”(m))) (a" Ha.)
< ax(ia(a*(m))) (a i-continuous)
= ax(g7(iB(g«(a”(m))))) (9 € Z(3))
= f*(b«(ip(b*(fi(m))))) ( Lemma 3.1.40 ).
Consequently,
ix(m) <m A f*(0(ip(b"(fi(m)))))
= fE(fa(m)) A fF(0u(iB (67 (fi(m)))))
= [H(fe(m) Abe(iB (07 (fi(m)))))
= [ iy (f«(m))) (b € WF(i)).

Hence, f € Z(i).
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In Top, k'"-open morphisms (or the usual open maps) are stable under pullback, hence the assumption
that a € Z(k™) is not needed in Theorem 3.1.42 (see [DT95]).

Examples 3.1.43. (a) Consider the Kuratowski interior operator k" on the category Top of topo-
logical spaces with (surjective, embedding)-factorization structure and a continuous function
f: X =Y.

(i) f is k™-initial if and only if M C X is open if and only if M = f~1(N) for some N C Y
is open. Since k' is idempotent and by Proposition 3.1.23, f is k'™-initial if and only if X
carries the initial topology with respect to f.

(i) f is k™-final if and only if f is surjective and for any N C Y one has M C N is open if and
only if f~Y(M) C f~1(N) is open (every subspace N C Y carries the final topology with
respect to the restriction f~1(N) — N of f). That is, the k™-final maps are precisely the
hereditary quotient maps. Note that hereditary quotient maps are surjective maps f : X — Y
for which every restriction f~!(N) — N of f with N C Y is a quotient map.

(iii) f € O(k™) if and only if f is an open map, that is: O C X is open = f(O) C Y is open.

(b) Consider the up-interior 1% (H) = {h € H : (Vg € G\ H) there is no edge g — h} on the
category SGph of spatial graphs with (surjective, embedding)-factorization structure.
The ti"-initial morphisms f : G — G’ are characterized by the condition g — g/ < flg) — f(g/)
for all g,¢ € G and the 1""-final morphisms are precisely the surjections f : G — G such that
k—k < 3g,9 € Gwith ¢" =g Flgr="r-andf{g)="F"

(c) Let i be an interior operator on-areflective-subcategory, S of the category C such that preimages
commute with arbitrary joins in € and let i(S) be a lifted interior operator on C from S. Then

(1) Each S-reflection morphism is i(S)-initial,

(i7) Each S-reflection morphism-is-i(S)-open, i(S)-closed and i(S)-final provided that S is &’-
reflective.

(d) Let t" be the trivial interior operator on C such that C-morphisms reflect 0. Then f*(0y) = 0x,
hence for f € £, one has f40x) 2 £.(f7(@y)) =0y Consequently, every morphism is both
t"-initial and ¢"-open and every morphism in £ is both ¢"-closed and t"-final. Let d" be the
discrete interior operator on C with respect to M. Then every morphism is both d™™-open and
d"-closed, every morphism in M is d"-initial and every morphism in £ is d'"-final.

In this section, due to the role of the adjunctions, we have seen that a lot of results (and proofs) are
mirror to each other. Moreover, since we assume that the preimage f*(—) preserves arbitrary joins for
every morphism f in the category C, this allows f*(—) to have both left f(—) and right f.(—) adjoints.
Consequently, some of the results (and proofs) with respect to interior operators are similar to that of
closure operators. Indeed, this is should not come as a surprise since by Theorem 2.3.8 we know that
there is a natural way of moving from closure to interior operators and vice versa. Our results provide
interior-theoretic descriptions of the notions. Furthermore, there are new insights and importantly some
things that can only be done with interior operators. Note that the assumption that arbitrary joins are
preserved by each preimage is essential and enables us to explicitly define the notions of closed, initial
and final morphisms in terms of dual images. In fact, one can not deal with these notions without
having this assumption.
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3.2 Quasi open, codense morphisms with respect to an interior opera-
tor

In this section we introduce a notion of quasi open morphisms with respect to an interior operator 7 on
an arbitrary category C and discuss some of their properties. In particular, it is shown that the quasi
1-open morphisms of C are characterized as the morphisms which reflect i-codensity. We also introduce
a general notion of i-codense subobjects. We begin with the following definition and proposition which
motivate the notion of quasi i-open morphisms.

Definition 3.2.1. A morphism f : X — Y is said to reflect i-codensity if f*(—) maps i-codense
subobjects of Y to i-codense subobjects of X.

Consequently, every i-open morphism reflects i-codensity:
Proposition 3.2.2. Suppose f : X — Y € O(i) reflects the least subobject. Then f reflects i-codensity.

Proof. Let n be an i-codense subobject of Y. Then, one has

ix(f*(n)) = f*(iv(n)) (f € O(@))
=~ f*(0y) (n i-codense)
>~ Oy (f-reflects Oy ).

O

Note that in any category in which the preimage functor for any given morphism preserves arbitrary
joins (in particular, in topological categories C over Set), each morphism reflects the least subobject
(see Remark 1.4.3(c)).

Remark 3.2.3. (a) Let subX be'a] Boolean algebra for évery,C-object X and suppose complements
are preserved by preimages. Let ¢ be a closure operator-and ¢ be the induced interior operator
from ¢ given by i (m) = cx(im) for allmi€ subX, where 7. denotes the complement of m.
Then a C-morphism f reflects ¢“~-codensity if and only if it reflects c-density.

(b) A morphism which reflects i-codensity need not be i-open. Indeed, in Top the embedding r of
[0, 1] into R reflects codensity with respect to the Kuratowski interior operator k'™ induced by the
Euclidean topology but r is not £™-open map (see [CGT04]).

In the above proposition we showed that every i-open morphism which reflects the least subobject
reflects i-codensity. However, a morphism which reflects i-codensity may not be i-open by Remark
3.2.3(b). These observations motivate the following notion:

Definition 3.2.4. A morphism f : X — Y is said to be quasi i-open if the interior of each subobject
of X is the least subobject of X whenever the interior of its image under f is the least subobject of Y,
that is: (Vm € subX) (iy (f(m)) = 0y = ix(m) = 0x).

In Top, the quasi open morphisms with respect to the Kuratowski interior operator k™™ are precisely the
quasi open maps studied in [MP62, Kao83, Kim98]. Such maps are also called semi-open in [HS68].
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Consequently, the above definition provides a generalization to an arbitrary category C of the notion of
quasi open maps in topology in terms of interior operators.

The following is a handy characterization of quasi i-open morhisms in terms of i-codensity.

Proposition 3.2.5. For a morphism f: X — Y in C, the following are equivalent:
(a) f is quasi i-open;

(b) each subobject of X is i-codense in X whenever its image under f is i-codense in Y, that is:
(Vm € subX) (f(m) is i-codense in Y = m is i-codense in X);

(c) f reflects i-codensity, that is: if n is i-codense in Y then f*(n) is i-codense in X.

Proof. (a) = (b) follows immediately from the definitions.

(b) = (c) Let n be an i-codense in Y. Since f(f*(n)) < n, one has f(f*(n)) is i-codense in Y’
by Remark 2.1.15(c). Consequently, f*(n) is i-codense in X.

(¢) = (a) Let m € subX such that iy (f(m)) = Oy. Then f(m) is i-codense in Y, hence
f*(f(m)) is i-codense in X by hypothesis. Consequently, by Remark 2.1.15(¢), m is i-codense in
X since m < f*(f(m)). Therefore, ix(m) = 0x.

O

Proposition 3.2.5 states that the quasi z-open morphisms of € are precisely the morphisms which reflect
i-codensity. Next we show that quasi <-open. morphisms. are a generalization of i-open morphisms.

Proposition 3.2.6. If f is an i-open morphism and reflects the least subobject, then f is a quasi i-open.

Proof. Let m € subX such that iy (f{7m})} = 0y~ Since f-is an-i-open morphism, one has f(ix(m)) <
iy (f(m)) = 0y. Consequently, ix(m) < f*(0y) = Ox since f reflects Oy. Therefore, f is a quasi
i-open morphism. O

Of course, the above proposition is ‘a'direct consequence of Propositions 3.2.2 and 3.2.5(c).
Corollary 3.2.7. Every i-open morphism in the class M is quasi i-open.

Proof. follows from the above proposition since each subobject morphism reflects the least subobject.
O

Remark 3.2.8. (a) The class C* of i-codense M-subobjects is stable under pullback along QO(i)-
morphisms since, by Proposition 3.2.5, quasi i-open morphisms reflect i-codensity.

(b) The class C* of i-codense M-subobjects is left-cancellable with respect to the class of i-open
morphisms in M. Indeed, for s,¢ € M such that sot € C* and s € O(i), one has the pullback
diagram
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with s € QO(i) by Corollary 3.2.7. Consequently, by (a), t € C? since t is a pullback of sot € C*
along s € QO(i).

As a consequence of Propositions 2.1.14 and 3.2.5 the following corollaries are now evident.

Corollary 3.2.9. The following statements are equivalent for an M-morphism f: X — Y
(a) f is quasi i-open;

(b) (Ym € subX) (f(m) is i-codense in Y < m is i-codense in X)

Corollary 3.2.10. The following statements are equivalent for an & -morphism f: X — Y-
(a) f is quasi i-open;
(b) (Vn € subY) (f*(n) is i-codense in X < n is i-codense in Y))

In what follows we use QO(i) to denote the class of quasi i-open morphisms. The class QO(i) has the
following stability properties:

Proposition 3.2.11. The class QO(i)

(a) is closed under composition,

(b) is left-cancellable with respect to M thatisiif go f€.Q0O(i) and g € M then f € QO(i),
(c¢) contains all the isomorphisms and
(d)

d) is right-cancellable with respectito £ thatiis: if go fe QO(i) and f € £* then g € QO(4).

Proof. Consider the morphisms f: X — Y and g:Y — Z in C.
(a) Suppose f,g € QO(i). Let m &subX such that (go f){m) isi-codense in Z. Then:

9/ (m)) is i-codefise i ¥ (46 $I)m) = g(F(m))
= f(m) is i-codense in Y’ (g € 20(3))
= m is i-codense in X (f € QO(1)).

Therefore, go f € QO(i).
(b) Suppose go f € QO(i) and g € M. Let m € subX such that f(m) is i-codense in Y. Then:

g(f(m)) is i-codense in Z (Proposition 2.1.14(a))
= (g o f)(m) is i-codense in Z ((go f)(m)=g(f(m)))
= m is i-codense in X (go f e QO®)).

Therefore, f € QO(i).

(c) Let f: X — Y be an isomorphism. Then f has an inverse f~!:Y — X such that f~lo f =1x.
Consequently, (b) implies f € QO(i) since 1x is obviously quasi i-open and f~! € Iso(C) C M.

(d) Suppose go f € QO(i) and f € €. Let n € subY such that g(n) is i-codense in z. Since f € &£,

one has g(f(f*(n))) = g(n). Hence g(f(f*(n))) = (go f)(f*(n)) is i-codense in Z. Consequently,
f*(n) is i-codense in X since go f € QO(i). This in turn implies n is i-codense in Y since f € £ .

Therefore, g € QO(1). O
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As an immediate consequence of the above proposition, one has:
Corollary 3.2.12. Let f =moewithm e Mandec & f € QO(>i) if and only if m,e € QO(i).

Corollary 3.2.13. Let i be any interior operator and f: X =Y € QO(i). f m: M — X € M is an
i-open morphism, then fom € QO(i).

Proof. This is an immediate consequence of Corollary 3.2.7 and Proposition 3.2.11(a). O

Let us denote by QO(i)* the class {f € C: every pullback of f reflects i-codensity}. Then, by Propo-
sition 3.2.11 and properties of pullbacks, QO(i)* satisfies the following fundamental stability properties.
Proposition 3.2.14. The class QO(i)*

(a) contains all the isomorphisms, is closed under composition and stable under pullback,

(b) is left-cancellable with respect to M, that is: if go f € QO(:)* and g € M then f € QO(i)*
and

(c) is right-cancellable with respect to £*, that is: if go f € QO(i)* and f € £* then g € QO(i)*.

In the remainder of this section we introduce-a netion of codense morphisms with respect to an interior
operator 7, which are generalizations-of-i-codense-subobjects:

Definition 3.2.15. A morphism f X — Y is an i-codense if the M-part f(1x) of the (£, M)-
factorization of f is an i-codense subabject of Y, thatiis: iy (f(1x)) = Oy.

We use CD(i) to denote the class of i-codense morphisms.

Remark 3.2.16. (a) i-codense M-morphisms are precisely i-codense M-subobjects.

(b) For a standard interior operator i, £-morphisms with non-trivial codomain can not be i-codense.
Note that a trivial object Y is anobject in Ciwith' Oy 22,1y that is: Oy is an isomorphism, hence
subY having exactly one member, up to isomorphism.

(¢) A morphism f : X — Y is i-codense if and only if f(m) is an i-codense subobject of Y for all
m € subX. Indeed, this follows from f(m) < f(1x).

(d) Let preimages commute with arbitrary joins in the category C. If f : X — Y € CD(i) and
g:Y = Z e & then 9+(f(1x)) is an i-codense subobject of Z. Indeed, by the above definition
f(1x) is i-codense in Y. Consequently, by Remark 2.1.15(d), g«(f(1x)) is i-codense in Z.

Examples 3.2.17. (a) In the category Top each non-surjective continuous function with indiscrete
topological space codomain is a codense morphism with respect to k'.

(b) In the category Grp, the i-codense morphisms are exactly the non-surjective group homomorphisms
f + G — H for which their image f(G) do not contain proper normal subgroups of H. In particular,

(7) the trivial group homorphism f : G — H given by f(g) = ey for all ¢ € G is a codense
morphism with respect to any interior operator i on Grp.
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(74) any non-surjective group homomorphism f : G — S, where S is a simple group is codense
with respect to the normal interior operator on Grp.

(¢) Any non-surjective ring homomorphism f : R — S, where S is a cyclic ring is codense with
respect to the ideal interior operator on Rng.

(d) In the category of R-Mod, the zero maps are d"-codense morphisms.

Consequently, one has the following stability properties of CD(i).

Proposition 3.2.18. The class CD(3)

(a) is stable under composition with C-morphisms from the right, that is: if ¢ € CD(¢) and f in C
then go f € CD(i),

(b) is right-cancellable with respect to &, that is: if go f € CD(i) and f € & then g € CD(i),
(c) is left-cancellable with respect to QO(i), that is: if go f € CD(i) and g € QO(i) then f € CD(i),

(d) is stable under composition with M-morphisms from the left, that is: if g € M and f € CD(i)
then go f € CD(i).

Proof. Let f: X — Y and g:Y — Z be morphisms in C such that:

(a) g € CD(i). Then g(ly) is an i-codense-subobject-of. Z. Consequently, since (g o f)(1x) =
9(f(1x)) < g(1y)), Remark 2,1:15(¢) yields-(gof){1x}is-ans-codense subobject of Z. Therefore,
go feCD(i).

(b) go f €CD(i) and f € £. Then Remarks 1.3.6(b) and 1.3.9 and Definition 3.2.15 yield
iz(9(ly)) =iz(g(f(1x))) =iz((g 9 H)(1x)) Z0z.

(¢) go f € CD(i) and g € QO(i).Then g(f(1x)) = (go f)(1yx) is an i-codense subobject of Z.
Hence, by Proposition 3.2.5; ¢*(g(f(1x))) is an i-codense subobject of Y. Consequently, by
Remark 2.1.15(¢), f(1x) is an i-eodensersubobjectiof Y since f(1x) < ¢*(g(f(1x))). Therefore,
f €CD(i).

(d) This follows from Proposition'2.1:14(a).

3.3 Quotient maps with respect to an interior operator

In the category Top of topological spaces and continuous maps, a quotient map is just an epimorphism
f X — Y for which B C Y is open whenever f*(B) is open. In this section we make use of
this concept and the idea of the paper [CGTO01] to introduce and study the notion of quotient maps
with respect to an interior operator in the category C. We use these maps to investigate a notion of
connectedness with respect to a given interior operator in Section 5.2. We start with the next definition.

Definition 3.3.1. A morphism f: X — Y in C is said to reflect i-open subobjects if each subobject n
of Y is i-open provided that f*(n) is i-open in X.
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Definition 3.3.2. A morphism f: X — Y in C is said to be an i-quotient if it lies in £ and reflects
1-open subobjects.

Remark 3.3.3. Let Q(i) be the class of all i-quotient morphisms. Then

(a) In Definition 3.3.2 we can replace the statement f*(n) is i-open in X implies n is i-open in Y by
f*(n) is i-open in X if and only if n is i-open in Y. Indeed, if n is i-open in Y then one always
has f*(n) is i-open in X.

(c) Let ¢ be a standard interior operator. Then as a consequence of Proposition 3.1.28(b) and
Proposition 3.1.29 one always has that an ¢-final morphism is an i-quotient, with the converse
statement failing already for C = Top,i = k" (see [CGTO1]).

We discuss some important properties of i-quotient maps in the following proposition.

Proposition 3.3.4. The class Q(i)
(a) is stable under composition,
(b) is right-cancellable, that is: if go f € Q(i) then g € Q(7),
(¢) contains all the isomorphisms and
(d) is Ieft—canc/ellable with respect to M provided-that £ C &', that is: if go f € Q(i) and g € M
and £ C & then f € Q(i).

Proof. (a) Suppose f: X — YV, g:Y —Z € Qi) Then f,g-& & and both f and g reflect i-open
subobjects. Hence, gof € £ and for u & subZ since [ is an i-quotient. Consequently, (gof)*(u) =
f*(g*(u)) is i-open in X implies ¢*(u) is i-openiin Y. This in turn implies u is i-open in Z as g
is also an i-quotient map. Therefore, go [ € € and (go f)¥(u) is i-open in X implies u is i-open
in Z, as desired.

(b) Suppose for f: X —Y,g: Y =»Zygo f&Oi).Then go [ € £ and as result g € £. And also
g o f reflects i-open subobjects. Now, consider an i open subobject g*(n) of Y. Then

f*(g*(n)) is i-open in X (i-open subobjects are stable under pullback )
= (go f)*(n) isi-openin X (go f)"(n) = f(g7(n))
= n {-open in Z (go f e Q).

Therefore, go f € £ and g*(n) is i-open in Y implies n is i-open in Z, as desired.

(¢) If f: X — Y is an isomorphism with inverse f~! : Y — X then fo f~! = 1x is obviously
i-quotient. Consequently, (b) implies f € Q(1).

(d) Suppose for f : X - Y,g:Y — Z,go f € Q(i). Then go f € £ and go f reflects i-open
subobjects. Since g € M and & is stable under pullback along M-morphisms , go f €& = f €
€. Also consider an ¢ open subobject f*(n) of X. Then

f*(n) is i-open in X

= (go f)*(g(n)) = f*(g*(g(n))) = f*(n) is i-open in X, since g € M

= g(n) is i-open in Z, since go f € Q(i)

= n = g*(g(n)) is i-open in Y, since i-open subobjects are stable under pullback and g € M.
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Thus, f € £ and f*(n) is i-open in X implies n is i-open in Y, as desired.
O

The following two propositions show the connection between i-quotient maps with i-open (or i-closed)
morphisms.

Proposition 3.3.5. (a) O(i)NE C Q(i).
(b) Let preimages commute with joins in the category C. Then K(i) N E C Q(4).

