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DELTA INVARIANTS OF SMOOTH CUBIC SURFACES
IVAN CHELTSOV AND KEWEI ZHANG

ABSTRACT. We prove that J-invariants of smooth cubic surfaces are at least %.

All varieties are assumed to be projective and defined over C.

1. INTRODUCTION

The existence of Kahler-Einstein metrics on Fano manifolds is an important problem
in complex geometry. By Yau-Tian—Donaldson conjecture (confirmed in T159]),
we know that all K-stable Fano manifolds are Kahler-Einstein. Moreover, we also know
explicit criteria that can be used to verify K-stability in many cases. One such criterion
has been found by Tian in [T87] and later generalized by Fujita in [E16]. It is the following

Theorem 1.1 ([T87,[F16]). Let X be a Fano manifold of dimension n > 2. If a(X) >
then X is K-stable.

Here, a(X) is the a-invariant defined in [T87]. By [CS08, Theorem A.3], one has

the log pair (X, AD) is log canonical
a(X):sup{)\e@ 8 pair ) & }

for every effective Q-divisor D ~qg —Kx
In [CO8|, the first author computed the a-invariants of two-dimensional Fano manifolds,
known as del Pezzo surfaces. Namely, if S be a smooth del Pezzo surface, then
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if S=~P!'xPor K2 ¢ {5,6},

if K2 =4,

if S is a cubic surface in P* with an Eckardt point,
if S is a cubic surface in P* without Eckardt points,
if K2=2and |- Kg| has a tacnodal curve,

if K2 =2and |— Kg| has no tacnodal curves,

if Kz =1and |— Kg| has a cuspidal curve,

if K2 =1 and |— Kg| has no cuspidal curves.
1

\


http://arxiv.org/abs/1807.08960v2

2 IVAN CHELTSOV AND KEWEI ZHANG

In particular, if K2 < 4, then S is K-stable by Theorem [T} so that it is K&hler-Einstein.
If K% =5, then S is unique and Aut(S) = &;. In this case, we have ag, (S) = 2 by [CO§],
where ag,(S5) is a Gs-invariant a-invariant, which can be defined similarly to «(S5).
Now using an &js-equivariant counterpart of Theorem [Tl in [T87], we conclude that
the surface S is also Kahler-Einstein. All remaining del Pezzo surfaces are toric, so that
they are Kéhler-Einstein if and only if their Futaki characters vanish [WZ04]. Together
with Matsushima’s obstruction, this give Tian’s celebrated

Theorem 1.2 ([T90]). A smooth del Pezzo surface admits a Ké&hler-Einstein metric if
and only if it is not a blow up of P? at one or two points.

Note that smooth cubic surfaces form the hardest case in Tian’s original proof of this
result, which requires Cheeger-Gromov theory, Hormander L? estimates, partial C es-
timates and the lower semi-continuity of log canonical thresholds. In this paper, we will
give another proof of Theorem [[.2in this case using a new criterion for K-stability, which
has been recently discovered by Fujita and Odaka in [FO1§]. They stated it in terms of
the so-called d-invariant, which we describe now.

Fix a Fano manifold X. For a sufficiently large and sufficiently divisible integer k, con-
sider a basis sy, - - , 54, of the vector space H*(Ox(—kKx)), where dy, = h°(Ox(—kKx)).
For this basis, consider the Q-divisor

1 &

k‘—de{Sl:O} ~Q —Kx.

i=1
Any Q-divisor obtained in this way is called a k-basis type (anticanonical) divisor. Let
the log pair (X, AD) is log canonical }

O (X) - Sup {)\ €Q for every k-basis type Q-divisor D ~g —Kx

Then let

0(X) = limsup 05 (X).
keN

By [BJ17, Theorem A], one has
dim(X) +1
dim(X)

The number 6(X) is also referred to as the stability threshold (cf. [BJ17,BBJ18]), because
of
Theorem 1.3 (|[BJ17, Theorem B]). The following assertions hold:

(1) X is K-semistable if and only if §(X) > 1;

(2) X is uniformly K-stable if and only if 6(X) > 1.

a(X) <0(X) < (dim(X) + 1)a(X).

How to compute or at least estimate §(X) effectively? In general this is not very easy.
In [PWIS]|, Park and Won estimated the d-invariants of all smooth del Pezzo surfaces,
which gave another proof of Tian’s Theorem But it seems unclear to us how to
generalize their approach for higher-dimensional Fano manifolds. Motivated by this, in
our recent joint work with Yanir Rubinstein [CRZ18], we developed new geometric tools
to estimate d-invariants of (log) del Pezzo surfaces, which enabled us to partially prove
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a conjecture proposed in [CR15]. In this paper, we will use the same methods to give a
sharper estimate for the d-invaraints of smooth cubic surfaces. To be precise, we prove

Theorem 1.4. Let S be a smooth cubic surface in P®. Then §(5) > £.

Corollary 1.5 ([T90, PW18]). All smooth cubic surfaces in P? are uniformly K-stable,
so that they are Kahler-Einstein.

For a smooth cubic surface S, it follows from [PW18, Theorem 4.9] that

36
i(S) = Tk
Our bound §(S) > £ is slightly better ©. Moreover, the proof of Theorem [LAlis completely
different from the proof of [PW18, Theorem 4.9]. The essential ingredient in our proof
is a wvanishing order estimate for basis type divisors (see Theorem 2.I0). This estimate
combined with the techniques from [CO8| give us the desired lower bound for 6(.5).

This paper is organized as follows. In Section 2 we present known results about divisors
on smooth surfaces, and, as an illustration, we give a new proof of [PW18, Theorem 4.7].
In Section 3] we give various multiplicity estimates for basis type divisors on smooth cubic
surfaces, which will be important to bound their d-invariants in the proof of Theorem [I.4l
These estimates also imply that d-invariants of smooth cubic surfaces are at least }—?.
In Section 4, we prove Theorem [I.4]

Acknowledgments. The authors want to thank Yanir Rubinstein for many help-
ful discussions. Ivan Cheltsov was partially supported by the Russian Academic Excel-
lence Project “5-100”. Kewei Zhang was supported by the China post-doctoral grant
BX20190014. This paper was finished during the authors’ visit to the Department of
Mathematics at the University of Maryland, College Park. The authors appreciate its
excellent environment and hospitality.

2. BASIC TOOLS

In this section, we collect some basic notions and tools that will be used throughout
this article. Let S be a smooth surface, and let P be a point in S. Let D be an effective
divisor on S. Suppose that f = 0 is the local defining equation of D near the point P,
then the multiplicity of D at P, is defined to be the vanishing order of f at P, which we
denote by multp(D). Let m: S — S be the blow up of the point P, and let E be the

exceptional curve of . Denote by D the proper transform of D via w. Then we have
(D) = D + multp(D) - E.

Definition 2.1. Let C; and (5 be two irreducible curves on a surface S. Suppose that
C; and () intersect at P. Let Op be the local ring of germs of holomorphic functions
defined in some neighborhood of P. Then the local intersection number of C and Cs at
the point P is defined by

(Cy - Cy),, = dime Op/(f1, f2),
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where f; = 0 and f; = 0 are local defining functions of C; and C5 around the point P.
The global intersection number C} - C5 is defined by

Ci-Ca= Y (C1-Co),.

