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Abstract

We consider the stochastic nonlinear Schrodinger equations (SNLS) posed on d-
dimensional tori with either additive or multiplicative stochastic forcing. In particular,
for the one-dimensional cubic SNLS, we prove global well-posedness in L2(T). As
for other power-type nonlinearities, namely (i) (super)quintic when d = 1 and (ii)
(super)cubic when d > 2, we prove local well-posedness in all scaling-subcritical
Sobolev spaces and global well-posedness in the energy space for the defocusing,
energy-subcritical problems.

Keywords Stochastic nonlinear Schrodinger equations - Well-posedness - Stochastic
NLS

Mathematics Subject Classification 60H15
1 Introduction
1.1 Stochastic nonlinear Schrodinger equations

In this paper, we study the following Cauchy problem associated to a stochastic non-
linear Schrodinger equation (SNLS) of the form:

i0u — Au =+ |u|*u = F(u, p&)

T 1.1
uli—o = up € H*(T?) (t,x) € (0, 00) x T¢, (1.1)
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where k, d > 1 are integers, T .= Rd/Zd, andu : [0, 0c0) X T4 — Cis the unknown
stochastic process. The term F (u, ¢&) is a stochastic forcing and in this paper we treat
the following cases: the additive noise, i.e.

F(u, $§) = ¢§ (1.2)

and the (linear) multiplicative noise, i.e.

F(u, $§) = u - $§, (1.3)

where the right-hand side of (1.3) is understood as an Ito product.! Here, £ is a
space-time white noise, i.e. a Gaussian stochastic process with correlation function
E[£(f, x)é(s, y)] = 8(t — 5)3(x — y), where § denotes the Dirac delta function. We
recall that the white noise is very rough: the spatial regularity of & is less than —%.
Since the linear Schrodinger equation does not provide any smoothing properties, we
consider instead a spatially smoothed out version ¢&, where ¢ is a linear operator from
L%(T%) into H*(T¢), on which we make certain assumptions, depending on whether
we are working with (1.2) or (1.3).

Our main goal in this paper is to prove local well-posedness of SNLS with either
additive or multiplicative noise in the Sobolev space H*(T?), for any subcritical
non-negative regularity s (see below for the meaning of “subcritical”). In this work,
solutions to (1.1) are understood as solutions to the mild formulation

t
ut) = St)uo :I:i/ St —t)Y(ulu) ey dt' —iv@), t >0, (1.4)
0

where S(¢) := e~/'2 is the linear Schrodinger propagator. The term W () is a stochastic
convolution corresponding to the stochastic forcing F(u, ¢&), see (1.11) and (1.12)
below. Our local-in-time argument uses the Fourier restriction norm method introduced
by Bourgain [6] and Klainerman and Machedon [26], as well as the periodic Strichartz
estimates proved by Bourgain and Demeter [5]. In establishing local well-posedness
for the multiplicative SNLS, we also have to combine these tools with the truncation
method used by de Bouard and Debussche [15—-17]. Moreover, by proving probabilistic
apriori bounds on the mass and energy of solutions, we establish global well-posedness
in (i) L2(T) for cubic nonlinearities (i.e. k = 1) when d = 1, and (ii) H'(T%) for
all defocusing energy-subcritical nonlinearities—see Theorem 1.5 and the preceding
discussion for more details.

Previously, de Bouard and Debussche [15,16] studied SNLS on R, They consid-
ered noise ¢& that is white in time but correlated in space, where ¢ is a smoothing
operator from L?(R?) to H*(R?). They proved global existence and uniqueness of
mild solutions in (i) L?(R) for the one-dimensional cubic SNLS and (i) H'(R) for

' The multiplicative noise given by the Stratonovich product u o & with real-valued & is relevant in physical

applications, as it conserves the mass of u (i.e. t — ”u(t)”izmrd) is constant) almost surely. Our analysis
X

can handle either the Ito or the Stratonovich product, and we choose to work with the former for the sake

of simpler exposition.
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defocusing energy-subcritical SNLS. Other works related to SNLS on R? include the
works by Barbu, Réckner, and Zhang [1,2] and by Hornung [23]. More recently, by
using the dispersive estimate for the linear Schrodinger operator, Oh, Pocovnicu and
Wang [32] treat additive SNLS equation with rougher noise than that considered in
[16] (see also Remark 1.9).

On the RY setting, the arguments given in [15,16] use fixed point arguments in the
space C;H! N LfWXI’q([O, T1 x R%), for some T > 0 and some suitable p, g > 1.2
In particular, they use the (deterministic) Strichartz estimates:

IS@ £l 18 @ty < Cpagllflli2reye (1.5)

where the pair (p, ¢) is admissible, i.e. % + g = %, 2<p,q,<oo,and (p,q,d) #

(2, 00,2). On T¢, Bourgain and Demeter [5] proved the £>-decoupling conjecture,
and as a corollary, the following periodic Strichartz estimates:

S@t)P. <Cyr NI 1.6
” (1) fo”fo([O,T]de) =LpTe ”f”L)zc(Td)' (1.6)

Here, P~y is the Littlewood-Paley projection onto frequencies {n € Z¢ : [n| < N},
p > @, and ¢ > 0 is an arbitrarily small quantity.3 However, such Strichartz
estimates are not strong enough for a fixed point argument in mixed Lebesgue spaces
for the deterministic NLS on T¢. To overcome this problem, we shall employ the
Fourier restriction norm method by means of X*?-spaces defined via the norms

lll s = [ m)* (x = 0P Fr s )@ ) | 22 e - (1.7)

The indices s,b € R measure the spatial and temporal regularities of functions
ue X% and Fi x denotes Fourier transform of functions defined on R x T<. This har-
monic analytic method was introduced by Bourgain [6] for the deterministic nonlinear
Schrodinger equation (NLS):

idu — Au = |u|*u = 0. (1.8)

Independently, Klainerman and Machedon [26] used the same method in the context
of nonlinear wave equations.

1.2 Main results

We now state more precisely the problems considered here. Let (2, A, {A4;};>0, P) be
afiltrated probability space. Let W be the L?(T?)-cylindrical Wiener process given by

2 Here, W' (T9) denotes the L” -based Sobolev space defined by the Bessel potential norm:
fluell ws.r(Tdy = I (V)su”Lr (Td) = H:Fil ((n)*w(n)) ”g; (zdy»

where (n) := /1 + [n|2. When r = 2, we have H* (T%) = W*2(T4).
3 More recently, Killip and Visan [24] removed the arbitrarily small loss of ¢ derivatives in (1.6) when
p > 2(‘1%2) However, we do not need this scale-invariant improvement in our results.
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Wt x, o)=Y Bult. w)en(x), (1.9)

nezd

where {B,},c7« 1s a family of independent complex-valued Brownian motions asso-
ciated with the filtration {A;},>0 and e, (x) := exp(2win-x),n € 7% . The space-time
white noise £ is given by the (distributional) time derivative of W, ie. £ = %—‘f
Since the spatial regularity of W is too low (more precisely, for each fixed t > 0,
W) e H —5-e (T?) almost surely for any ¢ > 0), we consider a smoothed out ver-
sion @ W as follows. Recall that a bounded linear operator ¢ from a separable Hilbert

space H to a Hilbert space K is Hilbert-Schmidt if

1172575y = D I¢hallk < o0, (1.10)

nezd

where {h, },,cza is anorthonormal basis of H (recall that ||| 22 (. k) does not depend on
the choice of {h,},7«). Throughout this work, we assume ¢ € L2(L3(T?); HS (T9))
for appropriate s > 0. In this case, ¢ W is a Wiener process with sample paths in
H*(T¢) and its time derivative ¢& corresponds to a noise which is white in time and
correlated in space (with correlation function depending on ¢). We can now define the
stochastic convolution W (¢) from (1.4) for (i) the additive noise (1.2):

t
W(r) :=/ St —1t)pdW(t) (1.11)
0

and (ii) the multiplicative noise (1.3):

t
W(t) := Wu]() :=/ St —HupdwW (). (1.12)
0

For the deterministic nonlinear Schrodinger equation (NLS), i.e. F = 0 in (1.1),
there is the so-called scaling-critical regularity and is given by

—d ] 1.13
Scrit += B P (1.13)
See [35, Section 3.1]. In this paper, we consider the Cauchy problem (1.1) (with either
(1.2) or (1.3)) posed in H* (T?) with s > serit, i.e. we consider the scaling-subcritical
Cauchy problem. For the one-dimensional cubic problems (i.e. when (d, k) = (1, 1)),
we also require s > 0. We are now ready to state our first result.

Theorem 1.1 (Local well-posedness for additive SNLS) Given s > st non-negative,
let p € L>(L*(TY); H*(T9)) and F (u, ¢) = ¢p&. Then for any ug € H*(T?), there
exist a stopping time T that is almost surely positive, and a unique solution u €
C([0, T]; H*(T%) N X-*’%—S([o, T1) to SNLS with additive noise, for some ¢ > 0.

Here, X5-2([0, T]) is a time restricted version of the X5-? -space, see (2.5) below.
The proof of this result relies on a fixed point argument for (1.4) in a closed subset of

@ Springer
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X*b([0, T1). We are required touse b = 1 —¢ in order to capture the temporal regular-
ity of W. Since X*2([0, T1) does not embed into C([0, T]; H*) whenb < %, we need
to prove the continuity in time of solutions a posteriori. Our local well-posedness result
above (as well as Theorem 1.6 below) covers all non-negative subcritical regularities.