That is, every i-open (or i-closed) morphism in &' is an i-quotient.

Proof. (a) Suppose f: X — Y and f € O(i)N & such that f*(n) is i-open in X. Then

n 2 f(f*(n)) (feé)
> f(ix(f*(n))) (f*(n) i-open )
= f(f*(iy(n))) (f € 0(i))
=~ iy (n) (fe&)

Therefore, f*(n) is i-open in X implies-n-is-i-open-in-¥_and clearly E C E. Hence, f € € and
f reflects i-open subobjects. ‘Consequently,~f-€-O(7).

(b) Suppose f: X — Y and f € K{i)+E-such.thatf*(n).is-i-open in X. Then

n 2 f.(f(n)) (fe&)
> £, ik (f*(n))) (f(n) i-open )
=~ iyl ) (Fek (i)
=~ iy () (f16.£)

= n is t-open in Y.

Therefore, f € £ and f*(n) is i-open in X implies 7 is i-open in Y and clearly £ C & Hence,
f € € and f reflects i-open subobjects. Consequently, f € Q(37).

O
Proposition 3.3.6. Let f : X — Y be an i-quotient morphism.

(a) If f is an i-open morphism then for each i-open subobject m of X, the subobject f*(f(m)) is
i-open in X. Moreover, if i is idempotent the converse is true.

(b) Let preimages commute with joins in the category C. If f is an i-closed morphism then for each
i-open subobject m of X, the subobject f*(f.(m)) is i-open in X. Moreover, if i is idempotent
the converse is true.

Proof. (a) Let f: X — Y be an i-open morphism such that m is i-open subobject of X. Then by
Remark 3.1.13(b), f(m) is an i-open subobject of Y. Hence, f(m) = iy (f(m)). Consequently,
since f € O(i)), one obtains f*(f(m)) = f*(iy(f(m))) = ix(f*(f(m))). Therefore, f*(f(m))
is --open in X. On the other hand assume that 7 is idempotent and that for each i-open subobject
m of X, the subobject f*(f(m)) is i-open in X. Then, since ¢ is idempotent, we have that
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ix(m) is i-open in X and hence by assumption, f*(f(ix(m))) is i-open in X. Consequently,
f(ix(m)) is i-open in Y, since f € Q(i). Thatis, iy(f(ix(m))) = f(ix(m)). Therefore,
flix(m)) =iy (f(ix(m))) < iy(f(m)), since ix(m) < m and hence f € O(i). In fact we can
apply the converse part of Remark 3.1.13(b).

(b) Let f: X — Y be an i-closed morphism such that m is an i-open subobject of X.

fr(fe(m)) = f(f+(ix (m))) (m i-open )
= [y (f«(m))) (f € K@)
<ix(f*(fc(m))) (f i-continuous )

= ix(f*(fi(m))) = f*(f«(m)) (i-contractive ).

Thus, f*(f«(m)) isi-open in X. On the other hand assume that i is idempotent and that for each
i-open subobject m of X, the subobject f*(f«(m)) is i-open in X. Then, since i is idempotent,
we have that ix(m) is i-open in X and hence by assumption, f*(f.(ix(m))) is i-open in X.
Consequently, f.(ix(m)) is i-open in Y, since f € Q(i). Thatis, iy (f«(ix(m))) = fi(ix(m)).
Therefore, fi(ix(m)) = iy (f(ix(m))) < iy(fi(m)), since ix(m) < m and hence f € I(i). In
fact we can apply Proposition 3.1.7.

O

We now turn to pullbacks of i-quotients and show-that-the class of i-quotient maps ascends along both
i-open and i-closed monomorphism,

Theorem 3.3.7. Given a pullback diagram

19 p

o

|

such that a and b are monomorphisms-and £ is'stable’under pullback along monomorphisms, one has:

*>Y

(a) If f is an i-quotient morphism'and.a is an i-opén morphism, then g is an i-quotient morphism.
Furthermore, b is an i-open morphism provided that i is idempotent.

(b) Let preimages commute with joins in the category C. If f is an i quotient morphism and a is
an i-closed morphism, then g is an i-quotient morphism. Furthermore, b is an i-closed morphism
provided that i is idempotent.

Proof. The fact that f € £ and £ is stable under pullback along monomorphisms implies g € £.
Moreover,

(a) Suppose for t € subB we have that g*(t) is i-open subobject of A. Then

a(g™(t)) = a(ia(g™(t))) (97 (t) is i-open in A)
=ix(a(g™(t))) (a € O(i))
= ix(a(g*(t))) = alg"(1))
= f*(b(t)) = a(g*(t)) is i-open in X (BCP)

= b(t) is i-open in Y (f € Q1))
= iy (b(t)) = b(t).



Section 3.4. Some remarks on the classes of a dual closure operator Page 76

Consequently, ¢ < b*(b(t)) = b*(iy (b(t))) < ix(b*(b(t))) = ix(t), since b 4 b*, b is i-continuous,
b is monic and £ is stable under pullback along monomorphisms. Therefore, ix(t) =t and hence
t is i-open in B. As a result g € Q(i). On the other hand suppose t is i-open in B. Then g*(t) is
i-open in A. Consequently, the fact that a € O(i) together with Remark 3.1.13 implies a(g*(t))
is i-open in X . As a result of BCP, we have that f*(b(¢)) = a(g*(t)) is i-open in X . This implies
b(t) is i-open in X, since f € Q(i). Consequently by Remark 3.1.13(b) we have that b is i-open
morphism.

(b) Suppose for t € subB we have that ¢g*(¢) is an i-open subobject of A. Then

ax(g" (1)) = a.(ia(g"(1))) (g7 (t) is i-open in A)
' (1)) (a € K(i))

t)) is i-open in X (Lemma 3.1.40)

= [T (b«(1)) = ax(g
nYy (f € Q)

= b, (t) is i-open i
S iy (b () 2 (D).

Therefore, t 22 b* (b (1)) = b* (iy (b« (t))) < ix(b*(b«(t))) < ix(t), since b* = by, b is i-continuous,
b is monic and & is stable under pullback along monomorphisms. Hence ix(t) = ¢, that is,
tis i-open in B. Thus g € Q(i). On the other hand suppose ¢ is i-open in B. Then g*(t) is
i-open in A and hence a.(g*(t)).is4=open in-X, since-a- /(7)) and Proposition 3.1.7. As a result
of Lemma 3.1.40, we have that f*(D«(1)) = a«(g™(t)) is i-open in X. This implies b,(t) is i-open
in X, since f € Q(i). Consequently by Proposition 3.1.7 we have that b is an i-closed morphism.

O

Examples 3.3.8. (a) In the category Top of topological spaces with the usual (surjective, embedding)
factorization structure, surjective &'"~closed (or-£"=open)-morphisms are i-quotient morphisms.

(b) Let n be the normal interior operator on the category Grp of groups and group homomorphisms
with the (surjective homomorphism, ‘injective homorphisms)-factorization system then the n-
quotient morphisms are precisely; surjective group hememorphisms. Note that surjective group
homomorphisms preserve normal subobjects.

3.4 Some remarks on the classes of a dual closure operator

In this section similar to what we have done in Section 3.1 we study four classes of morphisms with
respect to a dual closure operator. We discuss their behaviour under composition, cancellation and
pushout. In order to do this as in the Section 2.4 we consider a finitely cocomplete category C with
(€, M)-factorization systems for morphisms such that £ is a fixed class of epimorphisms. Analogous
to the class of morphisms with respect to an interior operator we define d-closed, d-open, d-initial and
d-final morphisms by replacing < by 2 in the equivalent descriptions of the continuity condition with
respect to a dual closure operator given in Lemma 2.4.9 and Remark 2.4.10. Of course this notion is a
dual notion to classes of morphisms with respect to closure operators (see [GT00, CGTO1]).
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Definition 3.4.1. A morphism f: X — Y € C is said to be

(a) d-closed if for all ¢ € quotY one has dx(f°(q)) = f°(dy(q)), that is: f is d-closed if the left
adjoint commutes with the dual closure operator;

(b) d-open if for all p € quotX one has fo(dx(p)) = dy(fo(p)), that is: f is d-open if the right
adjoint commutes with the dual closure operator;

(c) d-final if for all p € quotX one has dx(p) = f°(dy (fo(p)));
(d) d-initial if for all ¢ € quotY” one has fo(dx(f°(q))) = dy(q).
For the remainder of this section, we use O(d),K(d),Z(d) and F(d) to denote the class of all d-open,

d-closed, d-initial and d-final respectively.

Remark 3.4.2. The formulas for d-closed, d-open, d-final and d-initial morphisms are the same as the
formulas for i-open, i-closed, i-initial and i-final morphisms, respectively, except for the fact that the
former ones act on quotientobjects while the latter ones act on subobjects.

Consequently, Propositions 3.1.11, 3.1.13 (b), 3.1.4, 3.1.20, and 3.1.26 yield the following propositions,
respectively.
Proposition 3.4.3. (a) K(d) is stable under composition and contains all the isomorphisms.

(b) go f € K(d) and g € M' = feK(d).

(¢) gofeK(d)and f € &= g cK(d)

Proposition 3.4.4. Let f: X — Y be a d-closed morphism. [Then f° maps d-closed £-quotient objects
into d-closed £-quotient objects. Moreover, if d is idempotent then the converse is true.

Corollary 3.4.5. A d-closed morphism p = X — P in £ gives a d-closed quotient object. The converse
is true if d is weakly cohereditary.

~

Proof. If p in & is d-closed morphism’ then. dx (p°(q))'e p°(dr(q))for all ¢ : P — Q. In particular for
q = 1p we obtain dx(p) 2 dx(lpop) =dx(p°(1p)) = p°(dp(lp)) = p°(1p) = 1pop = p. By the
Dual Diagonalization Lemma the converse is also true. O

Proposition 3.4.6. (a) O(d) is stable under composition and contains all the isomorphisms.
(b) gofeO(d) and ge M = f e O).
(¢) gofeO(d)and f €& = ge O).
Proposition 3.4.7. Let d be a dual closure operator.
(a) F(d) is stable under composition and contains all the isomorphisms.
(b) go fe F(d) = fe F(d).
(¢) gofeF(d)and f €& = ge F(d).

Remark 3.4.8. (a) Every section is d-final. Indeed, this follows from Proposition 3.4.7(b).
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(b) Every d-final morphism belongs to M. Indeed, 1x = dx(1x) = f°(dy(fo(1x))) = f°(dy(ly)) =
fo(y).
Proposition 3.4.9. Let d be a dual closure operator.
(a) Z(d) is stable under composition and contains all the isomorphisms.
(b) gofeZ(d) = g€ I(d).
(¢) gofeZ(d) and g e M = f e Z(d).
Remark 3.4.10. (a) Every retraction is d-initial. Indeed, this is an immediate consequence of Propo-
sition 3.4.9(b).

(b) The dual closure operator is cohereditary if and only if every morphism in & is d-initial. Indeed, for
e: X - PequotX and p: E — P € quotE, one has dg(p) = es(dx(poe)) = es(dx(e°(p))).

Analogous to Proposition 3.1.29 we have the following partial characterization of d-final morphisms.

Proposition 3.4.11. Let f: X — Y be a d-final morphism. Then a quotient object p of X is d-closed
if and only if fo(p) is d-closed in Y.

Proof. (=) Suppose p is d-closed in X. Then the continuity condition of dual closure operator implies
dy (fo(p)) < foldx(p)) = fo(p):

(<) Suppose fo(p) is d-closed in Yi."Then dy(fs(p)) = fs(p)." Hence, d-finality of f and f° = f,
implies dx(p) < f(dy(fo(p))) = f2(fs(p) < p. Therefore the right adjoint f, preserves
d-closed quotient objects.

O

Let d be an idempotent dual closure operator. Then similar to Proposition 3.1.23 we have the following
characterization of d-initial morphisms/in an arbitrary category!

Proposition 3.4.12. Let d be idempotent.’ Then' f: X' —"¥ is d-initial if and only if for every d-closed
quotient object ¢ of Y there exists a d-closed quotient object p of X such that ¢ = f,(p).

Proof. (<) Suppose f is a d-initial morphism and ¢ is a d-closed quotient object of Y. Then ¢

dy(q) = foldx(f°(q))) = fo(p), where p = dx(f°(q)) such that dx(p) = dx(dx(f°(q)))
dx(f°(q)) = p. Thus ¢ = fo(p) with p as a d-closed quotient object of X.

(111

(<) From idempotency of d, for all ¢ € quotY’, dy(q) is a d-closed quotient object of Y and as a
result there exists a d-closed quotient object p of X such that dy(q) = f5(p). Hence,

foldx (£°(q))) < foldx (f°(dv(q)))) (d-expansive)
< foldx (f°(fo(p)))) (dy(q) = fo(p) and d-idempotent)
< foldx(p)) (f° /o)
=~ f,(p) (p d-closed).

Therefore, f € Z(d).
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The following proposition shows connections of d-final morphisms with the other three morphism classes
and immediately follows from Proposition 3.4.7 and Remark 3.4.2.

Proposition 3.4.13. (a) O(d)N M’ C F(d).

(b) K(d)n M C F(d).

(¢) Z(d)n M C F(d).

(d) F(d)yn& C K(d)NnO(d).
Corollary 3.4.14. Let f : X — Y be a d-closed (or open) morphism in M. Then p € quotX is
d-closed if and only if f,(p) € quotY is d-closed.
The following proposition shows us some additional properties of d-initial morphisms and follows from
Proposition 3.4.9 and Remark 3.4.2.
Proposition 3.4.15. (a) O(d)NE C Z(d).

(b) K(d)yn& CZ(d).

(¢) F(d)yn& CZ(d).

(d) Z(d)n M C K(d)nO(d).

We now deal with the pushout behaviour-of-d=closed:-d-open; d-initial and d-final morphisms.

Lemma 3.4.16. For a commutative diagram

x|
0
Aog—>B
one always has:
(a) For all 7 in quotA, b°(go(r)) < fo(a®(r)).
(b) For all sin quotB, ¢°(bo(s)) < ao(f°(s)).
Proof.  (a)
b°(90(r)) < fo(f7(b°(90(r)))) (f° 1)
= fo((bo f)°(g(r)))
= fo((goa)®(ge(r))) (bof=goa)
= fo(a®(9°(90(r))))
< fo(a®(r)) (9° = go)-

(b) follows from (a).
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We say that the commutative diagram in Lemma 3.4.16 satisfies the dual Beck-Chevalley's Prop-
erty (BCP) if for every r € quotA, b°(go(r)) = fo(a®(r)). In fact, we also have for every s €
quotB, ¢°(bs(s)) = ao(f°(s)). The following theorem shows that d-open, d-closed and d-initial mor-
phims ascends along d-final morphisms and d-open, d-closed and d-final morphisms descend along
d-initial morphisms. This is again an immediate consequence of Theorem 3.1.42 and Remark 3.4.2.

Theorem 3.4.17 (Pushout ascent and descent). Let d be a dual closure operator on C with respect to
& and consider the above pushout diagram satisfying the dual Beck-Chevalley's Property (BCP). That
is, if M C M’ then

(a) [a € F(d) and g € F(d)(O(d),K(d),Z(d), resp.)] = f € F(d)(O(d),K(d),Z(d), resp.)
(b) [beZ(d) and f € Z(d)(O(d), K(d), F(d), resp.)] = g € Z(d)(O(d), K(d), F(d), resp.)
Corollary 3.4.18. Let d be a cohereditary dual closure operator (or f,(p) : Y — fo[P] is a retraction).

Then the coresriction P — f,[P] of d-initial (d-open, d-closed, d-final, resp.) along p: X — P in £ is
d-initial (d-open, d-closed, d-final, resp.).

Examples 3.4.19. (a) Consider the dual closure operator d' defined by
d (X — X/A) = X — X/tA, where A < X € Ab. Then a homomorphism f: X — Y is
(i) d'-closed if f~1(tB) =tf ' (B) foralB-<Y;
(ii) d'-open if f(tA) = tf(A)forall A<
(iii) d'-final if tA = f=1(tf(A))-for-all-A<.X;
(iv) d'-initial if f(tf~Y(B)) =tB forall B < Y.

(b) Consider the dual closure operator (dy) x (X — X/M) = X — X/rM,
where M < X € Modgr. Then-an-R-linearmap f+ X —=Y¥is

(i) dp-closed if f=1(rN) =rfiti(WV) forall N <Y
(13) dyp-open if f(rM) =rf(M) forall M < X;
(i11) dp-final if rM = f=1(rf(M)) for all M < X,
(iv) de-initial if f(rf=Y(N)) =rN forall N <Y.

(c) Consider the dual closure operator (d")x (X — X/M) =X — X/(M NrX)
where M < X € Modgr. Then an R-linearmap f: X —- Y is

(i) d*-closed if f is r-reflecting, that is: f~1(rX) =rY;

(74) d"-open if and only if d*-closed;

(7i7) d-final if f is injective and r-reflecting;
)

(iv) d"-initial if f is r-preserving, that is: f(rX)=rY.



4. Hereditary Interior Operators

Hereditary closure operators were introduced by Dikranjan and Giuli in | | on an arbitrary category
and have been investigated and used by several authors; see | , ]. More recently, hereditary
interior operators have been introduced by Castellini in | |. His notion of hereditary interiors is a

direct translation of the hereditary behaviour of the usual interior operator induced by the topology, but
does not lend itself to a natural and general notion in an arbitrary category. In this chapter, we begin by
introducing a notion of hereditary interior operators using the right adjoint of the preimage of a given
morphism by assuming that each pullback commutes with the join of subobjects, as in | ]. In
particular, we show that these operators behave as well as hereditary closure operators, discuss some of
their basic properties and present some examples. Moreover, we prove that specific interior operators of
these kind are Castellini's hereditary interior operators. We then introduce a concept of dense morphisms
with respect to an interior operator and study their basic properties. In particular, we show that the
class of dense morphisms with respect to a hereditary interior operator is left cancellable with respect
to the class M and for an idempotent interior operator 4, the class £ of i-dense morphisms is closed
under composition. We conclude the chapter by providing a few remarks on maximal interior operators.
In order to be able to develop the theory of hereditary interior operators, as in the previous chapter, we
consider an M-complete category C with (€, M)-factorization systems for morphisms such that M is a
fixed class of monomorphisms and further assume (with the exception of Section 4.3) that the preimage
f*(—) preserves arbitrary joins for every morphism f-in-the-category C.

4.1 Heredity

Recall that a categorical closure operator ¢ in the sense of [D(G87] is hereditary if sAcx (r) = socg(rs) <
s*(ex(r)) = s*(ex(s(rs))) = cg(rs)yo-slex(slrs)))<ecglrs)forany two subobjects r : R — X and
$: 5 —Xof Xsuchthatr <s< r=sor,.

LA

N

X

On the other hand, hereditary interior operators have been introduced more recently in | ]. The
author calls an interior operator ¢ hereditary if soig(rs) Aix(s) <ix(r) < soig(rs) Nix(s) Zix(r)
for any two subobjects r : R — X and s : S — X of X such that r < s. This property, which
we term C-hereditary, is a direct translation of the hereditary behaviour of the usual interior operator
on a topological space. In fact, in the category Top of topological spaces and continuous maps, i is
C-hereditary if ig(R)Nix(S) = ix(R) forany X € Top and R C S C X, in particular, the Kuratowski
interior operator k™ enjoys this property. Consequently, these operators do not lend themselves to a
natural and general notion in an arbitrary category and do not behave as well as hereditary closure
operators (see in particular, [ , Examples 3.8.(b) and (¢)], [ , Corollary 2] and they can not

be characterized as in Proposition 4.1.16).