PeCinCsq

This definition and the definition of multp(D) extends to R-divisors by linearity. For
instance, say we have a curve C' and a R-divisor A = )" a;Z;, where Z;’s are distinct
prime divisors and a; € R. Then

(C : A)P - Zai(C ' Zi)P’

(2

where (C.Z;)p = 0 if Z; does not pass through the point P.
In the following, let D be an effective R-divisor on .S. We will investigate how to express
the singularity of the log pair (S, D) at the point P in terms of multp(-) and ( -)

Lemma 2.2 ([K97]). If (S, D) is not log canonical at P, then multp(D) > 1.

p

Let C be an irreducible curve on S. Write
D =aC + A,

where a is a non-negative real number that is also denoted as ord¢(D), and A is an
effective R-divisor on S whose support does not contain the curve C'.

Lemma 2.3 ([CRZI18, Proposition 3.3]). Suppose that a < 1, the curve C is smooth
at the point P, and multp(A) < 1. If (S, D) is not log canonical at P, then

(C’-A)P>2—a.

Corollary 2.4. If a < 1, the curve C is smooth at P, and the log pair (S, D) is not log
canonical at P, then
(C-A), > 1.

P

Let 7: §~—> S be the blow up of the point P, and let E; be the exceptional curve of .
Denote by D the proper transform of D via w. Then

Kz + D+ (multp(D) — I)El ~R W*(KS + D).
This implies
Corollary 2.5. The log pair (S, D) is log canonical at P if and only if the log pair
<§, D + (multp(D) — 1)E1)
is log canonical along the curve Fj.
Thus, using Lemma and Corollary 2.5 we obtain the following simple criterion.
Corollary 2.6. Suppose that

multg (7(D)) = multp(D) + multg (D) < 2
for every point ) € Ey. Then (S, D) is log canonical at P.
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If D is a Cartier divisor, then its volume is the number
h?(Os(kD)
ol(D) = limsup ————=,
vol(D) keN P k2/2!
where the limsup can be replaced by a limit (see [L04, Example 11.4.7]). Likewise, if D
is a Q-divisor, we can define its volume using the identity

vol(D) = W)lg\i);D)

for an appropriate A € Q=g. Then the volume vol(D) only depends on the numerical
equivalence class of the divisor D. Moreover, the volume function can be extended by
continuity to R-divisors. Furthermore, it is log-concave:

(27) \/VOI(Dl + Dg) = \/VOI(Dl) + VOl(Dg).

for any pseudoeffective R-divisors D; and Dy on the surface S. For more details about
volumes of R-divisors, we refer the reader to [LMOQ9, [LO4].
If D is not pseudoeffective, then vol(D) = 0. If the divisor D is nef, then

vol(D) = D2

This follows from the asymptotic Riemann-Roch theorem [L04]. If the divisor D is not
nef, its volume can be computed using its Zariski decomposition [E79, [P03]. Namely, if
D is pseudoeffective, then there exists a nef R-divisor NV on the surface S such that

D ~R N + Z aiCZ-,
i=1
where each C; is an irreducible curve on S with N - C; = 0, each a; is a non-negative
real number, and the intersection form of the curves (1, ..., C, is negative definite. Such
decomposition is unique, and it follows from [BKS04, Corollary 3.2] that

vol(D) = vol(N) = N>.
This immediately gives

Corollary 2.8. Let 7, ..., Z, be irreducible curves on S such that D - Z; < 0 for every 1,
and the intersection form of the curves 7, ..., Z, is negative definite. Then

vol(D) = vol (D — Z biZ:).
=1

where by, ..., bs are (uniquely defined) non-negative real numbers such that

(D-Y0z)- 7 =0
i=1
for every j.

Corollary 2.9. Let Z be an irreducible curve on S such that Z? < 0 and D - Z < 0.
Then

vol(D) = vol(D _D Z'2Z Z).
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Let n: S — S be a birational morphism (possibly an identity) such that S is smooth.
Fix a (non necessarily n-exceptional) irreducible curve F' in the surface S. Let

7(F) = sup {:c € Rop ‘ n*(D) — xF is numerically equivalent to an effective divisor}.
This is called the pseudo-effective threshold of F'.
Theorem 2.10. Suppose that S is smooth del Pezzo surface, and D is a k-basis type
divisor with £ > 1. Then

1 T(F)
ordp(n*(D)) < 72/ vol(n*(—=Ks) — F)dz + ey,
(—Ks)? Jo

where €, is a small constant depending on £ such that ¢, — 0 as k — oo.

Proof. This is a very special case of [FO18, Lemma 2.2]. O
In [BJ17, BBJ18]|, the quantity

1 T(F)

is also called the expected vanishing order of anticanonical sections along the divisor F'.
Theorem 2.10] plays a crucial role in the proof of Theorem [[.4l As a warm up, let us
show how to use Theorem [2.10] to estimate J-invariants of smooth del Pezzo surfaces of

degree 1.

Theorem 2.11 ([PWI8] Theorem 4.7]). Let S be a smooth del Pezzo surface of degree 1.
Then 6(S) > 3.

Proof. Fix some rational number A < % Let D be a k-basis type divisor with £ > 1, and
let P be a point in S. We have to show that the log pair (S, AD) is log canonical at P.
By Lemma 2.2] it is enough to prove that

1

Applying Theorem with § = S ,n=mand F = E;, we see that
7(E1)
multp (D) < / vol(1*(—Kg) — zEy)dz + ey,
0

where €, is a constant depending on £ such that ¢, — 0 as k — oo.
Let us compute 7(E;). To do this, take a curve C' € | — Kg| such that P € C. Denote

by C its proper transform on the surface S. If C' is smooth at P, then
m(— Ks) ~g C+ Ey and C* = C? — 1 =0,

which implies that 7(F;) = 1. In this case, we have
1
multp (D) < / vol(n*(—=Kg) — xEs)dx + €, =
0

! 1
- / ((W*(_KS) - xEl))2d55 te& = / (1 — x2)2d:)3 +e = % + €.
0 0
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Therefore, if C'is smooth at P, then the log pair (S, A\D) is log canonical at P for k > 1.
To complete the proof, we may assume that C' is singular at P. Then P is either nodal
or cuspidial, so we have multp C' = 2 and

7T*( — Ks) ~ 6+2E1,
so that 7(Ey) = 2, since C2 = —3. Using Corollary 220, we see that

1—22, 0<z<y,
VOl(?T*(—KS) — SL’El) = {(x_2)2 1 2

3 2

so that multp(D) < 2 + €. This gives §(S) > £. To get 6(S) > 2, we must work harder.
Fix a point Q € F;. By Corollary 2.6] to prove that (S, AD) is log canonical at P, it is
enough to show that

multe (7*(D)) = multp (D) + multg (5) < %

Let o: S — S be the blow up of the point ). Denote by FE, the exceptional curve of o.
Let n = m o 0. Applying Theorem 210 with F' = FE;, we see that