Remark 1.2 We point out that s.; is negative only for the one-dimensional cubic
NLS, i.e. (d, k) = (1, 1) for which scjy = —%. Below L%(T), the deterministic cubic
NLS on T was shown to be ill-posed. Indeed, Christ, Colliander and Tao [11] and
Molinet [29] showed that the solution map ug € H*(T) — u(t) € H*(T) is discon-
tinuous whenever s < 0. More recently, Guo and Oh [19] showed an even stronger
ill-posedness result, in the sense that for any ug € H*(T), s € (—%, 0), there is no
distributional solution u that is also a limit of smooth solutions in C([—T', T']; H*(T)).
In the (super)critical regime, i.e. for s < —% = Scrit, Kishimoto [25] showed a norm
inflation phenomenon at any uoy € H*(T): for any ¢ > 0 and ug € H*(T), there exists
a solution u® to NLS such that ||u®(0) — uollgs(T) < € and ||u® ()| gs(T) > e~ ! for
some ¢t € (0, €). See also [31,33].

Regarding the one-dimensional cubic SNLS on T, we point out that recently For-
lano, Oh and Wang [18] studied a renormalized (Wick ordered, see also [12]) additive
SNLS with a weaker assumption than that of Theorem 1.1 above. While we assume
that ¢ € L2(L3(T); L3(T)), the work of [18] assumes that ¢ is y-radonifying from
L?(T) into the Fourier-Lebesgue space FL*”(T) withs > 0and 1 < p < 0. In par-
ticular, this allows them to handle almost space-time white noise, namely ¢ = (9,)
with a > 0 arbitrarily small.

Remark 1.3 Although we present our results for SNLS on the standard torus T =
R?/Z¢, our arguments hold on any torus Tz = ]_[‘;=1 R/a;Z, where a =
(a1, ...,aq) € [0,00). This is because the periodic Strichartz estimates (1.6) of
Bourgain and Demeter [5] hold for irrational tori (Tg isirrational if thereisno y € Qd
such that y - & = 0). Prior to [5], Strichartz estimates were harder to establish on irra-
tional tori—see [20] and references therein.

Remark 1.4 The deterministic NLS is locally well-posed in the critical space
Heie (T4, for almost all pairs (d, k), except for the cases (1, 2), (2, 1), (3, 1) which
are still open—see [7,21,22,36]. In these papers, the authors employ the critical spaces
X*, Y*® based on the spaces U 2 V2 of Koch and Tataru [27]. We point out that Brown-
ian motions belong almost surely to V7, for p > 2, but not V2 (hence neither to U?).
Consequently, the spaces X, Y* are not suitable for obtaining local well-posedness
of SNLS.

Now let us recall the following conservation laws for the deterministic NLS:
1 2
Mu()) == lu(t, x)|“dx (1.14)
2 Td

1 1
Eu(t)) = - Veu(t, x)? &£ —— t, )2 q 1.15
(w(®)) 2/Td| w0l £ | 0P dx o (115)

where the sign & in (1.15) matches thatin (1.1) and (1.4). Recall that SNLS (1.1) with
the + sign is called defocusing (and focusing for the — sign). We say that SNLS is
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energy-subcritical if siiy < 1 (i.e. for any k > 1 whend = 1,2 and for k = 1 when
d =3).

For solutions of SNLS these quantities are no longer necessarily conserved. How-
ever, [t0’s lemma allows us to bound these in a probabilistic manner similarly to de
Bouard and Debussche [15,16]. Therefore, we obtain the following:

Theorem 1.5 (Global well-posedness for additive SNLS) Let s > 0. Given ¢ €
L2(L*(T%); HS(T9)), let F(u, ) = ¢& and ug € H*(T9). Then the H*-valued
solutions of Theorem 1.1 extend globally in time almost surely in the following cases:

(i) the (focusing or defocusing) one-dimensional cubic SNLS for all s > 0;
(ii) the defocusing energy-subcritical SNLS for all s > 1.

We now move onto the problem with multiplicative noise, i.e. SNLS with (1.3).
For this case, we need a stronger assumption on ¢. By a slight abuse of notation,
for a bounded linear operator ¢ from L>(T¢) to a Banach space B, we say that ¢ €
L2(L*(T%); B) if*

1172 2 eaypy = D Idenlly < oo.

nezd

For s € R and r > 1, we also define the Fourier-Lebesgue space FL* *r(Td ) via the
norm

I f Nl 7rsrcray == H (n)* f(n) (24

Clearly, when r = 2 we have FL*" (T?) = H*(T?) and for s; < s, and r| < r» we
have FL%2"1(T9) ¢ FL-"2(T4). We now state our local well-posedness result for
the multiplicative SNLS.

Theorem 1.6 (Local well-posedness for multiplicative SNLS) Given s > s non-

negative, let ¢ € L2(L2(TY); HS (']I‘d)). Ifs < %, we further impose that

¢ € L2(L*(T9); FL*" (T%)) (1.16)

for somer € [1, dde) whens > 0andr = 1 whens = 0. Let F(u, ¢) = u - p&. Then
foranyug € H*(T%), there exist a stopping time T that is almost surely positive, and a
unique solutionu € C([0, T1; H*(T%) N XS’%_S([O, T1) to SNLS with multiplicative
noise, for some ¢ > Q.

Remark 1.7 If ¢¢ is a spatially homogeneous noise, i.e. ¢ is translation invariant, then
the extra assumption (1.16) is superfluous. Indeed, if ¢e, (m) = 0, forall m,n € 74,
m # nand ¢ € L2(L*(T?); H*(T?)), then ¢ € L>(L*(T¢); FL*"(T4)) for any
r>1.

4 In fact, such operators are known as nuclear operators of order 2 and their introduction goes back to the
work of A. Grothendieck on nuclear locally convex spaces.
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We point out that an extra condition in the multiplicative case was also used by
de Bouard and Debussche [16] in their study of SNLS in H ! (R?), namely they required
that ¢ is a y-radonifying operator from L*(R¢) into W!*(R?) for some appropriate
o, as compared to the requirement that ¢ is Hilbert-Schmidt from L? (R?) into H* (R%)
in the additive case.

In the multiplicative case, the stochastic convolution depends on the solution u and
this forces us to work in the space in Lz(Q; C([0, T1; H*(T%) N XS'%_"?([O, T])).
In order to control the nonlinearity in this space, we use a truncation method which
has been used for SNLS on R? by de Bouard and Debussche [15,16]. Moreover, we
combine this method with the use of X*-?-spaces in a similar manner as in [17], where
the same authors studied the stochastic KdV equation with low regularity initial data
on R. This introduces some technical difficulties which did not appear when using the
more classical Strichartz spaces as those used in [15,16].

Next, we prove global well-posedness of SNLS (1.1) with multiplicative noise.
Similarly to the additive case, the main ingredient is the probabilistic a priori bound
on the mass and energy of a local solution u. However, we further need to obtain
uniform control on the X*-?-norms for solutions to truncated versions of (1.4).

Theorem 1.8 (Global well-posedness for multiplicative SNLS) Let s > 0. Given ¢
with the same assumptions as in Theorem 1.6, let F (u, ¢) = u - p& andug € H*® (T9).
Then the H®-valued solutions of Theorem 1.6 extend globally in time in the following
cases:

(i) the (focusing or defocusing) one-dimensional cubic SNLS for all s > 0;
(i1) the defocusing energy-subcritical SNLS for all s > 1.

Before concluding this introduction let us state two remarks.

Remark 1.9 We point out that Theorems 1.1 and 1.6 are almost optimal for handling
the regularity of initial data since the deterministic NLS is ill-posed for s < st (see
Remark 1.2). In terms of the regularity of the noise, at least in the additive noise case,
it is possible to consider rougher noise by employing the Da Prato-Debussche trick,
namely by writing a solution u to (1.4) as u = v + W and considering the equation
for the residual part v. In general, this procedure allows one to treat rougher noise, see
for example [3,4,12] where they treat NLS with rough random initial data and more
recently [32] where they handled supercritical noise for the additive SNLS on R?. In
the periodic setting however, the argument gets more complicated (see for example
[3.4] on R vs. [12,30] on ’]I‘d). The actual implementation of the aforementioned
trick requires cumbersome case-by-case analysis where the number of cases grows
exponentially in k. Even for the cubic case on T the analysis is involved, whereas on
R? one can use bilinear Strichartz estimates which are not available on T¢.

Remark 1.10 In the multiplicative noise case, there are well-posedness results on a
general compact Riemannian manifold M without boundaries. In [9], Brzezniak and
Milllet use the Strichartz estimates of [10] and the standard space-time Lebesgue
spaces (i.e. without the Fourier restriction norm method). For M = T4, Theorem 1.6
improves the result in [9] since it requires less regularity on the noise and initial data.
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In [8], Brzezniak, Hornung, and Weiss construct martingale solutions in H 1(M ) for
the multiplicative SNLS with energy-subcritical defocusing nonlinearities and mass-
subcritical focusing nonlinearities.

Organization of the paper In Sect. 2, we provide some preliminaries for the
Fourier restriction norm method and prove the multilinear estimates necessary for the
local well-posedness results. In Sect. 3, we prove some properties of the stochastic
convolutions ¥ and W[u] given respectively by (1.11) and (1.12). We prove Theorems
1.1 and 1.6 in Sect. 4. Finally, in Sect. 5 we prove the global results Theorems 1.5 and
1.8.

Notations Given A, B € R, we use the notation A < B to mean A < C B for some
constant C € (0, co) and write A ~ B to mean A < B and B < A. We sometimes
emphasize any dependencies of the implicit constant as subscripts on <, 2>, and ~;
e.g. A $p B means A < CB for some constant C = C(p) € (0, oo) that depends on
the parameter p. We denote by A A B and A v B the minimum and maximum between
the two quantities respectively. Also, [ A] denotes the smallest integer greater or equal
to A, while | A| denotes the largest integer less than or equal to A.