Moreover, one might be tempted to define a hereditary interior operator i by replacing ¢ by ¢ and
reversing the order (replacing “ <” by “ > 7) in the definition of hereditary closure operator ¢, that
is: ¢ is "hereditary” if it satisfies the property is(rs) < s*(ix(s(rs))) = s*(ix(r)) < soig(rs) <
sos*(ix(r)) 2 sNix(r) 2ix(r) < soig(rs) = ix(r). However, this definition does not give the right

81
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notion for heredity. The Kuratowski interior operator k™, which is obtained by set complementation
from the Kuratowski closure operator k (which is hereditary) on the category Top, does not satisfy the
property. In fact, for R = {2} C {2,3} = S C (X = {1,2,3},7x = {0,{1},{1,2},X}) € Top we
have k(R) = R  § = K'Z(R). In both categories Top and Grp, only the discrete interior operator
enjoys this property. These interior operators are called strongly hereditary and were studied in [Cas16].
Note that C-hereditary interior operators are obtained by modifying the above property.

In this section, we introduce and study a general notion of hereditary interior operators using the right
adjoint of the preimage of a given morphism in an arbitray category C. In particular, we prove that
hereditary interior operators behave as well as hereditary closure operators. The notions of initiality,
finality, openness and closedness with respect to a hereditary interior operator behave in a similar fashion
to the respective notions with resect to a hereditary closure operator in [GT00]. Indeed, we obtain a
characterization of heredity of a given interior operator i in terms of “initial embeddings” with respect
to i. Moreover, we study the relationship between our hereditary and Castellini’'s (strongly) hereditary
interior operators. To this purpose we start with the following observation:

Remark 4.1.1. Let r : R — X and s : S — X be subobjects of X € C such that r < s. Then
the continuity of s with respect to an interior operator i in terms of the dual image s, implies that

s"(ix (84(rs))) < is(s"(s4(rs))) = is(rs).

Remark 4.1.1 together with the above definition of hereditary closure operators motivates the following
definition:

Definition 4.1.2. An interior operatori-on C-with respect to M is said to be hereditary if for all r < s
in subX and X € C, one has

is(rs) =187 (ix1(s+ (r)))-

Since from the above observation one always has's*(ix (s«(#s))) <'ig(rs), to prove that i is hereditary,
it is sufficient to show that ig(rs) < s*(ix(5.(7s))). But with the adjointness property this is equivalent
to soig(rs) < ix(s«(rs)). In fact, jin atopological category, € over Set, i is hereditary if ig(R) C
ix(RU(X\S))foral RCSC X eC.

The following remark will be useful in deriving some of theresults that we are going to present.

Remark 4.1.3. Let ¢ be an interior operator on C, r < s in subX and X € C. Then one has the
following properties of i:
(a) By Proposition 1.4.4(a) one has r = sors = s(rs) < s.(rs). Consequently, the monotonicity
property of i yields ix (r) < ix(s.«(rs)).
(b) By Proposition 1.4.4(a), one has s*(s.(rs)) = 75, hence s A s4(rs) = s05*(s4(rs)) Zsorg=r.

Therefore, ix (s A s«(rs)) Zix(r).

(¢) The contraction and monotonicity property of i imply ix(r) < ix(s) < s. Thus, with the conti-
nuity condition of 4, (a) and (), one has ix(r) = sAix(r) = sos*(ix(r)) < sos*(ix(s«(rs))) <
s0ig(s*(s«(rs))) = soig(rs). Note that soig(rs) < s trivially.

(d) From (a) and (c) one obtains ix(r) <ix(s) Aix(s«(rs)).

(e) s Nix(sx(rs)) = sos™(ix(s«(rs))) < soig(s*(s«(rs))) = soig(rs). Indeed, this follows from
the continuity condition of ¢ and (b).
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(f) It follows from (e) that ix(s) Aix(s«(rs)) = ix(s) AsNix(s«(rs)) <ix(s) Asoig(rs).

(
(9) Since s 4 s* 4 s, one has so0ig(rs) < ix(s«(rs)) < is(rs) < s*(ix(s4(rs))) & soig(rs) <
sNix(s(rs)).

As a consequence of Definition 4.1.2 and the previous remark one directly obtains the following handy
characterizations of heredity.
Proposition 4.1.4. Let i be an interior operator then the following are equivalent:
(a) i is hereditary;
b) soig(rs) <ix(s«(rs)) forall r < sinsubX and X € C;
soig(rs) < sANix(s«(rs)) forall r < sinsubX and X € C;

d) soig(rs) = sNix(s«(rs)) for any pair of M-subobjects r, s of X in C such that r < s;

(b)
(©)
(d)
(e) s* preserves the interior of s.(rs), that is: ig(s*(s.(rs))) = s*(ix(s«(rs))) for all » < s in subX

and X € C.

As mentioned before, a strongly hereditary (C-hereditary, resp.) interior operator i is just an interior
operator such that soig(rs) X ix(r) (ix(s) Asoig(rs), resp.) forall r < sinsubX and X € C. With
these definitions in mind, we investigate the relationship between hereditary, C-hereditary and strongly
hereditary interior operators as follows.

Proposition 4.1.5. We have the following relations:

(a) Every strongly hereditary interior operator is in fact hereditary.

(b) Every additive and hereditary interior operator is| C-hereditary.

Proof. Let r, s € subX such that < s and 7 be an interior operator on C.

(a) Suppose i is strongly hereditary.. Then soig(r,) = ix(r). Consequently, with Remark 4.1.3(a)
one obtains s 0 ig(rs) = ix (1), < ix(s«(rs)).. Therefore, i is hereditary.

(b) Assume i is an additive and hereditary interior operator. Then

1

x(8) AsANix(se(rs)) (
ix(s) Nix(s«(rs)) (
x (8N s4(rs)) (¢ additive)
x(r) (Remark 4.1.3(b)).

ix(s) ANsoig(rs) i hereditary)

1

i contractive)

1%

1%

O

In the following result, we give a condition which ensures that a C-hereditary interior operator is (strongly)
hereditary.

Proposition 4.1.6. Let » < s in subX and X € C. If i is a C-hereditary interior operator on C
satisfying the property s oig(rs) < ix(s) then i is (strongly) hereditary.
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Proof. Let r < s in subX and X € C. Then

soig(rs) = soig(rs) Nix(s) (hypothesis on i)
>ix(r) (i C-hereditary ).

Consequently, ¢ is strongly hereditary and it turns out that by Proposition 4.1.5(a) i is hereditary. [J

The following result provides a partial characterization of hereditary and C-hereditary interior operators.

Proposition 4.1.7. Consider the following properties of an interior operator ¢ on C:
(a) i is hereditary.
(b) i is C-hereditary.
(c) ix(s) Nix(s«(rs)) Zix(s) A(soig(rs)) forall r < sin subX and X € C.
Then (a) = (c¢) and (b) = (c¢). Furthermore, if ¢ is additive then one also has (¢) = (b).
Proof. (a) = (c): Let i be an hereditary interior operator. Then s oig(rs) = s Aix(s«(rs)).

Consequently, ix(s) Asoig(rs) Zix(s)AsNix(s«(rs)) Zix(s) Aix(s«(rs)) by the contraction
property of 3.

(b) = (c): Let i be a C-hereditary interior-operator.—Then ix(s) A soig(rs) = ix(r). Hence
ix(s) ANsoig(rs) = ix(r) <ix(s)Aix(s«lis)) follows with Remark 4.1.3(d). Consequently,
with Remark 4.1.3(f) the property in (¢) holds.

(c) = (b): Let i be an additive interior operator satisfying the property in (¢). Then for all r <s
in subX and X € C one obtains:

ix(s) A s o i (r TR ()
s g | (7 additive)
~x(r) (Remark 4.1.3(b)).

Therefore, i is C-hereditary.
O

In fact, strongly hereditary interior operators satisfy the above property (c) since they are hereditary by
Proposition 4.1.5(a).

As a consequence of Lemma 1.4.7(b) and Definition 4.1.2, one has:

Remark 4.1.8. Let ¢ be an interior operator on a topological category C over Set and r: R — X, s :
S — X be embeddings in C. Then we may assume R C S C X € C. Furthermore,

(a) Since s.(rs) = s(T5), where r = sorg and 75 denotes the complement of 75, the domain of s, (75)
is X \s(S\R)=RU(X\S).

(b) i is hereditary if ig(R) Cix(RU (X \9)).

(c) Ifis(R) C ix(R) then i is strongly hereditary and hence hereditary.
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We now present some of the motivating examples of hereditary interior operators. Further examples will
appear later.

Examples 4.1.9. (a) The prototypical example of a hereditary interior operator is the Kuratowski
interior operator k™" in the category Top, which assigns the usual topological interior R° to each
subspace R of a topological space X, that is: k'Z(R) = (J{O open in X : O C R}. Indeed, let
r e k:g?(R) Then there exists U = SN O € 74, where O € 7x, suchthatr ¢ U =5N0 C R.
But SNO C R implies that OU (X' \ S) = XN(OU(X\9)) = (SUX\S))N(OU(X\S)) =
(SNO)U(X\S) CRU(X\S). Consequently, r € O COU (X \S) CRU(X\S). This
yields 7 € K2 (RU (X \ 9)), hence k' is hereditary. Furthermore, since k™™ is additive, it follows
from Proposition 4.1.5(b) that it is C-hereditary.

(b) The inverse Kuratowski interior operator in the category Top which is given by k3"(R) =
U{C closed in X : C C R} ={x € R: kx({z}) C R}, where kx({z}) is the Kuratowski closure
of {z} in the topology of X, is hereditary. Indeed, let z € ki"(R) = {r € R : ks({z}) C R},
where kg({z}) is the Kuratowski closure of {z} in the topology of S. Then z € R and
ks({z}) € R. We claim that kx({z}) C ks({z}). In fact, let y € kx({z}). Then every
Tx-open set O, containing y has a nonempty intersection with {z}. That is, any open set in X
containing y contains x. Now let U, be any 7g-open set containing y. Theny € U, = SN O
for some O € 7x. This in turn implies y € S and y € O € 7x. Consequently, x € O. Hence
z € RC Sandz € O. This turns out-that-w. € SN O = Uy, and hence U, N {z} # 0.
Therefore, y € ks({z}). Thus;kx({x}) C ks({a})~As-a result = € R and ks({z}) C R
implies z € R and kx({z}) Qks({r}) @R C RUE\S). Hence z € ki"(R). Therefore,
E5M(R) C EYM(RU (X \ S)) and-hence k" is hereditary.-Furthermore, since k*" is additive, it
follows from Proposition 4.1.5(b) that it is C-hereditary.

Remark 4.1.10. Recall from | L] that the composition of interior operators is an interior oper-
ator. However, heredity is not stable-under composition of interior. operators, that is: the compos-
ite of two hereditary interior operators need not be hereditary. Indeed, in the category of Top with
(Surjections, Embeddings)-factorization'system we have 'seen ‘that 'the Kuratowski interior operator k™
and the inverse Kuratowski interior operator k*" are hereditary but the composition k*" o k™™ fails to be
hereditary. To see this, let R = {2} C'S'= {1,2} € X =+{1,2,3} with 7x = {0, {1}, {2}, {1,2}, X'}
then k(R) = R = k§"(R). Consequently, k5"(ki(R)) = kf"(R) = R. But k¥" (ki (RU (X \ S))) =
kin (kiR ({2,3})) = kiin({2}) = 0. Therefore, kg‘”(kg?(R)) ¢ kin(En(RU (X \ S))). Hence k*in o ki
is not hereditary.

In what follows we establish a natural relationship between hereditary interior and hereditary closure
operators.

Proposition 4.1.11. Suppose subX is a Boolean algebra for every C-object X. If ¢ is a hereditary
closure operator then the induced interior operator i¢ given by i (m) = cx (M) for all m € subX, where
m denotes the complement of m, is hereditary. Similarly, if ¢ is a hereditary interior operator then the
closure operator ¢! given in the previous proposition is hereditary.

Proof. Let r: R — X and s : S — X be subobjects of X such that r < s. Assume c is a hereditary
closure operator. Then since here the preimage functor for any given morphism is assumed to preserve
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arbitrary joins (hence binary joins), Lemma 1.4.7 and Remark 2.3.12 yield

s (cx(s(7s))) < es(Ts)

I

§" (1% (54(r5)))

= ig(rs) < 5™ (ix(s(75)))
= 1° is hereditary.

Analogously if i is a hereditary interior operator then ¢ is hereditary. O

The above proposition enables us to establish a bijective correspondence between hereditary closure and
hereditary interior operators. Consequently, with the examples of hereditary closure operators which are
found in [DT95] and [Cas03] we obtain the following additional examples.

Examples 4.1.12. (a) Let C be the category Top with (Surjections, Embeddings)-factorization sys-
temand RC S C X € Top.

(i) The ©M-interior operator given by
ON(R) = {z € R : 3 an open neighbourhood U, of x in X such that kx(U,) C R},
where kx(U,) is the Kuratowski closure of Uy, is not hereditary. This interior operator
can be obtained from O-closure operator, which is not hereditary, via set-theoretic comple-
mentation. Hence by Proposition 4-1.11-©"-interior is not hereditary. On the other hand
this interior operator is shown-to-be-€-hereditary-(see"[¢as11]).

(i4) The quasicomponent interior-operatorgg-(R)-=-|J{O-clopen in X : O C R} is not hered-
itary. This interior operator can be obtained from quasicomponent closure operator, which
is not hereditary, via set-theoretic complementation. Hence by Proposition 4.1.11 the quasi-
component interior is not hereditary. On the other hand this interior operator is not known
whether C-hereditary or,not, that is, this problem-is-unsettled in [Cas11].

(b) Let C be the category PreTop of pretopologicalispaces and continuous functions with the
(Surjections, Embeddings)-factorization system. ¢ (R) = [J{O openin X : O C R} is heredi-
tary. This operator is called the Cech interior operator.

(¢) Let C be the category SGph of directed spatial graphs and graph homomorphisms with the
(Surjective homorphisms, Embeddings)-factorization system and let (G, R) be a directed spatial
graph and H C G. Then both the up-interior given by 1% (H) = {h € H : (Vg € G\
H) there is no edge g — h} and the down-interior given by | (H) = {h € H: (Vg € G\
H) there is no edge h — g} are hereditary interior operators of SGph.

In the following lemma we prove that heredity is stable under arbitrary meet and join.

Lemma 4.1.13. Let (ig)rex C INT(C, M) be a nonempty family such that each iy is hereditary.

Then so are A i and \/ iy.
keK keK

Proof. Let r : R — X and s : S — X be subobjects of X such that » < s. Suppose each interior
operator iy, k € K is hereditary. Then (ix)s(rs) = s*((ix) x(s«(rs))). Now if we set i* = A iy and

keK
i® = \/ ik then
keK
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(@) 5(rs) = (A i)s(rs) = A (s = A s*(i0)x(5:r))) = s*( A (in)x(s:(rs))) =
kEK keK kEK keK
s (A k) x(84(15))) =2 s*(1%(s4(rs))). Indeed, this follows from the fact that " limits com-
keK
mute with limits”, hence meets commute with preimages.

(b) Since we assumed that each preimage preserves arbitrary joins we have that

i5(rs) = (Vir)s(rs) =V (ir)s(rs) =V s"((ie)x(84(rs))) = s*(V (in)x(s4(rs))) =

keK keK keK keK

s ((V ir)x (84(rs))) = 87 (1% (s4(r5)))-

keK
[l

Consequently, each interior operator has both a hereditary core and hull as shown below. To this end,
let HEINT(C, M) denote the conglomerate of hereditary interior operators on C with respect to M.
The previous lemma motivates the following definition:

A v
Definition 4.1.14. The hereditary hull ¢ and hereditary core i of an interior operator ¢ is defined by
A v
i = A\{j € HEINT(C, M) :i C j} and i = \/{j € HEINT(C, M) : j C i}, respectively.

As a consequence, the following result is obtained.

Theorem 4.1.15. The conglomerate HEINT(C,; M) is bothreflective and coreflective in INT(C, M).

A v
The reflection and coreflection of 1 & MNIT(C; M )-are its-hereditary hull i and its hereditary core 1,
respectively.

A v A
Proof. Let i € INT(C, M). Since i and ¢ are hereditary hull and hereditary core one has that i C ¢
v

and ¢ C i, respectively. Consequently, we-do-have the following-Galois connections.
HEINT(C, M)+ & INT(C; M b SHEINT(C, M)

O

In what follows we want to investigate the notions of initial, final, open and closed morphisms with
respect to a hereditary interior operator. We begin with the following characterization of heredity in
terms of the notion of initiality.

Proposition 4.1.16. An interior operator i is hereditary if and only if every morphism in M is i-initial.

Proof. Suppose i is hereditary. Let s: S — X be a morphism in M and ¢t : T'— S be a subobject of
S. Then ig(t) = s*(ix(s«(t))) since sot < s. Therefore, s is i-initial.

On the other hand, assume that every morphism in M is i-initial. Let r < s € subX C M and X € C.
Then s is i-initial, hence ig(rs) = s*(ix(s+(7s)))- O

The following lemma provides conditions of heredity for free.

Lemma 4.1.17. Let i be any interior operator. Then ig(rs) = s*(ix(s«(rs))) for all r < s in subX
and X € C with s
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an ¢-open morphism or;

)

b) an i-closed morphism or;
) an i-final morphism or;
)

a section.

Proof. It follows from the fact that any section is i-initial and each i-open(or i-closed or i-final) morphism
in M is i-initial. O

We recall the following definition from [Cas16].
Definition 4.1.18. An interior operator 7 on C is said to be modal if and only if every morphism in C
is i-open.

Consequently, with Lemma 4.1.17(a) we obtain the following result:
Proposition 4.1.19. Every modal interior operator is hereditary.

Proof. Let ¢ be a modal interior operator, 7 : R — X and s : § — X be subobjects of X € C such
that » < s. Since every morphism is i-open, s is an open morphism. Hence, by Lemma 4.1.17(a), one
has ig(rs) = s*(ix(s«(rs))). Consequently,-i-is hereditary: O

The previous proposition can also be obtained as'a consequence of [Casl6, Proposition 3.15.(a)] and
Proposition 4.1.5(a).
Remark 4.1.20. For a modal interior operator|i, the class of i-codense subobjects is stable under

f
pullback. Indeed, let X — Y be a morphism=in-C-and-n-be-an-i-codense subobject of Y. Since i is

~

modal, f is i-open. Consequently, ix(f"(n)) = f*(iy(n)) = f*(0y) = 0x since each morphism in C
reflects the least subobject. Therefore, if“(n) is i~codense in X |

The following result shows that for additive hereditarysinterior operator ¢, the class of i-open subobjects

is closed under composition.

Proposition 4.1.21. For any additive and hereditary interior operator i, composites of i-open subobjects
are -open.