T(E2)
multe (7%(D)) < / vol(n*(—Ks) — xEy)dx + &y,
0

Here, as above the term ¢4, is a constant that depends on k such that ¢, — 0 as k& — oo.
Let C and E1 be the proper transforms on S of the curves C and E;, respectively. Then
the intersection form of the curves C and Ej is negative definite. If Q) € C, then

n (—Ks) ~Q C + 2E1 + 3E2,

so that 7(F5) = 3. In this case, using Corollary 2.9 we see that
vol (1" (= Kg) — 2y = V01<n (—KS)—xE2—§E1> — (n (—KS)—ng—iEl) —1-%
provided that 0 < x < % Likewise, if % < x < 3, then Corollary 2.8 gives

S50 — 1 ~ 3xr—2 ~
vol (" (—Ks) = wBy) = vol (' (~Ks) = 2By = “—— By = =——=C) =
50 — 1~ 3 — 2 ~\2
5 — 1~ 3z — 2 ~ 3 — )2
(n*(_Ks) - xE2) (n*(_KS) —xky — Ey — C) = ( ) )
7 7 7
Thus, if Q € 5, then
2
—Z <<l
* — 2 ~N X 3
Il ) = {(3 7w)2> 2<r<3,

so that multo(7*(D)) < 2 for k > 1, because

3
/ vol(n* (= Ks) — 2Ey)dz = = <
0
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Likewise, if Q ¢ C, then
ﬂ*(—Ks) ~Q C + 2E1 + 2E2
so that 7(Fy) = 2. In this case, using Corollary 2.8 we deduce that

2

1-2, 0<z<1,
ol (=) k) = {@_Tx)ga 1<o <2,
which implies that
/2 vol(n*(—=Ks) — xEy)dz = 1,
so that multg(r*(D)) < 2 forok > 1. O

Remark 2.12. In the proof of Theorem 211, there is another way to treat the case when
the curve C' is singular at P, which relies on Lemma 2.3l Indeed, let S be a smooth del
Pezzo surface of degree 1, let P be a point in S, and let C' be a curve in | — K| that
passes trough P. Suppose that

multp(C’) = 2.

Let D be any k-basis type divisor such that D ~ —Kg with k£ > 1, and let A be a positive
real number such that A < % Let us show that (S, A\D) is log canonical at P. We argue
by contradiction. Suppose that (S, AD) is not log canonical at P. Write

D =aC + A,

where a > 0 and A is an effective Q-divisor whose support does not contain C'. Note that
= 1
a < / vol(—Kg — 2C)dx + ¢, = 3+ e
0

where ¢, is a constant that depends on & such that e, — 0 as k — oco. Let m = multp(A).
Then

1=D-C=(C+A)-C=>=a+2m,
so that m < % Let m: S — S be the blow up of the point P. Let E be the exceptional

curve of 7, and let C and A be the proper transforms of C' and A on S , respectively.
Then the log pair

(§, AaC + M\A + (M(2a +m) — 1)E)
is not log canonical at some point ) € E. Note that A(2a +m) — 1 < 1. But
1—a - 3 . 1
2 2 2
Thus, we have () € EN C by Corollary 2.4l On the other hand, for £ > 1, we have

E-(AA) = m <A

~ 1
multo (AA + (A(2a+m) —1)E) < 2\ (a+m) — 1 < )\-(1+§ +e)—1<1,
so that we can apply Lemma 2.3] to our pair at ). This gives
AC A —2mA+2M2a +m) —2=C - (AA + (A\(2a +m) —1)E) > 2 — Aq,
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so that A(1+ 4a) > 4, and hence

3 1
—(1+4-- >4
2( + 3+€k> y

which is absurd for ¢, < 1. This proves the desired log canonicity of our pair (S, AD).
The following (simple) result can be very handy.

Lemma 2.13. In the assumptions and notations of Theorem 2. 10, one has

™(F)
/ vol(n*(—=Kg) — o F)dz < (7(F) — p)vol(n*(—Ks) — pF)

for any p € [0, 7(F)].

Proof. The assertion follows from the fact that vol(n*(—Kg) — xF') is a non-increasing
function on z € [0, 7(F)]. O

Using (2.1), this result can be improved as follows:

Lemma 2.14. In the assumptions and notations of Theorem [2.10, one has

T(F) 2
/ vol(n*(—Kg) — oF)dz < 3 <T(F) - ,u)vol(n*(—Ks) — uF)
m
for any p € [0, 7(F)].
Proof. The required assertion follows from the proof of [F'17, Proposition 2.1]. O

We will apply both Lemmas .13 and 2.14] to estimate the integral in Theorem 2.10] in
the cases when it is not easy to compute.

3. MULTIPLICITY ESTIMATES

Let S be a smooth cubic surface in P2, and let D be a k-basis type divisor with &k > 1.
The goal of this section is to bound multiplicities of the divisor D using Theorem 2.10
As in Theorem [2.10, we denote by €, a small number such that ¢, — 0 as k£ — oo.

Lemma 3.1. Let L be a line on S. Then

Ol"dL(D) < g + €g.-

Proof. Let us use assumptions and notations of Theorem 2.10] with n = Idg and F' = L.
Let H be a general hyperplane section of the surface S that contains L. Then H = L+ C,
where C' is an irreducible conic. Since C? = 0, we have 7(F) = 1, so that

9
by Theorem [2.10 O

1 [ 1 [
ordy (D) < g/ vol(—Kg — zL)dz + ¢, = g/ (-Kg — zL)*dx + ¢, = o + €
0 0
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Fix a point P € S. Let 7: S — S be the blowup of this point. Denote by FE; the
exceptional divisor of 7. Fix a point () € E;. Let o: S — S be the blowup of this point.
Denote by FE5 the exceptional curve of 0. Let n = m o o, then

T(FEy) = sup {x € Ry ‘ n*(—Kg)—xFEy is numerically equivalent to an effective divisor}.

Applying Theorem 2.10, we get

1 7(E2)
(3.2) multg (7(D)) < 5/ vol(n*(—Ks) — zEy)dx + €.
0

Let Tp be the unique hyperplane section of the surface S that is singular at the point P.

Then we have the following four possibilities:

e T'p = L1+ Lo+ L3, where Ly, Ly and Ls are lines such that P = L; N Ly N Lg;

e Ip =1L+ Ly + L3, where Ly, Ly and L3 are lines such that Ly Z P = Ly N Ly;

e I'v = L+ C, where L is a line and C' is a conic such that P € C'N L.

e T is an irreducible cubic curve.
We plan to bound the integral in (3.2]) depending on the type of the curve T and on the
position of the point ) € E;. First, we deal with the cases when () is contained in the
proper transform of the curve Tp. We start with

Lemma 3.3. Suppose that Tp = Ly + La + L3, where L1, Ly and L3 are lines passing
through P. Let Ll, Ly and Ls be the proper transforms on S of the lines Ly, Ly and Lg,
respectively. Suppose that () € LiNLyN L3 Then

17

muth(ﬂ*(D)) < 5 + €k.