Given a function g : U — C, where U is either T4 or R, our convention of the
Fourier transform of g is given by

26 = f e g (x) dx,
U

where £ is either an element of Z¢ (if U = T%) or an element of R (if U = R). For
the sake of convenience, we shall omit the 27 from our writing since it does not play
any role in our arguments.

For ¢ € R, we sometimes write ¢+ to denote ¢ + ¢ for sufficiently small ¢ > 0, and
write c— for the analogous meaning. For example, the statement ‘u € X $:3=" should

1
be read as ‘u € X*27¢ for sufficiently small ¢ > 0.
For the sake of readability, in the proofs we sometimes omit the underlying domain
T¢ from various norms, e.g. we write || /|| g+ instead of || f || gs ey and @l 212 sy

instead of ||¢||£2(L2(Td);HS(Td))'

2 Fourier restriction norm method

Let s, b € R. The Fourier restriction norm space X** adapted to the Schrodinger
equation on T is the space of tempered distributions u on R x T¢ such that the norm

lull oo 2= () 7 = 102 Fo )z, m)

2L2(Z4 xR)

is finite. Equivalently, the X***-norm can be written in its interaction representation
form:

lull s = || 0)* (@) F o (SC=0pu@) (n, ) @1

2L2(7Z4xR)

n*-t
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where S(¢) = e/'2 is the linear Schrodinger propagator. We now state some facts on
X%P_spaces. The interested reader can find the proof of these and further properties
in [35]. Firstly, we have the following continuous embeddings

1
X5t s C(R; HS(T?)) , for b > 5 (2.2)

x5 s x5b fors’ > sand b’ > b. (2.3)

We have the duality relation

el xs.0 = sup
oll y—s,—p <1

/ u(t, x)v(t,x)drdx|. 2.4
RxTd

Lemma 2.1 (Transference principle, [35, Lemma 2.9]) Let Y be a Banach space of
functions on R x T¢ such that

e e Flly S 0Lf sz
forall » € Rand all f € H*(T?). Then, for any b > %

lully < Noallgs.s
forallu e X5P.

Given a time interval / € R, one defines the time restricted space X* ’b(I ) via the
norm
el sy 2= inf {[[i2]| s 2 17 = u}. (2.5)

We note that fors > 0and 0 < b < %, we have
||u||Xs,b([) ~ Ly @)u) |l s, (2.6)

see for example [17, Lemma 2.1] for a proof (for X** spaces adapted to the KdV
equation).

Lemma 2.2 (Linear estimates, [35, Proposition 2.12]) Let s € R and suppose n is
smooth and compactly supported. Then, we have

In@S@) fllxse S WS llpscray,  forb € R; 2.7

t
Hn(t)f St —t)F(thdt' S| Fll b1, forb > % (2.8)
0

Xs:b

By localizing in time, we can gain a smallness factor, as per lemma below.
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Lemma 2.3 (Time localization property, [35, Lemma 2.11]) Let s € R and —% <
b <b< % Forany T € (0, 1), we have

b—0b'
“f”X“vb/([O,T]) Sb,b' T ||f||X“v”([(),T]) .

We now give the proofs of the multilinear estimates necessary to control the non-
linearity |u|2ku. Recall the L*-Strichartz estimate due to Bourgain [6] (see also [35,
Proposition 2.13]):

ol s oy S Nl - 2.9)

Lemma24 Letd=1,5s>0,b> %, and b’ < %. Then, for any time interval I C R,
we have

3
lriczusll o1y S T i llxson- (2.10)
j=1

Proof By the triangle inequality it suffices to prove (2.10) for s = 0. We claim that

/ uuu3vdxdt
RxTd

for any factors uy, us, u3, v. Indeed, this follows immediately from Holder inequality
and (2.9) for each of the four factors (hence the restrictions b, 1 — b’ > %). Thus, the
global-in-time version of (2.10), i.e. I = R, follows by the duality relation (2.4). For
an arbitrary time interval /, if i is an extension of u;, j = 1, 2, 3, then ﬁlﬁ_zﬁg is an
extension of uu>u3. We use the previous step to get

< T e tixos vl oo
Jj=1

3
iz llsy < |miias| S T 0 lxos
j=1

and then we take infimum over all extensions # ;s and (2.10) follows. O

Due to the scaling and Galilean symmetries of the linear Schrédinger equation, the
periodic Strichartz estimate (1.6) of Bourgain and Demeter [5] is equivalent with

1_d+2
ISOPo LNy (remty S 1017 Tl fll gz oy, @.11)

foranyd > 1, p > @, I C R finite time interval, and Q C RY dyadic cube.

Here, Po denotes the frequency projection onto Q, i.e. FQ\f(n) = 1Q(n)f(n). By
the transference principle (Lemma 2.1), we get

1 _d+2
s
1 Poullprsepay it 1017 7 F lullxon ). 2.12)
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for any b > % By interpolating (2.12) with

1_1
1Poullyy, gmty S 1Q17 P lull gy 2.13)

(which follows immediately from Sobolev inequalities, (2.1), and the H* (T9)-
isometry of S(—t)), we can lower the time regularity from b = % +8tob = % — 4,
for sufficiently small § > 0. Thus, we also have

42 4 58
pd To )||u||X0. (2.14)

1
< 27
1Poully (1xrey Sins 1€ Y5,
Lemma 2.4 only treats the cubic nonlinearity when d = 1. We now prove the fol-
lowing general multilinear estimates to treat other cases. The proof borrows techniques
from [20].

Lemma 2.5 Let d,k > 1 such that dk > 2 and let I C R be a finite time interval.

Then for any s > s, there exist b = %— and b’ = %—i— such that

2k+1
sz - ez o gy St [ ] Neegllesory- (2.15)
j=1

Proof In view of (2.6), we can assume that u ; () = 1;(¢)u ;(¢) and thus by the duality
relation (2.4), it suffices to show

2k+1

S vl yoi-w 1_[ [l2e ]l xs.5.- (2.16)
j=1

/R i ((V>S(”1ﬁ' = u2k+1))5dxdt

We use Littlewood-Paley decomposition: we estimate the left-hand side of (2.16) when
v=Pyv,u; = PNjuj for some dyadic numbers N, N; € 2Z 1 < j <2k+1.Then
the claim follows by triangle inequality and performing the summation

DD D D D (2.17)

N1 N 2 Nok+1
NNy N2<N N1 <Nk

Notice that without loss of generality, we may assume that Ny > Ny > --- > Nox4q,
in which case we also have N < Ny, and that the factors v and u ; are real-valued and
non-negative.

Let ¢ := s — s, and we distinguish two cases.
Case 1: N| ~ N,. By Holder inequality,

2k+1

s s
N* wiua - ugeprvdxde SN uillge N7 uallge [T gl vl

d
RxT Jj=3

(2.18)
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with p, g, r chosen such that % + 3 —i—% = 1. We take p, g such that % - dpiZ = Scrit
and % - % = %smt, or equivalently p = k(d +2) and g = %. These give the

Holder exponent r = @. By (2.14) and (2.12), we get

5 -5+ .
N ujlls SN lugllyse, j=1.2 (2.19)
lejllpp, S N7 llugllyss. 3<j <2k+1, (2.20)
lvllzs, < Nl or-w- (2.21)

By choosing §,8’ < ¢inb := % —8andinl -0 = % — &', respectively, we get
%+l
RHS of (2.18) S N~ #[[vllyo1» [ ] Nl s (2.22)
j=1

The factors N~ %, NJ._ﬁ guarantee that we can perform (2.17).
Case 2: N1 > N,. Then, we necessarily have N; ~ N or else the left hand side of
(2.16) vanishes. By Holder inequality,

2k+1

NS/R y uiuy - - - Uk1v dxdt SNf||u1||L;7,x l_[ lujllr olle; (2.23)
X ]=2

with % + 1 % = 1. Asin Case 1, we would like to have p such that %’ — d%z = Scrit»
or equivalently p = k(d +2). However, the best we can do with the Strichartz estimate

for the remaining factors is to choose ¢ =r = %, so that we have
Nilutllgs S NP llunllxes, (2.24)
ljllpr, S N7 lujlixss, 2<j <2k +1, (2.25)
vllzs, < NYF Il oo - (2.26)

Notice that we can overcome the loss of derivative N} only up to a logarithmic factor.
We need a slightly refined analysis.

We cover the dyadic frequency annuli of u | and of v with dyadic cubes of side-length
Ny, i.e.

Eg@l~NyclJoe . G~ N R
¢ J

d
There are approximately (%—;) -many cubes needed, and so
uy = ZPQiul = Zul,g , U= ZPRjU = Zvj
¢ ¢ J J
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are decompositions into finitely many terms. Since |§ — &] < Ny for & €

supp(it1), & € supp(v) on the convolution hyperplane, there exists a constant K such
thatif dist(Qy, Q) > K N2, then the integral in (2.16) vanishes. Hence the summation

(2.17) is replaced by
DD DRI D I (2.27)

N1 N N1 4,
Ny <N Noj+1<No j=L

Also, in place of (2.24)—(2.25), we now have

Nillurellpg, S Ny Fllusellxsr. (2.28)
luillpp, S N7 luillgsn, 2<0 <2k +1, (2.29)
lojllze, < Nyt lvjllxon-ss (230)

Therefore, by Cauchy-Schwarz inequality and Plancherel identity,

2k+1

LHS of 2.16) S Y Y > Ny llurelysollvilyons [] luillxso
i=2

N» Ni L

Ni>N, (R
1 1
2 2
241
—et 2 2
SN2 Xt | [ 20 2ol | TT il
Ny Nj 4 N J i=2
N1I>>Ny N>N,
2k+1
S DN lurllysolvllyory [T luillxss
Na i=2
2k+1
< H lui llxes.e TVl yo.1-wr
i=1
and the proof is complete. O

3 The stochastic convolution

In this section, we prove some X**?-estimates on the stochastic convolution W (7) given
either by (1.11) or (1.12). We first record the following Burkholder-Davis-Gundy
inequality, which is a consequence of [28, Theorem 1.1].