Proof. Let i be an additive hereditary interior operator, t : T'— S and s : S — X be i-open subobjects
of S and X, respectively. Since sot < s, by Remark 4.1.3(b), one has sot = soig(t) = sAix(s«(t)) =
ix(s) Nix(s«(t)) Zix(s A s«(t)) Zix(sot). Therefore, the composite s ot is i-open. O

We now show:

Lemma 4.1.22. Let ¢ be an interior operator and s : S — X be a subobject of X € C. Then the
following statements hold.

(a) Suppose that i is additive. If s is an i-open subobject and i-initial then it is an i-open morphism.

(b) [Casl5] Suppose that i is standard. If s is an i-open morphism then it is an i-open subobject.
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(c) If s is an i-open morphism then it is i-initial.

(d) Suppose that i is both standard and additive. s is an i-open subobject and i-initial if and only if
it is an ¢-open morphism.

Proof. (a) Let t € subS. Then

s(ig(t)) = soig(t) (Remark 1.3.6(a))
= so0 s (ix(s«(t))) (s-initial)
>~ s ANix(s«(t))
> ix(s) Nix(s«(t)) (s i-open subobject)
> ix(s A s«(t)) (7 additive)
~ix(sot) (Remark 4.1.3(d))
<ix(s(t)) (sot=s(t)oe,e€f).

(b) s =s0ls=s0is(ls) = s(is(ls)) <ix(s(ls)) Zix(sols) =ix(s).
(c) ig(t) Zig(s*(s«(t))) = s*(ix(s«(t))) for all t € subS.
(d) This is just (a), (b) and (c¢) together.

The following are properties of open subobjects with respect to a hereditary interior operator.
Proposition 4.1.23. Let ¢ be an additive interior operator and s : S — X be a subobject of X € C.
Then the following statements hold.
(a) Suppose that i is hereditary. "1f-s-is-an-i-open subobject then-it is an i-open morphism.
(b) Suppose that i is standard and hereditary. 's. is an i-open morphism if and only if it is an i-open
subobject.
Proof. This follows from Proposition 4.1.16 and Lemma 4.1.22. O
Corollary 4.1.24. Let ¢ be an additive and hereditary interior operator. Then:
(a) If m is an i-open subobject of X and f: X — Y € QO(1), then fom € QO(i).
(b) The class of i-codense M-subobjects is left-cancellable with respect to the class of i-open subob-
jects.
Proof.  (a) is an immediate consequence of Corollary 3.2.13 and Proposition 4.1.23(a).
(b) follows from Remark 3.2.8(b) and Proposition 4.1.23(a).
O
In what follows we deal with the pullback behaviour of open, closed, initial and final morphisms with
respect to a hereditary interior operator. Recall that each of the notions of initial, open, closed and final

morphism with respect to an interior operator ¢ ascends along i-initial morphisms and descends along
i-final morphisms. In particular, each of the class of initial, final, open, closed morphisms with respect
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to a hereditary interior operator is stable under pullback along M-morphisms. More precisely:

Proposition 4.1.25. Let i be a hereditary interior operator and £ be stable under pullback along M-
morphisms. Then for every n : N — Y in M the restriction f*(N) — N (which is understood to
be the pullback of f along n, i.e., the C-morphism f in the pullback diagram below) of the i-initial
(i-final, i-open, i-closed, resp.) morphism f : X — Y is i-initial (i-final, i-open, i-closed, resp.). In
fact, heredity is not needed if the pullback of the given M-morphism is a section.

N
Y

Proof. This is a consequence of Proposition 4.1.16, Remark 3.1.39(b) and Theorem 3.1.42. O

v L

f*(n)l
X

—
f

As an immediate consequence of Propositions 3.2.6 and 4.1.25, one obtains:

Corollary 4.1.26. Let i be a hereditary interior operator and £ be stable under pullback along M-
morphisms. If f is an i-open morphism then any of its pullback along M-morphisms reflects i-codensity.

Note that since we assume each preimage commutes with joins in the category C, each morphism re-
flects the least subobject.

Definition 4.1.27. Let i be an interior operator. A morphism f| is stably i-closed (i-open, i-initial,
i-final, resp.) if every pullback of f is i-closed (i-open, i-initial, i-final, resp.).

Remark 4.1.28. Let i be an additive and hereditary interior operator and s : S — X be a subobject of
X € C. If sis an i-open subobjectithen’ § is'stably 4-open"morphism. Indeed, this is a consequence of
the fact the class of all i-open M-subobject is stable under pullback and Proposition 4.1.23.

In the following proposition, for a given hereditary interior operator i we provide sufficient conditions on
the objects involved for each of the classes of i-morphisms to be stable under pullback.

Proposition 4.1.29. Let i be a hereditary interior operator and let £ be stable under pullback along
M-morphisms. A morphism f : X — Y in C is stably i-closed (i-open, i-initial, i-final, resp.) if and
only if f x 1y is i-closed (i-open, i-initial, i-final, resp.) for every object V' € C.

Proof. Since the verifications of the statements for i-initiality, i-finality and i-openness are very similar
to the proof of the assertion for i-closedness, the following proves the claim. Suppose f x 1y : X XV —
Y x V is i-closed for all V € C. Let f : U — V be a pullback of f along v : V. — Y, as in the left
diagram below. Then one can factorize this pullback diagram, as in the right diagram below with both
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the outer rectangle and the lower square pullbacks.

><
>~.<

Consequently, the upper square of the right above diagram is a pullback, hence f is a pullback of f x 1y.
The fact that M is stable under pullback and (v,1y) is a section (hence a regular monomorphism)
implies (v,1y) € M. Consequently, by Proposition 4.1.25, fe K (7). The other part follows from
straightforward verification. O

Proposition 4.1.16 leads us to the following definition:

Definition 4.1.30. Given an interior operator 4, we call i cohereditary if and only if every morphism in
& is i-final.

Consequently, with Proposition 3.1.42 one deduces-the following:

Proposition 4.1.31. Let i be a cohereditary interior operator. If the pullback g: A — Bof f : X - Y
along b: B — Y € & is an i-initial '(i-final; i-open, i-closed; resp.) morphism then f itself is i-initial
(i-final, i-open, i-closed, resp.). In fact, coheredity is not needed if b is a retraction.

In the remainder of this section we shall deal with weakly hereditary interior operators. Recall from
[DG87] that a closure operator c is weakly hereditary if ¢, .o (m) = 1o o forall m: M — X € M
with m = cx(m)ojm. Thisisequivalent to c., [y (jm) = (cx(m))*(cx(m)) = (cx(m))*(ex (ex(m) © jm))
for all m : M — X € M with m =vcxm) o  In fact, thisis also equivalent to the property
cs(rs) = s*(ex(s(rs))) holds for ¥ = m < s = cx(m) in subX and X € C, that is: ¢ satisfies
the heredity condition for r = m € subX and s'= ex(m) with'm € subX and X € C. On the
other hand, for a hereditary interior operator i, one has ips(jm) = m*(ix (M« (jm))) for all m € subX
and X € C since the subobjects 7 and s in Definition 4.1.2 are arbitary which satisfy » < s one may
take r = ix(m) and s = m € subX with m € subX and X € C. This motivates the following definition:

Definition 4.1.32. An interior operator i is weakly hereditary if ir(j,) = r*(ix(r«(jr))) for all r €

subX and X € C.

Clearly, heredity implies weak heredity and hence all examples of hereditary interior operators are weakly

hereditary. The adjunction r* 4 r, and continuity condition of ¢ give the following:

Remark 4.1.33. (a) An interior operator i is weakly hereditary if r o ig(j,) < ix(r«(jr)) < 7o
ir(jr) < (or =) r ANix(r«(jr)) for all r € subX.

(b) Let i be an interior operator on topological category C over Set then ¢ is weakly hereditary if
ir(ix(R)) C ix (ix(R)U (X \ R)) forall RC X € C.

Weak heredity is stable under both arbitrary meet and join analogously to heredity. More precisely:
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Lemma 4.1.34. Let (ig)rex € INT(C, M) be a nonempty family such that each iy is weakly heredi-
tary. Then so are A iy and \/ iy.

keK keK
Consequently, each interior operator has both a weakly hereditary core and hull as shown below. To this
end, let WHEINT(C, M) denote the conglomerate of weakly hereditary interior operators on C with
respect to M. The previous lemma motivates the following definition:

o D
Definition 4.1.35. A weakly hereditary hull i and weakly hereditary core i of an interior operator i is
o D
defined by i = A{j € WHEINT(C, M) : i C j} and « = \/{j € WHEINT(C, M) : j C i}, respectively.

As a consequence, the following result is obtained.

Theorem 4.1.36. The conglomerate WHEINT(C, M) of weakly hereditary interior operators on C
with respect to M is both reflective and coreflective in INT(C, M). The reflection and coreflection of

o D
i € INT(C, M) are its hereditary hull i and its hereditary core i, respectively.

4.2 Dense morphisms with respect to an interior operator

In this section we consider an interior operator ¢-on € with.respect to M and introduce a notion of
dense morphisms with respect to i."We-use-these-morphisms-in-the second section of the next chapter
to investigate a notion of connectedness.with.respect to-4.. ln'[D195], a subobject m : M — X is
dense with respect to a closure operator ¢ if ex(m o 1a7) = ex(m) = 1x. Now, if we assume subX
is a Boolean algebra for every C-object X then m : M — X is ¢-dense if ix(m.(0arr)) = O0x. This
observation yields the following definition.

Definition 4.2.1. An M-subobject m + M — X is called i-dense in X if ix(m.(0pr)) = 0x.

Remark 4.2.2. In the category of Top if m : M — X is-a dense subobject with respect to the
Kuratowski closure operator k then'ny is.a dense subobject withrespect to the Kuratowski interior
operator k*.

As a generalization of the above definition a morphism f : X — Y in an arbitrary category is dense with
respect to a closure operator c if cy (f(1x)) = 1y (see [DT95]). Now, if we assume subX is a Boolean
algebra for every C-object X then by Remark 2.3.12 we have that (Vm € subX)(ix(m) = cx(m)),
where T denotes the complement of m. Consequently, f is c-dense if iy (f«(0x)) = Oy. Indeed, this
motivates us to have the following definition.

Definition 4.2.3. A morphism f : X — Y is said to be i-dense if f.(0x) is i-dense in Y. That is,
iy (f«(0x)) = Oy.

Remark 4.2.4. (a) If m: M — X in M is an i-dense morphism then m is i-dense as a subobject of
X.

(b) Let f: X — Y be a k-dense morphism in the category of Top, where k is the Kuratowski closure
operator. Then ky (f(X)) =Y < k. (f«(0)) = 0. Hence, f is k*-dense.

(c) Let f: X — Y be a dense morphism in the category of Loc and (ix : OX — OX)xcLoc be an
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interior operator. Then since the right adjoint of a dense frame homorphisms maps the bottom
element to the bottom we have that f is i-dense.

Remark 4.2.5. Let &' be the class of i-dense morphisms in C. Then & is a subclass of £%. Indeed, let
f €& Then by Proposition 1.4.4(c) one has that iy (f.(0x)) 2 iy (0y) = Oy.
This leads us to the following observation.

Proposition 4.2.6. Let f: X — Y be a morphism in & and m : M — X be an i-dense subobject of
X. Then f om is an i-dense morphism.

Proof. iy ((f o m)«(0ar)) = iy (f«(ms«(0ar))) < filix(m«(0ar))) = f+(0x) = Oy, by Proposition
1.4.4(c). O

In the next result we discuss stability and cancellation properties of the class £°.

Proposition 4.2.7. Let f: X — Y and g: Y — Z be morphisms in C. Then
(a) & is right cancellable, that is: go f € £ = g € £°.

(b) ge &, f €& = go f €& thatis: £ is stable under composition with the class &' from the
left.

(c) fe& ,ge& = gofec & thatisE is-stable-under-composition with the class &' from the
right.

(d) If gof € E g€ M and i is hereditary then f € £, that is: for hereditary interior operators the
class £ is left cancellable with respect! to M.
Proof.  (a) iz(9+(0y)) < iz(g- (febPHOII=Liztg o020 .
(0) iz((g 0 f)«(0x)) = iz(gx([+Ox))) S galiv{ fe(Oxp)) = g+ (0y) = 0z.
(©) i2((6 0 D)a(0%)) 2 i2(ga(f+(0x))) = iz(0:(0)) = 07.

(d) Since i is hereditary then by the Proposition 4.1.16 we have that every morphism in M is i-initial.
In particular, g is i-initial here. Consequently, since f.(0Ox) € subY one has that

iy (f«(0x)) = g*(iz(g«(f<(0x)))) = g"(iz((g 0 £)«(0x))) = g*(0z) = Oy
O

The following proposition shows that for a hereditary interior operator i the class of i-dense subobjects
is left cancellable with respect to M.

Proposition 4.2.8. Let i be a hereditary interior operator and r < s in subX. If r is an i-dense
subobject of X, then r; is an i-dense subobject of S.

Proof. The fact that ¢ is hereditary implies every morphism in M, in particular s, is i-initial. Moreover,
subobjects (and hence s) reflect least subobjects. Consequently, is((7s)«(0r)) = s*(ix (s«((rs)«(0r)))) =
s*(ix((sors)«(0r))) = s*(ix(r«(0r))) = s*(0x) = 0g. O
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Of course, the above Proposition can be considered as a corollary to Proposition 4.2.7(d).

Proposition 4.2.9. Let i be an idempotent interior operator. Then composites of i-dense subobjects
are i-dense.

Proof. Suppose 7, s €subX such that the diagram

R85 .

N

X

commutes, 75 is an i-dense subobject of S and s is an i-dense subobject of X. Then the continuity
condition of i yields ix(r«(0r)) = ix((s o 75)«(0r)) = ix(s«((r5)«(0Rr))) < s«(is((rs)«(0r)))
$+(0g). This combined with the idempotency property of i produce ix (r«(0r)) = ix(ix(r«(0r)))
ix(s+(05)) =2 0x. Thus, ix(r«(0r)) = 0x. Therefore, r is an i-dense subobject of X.

CIA IR

The above Proposition can be generalized as follows.

Proposition 4.2.10. For any idempotent interior operator i, the class £ of i-dense morphisms in C is
stable under composition.

f g : ;
Proof. Let X — Y — Z such that both f,g € &". Then since [ € &' we have that iz((go f)«(0x)) =
17(9+(f«(0x))) < g.(iv(f+(0x))) = g«(0y ). This together with idempotency of i, monotoncity of

i and g € & implies iz((g o [)«(0x)) = iz(iz((g0 [)u0x))) < iz(g«(0y)) = 0z. Therefore,
iz((go f)«(0x)) = 0z and hence go f € &'\ O

4.3 Maximal interior operators

In this section we study maximal interior operators.  To.do this, let i 'be an interior operator throughout
this section and consider the following stability property of O’ under composition with M from the
right:

(RCO) Forall 7 : R — S and s : S — X in M, if s is i-open then r = s o rg is i-open, that is:
O o M C O'. Consequently, we have the following lemma:

Lemma 4.3.1. For any idempotent interior operator i, (RCO) yields that » < ix(1x) if and only if r
is i-open.

Proof. (=): Suppose r < ix(lx). Then since i is idempotent, one has ix(lx) is i-open. Hence
(RCO) gives r =ix(1x) o7i (1) is i-open.

(«<=): Suppose 7 is i-open. Then the fact that » < 1x implies r = ix(r) <ix(lx).

Lemma 4.3.2. If i is an idempotent interior operator and (RCO) holds for X € C then
ix(T) =ZrA iX(lx).
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Proof. Since r Nix(1x) < ix(lx) then idempotency of i and (RCO) imply r A ix(1lx) is i-open.
Consequently, one has T/\ix(lx) = ix(r/\ix(lx)) < ix(T)/\ix(ix(lx)) = ix(T)/\ix(lx) = ’ix(r).
Moreover, one always has ix(r) < r and r < 1x. As a result, ix(r) < r Aix(lx). Therefore,
ix(r)=rANix(ly). O

Consequently, one has the following definition.

Definition 4.3.3. An interior operator i is called maximal if ix(r) = r Aix(1lx) for all 7 € subX and
X eC.

Proposition 4.3.4. Let i € INT(C, M). i is maximal if and only if ix(r) =2 r Aix(s) for all < s in
subX and X € C.

Proof. (=) Suppose i is maximal and » < s in subX. Then ix(r) & r
sNix(1lx). Consequently, 7 Nix(s) ZrAsNix(lx)=ZrANix(lx) =Zix(r).

(<) Let X € C and r € subX. Then since r < 1x we obtain ix(r) = r Aix(lx).
O

An interior operator i is fully additive if ix( Am;) = Aix(m;) for all m; € subX, X € C and
ief icl
i € I # (). Consequently, with Proposition-4.3.4-one has:

Corollary 4.3.5. Every maximal interior operator. is fully additive.

Proof. Suppose i is a maximal interior operator. Then since for all i € I, A m; < m;, one has

el
Nix(mg) = Nix(mi) A Ami < ixlma) AL mi = i (N m). O
il icl icl icl icl

Proposition 4.3.6. Every maximal.interior.operator-is.idempotent.

Proof. Let i be a maximal interior eperator and;m; & subX.-Singe ix (m) < m then setting r = ix(m)
and s = m Proposition 4.3.4 yields ix (ix(m)) = tx(m) Aix(m). O

Proposition 4.3.7. If i is maximal then O° satisfies (RCO).

Proof. Llet s : S = X € O and 7, : R — S € M. Since r = sory < s, maximality of i gives
ix(r) =2 rANix(s) =2rAs=r. Consequently, 7 = sors € O'. Therefore, O' o M C O, hence O°
satisfies (RCO). O

Theorem 4.3.8. An interior operator i is maximal if and only if i is idempotent and (RCO) holds for
all X € C.

Proof. The necessary conditions hold by Propositions 4.3.6 and 4.3.7. Conversely, assume that ¢ is
idempotent and (RCO) holds for all X € C. Then for r < s in subX and X € C, one has ix(s) is
i-open. Consequently, by (RCO), r A ix(s) is i-open since r Aix(s) < ix(s). Hence, r Aix(s) =
ix(rNix(s)) <ix(r)ANix(ix(s)) =ix(r) Nix(s) = ix(r). Moreover, one always has ix(r) < r and
ix(r) <ix(s) and hence ix(r) <r Aix(s). Thusix(r) = r Aix(s). O

Proposition 4.3.9. Let i,j € INT(C, M) such that j is maximal. Then joi 2 j Aj.
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Proof. Let r € subX. Since ix(r) < r maximality of j gives (joi)x(r) = jx(ix(r)) Zix(r)Ajx(r) =
(j ANi)x(r). Therefore, joi = jAi. O

Proposition 4.3.10. Maximality is stable under arbitrary meet, that is: for a non-empty family (ix)rex

with each i, maximal, one has A iy is maximal.
keK

Proof. Let r < s in subX. Since “meets commute with meets’ one has:

(A i)x(r) = A ()x(r) = A rAli)x(s) =ZrA A (ik)x(s) =ZrA (A ig)x(s). Hence A i
IskernK'aXImal keK keK keK keK kEKD

Let MAXINT(C, M) denote the conglomerate of maximal interior operators on C with respect to M.
Since the arbitrary meet of maximal interior operators is maximal one obtains the following.

Definition 4.3.11. Given an interior operator i, its maximal hull i™? is defined by

i™ := \{j € MAXINT(C, M) : i C j}.