Proof. We may assume that @ = El N E;. Denote by Zl, Zg, Zg and El the proper
transforms on S of the curves Ll, Lg, L3 and Fy, respectively. Then the intersection form
of the curves Ll, Lg, L3 and E1 is negative definite. Moreover, we have

ﬁ*(—Ks) ~Q Ll + L2 + L3 + 3E1 + 4E2

Thus, we conclude that 7(E;) = 4. Now, using Corollary 28, we compute

2

3-2,  0<a<l,
vol (" (—Kg) — xBy) = { 042 - 1 < g < 2,
Ul 2g<a<4
Then the required result follows from (3.2)). O

Lemma 3.4. Suppose that Tr = L1 + L2 + L3, where Lq, Ly and L3 are lines such that
P=LiNLyand P ¢ Ls. Let L1 and L2 be the proper transforms on S of the lines Ly
and Lo, respectively. Suppose that ) = LN E; or LyN Ey. Then

muth (ﬂ'*(D)) ﬁ + €.



DELTA INVARIANTS OF SMOOTH CUBIC SURFACES 11

Proof. Denote by Zl, Eg, Zg and El the proper transforms on S of the curves Ly, Ly, Ls
and E1, respectively. Then

n*(—Ks) ~Q El —|— Eg —|— Eg —|— 2E1 —I— 3E2
Since the intersection form of the curves Zl, 32, Z3 and El is semi-negative definite, we
conclude that 7(FEy) = 3. Then, using Corollary 28] we get
3—2 0<a<],
vol(n*(—Ks) — xBp) = { 2042 1 < g < 2,
2z 2<e <3
Then the required result follows from (3.2)). O

Lemma 3.5. Suppose that Tp = L + C, where L is a line, and C'is an irreducible conic.
Suppose that L and C meet transversally at P. Denote by L and C' the proper transforms
on S of the curves L and C respectively. Suppose that Q = L N E;. Then

muth (ﬂ'*(D)) < g + €k.

Proof. Denote by E, C and El the proper transforms on S of the curves L, C and Fj,
respectively. Then

' (—Kg) ~g L+ C + 2E) + 3E;.
Since the intersection form of the curves E, C and El is negative definite, we conclude
that 7(Es) = 3. Moreover, using Corollary 2.8, we get

2

3—%, 0<z<1,
vol(n*(—Kg) — xEy) = W, 1<z <y,
14
43—-xz)*, L <r<3.
Now the required assertion follows from (3.2)). O

Lemma 3.6. Suppose that Tp = L + C, where L is a line, and C'is an irreducible conic.
Suppose that L and C' meet transversally at P. Denote by L and C the proper transforms
on S of the curves L and C, respectively. Suppose that () = cn E,. Then

multe (7*(D)) < g + €.

Proof. Denote by E, C and El the proper transforms on S of the curves L, C and Fj,
respectively. Then

n*(—Kg) ~g L+ C + 2E; + 3Es.
Since the intersection form of the curves E, C and El is negative definite, we conclude
that 7(Es) = 3. Moreover, using Corollary 2.8 we get

2

3—%, 0<z<2,
3—2)? 2<z<3.

vol(n*(—Kg) — xEp) = {

Now the required assertion follows from (3.2)). O
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Lemma 3.7. Suppose that Tp = L + C, where L is a line and C is an irreducible conic.
Suppose that L and C' meet tangentially at P. Denote by L and C' the proper transforms
on S of the curves L and C, respectively. Suppose that ) = E; N LN C. Then

17
mult (7%(D)) < ) + €.
Proof. Denote by E, C and El the proper transforms on S of the curves E, L and I

respectively. Then

’/]*(—KS) ~Q L + C + 2E1 + 4E2
Since the intersection form of the curves E, C and El is negative definite, we conclude
that 7(Es) = 4. Moreover, using Corollary 2.8, we get

2

3— %, 0<xr<1,
vol (" (=Ks) —wB,) = ¢ 4= 1< w <2,
Ci N A
Then the required result follows from (3.2)). O

Lemma 3.8. Suppose that T is an irreducible cubic. Let C be the proper transform of
the curve C on the surface S. Suppose that @) € C. Then

multe (7*(D)) < g + €.

Proof. Denote by C and El the proper transforms on S of the curves C and Ey, respec-
tively. Then

n*(—Ks) ~Q é + 2E1 + 3E2
This gives 7(E5) = 3, because the intersection form of the curves C and E) is negative
definite. Using Corollary 2.8, we get

2

3-2, 0<r<2,

(3—2)?, 2<r<3.

vol(n*(—Ks) — xEp) = {

Then the required result follows from (3.2)). O

Now we consider the cases when @) is not contained in the proper transform of the
singular curve Tp on the surface S. We start with

Lemma 3.9. Suppose that Tp = Ly + Ly + L3, where Ly, L2 and Ls are lines passing
through P. Let Ll, L, and L3 be the proper transforms on S of the lines Ly, Ly and Lg,
respectively. Suppose that @) ¢ L,ULyU Ly. Then

mult (7%(D)) < g + €.

Proof. Denote by Zl, Eg, Zg and El the proper transforms on S of the curves Zl, ZQ, Ly
and E1, respectively. Then

n*(—Ks) ~Q El + ZQ + Eg + 3E1 + 3E2



DELTA INVARIANTS OF SMOOTH CUBIC SURFACES 13

This gives 7(FE2) = 3, because the intersection form of the curves Zl, Eg, Eg and El is
negative definite. Using Corollary 2.8, we get

2

3-2, 0<r<2,

VOl(n*(—Ks) — :cEg) — {(3 B a:;2 yw<s

Then the required result follows from (3.2)). O

In the remaining cases, the pseudoeffective threshold 7(F3) is not (always) easy to
compute. There is a (birational) reason for this. To explain it, recall from [D12] that the
linear system | — K| is free from base points and gives a morphism ¢: S — P?. Taking
its Stein factorization, we obtain a commutative diagram

S = S

I~

[ - P2
p

where « is a birational morphism, /3 is a double cover branched over a (possibly singular)
quartic curve, and p is a linear projection from the point P. Here, the surface S is a
(possibly singular) del Pezzo surface of degree 2. Note that the morphism « is biregular
if and only if the curve Tp is irreducible. Moreover, if Tp is reducible, then a-exceptional
curves are proper transforms of the lines on S that pass through P. N

Let ¢« be the Galois involution of the double cover §. Then its action lifts to S. On the
other hand, this action does not always descent to a (biregular) action of the surface S.
Nevertheless, we can always consider ¢ as a birational involution of the surface S. This
involution is known as Geiser involution (see [D12]). It is biregular if and only if P is
an Eckardt point of the surface. In this case, the curve F; is t-invariant. However, if P
is not an Eckardt point, then ¢(F;) is the proper transform of the (unique) irreducible
component of the curve Tp that is not a line passing through P. In both cases, there
exists a commutative diagram

where S’ is a smooth cubic surface in P?, which is isomorphic to the surface S via the
involution 7, the morphism v is the contraction of the curve ((F;), and v is a birational
map given by the linear subsystem in | — 2Kg| consisting of all curves having multiplicity
at least 3 at the point P.