Lemma 3.1 (Burkholder—Davis—Gundy inequality) Let H, K be separable Hilbert
spaces, T > 0, and W is an H-valued Wiener process on [0, T]. Suppose that
(V¥ (t)}ie10,1) is an adapted process taking values in L2(H; K). Then for p > 1,

P T e / z
E <, E t dt
[t:;s,%] } <o | ([ 100 i @)
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In addition, we prove that W (¢) is pathwise continuous in both cases. To this end,
we employ the factorization method of Da Prato [13, Lemma 2.7], i.e. we make use
of the following lemma and (3.3) below.

Lemma 3.2 Let H be a Hilbert space, T > 0, @ € (0, 1), and o > (é oo). Suppose
that f € L°([0, T]; H). Then the function

t
F(t) :=/ St —1)¢ -t Fidl, tel0,T] (3.1
0
belongs to C([0, T1; H). Moreover,

sup IFMW)lg Sor 1 f oo, 710 - (3.2)
1€[0.7]

We make use of the above lemma in conjunction with the following fact:

t
/ (t =) — )% dr = (3.3)
)7

sin(mar)’

forall 0 < @ < 1 and all 0 < u < t. This can be seen via considerations with
Euler-Beta functions, see [13].

We now treat the additive and multiplicative cases separately below in Sects. 3.1
and 3.2 respectively. The arguments for the two cases are similar, albeit with some
extra technicalities in the multiplicative case.

3.1 The additive stochastic convolution

By Fourier expansion, the stochastic convolution (1.11) for the additive noise problem
can be written as

— ? . 7
V=D en Y. (¢ej)(n)/0 Mgy (3.4)

nezZd  jezd

We first prove the following X*-’-estimate on W:

Lemma3.3 Lets > 0,0 < b < %, T > 0, and o € [2,00). Assume that ¢ €

L2(L2(T9); H* (T%)). Then for W given by (3.4) we have
E I:”\Il ”g(x,b([oj"])il S T% (1 + Tz)% ||¢”22(L2(Td);HS(Td))' (35)

Proof Since Ljo 71(t)Ljo,71(t") = Ljo,77(t) = 1 whenever 0 < ¢ <r < T, we have

. 4 .
LorO¥O@) = Y en Y de; )1 ry(ne"’ /O Lio,71(¢)e ™ " ap ()

nezd  jezd
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By (2.6), we have

@l x5 0.7 ~ [ 10711 OY@) | go
= [{n)* ()" Fr x (S(=D) 1o, 1D @) (T, W) 122

) () F [ ga (D] (D)

(3.6)

2027
L'[Kll

where

=3 TLon® f Lo, 1yt~ G5 () 1.

jezd

By the stochastic Fubini theorem (see [14, Theorem 4.33]), we have

Filgn@®I(x) = /Reiitrgn(t)dt

-y f Lo, (e " G2 () f Lo, 710" d1 B, 1.

jezd

Since

0 .
/ ]L[(),T](l‘)eiltr dt
t/

by Burkholder-Davis-Gundy inequality (Lemma 3.1), we get

< min{T, |t|7"}, (3.7)

0

pe; (”)/ Lio.ry(t)e """ dt| dt’
t/

i T
B[Atsoior] < | EZd

(3.8)

o
2

A

T )" |gej(m)* min(T?, 7|2}

jeZ"

By (3.6), (3.8), and Minkowski inequality, we get

BI—

2
W1 o ;x50 0,77)) = Zf (E[I1Flgnl()I7]) " dr

neZd

A

i ) <n>25|$e\j(n)|2/oo ()% min{T?, |t| "%} dt

n,jezd

1
3 _ 2
T|I< T|>

@ Springer



Stoch PDE: Anal Comp

This completes the proof of Lemma 3.3. O

We now prove that W has a continuous version taking values in H*(T¢). This is the
content of the next lemma.

Lemma 3.4 (Continuity of the additive noise) Let s > 0, T > 0, and 2 < 0 < o0.

Assume that ¢ € L>(L*(T); H*(T9)). Then W(-) belongs to C([0, T1; H*(T¢))
almost surely and

o < g
E[ tes[ldlpT] ”‘“Ij(t) ” S(Td) ] ~T ”d)”,CZ(LZ(T‘]);HS(Td)) . (39)

Proof We fix « € (0, %) and we write the stochastic convolution as follows:

: t t
w(r = S f [ / (t—t’)"‘_l(t’—u)_“dt’} S — W dW ()
T 0 i
sin(rat) (! , ol v ; / —a /
= =7 fo S — 1)t —1) /0 S — 1)t — )~ dW () d.

(3.10)

where we used the stochastic Fubini theorem [14, Theorem 4.33] and the group prop-
erty of S(-). By Lemma 3.2 and (3.10) it suffices to show that the process

t/
Q) 1=/0 S — (" — W “pdW (1)

satisfies

T
E[/O ||f(t’)||(;]; d:’} < C(T.o. ¢l c2(12.m5)) < 00, (3.11)

for some o > é

By Burkholder-Davis-Gundy inequality (Lemma 3.1), for any o > 2 and any
t' € [0, T], we get

g
2

A

t/
E[I}f(t/)H(;,;] ( /0 IIS(t’—M)(t’—M)°‘¢||252(L2;Hs)du>

[SS}

t/
/0 (=) Y ISE = wellzdu

jezd

T1—2ot 2
||¢||UL2(L2‘H:) T A i
; 1 -2«

IA
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where in the last step we used 2o € (0, 1) and the H*(T?)-isometry property of
S(t' — ). Hence

T
LHS of 3.11) = /0 E[[£@)]5 ] dr S 1005 g2, ey THOT0H < 00,
The estimate (3.9) follows from (3.2). o

3.2 The multiplicative stochastic convolution

The multiplicative stochastic convolution ¥ = W[u] from (1.12) can be written as

! —_—
Vul®) =) e ) /O O Wi pedp; ). (B12)

neZd jezd
Recall that if s > %, then we have access to the algebra property of H*(T¢):

I fellgseray S WF I pseray 181 gs ey (3.13)

which is an easy consequence of the Cauchy-Schwarz inequality. This simple fact
is useful for our analysis in the multiplicative case. On the other hand, (3.13) is not
available to us for regularities below %, but we use the following inequalities.

Lemma3.5 Let0 < s < %andl <r< d% Then

<
||fu||HS(11‘d) S ||f||}‘Ls1r(11'd)||M||HS(Td)~ (3.14)

Also, for s = 0, we have
”fu”Lz(’]I‘d) S ||f||]-‘L0.1('[rd)||14||L2(11‘d)~ (3.15)

Proof Assume that) < s < %l and let n; and n, denote the spatial frequencies of f
and u respectively. By separating the regions {|n| = |n2|} and {|n1| < |n2]|}, and
then applying Young’s inequality, we have

el 5 | (T <), + | (T @0,
SFNELs @l + 1 Fllo llull s,

where p is chosen such that % + %

1 L _ 1,1 _1
-+ = landq+2—p,

r r T

= 3. By Holder inequality, for " and ¢ such that

1t S W) " g L f N Fpsrs

ltller < 14m)~" Mlea lluel s -
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Since s’ > d and sq > d provided that r < %, the conclusion (3.14) follows.
If s = 0, (3.15) follows easily from Young’s inequality:

I fullz2eray = ILf *Wllez S N f el = 1 f N Froallull 2. o

Given ¢ as in Theorem 1.6, let us denote
C(¢) = ”¢||£2(L2(Td);]:LS~r(Td)) < 00, (316)

for r = 2 when s > %, for some r € [l,ddTS) when 0 < s < %, and forr = 1
when s = 0. Recall that if ¢ is translation invariant, then it is sufficient to assume
that C(¢) < oo with r = 2, for all s > 0. We now proceed to prove the following
X*-b_estimate of W[u].

Lemma3.6 Lets >0,0<b < %, T > 0,and?2 < o < oo. Suppose that ¢ satisfies
the assumptions of Theorem 1.6. Then, for V[u] given by (1.12) we have the estimate

E {10150 ] S @2+ DECOT E[Ilago rpmy |- GAD)

Proof We first prove (3.17). Let g(¢) := 11o,71(t) S(—1)W(¢). By the stochastic Fubini
theorem [14, Theorem 4.33],

. ! . —
Fi.x(8)(T, n) Z/]Re—”’ﬂ[o,r](t) Z/O e_”"z(u(t/)qﬁej')(n)dﬂj(t/)dt

jezd

T 00 . g -
= Z fo / H[O’T](t)e_lt‘fe_lt "2(u(t/)¢ej)(n) dt d,Bj(t/).
t/

jeZ"

Then by (2.6) and the assumption 0 < b < %, the Burkholder-Davis-Gundy inequality
(Lemma 3.1), and (3.7), we have

LHS of (3.17)

~E [H (m)* (7} Flgln, T>\’de3]

T

T
S(T2+DIE (f Yo m*
0

j.nezd

a

o) .
f ]l[o,T](t)e_’” dt
t/

2, 2
‘(u(t’)q.’:e ; )(n)’ dt' dt

2
— 2
(e ()| dr’)

Ifs > %, we apply the algebra property of H*(T¢) to get
IIu(t’)¢ej||4§Hs SNl 222 sy lu @)l s

@ Springer



Stoch PDE: Anal Comp

Ifo<s < %,wehave

Ilu(t’)¢€jllngs S C@Nu)as (3.18)

and thus (3.17) follows. O

Next, we prove the continuity of W[u](¢) in the same way as in Lemma 3.4, i.e. by
using Lemma 3.2.