As a result,

Theorem 4.3.12. The conglomerate MAXINT(C; M)-is.reflective in INT(C, M) and the reflection of
i € INT(C, M) is its maximal hull.

Proof. INT(C, M) "= MAXINT(€:M); O
J<20

Proposition 4.3.13. Assume in the category C that preimages commute with arbitrary joins. If both ¢
and j are maximal interior operators then ¢V j is maximal.

Proof. Let r < s in subX. Since by Remark 1.4.8 each subX, where X € C, is a frame (hence a
distributive lattice), one has (i V j)x (1) = ix(n) V. ix(r) = (rNix(s)) V (r Ajx(s)) Zr A (ix(s) V
jx(s)) =r AV j)x(s). 3

Proposition 4.3.14. In any category, the only maximal standard interior operator is the discrete one.

Proof. Let i be a maximal and standard interior operator. Then for any r € subX, one has ix(r) =
rAix(lx) =2 rAlx = r. Hence i is discrete. O

Recall that in [Cas16], it was shown that the non-trivial examples of interior operators in the categories
Top and Grp are standard. Therefore, by Proposition 4.3.14, in Top only the trivial and discrete interior
operators are maximal while the discrete one is the only maximal interior operator in Grp. Even though,
we are not sure whether non-trivial examples of maximal interior operators exist in other categories,
from a theoretical point of view maximal interior operators may look interesting.



5. Connectedness via an Interior Operator

The foundation of the general theory of topological connectedness was begun with PreuB in [Pre71] and
Herrlich in [Her68]. Thereafter the categorical notion of connectedness on an arbitrary category has
been studied by using closure and neighbourhood operators; see [CH94, CT97, Cas01, Cle01, CHO3b,
Sla09, Raz12]. In most of these papers, the property that every morphism X — D with D discrete
object relative to a given closure ¢ has to be constant is taken as a definition for the object X to be
c-connected. More recently, in [CR10], Castellini and Ramos studied the notion of connectedness in the
category of topological spaces and continuous maps by using interior operators. In this chapter, we use
the concept of categorical interior operators to study two possible general notions of “connectedness”
in an arbitrary category. To this end, as in the case of the previous two chapters, we work in an M-
complete category C supplied with an (£, M)-factorization structure for morphisms such that M is a
fixed class of monomorphisms and assume that the preimage f*(—) preserves arbitrary joins for every
morphism f in the category C. We also consider an interior operator ¢ on C with respect to M.

5.1 Connectedness via constant morphisms

In this section, following the ideas of | | we first.introduce the concept of coarse and fine objects
with respect to a given interior operator-and-a relative notion-of constant morphisms. We then use
these notions to investigate the notions of connectedness-and disconnectedness with respect to interior
operators on C in a more general categorical sétting. Our notion generalizes the work given in [CR10],
extending the concept to a suitable arbitrary category. Furthermore, under mild conditions on C, we
construct a commutative diagram of Galois connections between| the conglomerate of all interior oper-
ators on C with the reverse order, the conglomerate of all full subcategories of C and the dual of the
conglomerate of all full subcategories-of-C-to-relate-our-notions-to the Herrlich-PreuB-Arhangel'skii-
Wiegandt (HPAW) connectedness-disconnectedness Galois connection. In the sequel we denote the
terminal object by 1 and the unique terminal morphism X = 1L/ where X € C, by !x. Let us recall the
following definition from [CTO97].

Definition 5.1.1. An object X € C is preterminal if lx : X — 1 is monic.
1 is a preterminal object, since !1 : 1 — 1 is an isomorphism we have that !; : 1 — 1 is monic. In the
category of Sets, Top, Pos, objects with the empty underlying set and the one element underlying set
are preterminal and in a poset considered as a category every object is preterminal. We use P to denote
the full subcategory of preterminal objects of C.
Remark 5.1.2. Let £ be stable under pullback along monomorphisms. Then

PC{X € C: 5%((!x)«(m)) = m for all m € subX}.
The following result describes the construction of an interior operator of interest associated with P.
Proposition 5.1.3. The operator j = (jx : subX — subX)xcc defined by

ix(r) =\/{g"(g«(r)) : X - P,P € P}

for all » € subX is a standard and idempotent interior operator on C.

97
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Proof. One can easily verify that j satisfies the contractiveness and monotonocity property. To prove
the continuity condition, let f : X — Y be a morphism in C. Then for all n € subY one obtains

7 Gy (n)) = f*(\/{h*(h*(n)) Y 5 P.PePY)
= \/{f*(h*(hu(n))) : YAPPGP}
= \/{(ho £)*(h(n)): Y—>PP€73}
<o ) (5" () - ¥ 5 PP € P)
= \/{(ho f)*((ho () : Y = P, P € P}
= \/{(ho f)*((ho f).(f*(n))) : Xhi{P PeP}

< \/{g" (£ . X 5 PP e Py = jx(f(n).

To show idempotency, let g : X — @, Q € P. Then for all r € subX we have that

We now show that j is standard. Let g @ X = PP & P. Then ¢*(9.(1x)) = ¢"(1p) = 1x.
g

Consequently, jx(1x) = V{g*(¢9.(1x)) : X - P,P € P} = \/{lx} = 1x. Therefore, jx(lx) =

1x. O]

Note that the fact that j is standard implies j is'different from the itrivial interior operator tx(r) = Ox
for all r € subX.

Definition 5.1.4. The operator j in Proposition 5.1.3 is called the indiscrete (coarse) interior operator.

Remark 5.1.5. (a) Let P € P. Then jp(r) = r for all r € subX. Indeed, since P € P we have that
1 g
P 5 P is one of the g's in the class {P — Q,P € P}. So, r = 15((1p)«(1)) < V{g*(g«(r)) :
g
P — Q,Q € P} =jp(r). Hence, r = jp(r);

(b) In a category C in which the preimage functor for any given morphism preserves arbitrary joins,
the indiscrete interior operator j always exists (see Proposition 5.1.3);

(¢) The discrete interior (or fine) operator d can be described by dx(r) = r A A{f«(jp(f*(r))) :
! !
P> X,PeP}t=2rAN{/«(f*(r)): P— X,PeP}forall X € Candr e subX.

The following result depicts under what condition the indiscrete interior operator is induced by the
terminal object 1.
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Proposition 5.1.6. Let £ be stable under pullback along monomorphisms. Then jx (r) =% ((1x)«(r))
for all X € C and r € subX.

Proof. Let r € subX and g: X — P with P € P be any morphism. Then the diagram

commutes and !p is monic and since £ is stable under pullback along monomorphisms we have that
b ((1P)+(g4(r))) = g«(r). Consequently, I ((!x)«(r)) = (!Pog);((!Pog)*(r)) = g (p((p)«(g+(r)))) =
g*(g«(r)). This in turn implies jx(r) = \/{g"(g«(r)) : X = P,P € P} = V{I%((!x)«(r))} =
e ((Ux )« (7)- O

Throughout the remainder of this chapter unless otherwise specified, we assume that £ is stable under
pullback along monomorphisms and j denotes the indiscrete interior operator on C with respect to M.

Corollary 5.1.7. The indiscrete interior operator j is hereditary.

Proof. Let r < s in subX. Then the diagram

X
Ix

Jis

.l

commutes. Consequently, by Propesition 5.1.6, js(rs) =((s)i(rs)) = (Ix 0 5)"((Ix 0 8)«(75))
s (1% ((1x)x(54(r5)))) = 5™ (Gx (54 (15)))-
Proposition 5.1.8. Let f: X — Y be any morphism in C. Then

(a) feZ(j);

(b) fe&=feF(ENnKiG)noQ).

(I

Proof. (a) Let f: X — Y be any morphism in C and r € subX. Then the diagram

Y
Ix J,!Y
1

commutes and since £ is stable under pullback along monomorphisms we have by Proposition
5.1.6, jx(r) =% ((1x)«(r)) = (ty o /)" ((y © f)+(r)) = f* (5 ((y)«(fx(r)))) = F* Gy (fe(r))).

(b) Let f : X — Y be a morphism in &, r € subX and k € subY. Then, since M is a subset
of the class of monomorphisms, we have that stability of £ under pullback along monomor-
phisms implies that £ is stable under pullback along M (and hence along subobjects). Hence,
f«(f*(k)) = k for all k € subY. Consequently, we have by Proposition 5.1.6, f.(jx(f*(k))) =

S

VL

L5 ()« (F7(R)))) = fel(lyo f) " ((yof)« (F(R)))) = Lu(F* (5 (v )« (£ (F7(F)))))) =5 ((y)«(K))

>~
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jy (k). Therefore, f € F(j) and one also has £.(jx(r)) = (V% ((1x)(r)) = £-((ty o f)*((ly
Fu)) = £ (P (0 1A (FIN) 55 ()2 7)) = o (1:(r)), hence £ € K(7). Moreover.
1€ O0), since jxc (k) =5 () (P () 2 L (5 (03 e P 0))) = £ (o)) =

f*(jy (k)). Of course, this is true by (a). Indeed, f is j-initial and hence being in £ implies f is
j-final, closed and open by Proposition 3.1.36(c).

O

One can easily observe that any morphism in C is open and closed with respect to a discrete interior
operator d, and morphisms in M are d-initial while morphisms in £ are d-final. Next, we use the discrete
interior operator and a newly defined indiscrete interior operator to introduce our notion of i-fine and
t-coarse objects with respect to a given interior operator i.

Definition 5.1.9. Let i € INT(C, M). Then an object X € C is
(a) i-coarse (or i-indiscrete) object if ix < jx;
(b) i-fine (or i-discrete) object if dx < iy.
Let i € INT(C, M). Then in the sequel we use J(i) and D(i) to denote the class of all i-coarse and

i-fine objects, respectively, thatis: J(i) == {X € C:ix < jx}and D(i) :=={X € C:dx <ix} =
{X €C:ix(m)=mforallme subX}.

Proposition 5.1.10. For any interior-operator-i-and-any-morphism-f : X — Y € F(j) with X € J(7)
we have that Y € J(i), that is: the subcategory J(i) is closed-under j-final morphisms.

Proof. Let X € J(i) and n € subY". Then/iy(n) < jy(n). Thus, the continuity condition of i and the
j-finality of f yield iy (n) < iy (f+(/1(n))) & f(ix (f1(n) £ fAlix (f*(n)) = jy (n). [

Corollary 5.1.11. Let ¢ be any interior-operator—and—f—:—X——"Y be any morphism in £. Then
X € J(i) =Y € J(i), that is: J(i) is closed under E-images.

Proof. Let f : X — Y € &£. Then the stability of £ under pullback along monomorphisms and
Proposition 5.1.8 implies f € F(j): 'Furthermore, Proposition 5.1.10 provides X € J(i) = Y €
J (7). O
Proposition 5.1.12. Let i be any interior operator and f : X — Y be any morphism in Z(i). Then
YelJ(i)=X e J).

Proof. Let m € subX. Then since f € Z(i) and Y € J(i) we obtain ix(m) = f*(iy(f.(m))) <

S0y (fe(m))) = f*(5-((y )« (fe(m)))) =% ((Ix)«(m)) = jix (m). Hence ix(m) < jx(m) forall m €
subX. 0

Proposition 5.1.13. Let i be any interior operator and f : X — Y be any morphism in Z(d™). Then
Y € D(i) = X € D(i).

P_roof. Let Y € D(i) and r € subX. Then d"™-initiality of f and the continuity condition of i implies
d% (r) = f¥(dy (f«(r))) < f*(iy (f«(r))) <ix(f*(f«(r))) < ix(r). O

Corollary 5.1.14. For any interior operator i, D(i) is closed under M-subobjects.
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m .
Proof. Let M — X be in subX such that X € D(i). Then since the discrete interior operator d™
is hereditary we have that every morphism in M, in particular, m is d"-initial. One obtains with
Proposition 5.1.13, M € D(i). O

Remark 5.1.15. Let i be an interior operator on C with respect to M and f: X — Y be a morphism
in C. If Y € D(i) then f*(n) is i-open in X for all n € subY. Indeed, let Y € D(i). Then each
subobject n of Y is i-open in Y. Consequently, by Remark 2.1.4(b), f*(n) is i-open in X. This in
turn of course implies the above corollary. In fact, for m : M — X € subX with X € D(i), one has
t = m*(m(t)) is i-open in M for all t € subM. Therefore, M € D(7).

Proposition 5.1.16. Let ¢ be an interior operator and a morphism f : X — Y € F(i). Then
X € D(i) =Y € D(i).

Proof. Let n € subY. Then the i-initiality of f and X € D(i) implies dy(n) < dy(f«(f*(n))) <
feldx (f*(n))) < fulix (f*(n))) = iy (n). 0

Remark 5.1.17. Let i be an interior operator. Then J(i) N D(i) C {X € C: jx = dx}. Indeed, let
X € J(i)N D(i). Then dx <ix < jx. So, dx = jx, since one always has j < d.

The following result shows that one can construct two interior operators j(A) and d(B) of interest
which are induced by subcategories A and B, respectively. A particular case of the construction of j(A)
appears in [CR10].

Proposition 5.1.18. Let A and B be any two subcategories of € then

g
a. J(A)x(r) == V{g"(g«(r)) : X = A A€ A} for all X € C and r € subX defines an interior
operator on C. Moreover, j(A) is always an idempotent and|standard interior operator;

/
b. dB)x(r) :=rAN{fe(f*(r))sB =X, B € B} foralt X € €Cand r € subX is defines an interior
operator on C.

Proof. Similar to the proof of Proposition 5.1.3. O

We call j(A) and d(B) discrete and indiscrete interior operators with respect to subcategories A and B,
respectively and these notations will be used in the rest of this section.

Recall that constant morphisms have played a significant role in the study of the notions of connect-
edness and disconnectedness in an arbitrary category (see [Her68, Pre71, AW75]). Next we present a
relative notion of constant morphisms in order to investigate the general concepts of connectedness and
disconnectedness in the category C. To this purpose, we consider a class

Se ={X € C: 5% ((!x)«(m)) = m for all m € subX'}
(see [Cle95, Raz12]). The following lemma describes properties of the class S,.

Lemma 5.1.19. From the definition of S, one has the following.

(a) S, is closed under M-subobjects, that is, if R L xe Mand X €S,, then R € S,;

(b) Let £ be stable under pullback along M-morphisms. Then S, is closed under -images, that is,
q
if X > Q€& and X €8S, then Q € S,.
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Proof. (a) Let t : T" — R be a subobject of R such that 7 € M and X € S,. Then we have a
commutative diagram

R— X
N
1
>~ |

and hence g = Ix or and 7*(r(t)) = t. As a consequence,
lR((R)« (1) = (Ixor)* ((Ix or)u()) = r* (M ((Ix ) (r«(2)))) = r*(ru(t)) = t. Therefore, R € S,.

(b) Let n: N — @ be in sub@ such that ¢ € £ and X € S,. Then the diagram

X150

N

1

commutes and hence !x = !g oq. Consequently, n
3:((!g 0 @)"((lg 2 9)(q"(n)))) = g+ (q" (1 (1) «(ax(g" (n)))

L% (%)« (g% (n)))) =
n)). Thus, Q € S,.

—
=)

*

N—

=

12
—~

Remark 5.1.20. We also note that the followings:.

a. S, is a non-empty subcategory-of-C.-Indeed, i l.—=1-&M; as M contains all isomorphisms,
and hence 15((11)«(m)) = m forall.m € subl. Therefore, 1.¢ S,.

b. We call any object X in S, a constant object.

This remark enables us to define constant morphisms with respect to S, and (£, M)-factorization sys-
tem as follows.

Definition 5.1.21. A morphism [+ X — Y is constant if the domain f[X] of the M-part of the
(€, M)-factorization of f is a constantjobject; thatyis; f[X] & Se:

Note that f[X] is the domain of f(1x), the image of f. One can also easily observe that:

If X - f[X]™=Y is the (£, M)-factorization of f = f o 1x, shown in the diagram below, then f
is constant if and only if m is constant if and only if e is constant.

x> ,x 1 .y
x %Nf(lx)
f1X]

!
Remark 5.1.22. Let X € C. Then X —» 1 is constant. Indeed, let (e,m) be the (£, M)-factorization
of Ix : X —Ix[X] — 1. Then the fact that 1 € S, (see Remark 5.1.20 (a)) and S, is closed under
M-subobjects (see Lemma 5.1.19(a)), one has !x[X] € S,.

Examples 5.1.23. ([Cle95])
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(a) Let C be the category Sets with (Surjections, Injections)-factorization system and f : X — Y
be any function. Then f[X] € S, ! ((!fx))+(N)) = N VN C f[X] < f[X] is a singleton
set. Hence, the constant morphisms are the constant maps. In fact S, contains only the empty
set and the singletons.

(b) Let C be the category Top with (Surjections, Embeddings)-factorization system. Then S, con-
tains only the empty space and the singleton spaces. Hence, the constant morphisms are precisely
the constant maps.

(c) Let C be the category SGph of directed spatial graphs and graph homomorphisms with the (Sur-
jective homorphisms, Embeddings)-factorization system. Then S, contains only the null graph (a
graph with no vertices nor edges) and the graphs with a single vertex and one loop. Hence, the
constant morphisms are the constant maps.

Lemma 5.1.24. Let £ be stable under pullback along M-morphisms. Then any morphism that can be
factored through a constant object is constant.

T S
Proof. Let f : X — Y be a morphism that is factored through S € S,. Then 3 X — S— Y such

that f = sor. Now, let S — s[S]—= Y and X — f[X]— Y be the (£, M)-factorization of s and f
respectively. Then we obtain the commutative diagram below.

el 1

I
e orJ( L

[S]»—-»Y

Hence, by the diagonalization property Sd = f{X} —s[{S} such-that doe = ¢ orandm=m od.
But since M is left cancellable with respect to itself (go f € M and g € M implies f € M) we
have that d € M. Furthermore, S' € S, and €. :.5"+3 s[S] @ £ and & is stable under pullback along
M-morphisms. Then Lemma 5.1.19(b) implies s[S] € S,. Consequently, Lemma 5.1.19(a) implies
fIX] €S,. O

The following result summarizes some properties of constant morphisms.

Proposition 5.1.25. Let S,,, be the class of constant morphisms.
(a) Let & be stable under pullback along M-morphisms. Then f €S,, = go foh €S, ;
(b) Sy, is left cancellable with respect to M, thatis, go f €S,, and g e M = f € S,;;;

(¢) Sy, is right cancellable with respect to &, thatis, go f €S,, and f € E = g € S,,.

h fo g
Proof. (a) Let W — X— Y — Z be a morphism such that f is constant. Then f[X] € S,. Thus,

gofoh= W XS fX]™y 572 = W-LrXF™™ Z is factored through a constant
object f[X]. Therefore, Lemma 5.1.24 implies g o f o h is constant.

f 9
(b) Let X — Y — Z be a morphism such that g o f is constant and g € M. Then (go f)[X] € S,.
Let (e,m) and (¢',m) be the (£, M)-factorization of g o f and f respectively. Then (e, m)
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and (e',g om’) are the (£, M)-factorization of g o f. Then there exists a unique isomorphism
d: (go f)[X] — f]X], such that the diagram.

X —* (g0 fIX]

Xl ———Z
gom

commutes. Consequently, f[X] = (go f)[X] € S,. Therefore, f is constant.