Let Q" = v(Q) and P’ = v(.(E))). Denote by Ty, the unique hyperplane section of the
cubic surface S’ that is singular at @’. If P is not an Eckardt point and () is not contained
in the proper transform of the curve Tp, then Q)" # P’. In this case, the number 7(FEs)
can be computed using 77,. This explains why the remaining cases are (slightly) more
complicated.
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Lemma 3.10. Suppose that Tli: Aljl + ng L3, where Ly, L, and L3 are lilges such that
P=LiNLyand P ¢ Ls. Let Ly, Ly and L3 bg theNproper transforms on S of the lines
Ly, Ly and Lg, respectively. Suppose that @ ¢ L; U Ly. Then

5
multg (7*(D)) < 3 + €.
Proof. Denote by El, Eg, E3 and El the proper transforms on S of the curves Ly, Ly, Ls

and FE, respectively. Then
’/]*(—Ks) ~Q Zl + ZQ + 23 + 2@1 + QEQ,

which implies that 7(Es) < 2. Using Corollary 2.0 we see that

2

VOl(?’]*(—Ks) — ZL’EQ) =3 - %

provided that 0 < x < 2. However, we have 7(FE;) > 2, because the intersection form of
the curves El, Eg, Eg and El is not semi-negative definite. This also follows from the fact
that vol(n*(—Ks) — 2E3) > 0.

Recall that v: S — S is the contraction of the curve Ly. We let L, = v(Ly), L, = v(Ly)
and E] = v(E;). Then L}, L}, and E] are coplanar lines on S’.

Since Q' € £}, the line E{ is an irreducible component of the curve 7. Thus, either
Tf, consists of three lines, or 77, is a union of the line £} and an irreducible conic.

Suppose that T, = £} + Z’, where Z' is an irreducible conic on S". Then Q" € E} N 2’
and Z' ~ L} + L 5, which implies that the conic Z' does not meet the lines L} and L.
Denote by Z the proper transform of the conic Z’ on the surface S. We have

1/ ~ =~ ~ 5
ﬂ*(—Ks) ~Q 5(2 + L1 + Lg) + 2E1 + §E2

This implies that 7(Ey) = g, because the intersection form of the curves Z , El, E2 and El
is semi-negative definite. Using this Q-rational equivalence and Corollary 2.8 we compute
3—-2, 0<r<2,
5—2x, 2<z<3

vol(n*(—Ks) — xEp) = {

Thus, a direct computation and ([B3.2)) give

59 D
IIlU.th (W*(D)) % +e < = 3 + €k,

which gives the required assertion.

To complete the proof, we may assume that Ty, = E} + M’ + N’, where M’ and N’ are
two lines on S’ such that = E{ N M’. Then M’ + N’ ~ L+ L 2 which implies that
the lines M’ and N’ do not meet the lines L} and L}. Denote by M and N the proper
transforms on the surface S of the lines M’ and N'| respectively.

Suppose that @’ is also contained in the line N’. This simply means that @' is an
Eckardt point of the surface S’. Then

1/~ ~ ~ = ~
ﬂ*(—Ks) ~Q §<M—|—N+L1 —|—L2> —|—2E1 +3E2
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This gives T(Eg) 3. In fact, we have 7(E;) = 3 here, because the intersection form of
the curves M, N Ll, Lg, B, is negative definite. Using Corollary 2.8 we get

3 — %, 0<x<2,

B—2)? 2<z2<3.

vol(n*(—KS) — :L'EQ) = {

Now, direct computations and (3.2)) give the required inequality.
To complete the proof the lemma, we have to consider the case " ¢ N’. Then

1/~ o o~ ~ 5
7 (—Ks) ~g §<M YN+ + L2> + 2B + 5.

In particular, we see that 7(FEy) > g Using this Q-rational equivalence and Corollary 2.8
we compute

32 0< <2
(" (= Ks) — 2Ey) = !
VO (77 ( S) T 2) {7 4,’,5‘—'——7 9 < < %
Thus, in particular, we have 7(FE;) > 2, since
) 1
1( “(—K ——E):—.
vol (" (=Ks) = 5Bz ) = ¢

As in the previous cases, we can find 7(E») and compute vol(n*(—Kg) —zE,) for x > 2.
However, we can avoid doing this. Namely, note that the divisor El +2N + M is nef and

<E1 N + 2\7) : (n*(—KS) . ng) — 6 — 2,
so that 7(Ey) < 3. Therefore, using (8:2) and Lemma 213 we see that

T(E2)
multg (7*(D)) < / vol(n*(—Ks) — 2Ey) + e, =

1 1 [T
= 5/ VOl KS) — LL’EQ) + g/ VO](T]*(—Ks) — SL’EQ) -+ € —
0 5

2

79 F2) 79  7(F) -2 5
== 1(y*(—Ks) — 2 E < vl (—Ks) — 2 B ) + e, =
48+3/g vol(' (=Ks) —2Ba) e < g+ ——g—=vo ~3
T B -f 19 15
T 24 ST TeT3t
This finish the proof of the lemma. O

Lemma 3.11. Suppose that Tp = L+ C, where L is a line and C'is an irreducible conic.
Denote by L and C' the proper transforms on S of the curves L and C, respectively.
Suppose that @ ¢ L UC. Then

5
multg(7*(D)) < 3 + €.

Proof. Denote by E, C and El the proper transforms on S of the curves L, C and I
respectively. Then

n*(—Ks) ~g L+ C + 2B, + 2B,
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so that 7(FE5) > 2. Using Corollary [2.0] we see that

x
vol(n*(—Ks) — xE,) =3 — 5
provided that 0 < = < 2. Since vol(n*(—Ks) — 2Ez) > 0, we see that 7(Ep) > 2.

Recall that v: S — S’ is the contraction of the curve C. Let L/ = v(L) and E =v(E).
Then L' is a line and E is a conic on S’ such that P’ € L' N EY.

First, we suppose that Ty, is irreducible. Denote by fQ the proper transform of the
cubic Té on the surface S. Then fQ . El =0 and
Ty T—F T=1
Since L? = E2 = —2 and fé = —1, we see that the intersection form of the curves L, fQ
and E; is negative definite. On the other hand, we have
l/~ = 3~ 5
7 (—Kg) ~g = (TQ + L) + 2B + 2B,
2 2 2
This shows that 7(E,) = 2. Hence, using Corollary 2.8, we get

32 0<x<2,
Vol(n*(—Kg) — xE2) = 744_819”2_49”2, 2< < 1—77,
46— 222, L<a<l

Then a direct calculation and (3.2]) give

103 5)
muth(W*(D)) < ﬁ + e < = 3 + €.

Now we suppose that T, = ¢’ + Z’, where (' is a line, and Z’ is an irreducible conic.