Lemma 3.7 (Continuity of the multiplicative noise) Let T > 0, s > 0,0 < b < % and

2 <0 < o0. Suppose that u € L° (SZ; X520, T])) and that ¢ satisfies the assump-
tions of Theorem 1.6. Then V[u](-) given by (3.12) belongs to C([0, T]; HS(T9))
almost surely. Moreover,

E|: sup ||‘I’[u](t)||as(w):| SCOTE[lulfgory]  G19

tel0,7T]

Proof Applying the same factorisation procedure as in the proof of Lemma 3.4 reduces
the problem to proving that the process

t/
fa@h !=/0 (1" = )OS — wu(we] dw (w)

satisfies

T
E [/0 | £ % df’} < C'(T,0,C(9) < o0 (3.20)

for some 0 < @ < 1 satisfying o > % By the Burkholder-Davis-Gundy inequality
(Lemma 3.1) and Lemma 3.5, we have

t/
E[|r@)]5] SE ( /0 16" = S = GO 2, g it

=E / @ — w2 Y s’ —M)M(M)d)ejllmdu)
%

[SS}

jezd

SE[| Y ||¢e,||ﬂsr/ (' = )2 )y d e

jezd
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Then, by Fubini theorem and Minkowski inequality, we obtain

T o o
/ I — s
E [/0 | £ ‘”} = H 11 L7 (@L510.T)

S C@)°

o

(" — )~ lu() |

LEO.TD || Lo ;L7 10,11)

< C@)YE H [ = Gl s

[
L%L([O,T])i|

T : 7
( | <T—u>2<a—“>||u<m||%,§du) ]

By Holder and Sobolev inequalities and (2.6), we have

L%,(0.T1)

SC@)°E

1

r 2(L—a) 2 2 1_
(/0 (T = w7 “nu(mnwdu) < | —wre

_4
L~ (0,T])

4 lu e Nl s
L% (0,1 H !

5 T1+H%(%—Dl)

4

Lo G IS(—muGo)llmg | s
L

+ 4—11 for which we have

There exists & = a(0) := +

T
o 2bo_
E UO |5 dt’:| < ]E[wa ||u||<;(&,,([m)] < oo. 0

4 Local well-posedness

4.1 SNLS with additive noise

In this subsection, we prove Theorem 1.1. Let b = b(k) = 1_pe given by Lemma
2.4 (inthe case d = k = 1) or by Lemma 2.5 (in the case dk > 2). By Lemma 3.3, for
any T > 0, there is an event ' of full probability such that the stochastic convolution

W has finite X*-?([0, T'])-norm on 2.
Now fix w € ' and ug € H*(T¢). Consider the ball

Bg = {u e X*"([0,T)) : lullxss o) < R}

where 0 < 7 < 1 and R > O are to be determined later. We aim to show that the
operator A given by

t

Au(t) = S(t)ug :ti/ S — ) (Jul*u)@hdt —iv @), t >0,
0
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where W is the additive stochastic convolution given by (3.4), is a contraction on Bg.
To this end, it remains to estimate the X*?([0, T'])-norm of

13
D(u) :=/ St — ) (lul*u) 'y dr'.
0
For any § > 0 sufficiently small (such that b + § < %), by Lemma 2.3 and (2.6):
||D(M)||Xa'-b(() T ~ <78 1D ()|l s, b0, T]) S <710 Hﬂ 0, T](f)D(M)(f)” ¥ 14s -
Let 1 be a smooth cut-off function, supported on [—1, T + 1], with n(¢) = 1 for all
t € [0, T]. For any w € X*~2%3 that agrees with |u|?u on [0, T], by Lemma 2.2,

we obtain

110,11 D) (@) S lwll

t
x5 5+ N Hn(t)fo St —tHw(tdt'

s, lys ©

r +6
X" &

4.1
Then after taking the infimum over all such w, we use Lemma 2.4 or 2.5 and we get

k 8 2k+1
||D(M)||Xsb([0 T S 0 [l ua)"ull X "*5([0 T]) ||u”XS~”([0,T]) . 4.2)

It follows that

oy F IOl gsbqory .  (43)

1Aullxsqo,ry < ¢ ol s + T2 Nl 3echy 7,

for some ¢ > 0. Similarly, we obtain

| Au = Avllgesgo,ryy < eT? (Jlul + o)1

X5 ([0, r])) llu = vllxspqo,ry -
4.4)
Let R := 2c ||u0||H§ +2 ||\I’(t)||x.v,b([0’TD. From (4.3) and (4.4), we see that A is a

contraction from Bg to Bg provided

X5:4(10,T7)

1 1
cTPR**!1 < —R and ¢T? (2R*) < = (4.5)
2 =7

This is always possible if we choose T < 1 sufficiently small. This shows the existence
of a unique solution u € X52([0, TT) to (1.4) on .

Finally, we check that u € C([0, T]; H*) on the set of full probability " N Q’,
where Q" is given by Lemma 3.4, that is W € C([0, T]; H*) on Q”. By (2.6), (4.1)
and Lemma 2.4 or 2.5, we also get

D)l SMNHuuz",“ : (4.6)

< Lo i) D@) @) | X34 (10.7])

x5 2*5([07
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By the embedding X*373([0,T]) <> C([0,T]; H*(T%)), we have D(u) €
C([0, T1; H*(T9)). Since the linear term S(7)uq also belongs to C([0, T']; H(T%)),
we conclude that

u=AueC([0,T]; H(T)) on Q" N <.

Remark 4.1 From (4.5), we obtain the time of existence
- . -0
Thax := max {T >0:T < C( ”u()”Hf + ||\I]||XS‘[7([0’7~"])) }7 4.7

where 6 = 23_k Note that (4.7) will be useful in our global argument.

4.2 SNLS with multiplicative noise

In this subsection, we prove Theorem 1.6. Following [17], we use a truncated version
of (1.4). The main idea is to apply an appropriate cut-off function on the nonlinearity
to obtain a family of truncated SNLS, and then prove global well-posedness of these
truncated equations. Since solutions started with the same initial data coincide up to
suitable stopping times, we obtain a solution to the original SNLS in the limit.

Let n : R — [0, 1] be a smooth cut-off function such that = 1 on [0, 1] and
n = 0 outside [—1, 2]. Set ng := n () and consider the equation

)2k+1

idur — Aug £ nr(lurlxsoqor ) lurl®ur =ug - ¢, (4.8)

with initial data u g |;—o = uo. Its mild formulation is ug = A rug, where Ag is given

by

. ! ’ Zk+1 2k / / ,
Agug = S(t)uoil/O S@ =tk (gl xoqormy)  lurPup@)d — i9hugle).
4.9)

The key ingredient for Theorem 1.6 is the following proposition.

Proposition 4.2 (Global well-posedness for (4.8)) Let s > Scyir, S > 0, and T, R > 0.
Suppose that ¢ is as in Theorem 1.6. Given ug € H*® (']I‘d), there exists b = %— and a
unique adapted process

ug € L2(2: C((0. T): H*(T) N X**((0, T)))

solving (4.8) on [0, T].

Before proving this result, we state and prove the following lemma.
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Lemma 4.3 (Boundedness of cut-off) Let s > 0, b € [0, %), R >0andT > 0. There
exist constants C1, C2(R) > 0 such that

1 (1lisgo,n) 4O -y = M0 €1 s g0,y - C2(RI (4.10)

[ (el o,y ) w0 = 1 (10l go.17)) 00|

< C2(R) |lu — U”xs b([0,T1) -
4.11)

xsb(o,11) ~
Proof We first prove (4.10). Let w(t,n) = Fi[S(—Hu(t)](n), kg() = ng
(”u”X‘Y'b([O,t])) and

g = inf {1 > 0 : [lullxsb o, = 2R} (4.12)

Then kg(t) = 0 when t > 7. By (2.6) and (2.1),

2
ler OO 15500, ~ | L10.7Acr1kROUD [ s ~ IROUD 0040, 7 pre,

~ 3 ) kR OWE 20 pen (4.13)

nezd

We now estimate the H?(0, T' A tg)-norm, for which we use the following character-
ization (see for example [34]):

“ 1) = fOP
0 B ~ 1 B, a2)+/ / Lo dxay, 0<b <1

(4.14)

For the inhomogeneous contribution (i.e. coming from the L?-norm above), we have

D P er@wt. )72 7,y < min { 130,241 » ||u||§s,b([0,T,)}

nezd

< min { @R, ul3es 0.1y |-

The remaining part of (4.13) needs a bit more work. Fix n € Z4, then

dt' dt

/-T/\TR /T/\tR lkr(DHw(t, I’l)—ICR(lJ)UJ(l/s n)|2
|t —

— ¢ |1+2b

/T/\rR ft |KR([)(w(t n) —w(t’ ,I’l))|2 dt’ dt

|]+2b

dt' dt

/“’R /’ |<KR(r)—xR<r Nw(t', n)|?