(c) Let X i> Y—>gZ be a morphism such that g o f is constant and f € £. Then (go f)[X] € S,.
Let (e,m) and (e',m/) be the (£, M)-factorization of g o f and g respectively. Then (e, m)
and (e' of, m/) are the (£, M)-factorization of g o f. Then there exists a unique isomorphism
d: (go f)[X] — f]X], such that the diagram

X—5 (g0 f)[X]

o]
eof m
o

9 X ——Z
am

commutes. As a result, g[X] & (g0 f)[X].eS,.Therefore, ¢ is constant.
O

Let X and Y be any two objects of C. | Then we use X |||Y to denote every morphism X — Y is constant.

Definition 5.1.26. Let A and B be‘any-two-full subcategories-of €. Then we define
(a) the left-constant subcategory.of A by i{A) = {X &« C: (VY. € A)(X || Y)} and
(b) the right-constant subcategory of B by r(B) = {Y e C: (VX € B)(X || Y)}.

Throughout the remainder of this section, we use S(C) to denote the conglomerate of all full sub-
categories of C that are ordered by inclusion C and S(C)° to denote its dual with the reverse order
D. We also use =< to denote the order of the dual INT(C, M) of the conglomerate of all interior
operators of C with respect to M ordered by <. With these notations, the Galois connection introduced
in [Her68, Pre78] can be described in the following proposition:

Proposition 5.1.27. Let A and B be any two subcategories of C. Then

S(C) i (C)°P is a Galois connection.

Proof. Let A and B be in S(C). Then we need to show that r(B) 2 A < B C [(A).

(a) Suppose r(B) 2 A. Then A C r(B). Now, let X € B. Then X || Y forall Y € A. So, X € I(A)
and hence B C I(A).

(b) Suppose B C I(A). Then for any Y € A we have X || Y for all X € B. Therefore, Y € [(B) and
hence r(B) D A.
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O

The above Galois connectection is known as the Herrlich-PreuB-Arhangel'skii-Wiegandt (left-constant,
right-constant) correspondence. As a consequence of Proposition 5.1.25 one obtains the following result.
Proposition 5.1.28. Let A and B be any two full subcategories of C.

(a) I(A) is closed under E-images;

(b) r(B) is closed under M-subobjects.

Definition 5.1.29. Let 7 be a given interior operator on C with respect to M. We say that X € C is

(a) i-connected if X € I(D(i)), that is, for every i-discrete object Y, any C-morphism X — Y is
constant ;

(b) i-disconnected if X € r(J (7)), that is, for every i-indiscrete object Y, any C-morphism ¥ — X
is constant.

Proposition 5.1.30. Let ¢ be a given interior operator on C with respect to M.

T

(a) Let R — X be in M and X is i-disconnected. Then R is i-disconnected;
f

(b) Let X = Y bein &£ and X isti-connectéd.. Then Y is-i-Connected.

Proof. Apply Proposition 5.1.28. OJ

Corollary 5.1.31. Let ¢ be a given|interior operator on (C with| respect to M and suppose C ad-

mits arbitrary products. Let X = [[X; be an i-connected product in C such that each projections
igl

pi: X = X; € E'. Then each X, is i-connected.

Proposition 5.1.32. Let ¢ be a given interior operator on C with'respect to M. Then a right constant
subcategory is closed under monosources.

Proof. Let A be a full subcategory of C, r(A) be the right-constant subcategory of A and

(mi : Y — Y;)icr be a monosource with Y; € r(A). Let X € A and (e,m) and (ef, my) be the (£, M)-
factorization of f and m; o f, respectively. Then by the unique diagonalization property there exists a
unique d : f[X] — (m;0 f)[X] such that m;omy = mod and e = doey. Suppose !y xjou =!yxjov for
any two pair morphisms u and v with codomain f[X]. Consequently, (.05 x]0dou =! (o5 x)0dov.
But since m; o f is constant, one has d ou = d owv. This in turn implies modou =modowv. Hence,

miomyou=m;omysouv foralli (mod=m;omy)
= mfou=mysov (m}s jointly monic)
=>u=0 (m s monic)

:>'f[X]IS monic.

Thus, by Proposition 1.4.4(a), !}[X]((!f[x])*(m)) >~ mfor all m € subf[X], that is: f[X] € S,.
Therefore, f is constant and hence X || Y for all X € A. As a consequence, Y € r(A). O
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The right constant subcategory contains the preterminal objects. Indeed, if X € P then!x : X — 1
is monic. But since Ix : X — 1 is constant (see Remark 5.1.22), one has 1 € r(B). Consequently,
X € r(B) since the right constant subcategory is closed under monosources and hence under mono.

Corollary 5.1.33. Let i be a given interior operator on C with respect to M and assume that C admits
arbitrary products. Then the product of a family of i-disconnected objects is i-disconnected.

Proof. Let (p; : X = [[Xi — Xi)ier be a product with each X; being i-disconnected. Then each X;
el
belongs to r(J(i)). Consequently, by Proposition 5.1.32, one has X = [[X; € r(J()) since products
i€l
are monosources. Therefore, X = [[X; is disconnected. O
el

Lemma 5.1.34. Let i be a given interior operator on C with respect to M. Then J(i) N D(i) C S,.

Proof. Let X € J(i) N D(i). Then dx < ix < jx and hence dx = jx. Consequently, the stability of

o~ |k

& under pullback along monomorphisms implies = dx (1) = jx(r) = % (('x)«(r)) for all r esubX.
Therefore, X € S,. O

Proposition 5.1.35. Let i be a given interior operator on C with respect to M and f: X — Y be any
morphism in C with X € J(i) and Y € D(i). Then f is constant.

Proof. Let (e, m) be the (£, M)-factorization of f, shown in the.diagram

Then the fact that X € J(i) and X —>‘f[X}€ & werhave by Corollary 5.1.11 f[X] € J(i). Besides,

since f[X] >Ye M and Y € D(i) then Corollary 5.1.14 obtains f[X] € D(i). Thus, f[X] €
J(i) N D(%). This in turn implies f[X] € S,, by Lemma 5/1.34. Therefore, f is constant. O

Corollary 5.1.36. Let i be any given interior operator on C with respect to M. Then the i-indiscrete
objects are i-connected objects.

Proof. Let X € J(i). Then by Proposition 5.1.35, any morphism f : X — Y with Y € D(i) must be
constant. Hence, J(i) C I[(D(7)). O

Following the definitions of J and D one has:

Remark 5.1.37. For interior operators i and i on C such that i < i one has J(i) C J(i') and
D(i) D D(i'). Thatis, J and D can be seen as functors from INT(C, M) to that of S(C) and
S(C)°P, respectively.

From the definitions of j(A) and d(B), where A, B € S(C) one also obtains the following:

Remark 5.1.38. Let A and B be any two full subcategories of C. Then
(@) ACB=j(A) <j(B)
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(b) ACB=d(A) <dB);

(¢) j(A)a =dy for all A€ A, thatis, j(A) is discrete in A;

(d) d(B)p = jp for all B € B, that is, d(B) is indiscrete in B.
As a consequence of the above remark d and j may be interpreted as functors from S(C) and S(C)°P
to INT(C, M)°P, respectively.

Lemma 5.1.39. Let i be any interior operator. Then d(J(i)) < 3.

Proof. Let r € subX. Then r < g*(g*(r)) forall g: A — X with A € J(i).
Hence one has » < A{g«(¢*(r)) : g: A — X with A € J(i)}. Consequently,

(1) < ix(Nowlo" (") : A X, A€ J(i)})
< /\{ix<g*<g*<r>>> AL X, Ae 6}

< Adge(ia(g () - A5 X, A€ ()} =2 d(J(0))x ().

d
Proposition 5.1.40. S(C) Jj LNT(E - M)%-is-a-Galois connection.
Proof. Let B € S(C) and i € INT(C;M).-We need to show that d(B) < i < B C J(i).

(=) Suppose d(B) < i. Then i < d(B) and hence Remark 5.1.38 provides ip < d(B)p = jp for all
B € B. Consequently, B € J(i). Therefore, B T J(7).

(<) Assume that B C J(i). Then Remark 5138 implies d(/(z)) < d(B). Consequently, Lemma
5.1.39 yields i < d(J (7)) < d(B). Therefore, d(B) =2

O
Lemma 5.1.41. Let i be any interior operator. Then 7 < j(D{(7)).
!
Proof. Let r € subX and X — P, P € D(i). Then the continuity condition of ¢ provides
FH(fe(r)) = F(dp(fu(r))) < f*(iP(f*( ) < ix (f(f+(r)) < ix(r)
= §(D(@)x(r) = \/{f*(fulr X—>PP€D)}<ZX()
= j(D(Z)) <i
O
D
Proposition 5.1.42. INT(C,M)°? 1 S(C)°P is a Galois connection.

J

Proof. Let A € S(C) and i € INT(C, M). We need to show that D(i) D A < i < j(A).

(=) Suppose D(i) O A. Then A C D(i) and hence Remark 5.1.38 provides j(A) < j(D(i)). Conse-
quently, Lemma 5.1.41 yields j(A) < j(D(i)) < i. Therefore, j(A) <i and hence i < j(A).
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(<) Assume that i < j(A). Then j(
all A € A. Therefore, A C D(i)

A) <. Using Remark 5.1.38 we have that d4 = j(A)4 < iy for
< D(i) D A.
0

Propositions 5.1.35, 5.1.40 and 5.1.42 give:

Proposition 5.1.43. Let A € S(C). Then
(a) (Joj)(A) CI(A);
(b) (Dod)(A)C r(A).

Proof. (a) Let X € J(j(A)) and f: X — Y with Y € A be any morphism. Since by Proposition
5142 D Hj:8(C)? — INT(C, M) we have D(j(A)) D A, thatis: A C D(j(A)). Hence,
every object of A belongs to D(j(A)), in particular Y € D(j(A)). Asaresult f: X — Y isa
morphism with X € J(j(A)) and Y € D(j(A)). Consequently, by Proposition 5.1.35 f must be
constant and hence X € I(A).

(b) Let Y € D(d(A)) and f : X — Y with X € A be any morphism. Since by Proposition 5.1.40
d-J:INT(C,M)® — S(C) we have A C J(d(A)). Hence every object of A belongs to
J(d(A)), in particular X € J(d(A)). Thus f : X — Y is a morphism with X € J(d(A)) and
Y € D(d(A)). Consequently, by Propesition 5.1:35 f-must be constant and hence Y € r(A).

O
Now we are ready to show that the Herrlich-Preu-Arhangel’skii-Wiegandt (HPAW) (left-constant, right-

constant) correspondence is the composition of the adjunctions defined in Propositions 5.1.40 and 5.1.42.
As a consequence of Propositions 5.1.40 and 5.1.42 one has the Galois correspondences

J D
SO i d g dINFE MF sl ., " S(C)
f i

Furthermore, one has:

Theorem 5.1.44. Let P =S,. Then the Galois connection S(C) # S(C)P factors through
INT(C, M) via the Galois connections S(C) # INT(C, M)°P and INT(C, M)°P % S(C)°P, that

is: there is a commutative triangle

INT(C, M)°P

S(@©) S(C)*

of adjunctions, factoring r through D and | through J, that is, r = Dod andl= Jo}j.
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Proof. Note that one can easily observe that D o d and J o j give rise to a Galois connection between
S(C) and S(C)°P. Due to the uniqueness of the adjoints in a Galois connection if we show one equality
then the other equality follows. Hence it is sufficient to show that D(d(B)) = r(B). To this end, let

f
Y € r(B) and n esubY. Then X || Y for all X € B, thatis X — Y with X € B is constant and hence
its image f[X] €S, =P.

x—1 .,y

S e
f1X]

Consequently, the stability of £ under pullback along monomorphisms (and hence M-morphisms) implies
= \V{g (9:(f ;X 5 PP ePy > e (el(f (n) = e (em (n)) = e (m* (n) = f*(n).

This in turn implies n < f.(f*(n)) < f.(jx(f*(n))), hence n < A{f(ix(f*(n))) : X i> Y, X € B}.
As a consequence, n = n A A{f.(jx(f*(n))) : X i} YV, X € B} 2d(B)y(n), thatis: Y € D(d(B)).

f t
On the other hand, let Y € D(d(B)), X - Y with X € B and T'— f[X] be in subf[X].Then
the stability of £ under pullback along monomorphisms (and hence M-morphisms) and Proposition

5.1.8 imply jgx](t) = ex(e* (4 s1x) (1)) = elgxte (1)) =euld(B)x (¢*(n))) > d(B)ix(es(e"(n))) =
d(B)sx1(n) = n. Therefore, f[X] &S, and hence X || Y-forall X € B. So, Y € r(B) . Therefore, the

Herrlich-PreuB-Arhangel’skii-Wiegandt (left-constant, right-constant) correspondence is the composition

Dod
of the adjunctions (D, j) and (d,J). We note that S(C) E o S(C)°P is called the connectedness-
Joj

disconnectedness Galois connection. O
In the following results of this section by assuming the category € admits products we would like to
explore the behaviour of ix on products. Consequently, with Definition 3.1.34 and Proposition 5.1.6,

one has the following result.

Proposition 5.1.45. Let i be a given interior operator on C with respect to M and
S:=(fi: X = X;)ier be an i-initial cone. If X; € J(i) for all i € I then X € J(7).

Proof. Suppose S is i-initial and X; € J(i). Let m: M — X € subX. Then the diagram

commutes. Hence, Definition 3.1.34 and Proposition 5.1.6 imply

m) < \/f7(ix; ((fi)+(m)))

< \/f Gx ((fo)- = \/fi (% A(fem)))) = V1 (L) (m)) =I5 (Ix)(m)) = jix (m).
il el i€l
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Consequently, one obtains the following corollary.

Corollary 5.1.46. Let i be a given interior operator on C with respect to M. The product of i-indiscrete
objects is i-indiscrete provided that the projections are jointly i-initial.

Proof. Put X = [[ X; and then apply Proposition 5.1.45. Ul
el

Corollary 5.1.47. Let A € S(C),P =S, and (p; : X = [[Xi — Xi)ier be j(A)-initial. If X; € I(A)

el
for all i € I then X = [[X; € I(A).
el
Proof. Let X; € I(A). Then by Proposition 5.1.44 we have that I(A) = J(j(A)) and hence X; €
J(j(A)) for all i € I. But since each projection is j(A)-initial then by Corollary 5.1.46 one obtains that

X = [IX0 € JG(A) = 1) 0

In the above corollary if A = D(i) then we have the product of i-connected objects is i-connected.

In [AW75], a topological space X is Ty if and only if X € r(By) (disconnected subclasses), where By is
the class of indiscrete topological spaces. This motivates the following definition.

Definition 5.1.48. Given an interior operater i, -we say-that.an object X € C is Ty with respect to i if
and only if X € r(J(7)), that is: X'is i-disconnected-

Tp may be interpreted as a functor Th= o J . INT(C, M)P —IS(C)°P.
Proposition 5.1.49. Let i be any given interior operator on € with respect to M. Then D(i) C Ty(7).

Proof. Let Y € D(i). Then by Propesition 5.1.35, any morphism-f : X — Y with X € J(i) must
be constant. Therefore, Y € r(J(i)) = Tp(i). Consequently, the i-discrete objects are Ty objects with
respect to i. O

Examples 5.1.50. (a) Let C be the category: Top with (Surjections, Embeddings)-factorization sys-
tem and R C X € Top. Since £ = the class of surjections is stable under pullback along
monomorphisms and P = S,, one has jx(X) = X and jx(R) = ) for every proper subset R of
X. Thus X is i-indiscrete if and only if ix < Jx if and only if ix (R) = () for every proper subset
R of X if and only if every proper subset R of X is i-codense. Hence, in the category Top, our
notions of connectedness and disconnectedness with respect to 7 coincides with the notions which
are presented in [CR10]. Therefore, our approach generalizes the work of [CR10].

(b) Let C be the category SGph of directed spatial graphs and graph homomorphisms with the
(Surjective homorphisms, Embeddings)-factorization system. For each directed spatial graph
(G,R) and a subset H C G, consider the up-interior operator 1¢. (H) = {h € H : (Vg €
G \ H) there is no edge h — g}; then surjective homorphisms are stable under pullback along
monomorphisms and P = S, := class of empty graphs with empty edge and one point graphs
with a loop. The discrete objects are graphs whose edges are only loops, which are dicrete graphs
while a graph G is indiscrete if and only if for any g, h € GG one has g — h. Consequently, a graph
G is T°-connected if and only if for all h, g € G either h — g or g — h.
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In this section the assumption that arbitrary joins are preserved by each preimage is crucial in the
development of the theory of the notions of connectedness and disconnectedness with respect to a given
interior operator. It enables us to introduce the concept of coarse and fine objects with respect to a
given interior operator. Consequently, the notions of connectedness and disconnectedness with respect
to interior operators on C in a more general categorical setting are introduced in such a way that the
notions generalize the work of [CR10], extending the concept to a suitable arbitrary category. On the
other hand, since each preimage has both left and right adjoints, some of the results (and proofs) with
respect to interior operators are analogous to that of closure operators. Indeed, this should not come as
a surprise since by Theorem 2.3.8 we know that there is a natural way of moving from closure to interior
operators and vice versa. Our results provide an interior-theoretic descriptions of the notions. Moreover,
there are new insights and importantly some things that can only be done with interior operators.

5.2 Connectedness via partitions

In this section, by considering a lattice structure of subobjects with pseudocomplements we investigate
the notion of connectedness with respect to an interior operator similar to what has been done for
closure operators in [§Ia09]. We will see that this notion is a direct translation from classical topology
and show that it is a generalization of connectedness of topological spaces. We start the section with
the following remark.

Remark 5.2.1. Recall that

(a) A subobject m¢ € subX is the pseudocomplement of m & subX if it holds that r < m¢ &
rAm = 0x for all r € subX.|If m% exists, m |is said to be pseudocomplemented. If subX is a
Boolean algebra then the pseudocomplements are precisely the complements and

(b) for a morphism f: X — VY in"€,-m € subX and n € subY then the equation f(m A f*(n)) =
f(m) A n is known as the Frobenius Reciprocity Law (FRL). One can observe that £ C £ <
FRL holds for all morphisms'in (C. | That.is, £ is stable under pullback along M-morphisms is
equivalent to FRL holds for all morphisms in C (see | 1).

Following [S1209], let us now define a partition of an object X € C as follows.
Definition 5.2.2. Let m be a subobject of X with pseudocomplement m¢. We call the pair (m,m¢) a

partition of X. If both m and its pseudocomplement m¢ are i-open then the pair (m, m¢) is called an
i-open partition of X.

Consequently, we have the following two lemmas.
Lemma 5.2.3. Subobjects satisfy the FRL given in Remark 5.2.1(b).