Denote by  and Z the proper transforms on S of the curves ¢’ and Z’ , respectively. We
get
5

3 ~
7 (—Ks) ~g ~ <£+Z+L> + 5B+ B

which implies that 7(E,) > 2. Using Corollary 228, we get
. 3-2Z 0
vol(n"(—Ks) — vEy) = {34—1624—:02 2

6 Y

//\ //\
l\?lU‘ “[\D

//\ //\

In particular, we have

. 5 1
VOl(T] (—KS) — §E2) = ﬂ’

which implies that 7(E,) > 2. Observe that the divisor {+27 + L is nef and

((+2Z+1L) (0" (—Ks) — 2E,) =9 — 3,
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which implies that 7(Es) < 3. Thus, using (3.2]) and Lemma 213, we get

T(E2)
mult (7%(D)) < %/ vol(n*(—=Kg) — 2Es) + €, =
0

1 /3 1 [T
= g/ vol(n*(—Kg) — zEs) + 5/ vol(n*(—=Ks) — 2Es) + € =
0 5

o

709 1 [7(F2) 709 T(Ep) —2 5
R AR e NS DS
432+3/% vol(n*(—Kg)—xEs) +ep, 432+ vol (n*(—Kg) 2E2 +ep

T 432 48 FS 32 To6 TR T pa T RS 3T R

To complete the proof of the lemma, we may assume that Tg, = ¢’ + M’ + N’, where ¢/,
M’ and N’ are lines such that Q" € M’ N N'. Since E] is a conic passing through ', we
conclude that )" is not contained in the line ¢/. Note that ¢’ # L', and the lines ¢/, M’
and N’ do not t pass through P

Denote by € M and N the proper transforms on S of the lines ¢, M'" and N’, respec-

tively. We get

W~ &\ 3~ 5
' (—Kg) ~ <€+M+N+L>+§E1+§E2,

which implies that 7(E) > 2. In fact, we have 7(E) > 2, because the intersection form
L and E

~

of the curves E ]\/4\ N, L
Corollary 2.8 to compute

1 is not semi-negative deﬁmte Nevertheless, we can use

* 3— %2’ 0
VOI(U (—Ks) — xE?) =) 92-5624822 o

NN
oot vl\I)

T
T

NN

12 )

so that, in particular, we have

V01<77*(—K5) — gE2) = 1

Observe that the divisor 2¢ + M + N is nef and
(20+ M+ N) - (*(~Ks) — 2Ey) = 6 — 2z,
which implies that 7(Es) < 3. Thus, using (3.2]) and Lemma 214, we get

T7(E2)
muth( ) / VOl( ( Ks) — I’Eg) + € =

1 17
= _/0 vol —Kg) — I’Eg) + 3[) VOl(n*(—Ks) — :L'EQ) + €, =
2
89 1 72 89 2 5 5
= —+s / vol (i (—Ks)—wEz) +61 < = 9( (E2)—§>vol<n*(—Ks)—§E2> Yo =
:@4_3( (E2)_§>+€k\@+i+€k—§+€k
54 ' 54 2 54 ' 54 3
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The proof is complete. l

Lemma 3.12. Suppose that Tp is an irreducible cubic curve. Let C be its proper trans-
form on the surface S. Suppose that @ ¢ C. Then

mult (7%(D)) < g + €.

Proof. Denote by C and El the proper transforms on S of the curves C and FE4, respec-
tively. Then

T]*(—Ks) ~Q C + 2E1 + 2E2
Thus, using Corollary 2.9] we get vol(n*(—Kg) —xEy) =3 — % prov1ded that 0 < z < 2.

Recall that v: S — S is the contraction of the curve C. Let E = v(E). Then E;
is an irreducible cubic curve that is singular at P’. Thus, the curve Ej is smooth at the
point @', so that T¢, # E}. One can easily check that T¢, does not contain P'.

Suppose that 77, is an irreducible cubic. Denote by T the proper transform of the
curve T}, on the surface S. We get B2 = -2, fé =1, F ~fQ =1 and
3~ b
B+ =-F
9 1+ 2 2
which implies that 7(E,) = 2. Using Corollary 2.8, we get

* 1 =
n*(=Ks) ~q §TQ +

3z 0 12

1(n*(—Ks) — xFEy) = 2’ 5
vo(ﬁ( s)—w 2) {3(5_2&7)27 %gxgg.
Then (3.2) and direct calculations give

49 )
Ito(7*(D — <
multe (7*(D)) < Bo—l—ek 3—|—ek

Now we suppose that Tg, = ¢/ + Z', where (' is a line and Z’ is an irreducible conic.
Denote by  and Z the proper transforms on S of the curves g and Z', respectively. We
get

3. 5
7 (—Kg) ~g = <€+Z)+§E1+§E2.

Since the intersection form of the curves E Z and El is semi-negative definite, we conclude
that 7(FEs) = 5 . Using Corollary 2.8, we get

-z, 0
VOI(T]*(_KS) — [L'EQ) = {5 B 223: 5

Hence, using (3.2)), we see that
59 5)
It (7" (D — <
multg (7(D)) < 36+€k 3—|—ek
To complete the proof, we may assume that T¢, = ¢/ + M’ + N', where ¢/, M’ and N’

are lines such that @' € M’ N N’. Denote by Z M and N the proper transforms on S of
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the lines ¢/, M" and N’, respectively. If @) is contained in the line ¢, then
3 ~
7 (—Ks) ~g = @+M+N)+#ﬂ+%@

and the intersection form of the curves E, M , N and El is negative definite, which implies
that 7(Es) = 3. In this case, Corollary 2.8 gives

2

32 0<2<2
(3—1x)% 2<x<3,

vol(n*(—Ks) — xEp) = {

which implies the required inequality by (B3.2)).
To complete the proof, we may assume that )" is not contained in ¢'. Then the inter-
section form of the curves € M N and Ej is not semi- negative definite. Since

3~ 5
( KS) ~Q 5 <€+M+N)+§E1+§E2a

we conclude that 7(Fy) > g Moreover, using Corollary 2.8, we get

3—— 0<x <2,
Vol(n*(—KS) —:BEQ) = {m el
82—',-14’ 2< x <%

In particular, we have

. 5 1
V01<7] (_KS) — §E2) = g

Observe that the divisor 27 + M + N is nef and
(20+ M+ N) - (" (—Ks) — 2E3) = 6 — 2z,

which implies that 7(Es) < 3. Thus, using (3.2]) and Lemma 213, we get

7(E2)
muth( ) / VOl( ( KS) — ZL’EQ) + € =

1 1 (E2)
= g/ vol —Kg) — :EEQ) + 3/ VOl(n*(—Ks) — :L'EQ) + €, =
0 3
1 [mE2) E,) — 3
ZZ + = 3 / Vol( “(—Kys) —ng) +e€, < 4712 %vol(n (—Ks)— gEg) +€, =
— 7_9 + M + < 7_9 + i + — ? +
~ 18 24 RS T gg T T 3T
This completes the proof of the lemma. O

Using Corollary and Lemmas 3.3 8.4, B.5, B.6] B.71 B.8 8.9 B.10 B.11], B. 12l we

immediately get

Corollary 3.13. We have §(5) > 1.
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4. PROOF OF THE MAIN RESULT

In this section, we prove Theorem [[.4l Let S be a smooth cubic surface. We have to
prove that §(S) > g. Fix a positive rational number A\ < g. Let D be a k-basis type
divisor. To prove Theorem [[.4] it is enough to show that, the log pair (S, AD) is log
canonical for £ > 1. Suppose that this is not the case. Then there exists a point P € S
such that (S,AD) is not log canonical at P for k > 1. Let us seck for a contradiction
using results obtained in Section [3|

Let m: S — S be the blowup of the point P, and let E} be the exceptional divisor of

the blow up 7. Denote by D the proper transform of D via 7. Then
Kz + AD + ()\multp(D) — 1)E1 ~g T (KS + )\D).