t |l+2b
=:1(n) + I(n).
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It is clear that
(n) ~ min ”w(n)”Hb((O,TR)) ) ”w(n)”Hb((O,T)) b

and hence

> 100 S min { @R Nl o 1y |-

neZd

For II(n), the mean value theorem infers that

< (llxssqo.n = lelxsrgor)”
lkr(®) —kr(@)|” <

2
e sup r/(r))

reR

o L

1
S 2z 2 W IwC )
n'ezd
2

Again, we split Jw(-, n')|| using (4.14) into the inhomogeneous contribution

Hb (' 1)
(the L?-norm squared part) and the homogeneous contribution (the second term of
(4.14)). We control here only the homogeneous contributions for l(n) as the inho-
mogeneous contributions are easier. The homogeneous part of Il(n) is controlled

by

1 T AtR t ptopA ¢, 2 aon') —w, o 2
= 2 <”/)2Sf / / / @, mie Twom) = wO O 4y g5 ar e
R2 0 o Jv Jo ot _[/|1+2h A _)L/|1+2b

n'ezd
(4.15)
1 2 TATR s A TATR 1 , 2
=— (n") S/ / f / —dt | lw(’, n)]
R? n’EZZd 0 o Jo \/x |t — /1420
lw, n') —w/ . )2
A (4.16)

where we used 0 < t' < A < A <t < T A tg to switch the integrals. Now, the
integral with respect to 7 is equal to |7 A Tg — 1726 — |» — ¢'|~2, which is bounded
by

IT Atk — t/|—2b < M/ —t/|_2b.
Thus (4.16) is controlled by
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L Z <n/)2S /T/\TR \/A)L /A, |)\’/ _ t/|72b|w(t/ n)|2dt/
R? 0 0 0 ’

n'ezd
lw(k,n') —w®/, n")?
|X _)\/|1+2b

d)\ dh. 4.17)

Since b € [O, %), by Hardy’s inequality (see for example [35, Lemma A.2]) the 7'-
2 2

Hb(O,A’) S ||w(, n)”Hb((),T/\‘L'R)'
summing over n € Z4, we see that (4.17) is controlled by

integral is < ||lw(-, n)|| After multiplying by (n)® and

1
=7 2 P N 0 7 106 DI 700
n,n'eZ4

2 2
5 F ”u”XS*h([O,TA‘L'R]) ||u||X5’b([O,TA‘L'R])

< min {4l 1) 16R7] .

We now prove (4.11). Let 7 and 7 be defined as in (4.12). Assume without loss
of generality that 7y < 7. We decompose

LHS of (411) 5 “ (7]R (”u“X“*b([O,t])) — R (||U||X5'b([0,t]))) U(t)|
+ [0 (Ml xs o)) (@) = ()]
=: A+ B.

Xs:b([0,11)

Xs:b([0,11)

By the mean value theorem,

A= (n& (lul s qo.m) = 1= (10x00.)) VO [ e g0, 7 et

A

1
E ”U”X'Y'[’([O,TAI%]) ||M — v”X“’([O,T])
5 ||M — v“XS‘[’([O,T]) .

For B, one runs through the same argument as for (4.10) but with w(z, n) replaced by
Fe[S(=1)(u(t) — v(1))](n), which yields

B S C(R) lu —vlixsbqo,1y) - |
We now conclude the proof of Proposition 4.2.
Proof of Proposition 4.2 Let T, R > 0 and let E7 := L2 (Q; X*?([0, T1)) be the
space of adapted processes in L?> (Q; X2 ([0, T])). We solve the fixed point problem

(4.9) in E7. Arguing as in the additive case, and using Lemmata 4.3 and 3.6, we have
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IARull g, < Cilluollgs + Co(RYT® + C3T? lull g,
[Agu — Agvllg, < Ca(R)T® |u —vllg, +CsT? u—vlg, .

Therefore, A is a contraction from E7 to Er provided we choose T = T (R) suffi-
ciently small. Thus there exists aunique solutionu g € E7.Notethat T does not depend
on |lupll s, hence we may iterate this argument to extend u g (¢) to all # € [0, 00).

Finally, to see thatup € Fr := L? (SZ; c(o, 7], H* (Td))), we first note that since
ug € Er, Lemma 3.7 infers that W[ugr] € Fr. Then, by similar argument as in the
end of Sect. 4.1, we have that D(ug) € L*(2: X"’%Jr([O, T1)), where

t

D(ug) () :=/O S(t —t")(lug*ug)dr’.

Since L?(; XS'%J”([O, T1)) < Fr, we have D(ug) € Fr. Also, it is clear that
S(t)ug € Fr.Hence ug € Fr. ]

Proof of Theorem 1.6 Let
TR = inf {t >0 lurllxstqos = R}. (4.18)

Then, nr(llurllxsbo,q) = 1 if and only if 7 < 7g. Hence up is a solution of
(1.4) on [0, tg]. For any 6 > 0, we have ug(t) = up4s(t) whenever t € [0, tg].
Consequently, tg is increasing in R. Indeed, if tg > tr+s for some R > 0 and some
8 > 0, then for 1 € [Trys, Tr], we have nrys( lur+sll xsb(o.y) ) < 1 which implies

that ug () # ur+s(t), a contradiction. Therefore,

= lim g (4.19)

R—o00

is a well-defined stopping time that is either positive or infinite almost surely. By
defining u(t) := ug(¢) for each t € [0, tr], we see that u is a solution of (1.4) on
[0, T*) almost surely. O

5 Global well-posedness

In this section, we prove Theorems 1.5 and 1.8. Recall that the mass and energy of a
solution u(¢) of the defocusing SNLS (1.1) are given respectively by

M(u(t)):/ l|u(z,x)|2dx, (5.1
Td 2

E(u(t)) = fw %|Vu(t, x> + lu(t, x)?*+Dgx. (5.2)

2k +1)

It is well-known that these are conserved quantities for (smooth enough) solutions of
the deterministic NLS equation.
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For SNLS, we prove probabilistic a priori control as per Propositions 5.1 and 5.3
below. To this purpose, the idea is to compute the stochastic differentials of (5.1) and
(5.2) and use the stochastic equation for u. We work with the following frequency
truncated version of (1.1):

(5.3)

iduN — AuV £+ PoyluM *uN = FwN, pNawh),
MN|t:0 = PSNMO = M(l)v

where P<y is the Littlewood-Paley projection onto the frequency set {n € 74 ;| <
N},

¢N = Poy o and WV (1) := Y Bu(t)en.

[n|<N

By repeating the arguments in Sect. 4, one obtains local well-posedness for (5.3)
with initial data P<yug at least with the same time of existence as for the untruncated
SNLS.

5.1 SNLS with additive noise
We treat the additive SNLS in this subsection. We first prove probabilistic a priori
bounds on (5.1) and (5.2) of a solution "V of the truncated equation.

Proposition 5.1 Letrm € N, Ty > 0, ¢ € L2(L*(T?); L2(T9)), and F (u, ¢&) = p&.
Suppose that u™ (t) is a solution to (5.3) for t € [0, T], for some stopping time
T € [0, Ty). Then there exists a constant C; = C1(m, M (ug), To, &Nl c2 2. 02)) > 0
such that

]E[ sup M(uN(t))m] < (). (5.4)

0<t<T
Furthermore, if (5.3) is defocusing, there exists Co = Co(m, E(ugp), Ty, ||¢||L2(L2;H1))

> 0 such that

E[ sup E(uN(t))m:| < 0. (5.5)

0<t<T
The constants C1 and Cy are independent of N.
Proof By applying It6’s Lemma, we have
M N ()" = M(ug )"
t -
+mIm| Y / M@u™ (")) / uN(¢Ne; dx dp;(t)
0 Td '

ljl=N
(5.6)
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t 2
+m@m —1) Z / M(uN(ﬂ))'"—2f uM (@ YpNejdx| dr'.
1jI<N 0 T
(5.7)
N 2 ' N /\ym—1 g7
+m”¢ ’cz(m;m/o MM @y ar, (5.8)

the last term being the Itd correction term. We first control (5.6). By Burkholder-
Davis-Gundy inequality (Lemma 3.1), Holder and Young inequalities, we get

T 2
E{ sup <5.6)} SmE ’Z /0 M(uN(t/))z“””uuN(r/)nianq@dﬂl

te[0,T] jI<N

T !
S ||¢N||L2(L2;L2)IE |:{/0 M(MN(I))Z’"—ldl} :|

1 1
2 2
Sl 2z THE| | sup M@N@)™ 'Y 1 sup M@ @))"
' 1€[0,T] 1€[0,T]

3 3
< ||¢||CZ(L2;L2)TO% {IE[ sup M(uN(z))’"—1“ {E[ sup M(uN(z))'"“

t€[0,T] t€[0,T]

Hence by Young’s inequality, we infer that

E[ sup (5.6)} < cm||¢||iz(L2.Lz)ToE[ sup M(uNa))ml}
te[0,T] ’ t€[0,T]

+ %E[ sup M(uN(t))m:| .

t€l0,7T]

In a straightforward way, we also have

E[ sup (5.7)} <m(m - 1)||¢||§2(L2;L2)T0E[ sup M(u%))m—‘]
t€l0,T] te[0,T]

E{ sup (5.3)} 52m||¢||22(L2.L2)ToE{ sup M(u”(r))’"—l]
t€[0,T] ’ 1€[0,T]

Therefore, there is some C,, > 0 such that

E| sup M@ @)" | < Muo)™ + CpuToE| sup M@u" (1))""!
t€[0,7] t€[0,T]

(5.9)

te[0,T]

1 N m
+5E| sup M@ o)"|.
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We now wish to move the last term of (5.9) to the left-hand side. However, we do
not know a priori that the moments of sup,¢[o 77 M (u™ () are finite. To justify this,
we note that (5.9) holds with T replaced by Tr, where

Tg = sup {z €10, T]: M@w" (1)) < R}, R>0.