Proof. Letm : M — X bein M such thatt € subM and r € subX then since composition is associative
in any category one has m(t Am*(r)) £ mo (t Am*(r)) £ mo (tot*(m*(r))) = (mot)ot*(m*(r)) =
(mot)o(mot) (r) = (mot) Ar=m(t) Ar. O

Lemma 5.2.4. Let m : M — X be an M suboject. Then m*(—) : subX — subM preserves both
pseudocomplements and i-open partitions.
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Proof. Let (r,7¢) be a partition of X. Then by the previous lemma FRL holds for m and by Remark
5.2.1 every morphism (in particular, each subobject) reflects the least subobject. As a consequence,
t<m*(r‘) em(t) <r¢emE)Ar=0x ©m{EAm*(r)) 20x < tAm*(r) =20y <t < (m*(r))°
for all t € subM. Therefore, (m*(r))¢ = m™*(r°). Hence, (m*(r), m*(r¢)) is a partition of M. Moreover,
if (r,7¢) is an i-open partition of X then since the pullback of an i-open subobject is i-open we have
(m*(r),m*(r€)) is an i-open partition of M. O

Recall from [S1a09] a partition (1m,m°) of X is said to be trivial if m 22 0x or m® = 0x.

Definition 5.2.5. A C-object X is i-connected if X has no non-trivial i-open partition, that is, if every
i-open partition of X is trivial.

Remark 5.2.6. Let C be the category Top supplied with (continuous surjections, embeddings)-factorization
structures for morphisms and k™ be the Kuratowski interior operator. Then one can observe that k'-
connectedness is precisely the well known topological connectedness. Hence, the above definition is a
natural way of extending the notion of connectedness in general topology.

The following is a generalized result on connectedness using the notion of i-dense subobject.

Theorem 5.2.7. Letm : M — X be an i-dense.subobject of X such that its domain M is i-connected.
Then X is i-connected. That is, any-object having an-i-dense subobject with i-connected domain is
i-connected.

Proof. Let (r,7¢) be an i-open partition of X. Then by Lemma 5.2.4 (m*(r), m*(r¢)) is an i-open par-
tition of M. Since M is i-connected we have that either m*(r) = 0y or m*(r¢) = 0pr. If m*(r) = 0y
then m,(m*(r)) = m«(0pr). Since m is i-dense subobject then r = ix(r) < ix(m.(m*(r))) =
ix(ms«(0pr)) = O0x. Thus r = 0y Similarly, i m™(rS) =057 then m.(m*(r¢)) = m.(0pr). Conse-
quently, 7¢ = ix(r) < ix(m«(m*(r°))) = ix(m«(0pr)) = Ox since m is i-dense subobject. Hence
r¢ =2 0x. So, either r 2 0x or r¢ = 0x * Therefore, X 'has nonon-trivial i-open partition, that is: X is
i-connected. O

The above theorem yields a classical result on connectedness in topological spaces as a special case.

Corollary 5.2.8. Let ¢ be a hereditary interior operator, r : R — X and s : S — X be subobjects of
X such that r < s. If 7 is i-dense with i-connected domain R then S is i-connected.

Proof. Let r < s. Then the diagram below commutes.

R-—"58

NI

~

Since i is hereditary and r & s o rg is i-dense with s € M then by Proposition 4.2.7 we have that
rs : R — S is an i-dense subobject of S having i-connected domain R. Consequently, by Theorem
5.2.7, S is i-connected. O

The following lemma is a generalization of the Lemma 5.2.4.
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Lemma 5.2.9. [S1a09] Let £ C E'. Then any morphism in C reflects both pseudocomplements and
i-open partitions.

Proof. Let f : X — Y be a morphism in C. Then as is mentioned in the Remark 5.2.1, it reflects
the least subobject. On the other hand, since £ is stable under pullback along M-morphisms then
by Remark 5.2.1, FRL holds. Consequently, for any m € subX one has m < f*(n¢) < f(m) <
n® & f(m)An =0y < f(mA f*(n)) =0y & mA f(n) 2 0x & m < (f*(n))°. Therefore,
(f*(n))¢ = f*(n°). Moreover, if (n,n¢) is an i-open partition of Y then since the pullback of an i-open
subobject is i-open we have (f*(n), f*(n)) is an i-open partition of X. O]

The following result describes preservation of connectedness under a natural condition.

Proposition 5.2.10. Let f : X — Y be a morphism in & such that X is i-connected. Then Y is
i-connected.

\_/
~—

)f(n
0x. Co
fr(n ))

Proof. Let (n,n®) be an i-open partition of Y. Then by Lemma 5.2.9 we obtain that (f*(n
is an i-open partition of X. Since X is i-connected we have that f*(n) = 0x or f*(n¢) =
sequently, by Proposition 1.4.4 (c) one obtains n = f.(f*(n)) = f«(0x) = 0y or n® = f.(
f«(0x) = 0y. Therefore, (n,n®) is a trivial i-open partition of Y and hence Y is i-connected.

+ DIIZ:’

Corollary 5.2.11. Let X = [[ X, be an i-connected-product in C such that each projection p; : X
el

X; € E'. Then each X is i-connected:

Hereafter, we use sub™ X to denote the class-of all-non-trivial-subobjects of X, that is: subt X := {m €

subX : 0y < m}. Following [S1209] we have the notion of i=-monotone which is described below.

I q
Definition 5.2.12. A morphism X <3 Y is/i-monotone if for all n in sub™Y there exists Q — Y in

f
sub™Y such that Oy < ¢ < n and f*[Q] is i-connected. That is, X — Y is i-monotone if for every
non-zero subobject n of Y there exists a non-zero:subobject ¢ of ¥ which is smaller or equal to n such
that the domain of the pullback of ¢ along f is i-connected.

f /
Lemma 5.2.13. Let X — Y be an i-monotone morphism in £ . Then f takes an i-open partition of X
to a partition of Y. Moreover, if (m,m¢) is an i-open partition of X then m® = f*(f(m°)). Besides,
if for each C-object X, subX is a Boolean algebra then m = f*(f(m)).

Proof. Let (m,m¢) be an i-open partition of X. To prove that f(m¢) = f(m)¢ we need to show that
nA f(m)=0x & n < f(m°).

(=) Let n € subY such that n A f(m) = 0y. Then f*(n) Am < f*(n) A f*(f(m)) =
ff(nA f(m)) = f*(0y) = 0x. Hence f*(n) Am = 0x. Thus f*(n) < m° As a consequence,
n 2 f(f*(n)) < f(me) since f € £ and f(—) is order preserving.

(<) Let n € subY such that n < f(m®). In order to show n A f(m) = 0y, we use proof by

contradiction. To this end, suppose Oy < n A f(m). Since f is i-monotone, 3 @ i) Y in sub™Y
such that Oy < ¢ < n A f(m) and f*[Q] is i-connected. Consequently, Oy < ¢ < n < f(m°)
and Oy < ¢ < f(m). Moreover, since f € £, f satisfies FRL given in Remark 5.2.1(b). Hence,
Oy < ¢ = f(m®) Ag = f(m®A f*(q)) and Oy < q¢ = f(m)Aqg = f(m A f*(q)). Thus,
Ox <mSAf*(q) and Ox < mA f*(q). But since by Lemma 5.2.4 ((f*(q))*(m), (f*(q))*(m®)) is
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an d-open partition of i-connected f*[Q], one has (f*(q))*(m) = 04+ or (f*(q))*(m®) = 04+
since f*[Q] is i-connected. Hence, m A f*(q) = f*(q) o (f*(q))*(m) = f*(q) 0 04+ = Ox or
meA f*(q) = f*(q) o (f*(q))*(m°) = f*(q) o 0+ = Ox, which is contradiction. This leads us
to conclude that n A f(m) = Oy.

Moreover, if (m,m€) is an i-open partition of X then f(m®) = f(m)¢ as shown above. Hence
(f(m), f(m®)) is a partion of Y. Consequently, Oy = f(m) A f(m®) = f(m A f*(f(m°))) & m A
A (f(m)) = 0x < f*(f(m®) < m¢ since f satisfies FRL given in Remark 5.2.1(b). Therefore,
me = f*(f(m*)). On the other hand, if subX is a Boolean algebra then from FRL one obtains that
Oy & F(m)AF(m) 2 f(me A f*(f(m))) & me A f*(f(m)) = Ox < f*(f(m)) < me 2 m. Therefore,
m = f*(f(m)). O

Proposition 5.2.14. Let f : X — Y be an i-open and monotone morphism in E'. Then X is i-
connected if and only if Y is ¢-connected.

Proof. By Proposition 5.2.10 the necessary part holds. To show that the sufficiency part let (m,m®)
be an i-open partition of X. Since f is i-open then both f(m) and f(m¢) are i-open subobjects of Y.
On the other hand, f is an i-monotone morphism in £ and hence by Lemma 5.2.13, (f(m), f(m®))
is an i-open partion of Y. Thus, f(m) = 0y or f(m¢) = 0y, since Y is i-connected. Consequently,
we obtain m < f*(f(m)) & f*(0y) = 0x or m¢ < f*(f(m°)) = f*(0y) = 0x. Hence, m = 0x or
m¢ = 0x. Therefore, X is i-connected. O

Proposition 5.2.15. Let f : X — Y.bean-i-quotient-and-monoetone morphism in &' and suppose for
each C-object X, subX is a Boolean:algebra.~Then-X is-i-connected if and only if Y is i-connected.

Proof. The necessary part is clear by Proposition 5.2.10. It remains|to show the sufficiency part. To this
end, let (m, m€) be an i-open partition of X. Since fis an i-monotone morphism in &' and hence by
Lemma 5.2.13, (f(m), f(m®)) is a partion of Y. /On the other hand, since f is an i-quotient and both
m = f*(f(m)) and m® = f*(f(m°)) arei-open subobject of X we have that both f(m) and f(m°) are
i-open subobject of Y. Note that i-quotient morphisms reflect i-open subobjects. Thus, (f(m), f(m®))
is an i-open partion of Y. Hence, f(m) = 0y or.f(m°) = Oy, since Y is i-connected. Consequently,
by Lemma 5.2.13, we obtain m = f*(f(m)) = f*(0y) = 0x or m® = f*(f(m)) = f*(0y) = 0x.
Therefore, X is i-connected. O

Proposition 5.2.16. Suppose f : X — Y is an i-final and monotone morphism in £ and suppose for
each C-object X, subX is a Boolean algebra. Then X is i-connected if and only if Y is i-connected.
Proof. Similar to the proof of Proposition 5.2.15. Ul

Proposition 5.2.17. Let ¢ be a hereditary interior operator, f : X — Y be an i-monotone morphism
in & and f : f*(N) — N be the restriction of f along the suboject n : N — Y. Then f*(N) is
i-connected if and only if IV is i-connected provided that

(a) feO(i)or
(b) f € F(i) and for each C-object X, subX is a Boolean algebra.

Proof. (=) Suppose f*(N) is i-connected. Since f € £ we have that g : f*(N) — N is in £
Therefore, by Proposition 5.2.10, N is i-connected.
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(=) Suppose N is i-connected. Let f € F(i) U O(i). Since n € M, one has f € F(i) U O(i) by
Proposition 4.1.25. On the other hand, since f is i-monotone the pullback propery yields f is
i-monotone. And also f € £ implies f e & Thus, f: f*(N) — N is an i-monotone morphism
in & N (F(i) UO(i)). Therefore, by Propositions 5.2.14 and 5.2.16, we obtain that f*(N) is
i-connected.

O



6. Compactness with Respect to an Interior
operator

Inspired by the Kuratowski-Mrowka theorem (see Theorem 6.1.9) the categorical theory of compactness
with respect to a closure operator was started by Manes in [Man74]. In [HSS87], Herrlich, Salicrup
and Strecker studied a notion of compactness with respect to M in a concrete category over Set
equipped with (£, M)-factorization structure for morphisms, which is a generalization of the classical
compactness for topological spaces. Afterwards, the notion of compactness of objects of an arbitrary
category by using closure operators was investigated by a number of authors; see, for example, [Cas90,
Cle96, CGT96, Tho99, CGO5, GS09, Hol09], turning the Kuratowski-Mrowka theorem into a definition.
In this chapter, by using the notion of interior operator we present two interior-theoretic approaches to
compactness in an arbitrary category. We show that a special case of each theory produces classical
results of compactness in general topology. To this end, as in the case of the previous three chapters, we
work in an M-complete category C equipped with (£, M)-factorization structure for morphisms such
that M is a fixed class of monomorphisms and assume that the preimage f*(—) preserves arbitrary joins
for every morphism f in C. We also assume that M contains all regular monomorphisms whenever it
is needed and consider an interior operator i on C with respect to M.

6.1 Compactness via closed morphisms

Tholen in [Tho99] then together with Clementinoand Giuli in [CGTO4] presented a categorical approach
to topological properties such as compactness and Hausdorff separation by providing a category C with
an additional structure given by a distinguished class of morphisms that behave almost like the class
KC(7) which is generated in Section 3:1. This approach generalizes the work of [CGT96]. In this section,
by considering the suitable class k(i) of i-closed morphisms we first study stably i-closed morphisms.
We then investigate a notion of compactness with respect'to,z;/and, show that this notion behaves al-
most analogously to compactness via closure operators presented in [CGT96]. We conclude this section
by presenting a notion of Hausdorff separation ‘relative to i and mention a property which connects
i-compact and ¢-Hausdorff objects. In order to do this we begin with the following fact:

Remark 6.1.1. The pullback of an i-closed morphism need not be an i-closed morphism. Indeed, the
map R — 1, where 1 is a one-point space, is (k"—) closed but the pullback ® x ® — R of this map
along itself, as in

R—

—_— 38

. 1
is not (k'"—) closed since both projections of # x ® map the closed set S = {(a, —):ia# 0} to R\ {0}
a
which is not a closed subset of ¥.

Recall from Definition 4.1.27 that a morphism f : X — Y in C is stably closed with respect to an
interior operator i (stably i-closed) if any pullback of f is i-closed. We use K(7)* to denote the class of
stably i-closed morphisms.

116
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Remark 6.1.2. C(7)* is a subclass of /C(7). Indeed, the diagram below is a pullback, hence if f is stably
i-closed then f is i-closed. Therefore, K(i)* C K(i).

x—1 .y

1x 1y

XT>Y

As a consequence the class K(7)* satisfies the following fundamental stability properties.

Proposition 6.1.3. The class £(i)*
(a) is stable under composition,
b) is stable under pullback,

d

(b)
(c) is left-cancellable with respect to M, that is: if go f € IC(i)* and g € M then f € K(i)*,
(d) contains all the isomorphisms and

(e)

e) is right-cancellable with respect to £*, that is: if go f € K(i)* and f € £ then g € K(i)*.

Proof. (a) Let f,g € K(i)* and h(g.of) be the-pullback 6f-gc.f along any h, as in the left diagram
below. Then factorize this pullback-diagram, as-in the right diagram below

hlgof) K A

A

=
with h(g) and k(f) as pullbacks ‘of! g'and 'f, -respectively. [ Then both h(g) a and k(f f) belong to
K (i), hence the pullback h(go f).of go.f along b which is given by h(go f) = h(g) o k(f) € K(7)

by Proposition 3.1.4(a).

(b) Let f: X — Y € K(i)*. Then the pullback of f along any morphism is an i-closed morphism. In
particular, any pullback i}(f) of f along h, shown in the diagram below, is an i-closed morphism.
Moreover, any pullback k(h(f)) of h(f) along k, as in

is also an i-closed morphism since k(h(f)) = i/L?J/k(f), where m(f) is the pullback of f along
h ok, is a pullback of f. Therefore, by Definition 4.1.27 h(f) € K(i)*. As is explained above,
one also has KC(7)* C KC(3).
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(c) Let go f € K(i)* and g € M. Then the diagram

1
.

s

.
g

is a pullback. Consequently, with (b), f € K(7)*.

(d) It follows from the fact that the class Iso(C) of isomorphisms is stable under pullback and Propo-
sition 3.1.4(c).

(e) Let go f € K(i)*. Let h(g) be the pullback of g along any morphism h, as in the left diagram
below. Then the right diagram below

IO ZONION

is a pullback, where k(f) is the pullback of f along k. Then k(f) e & C & and h(g)ok(f) € K(i).
Consequently, by Proposition 3.1.4(d), h(g)-€K(i)

O

We obtain the following corollary from Proposition 6.1.3.

Corollary 6.1.4. (a) Let f =moewithm c M and e ¢ £*. flc (i) if and only if m,e € K(7)*.
(b) If f: X =Y € K(i)*, sois the restriction f : [*(N) — N foralln: N =Y in subY’.

Lemma 6.1.5. f: X Y eK(i)" < [ x1ly: X xV =YV XV e K(:)* forall V € C.

Proof. (=) Suppose f € K(i)*. Using the fact that f x 1y is a pullback of f, that is: the
diagram

XxviWy «v

= | [

X f Y
is a pullback and /C(7)* is stable under pullback (see Proposition 6.1.3(b)), one has fx 1y € K(i)*.

(<) Suppose fx 1y : X xV =Y xV € K(i)* for all V€ C. Let f : U — V be a pullback
of falong v:V — Y, as in the left diagram below. Then one factorizes this pullback diagram,
as in the right diagram below with both the outer rectangle and the lower square pullbacks.
Consequently, the upper square of the right diagram below is a pullback, hence f is a pullback of
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f X 1y. Therefore, f € K(7) since f x 1y is a stably i-closed morphism.

v_l.v uv—L vy
<u7fA>J( <’U,lv>
u v fxly
X xV—Y xV
WXJ Py
X —Y
f X —>f Y

As an immediate consequence of the above lemma one has:

Remark 6.1.6. (a) f: X > Y eK(@)*©1lyxf:VxX >V xY eK(i)* forall VeC.

(b) Ix: X =>1eK(i) &y : X xY =Y € K(:)* for any object Y € C since 1 x Y =Y for the
terminal object 1.

Proposition 6.1.7. K(i)* is closed under finite products.

Proof. Let f: X — Y and g : Z — W be morphisms in /C(7)*. Then by Lemma 6.1.5, both 1y x g and
f x 1z belong to K(i)*. Consequently, by Proposition 6-+3(a), f x g = (1y x g)o (f x 1) € K(4)*.
Hence, IC(7)* is closed under binary products, that is: jthe product of two stably i-closed morphisms is
stably i-closed morphism. Inductively, one shows the ¢closure of K(7)* under finite products. Ul

Recall from Corollary 4.1.25 that if £'is stable-under-pullback along. M-morphisms and i is a hereditary
interior operator, then any pullback of an i-closed morphism along M-morphisms is i-closed. As a con-
sequence, with Lemma 6.1.5, one has fi X =¥ 1€ K(@)fifand only if fx1y : XXV =Y xV € K(i)
for all V' € C for a hereditary interior operator ¢ with the class'E which is stable under pullback along
M-morphisms; see Proposition 4.1729. [This in turn implies:

Remark 6.1.8. In Top with (Surjections, Embeddings)-factorization system, the stably k""-closed mor-
phisms are proper maps in the sense of [Bou66]. Indeed, k'™ is a hereditary interior operator by Example
4.1.12(a), €& = Surjections are stable under pullback.

Theorem 6.1.9 (Kuratowski and Mrowka). A topological space X is compact iff the projection
p2: X XY —= Y is closed for all Y € Top if and only if the unique map !x : X — 1, where 1 is a
one-point space (the terminal object in Top), is stably closed.

This motivates the following definition:

Definition 6.1.10. An object X € C is i-compact if the unique morphism !x : X — 1 of X into the
terminal object 1 is a stably i-closed morphism, that is: if |x € K(i)*.

We use Comp(i) to denote the full subcategory of i-compact objects in C.