By Corollary 225, the log pair (S, AD + (Amultp(D) — 1)E) is not log canonical at some
point () € E;. Thus, using Lemma 2.2, we see that

~ 2
(4.1) i (r° (D)) = multp (D) + multq (D) > § > >
Let o: S — S be the blowup of the point @, and let £ be the exceptional curve of o.

Denote by D and E1 the proper transforms on S of the divisors D and E, respectively.
By Corollary 25 the log pair

<§, AD + (Amultp(D) — 1) Ey + (Amultp(D) 4 Amultg(D) — 2)E2)

is not log canonical at some point O € FEj.
Let Tp be the hyperplane section of the surface S that is singular at P. Then Tp must
be reducible. This follows from (£I]) and Lemmas B.§ and [3.12]

Denote by Tp the proper transform of the curve Tp on the surface S. Then Q € Tp.
This follows from (ZJ]) and Lemmas and 3101
In the remaining part of this section, we will deal with the following four cases:

(1) Tk is a union of three lines passing through P;

(2) Tp is a union of three lines and only two of them pass through P;
(3) Tp is a union of line and a conic that intersect transversally at P;
(4) Tp is a union of line and a conic that intersect tangentially at P.

We will treat each of them in a separate subsection. We start with

4.1. Case 1. We have Tp = Ly + Lo+ L3, where L, Lo and L3 are lines passing through
the point P. We write

D = CL1L1 + a2L2 + CL3L3 + Q,

where a1, ay and ag are nonnegative rational numbers, and €2 is an effective Q-divisor
whose support does not contain Lq, Lo or Ls. Then

(42) L-Q:)\+a1—a2—a3.

Denote by Ll, L, and L3 the proper transforms on S of the lines Ly, Ly and Ls,
respectively. We know that ) € LiULyU L3, so that we may assume that ) = LN E,.
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Let  be the proper transform of the divisor {2 on the surface S , and let m = multp(2).
Then the log pair
(§,a121 +Q+ (a1 +az+az+m— 1)E1>

is not log canonical at the point Q).
By Lemma B.], we have

(4.3) a < (g +5k>)\ <1,

where ¢, is a small constant depending on k such that ¢, — 0 as & — co. Thus, applying
Corollary 2.4, we see that

Ll-Q+a1—|—a2+a3—lzzl-(ﬁ+(a1—|—a2—|—a3+m—1)E1> > 1,

which gives Ly - Q > 2 — a; — ag — azg. Combining this with (L2), we get
2—A
(4.4) a > —5—.
Let m = multo(€2). Then by Lemma B3, we have

- 17
(4.5) 2a1+a2+a3+m+m<<§+ek>)\,
where € is a small constant depending on k such that ¢, — 0 as & — oco. Then using
(#4) and m > m, we deduce that
~ 13 €k

4.6 <(T+EPr-1<1
(4.6) m<(g+t3

Denote by El and ) the proper transforms on S of the divisors Zl and 5, respectively.
Then the log pair

<§,a121+§+ (a1 +as+az+m—1)E + (2a1+a2+a3+m+ﬁ1—2)E2)

is not log canonical at the point 0.
We claim that O € L; U E;. Indeed, we have (2a; +as + a3z +m+m—2) < 1 by (L5H).
Thus, if O € L, U Ey, then Corollary 2.4] gives

m:Q'EQE(Q'E2)0>]_,

which is impossible by (4.6]). Thus, we have O € LiUE;.
If O € Ey, then the log pair

<§,Q+(a1+a2+a3+m—1)ﬁ+(2a1+a2+a3+m—|—ﬁ1—2)Eg>

is not log canonical at the point O. Then Corollary 2.4 gives a; + as + az + m +m > 2,

so that (£4) and (@3] gives

17 - A
<§—|—ek))\>2a1+a2+a3—|—m—|—m>2+a1>3—§,

which is impossible, since \ < g and ¢, — 0 as k — oo.
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Thus, we see that O € L;. Then the log pair
<§,Q1E1 —I—Q—i— (20,1 —l—a2+a3+m+ffz—2)E2>

is not log canonical at the point O. Now, using (£3) and (£G]), we have

P ~ ~ 10 3
multo (Q+(2a1+a2+a3+m+m—2)E2> = 2a1+ast+az+m+2m—2 < <—+j

A—3 <1
3 2) 3<1,

since A < £ and k> 1. Thus, Lemma 23 gives
Ll -Q—|—2a1+a2—|—a3—2:fl- <Q—|— (20,1+&2+a3+m+ﬁ’l—2>Eg) >2—CL1,

so that Ly - Q + 3ay + ag + a3 > 4. Using (L2) we get A\ + 4a; > 4. Using (4.3)), we get

29

— - A >4,

( 9 5’“)
which is impossible, since A < g and g — 0 as k — oo.
4.2. Case 2. We have Tp = Li 4+ Ly + L3, where L, Ly and L3 are coplanar lines such
that P = Ly N Ly and P ¢ L3. As in the previous case, we write
AD = CL1L1 + a2L2 + Q,

where a; and a, are nonnegative rational numbers, and €2 is an effective Q-divisor whose
support does not contain the lines L; and L. Then

(47) L1~Q:)\—|—a1—a2.

Denote by Zl and NZQ the proper transforms on S of the lines Ly and Ly, respectively.
We know that @@ € Ly U Ly, so that we may assume that ) = L; N Ey. Let € be the
proper transform of the divisor €2 on the surface S, and let m = multp(€2). Then the log
pair

(S,alLl + Q4 (a1 4+ as +as +m — 1)E1>

is not log canonical at the point Q).
By Lemma B.1], we have

(4.8) a < (g +5k>)\ <1,

where ¢ is a small constant depending on k such that ¢, — 0 as & — oo. Thus, using
Corollary 24 we obtain L; - Q > 2 — a; — as. Then, using (A7), we deduce
2—A
(4.9) ay > ——.
2
Let m = muth(fZ). By Lemma [3.4] we have

- 49
(4.10) 2a1 +as +m+m < (2—7+ek))\.

where ¢ is a small constant depending on k such that ¢, — 0 as k — oo. Thus, using
#9) and m < m, we deduce
38 €L

+—))\—1<1.

(4.11) < (2—7 :
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Denote by Zl and Q the proper transforms on S of the divisors L, and Q, respectively.
Then the log pair

<§mﬁ+§+Qh+@+m—nﬁﬁwmyum+m+m—m@>

is not log canonical at the point O. Then 2a; + ay + m +m — 2 < 1 by (£I10). Thus,
using (£I1)) and arguing as in Subsection 1] we see that O € L; U Ej.
If O € Ey, then the log pair

<§§+Qh+@+m—mﬁﬁwmyum+m+m—@Eg

is not log canonical at the point O, so that a; + as +m + m > 2 by Corollary 2.4l Hence,

using (£9) and ([£I0), we get

49 - A
<ﬁ+ek>)\>2a1+a2+m+m>2+a1>3—§,

which is impossible, since \ < g and €, — 0 as k — oo.
We see that O € L;. Then the log pair

<§mﬁ+§+@m+@+m+m—@@>

is not log canonical at the point O. Now, using (£I0) and (£I1), we deduce

N _ _ 20 3
mﬂQ(Q+(%T+@+wn+m—2ﬂg>=2m+a,+m+2m—2<:(§+—§)A—3<L

because A < & and k> 1. Then we may apply Lemma 2.3 to get
Ll'Q—|—2CL1—|—a2—2:E1' <Q—|— (2a1+a2—|—m—l—ﬁl—2)E2> >2—a1,
so that Ly - Q4+ 3a; + ay > 4. Using (A7) we get A + 4a; > 4. Then, by (4.8)), we have
29
— — e | A >4,
<9 O
which is impossible, since \ < g and €, — 0 as k — oo.