Now the terms that would be appearing in (5.9) are finite and hence the formal manip-
ulation is justified. Note that Tg — T almost surely as R — oo because u (and
hence u”) belongs in C([0, T]; H* (T?)) almost surely. Hence by letting R — oo and
invoking the monotone convergence theorem, one finds

IE|: sup M(uN(r))'"] < 2M (up)" +2CmToE[ sup M(uN(r))'"—l] (5.10)
t€[0,T] 1€[0,T]

Hence, by induction on m, we obtain

E[ sup M(uN(t))'"i| <1, (5.11)
+€[0,T]

where we note that the implicit constant is independent of N.
We now turn to estimating the energy. Applying It6’s Lemma again, we find that
E @™ (1)) equals

E@dy™ (5.12)
t
+m Im Z‘ / E(uN(t’))’"*‘/ ™ 1*uNpNe; dx dp;(t') (5.13)
jl<N *0 B
t -
—miIm| > / E(uN(t’))’"*‘/ AuNpNe;dxdp;(t') (5.14)
jl<N ¥0 B
t
+(k+Dm Y / E(uN(t’))m_lf N1 1pNe;|? dx di’ (5.15)
il=n 70 B
N 2 ! N \m—1 7./
~|—mHV¢ ‘EZ(LZ;LZ)/O E@N @)y dr (5.16)
+m(m—1) Z /ZE(MN(I/))"I_Z / (—AM_N+|MN|2ku_N>¢e<dx 2df,
2 o T : .
B (5.17)

We shall control here only the difficult term (5.13) as the other terms are
bounded by similar lines of argument. Firstly, by Burkholder-Davis-Gundy inequality
(Lemma 3.1), we deduce
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1

B 2
dt’}

Then, by duality and the (dual of the) Sobolev embedding H'!(T¢) — L2+2(T?),

we have
f lu |2k N¢ ejdx
Td

/d WV PN gV e, dx
T

IE|: sup (5.13)} <C,E { Z / E(MN(I/))z(mq)
t€l0,T] LN

H |u1v |2kuN H

N2k, NH

N
H-1(T4) [[) €j||H1(11‘d)

lu L2k+1 (Td) Ipe; ”Hl(Td)

< E@N) el 1 ey,

provided that 1 + % > %. Therefore, by Holder and Young inequalities, and similarly
to the control of (5.6), we have

E[ sup (5. 13)} < Cull$ll2 ;0. H])TOE[ sup E(u%))'"‘}

tel0,T] te[0,T]

t€l0,T]

1
+§E|: sup E(uN(t))’"—zk'ﬂ]
< Cullgl3a 2. 1, TOE | sup E@™ (1))"™!
m L:Z(LZ,HI) 1e[0.T]
1 N m
+-E| sup E@N@)" |,
8 | ier0.1]

where in the last step we used interpolation.
We also have

E| sup (5.14) | <Cp ||¢||£2(L2;H1)IE|: sup E(uN(t))m 1i|
| r€l0,7] ] 0,T]

OO\'—‘

IE|: sup E(uN(t))mj|
te[0,T]

1
E| sup (5.15) | < Co 91122, ,2 1, + <E| sup E(u™)™
| re10.7] ] mITRLAED T o

E| sup (5.16) scm||¢||2£z(Lz;H,)E[ sup E(u™ (0)"~ ‘}
| 1€10.7] 0,7]

_ 1
E| sup 5.17) | =C ||¢||2£2(L2.H1) -HE{ sup H(u™(@)" 1:| + E[ sup H(uN(t))m} )
| re10.7] : 1€[0,7] 8 | re0.1]

Gathering all the estimates, there exists C,,, > 0 such that
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N m N m—1 1 N m
IE|: sup E(u (t))i| < E(uop) +CmToIE|: sup E(u" (1)) i|+2E|: sup Eu" (1)) i|

te[0,T] te[0,T] te[0,T]

Similarly to passing from (5.9) to (5.10) and by induction on m, we deduce that

]E|: sup E(uN(t))m:| <1, (5.18)

t€l0,T]
with constant independent of N. O

We now argue that the probabilistic a priori bounds in fact hold for solutions of the
original SNLS.

Corollary 5.2 For u solution to (1.1) with (1.2), the estimates (5.4) and (5.5) hold with
u in place of u™ under the same assumptions as Proposition 5.1.

Proof Let AV be the mild formulation of (5.3), more precisely,

t t

AN (v) = S(z)u{;’ii/ S(t—1")P<y (|v|2kv> (") dt/—i/ St —1")pN dwh ().

° ° (5.19)
Then AV is a contraction on a ball in X !+ %’([O, T1) and has a unique fixed point u”
that satisfies the bounds in Proposition 5.1. Hence it suffices to show that «” in fact
converges to u in Fr := L2(Q; C([0,T1; H})) for s = 0, 1. We only show s =1
since the proof of s = 0 is the same. To this end, we consider the mild formulations
of u™ and u and show that each piece of u"¥ converges to the corresponding piece in
u. Clearly, S(t)ul — S(t)ug in Fr. For the noise, let ¥V (¢) denote the stochastic
convolution in (5.19). Then

W) — \I/N(t) _ Z Z n Z Z . /tei(t_t/)lnlzd/).e;(n)dﬂj(t/)

>N jezd  In|<N |j|>N 0

t t
/S(t—t’)P>N¢dW(t/)+/ S(t — ") un P<nd dW (1)),
0 0

where my denotes the projection onto the linear span of the orthonormal vectors
{ej : 1j| > N}. By Lemma 3.4, the above is controlled by

||P>N o d)”i:Z(LZ;HI) + ||7TNPSN¢”2£2(L2;H1) s

which tends to 0 as N — oo because both norms are tails of convergent series.
Finally we treat the nonlinear terms

t t
Du(r) ::f St — ) ul*uyde' and  DZNu(r) ::/ St —1)P—y (|u|2ku) " dr'.
0 0
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We first fix a path for which local well-posedness holds, and prove that Du—D=Ny —
0in X2+, Firstly,

t
HDu—DS’VuH 1L < / St — 1) Py (ul®u — [N PNy ar' |
x" 2o,y ~ | Jo = x"2*(0.71)
PonD
+ 1Py u”x‘*%*([o,ﬂ)
By Lemmas 2.2, 2.4 and 2.5, we have
2k
1< <||u||2k|1 + uN” . )HM—MNH o (5.20)
X270, T X2 (0,7 X2 (0,7
IS fuf?*H (5.21)
x"27(0.1)

In particular, (5.21) implies Du € Xl’%+([0, T1), and hence I — 0as N — oo. We
claim that T — 0 as N — oo as well. Indeed, A" and A are contractions with fixed
points u” and u respectively, hence

T PR Y AT I
X2 ([0,T]) X2 (0,1 X2 ([0,T])

< Jaw - Lo

+
Xl’%*(lo,T]) 2

X270’

By rearranging, it suffices to show that the first term on the right-hand side above
tends to 0 as N — oo. Now

A _ AN H < ||P-nS(¢
” (@) W xd-qory = 13000010 1

t
+ H P>Nf St — ) uluy dt’
0

x"17 (0.1
s o

X2 ([0,7]
By similar arguments as above, all the terms on the right go to 0 as N — oo. This

proves our claim. By the embedding Xl’%+([0, T c C([0, T]; H'(T?)), we have
that

HDu _ DfNuH -0 (5.22)
CqO.T1:HY)

almost surely as N — oco. By the dominated convergence theorem, we have Du —
D=Nu — 0 in Fr. This concludes our proof. O

Finally, we conclude the proof of global well-posedness for the additive case.

Proof of Theorem 1.5 Let s € {0, 1} be the regularity of uy from Theorem 1.5. Let
e > 0and T > 0 be given. We claim that there exists an event 2. such that a solution
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u e X*P([0, T]) N C([0, T1; HS(T?)) exists on [0, T] in 2, and P(2\ ;) < &. If
this claim holds, then by setting

Q* = Q

(@

1,
n

I
-

n

we have that P(Q2*) = 1 and u exists on [0, T'], proving the theorem. Let § € (0, 1)
be a small quantity chosen later. We subdivide [0, T] into M = (%1 subintervals
Iy = [(k — 1)8, k8]. Let

M

t
Qo = ﬂ {w €eQ: H/(k_m St —tHpdW (')

k=1

S L 9
X5 (1)

where L > 0 is some large quantity determined later. Now by Chebyshev’s inequality
and Lemma 3.3,

M t
P(Q\ Qo) =) P (H/ St —t)pdW(t')
=1 k—1)8

> L)
X5 (1)

2
X‘“”(Ik):|

Mo ;
—E St —1)pdw ('
SI;LZ |:”/(k—1)5 (= e AW

M 2
§5(8*+1)
5 Z T ”¢”2£2(L2;L2)

k=1
2Ms

=< ? ||¢||£2(L2;L2)
T

5 ﬁ ||¢”%:2(L2;L2) .

By choosing L = L(e, T, ¢) sufficiently large, we may therefore bound P(£2() above
by 5. Now let

R =max {[luoll g . L} .