Remark 6.1.11. 1 € Comp(z). In fact, C(¢)* contains all isomorphisms, in particular 1 — 1 € IC(q)*.
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As a consequence of Propositions 3.1.4 and 6.1.3 one can obtain the following characterization of i-
compact objects.
Proposition 6.1.12. For any object X in C, the following assertions are equivalent:
(a) for any object Y € C, the projection 1y : X x Y — Y € K(i);
(b) X € Comp(7);
(c) for any object Y € C, the projection 1y : X x Y — Y € K(i)*.
Proof. (a) = (b) : Suppose Ty : X xY =YV € K(i) forall Y € C. Let!x : Z — Y be a

pullback of !x along !y, as in the left diagram below. Then factorizing this pullback diagram, as
in the right diagram below

with both the outer rectangle and the lower square pullbacks, Then the upper square of the right
diagram above is a pullback, hence lx-is-a pullback of 7y The fact that 1y € Iso(C) and Iso(C) is
stable under pullback imply the pullback (u,!x) of 1y belongs to Iso(C), that is: (u,!x) € lso(C).
Consequently, by Proposition 3.1.4(¢), <u,,!X> is| i-closed. Therefore, Ix = my o (u,!x) € K(3),
by Proposition 3.1.4(a).

(b) = (c¢) : Let X and Y € C. Since the projection my : X X Y — Y is the pullback of !y along

!y, that is: the diagram
X 24
X 1

is a pullback. Consequently, if X € Comp(i) then !x € K(i)*, hence my : X xY =Y € K(¢)*
since K(7)* is stable under pullback.

X

gl
—

(¢) = (a) : follows from Proposition 6.1.3(b). Of course, this is equivalent to (b) by Remark
6.1.6(b).

OJ
Remark 6.1.13. Let A and B be any two subcategories of C. Then, the class £(i) induces a Galois
connection S(C) I S(C)P , where ¢(A) ={X €C: (YWY eA)(ny : X xY =Y € K(0))}
p
and p(B) ={Y € C: (VX eB)(ny: X xY =Y € K(4))}.

As a consequence of Propositions 6.1.3 and 6.1.12, we provide a series of properties of compact objects
with respect to an interior operator i. These properties generalize properties of the classical topological
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compactness.
Proposition 6.1.14. Let f: X — Y € £ with X € Comp(¢). Then Y € Comp(7).

Proof. Let X € Comp(i) and f € £* then !y o f =!x € K(i)*, hence as a consequence of Proposition
6.1.3(e), ly € K(i)*. O

A direct application of the above proposition yields the following:

Corollary 6.1.15. Let (X;);c; be a family of C-objects such that each projection p; : [[ X; — X;
jeJ
belongs to the class £, which is stable under pullback and X = []..; X; € Comp(i). Then each factor

X is compact relative to i.

jeJ

Proposition 6.1.16. Comp(7) is closed under stably i-closed embeddings.

Proof. Let m : M — X € M N K(i)* such that X € Comp(i) then !x € K(¢)* and !y =!x om
Consequently, Proposition 6.1.3(a) gives !y =!x om € K(i)*. Therefore, M € Comp(3). O
Proposition 6.1.17. Comp(i) is closed under finite products in C.

Proof. Let X,Y € Comp(i). The fact that.X-is compact relative to i implies 1y : X XY — Y € K(4)*
by Proposition 6.1.12. But since Y € Comp(i),-one-also-hasty- € /C(i)*, as in the commutative diagram

DY }}W——>e’€(i)*Y

\J!yeh(i)*
!X><Y

1

Consequently, by Proposition 6.1.3(a), lx.y. =!y omy € K(i)*. Hence, X x Y € Comp(i), that is:
Comp(i) is closed under binary products. Indeed, the principle of 'mathematical induction produces the
required result. O

The following is a characterization of compact objects with respect to an interior operator i.
Proposition 6.1.18. For X, Y € C, X € Comp(i) & 3f : X = Y € K(:)* with Y € Comp(i).

Proof. Suppose X € Comp(i). Then!x : X — 1 € IC(3)* with 1 € Comp(i). Therefore, the required
fis!lx with Y =1 € Comp(i). Conversely, if there exists f : X — Y € K(i)* with Y € Comp(i) then

the diagram below commutes with both f and !y belong to K(7)*. Consequently, by Proposition 6.1.3,
Ix =ly o f € K(i)*. Therefore, X € Comp(7).
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Corollary 6.1.19. (a) Let

p-1.,z7

.l
X T)Y
be a pullback diagram with f € K(i)* and Z € Comp(i) then D € Comp(i). In particular, any

fibre of f € IC(i)* is i-compact, where a fibre D of f occurs in the above pullback diagram with
Z =1, the terminal object of C.

(b) The preimage of any subobject n of Y with i-compact domain N under stably i-closed morphism

f:X — Y isi-compact.

Proof. (a) Suppose f € K(i)*. Then Proposition 6.1.3(b) yields f € K(i)*. Consequently, with the
hypothesis Z € Comp(i) and Proposition 6.1.18 one concludes D € Comp(i). The particular case
follows from the fact that 1 € Comp(7).

(b) The diagram below is a pullback with f € K(i)* and N € Comp(i) then (a) yields f*[N] €

Comp(i).
frINJ— N
e :
X T T ar

O

In what follows we study Hausdorffness (separatedness) with respect to an interior operator i on C with
respect to M.

Remark 6.1.20. A topological space Y 'is'al Hausdorff (or @/ separated) space if the diagonal map
Sy = (ly,1y) : Y = Y x Y is closed if and only if dy .is stably k™"-closed.

This motivates the following:

Definition 6.1.21. An object Y of C is called i-Hausdorff (or i-separated) if the diagonal map Jy :
Y — Y x Y is stably i-closed, that is: dy € KC(4)*.

In Top, the k'"-Hausdorffness yields the usual notion of Hausdorff separation. We use Haus(7) to denote
the full subcategory of i-Hausdorff objects of C. Trivially 1 € Haus(i).

Remark 6.1.22. (a) Let subX be a Boolean algebra for every C-object X, i be a hereditary interior
operator and ¢’ be the induced closure operator given by ¢’ (m) = ix (M), where T denotes the
complement of m. Then by Proposition 3.1.3 and Theorem 4.1.11, X is i-Hausdorff if and only if
X is c-Hausdorff (see [CGT96]). Note that for a given closure operator ¢, a c-closed morphism in
M is a c-closed subobject. Moreover, if ¢ is hereditary (hence weakly hereditary) then a c-closed
subobject is a c-closed morphism (see [CGT96]).

(b) Let f: X — Y be any morphism with Y € Haus(i). Then the graph of f, I'y = (1x, f) = X —
X xY € K(i)*. Indeed, since I'y is the pullback (f x 1y)*(dy) of the diagonal morphism dy
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along the morphism f x 1y, as in

Ly
X—X XY

1 e

Y —Y xY
Sy

and K(i)* is stable under pullback, one has I'y = (1x, f) € K(i)*. Moreover, any pullback of Iy
belongs to KC(i)*.

Definition 6.1.21 and Remark 6.1.22 yield:
Proposition 6.1.23. Let ¢ be a hereditary interior operator on Top. Then our notion of Hausdorff

separation with respect to ¢ coincides with the notion of separation with respect to 7 which is studied
in [CM13].

As a consequence of Definition 6.1.21 and Proposition 6.1.3 one has:
Proposition 6.1.24. (a) Let Y € Haus(i). Then, f : X - Y e K(i)* & fx1ly : X xV —
Y xV e K(i) for all V e C.

(b) Let f: X - Y € K(i)* and g : X —# be-a-morphism with Z € Haus(i). Then (f,g9) : X —
Y x Z € K(i)".

(¢) Let f: X - Y and h: Y — Z be morphisms.in C such that ho f € K(i)* and Y € Haus(i).
Then f € K(i)*.

(d) Let f: X =Y € K(i)*NE" with X & Haus(i)l Then Y & Haus(7).

(e) If X,Y € Haus(i) then X x Y& Haus(%}.

(f) Haus(q) is closed under M-merphisms, thatisi-ifmM — X € M with X € Haus(7) then M €
Haus(i).

Proof.  (a) follows from the above definition, Lemma 6.1.5, Remark 6.1.22(b) and the fact that &C(4)*
is left cancellable with respect to M.

(b) since (f,g) factors as X&@X x 2%, v« 7 with (Ix,9),f x 1z € K(4)* and K(i)* is

stable under composition, one has (f,g) : X =Y x Z € K(i)*.

(c) Consider the commutative diagram

Ly
X—X XY

fJ( J(hofx 1y

Y——ZxY
71Y>

Then, since ho f € K(i)*, one has ho f x 1y € K(i)* by Lemma 6.1.5, and since Y € Haus(i),
one has I'y € K(i)* by Remark 6.1.22(b). Consequently, with Proposition 6.1.3(a) one obtains
(h,ly)o f = ho f x 1y o'y € K(i)*. Therefore, by Proposition 6.1.3(c), f € K(i)* since
(h,1y) € M, as it is a section (hence a regular monomorphism).
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(d) Let f: X - Y € K(i)* and X € Haus(7). One has a commutative diagram

x—1 .y

N

XxX—Y xY
xf

with dx € K(i)* and f x f € KC(i)* (by Proposition 6.1.7). Consequently, Proposition 6.1.3(a)
yields dy o f = f x fodx € K(i)*. Hence, by Proposition 6.1.3(e), dy € K(i)* since f € £*.

(e) is a consequence of dxxy = dx x dy and Proposition 6.1.7.

(f) is a consequence of the stability of K(7)* under composition and 05 : M — M x M is a pullback
of I, : M — M x X and hence a pullback of §x : X — X x X.

O
The following is a property which relates ¢-compact objects to i-Hausdorff objects.
Proposition 6.1.25. For X i-compact and Y i-Hausdorff, every morphism f: X — Y € K(i)*.

Proof. Since f factors as X &”X )Y it (Ixs ),y € K(7)*. Consequently, Proposi-

tion 6.1.3(a) gives f € K(i)*. O
As a consequence of the above Proposition and Proposition 6.1.3(¢) one obtains:
Corollary 6.1.26. Let Y € Comp(i) M Haus(7). Then f: X — Y e K(i)* & X € Comp(i).

Remark 6.1.27. (a) Due to the Kuratowski and Mrowka theorem, for C = Top, the ki”—compact
objects are the usual compact spaces.

(b) Let subX be a Boolean algebra for every G-object X, i be an interior operator and ¢ be the
induced closure operator given by ¢’ (m) =iy (1), where 7 denotes the complement of m. Then
by Proposition 3.1.3, X is compact relative to i if and only if X is compact with respect to ¢’
(see [CGTO6)).

(¢) We may deduce that i-compactness is well defined since its basic properties are shown to be similar
to the classical compactness of topological spaces.

In this section the assumption that arbitrary joins are preserved by each preimage is essential in the
development of the theory of the notions of compactness and separatedness with respect to a given
interior operator. It allows us to introduce stably closed morphisms with respect to a given interior
operator. Consequently, the notions of compactness and separatedness with respect to a given interior
operator on C are introduced. Our notion of separatedness coincides with the one given in [CM13] for
a given hereditary interior operator. On the other hand, since each preimage has both left and right
adjoints, some of the results (and proofs) with respect to interior operators are analogous to that of
closure operators. Indeed, this should not come as a surprise, as observed before. In fact, some of
our results are specific cases of [CGT04]. Our results provide an interior-theoretic description of the
notions. Moreover, there are new insights and importantly some things that can only be done with
interior operators.
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6.2 Compactness via covers

In this section, following the Borel-Lebesgue definition of compact spaces we introduce the notion of
compactness with respect to an interior operator, similarly to what has been done for closure operators
in [Cle96].

Definition 6.2.1. An object X of a category C is said to be Borel-Lebesgue compact with respect to
an interior operator i if for every family (7x)rer of subobjects of X such that \/ ix(rx) = ix(1x),

keK
there exists a finite subset J of K such that ix(1x) < \/ ;.
jeJ
Since 1, < 1x for all k € K, one has ix(r;) < ix(lx) for all k € K, hence \/ ix(rx) < ix(lx).
keK
Consequently, we can replace \/ ix(ry) = ix(1x) by ix(1x) < V ix(rg) in the above definition.
keK keK

We also note that, a concept of Borel-Lebesgue compact relative to an interior operator generalizes the
classical notion of compactness for topological spaces, since if C = Top and i is the interior operator
induced by the topology then the Borel-Lebesgue compact objects are the compact topological spaces.

Remark 6.2.2. An object X € C is Borel-Lebesgue compact with respect to a standard interior operator
1 if for every family (7 )rex of subobjects of X such that 1x < \/ ix(rg) (or 1x = \/ ix(ry)), there

kEK kEK
exists a finite subset J of K such that Ix-<\/7; (or Tx-=\/75)-
=0l JjeJ

We use BLComp(i) to denote the subcategory of Borel-Lebesgue compact objects with respect to an
interior operator ¢ of the category C.| In Top, this notion of compactness coincides with the notion of
compactness via closed morphisms.

Proposition 6.2.3. (Image of compact space is compact). Let 7 be a standard interior operator and
f: X =Y e If X eBLComp(i) then so is.Y,

Proof. Suppose X € BLComp(i). Let (ng)rax be a family of subobjects of Y such that \/ iy (ng) =
keK

iy (ly). Then the fact that 7 is standard and f* commutes with the join of subobjects implies

ix(lx) =1x = f*(1y) = f*liy(1y)) = OV iy () = V [*liv(m) < V ix(f*(ne)). Hence,

kEK keK kEK
(f*(ng))ker is a family of subobjects of X such that \/ ix(f*(nx)) = ix(lx). But since X €
keK
BLComp(i) we have that there exists a finite subset J of K such that ix(1x) < \/ f*(n;). Con-
jed

sequently, the fact that f € & implies iy (ly) = ly = fu(lx) 2 fulix(1x)) < fu(V f5(ny)) =

jeJ

F(f (V1)) =V nj. O

JjEJ Jj€J
As an immediate consequence of Proposition 6.2.3, we obtain the following fact:

Corollary 6.2.4. Let ¢ be a standard interior operator and X = [[X; be a product in C such that each
el
projection p; : X — X; € €. If X € BLComp(7) then each X; € BLComp(i).
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As a generalization of Proposition 6.2.3, one has the following.

Proposition 6.2.5. Let i be a standard interior operator and f : X — Y be any morphism in C such
that f*(n) 2 1x @ n=1y. If X € BLComp(i) then so is Y.

Proof. Let (ny)rex be a family of subobjects of Y such that \/ iy (ng) = iy (ly). Since i is standard
keK

and f* commutes with the join of subobjects, one has ix(1x) = 1x = f*(ly) = f*(iy(ly)) =

F(Viving)) = V ffliving) < V ix(f*(nk)). Hence, (f*(nk))krex is a family of subobjects
kEK keK keK

of X such that \/ ix(f*(nk)) = ix(1x). But since X belongs to BLComp(i) we have that there

keK
exists a finite subset J of K such that 1x =ix(1x) < \ f*(n;). Consequently, 1x = \/ f*(n;)) =
jed jed

f*('\V/ nj). This together with the hypothesis f*(n) = 1x < n = 1y for all n € subY yields \/ n; =
jed jed

1y = iy(ly). O

The following is a converse of Proposition 6.2.3.

Proposition 6.2.6. Let i be a standard interior operator and f : X — Y € Z(i)n &£. fY €
BLComp(i) then so is X.

Proof. Suppose Y € BLComp(i). iket (ri)nci be a family of subebjects of X such that ix(1x) =
v ix(’l”k). Then

kK
iy(ly) 2 1y = fi(1x) = fu(ix(1x)) = f*(k\/f(ix (k) (¢ standard)
= f*(kif*(iy(f*(rk)))) (f €Z(3))
s ,f*<.fi<k\ézy<.f'*<rk>)>> (/" commutes with the joins)
=3/ ¢Y<;*<rk>> (feé€).
ke

Thus (f«(rk))kex is a family of subobjects of Y such that iy (1y) = iy (f«(rx)). Consequently,
keK

compactness of Y implies there exists a finite subset J of K such that iy (1y) < \/ fi(rj). Hence,
j€J
ix(1x) = 1x = f*(ly) = f*iv(ly)) < f7(V fulr) = V (1)) < V 7y a
j€J j€J j€J

Next we show that the domain of a closed embedding of a compact object is compact. For that we first
prove the following lemma.

Lemma 6.2.7. Let subX be a Boolean algebra for each object X € C and f € M then the right
adjoint f, of f* commutes with the join of subobjects.

Proof. Let (7k)rex be a family of subobjects of X. Then by the fact that f € M and Lemma 1.4.7

@) one abtains: 7. (V) =7 (Vi) = 7 (Are) = A 0= VTG0 = V 2w O

keK keK keK keK keK keK
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Proposition 6.2.8. (Closed subspace of a compact space is compact). Let subX be a Boolean algebra
for each object X € C and r : R — X be a closed morphism in M and i be an interior operator. If
X € BLComp(i) then so is R.

Proof. Let (ry)rcx be a family of subobjects of R such that ir(1g) = V ig(rk). Then

keK
’ix(lx) = ix(’r’*(lR)) < T*(iR(lR)) (T‘ i—continuous)
=, ( \/ iR(?"k))
keK
= \/ r«(ir(rx)) (Lemma 6.2.7)
keK
= \/ix(re(re)) (r € K(4)).
keK

But since X € BLComp(i), there exists J C K finite such that ix (1x) < \/ r«(r;). Consequently, with

jedJ

Proposition 3.1.36 one has ir(1r) = r*(ix (r«(1g))) = r*(ix(1x)) < r*(\ r«(r5)) = V r*(r«(rj)) <
jedJ jed

V rj. Therefore, R € BLComp(7). O

jeJ
Examples 6.2.9. (a) Let C be the.category Top of topological-spaces and continuous functions with
(Surjections, Embeddings)-factorization system.

(1) The Borel-Lebesgue compact objects with-respect to the Kuratowski interior operator k™"
are the compact spaces. Indeed, for every family (R;);c; of subspaces of a topological space
X such that |J&'%(R;) = X we have a family (k'§ (R;))icr of open subspaces which covers

iel
X. Consequently, the fact-that-X—is-compact-implies-there is a finite subcover of X. That
is, there is a finite subset J of I such that X = |J k% (R;) € U R;.
Jed jeJ

(ii) The Borel-Lebesgue compact objects. with respect to the discrete interior operator d'" are

the finite topological spaces.

(7i1) Any topological space X is a Borel-Lebesgue compact object with respect to the trivial
interior operator ¢'"".

(tv) The Borel-Lebesgue compact objects with respect to b"-interior are topological spaces in
which the topology induced by the 5" is compact.

(b) Let C be the category PreTop of pretopological spaces and continuous functions with
(Surjections, Embeddings)-factorization system. Then the Borel-Lebesgue compact objects with
respect to the Cech interior operator & are precisely the compact pretopological spaces.

(c) Let C be the category Loc of locales with (onto localic maps, one to one localic maps)-factorization
system. Then the Borel-Lebesgue compact objects with respect to the interior operator which
assigns to each sublocale the largest open sublocale contained in it are the compact locales.

The notion of compactness via covers is trivial in all abelian categories (such as the category of modules
over a commutative ring, the category of all abelian groups, the category of vector spaces over a field).
Indeed, such categories only have the discrete interior operator (see Chapeter 2) and the Borel-Lebesgue
compact objects with respect to this operator are the finite ones.
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