4.3. Case 3. We have Tp = L + C, where L is a line and C is an irreducible conic such
that they intersect transversally at P. As in the previous cases, we write

AD = aL + bC + Q,

where a and b are nonnegative rational numbers, and € is an effective Q-divisor whose
support does not contain the curves L and C. Then Lemma B.1] gives us

(4.12) a<<g+eQA<1,

where € is a small constant depending on k such that ¢, — 0 as k — oo. And also, we
have

(4.13) L-Q=\+a—2b

Denote by L and~5 the proper transforms on S of the curves L and C, respectively.
We know that @) € LUC. Moreover, using (4.1)) and Lemma [3.6] we see that ) = LN Ej.
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Denote by Q the proper transforms on S of the divisor Q. Let m = multp(£2). Then
the log pair

(§,ai+(~2+ (a+b+m—1)E1)

is not log canonical at Q. Since a < 1, we can apply Corollary .41 to this log pair and the
curve L. This gives L-Q > 2—a—b. Combining this with (£13), we have A\+2a—b > 2,
so that

24b—-X_ 2=\

4.14 > >
(4.14) a 5 5
Let m = multo(Q2). Then Lemma B gives
~ 9
(4.15) 2a+b+m+m<<g+ek>)\,

where ¢ is a small constant depending on k such that ¢, — 0 as k — oo. Thus, using
(#14) and m < m, we deduce that

(4.16) m<<g+%’“>A—1<1.

Denote by L and Q the proper transforms on S of the divisors L and @, respectively.
Then the log pair

<§,QE+§+(a+b+m—1)E1+(2a+b+m+fﬁ—2)E2>

is not log canonical at the point O. Note that 2a +b+m +m — 2 <1 by ([.I5). Thus,
using (m and arguing as in Subsection ELT] we see that O € L U B
Ifo e El, then the log pair

<§,ﬁ+(a+b+m—1)ﬁl+(2a+b+m+m—2)E2)

is not log canonical at O. Applying Corollary 2.4l again, we obtain a +b+m+m > 2, so

that (£I4) and (£I5) give
<§+ek>)\>2a+b+m+ffz>2+a>3——

which is impossible, since A < g and ¢, — 0 as k — oo.
We see that O € L. Then the log pair

(§,af+§+(2a+b+m+m—2)E2>

is not log canonical at the point O. Now using (4.15) and (4.10), we obtain

12 3ek
5 2
because \ < g and €, — 0 as k — oo. Thus, applying Lemma 2.3, we get

multo (@ + (20 +b+m+ii —2)B) = 2a+b+m+2m-2< (£ +2E)A-3<1,

L-Q+2a+b-1=L-(Q+ (2a+b+m+i—2)F)>2-q
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which gives L - Q + 3a + b > 4. Using ([£I3), we get A +4a > 4+ b > 4, so that (£I12)

implies that
29
— - A >4,
( 9 5’“)

which is impossible, since A < g and g — 0 as k — oo.

4.4. Case 4. We have Tp = L 4+ C, where L is a line, and C' is an irreducible conic that
tangents L at the point P. We write

AD = aL + bC + Q,

where a and b are nonnegative rational numbers, and €2 is an effective Q-divisor whose
support does not contain L and C. Let m = multp(2). Then

(4.17) a+b+m>1
by Lemma 2.2 Meanwhile, it follows from Lemma B.1] that

(4.18) a< <g+ak))\< 1,

where € is a small constant depending on k such that ¢, — 0 as k — oo. And also, we
have

(4.19) L-Q=\+a-—2b.

Denote by L and é the proper transforms on S of the curves L and C, respectively.
We know that Q = L N C. Denote by §2 the proper transforms on S of the divisor €.
Then the log pair

<§,ai+b5+ﬁ+ (a+b+m-— 1)E1>

is not log canonical at the point . Since a < 1 by (18], we may apply Corollary 2.4 to
this log pair at () with respect to the curve L. This gives
L-Q>2—a—2b.
Combining this with ([@I9]), we get A + 2a > 2, so that
(4.20) a > ?
Let 7 = multo(€2). Then Lemma B7 gives

_ 17
(4.21) 2+ 2b+m + i = A - multo(r*(D)) < (5 + )\

where ¢ is a small constant depending on k such that ¢, — 0 as k — oo. Thus, using

(@20) and m < m, we deduce that
~ 13
(4.22) i < <§+%)>\—1<1.

Denote by E, C and Q the proper transforms on S of the divisors E, C and Q, respec-
tively. Then the log pair

(?,af+b@+ﬁ+(a+b+m—1)E1+(2a+2b+m+m—2)E2>
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is not log canonical at O. Moreover, it follows from (£.21]) that 2a + 2b+ m + m 2 <1
Thus, using (#22) and arguing as in Subsection [l we see that O € LUCUE,.
IfO e El, then the log pair

(.04 (a+b+m—1)E + 20+ 2b+m -+ —2) )

is not log canonical at O. In this case, Corollary 2.4] applied to this log pair (and the
curve Ey) gives a + b+ m +m > 2, so that (£20) and (£I5) give

1 - A
(§7+ek))\>2a+26+m+m>2+a+b>3—5,

which is impossible, since A < g and ¢, — 0 as k — oo.
If O € C, then the log pair

<§,b6+§+(2a+2b+m+m—2)E2)

is not log canonical at O. In this case, if we apply Corollary 2.4l to this log pair with
respect to Fs, we get b+ m > 1, so that ([A.21]) gives

17
20 +b+m+1< <§+ek>)\—1.
Combining this with (ZI7)), we see that a < (1 + ¢,)A — 2, so that (£20) gives
43
<18 + €k>>\ > 3,

which is impossible, since A < g and ¢, — 0 as k — oo.
We see that O € L. Then the log pair

<§,a2+?2+ (2a+2b+m+m—2)E2>

is not log canonical at the point O. Now using (21, (Z22) and X < £, we deduce that

10 3€k

multo(§+(2a+2b+m+m—2)E2> =2a+2b+m+2m—2 < (3 5

M -s<t
since \ < g and k — oco. Then we may apply Lemma 2.3] to get
L-@+20+20-2=L(Q+ (2a+B+m+m—-2)E)>2-aq
which gives L-Q + 3a+ 2b > 4. Using (A.19), we see that A +4a > 4, so that (L.I8)) gives
29
— —ep)A>4
<9 5’“) !

which is impossible, since A < g and g — 0 as k — oo.
The proof of Theorem [1.4] is complete.
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