By local theory, there exists a unique solution u(¢) to (1.1) with time of existence Tmax
given in (4.7). In particular, we note that for v € Q,

79 _ _
(ol + 1l ) = c(R+1)"" = c(2R)”. (5.23)

where ¢ is as in (4.7). By choosing § = §(R) := c(2R)~?, we see that u(r) exists for
t € [0, §] for all w € 2¢. Now define

Q={weQo:u@d®ly <R}
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By the same argument, u(¢) exists for ¢t € (8, 26) for all @ € . Iterating this
argument, we have a chain of events Qg 2 Q1 D --- D Qy/_1 where

Q ={we Q1 : ukd)llgs < R}

and u(¢) exists for all ¢ € [0, (k+ 1)8] on 2. Setting Q2. := Qp7_1, u(t) exists on the
full interval [0, T'] on €2.. It remains to check that €2\ €2, remains small. By Corollary
5.2, we have

M—1
P(Q:) < P(Q\ Qo) + > P(Qf,; N %)
k=0
M—1
+ Y P({llu(k + D)8)| s > R} N )
k=0

A
| ™

—_

M
1
+ kz =7 E [ Lo lu(k + D3)I7]

IA
| ™

0
Cy
RP
2TCi(2R)?
n 1(2R)
cRP

<

+

IA
N ® N ®

El

for any p € N. We further enlarge R if necessary by setting

TCy

2
R:max{ +1,L, ||140||HS}:

and so we have that
P(Q,) < % 420 RO-PHL

This is smaller than ¢ provided we choose p = p(e, 6) > 0 sufficiently large. Thus
Q2. satisfies our claim. O

5.2 SNLS with multiplicative noise

In order to globalize solutions of SNLS, for the multiplicative noise case, we need to
prove probabilistic control of the X**”-norm of the solutions of the truncated SNLS
uniformly in the truncation parameter (Lemma 5.4). This requires a priori bounds on
mass and energy of solutions.
From Sect. 4.2, we obtained a local solution of the multiplicative (1.1) with time
of existence
%

¥ = lim tR.
R—o00
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Under the hypotheses of Theorem 1.8, we shall prove global well-posedness by show-
ing that * = oo almost surely.

Proposition5.3 Let Ty > 0 and ¢ be as in Theorem 1.8. Suppose that u(t) is a
solution for (1.1) with F(u,¢§) = u - ¢§ on t € [0, T] for some stopping time
T € [0, Ty A t*). Let C(¢p) be as in (3.16). Then for any m € N, there exists C; =
Ci(m, M(ug), Ty, C(¢)) > 0 such that

0<t<T

E|: sup M(u(t))m:| <Cj. (5.24)

Furthermore, if (1.1) is defocusing, there exists Co = Co(m, E(up), Tp, C(¢)) > 0
such that

]E[ sup E(u(t))m:| <G, (5.25)

0<t<T

Proof We consider the frequency truncated equation (5.3) and apply It6’s Lemma to
obtain

M@ ()" = M@uH"

t
+m Im Z / M@ @ ))"! /d|uN(t’)|2¢Ne,-dxdﬂj(z’)
ljl=n ¥0 T
(5.26)
t 2
+ -1 MM m—Z/ N2 Ne: d dr
m(m )Zfo W™ | @) PgNe;dx| di

ljI=N

(5.27)

t
+m(m —1) Z /0 M(uN(t/))’"*lde|u(t’)¢ej|2dxdt/. (5.28)

liI=N

To bound (5.26), we use Burkholder-Davis-Gundy inequality (Lemma 3.1) and use a
similar argument as in the proof of Lemma 3.6 to get

1

T 2 2

E (5.26) | <E / M( N(z’))2<m—1>/ luN (")pe;|* dx| dt’
L0 {Z () e 10t

[jIsN

T :
< C(@’E </ M(uN(t’))zm)
0

1 1
2 T 2
< C($)? (]E [ sup M(uN(t))m:|> (]E U M@ )" dt’i|>
tel0,T] 0
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Similarly, one obtains

T
]E|: sup {(5.27) + (5.28)}] < C(HE [/ M@ )" dt/}
0

te[0,T]

Hence there is a constant C; = Cy(m, M (ug), T, C(¢)) such that

T
E|: sup M(uN(t))m:| <C +CE U M@ @ )" dﬂ]
0

te[0,T]
2 T 3
+ C(¢)? (E[ sup M(uN(t))mD (IE [/ M@uN @ H)" dﬂ])
t€[0,T] 0

The left-hand side is bounded above by 3 M, where M is maximum of the three terms
of the right-hand side. In any of the three cases, we may conclude the proof via simple
rearrangement arguments and Gronwall’s inequality.

Turning to the energy, we use 1t6’s Lemma and the defocusing equation to obtain
that E (u™ (r))"™ equals

E(ud)" (5.29)
t
+mIm(Z / E(uN(t’))'H/ |uN|2(k+l)¢Nejdxdﬂj(t/)) (5.30)
ljl=n 70 e
t -
—mIm(Z / E(uN(t’))'"*lf (AuN)quaNejdxdﬂj(r’)) (5.31)
TEAL ™
t
tmk+1) Y / E@™N @))"! /d|uN|2<k+‘>|¢Ne,|2dxdﬂ (5.32)
ljl=n 20 T
12
+m Z f E(uN(t/))m_I/ IV ¢Ne;)(n)|* dx dt’ (5.33)
ljl<n 70 b
+w > /tE(uN(t/))m_Z/ (—uNAuW+|uN|2k+1)¢Ne-dxzdz/
2 jl=n 0 T !
(5.34)

For (5.30), we use Burkholder-Davis-Gundy inequality (Lemma 3.1) to get

1

2 2
dt/)

/d |MN|2k+2¢N€j dx
T

T
E|: sup (5.30)} <l T / E@ (@)D
te[0,T] =N 0
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Now, with r as in Theorem 1.6,

2(2k+2)
L)%k+2

2 . 2 52
| < rw? |57

|uN|2k+2¢Ne/ dx
Td : 2!

N
Joeil
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S E e ejllzpse

LE

where the last step follows from Holder inequality as in the proof of Lemma 3.5.
Therefore, by Holder’s inequality and (3.16),

1

, 1

E[ sup (5.30)} <C@HE </ E(@™ t')))>" dt’>2
0

tel0,T]

1

3 - 1
< C(9) <E[sup E(uNa))mD (E[/ E(uN(t’))’”dr’Dz.
t€[0,T] 0

Similarly, we bound the other terms as follows:

1 1

2 T 5

E[ sup (5.31)} < C(¢) (E[ sup E(uN(t))m:|) (E U E@™ @)™ dt’Dz
t€[0,T] te[0,T] 0

T
E[ sup {(5.32) + (5.33) + (5.34)}} < C(p)’E [/ Ew" )" dt’}
0

te[0,T]

It follows that there is a constant C, = Co(m, E(ug), T, C(¢)) such that

T
E [ sup E(uN(t))mj| <Cy+GE [/ E@™ @)™ dﬂ]
0

t€(0,T]
1 1
2 T 2
+C, (]E[ sup E(u" (t))mD (E [ / E@™ @)™ dﬂD
t€[0,T] 0

Arguing in the same way as for the mass of u” yields the estimate for the energy of
u™ . This proves the proposition for "V in place of u. The proposition then follows by
letting N — oo. O

We now prove the following probabilistic a priori bound on the X*-?-norm of a solution.

Lemma5.4 Let T, R > 0. Let ug be the unique solution of (4.8) on [0, T]. There
exists C1 = C1(luollz 2, T, C(¢)) such that

E [llurllxo6 0.7 nzep] < Ci-
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Moreover, if (4.8) is defocusing, there also exists Co = Ca(|lugll g1, T, C(¢p)) such
that

E [llurllxtsqo,7azen] < Co-

The constants C1 and Cy are independent of R.

Proof Let T be a stopping time so that 0 < 7 < T A tg. By a similar argument used
in local theory, we have

2k+1
lurllxsoqo,p < Crllur©O)llgs + Cy7° ||UR||;Yt,([O)T]) + W1l xs610,77)

5 241
< Cylurllcqracg);msy + Cat ||MR||X:Z:([0’T]) + Wl xs.b0,7 Azz]) -

(5.35)

Let K = Cl ”LlR”C([T/\-[RJ;HS) + ||q}(t)||XS'b([O,TATR])' We claim that if T ~ K~ .
then

||MR||XS,h([0,T]) S K. (5.36)

To see this, we note that the polynomial

pr(x) = o x4+ K (5.37)
has exactly one positive turning point at
L
Xy = (Qk+1DCrrd) %

and that p, (xjr) < 0 if we choose T = cK ’%Tk. For this choice, we have p,(0) =
K > 0 and hence p;(x) > 0 for 0 < x < x4 where x is the unique positive root
below x’+. Now (5.35) is equivalent to pf( ||MR||Xs,b([0’r])) > 0. But since g(-) :=
lurll x50, .7) is continuous and g(0) = 0, we must have

)
g(r) <xlp ~1T% ~ K,
which proves (5.36). Iterating this argument, we find that
||MR||Xva([(j—l)t7j‘[]) N ||uR||C([0,TArR];HS) + ||‘Ij(f)||xs,b([o,TMR]) (5.38)

for all integer 1 < j < (%] =: M. Putting everything together, we have

M
g llxsiqo.raegny < D Nurlxsoqi—1ye, jop
=1

T A TR
S — (lurllcqo.racgr: ) + 1 lxsb (o, 7A2q1))

2%k 41
ST (lurllcqoraegr sy + 1 xsoqo.ramep) ° - -
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By Proposition 5.3 and Lemma 3.6, all moments of the last two terms above are finite.
This proves Lemma 5.4. O

We can now conclude the proof of Theorem 1.8.

Proof of Theorem 1.8 Fix T > 0. Since tp, is increasing in R,

P(e* <T) = lim P(rg <T) = Rli_)mooP(HuRH X (0.7 rtg)) = R)

IA

. 1
Rl;mOO EE [lug ”XS«[’([O,TATRD] :

But then the right-hand side equals 0 by Lemma 5.4. It follows that t* = oo almost
surely. O
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